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Relationship between the optimal solutions of least squares
regularized with fy-norm and constrained by k-sparsity

Mila NIKOLOVA
CMLA, CNRS, ENS Cachan, 61 Avenue du Président Wilson, 94230 Cachan, France

Email: nikolova@cmla.ens-cachan.fr
Abstract. Given an M x N real-valued matrix A with M < N and a data-vector d, consider that d
must be expressed as a linear combination of a small number of basis vectors taken from A. Two popular
options to find the sought-after sparse solution are (1) to minimize the least-squares regularized with the
counting function || - ||o (called usually the ¢y-norm) via a trade-off parameter § > 0, and (2) to solve the
least-squares constrained by k-sparsity, i.e. || - |[o < k. This work provides an exhaustive description of the
relationship between the optimal solutions of these two nonconvex (combinatorial) optimization problems.

Small-size exact numerical tests give a flavour of the meaning of the obtained theoretical results.

Keywords: /{y-regularization; k-sparsity constraint; quasi-equivalence between nonconvex problems; optimal so-

lution analysis; parameter selection; sparse signal recovery; under-determined linear systems.

1 Introduction

The recovery of sparse objects (e.g., signals, images) or representations u € RN using a few basis vectors
from incomplete and possibly inaccurate data d € RN is a tremendously growing topic, especially with
the recent progress in compressed sensing [13, 8, 15, 7, 36, 17]. The most natural way to measure

sparsity is the counting function || - [|o, called usually the fy-norm

lullo == #{i € {0,1,--- ,N} : w[i] # 0}, (1.1)
where £ denotes cardinality and wu[i] stands for the ith components of u. We consider a frame (a
dictionary) A € RM*N with M < N where M and N are fixed.
Two popular options to find a sparse solution u are defined by the following optimization problems:
e the || - [|o-regularised problem where one looks for minimizers of 7 : RN — R given by
(Rp) F(w) = [|Au—d|3 + Bllullo . 5>0, (1.2)
where 8 > 0 is a regularization parameter;

e the k-sparsity constrained minimization problem defined by

(Cx) min ||Au —d||%3, subject to |lulo <k, (1.3)
u€eRN

where k is a fixed integer. As usual, a vector u is said to be k-sparse if ||uljo < k.



Finding an optimal solution of these problems is NP-hard in general [12, 35]. We note that recent

advances in stochastic optimization can or could make these tasks feasible [34].

In the literature these problems are often considered as somehow “equivalent”; see, e.g. [4, p. 631].
The goal of this work is to clarify the connection between the optimal solutions of (Rg) and of (Cy).
More precisely, we look for guarantees that for a k and some values > 0, (Rp) and (Cx) have ezactly

the same optimal set. Since (Rpg) and (Cx) are nonconvex problems, our goal is highly non trivial.

1.1 Related work

The amount of papers dealing with problems (Rg) and (Cx) is huge. We present a brief summary that

helps to position the goals of our work.

On algorithms. The solutions of (Rg) and (Cx) are usually approximated by greedy pursuit, relax-
ation of the || - [|o penalty often combined with nonconvex minimization [18, 25, 19, 10, 22], as well as
direct optimization [29, 33, 1]. Tropp and Wright [36] gave a comprehensive overview, mainly focused
on greedy pursuits and convex relaxation. These algorithms require strong assumptions on A, e.g., RIP
or bounds on spark(A), and on the sparsity of the solution. Iterative thresholding algorithms has be-
come quite popular after the local convergence results of Blumensath and Davies [4], further expanded

by the authors in [5, 6]. Recent results has enabled the RIP assumption to be lighten [26, 3, 9].

Problem (Rg) is a particular case of an objective whose global minimizer is computed in finite
time with high probability by the stochastic continuation algorithm conceived by Robini, Lachal and
Magnin [32] and refined by Robini and Magnin in [33]. Recently, Robini and Reissman [34] extended
the methodology to general (combinatirial) objectives and gave results on the probability for global

convergence versus the running time. So [34] can be adapted to solve optimally problems (Cy) as well.

Some applications. Problem (Rp) has been widely considered for subset selection [29, 4], model
selection [25], variable selection [23], feature selection [30, 18], signal and image reconstruction [21, 19,
10, 37, 14]. Problem (Cy) involves a natural sparse coding constraint; it is well known as the k-best
term approximation model [13, 11]. It has been used for low-rank matrix decomposition [2], sparse

inverse problems [6], dictionary learning [16], among ohers.

Comparison between | - ||o-related problems. Here are few references. Fung and Mangasar-
ian [20] consider the problem: minimize |lul|, subject to Au = d, Bu > b and |lul| < 1, where
p € [0,1), and B and b are a matrix and a vector, respectively. They prove that the ||u||o-problem is
equivalent to the |lul[,-problem for a sufficiently small p > 0. Malgouyres and Nikolova [27] focus on
the approximation performances of the problem: minimize ||ul|o subject to ||Au — d|| < 7. They give a

geometrical description of the data sets d € RM yielding an optimal solution of (Cy).



1.2 Our goals and contributions

In this work we provide an exhaustive description of the connection between the optimal solutions of
the two nonconvex, combinatorial problems (Rp) and (Cy), stated in (1.2) and (1.3), respectively. This

goal is achieved using simple mathematical tools. Our main results are summarized below.

e There is an integer L < M (dependent on A and on d) for which it holds that: (a) For any k < L,
any optimal solution u of (Cy) obeys ||u]|o = k and the columns of A indexed by the support of u are
linearly independent; (b) For any 3 > 0, any global minimizer u of 73 verifies ||uf|o < L.

e We exhibit critical values B, k € {0,--- ,L}, and we prove that for any k, (Rg) V 8 € (B, Bk—1) and
(Cx) have the same optimal set if and only if {8} is strictly decreasing. But for any k < L — 1 and
B = Pk, the optimal set of (Rp) is the union of the (disjoint) optimal sets of (Cx) and (Cx1). Thus
when {f} is strictly decreasing, we can say that (Rg) and (Cx) are quasi-equivalent.

e It is shown that {8;} can be oscillating, relying on A or d. Then there is a subset {k, } so that for any
n and for any 3 > 0, any global minimizer @ of 73 is not an optimal solution of (Cx,) and ||u]|o # kn.
In such a case, only partial quasi-equivalence can hold: for k ¢ {k,}, there are {3, 3_,} and {b, b}
so that (Rp) for any 8 € (B[, 8_,) and (Cx) share the same optimal set if b> B_, > B/ > b.

e The union of all global minimizers of /3 for all 3 > 0 is included in the union of all optimal solutions

of (Cx) for k € {0,---,L}.
1.3 Outline of the paper

Results relating the optimality conditions for (Rg) and (Cx) are derived in section 2. In particular,
useful properties on the optimal sets of (Cy) are exhibited in subsection 2.2. Necessary and sufficient
conditions for quasi-equivalence between problems (Rg) and (Cx) are provided in section 3. Otherwise,
partial equivalence occurs which is also examined. Some facts on the critical parameter values are given

in section 4. In section 5, small-size exact numerical tests illustrate the main results of the paper.

1.4 Main notation and definitions

To simplify the notation, the fo-norm is systematically denoted by

Let n be any positive integer. The identity operator on R" is denoted by I,. We denote by I, and 19

the totally and strictly ordered index sets
I, := ({L,---,n},<) and IJ:=({0,1,---,n}, <), (1.4)

where the symbol < stands for the natural order of integers. Thus any subset w C I, is also totally and

strictly ordered. Without this precision, the expressions in (1.6) and (1.7) below are ambiguous.



For any u € RN, the support o(u) of u is defined by

(1) = {z ely : ufi] # o} Cly. (1.5)

The ith column in a matrix A € RM*N is denoted by a;. For a matrix A € RM*N and a vector

u € RN, with any w C Iy, we associate the submatriz A, and the subvector u,, given by

A, = (awm,--- ,aw[ﬁw}) S RMXﬁw X (1.6)

Uy = (u[w[l]], ,u[w[jjw]]) e R, (1.7)

respectively, as well as the zero padding operator Z,, : R#*“ — RN given by

B (0 ifidw,
=2 (w) uli) = { uy[k] for the unique k such that w(k] = i. (18)
Using (1.5) and the notation in (1.6)-(1.7), for any u € RN we have
wely and wDo(u) = Au=Ayu, and u=2Z, (uy) - (1.9)

The superscript “7” denotes transposed. For definiteness, we set AT := (4,,)" and A! := (A4,) "

Example 1 Let A = (aj,az,as,a4) andu = (1,0,1,0)7. Then o := o(u) = {1,3}. Letw = {1,2,3} D
o. Clearly, Au = Asu, = Ayu, = a1 + as.

Remark 1 For (Cx) we have to consider also two trivial cases: k = 0 because J3 always has a strict
(local) minimum at & = 0 [31, Lemma 2.2] and k = M since J3 can have strict (local) minimizers u with

|allo = M [31, Proposition 3.9]. According to the value of 3, u or u can be global minimizers of 73.

In order to unify the presentation, we adopt the definitions: Ay := [] € RM*? and rank (Agy) := 0.

Then all claims hold when k = 0 for (Cx) and when the optimal set of (R) is null.
We shall consider the standard hypothesis on A stated below.

H1 The matriv A € RMN satisfies rank(A) = M < N.
It is systematically assumed that d # 0 to prevents from considering other trivial cases.
2 Preliminary results

In this section we derive simple tests relating the optimality conditions for (Rg) and for (Cx). This task
needs a few developments. Some results on (Rg) obtained in [31] are used. We shall often refer to the

constrained quadratic optimization problem stated in subsection 2.1.



2.1 A constrained quadratic optimization problem

Given d € RM and w C Iy, problem (P.,) reads as:

(Pw) min |Au —d||?, subjectto u[i]=0 Viecly\w. (2.1)
ucR

Using the notation in (1.6), (1.7) and (1.8), the following equivalence is obvious and useful:
[aeRVsolves (P) | & [@=2Z, (@) and @ solves min |40 —d|?].  (22)
veER#w

The optimality conditions for the quadratic problem on the right side of (2.2) amount to solving the
normal equation relevant to A, i.e. to finding a v € R*« satisfying AT A,v = ATd. Such a v always

exists; see e.g., [28]. Therefore for any d € RM and for any w C Iy problem (P,,) has solutions.
Note that any @ solving (P,,) for some w € Iy is a (local) minimizer of 73 [31, Proposition 2.3].

2.2  On the optimal solutions of problem (Cy)

The set of the supports of all k-sparse vectors reads as

@k::O{wCHN: jjw:n}. (2.3)

n=0

Using (P,,) and this notation, for any k, problem (Cy) in (1.3) equivalently reads as

|AG — d|? = min {|\A&’—d|]2 . @ solves (P,) for w e @k}
(Ck) wEBy

— ; oo Al2 . oy .
= fégi{HA“““ d||* : w solves (P,) for we @k} .

(2.4)

We first verify the existence of optimal solution of (Cy).

Lemma 1 For any k € HON, the optimal set of problem (Cy) is nonempty.

Proof. Consider the equivalent formulation of (Cy) in (2.4). For k € I, define 6§~ € R, as
6“ := ||Au —d||*, where @ solves (P,) for w€ O.

The facts that Oy is finite and that (P,) has solutions for any w € ©y C Iy ensure that the set
{6% : w € O} is nonempty and finite. Then the number 6= min{#* : w € Oy} is uniquely defined

and there exists U such that ||Au — d||? = 0; so 4 is an optimal solution of (Cy)- O

By Lemma 1, for any k € I} the optimal value 6,4(k) of problem (Cy) is well defined:

04(k) := ||AT — d||* where @ is an optimal solution of (Cy) . (2.5)

The optimal set of any problem (Cy) is denoted by

Cy = {ﬂ e RN : @ is an optimal solution of (Ck)} . (2.6)

If (Cx) has a unique solution 4, then clearly Cy = {a}.

Below we prove that the sequence {04(k)}x is indeed decreasing.



Lemma 2 Let d € RM. Then 04(0) = ||d||?> and
Ogk—1) > 04k) Vk>1. (2.7)
If H1 holds, then 64(M) =0 and 64(k) =0 for any k > M.
Proof. It is obvious that 64(0) = ||d||2 . Let @ € C) for k € Iy. Set & := o(@). From (2.4) one has
04(k) = || A5tz — d|)® < |[Awuw —d|> Ywe O, YVu, e R*™, Vn<k. (2.8)

Consequently, 6,(k) < 84(k —n) for any n € I , which proves (2.7). From H1, there exists w C Iy such
that rank (A,) = M = fw. Then 4, = (A4,) 1d leads to || Ay, — d||> = 0 = 64(M). This, combined
with (2.7), shows that 6,4(k) = 0 for any k > M. O

We verify that if u € (A]k is an unconstrained solution, then u solves exactly Au = d.

Lemma 3 Let H1 hold. Fork € Iy, assume that (Cyx) has an optimal solution u obeying
|ullo=k—n for n>1. (2.9)
Then
Au=d. (2.10)
Further, u € Cm and 04(m) =0 for any m > k —n.
Proof. Set & := o (1) then #5 = k — n. Recalling that Azi; = Au , define z € RM by
z:=Au—d=Azuz; — d. (2.11)
Assume that (2.10) fails, i.e.
2 #0. (2.12)

Since by (2.4) U solves (P5), one has AL (A5lz — d) = 0 which combined with (2.11) leads to A2z =0 .
Select a 0 C 7 yielding rank (Az) = r := rank(A4z); recall that » < k —n < M. By H1, there is w € Iy
such that w 2 & and rank (A,) =M = fw. Then ATz # 0 by (2.12). So there is m € w\ & obeying

(am,z) #0 .
Clearly, ay, is linearly independent of range(Az). One has
e S0m: 22> = U (am,z) > 0. (2.13)
[

Using the definition of z in (2.11), one derives

| A5z + amtm — d”2 - HA@’E;; - dH2 = HZ + amamHQ - ||Z”2 = ”amHQarzn — 2Up (2, am>
[by 213)] = ™ ((am, 2) — 2{am, 2)) = —-2 <“m’22> <0.
[l am | @l

Hence any optimal solution u of (Cx) satisfies ||ul|o > #6 = k —n. But this contradicts (2.9); hence the
assumption in (2.12) fails. This proves (2.10). Then u € Gk_n since O3(k —n) = 0. By Lemma 2, for

anym}n—konehas@d(m):Oandﬂeam. O



Corollary 1 Let H1 hold. For some k € ]IR,l, suppose that U € Gk. Then
Oqg(k) >0 = Jullo=k.

Proof. The case k = 0 is trivial. Focus on k > 1. If ||uljp = k — n for n € I, Lemma 3 shows that

04(k) = 0. This contradicts the fact that 64(k) > 0. It follows that ||u|lop = k. O

Given A satisfying H1 and d # 0, we introduce the constant

L:=max{ke€ly : f4(k) >0} +1. (2.14)

Since 04(-) is decreasing (Lemma 2), the constant L is uniquely defined. From the same lemma, 64(M) =

0, hence L < M. Note that the constant L relies on A or d.

Remark 2 One has L < M — 1 if d = Au for ||jullg < M — 1. Then d belongs to a subspace of RM of

dimension ||u||op which is a negligible subset of RM. Usual noisy data range on the whole RM and L = M.

Lemma 4 Let H1 be satisfied and L read as in (2.14). If u is an optimal solution of (CL), then
64(L)=0 and |ullo=L".

Proof. From (2.14), 64(L) = ||Ad — d||2 = 0. If ||a]lo = L — n for n > 1, then @ also satisfies @ € C|_,,
and 04(L —n) = 0 by Lemma 3. But this contradicts the definition of L. Hence ||u||o = L. O
The result on the optimal solutions of (Cx) below is important.

Lemma 5 Let H1 hold. Fork € 1Y, suppose that U € Cy. Set := o(u). Then
rank (Az) = o . (2.15)
Proof. If k =0, (2.15) holds. The proof is by contradiction. Suppose that (2.15) fails for k > 1, i.e.,
rank (Az) < o —1. (2.16)
The rank-nullity theorem [28] entails that dim ker (45) = fo—rank (Az) > 1. We can take an arbitrary

vs € ker (Az) \ {0}, set v := Z5 (vs) and select an i € o obeying v[i] # 0. Define u by

il

Clearly, u[i] = 0 and 4[i] # 0, so 0 := o () & &, which leads to

[allo < [luflo—1. (2.17)
From vz Z[[z]] € ker (Az) one has Au = Azuz = A; (ﬂg — vgng = Azuz = Asuz = Au . Then
0a(K) = || AT — d|? = || A7 — dl]? (2.13)



Consequently, © is also an optimal solution of (Cyx) which by (2.17) satisfies
|aljo=k—mn for n:=|ulo—|[u]o=>1.

From Lemma 3, % € Ci_y and 04(k —n) = 0. This result contradicts the fact that by (2.14), one has

64(L —1n) > 0 for any n > 1. Hence the assumption in (2.16) fails which proves the lemma. O

Remark 3 The algorithm aimed at solving (Cx) proposed in [4] was shown in [4, Lemma 6] to produce,

under certain conditions, solutions that fulfill the necessary optimality condition in (2.15).

Based on Lemma 5, we focus on all M-row full column rank submatrices of A. All supports w C Iy

corresponding to such submatrices are described below:

M
Qk::{wC]IN : ﬁw:k:rank(Aw)} Vkel), and Q::UQk. (2.19)
k=0

Theorem 1 Let H1 be satisfied and L read according to (2.14). Then

@ is an optimal solution of (Cx) for keI) = |dllo=k and o(@) € Q . (2.20)

Further, if i € C, then G € ﬂllj:L Cr.

Proof. For any k € I?, Lemma 5 shows that (@) € Q. If k = L, ||d]jp = L from Lemma 4. Let
k < L —1. From the definition of L in (2.14), 64(k) > 0, which by Corollary 1 shows that |u]o = k.

The last claim follows directly from Lemmas 2 and Lemma 4. O

We note that problem (Cy) is unconstrained and has f Qy optimal solutions.

Remark 4 Let H1 hold. By Theorem 1, for any k € I{,, problem (Cy) equivalently reads as
(@) min {||Aa— d||? : @ solves (P,) for w e Qk} . (2.21)
welly

For a given k, the formulation of (Cx) in (2.4) suggests that getting an optimal solution of (Cx) needs
to compare the values of Oy = ZE:O £ ©, different solutions of (P,). The new formulation in (2.21)
shows that in fact, the values of only fQy < f0Oy solutions of (P,), for w € ), must be compared.

Correspondingly, the optimal value of (Cy), introduced in (2.5), satisfies
04(k) = min {||Ayu, — d* : we O} Vke 1o .
Another direct and useful consequence of Theorem 1 is stated below.
Corollary 2 Let H1 hold. Then C N Cy =@ for all (k,n) € I¥ such that k # n.

In words, if @ solves optimally (Cx) for k < L, then & cannot be an optimal solution of (Cy) for any

n # k obeying n < L.



2.3 Problem (P,) — a bridge between problems (Rg) and (Cy)

We recall that a (local) minimizer @ of J; is strict if there is a neighborhood @ C RN, containing 7,

such that 73(u) < F3(u) for any u € O. Obviously, such a minimizer @ is isolated.

Using the definition of  in (2.19), we introduce the set U C RN given by

U= U {weRN : @solves (P,) forw e Q} . (2.22)
we

Lemma 6 Let d € RM and B > 0. Then
u s a strict (local) minimizer of 73 << ue€U. (2.23)

Proof. From [31, Theorem 3.2|, u is a strict (local) minimizers of 73 if and only if u solves P5 for
o = o(u) € Q; hence u € U. And [31, Corollary 3.3] tells us that if @ solves (P,,) for w € Q (i.e., if

u € U) then u is a strict (local) minimizer of 3. The proof is complete. O

Now we partition U in (2.22) according to

M
U= U Ux where Uy := U {u € RN : @ solves (P,) for w € Q and ||i]jo = k} Vkel}y. (2.24)
k=0 weN

Lemma 7 Let H1 be satisfied. Then Gk c Uy, Vk e JIE )

Proof. Let @ € Cy for k € I?. Set & := o(@). The formulation of (Cx) in (2.21), combined with

Theorem 1 shows that u solves (P,,) for w:= 7 €  C Q and that ||[u]|o = k. Hence u € Uy. O

Lemma 8 Let H1 be satisfied and let 5 > 0.

(i) Let w e Cy fork €I). Then

F(@) = 04(k) + Bk VieCy; (2.25)
T3(1) > F5(u) Ve Ug\Cy . (2.26)

(i) Letie Cr. If L< M —1, then
ne{l+1,---,M} and €U, = K@ >0i(L)+4L=F®{). (2.27)

Proof. (i). Using that k € I?, Theorem 1 shows that |i]|o = k. This leads to (2.25). If u € Ui\ Ci,

then ||u|lo = k from the definition of Uy and @ is not an optimal solution of (Cy), hence
GeU\Cx = |[Au—d|?>>04(k).
(ii). The definition of L in (2.14) entails that 64(n) = 64(L) =0,V n > L+ 1 . Therefore

n>L+1and €U, = (@) =||Au—d|>+ Bn > 04(L) + AL . O



2.4 Joint optimality conditions for (Cyx) and (Rp)
We shall use the following result on J3:
Theorem 2 (Nikolova, [31, Theorem 4.4]) Let d € RM and 8 > 0. Then

(i) J5 has a global minimizer: there exists 1 € RN such that min F(u) = B(@) < FB(u), VueRN;
ucR

(ii) Ifu is a global minimizer of J3, then u is a strict minimizer of 73, i.e. o(u) € €.

The optimal set of an objective /3 with regularization parameter 8 > 0 is denoted by

ﬁg = {ﬂ € RN : @ is a global minimizer of % for a given 8 > O} . (2.28)

Our first result relating the optimal sets of (Rg) and (Cx) is given below.
Proposition 1 Let H1 hold and let B > 0. Then
teFy; = ueCy for ki=|ufoel. (2.29)
Proof. From Theorem 2(ii), @ is a strict minimizer of /3. Then & € U by Lemma 6 and o(u) € Q.
Set k := ||u||p. By the definition of Uy in (2.24), u € Uy. Further, k < L because otherwise u ¢ ﬁg by
Lemma 8(ii). And Lemma 8(i) shows that if u € f‘ﬁ, then u & Uy \ C. Therefore i € Cy. O

We denote by C the collection of all optimal solutions of problems (Cy) for k € I{:

L
C:=[JCk, (2.30)
k=0

where all C’s read as in (2.6). Likewise, F is the set of all global minimizers of J for all g > 0:

Fo=|JFs. (2.31)
B>0

With these notation, the next claim is an important direct consequence of Proposition 1.

Theorem 3 Let H1 hold. Then F c C .

Proof. Let u € {Js-, f‘ﬂ for some 8 > 0, hence @ € F. By Proposition 1 and (2.30), @ € C. O

Remark 5 By [31, Corollary 3.3], each solution of problem (P,), for any w € €, is a strict (local)
minimizer of 73. So J3 typically has numerous strict (local) minimizers. Among them, only those that

solve optimally problems (Cy) for k € I{ could be global minimizers of 75 for some 3 > 0.

Next we give the main tool to compare the optimal sets of problems (Cx) and (Rp).

Theorem 4 Let HI hold, and let k € ]IE and 8 > 0. Suppose that u € Gk and that
B@) — K@) >0 VueC\Cy. (2.32)

Then
weRM\Cy = B >HK@ VieCy; (2.33)

in other words, any u € @k is a global minimizer of J3.

10



Proof. By (2.25) in Lemma 8(i) one has
B(t) = 04(k) + Bk VieCy. (2.34)
The proof is conducted by contradiction. So suppose that (2.33) fails, that is
K(u) > B(u) Vi eCy forsome ueRV\Cy. (2.35)
From Theorem 2(i), 73 has a global minimizer, say @ € Eg, which obeys u € C by Theorem 3. Hence
weRV = K >K@) =K@ >FKu VYieCyp forsome ueC . (2.36)

e Let w € Cy. From (2.34) and (2.36) one has K(u) = K(u) = F(u), hence u € ﬁg. By (2.35) and
Theorem 3 it follows that % € C \ Cx. Hence

K(u) = B(u) VieCy forsome e C\Cy.

This result contradicts (2.32). Hence the assumption in (2.35) fails.

e Otherwise w € C \ Cy. This, combined with (2.36), leads to
K@) > K@) VieCy forsome we C\Cy. (2.37)

The last result contradicts the condition in (2.32), hence the assumption in (2.35) fails. O

3 The same optimal set for (Cx) and (Rp)

In this section we develop our findings on the connection between the optimal solutions of problems

(Cx) and (Rp). We shall use the previously obtained Corollary 2, Lemma 8, and Theorems 3 and 4.

3.1 Ciritical parameter values

Remark 6 Let @ € Cy and let @ € Ciq. The equality F(u) = F3(u) equivalently reads as
J5(w) = ba(k) + Sk = a(k +1) + Sk + 1) = Jz(u) ,
by Lemma 8(i). Then for 3 := fx := 04(k) — 4(k + 1) one finds R (u) = F(q).

For d € RM given, this remark suggests the following set of M 4 1 constants to be introduced:

Br:=04(k) — 04k +1), Vkel}y. (3.1)

A few facts on {fx} are given next.

Remark 7 Let H1 hold. Using Lemma 2, 5 > 0 for Vk € ]I(,a,| . Recall that d # 0.
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(a) From HI, there is n € Iy such that (ay, d) # 0. Set u, = arg miﬂr{} |an v — d||* € R. Clearly,
vE

~ Qp, d ~ Qp, d 2
n <Ha ||2> #0 and 04(1) < |lanun — d||2 = ||dH2 - <||a ’3 < 04(0) = Hd”2 .
Then (3.1) yields
Bo := Hd(()) — (gd(l) >0. (3.2)

To unify the notation, we set 5_1 := +o0.
(b) From the definition of L in 2.14, §4(L — 1) > 0 and 64(k) = 0if k > L. So (3.1) leads to
Bi_1>0 and B =0. (3.3)

Andif L < M, one has fx =0 forany k € {L+1,--- ,M}.

The next claim gives a flavor on the role of {fx} as introduced in (3.1).

Lemma 9 Let HI hold. Assume that F3 has a global minimum at u € Cy. Then B € [Pk, Pr—1]-

Proof. Let u € Gkﬂ and u € Gk,l. Since u € 135 for some 8 > 0, the following conditions must hold:
F@) - F@ >0 and Fi) - FH@) > 0. (3.4)

Combining this with (2.25) in Lemma 8(i) leads to

B@)—RBu) = Ogk+1)—6Ogk)+5=—-pc+52=0, (3.5)
Fu) — ) = Ogk—1)—ba(k) = f=pP-1-520. '
Hence 8 must satisfy Ok < 8 < Bk_1 - O
The relation below is quite practical:
B+ B+ + B = Oa(k) —Oa(k +n+1), Vkely ,, Vnely . (3.6)

Indeed, S5 8 = 0,4(k) — Og(k + 1) + Og(k + 1) — 04(k) + - - - + Og(k + n — 1) — Og(k + n) + Oa(k +

m=k

n) —604(k+n+1). For n =0, (3.6) amounts to the definition of f in (3.1).

3.2 Particular cases

We exhibit a set of values for 5 so that (Cx) and (Rg) have the same optimal set.

Theorem 5 Let HI hold and L be defined according to (2.14). For k € I assume that

T K L—k
b1 +=min fien > fi—1 > B > Iglljé(ﬁk—i-n =:by , (3.7)
where all Py read as in (3.1). Statements (1) and (ii) below are equivalent:

(i) @ is an optimal solution of (Cx) ;

12



(ii) w is a global minimizer of J3 for B € ( P, Pr—1)-

Proof. We break the proof into two parts.
[(i) = (ii)]. To prove the claim, we test the sufficient condition for global minimizer of 73 in Theorem 4.

Recall that by Lemma 8(i), if u € C, for n € 12, then F(u) = b4(n) + fn. Let u € Cr.

o Letkel andletu € Gk_n for n € I. Then

Vnely, = FH@-FK@ = 6Oik—n)—0sk) —np

[by 36)] = Bin+--+ Bt — 1B
= > (Bem—B) (3.8)
m=1
[B<Beo1 <bk1 by (3.7)] > 0. (3.9)

e Consider that k € ]IE?1 and let w € 6k+n for n € I _x. Then

Ynel = FH@-F@) = Oalk+n)—04k) +ns

[by 36)] = —Bxan-1——Pc+np
n—1
= > (8- Bitm) (3.10)
m=0
[B>Bc=2b, by (37)] > 0. (3.11)

Inserting (3.11) and (3.9) in (2.32) in Theorem 4 shows that u € f‘g.

[(ii) = (i)]. Since @ € F, Theorem 3 shows that @ € C, i.e. that @ € C,, for some n € I? which depends
on 8. We will show that any w € én, n # k, cannot be global minimizer of 73 for 8 € ( Bk, fk—1)-

Let uw € Gk. A necessary condition for 73 to have a global minimum at u € én, n # k is that

k L—k
B(w) — (@) <0 for some T € (U Gkn) U (U Gkﬂ) . (3.12)

n=1

e Using (3.8), the necessary condition (3.12) for u € Ul;:1 Cy_n reads as

n

G€Cin n€l = HB@-FK@) =Y (Bim—B<0.

m=1
According to this inequality, combined with (3.7), § must fulfill

5 > % Z kam = kal . (313)

m=1

e From (3.10), the necessary condition (3.12) for u € Ut;ll{ Cxin is equivalent to

n—1

1€Cim nellx = B@-B@) = (B—Brm) <0.

m=0

13



This inequality, combined with (3.7), show that 5 must satisfy

n—1
1
B~ Zoﬁkm < B - (3.14)
Combining (3.14) and (3.13) yields fx—1 < 8 < Sk which contradicts (3.7). O

Let us slightly modify the condition in (3.7):

Lemma 10 Let H1 hold and letk € I, _;. Forp € {0,--- ,k — 1} assume that

- k—p L—k
bkfpfl = rr?:Hf ﬁkfpfn = /kapfl > /kap = =06 > B 2 rrrllili’(ﬁkJrn = bk+1 . (315>
R k+1 R R R
(i) If B = Pk then Fg = U C, where C,NCy, = @ for any m # n obeying (m,n) € {k—p--- ,k+1}.
n=k—p

i) If p > 1 then J can have a global minimum at u € Gk only if B = Px.
B

Proof. Let 7 € Cy_, for n € I. By (3.8) and (3.15) we have F(u) —F(u) =0 foranyn € {1,---,p},
while 73(u) — F(u) > 0 foranyn € {p+1,--- ,k —p}. Let now @ € Cin for n € I, _y. From (3.10)
and (3.15), J3(u) — F(u) = 0 for n = 1 whereas J3(u) — F3(u) > 0 for any n € {2,--- ,L — k}. Hence
73 has a global minimizer for any u € C k—pU---U C k+1- The rest of claim (i) follows from Theorem 3.
By Lemma 9, 4 € ék can satisfy u € 135 only if B < 8 < Bk_1. Sincep > 1, we find 8 = Sy = Br_1. O

According to the facts on §y delivered in section 4, the case 5, = Bx_1 should be quite exceptional.

Another possibility is that /3 can never have global minimizers with a desired £p-norm.

Lemma 11 Let H1 be satisfied. Suppose that there are k € HE—l and m € HE—k—l such that

nef0ml = fu(n) = nil S it < Betn - (3.16)
p=0

Then any i € F satisfies 1 € C \ U Crin and |[@llo & {k,--- ,k + m}.
n=0
Proof. Observe that by (3.6),
Oi(k —1) — 04(k +n)
n+1 '

fi(n) =

The proof is by contradiction. For n < m, assume that 73 has a global minimizer u satisfying u € C k-n-

Let u € (A]k+n+1 and let u € Gk_l. Then the necessary conditions below must be satisfied:

Ba) - @) = Oyk+n+1)—0ik+n)+8=-Pn+6820,
Bu)—FBu) = Oik—1)—0ik+n)—n+1)f=m0+1)fi(n) —(n+1)8>0.

One obtains fyiy, < 8 < fi(n), which contradicts (3.16). This proves the lemma. O

Since fp > 0 and S = 0 (Remark 7), if (3.16) occurs, the sequence {f} defined in (3.1) oscillates.
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3.3 Necessary and sufficient conditions for quasi-equivalernce

Theorem 6 Let H1 hold and L be defined according to (2.14). Then
kel = 1eCy < T eFz for Be(ﬁk,ﬁk,l)} (3.17)
if and only if
Bo>P1>-->pBL1>0L. (3.18)

Proof. Let (3.18) hold. Then the condition on fx given in (3.7), Theorem 5 is satisfied for any k.

Applying Theorem 5 for any k € I{ proves (3.17).
From Remark 7, see (3.3), SfL—1 > BL = 0 in all cases. To see that (3.18) is necessary for all other

values of k, we argue by contradiction. Suppose there is k € I _1 so that £ < Bk.

e The case fx_1 < fx corresponds to m = 0 in (3.16), Lemma 11. So (3.17) fails by this lemma.
e Let [r_1 = Pk. Using Lemma 10 for p = 1 yields 1?‘5 = Gk_l U (A]k U 6k+1 with @k_l N (A]k =
CxNCipr = @. So (3.17) fails. O

Naturally, the boundary cases 5 = By for k € I _ arise the curiosity.

Proposition 2 Let H1 hold. Assume that (3.18) is satisfied. Letk € I, _1. Then

B=p0 = f‘g:@kuékﬂ where akﬂa‘kH:@.

Proof. Applying Lemma 10 for p = 0 proves the proposition. (Il
Under the condition in (3.18), we can say that problems (Cx) and (Rp) are quasi-equivalent: we
L
have a partition Ry = U (Bk—1, Bx| so that
k=0

e For every k € I?, problems (Cx) and (Rp) for B € (Bk—1, Bx) have exactly the same optimal set;

e For each 3 € {Bk}{;;(l] there is no equivalence since Proposition 2 holds.
3.4 Partial quasi-equivalence
Remark 8 The condition in (3.18) reads as
Ber>fe Vel g <« 640 < % (Ou(k—1)+ 04k +1)) VkeT ;.
Its realization seems unstable, relying on A or d; see Lemmas 10 and 11, and the tests in section 5.

Theorem 7 Let HI hold. Fork > 1 and m € {k+2,--- L}, assume that the following holds:
m—1

(a) If we U Cy then for any B> 0, u is not a global minimizer of J3;
n=k+1
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(b) The critical parameter value By ,,, given by

Brom = W (3.19)
satisfies
by = II?E? Br-n = Br1 > Bim > P = @%}(ﬁmm =:by, (3.20)
Then one has the following equivalences:
(i) we Cn < 1disa global minimizer of J3 for B € (ﬁm,Bk,m);
(ii) Cr <= 4 is a global minimizer of 73 for B € (B m: Br—1)-
Proof. We present only the proof of (i), since (ii) is proven likewise. It is split in two parts.
[ = | Let @€ Cy and let 8 € (Bm, By m)-
e Let w € Ci_y, for n > 0. From (3.19) it follows that
n=0 = J@-RBwu) = bik)—0(m)—(m-k)s
= (m—k)(Bm — B) (3.21)
[by (320)] > 0. (3.22)
Consider next that n > 1.
Vnely = RHK@-K@u) = Oik—n)—0i(m)—(m—-k+n)p
= Oa(k —n) — (k) + 04(k) — fa(m) — (m — k)3 —np3
[ by (3.19) or by (3.6)] = (m —k)(Bm — B) +9d( —n) —fba(k) —np
[by 38)] = (m—K)(Bm — 5 +Z Brp — (3.23)
[by (3.20) ] > 0. (3.24)
e Let @€ Cpypy forn > 1.
Vnell_, = RH@-HKB@u = 6O3(m+n)—~0z(m)+np
n—1
[ by (3.10) orby (3.6)] = > (8- Buip) (3.25)
=0
[ by (3.20) | > g : (3.26)

From (3.22), (3.24) and (3.26), u € ﬁg according to Theorem 4.

[<] Let 8 € (B, B m) and let U € Cum. By Theorem 3 and assumption (a), F ¢ C\ um! 1 C C
Suppose that /3 has a global minimum at u € @p for p # m. Then necessarily

k L—m
FK(u) — F(a) <0 for some u e (U (A]kn> U ( U 6m+n> ) (3.27)
n=1

n=0
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e We examine (3.27) for u € Ui:o Cx_n. Combining (3.21) and (3.27) yields
i€l = B - F@)=(m-K)Fu -5 <0.

Then £ must satisfy
B = Bym -

)

Further, using (3.23) and (3.27) lead to

(3.28)

1€Cin n€ly = B -FK@)=m-Kbn+> fp—(m—k+n)B<0.

p=1

This inequality, combined with (3.20) shows that

1
m—k-+n

(m B k)Bk,m + n/Bk—l —

— k)8 _ >
(m )/Bk,m+2/8k p m—k+n

p=1

gz

e Using (3.25), the condition (3.27) for w € Ut;ll C mn is equivalent to

n—1
T€Cmm n€lLw = FH@-F@)=08- Buip<0.
p=0

By this inequality and (3.20), 8 must fulfill

-1
1 n
,8 < HZ/BHH-p < Bm .
p=0

> /Bk,m )

(3.29)

(3.30)

Combining the results in (3.28), (3.29) and (3.30) with assumption (a) shows that % for 8 € (8w, By m)

cannot have a global minimum at u € (/jp ifpe{0,--- ,k}u{m+1,---,L}.

O

Remark 9 Likewise Remark 6, for 8 = By ,, one has %(u) = F(u), so if (a)-(b) hold, one finds

Eg = Gk U Gm with Gk N @m = &; see Corollary 2 and Proposition 2.

Example 2 Let 8x_1 < By for k € I _;. Then by Lemma 11 for any 8 > 0, any global minimizer u of

J3 obeys u ¢ Cy and hence ||@|o # k by Theorem 1. Assume that

k — Oak —1) —O0g(k+1 L—k
min Br—n 2 Br—2 > By kp = ( ) 5 ( ) > fry1 = Irrlljfiﬂkﬂ .

Here Bk—l,kﬂ is calculated according to (3.19). Theorems 7 and 1 show that

@ is a global minimizer of % for 8 € (Bit1, By pp) € UE Ciprand ||dflo=k+1,

@ is a global minimizer of % for 8 € (B 1, fk—2) & € Cr_iand ||uflo=k—1.

For g8 = Bk_17k+1 one has 135 = (Cx—1) U (Ci41)-
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4 On the critical parameter values

From Theorem 1 and Theorem 3, any optimal solution @ of problems (Rg) and (Cx) in (1.2) and (2.4)

is a solutions of problem (P,,) for w := o(u) € 2. Then u is of the form
u=Z,(u,) where U, = (AgAw)f1 ATd . (4.1)

Remark 10 The optimal solutions u of (Rg) and (Cx) should in general be sensitive to noise since

their non-null part ﬂa(a) minimizes a non-regularized least-squares objective relying on A4, and d.

With any w € Q) we associate a matrix B, whose columns are an orthonormal basis for A, that is
BIB,=1I;, and range(B,)=range(A,) . (4.2)
The orthogonal projector Il onto the subspace spanned by the columns of A, reads as
I, = B,BT . (4.3)
For w € 9, one has II,, = A, (AU:CAW)_1 AT see, e.g., [28]. Then
GeCy for kel) and G:=o(@) = 64k) =] —1)d|>. (4.4)

Using the definition of Qy in (2.19), we introduce the subsets of RM given below:

Ey := U ker (AL) and Gy := U range (Ay) . (4.5)

weN wE
Clearly, Gy = RM and Ey = @ by HI.
Lemma 12 Let HI hold and d # 0.

(i) Letk € {2,--- ,M —1}. Then

deRM\E, = 6O4(k—1)> (k) .

(i) Letk € {1,--- ,M —1}. Then
deRM\ G < 64k >0.
Proof. (i) Let @ € C_1. Set & := o(@). From Theorem 1 & € Q_; and then
dnely\o suchthat w:=0cU{n} e Q.
Obviously, 04(k) < T'(k) := ||(I — I1,,)d||? . Using the notation in (4.2), it follows that (see, e.g. [24])
3 b, € range(A,) such that B, = [Bs | by .
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By (4.3), one has Il = Bz BL + bib[ . Therefore
Og(k — 1) — Og(k) > Og(k — 1) = T'(k) = dT (I, —1I5)d = (by,d)? .

From d € RM\ E we have d ¢ (range(A,,))". Hence (b, d)? > 0.
(i) Let d € RM\ Gy and let @ € Cy. Set & := o(@). Form Theorem 1, & € Q. Since (I —II3) is the

orthogonal projector onto (range(Az))™, having d ¢ range(A,,) leads to
Oa(k) = || At — d||* = ||(I - II5)d|* > 0 .

Conversely, let §;4(k) > 0. By Theorem 1, the support of any optimal solution of (Cy) belongs to €.
To get a contradiction, suppose that d € Gy: then there is w € €y such that d € range(A4,,) and for
Uy = (AOTJAW)_1 ATd one has || Ayu, — d||> = ||(I — T1,)d||?> = 0. O

Observe that the condition on d in Lemma 12(i) is a strong sufficient condition.

Proposition 3 Let H1 hold and d € RM\ (Eo UG_1). Then the critical parameters By in (3.1) obey
B >0 Vkel) ;| and Bc=0 Vk>L.

Proof. Letk € I} _;. Let w € Q, i.e., rank(A,) = k. Than for any @ C w such that & =k — 1 one
has @ € Q1. Since range(Az) C range(Ay), one has (RM\ G_) 2 (RM\ Gg) by (4.5). Hence

deRM\GL1 = 64(k)>0 Vkel)

and 64(L) = 0 by (2.14). From ker(A%L) C ker(AL), one has (RM\ Ex) 2 (RM\ Ex_); see (4.5). This,
combined with Lemma 12(i) and the definition of S in (3.1) shows that

deR"\E;, = fBio1=04k—-1)—04k) >0 Vke{2,---,L}.
And By > 0 by Remark 7; see (3.2). O

Remark 11 The subset E, is a finite union of vector subspaces of dimension M — 2. Likewise, G| _1 is
a finite union of vector subspaces of dimension L — 1 < M — 1. Hence Es U G| _1 is closed in RM and its
Lebesgue measure in RM is null. So data located in Ey U G__; are highly exceptional. Conversely,

RM\ (E3 UG|_1) is open and dense in RM, so we usually have data living in this subset.

5 Numerical tests

Here we summarize the outcome of a series of experiments corresponding to different matrices A € RM*N

for (M,N) € {(5,10), (10,20)}, original vectors u, € RN and data samples d = Au,(+noise). All
results were calculated using an exhaustive combinatorial search. In all experiments we carried out,

the following facts were observed:
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o All claims concerning (Cx) (Lemma 3, Theorem 1, Proposition 1, Theorem 3) were confirmed.

e For noisy data every time we had L = M; see Remark 2.

e We always had B > 0,Vk € HE_l and [ = 0, which is the general case by Proposition 3.

e For any original u, there are many A and d = Au,(+noise), and for any A there are many d so that
the critical parameter sequence {3y} defined in (3.1) is either strictly decreasing or oscillating. In all
cases the conditions for partial or quasi-equivalence (Theorems 5, 6 and 7) were corroborated.

e The numerical instabilities, evoked in Remark 10, were always present.

Next we present in detail three experiments for (M, N) = (5,10) where

13.94 16.36 4.88 —3.09 —15.42  1.31 —3.18 —12.13 —4.26 —10.09

7.06 —6.48 —9.07 —8.37 —-2.72 —1742 —-5.83 —-3.81 3.87 —1.80

A = 11.63  6.73 —4.75 —6.28 342 6.68 —1.64 13.23 9.03 —20.27
—-7.54 1274 -6.66 501 484 898 -9.35 3.85 7.18 4.09

3.22 —10.40 =5.02 16.70  9.53 —5.49 11.88 —-3.62 17.36 7.34

w = (004 00090030) . (5.1)
The entries of A follow a nearly normal distribution with variance 10. One has rank(4) = M = 5, so

H1 holds. Problem (Cy) is unconstrained with £Qm = 252 optimal solutions; none of them is shown.

Noise-free data Data is given by
d=Au, = ( 6445 —171.09 114.13 153.32 —38.93 )" . (5.2)

Since data are noise-free and ||u,|lo = 3, it is clear that u := wug is an optimal solution to problems

Table 1: The optimal set of (Cy) for k Eilg where d is given in (5.2). For k = 3, one has exact recovery,
U = uy; see (5.1). The values of B and 3, 5 are given in (5.3) and (5.4), respectively.

k Optimal solution of (Cy) Global min. of 73 04(k)
310 4 000 9 0030 Be(0,53) 0

2 10325000 929 0 0 0 0 no 3968
110 0 00O 11.76 0 0 0 0 B € (B13 50) 7745

0O/ 0 0 000 O O0O0O0O B> Bo 7.147 x 10*

(C3), (C4) and (Cs) with 04(3) = 04(4) = 64(5) = 0. So L = 3; see (2.14). The other optimal values are
seen in Table 1. By Theorem 3, any 4 € F obeys lullo < 3. The critical parameters {fx} in (3.1) are

Bo = 6.373 x 10%, By = 3777, By =3968, B3=0. (5.3)

Since B3 > f1, Lemma 11 for m = 0 tells us that any u € F obeys u ¢ @3 and ||ul|o # 2. We compute
B 3 according to (3.19) and verify that (3.20) is satisfied:

Bo > By = %(9d(1) — 04(3)) = 3872.46 > 5 . (5.4)

By Theorem 7, 63 = { 13[3 : Be (,83,31’3)}, as well as 61 = { f‘/g : Be (3173,50)}.
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Noisy data 1. Data are corrupted with nearly normal, centered, i.i.d. noise and SNR= 32.32 dB:
d= ( 69.13 —171.95 113.74 150.27 —36.09 )T . (5.5)

The optimal solutions are given in Table 2. Obviously, L = M = 5. The critical values {5y} read

Table 2: The optimal value and solution of (Cx) for k € Iy where d is given in (5.5). The values of Sy
and 3 5 are given in (5.6) and (5.7), respectively.

k 04(k) Optimal solution of (Cy) Global min. of 73

4 0.0681 0 440 0 0 0 871 054 0 295 0 B € (B4, B3)

3 36.31 0 409 0 0 0 888 0 0 3.01 0 B € (Bs,B13)

2 4039 0 333000 917 0 0 0 O no

1 8012 0O 0 00O 11171 0 0O 0 O B € (B13 50)

0 | 7117x10* | 0 0 0 0 O O 0O 0 0 0 B> o
Bo=6.315x 10 [, =3973 B =4003 (3 =36.25 [4=0.0681 B5=0. (5.6)

On has 3 > f1; by Lemma 11 for m = 0, any u € F verifies @ ¢ 62 and [|u]|o # 2. Using Theorem 7,
Bo>P1z:= %(edu) —04(3)) = 3987.6848 > 33 > B4 > P35, (5.7)
s0Cy={Es : B€(BsPr5)}and Cr={Fs : fe (B f0)} Further, C5 = {Fs : f € (81,0)}.
Noisy data 2. The noise is nearly normal, centered, i.i.d., SNR= 25.74 dB:
d=(66.67 —169.08 101.56 149.38 —39.50 )T . (5.8)

The critical values {fx} introduced in (3.1) read as

Table 3: The optimal values and solutions of (Cy) for k € I, where d is given in (5.8). Here {f} is
strictly decreasing, see (5.9), so (Rg) and (Cx) are quasi-equivalent.

k 4(k) Optimal solution of (Cy) Global min. of 73
4 | 002588 | 0 854 0 0 449 490 273 0 0 0 B € (B, B3)
3 72.76 0 303 00 0 870 0 0 263 0 B € (B3, Ba)
P 3110 032700 0 895 0 0 0 0 B € (Ba, Br)
1 6935 O 0 00 O 1144 0 0 0 0 B € (B, 5o)
0 6.7 x 10* 0o 0 00 O 0 0 0 0 O B> o
Bo = 6.029 x 10* B, = 3825 [Bo=3037 [3=7T273 Bs=002588 B5=0. (5.9)

The sequence {f} is strictly decreasing, so (Rg) and (Cx) are quasi-equivalent (see Theorem 6).
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6 Conclusions and future work

The obtention of a complete description of the relationship between the optimal solutions of nonconvex
problems is in general unapparent task. We have fully clarified the relationship between the optimal
solutions of least-squares regularized by || - ||o via a parameter 5 > 0 (problem (Rp)) and constrained
by k-sparsity (problem (Cx)). New facts on the optimal solutions of (Cx) and (Rg) were given. They
can help the refinement or the conception of algorithms. We exhibited critical values {8} so that (Cy)
and (Rp) for B € (B, Px—1) share exactly the same optimal set. But full equivalence (in a Lagrangian
sense, as for convex problems) is impossible because for these critical values there is no equivalence.
Further, there can be subsets of integers {k, } so that for any n, any optimal solution u of (Rg) for any
B > 0 fulfills ||u|lo # kn, whereas any optimal solution u of Cy, obeys ||t]lo = kn. All these {fk} and
{kn} are sensitive to A or to d. Our comparative results can clarify a proper choice between models
(Rp) and (Cx) in applications. Extensions to penalties of the form ||Dul|o for D a linear operator, or to

low rank matrix recovery, seem important.
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