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Abstract. Two widely used models to find a sparse solution from a noisy underdetermined linear system
are the constrained problem where the quadratic error is minimized subject to a sparsity constraint, and the
regularized problem where a regularization parameter balances the minimization of both quadratic error and
sparsity. However, the connections between these two problems have remained unclear so far. We provide an
exhaustive description of the relationship between their globally optimal solutions. A partial equivalence between
them always exists. We exhibit a sequence of critical parameters that partitions the positive axis into a certain
number of intervals. For every regularization parameter inside an interval, there is a sparsity level such that the
regularized problem and the constrained problem have the same global minimizers. At the values of the critical
parameters, the optimal set of the regularized problem contains two optimal sets of the constrained problem.
When the length of the sequence of critical parameters equals the number of all sparsity levels, both problems
are quasi-completely equivalent. The critical parameters are obtained from the optimal values of the constrained
problem.

Keywords: /{y-regularization; k-sparsity constraint; globally optimal solutions; optimal solution analysis; parameter

selection; quasi-equivalence between nonconvex problems; sparse recovery; under-determined linear systems.

1 Introduction

The recovery of sparse objects (e.g., signals, images) or representations v € RN using a few basis vectors
from few and possibly inaccurate data d € RM is an extremely lively area of research in linear inverse
problems and in compressed sensing [13, 8, 37, 14]. The most natural measure of sparsity is the counting
function || . |0, called usually the ¢p-norm

fullo == t{i€{0,1,--- ,N} : w; #0}, (1)

where §5 is the number of elements in the set S and w; is the ith components of u. We consider a matrix
(e.g., a dictionary, a measurement system) A € RM*N with M < N for fixed M and N.
Two desirable models to find a sparse solution are given by the following optimization problems:

e the k-sparsity constrained minimization problem where one looks for the minimum squared error at a
given level of sparsity k

(Cx) min |Au —d||3, subject to |lullo <k, (2)
ucR



e the || - [[o-regularized problem where a positive parameter J is used to balance the minimization of both

squared error and sparsity in the objective function Fz : RN - R
(Rp) Fa(u) = [|[Au—d|3 + Bllufo, 8>0. (3)

Let us evoke a few fields where problems (Cx) and (Rp) arise. Problem (Cy) involves a natural sparse
coding constraint; it is a particular case of the well known best k-term approximation [11, 10]. It has been
used for low-rank matrix decomposition [3], sparse inverse problems [7]. Problem (Rp) has been widely
considered for subset selection [26, 5], model selection [21], variable selection [19], feature selection [29, 15],
signal and image reconstruction [18, 16, 12].

Even though explored for several decades, problems (Cx) and (Rp) were essentially considered from a
numerical standpoint. The existence of some connections between these problems seems intuitive. However,

the relationship between these problems has never been studied in a systematic way.

The goal of this work is to analyze in depth the connections between the sets of global minimizers of (Cy)
and of (Rg). Our theoretical results raise salient questions about the existing algorithms and can help the

design of innovative numerical schemes.

As usual, we say “optimal set” or “optimal solutions” (resp., “optimal values”) for globally optimal
solutions, i.e., global minimizers (resp., globally optimal values) [34, 2]. For clarity we recall that:

— In problem (Cy) for k < N the constraint set of u reads as {u e RN | [lullo < k}, so we have

optimal value cx = inf {||Au —d||? ‘ weRN and |ullo < k} , (4)
optimal solutions Cx = { weRN and |jullo <k | | Au—d||* = ck} . (5)
— In problem (Rp) for 5 > 0 one has
optimal value rg := inf {ﬁ;(u) | ue RN} , (6)
optimal solutions fig = {u e RN { Fz(u) = rg} . (7)

We anticipate that for any d € RN, it holds that Ci % &,V k > 0 and that ARﬁ # &,V >0 (Lemma 1
and Theorem 2(b), respectively). In view of these definitions, we are aimed at clarifying the relationship
between the sets of global minimizers Gk and ﬁg. To this end, we adopt a blanket assumption:

H1. The matriz A € RM*N satisfies rank(A) = M < N. It is also assumed that d # 0.

The quite standard Definition 1 shall be used to evaluate the extent of some properties.

Definition 1. A property is generic on RM if it holds on a subset of RM\ S where S is closed in RM and
its Lebesque measure in RM is null.

A generic property is clearly stronger than a property that holds only with probability one because
RM\ S contains a dense open subset of RM. Equivalently, we say that a property holds generically.



1.1 A brief tour of numerical approaches

The amount of papers dealing with problems (Cx) and (Rp) is huge. We present a brief summary.

Solving problems (Cx) and (Rg) by exhaustive search is combinatorial and NP-hard in general [36]. A
major difficulty raised by these problems is the design of practical numerical schemes.

The solutions of problems (Cx) and (Rg) are usually approximated by greedy pursuit [27], relaxation of
the ||-]|o penalty [36] often combined with nonconvex minimization [15, 21, 16|, as well as direct optimization
[26, 1]. Tropp and Wright [37] gave a comprehensive overview, mainly focused on greedy pursuits and convex
relaxation. In the compressed sensing context, iterative hard thresholding has become a major technique
after the convergence results of Blumensath and Davies [5], further expanded by the authors to solve (Cx)
in [6, 7]. Convergence of several algorithms has been obtained under strong assumptions, e.g., restricted
isometry property, bounds on spark(A) and sparsity of the solution [8, 6]. Certain classes of matrices, known
to satisfy such conditions, are typically employed [22, 4, 9]. In the context of ill-posed inverse problems
from limited data, the matrix A is fixed. Convergence of descent methods — proximal, operator splitting,
and regularized Gauss-Seidel — for a wide class of problems including (Rp) and (Cx) was established by
Attouch, Bolte and Svaiter in [1]. A promising continuous tight relaxation of problem (Rg) was recently
proposed by Soubies, Blanc-Féraud and Aubert in [35].

Problem (Rp) is a particular case of a class of objectives where the counting function || - ||g is used for
Markov random field models. In the inaugural work [17] Geman and Geman (1984) designed a stochastic
relaxation method for labeled images that achieves global minimization asymptotically. Various approaches
have been proposed to improve the convergence speed. Robini, Lachal and Magnin [31, 32] introduced
the stochastic continuation approach and proved high probability for convergence to a global minimizer in
finite time. They applied the method to reconstruct 3D tomographic images. Robini and Reissman [33]
extended the methodology to general combinatorial objectives and gave results on the probability for global

convergence with respect to the running time.

The progress in solving problems (Cx) and (Rp) is important. One observes that the corresponding numerical
schemes share some common points. Exploring the relationship between the optimal sets of these two problems
arises as a natural question.

1.2 Main contributions

This work provides a detailed description of the relationship between the sets of global minimizers (called
also optimal sets) of the two nonconvex (combinatorial) problems (Cx) and (Rpg), given in (2) and (3),
respectively. These sets, see (5) and (7), are always nonempty (Lemma 1 and Theorem 2(b)). Our main
results are summarized below. The couple (A, d) satisfies H1.

e We define L as the least number so that the optimal value of (C.) is null; note that L = M generically
(Proposition 5). For any k < L, any optimal solution u of (Cy) is strict and obeys ||ul/o = k (Theorem 1).
Problem (Rp) for all 8 € (0,400) has at most L + 1 different sets of global minimizers which are global
minimizers of (Cx) for k € {0,...,L} (Theorem 4).

e Optimality of (Rp) can be reduced to a search over the optimal sets of (Cx) (Theorem 5).

e A sequence of parameter values { Sy, 3 }1|§=0 is proposed (Definition 3) using the optimal values of problem
(Cx). The global minimizers of (Cx) and of (R ) coincide if and only if S < 5 < ] (Theorem 6). However,



according to the data, it can occur that (S, 3.) = @. So we focus on J := {k € {0,...,L} | Bk < B/}
which subset is always nonempty and yields 8y = 8;,_, (Proposition 3).

e Problem (Rp) for any B € (B, B1._,) and problem (Cy,) have the same global minimizers (Theorem 7).
This agreement is referred to as partial equivalence. For the isolated values 3 = 3;,, the optimal set of
problem (Rp) contains the global minimizers of (Cy,) and (Cy,,,) (Theorem 8).

o {[fx}key is the largest strictly decreasing subsequence in Definition 3 containing 3y (Proposition 4).

e When the whole sequence {5k}1';:0 in Definition 3 is strictly decreasing, problem (Cyx) and problem (Rp)
for all 5 € (Pk, fk—1) have the same optimal set (Theorem 9). This case is referred to as quasi-complete

equivalence.

e The optimal solutions of (Cx) and of (Rg) are generically unique (subsection 6.1).

1.3 Paper overview

Section 2 establishes necessary and sufficient conditions for global minimizers of problem (Rp) only in
terms of the global minimizers of problem (Cy). It begins with a study of the optimal sets of problem
(Cx). Facts on the optimal sets of problem (Rgp) are taken from [30]. Section 3 is devoted to parameter
values and conditions for agreement between the optimal sets of problems (Cx) and (Rg). The main results
on the relationship between the optimal sets of problems (Cx) and (Rg) — partial equivalence and possible
quasi-complete equivalence — are established and discussed in section 4. Some facts on the optimal values
of these problems are given in section 5. Uniqueness of the global minimizers of problems (Cx) and (Rp)
under additional mild conditions is discussed in section 6. The theoretical findings are illustrated using
exact numerical tests for (M,N) = (5,10) in section 7. Conclusions and future directions are presented in
section 8.

1.4 Notation

For ease of presentation, we give here all important notations used throughout the paper.
The fo-norm is denoted by ||. || := || . ||2 . Let n be a positive integer. We denote by I, and I9 the totally
and strictly ordered index sets

I, == ({1,...,n},<) and .= ({0,1,...,n},<) , (8)

where the symbol < stands for the natural order of integers (the superscripts ° recalls that zero is included).
Thus any subset w C I, is also totally and strictly ordered. The support of u € R" is supp(u) := {z €

10 ‘ uli] # 0} . A vector u is said to be k-sparse if |lullo = # (supp(u)) < k.

Remark 1. For (Cx) we consider also the trivial case k = 0 because F3 always has a strict (local) minimum
at w = 0 [30]. According to the value of 3, % can be global minimizer of F3. &

For any w C Iy, we denote by A, the M x fw submatrix of A formed from the columns of A with
indexes in w and similarly w,, is the fw-length restriction of u € RN whose indexes are in w:

Aw = (Aw17"'7Awﬁw) and Uy = (le,.- ' 7uwﬂ“’)T ’

where the superscript T means transposed. We also set AL := (A4,)". In view of Remark 1, we define
Ay =[] € RMX0 and rank (Ag) := 0 in order to handle the case & = 0. The identity operator on R®



is denoted by I; the index n is omitted when clear from the context. A vector or a matrix of zeros of
arbitrary dimension is denoted by 0.
({93}

The notation specific to problem (Cx) (resp., (Rp)) is based on the letter “c” (resp., the letter “r”).
Lowercase (resp., uppercase) letters stand for optimal values (resp., optimal sets). Furthermore:

L := min {k cln } Cx = O} where cy is the optimal value of problem (Cy) defined in (4).

— O ={w C Iy | fw =k =rank (A,)} — introduced in (17) (section 2).

~ C:= U{E:o Cyx where Cy, are he global minimizers of (C) defined in (5).

~ R:= Usso ﬁg where fig is the optimal set of (Rg) (the global minimizers of F3) given in (7).
— P, By for k € ]IE — critical parameter values, Definition 3 (section 3).

— J (resp. J®) — all k € I such that B < BY (resp., Bk = BY), Definition 4 (section 3).

2 Joint optimality conditions for (Cx) and (Rp)

In this section we shall derive necessary and sufficient conditions for the global minimizers of problem (Rp)
only in terms of the global minimizers of problem (Cy). The obtained results enable us to compare the
optimal sets of these problems.

2.1 Preliminaries

We shall refer to the constrained quadratic optimization problem stated next. Given d € RM and w C Iy,
problem (P,) reads as:

min |[Au — d||* subject to wu[i] =0 Viecl}\w
ueRN

(P.) (9)

= i, = arg min ||A,v —d|*> and Up\w =0 .
veERIW

The convex problem (P,,) is related to problems (Cx) and (Rg). So problem (P,) is a good tool for analyzing
the combinatorial problems (Cx) and (Rp). This is used in sections 2 and 6. We remind that for any w C 1Y,
the solution of problem (P,) is a (local) minimizer of the nonconvex objective F3 in (3), see [30]. This fact
is independent of the value of 3.

For clarity, we recall the following definitions:

Definition 2. For a function f: RN — R and a set S C RN, @ is a strict (local) minimizer of the problem
min {f(u) | w € S} if there is a neighborhood O C S containing u so that f(u) > f(u) for any u € O\ {u}.
Further, u is an isolated (local) minimizer if u is the only minimizer in an open subset O' C O; see, e.g.,

[28].
An isolated minimizer is always a strict minimizer.

Remark 2. For any w C Iy such that rank(A,) = fw, it is readily seen from (9) that the solution @ of
(P,,) is an isolated minimizer. Any solution of problems (Cx) and (Rp) is a solution of problem (P,) for a

particular w; thus all strict minimizers discussed in this work are also isolated minimizers.



2.2  On the global minimizers of problem (Cy)

We begin with a brief study of the optimal sets of problem (Cy) that are essential to develop the paper.

The proofs of all results in this subsection are given in Appendix A.1.
The list of the supports w € Iy of all k-sparse vectors in RN is given bellow:

Ek::O{wCHN‘ﬁw:n}.

n=0

Using this notation problem (Cx) in (2) also reads as

min ||Au — d|* , subject to supp(u) € Iy .
ueRN

The corresponding optimal set Cy, given in (5) is
Cy = {u e RN, supp(u) € Iy | [|[Au — d||? = cx } .

It is straightforward that if 7 € Cy then @ solves (P,) for w := supp().

A central question is to know whether problem (Cy) admits an optimal solution.
Lemma 1. For any k € ]IR, problem (Cx) has a global minimizer, i.e., C‘k #* .
Using (P,,) in (9) and (11), the optimal value ¢y of (Cx) is
cx = min{ | A% — d||*> where % € RN solves (P,) ‘ w € Xk } .

At this point, we need the following simple lemma.

Lemma 2. Let H1 hold. Then co = [|d||* > 0 and {c}y~q is decreasing with ¢, =0 Vk > M.

The next simple lemma has a pivotal role in this work.
Lemma 3. Let HI hold. For k € Iy, assume that (Cx) has an optimal solution u obeying
|lulo=k—n for n>1.
Then Au=d . Furthermore, c¢yn =0 and u € ém Vm>k—n.

Based on Lemma 3 and assuming that H1 holds, we introduce the constant

L::min{ke]IN | ck:O}.

(12)

(13)

(14)

(15)

L is uniquely defined since { cx} is decreasing with L < M (Lemma 2). We emphasize that L depends only

on d (Lemma 5(a)) and that L = M generically (Proposition 5(b) and Remark 9).

Example 1. One has L < M — 1 if d = Au for |Jul[p < M — 1. Then d belongs to a subspace of RM of
dimension ||ul|p which has null Lebesgue measure in RM. Usual data range on the whole RM and L = M.

Theorem 1. Let H1 hold and L be as in (15). One has:

(a) If k€1, then
1eCp = |uljo = k = rank (Az) for & := supp(u)

and the global minimizer u of problem (Cy) is strict.

(16)



(b) If k>L+1 then C C Cy.

Observe that u in (16) is a strict solution of problem (Cy) since u solves problem (Ps) in (9) for
o = supp(u) where rank (A;) = #o (Lemma 10). Further, the graph {(k,ck) | k <L} is Pareto optimal
23, Definition 1]: for any k < L, there is no u ¢ Cy that can decrease both || Au — d||? and |julfo.

Theorem 1(a) gives necessary conditions for an optimal solution of (Cx) for k < L.

The optimal solutions of (Cy) for k < L are strict minimizers.

The algorithm aimed at solving (Cy) proposed in [5] was shown in [5, Lemma 6] to produce, under
certain conditions, solutions that fulfill this necessary condition.

Example 2. Let I3 be the 2 x 2 identity matrix and set 1y := (1,1)".

e Consider that A = (I3, 13) and d = 1. There is an optimal solution u = (0,0,1)" with ¢; = 0, hence
L = 1. Further, & = (1,1,0)" is a strict minimizer of (C) because rank (Ag,pp@)) = 2. One has ||ullo = 3
for a continuum of optimal solutions of the form u = (z,z,1 — )" where z € R\ {0, 1}.

e Let now A = (I3, I5) and d = (1,0)". The optimal solutions of (C;) are (1,0,0,0)* and (0,0,1,0)".
One has ¢; = 0 and L = 1. For k > 2 all other optimal solutions are nonstrict and have the form
u=(x,y,1 —z,—y)", x € R\ {0,1}. If y = 0 then ||u||p = 2 and otherwise ||u|o = 4. %

The optimal solutions of (Cy) for k > L have {yp-norms in {L,... ,k} and they can be nonstrict.

Remark 3. [On Assumption H1| This usual assumption ensures that A is rich enough to represent any
d € RM. Tt is also needed to prove the pivotal Lemma 3 and to define L in (15). %

A direct and useful consequence of Theorem 1(a) is stated below.
Corollary 1. Let HI hold. Then C,NCy =@ for all (k,n) € (I0)2 such that k # n.

If & solves optimally (Cx) for k < L, then % is not an optimal solution of (C,) for n < L, n # k.

By Theorem 1(a), many subsets in {Ek}gzo are not the supports of optimal solutions of (Cyx). Accord-
ingly, we focus only on the subsets w C I§ with exactly k entries such that rank (4,) = k:

Qk::{wCHN| tw =k = rank (A,) } (17)
Remark 4. From H1 and Theorem 1(a), the optimal value of problem (Cy) for any k € I obeys
ck = min{ | A% — d||* where @ € RN solves (P,) ’ w € O } (18)
and the corresponding set of optimal solutions satisfies
Cy = {u € RN, supp(u) € Q | ||Au — d||* = ¢ } . (19)

Letu € ék; for o := supp(u) one has o € Qy and u solves (P5), hence u is an isolated minimizer (Remark 2).

Denoting by II; the orthogonal projector onto range (Az), see e.g. [25], one has
ek =d"(I —TI;)d where II; = As (AZA5)"' AL . (20)
From (18) and (20), the optimal value ¢y satisfies also ¢, = ||d|* — max {d" IL, d ‘ we N} %

The fact that O, < g3y might be useful.



2.3 Necessary and sufficient conditions

Problem (Rp) in (3) is equivalently given by the global minimization of
Fs(u) = ||Au — d||* + B 4 supp(u) .

We give two known results on its optimal sets (Theorems 2 and 3) needed in what follows. They hold for
any A € RM*N with M < N.

Theorem 2 ([30] Theorem 4.4). Let F3 read as in (3). The following statements hold:

(a) Fz always has a global minimizer, i.e., fig £ @ for any B >0 and any d € RM.
(b) If w is a global minimizer of Fa, then u is a strict minimizer.
The global minimizers of F3 are strict. The strict (local) minimizers of 73 are characterized next.

Theorem 3 ([30], Theorem 3.2). A point u € RN is a strict (local) minimizer of F if and only if
rank (Az) = t0 where 0 := supp(u).

The global minimizers u of (Cx) for k¥ < L and those of 73 are strict and moreover isolated: they solve
problem (P5) in (9) for ¢ := supp(u) such that rank(Az) = $0 (Remark 2).

The proofs of the statements below (except for Theorem 5) are given in Appendix A.2.

Proposition 1 relates the optimal sets and the optimal values of problems (Cx) and (Rpg).
Proposition 1. Let HI hold. The following statements hold:

(a) For any k € I{ it holds that
F(@)=cx+ Bk ViaeCy.

)

3 = UE Cx where k:= o eI .
5 — @k - /Rg for k:= \|a||0 S ]IE .

(b)
()

=9 =)

S
S

)

By (c), the global minimizers of F3 are composed of some optimal sets Cy only fork < L.

The statements that follow are given in terms of the optimal sets Cy and ﬁg, as defined in (5) and (7),
respectively. The claim in the next Lemma 4 is usually false for ordinary subsets C' and R.

Lemma 4. Let H1 hold. For any 3> 0 and for any k € I one has
@kgﬁg — akﬂﬁgzg.

We denote by C the collection of all optimal solutions of problems (Cy) for k € HE and likewise, by R-
the set of all global minimizers of 3 for all 3 > 0:

L
6 — U ak and /15\ — U /Rﬁ . (21)
k=0

With this notation, Theorem 4 is a direct consequence of Proposition 1(b).

Theorem 4. Let H1 hold. Then R C C .



Theorem 4 shows that when 3 ranges on (0, +-00), F3 can have at most L+1 different sets of global minimizers
which are optimal solutions of (Cx) for k € {0,...,L}.

In view of Proposition 1(c) and Theorem 4, each global minimizer of (Rg) can be composed out of the
optimal sets of several problems of the form of (Cy) or it can be equal to the optimal set of exactly one
problem (Cx). This is made explicit in the following remark:

Remark 5. Let 8 > 0 and k € ]IE. Since ARB is the set of the global minimizers of 73, one has
CkC Ry <= FHuw=>FH@E) VieCy YueRV;
Ci=Rs <= Fuw>FK@G) VYieCy YueRV\C .
The next theorem provides the basic tool to compare the optimal sets of problems (Cx) and (Rp).
Theorem 5. Let H1 hold and let 3 > 0. For any k € I the following holds:

(a) Cy C f{ﬁ if and only if
Fs(w) — F3(@) >0 VaeC, VueC; (22)

(b) Cy = f{g if and only if

Fz(@) — Fp(u) >0 VueCy VueC\Cyg. (23)
Proof. From Remark 5 it is straightforward that
Cy C ﬁg (resp., Cy = ﬁg) = Fz(u) — Fs(u) 20 Vue C (resp., >0, YVueC\Cy) ViueCy.

The rest of the proof is by contraposition.

(a) Assume that Cy & ARﬁ. Then CxN /Rg = @ by Lemma 4. Since ﬁg # & (Theorem 2(a)), Proposition 1(c)
entails that there exists n € I{ \ {k} such that Cy C /ng. It follows that

F(@) > Fz(m) VaueC, VueCy,, (24)
a contradiction to (22).

(b) Let Cy #+ f{B. This, together with ﬁg # &, implies that there is w € f{g such that uw & Ch. Proposi-
tion 1(c) shows that C, C /1:\{/3 for n:= ||[u|o € I} where n # k (Theorem 1(a)). Therefore

F3(0) > Fz(m) VieC, VueC,,

which contradicts (23). O

Theorem 5 is the key to finding the links between the optimal sets of (Cx) and (Rp): it provides necessary
and sufficient conditions for optimality of (R ) only in terms of the optimal sets of {(Cy)}L_,.

A simple useful result is stated next.

Lemma 5. Let H1 hold. Let (k, k+p) € (]IE )2 forp > 1. The following implications hold:
(A]k C /P\{g (resp., (A]k = f{[g) and (A]kﬂ) = f{fy <7"esp., (A]ker C ﬁgx) — p'<B.

This lemma confirms the intuition that when (3 increases on (0, +00), the optimal sets fig are given

by a subsequence of {61{} with decreasing indexes.



3 Parameter values for equality between optimal sets

The links between the optimal solutions of problems (Cx) and (Rg) are driven by the values of k and of 3.
This section is devoted to parameter selection.

3.1 The entire list of critical parameter values

Based on the optimal values {ci}L_, of problems (Cx)’s, see (20), for each k € I? we give explicit formulae
for the lower and the upper bounds of 8 that can enable an agreement between the optimal sets Cy and ﬁg.

Definition 3. (Critical parameter values) Let L be as in (15). The parameters (B, By ) are defined by
B = max{q‘_;k“ | ne{l,...,L—k}} Vkel' , and B :=0, (25)
By = 1rnin{ck_nn_Ck \ ne{l,...,k}} Vkel and fBj:=+o0. (26)

The superscript Y in (26) suggests that /3, can be an upper bound.

CL—n

L
Remark 6. Since d # 0, this definition indicates that S =0 < g = mil;l and that Sy < 3j because
n—

Bo is finite. The cases where B < B will be of particular interest, as seen in section 4 (Theorems 7 and 9).
However, this inequality can fail (see Discussion on Theorem 9). A simplification of these parameters is
derived in Proposition 3. Some insight can be gained from the numerical tests in section 7. O

In view of Definition 3, the intuition suggests that the set {k | fx = .} should be “small”.

Proposition 2. Let H1 hold and {pk, BE}{;ZO be as in Definition 3. There exists a finite union of vector
subspaces of dimension < M — 1, denoted by S, such that

deRM\S — B #8' Vkel.
Thus RM\ S contains a dense open subset of RM. The proof is given in Appendix B.1.

Data generically live in RM\'S. So 3 # BY Vk el in Definition 3 holds generically.

3.2 Conditions for agreement between the optimal sets of (Cx) and (Rp)

Theorem 6 relates Theorem 5 and Definition 3. It provides a general mechanism for comparing the optimal
sets of problems (Cx) and (Rp).

Theorem 6. Let HI hold. Then Vk € ]IE it holds that

Bo<B<pBy for k=0;

(a) @kgﬁﬁ if and only if P < <P for ke{l,...,L—-1};
BL<B<Bl for k=

(b) szﬁg if and only if P < B < By .

Proof. The following equalities come from Proposition 1(a):
—IfteCy fork e I? ,, then

Vnel_x Ve Cn J—“ﬂ(u)—}"ﬁ(a):ck+n—ck+nﬁ:n(ﬁ—Ckck*ﬂ). (27)

10



—Ifue ék for k € I, then

Vnel, VTe Crn .E;(u)—}"g(ﬂ):ckn—ck—nﬂ:n(ck_nn_ck—ﬁ>. (28)

(a) Using (27) together with (25) in Definition 3, for any k € I, one has

Fo(@) > F3(@) VaeCy Ynell  VaeCum «= B> XM ypel | < 835
n
Using (28) together with (26) in Definition 3, for any k € I} one has
F5(@) > F(@) YaeCy Ynel, Vie Cp, <= 5<% Vnel, < B<pY.

For k = 0 (resp., for k = L), 8 > By (resp., B < ) is equivalent to fy < f < 400 =: fj (resp.,
pL =0 < < ). Combining the obtained results, one has

Fs(w) — F3(@) =0, VieC, VueC

if and only if S < B < B for k € I 1, Bo < B < By (resp., B < B < B) for k = 0 (resp., for k = L).
Applying Theorem 5(a) proves statement (a).

(b) The proof of (b) follows the same recipe as above (nonstrict inequalities are replaced by strict inequal-
ities) and the conclusion is obtained using Theorem 5(b). O

The proof of Theorem 6 reveals how the critical parameters in Definition 3 were defined.

3.3 The effective parameters values

Since the global minimizers of F3 are always in C (Theorem 4), we are interested in the indexes k for which
there exist values of 3 such that F3 has global minimizers containing components of Cy. Their set, referred
to as effective parameter set, is obtained from Theorem 6.

Definition 4. Let {Bk,ﬁlg}tzo be as in Definition 3. The effective index set J U J® is defined by

Ji={kel) | B <p’} and JF:={mell|fn=2%). (29)

The entries Ji of J are ordered as it follows:
J={Jo,J1,...,Jp} where p:=f§J—-1 and Jx_; <Jx Vk. (30)
Using Definition 3 and Remark 6,
(Jo=0,J,=L)€J*> with By, =8} =8 =+00 and B;, =B =0. (31)

It worths emphasizing that the set J is always nonempty (Remark 6). The superscript © in J® evokes
equality.

The proofs of several statements in this subsection are delegated to Appendix B.2. The next claim is a
cautionary consequence of Theorems 4 and 6.

Lemma 6. Let HI hold. One has RN Ci=o if and only if keI)\ {JUJ®} .

11



In words: for any 8 > 0, the optimal set R of problem (Rg) does not contain optimal solutions of (Cy),
k < L, unless k belongs to J U J®. Thus R= U Cr .

ke{JUJE}

A simplification of the parameters {fx, B\ }, o ;e is derived in Proposition 3.

Proposition 3. Let H1 hold, {fx, B} and J be as in Definition 3 and Definition 4, respectively. Then
(a) By, < ﬁ}fk = B3, VI € J\{Jo} and /BJ}JJ =0y, =+ .
¢y —CJ
(b) By, = —T—H VIeeJ\{Jp} and S5, =B.=0.
Jir1 — Jx
(€ {Bwm|meI}c{By | eI\ {Jp}}-
Proof. (a)-(b) Let (Jx—1,Jk) € J%. Applying Definition 3 for 8;,_, and for By, vields

U CJ_y1 — CJy
< Do 7O . 32
BJk Jk _ Jk_l BJk—l ( )

Assume that 8y < Bj,_, and that (my,...,mq) € (J¥)9 satisfy B, € (85, ,81,_,), Vi€ Iy. Since /15% #+ O
vV 5 > 0, Proposition 1(c) implies that for 5 € (B}]Jk, BJk_l) \ {Bm; }i-; there is n € I? \ {J U J®} obeying

Cn C ﬁg, in contradiction to Lemma 6. Therefore, B}Jk = f3,_,- This, together with (32) and the formula
of J in (29) gives that

CJk_ — CJk
N
(c) Let m € J®. By Definition 4, By, > 35, = 0. From Theorem 6(b) and statement (a), Sn, & (BJk,BJk_I)
for any Ji € J. Consequently, there exists Jx € J\ {J,} such that 8., = B;, . O

We emphasize that {fy},; is strictly decreasing and that its first entry is 3.

In Example 3 we designed a decreasing sequence {Ck}tzo that illustrates several special cases.

Example 3. Let {cx}f_, for L = 7 reads as
co=48 ¢1 =40 =30 ¢c3=22 c4=14 ¢c5=10 cg=4 c7;=0. (33)
According to Definition 3 the sequences { S, 5 }IZ:O are given by

Bo=9 B =10 B2=8 [3=8 PB4=5 ps=6 Beg=4 Br=0
By =+ By =8 By=9 By=8 B/=8 Bi=4 Bf=5 /=4

From Definition 4, p=4, J={Jp=0,J1=2,J2=4,J3=6,J,=7} and J*={3}.

— One has 5, = B}JHI for any Jy € J as asserted in Proposition 3(a).

— The formula in Proposition 3(b) is easy to verify.

— {B3 | 3 € J"} yields B3 = B3, = 8 and thus {f3 | 3 € J*} C {f;, | Jx € I\ {Ja}} (Proposition 3(c)).
— One has JEJI ={meJ¥| Bm=205}={3€J°|J1 <3< Ja}, as seen in Lemma 7.

— Observe that J has the smallest indexes so that {Bx}xes = {9, 8, 5, 4, 0} is the longest strictly decreas-
ing subsequence of {Bk}ﬁ:o containing fy — see Proposition 4. Another set yielding the same {fy }key is
J =10, 3, 4, 6, 7}; however its indexes are larger than those of J: J, > Jo. O

12



The location of {8y, | m € J¥} is given by the (probably empty) subsets
S {m eI | B = ) (35)
Lemma 7. Let HI hold. The sets Jng in (35) fulfill J%Jk =g fork =p, and for anyk <p—1
JEJk ={meJ’|Jy<m< 1} . (36)

We want to know how J and {fx},; are related to {Bk}keﬂ(a in (25), Definition 3. Both J and {fx},c;
are characterized in the following proposition:

Proposition 4. Let H1 hold, {Bk}tzo read as in Definition 3 and J as in Definition 4. Then 0 € J and
J contains the smallest indexes such that {Bx}key is the longest strictly decreasing subsequence of {ﬁk}tzo

containing Bo.

In order to find the effective indexes J and values {B},c; we need only {Bi}L_q in (25), Definition 3.

4 Equivalence relations between the optimal sets of (Cx) and (Rjp)

In this section we derive the main results of this paper. The most general relationship between the global
minimizers of (Cx) and (Rp) is a partial equivalence formulated in Theorems 7 and 8 (subsection 4.1).
According to the content of the data d, quasi-complete equivalence can hold in the sense that the global
minimizers of both problems differ only at 5 = 5y for k = 0,...,L—1. The result is presented in Theorem 9
(subsection 4.2).

4.1 Partial equivalence

The main result of this work can be stated in the following theorems. We recall that the set J cannot be
empty (Remark 6).

Theorem 7. Let H1 hold, {fx} be as in Definition 3 and J as in Definition 4. Then the following hold:

{Rs|Be @ Bur) f=Co Ve, (37)

(U By, B s ) U [Byy, By_,) =[0,+00) . (38)

Proof. From Proposition 3(a), <BJk, 631) = (ﬁ]k, BJk_l) # @ for any Jx € J. Then (37) is an immediate
consequence of Theorem 6(b). Definition 4 and Proposition 3(a) directly lead to (38). O

Discussion on Theorem 7. The theorem states that for any 5 & { Br | kel } there is an optimal set ék
of problem (Cy) that coincides with the optimal set ﬁﬁ of problem (Rp) for a whole range of parameter
values 8. More precisely, the effective parameter values {BJO, R BJp_l} in Definition 4 partition the
positive axis (0, +00) into #J proper intervals. For any f € (BJk, /BJk_l) the optimal set of problem (Rp)
equals the optimal set of problem (C,) for n = Jx. The agreement described above can be referred to as
partial equivalence because when I \ J is nonempty, the optimal sets (Cx) for k € I? \ J cannot be optimal
solutions of (Rg) for any 5 > 0.

13



Remark 7. Since {fx | k € J\ {L}} is a finite set of isolated values in (0, 00), the selection of a 3 belonging
to this set can be considered as extremely exceptional (8 # (3;, for any k is a generic property).

In spite of this remark, we will describe the optimal sets of problem (Rg) for By, k € J.

Theorem 8. Let H1 hold. Let {5y} be as in Definition 8 and J as in Definition 4. Then
R, =€ U0 U (Unesg, Cn) V€1 104) (39
k

where Jng obeys (36) and CxNCn =@ for any (k,n) € (JUJE)?, k #n.

Proof. For any k < p — 1, Proposition 3(a) and Theorem 6(a) show that (Al]k - fig vV B € B, B._,] and
that (AJJHI - /f\{ﬁ V B € [B.r» B3] Therefore, GJk U GJM C ﬁﬁlk' In addition, By, = f§;, for any m € JEJ
) k

(Proposition 3(c) and (35)) which yields UmngJk Cu C f{@]k. The conditions in Theorem 6 for 5 = Gy,

can be satisfied only for n € {Jk U Jg, } because {f;,} is strictly decreasing (Proposition 3(a)). Hence
“k

the equality in (39). The set Jj satisfies (36) by Lemma 7. The result on the intersection of the sets Cy
Yk

comes from Corollary 1. O

Example 4. [Example 3, continued] Let {fi}1_y, J and J® be as in Example 3. We recall that J =
{0,2,4,6,7} and that J* = {3}, so J§ = {3} and J; =@ otherwise. By Theorems 7 and 8 one has

(Rp|8>91=Co {Rs|Be(8,9}=Co {Rs|Be(5,8)}=Cs {Rg|Be€(45}=Cs {Rg|Be(0,4)}=Cs
and Ryg=CoUCy Rys=0CoUCyUCs Rgos=CsUCs Rgog=CoUCo.

Discussion on Theorem 8. Proposition 2 have proved that the sets J %J are empty with an overwhelming
k

probability. So (39) in Theorem 7 shows that for 8 € {8« | k € J\ {L}}, the optimal set of problem (Rp)

is normally composed out of two optimal sets of problem (Cy), namely ﬁﬁJk =C 5 U C Jii,- Further, if an

JEJ is nonempty, we know from Lemma 7 that the optimal set of (Rg) for § = f3;,_ can involve at most
k

Jk+1 — Jk — 1 additional optimal sets Gm where m € (Jy, Jy41).

A partial equivalence between problems (Ci) and (Rp) always exists.

For the #J — 1 isolated values {fx | k € J\ {L}} problem (Rg,) has normally two optimal sets.

4.2  Quasi-complete equivalence

Here we explore the conditions enabling the equivalence results in Theorem 7 to hold for any k < L.
Lemma 8. Let H1 hold. Let J be as in Definition 4. Then the following hold:

(a) If the sequence {Bi}k_, in Definition 3 is strictly decreasing, then its entries read as

Br = ¢ — ckr1 Vke HEfl and (L =0, p_1:= 58 = +00 . (40)

(b) If the sequence {By}_ in (40) is strictly decreasing then J=1¢.
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Proof. (a) Since {/Bk}lllzo is strictly decreasing, Proposition 4 implies that the set J in (29) obeys J = IY.
Applying Proposition 3(b) with Jx =k and Ji11 = k + 1 delivers the formula in (40).

(b) Let {Bx}-_, in (40) be strictly decreasing. Then S in (40) satisfies Proposition 3(b) for any k € J = I.
By setting 8 := fBk_1, one has J = ]IE according to Definition 4. O

Theorem 9. Let HI hold. Let {Bi}:_, in (40) be strictly decreasing. Then
{ARM Be(ﬁkaﬂk—l)}zak Vkel (41)

f{ﬂk = Gk U 6k+1 with @k N 6k+1 =g Vke Hﬁfl . (42)

Proof. Since {Bx}t_, in (40) is strictly decreasing, one has J = I) by Lemma 8(b). So, J® = @ in
Definition 4 and JJ = @ in (35). Then the statement follows from Theorems 7 and 8. O

Discussion on Theorem 9. The condition that {8x}L_, in (40) is strictly decreasing reads as
Br—1 >0 Vkel_4 < Ck—1 — Ck > Ck — Ck41 Vkel 4. (43)

For generic data, {cy} is strictly decreasing (Proposition 5(b)). For such generic data and k < L — 1, let
u, u and u be optimal solutions of problems (Cx_1), (Cx) and (Cyy1), respectively. Denote & := supp(u),
u :=supp(u) and o := supp(u). The condition on the right hand side in (43) reads

d* (H& — HE) d>d" (H; — Ha) d (44)

where both sides in the inequality above are positive. It is reasonable to expect that there are data d such
that the above condition holds for any k < L. Note such data would belong to an open subset of RM where
(44) is satisfied. Given a series of numerical tests on 5 x 10 matrices (see section 7) the realization of (43)
essentially depends on d.

Theorem 9 shows that it is possible to have equivalence between problems (Cx) and (Rg), except for the
isolated parameter values {ﬁk}tzo. If the matrix A is specified and if there are assumptions on the data,
one could infer knowledge whether the context of Theorem 9 is a regular regime or not. If the answer turns
to be positive, this can be used in the development of numerical schemes.

A mid-way scenario appears as an immediate consequence of Proposition 3(b), (35) and Theorem 7.

Remark 8. Let H1 hold, {fx, 8¢} and J be as in Definition 3 and Definition 4, respectively. Suppose that
for m > 0 and n > 1 the entries of J satisfy

J = {Jm,---aJn1+n} = {JmaJm+1aJm+27--'7Jm+n} :
Then

BImix = Clmtk = Clpmtkt1 { Rg | B€ (Brmes Brmins) } = Cj,,+x and Jﬁjk =20 0<k<n-1.

If the subset J’' contains all sparsity levels of interest in a given situation, we are again in the setup of
Theorem 9 and the comments given after it.
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5 On the optimal values of (Cx) and (Rp)

The proofs of the statements in this section are outlined in Appendix C.
Using the definition of Qy in (17), we introduce the subsets of RM given below:

Ey := U range (A,)" and Gy := U range (Ay) - (45)

wGQk wer

Clearly, Eg = Gy = RM and Ey = G = {0} by H1.
The next Proposition 5 gives results on {ck}l'y'zo in connection with d € RM.

Proposition 5. Let H1 hold. Let L' <M be arbitrarily fived. Then
(a) x>0 Vk<Ll -1 <« dERM\GL/_l s
(b) d € RM \ (E2 U GL’—l) = k1 >c Vkel.

Proposition 5(a) shows that the constant L in (15) corresponds to d € G\ G| _;.

Remark 9. The subsets Eo and Gy_1 are finite unions of vector subspaces of dimensions M —2 and M —1,
respectively. Hence, d € RM\ (Eq U Gp_1) is a generic property (Definition 1).

Therefore, {ck}l'\{/'zo is strictly decreasing and L = M generically. O

By Proposition 1(a) and Theorem 4, for any # > 0 the optimal value function of problem (Rg) in (6),
B rg=inf {F(u) | u € RN}, equivalently reads as

T[g:min{ck+,8k|k€]IE}. (46)
From this observation and Theorems 7 and 8 one infers the following:

Corollary 2. Let H1 hold and J be as in Definition 4. The application 5+ rg : (0,+00) — R fulfills

(B30, +00) for Jo=0;
if and only if B €S B, Bi,| for JeeJI\{0, L} ;

rg = cy. +BJk
(a)
(0, By,_.] for J,=L.

= F3(a) YueCy,

(b) B+ rg is continuous and concave.

(c) "85, = ThBa, VIkeld, "85, = Clo = T8 VB =pB and "85, > T8 VB < Bi,-

8+ rg is affine increasing on each interval (,BJk,BJk_I) with upward kinks at Sj, for any Jx € J\ {L}
and bounded by cg.

Example 5. [Continuation of Example 3] Let us consider again {ci}{_, in (33) along with {ﬁk}lzzo and J
in (34). From Corollary 2, the mapping 3 — 73 is given by

B € (0,4] rg=cr+ 78 =108 rg=4 = 28
56[4,5] T/3:C6—|—6ﬁ:4—|-6ﬁ Tﬂ:5:34
g€ 5,8] rg=c4+48 =14+ 45 rg—=g = 46
66[8,9] T/3:C2+2ﬁ:30+25 7“5:9:48
56[9,+OO) T5:C0+Oﬁ=48
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6 Cardinality of the optimal sets of (Rj) and of (Cx)

For the convex surrogates of problems (Cx) and (Rg) where |lul|o is replaced by ||u1, it is well known that
the optimal sets are convex closed with possibly a continuum of solutions.

Proposition 6. Let HI hold. For any 5 > 0 and for any k < L, the optimal sets ﬁg and Gk are finite.

Proof. From Remark 4, each u € Cy is the unique minimizer of problem (P,,) for w := supp(u) where w € Qy
(Theorem 1(a) and the notation in (17)). Therefore, #Cy is finite (with 8 Gy < £ Q). This, together with
Theorem 7 and Theorem 8, shows that ﬁg is finite for every 5 > 0. O

For any 3 > 0 and k € I? the optimal sets of problems (Cx) and (R 3) are composed out of a certain
finite number of isolated (hence strict) minimizers.

6.1 Uniqueness of the global minimizers of (Cx) and (Rp)
If L = M, Remark 4 shows that §Cy = § Q.
Let k < min{L,M — 1} and (u,u) € ((A?k>2 for u # u. Set ¢ := supp(u) and o := supp(u). By
Theorem 1(a), (5,5) € ()% Then
ok = || ATz — d||” = || Aztiz — d||* where T #7 .
The expression for ¢y in (20) shows that
145t5 — d||* — | Astiz — d||* = d* (I ~5)d = 0. (47)
The last equality in (47) suggests that Gk could be a singleton under the assumption H* below.
H*. For K < min{M — 1,L} fixed, A € RM*N obeys I, #Il; V (w,©) € (N)?, w#w Vkelk.
H* is a generic property of all matrices in RM*N [30, Theorem 5.3]. Under H*, the set Ak below
Ak = Ule U(w,w)e(ﬂk)2 {g e RM | w#w and g € ker (Il; —11,,) }
is a finite union of vector subspaces of dimension < M — 1, so data generically live in RM\ Ag.

Remark 10. Let the two generic assumptions, A satisfies H* and d € RM\ Ak, hold. From (47), problem
(Cx) V k € Ik has a unique optimal solution. Using that {S}xey is strictly decreasing, we set K' :=
max {k € J | k < K}. Then Theorems 7 and 8 show that problem (Rp) has a unique optimal solution for
any S € (Bks, +0) \ {Bx}kes and hence generically for any 8 > Bk by Remark 7. &

For any k < min{M — 1,L} and for any 3 > i, problems (Cy) and (Rp)
generically have a unique global minimizer.

For the sake of generality, we did not consider the assumptions evoked in this subsection.

7 Numerical tests

Here we present two kind of experiments using matrices A € RM*N for (M,N) = (5, 10), original vectors
u® € RN and data samples d = Au®(+noise) with two different goals:

e to get a rough idea on behaviour of the parameters Gy in Definitions 3 and 4;

e to verify and illustrate our theoretical findings.

All results were calculated using an exhaustive combinatorial search.
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7.1 Monte Carlo experiments for (M,N) = (5,10)

We realized two experiments, each one composed of 10% trials with (M,N) = (5, 10). In each trial, the
“original” u® € RN had a random support on {1,...,N} satisfying ||u°|lg < M — 1 = 4 with mean 3.79.
The coefficients of each A and the non-zero entries of each u° were independent and identically distributed
(ii.d.). Data were obtained as d = Au°+ ii.d. centered Gaussian noise. In each trial we computed the
exact optimal values {c} and then computed (fx, 8 ) according to Definition 3. We considered two different
distributions for A and for the non-zero entries of u°.

— Experiment N(0,10). All coefficients of each A and all non-zero entries of u°® had a normal distribution
with mean 0 and variance 10. The SNR in dB was in [10, 61] with mean value 33.75 dB.

— Experiment Uni [0,10]. The coefficients of A and of ug, ) were uniform on [0,10]. We had SNR
in [20, 55] with a mean of 28.95 dB.

In these experiments, the following facts were observed:

We had L = M in each trial which confirms Proposition 5(b) and Remark 9;

{ck}ﬂi o Was always strictly decreasing — as expected from Proposition 5;

We never found Sy, = A5, so the set J¥ in (29) was always empty; see Proposition 2.

For every A there were data d so that the sequence {cx — Ckfl}t:ov see (40), was strictly decreasing.

The other results in percentage are shown in Table 1 where Ny reads as
Nei=t{kely | B> B} - (48)
In both experiments, the sequence { ﬁk}lllﬂ:o in Definition 3 was strictly decreasing in a huge amount of cases;
Table 1: Results on the behaviour of {8y} in Definition 3 for two experiments, each one composed of 10°
random trials. For k > 3 we had Ny = 0.

Bk < Pr—1,Vk € HR/I Ny =1 Ny =2 mean(SNR)
N(0,10) 93.681 % 6.254 % | 0.065 % 33.75
Uni [0, 10] 98.783 % 1.216 % | 0.001 % 28.95

by Lemma 8(a) in all these cases {5k}1'¥|:0 equals the sequence in (40) and the quasi-complete equivalence
in Theorem 9 holds. One should suppose that these percentages are high because of the small size of the
matrices. Anyway, these percentages clearly depend on the distribution of the coefficients of (A, d).

7.2 Tests on (partial) equivalence with a selected matrix and selected data

Next we present in detail three experiments for (M, N) = (5,10) where

13.94 16.36 4.88 —3.09 —15.42  1.31 —3.18 —12.13 —4.26 —10.09

7.06 —6.48 —9.07 —8.37 —-2.72 —17.42 -5.83 —-3.81 3.87 —1.80

A = 11.63  6.73 —4.75 —6.28  3.42 6.68 —1.64 13.23 9.03 —20.27
—-7.54 1274 -6.66 5.01 484 898 -9.35 3.85 7.18 4.09

3.22 —10.40 =5.02 16.70  9.53 —5.49 11.88 —-3.62 17.36 7.34

w = (0400090030) . (49)
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The entries of A follow a nearly normal distribution. The coefficients of A, u°, and d in (50), (52) and (54)
are ezact. H1 holds since rank(A) = M = 5. Problem (Cv) has §Qm = 252 optimal solutions; none of them
is shown. We have fy < ) = 400 (Remark 6), so Co = {f{g |5 > Bg} in all cases (Theorem 6). In the
tests presented below the optimal set of (Cx) for k < M — 1 is a singleton (see subsection 6.1).

In order to illustrate various cases of partial or quasi-complete equivalence, we selected a couple (A, u°) in
(49) that behaves differently compared to Table 1: it does not favor quasi-complete equivalence as seen from
the 10° random trials summarized in Table 2.

Table 2: The behaviour of {fy} in Definition 3 for an experiment with 107 trials where A and u® are given
by (49) d = Au®+ i.i.d. centered Gaussian noise. We had Ny =0, V k > 3.

| Bk < Br—1, Yk €Iy N =1 | Ny =2 | mean(SNR) |
A, u® in (49) | 2041 % | 7059% | 0% | 3625 |

Noise-free data According to (49), data read as
d=Au® = ( 6445 —171.09 11413 153.32 —38.93 )" . (50)

Since data are noise-free and ||u®||g = 3, clearly u = u° is an optimal solution to problems (Cx) with ¢ = 0

for k € {3,4,5} and L = 3. The other optimal values cy are seen in Table 3. By Theorem 4, any u € R
obeys ||u]lo < 3. The critical parameters {f} by Definition 3 are

B3 =0< BY =B1 =3872.46 < BV = By = 63720 and B, = 3968 > BY = 3776.82 . (51)

Bx > By only for k = 2, so J = {0,1,3} in (29). By Lemma 6, RN (AJk = @ for k = 2. By Theorem 7,
C3 = {f{ﬂ | B € (Bs, 1)} and C, = {f{g | B € (B1,50)}. The numerical results are seen in Table 3.

Table 3: The optimal values ci and the optimal sets of (Cy) for k € I where d is as in (50). The values of
Pk are given in (51). We recall that Rg is the optimal set of problem (Rg).

k Cx C) = the optimal solution of (Cy), singleton Cy = f{[g

3 0 0 4 000 9 0030 B e (B3, Br)
2 3968 0 325 0 0 0O 929 0 0 0 O no

1| 7745 0 0 000 1176 0 0 0 0 B € (B, Bo)
0 71474 0 0 0 00 0 00 0 O B> Bo

Noisy data 1. Data are corrupted with nearly normal, centered, i.i.d. noise and SNR= 32.32 dB:
d=(69.13 —171.95 113.74 150.27 —36.09 )" . (52)
The optimal values ¢y of problems (Cx) in Table 4 with ¢; = 0 yield L = M = 5. From Definition 3,
Bs =0< B =B4=0.068<p) =0B3=3625<p3]=p01=23987.68<p]=0G0=063154, (53)

while 8y = 4002.83 > By = 3972.54. Hence, J = I2\ {2} in (29) and {fx}; confirms Propositions 3
and 4. By Lemma 6, RN Cy = @ and by Theorem 7, Cs = {ﬁg |5 € (0,ﬁ4)}, Cy = {fig |5 € (64,53)},

Cy = {f{g |5 € (53,61)} and Cq = {ﬁg | B € (B, Bg)}. The numerical tests are shown in Table 4.
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Table 4: The optimal values ¢y and the optimal solutions of (Cy) for k € I{ where d is given in (52). The
values of fy are given in (53). We recall that Rg is the set of the global minimizers of F3.

k Ck (A]k = the optimal solution of (Cy), singleton (AJk = ﬁg
1 0.068 0 440 0 0 0 871 054 0 295 0 | BE (B, pB3)
3 36.3141 0 409 0 0 0O 8.88 0 0 301 0 B € (Bs,P1)
2 4039 0 333 0 0 0 9.17 o 0 0 0 no
1 8011.68 o 0O 00O 1171 O O 0 O B € (B1,Po)
0 71166 0O 0 000 0 0O 0 0 0 B> Bo
Noisy data 2. The noise is nearly normal, centered, i.i.d., SNR= 25.74 dB:
d= ( 66.67 —169.08 101.56 149.38 —39.50 )T . (54)

The optimal values {ci} in Table 5 show that L = M. The sequence {fx} by Definition 3 reads as
Bo = 60287 [y = 3825 [ =3037.1 [3=72.734 [(,=0.0259 (5=0. (55)

This {Bx} is strictly decreasing and equals {f} in (40), as claimed in Lemma 8(a). From Theorem 9,
problems (Cx) and (Rp) are quasi-completely equivalent. This is confirmed by the tests reported in Table 5.

Table 5: The optimal values and solutions of (Cy) for k € Iy where d is given in (54). Here {fy} is strictly
decreasing, see (55), so (Cx) and (Rp) are quasi-completely equivalent.

k Ck (/jk = the optimal solution of (Cy), singleton (A]k = ?{5
4] 00259 | 0 854 0 0 459 490 273 0 0 0 | Be (BuB3)
3 | 727601 | 0 393 00 0O 870 0 0 263 0 | Be(Bsp5)
2 3109.86 0 327 0 0 O 8.95 0O 0 0 O B € (B2, P1)
1] 693485 | 0 0 00 0 1144 0 0 0 0 | Be(B.f)
0 67222 O 0 00 O 0 0O 0 0 0 B> Bo

8 Conclusions and future directions

We have derived the precise mechanism of the relationship between the global minimizers of least-squares
constrained by k-sparsity (problem (Cyx) in (2)) and regularized by || - ||o via a parameter § > 0 (problem
(Rp) in (3)). Subsection 1.2 (Main contributions) made several claims regarding the obtained new results.

Let us summarize.

(a) The constant L is the smallest number such that the optimal value of problem (C ) is null; this L depends
on the data but generically L = M. We have shown that for any k < L, any global minimizer of (Cy)
is isolated and has exactly k non-zero entries. When [ ranges on (0, +00), problem (Rg) has at most
L +1 different sets of global minimizers which are global minimizers of problems (Cy) for k € {0, ..., L}.

(b) Using the optimal values of problem (Cx) we proposed a sequence of critical parameters {,Bk}tzo with
BL = 0 in Definition 3. Its largest strictly decreasing subsequence containing Sy and having the smallest
indexes J C {0,...,L} is denoted by {ﬁJk}JkeJ. For any Jyx € J the global minimizers of problem (Cj, )
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and problem (Rp) for 8 € (BJk, ﬁjkil) coincide. For the isolated values 3;,, the global minimizers of
problem (RBJk> contains those of problems (Cy,) and (Cy,,,).

(c) When the whole sequence {S}L_, in Definition 3 is strictly decreasing, it follows that problem (Cy)
and problem (Rg) for all § € (Bk, fx—1) have the same set of global minimizers, for any k € {0,...,L}.
Then the sparsity constrained problem (Cy) and the regularized problem (Rg) are quasi-completely

equivalent.
(d) The global minimizers of (Cx) and of (Rp) are generically unique.

e) The Monte-Carlo tests (subsection 7.1) have shown that the degree of partial equivalence, i.e., the length
of the effective critical sequence {fx}, depends on the distribution of the coefficients of the matrix A
and the data d.

The agreement between the optimal sets of problems (Cx) and (Rp) is driven by the critical parameters
{Bi}:_, which depend on the data d via the optimal values of problem (Cx). The cases when 3 takes a
critical value Bk € (0,400) can be ignored — there are at most L such values (Remark 7). This, together with
(d), tells us that the optimal sets of problems (Cx) and (Rp) are singletons (except for highly improbable
data which can be ignored in practice).

Our theoretical findings pose intriguing questions, of both a theoretical and practical flavor.

If one can solve problem (Cy) for all sparsity levels k, claims (b) and (c) shows that one will immediately
deduce all possible global minimizers of problem (Rg). This suggests that a unifying framework for both
problems might be developed.

The results in (a) can clarify a proper choice between models (Cx) and (Rp) in applications. If one
needs optimal solutions with a fixed number of nonzero entries, (Cyx) is obviously the best choice. If only
information on the perturbations is available, (Rg) is a more flexible model.

Many algorithms have been built on good knowledge on the optimal solutions. One can expect our
detailed results to give rise to innovative and efficient algorithms using (b) and (c).

In the numerical tests, the quasi-complete equivalence scenario (c) was encountered in more than 93 %
of the tests. This percentage may depend on the size of the tests, on the scaling of (A, d) and certainly
on the distribution of the coefficients of (A, d). The question deserves a deeper exploration.

By specifying a class of matrices A and assumptions on data d, one might want to infer statistical
knowledge on the optimal values cy’s of problems (Cyx) and thus on the critical parameters {5 }. In the
partial equivalence context (b), it would be intriguing to see if problem (Rpg) is able to eliminate some
uninteresting optimal solutions of problem (Cy). If the quasi-complete equivalence case (c) has appeared
to be the main regime, there would be important practical challenges.

Such a research direction is promising and various theoretical and practical results could be expected.
e Finally, we mention some useful extensions of our results.

— Considering matrices A and data d with complex entries should not present inherent difficulties;
however this is important in many applications (e.g., tomography, phase retrieval).

— Extensions to penalties of the form ||Du||o for D a linear operator are important in many applications
(structured sparsity, imaging). However, preliminary research on the minimizers of the adaptations of
problems (Cx) and (Rp) to these more complex penalties must be conducted.
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Readers may be interested in the relationship between the local minimizers of problems (Cyx) and (Rp).
Notice that every global minimizer is also a local minimizer.

Remark 11. From [30], for any support w C {0,1,...,M} the least squares solution @, of ||A,v — d|?,
completed with u, = 0 for all k ¢ w (i.e., the solution of problem (P,) in (9)), is always a local minimizer of
problem (Rg), independently of the value of 3. Following the equivalent formulation of problem (Cy) given
n (10) and (11), any such @ is also a local minimizer of problem (Cy) for k = fsupp(z) < fw. Enumerating
all supports w C {0,1,...,M} shows that problem (Rg) (for some § > 0) and the family of problems (Cy)
for k € {0,1,...,M} have the same sets of local minimizers. %

A similar statement on the strict local minimizers of problems (Cx) and (Rg) can also be obtained.

From (b) and this remark, it is easy to deduce that when the index set J of the parameters {/5;, } Jeeg 18
strictly smaller than L, all optimal sets of problem (Cy) that cannot be global minimizers of problem (Rp)
for any § > 0, are strict local minimizers of (Rpg).

Remark 11 leads to new research directions. A crucial point is that the regularization parameter § will
not play any role for the theoretical comparison between the sets of the local minimizers of problems (Cy)
and (Rp). Useful information on the number of local (and not global) minimizers of these problems could be

inferred. Other important results would concern algorithms that are known to converge to local minimizers.

A Proofs for joint optimality conditions for (Cx) and (Rp), section 2

A.1 On the optimal solutions of problem (Cy), subsection 2.2
Proof of Lemma 1. Using (P,) in (9) and (11), the optimal value of (Cy) for any k is given by
cx = inf{ | A% — d||*> where % € RN solves (P,) ‘ w e Xy } .
For k € ]ION and w € ¥y, define ¢ > 0 by
¢ :=||ATu —d|*> where W solves (P,) for we Y. (56)

The set of numbers {¢* | w € ¥x} is nonempty and finite. Then ¢y = mm{c“’ | w e 3k} is well defined. By
(56) there exists 7 € RN such that ||Au — d||? = cx. Hence @ € Cy and thus Cy # @.

Proof of Lemma 2 Since ¥y, C 3, V n € I it follows from (9) and (13) that

e < ||Au —d||> YueRN such that supp(u) € Xy ,, Vnel. (57)
Hence ¢ < cx_p, V1 € I, By HI, there is w € ¥ so that rank (A,) = M = fw. Then ||AT—d||? =cm =0
for u given by U, = (A,)'d and Ty, \w = 0.

Proof of Lemma 3 Since n > 1, @ solves the problem min,, ||Au — d||? subject to ||7||o < k. This is an
unconstrained problem, therefore the gradient of u +— ||Au — d||?> must be null at u:

AY(AG—d)=0.

By H1 we immediately get that AW — d = Aglz —d = 0 and ||Au — d||> = 0. This combined with
supp(u) € Xk, yields ¢k, = 0 and u € ék,n. For any m > n—k one has ¢, = 0 by Lemma 2 and u € Cpn
because X, D Y _q.

In order to prove Theorem 1(a) we need some auxiliary results.
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Corollary 3. Let H1 hold. Then [ kel and w€ Cp — llullo =k

Proof. The case k = 0 being trivial we focus on k € I} . Assume that ||uljp=k—nforn > 1. Thencx_, =0
by Lemma 3 which contradicts the definition of L in (15) Hence n = 0. O

Lemma 9. Let HI hold. Consider that i € Cy fork € I?. Set & := supp(u). Then
rank (Az) = 10 = |[ullo - (58)
Proof. One has ||ul|o = k by Corollary 3. For k = 0 (58) is obvious. Suppose that (58) fails for k > 1:
rank (4z) < o —1. (59)

The rank-nullity theorem [25] entails that dim ker (4z) = 0 — rank (45) > 1 . Take an arbitrary vz €

ker (Az) \ {0}, set v\ 5 := 0 and select an i € 7 in order to define u by
W
UW:i=U—Uj— .

v;

Then %; = 0 and @; # 0 , so & := supp (u) & 7, which leads to

|ullo=k—n for n:=|ulo—|lu)o=>1. (60)
From vz % € ker (Az) one has Au = Azuz; = A; (ﬂg - 03?) = Azus = Azuz = Au . Then
K3 (]
ek = ||AT — d||* = || AT — d||? . (61)

This, together with the fact supp(i) € Sy shows that & € Cy. Thus @ € Cy and ||i]l < k— 1 by (60), hence
ck—1 = 0 by Lemma 3, in contradiction to the definition of L in (15). So (59) fails. O

Lemma 10. Let H1 hold and let U be a solution of problem (Cy) such that rank (Az) = to for o := supp(u).

Then @ is a strict minimizer of problem (Cy).

Proof . Observe that U solves the problem min {||Au — d||? | u € S} where S = {v € RN : supp(v) =5} .
The case & = 0 being trivial, we focus on @ # 0. Define B :=<{v e RN | ||v]lo < mlp\iM} which is
nonempty. Noticing that w € S, one has Zea

u+vesS Yve SNB. (62)

Since rank (4;) = #&, the mapping Uz — || A7z — d||? is strictly convex and has a unique solution .
This, combined with (62) shows that ||A(7 + v) — d||* > ||Au — d||? for any v € SN B\ {0}. Hence @ is a
strict minimizer of problem (Cy) (Definition 2). O

Proof of Theorem 1. (a) Let @ € Cy for k € I?. By Corollary 3 and Lemma 9, rank (A5) = k = ||il|o
where 7 := supp(u), which proves (16). Since u solves problem (P5) in (9) where rank (Az) = 0 it follows
by Lemma 10 that @ is a strict minimizer.

(b) From Lemma 3 and the definition of L in (15) one finds CL C Cy for any k > L + 1.

Proof of Corollary 1 Let @ € Cyx and u € Cy, for (k,n) € (I?)?, k # n. By Theorem 1(a), ||@]lo = k and

||@|lo = n, hence the result.
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A.2 Proofs for necessary and sufficient conditions, subsection 2.3

From Theorems 2 and 3 all global minimizers u of F3 satisfy [|ullo < M.
Corollary 4, Lemmas 11, 12 and 13 below help to prove Proposition 1.

Corollary 4 ([30] Corollary 3.3). Let U solve (P,,) for w € Q where k € IYy. Then @ is a strict (local)
minimizer of Fg for any > 0.

With the notation in (17), it is suitable to set

M
Q0= U O .
k=0
Lemma 11. Let d € RM and 8 > 0. Then
u is a strict (local) minimizer of F3 <= ue U:= U {t e RN solves (P,,) for w e Q}. (63)

weN

Proof. Let u be a strict (local) minimizers of 3. Then u solves (P,) for w := supp(u). By Theorem 3
w € © and thus u € U. Conversely, any u € U is a strict (local) minimizer of 73 by Corollary 4. O

Now we partition U in (63) as follows:

M
U= U Uy where Uy := U {u e RN solves (P,,) for w € Q and [|7o = k} . (64)
k=0 weN

Lemma 12. Let HI be satisfied and L be as in (15). Then CrCUp Vke .

Proof. Let 1 € Cy for k € I). Set w := supp(@). The expression for Ck in (19) and Theorem 1(a) show
that @ solves (P,) for w € Qx C Q and that ||ul|op = k. Hence u € Uy. O

Lemma 13. Let HI hold, L be as in (15) and let B > 0.

(a) Let k€ I. Then

F(0) = c+ Bk vie Cy; (65)
Fs(w) > F(a) Vi e U\ Cy . (66)

(b) Letie Cr. If LK M —1, then
F(@)> e +BL=F@) VieU, Vne{lL+1,---,M}; (67)

and thus any u € Uy, forn e {L+1,--- M} obeys u ¢ ARﬁforanyB>0.

Proof. From the definition of Uy in (64), if Uy # @, then ||ullo = k for any u € Uy.

(a) Since k € I?, Cyx C Uy by Lemma 12. Any @ € Cy yields ||A% — d||?> = cx, hence (65). Any @ € Uy \ Ck
is not an optimal solution of (Cy), so ||A@ — d||* > cx. Then F3(u) = ||Au —d|?> + Bk > cx + Bk = Fu(u) .

(b) By the definition of L, ¢, = ¢, =0, ¥V n > L. It follows that for any u € Uy, Vn > L + 1 one has
F3(u) = ||Au — d||* + Bn > ¢ + L = BL . Such a @ is not a global minimizer of Fj. O
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Proof of Proposition 1. (a) follows from Lemma 13(a).

(b)-(c) Let u € ﬁg. Then u is a strict minimizer of 73 (Theorem 2(b)) and & € U by Lemma 11. Set
k := ||u]|p; then u € Uy according to (64). In addition, k < L because otherwise u ¢ /]:_\{5 by Lemma 13(b).
Also, u € /f\{ﬁ means that F3(u) is the optimal value of problem (Rg). Then u € Cx by Lemma 13(a).
Further, @ — F3(u) is constant for any u € Cy; see (65). Therefore, Cy C ﬁg.

Proof of Lemma 4. The backward implication is obvious. We focus on the forward one. Let k € I¥; we
proceed by contraposition. Assume that @k N Rg # @, i.e., there exists u € Cx N Rg. Then Cx C Rg by
Proposition 1(c), a contradiction to the fact that Cj Z ARﬂ.

Proof of Theorem 4. By Proposition 1(b), any u € f{[g satisfies 4 € Cy for k < L and thus @ € C.
Therefore, ﬁg c C. The same holds for any 3 > 0 which proves the theorem.

Proof of Lemma 5 By Remark 5, C, C /Rg implies  F3(u) < F(u) Vu e Ck Vuce 6k+p . Using
Proposition 1(a) this inequality reads as ¢y + 8k < ckyp + 5 (k+p), which leads to

5>m. (68)
p

On the other hand, ékﬂ) = figx entails  Fg(u) < Fg(u) Vue ékﬂ V@ € Cy . Therefore

Cir — C
crp+ B (k+p) <+ k = 5/<%- (69)

Comparing (69) and (68) proves the first part of the lemma. The proof of second one is similar.

B Proofs for parameter values for equality between optimal sets, sec-
tion 3

B.1 Proofs for the entire list of critical parameters values, subsection 3.1

Proof of Proposition 2 For k € {0,L} one has fx < 3/ by Remark 6. We recall the notation

introduced in (17) and that II,, is the orthogonal projector onto range(A,,) given in Remark 4.

Ck — Ck+4n

From Definition 3, there exists n € I _x such that gy = . By Theorem 1, there are w €

and W € Q4 obeying ¢y = d*(I —1I1,) d and cxyy = d*(I — Ig) d. Similarly, there is m € Iy satisfying
By = Skom 7%k ond & € Oy _m such that cx_p, = d"(I —IIg) d. Then By — B reads as
m

0" (I —T,)d  d*(IT,, — I1)d
go-py = Tl Tl LT (10)
_ d* (mIlz + nll; — (m + n)II,,)d (71)

nm

It follows that all d € RM leading to B — By = 0 for some k € I _; belong to the set S given below:

L-k k

S = U Sk where Sy := U U U U U ker (mIlg + nll; — (n + m)IL,) . (72)

n=1m=1weQ WeQy iy 0EY_m
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Let k € I ;. Since rank (Ilz) = k + n, the SVD of II; yields an orthonormal matrix @ € RM*M g5 that

Ik—‘rn : 0
Q'II;Q = e
0O : 0

Observe that Q™TI5(Q is symmetric semi-positive definite. By setting

0 Py Py
P = —Q'I;Q =
m .
PlT . PQ

where Py is the first (k +n) x (k4 n) principal minor of P, we have
n n
rank(mllz + nll;) = rank (Hg + —H@) = rank (QT (Hw + fH;‘,) Q)
m m

Liyn + P P
= rank - | =Z2k+n. (73)

Pf i P

The rank inequality above comes from the fact that P is positive semidefinite and thus Iy, + Py is positive
definite; see [24]. This, together with the facts that rank ((n + m) (Il,)) = k and that n > 1 in (73) gives
that mIlz + nll; — (n + m)IL, # 0; hence dim ( ker (mIlg + nll; — (n + m)IL,) ) < M — 1. Therefore, S is
a finite union of vector subspaces of dimension < M — 1.

Finally, if d € RM\ S, then B — BU # 0 in (70) because the term in (71) in non-null.

B.2 Proofs for effective parameters values, subsection 3.3
Proof of Lemma 6  The definition of J and J® in (29) shows that
kel) and B >p) <= keld\{JuJ®}.

By Theorem 6(a), one has Cj f{B, V B8 >0, if and only if k € I? \ {JUJ®}. By Lemma 4, Cx Z ﬁg
means ka ﬁgz@, V3 >0.

Proof of Lemma 7 Let m € J®. Theorem 6(a) shows that Cu C f{gm. By Theorem 6(b) and
Proposition 3(a), GJk = ﬁg if and only if 55, < 8 < fBj,_,. Assume that m < Ji. Then Lemma 5 shows
that £, > (3 for any g € (ﬁJk, BJkil). It follows that Sy, # ;.. This, together with (35), yields

{meJEym<Jk}ﬂJng:®. (74)

Using the same statements, (Aij+1 = ﬁg if and only if 8 € (85.,,, By,). Consider that m > Jxi1. From
Lemma 5, 8, < 8 for any 5 € (5Jk+1, BJk) and thus Sy # f;,. Hence

{meJE|m>Jk+1}ﬂJf§Jk:®. (75)

Jointly (74), (75) and J N J* = & prove (36). Finally, B, = B = 0 in (31) shows that J§ = @.
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Proof of Proposition 4 From Definition 4 one has 0 € J and from Proposition 3(a) {fx}kej is strictly
decreasing. By Lemma 7 it holds that J, < m for any m satisfying 85, = Bm. Hence J contains the smallest
indexes.

IfJ = ]IE, the result is proved. Consider that J ; ]IE. Suppose that there is m € I \ J such that {3y} ;-
is strictly decreasing where J* denotes the increasingly ordered {JU {m}}. By Proposition 3(c), m ¢ J*.
Then m € I?\ {JUJE}. Since By, < B1,._,, ¥V Jx € J, there are (Jx_1,Ji) such that Jy_1 < m < Ji and
B3, < Pm < B,_,. From Theorem 6(b) and Proposition 3(a), /]:_\{/3 = GJk if and only if 8 € (BJk, BJk_l).
Since [y, € (ﬁjk, Bkal) one has

Fpn(w) > Fp, (u) Vue Cwm Ve @Jk ,
which yields ¢y + fSmm > ¢, + Om Jk (see Proposition 1(a)). Consequently,

Cm — CJy

fn < Je—m

Cm — CJ -
k a contradiction.

However, using that Ji > m, Definition 3 shows that By, > J
Kk —m

C Proofs for optimal values of (Cx) and (Rj), section 5

In order to prove Proposition 5 we shall use Lemmas 14 and 15 given below.
Lemma 14. Let H1 hold and letk € {1,...,M —1}. Then
de RM \Gk <— ¢ >0.

Proof. Let d € RM\ Gy and let @ € Ci. Set & := supp(@). By Theorem 1(a) and the notation 2 in (17),
o € Q. Since (I — II3) is the orthogonal projector onto (range(Aa))J‘, one has

deRM\ Gy = ddrange(4;) and d#0 = cx=|AT—d||?=d"I—-1I5)d>0.

Conversely, let ¢ > 0. If d € Gy, there is w € Q meeting d € range(A,,). For u, = (ATA,) ' ATd one has
|Apug, — d||?> = d*(1 —11,,) d = 0, a contradiction to cj > 0. O

Lemma 15. Let HI hold and let Ey be given by (45). For any k > 1 such that cx_1 > 0 one has
Ck—1 > Ck VdGRM\Ek.
Proof. From H1, there is n € Iy meeting (Ay, d) # 0. Set u, = arg miﬂl{} |Ayv — d|*>. Then
ve

An, d ~
B P 20 and o < 40— d? = 4P -

(An, d)?
(MK

< cyp= Hd||2 .

Consider that k > 2. Let u € @k_l and c_1 > 0. Set 0 := supp(u) and denote by Bs a matrix whose
columns form an orthonormal basis for Az. From Theorem 1(a), o € Qy_;. By H1, there is n € Iy \ & such
that w := ocU{n} € Q . Then there is by € range(A, ) such that B,, = (Bz, bx) forms an orthonormal basis
for A, (Gram-Schmidt theorem, see, e.g., [20]). The orthogonal projectors onto range(As) and range(A,)
are Iz = BzBZ and 1l, = B, B}, = B5;BX + byby, respectively. Then ¢, < (i := d" (I —II,)d. Applying
(20) yields

Cro1 —Cx = o1 — C=d" (I, —z)d = (b, d)? .

Since d € RM\ Ey, one has d ¢ (range( (Bs , bx) ))J‘ Hence (by, d)? > 0. O
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Proof of Proposition 5 (a) Let d € RM\ G1,_;. By Lemma 14, c/_; > 0. Since {cy} is decreasing
(Lemma 2), one has ¢ > 0V k < L’ — 1. Conversely, if d ¢ RM\ G,_1, then c¢j/_; = 0 by Lemma 14.

(b) Using (a)
deRM\ (E,UGL_)) = >0 VYkel) . (76)
Let k € Is. For any w € Q and w ; w with §&0 =k — 1 one has @ € Q1 and range(Az) ; range( Ay ).

Since (range(Ag))* 2 (range(Ay))" we obtain (RM\Ex) 2 (RM\Ex_4) for any k € {2,...,L’}. Using

Lemma 15 together with (76) shows that

de RM \ (Eg U GL/fl) = cx1>c >0 Vkel 4 and cp_q>cp.

Proof of Corollary 2. (a) follows from Theorem 7 and Proposition 1(a).
(b) By (46), rg is the lower envelope of L + 1 affine increasing functions. Hence (b).

(c) One has Sy, (Juy1 — Jx) = cj, — ¢y, and {8, }IIZ:O strictly decreasing by Proposition 3. Then

TBJk - TﬁJkJrl = CJk - CJk+1 + BJka - (/BJk - (6Jk - BJk+1)) Jk+1 (77)
= ¢ — ¢y + B (I — Jir1) + (Br, = Bry) Tk = (Ba — Bryr) Jier > 0.

Since Jg = 0, see (31), 85, = Clo = T8 V 5 > B, Using (a) and (77) yields 85, > T8 vV B < Bi,-
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