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ABSTRACT

We revisit an ancient paper {Auriault and Bonnet, 1985) which points out the existence of cut-off fre-
quencies for long acoustic wavelength in high-contrast elastic composite materials, i.e. when the wave-
length is large with respect o the characteristic heterogeneity length. The separation of scales enables
the use of the method of multiple scale expansions for periodic structures, a powerful upscaling tech-
nique from the heterogeneity scale to the wavelength scale. However, the resulis remain valid for non-
pericdic compesite materials which show a Representative Elementary Velume (REVL The paper extends
the previows investigations to three-component composite materials made of hard inclusions, coated
with a soft material, both of arbitrary geometry, and embedded in a connected stiffl material. The equiv-
alent macroscopic models are rigorously established as well as their domains of validicy. Provided that
the stilfness contrast within the soft and the connected stilf materials is of the order of the squared sep-
aration of scales parameter, it is demonstrated (i} that the propagation of long wave may coincide with
the rescnance mequencies of the hard inclusions/selt material system and (i) that the macrescopic model
presents a series of cut-off Mrequencies given by an eigenvalue problem for the resenating domain in the
cell. These results are illustrated in the case of stratified composites and the possible microstructures of

hetercgeneous media in which the inner dynamics phenomena may cocur are discussed.

1. Introduction

This paper is devoted to the dynamics of elastic composite mate-
rials made of highly contrasted constituents. The contrast between
the mechanical properties of the two or three constituents and the
respective connectedness will be defined later, The composite mate-
rial is either periodic or presenting a Representative Elementary
Volume {REV) of characteristic size . We are interested in wave
propagation with a long wave-length 4 which is much larger than
the size [of the period orof the REV. Let L = /1,27 be the macroscopic
characteristic length of the excitation. The presence of the small
parameter & = 2xl/ A = /L = 1 enables us to use the homogeniza-
tion method {(Bensoussan et al., 1978; Sanchez-Falencia, 1980;
Auriault et al, 2009), to investigate, by means of multiple scale
expansions, an eventual equivalent macroscopic material.

Let us underline that this rigorous homogenization method
procures some decisive advantages that will be exploited in the se-
quel: (1) avoiding prerequisites at macroscopic scale: the macro-
scopic equivalent description is obtained from the heterogeneity
scale description plus the condition of separation of scales, only;
{2} modeling finite size macroscopic samples and phenomena with
finite macroscopic characteristic lengths {2 # 0); (3) modeling
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macroscopically non-homogeneous media or phenomena; {4)
determining whether the system medium + phenomena is homog-
enizable or not, i.e., whether or not a continuous egquivalent macro-
scopic description exists; (5) providing the domains of validity of
the macroscopic models; note also the potential - not used in this
study - for {6) modeling problems with several separations of
scales by the introduction of several separation of scales parame-
ters and for {7) modeling several simultaneous phenomena.

Moreover, when a separation of scales exists, i.e. for long wave-
lengths, periodic materials and non-periodic materials with REV
show macroscopic behavior of the same nature {Auriault, 1991,
2011) (however, the solution is not reducible to a well-defined
problem on a periodic cell in the case of a non-periodic medium ).
Therefore, we will assume the composite material as periodic with-
out loss of generality. OF course, periodic and non-periodic media
behave in a very different way when wavelengths become of the
order of magnitude of the period or the REV. Note that the condi-
ton of scale separation is satisfied in a limited frequency range
that excludes the cut-off frequencies resulting from diffraction
phenomena at high frequency in periedic elastic composites, The
whole paper focuses on the frequency range that respects the long
wavelength condition.

The macroscopic behavior of high-contrast two-constituent
elastic composite materials was rigorously investigated in Auriault
and Bonnet {1985) {see Auriault, 1994 for an English version) by



using the homogenization method. It was shown that when the
high-rigidity solid is connected, and when both stiffness and wave
celerity contrasts of the constituents are O(&?), the propagation of
long waves induces local resonance within the soft medium. This
phenomenon leads to a frequency dependent effective tensorial
density different from the real scalar density. At macroscopic scale,
the description generalizes the Newtonian mechanics by introduc-
ing non local effect in time. In this situation, waves become disper-
sive and frequency band-gaps occur around a series of local
resonance frequencies (in the limit of the long wavelength
assumption). To clearly distinguish this phenomena from the cut-
off frequencies induced by diffraction in periodic lattices, we use
the term of inner-resonance cut-off frequency. Such materials,
named nowadays as “metamaterials”, are of prime interest for
wave insulation or filtering.

More recently, the subject has received new interest. The
theoretical mathematical study of the local elastic resonance mech-
anism has been investigated in the work of Zhikov (2000) and Avila
et al. (2005) (for fiber composites) followed in the same line by Bab-
ych et al. (2008) and Smyshlyaev (2009), providing results on the
convergence of the asymptotic approach. For reticulated structures
experiencing global vibrations, inner dynamic phenomena due to
local resonance in bending have also been evidenced (Boutin
et al., 2010). Experiments on contrasted composites made of epoxy
matrix-duraluminium cylinders (Vasseur et al., 1998) or made of
epoxy matrix- embedding lead spheres coated by silicon rubber
(Liuetal., 2000, 2005; She et al., 2003) clearly demonstrate the exis-
tence of band gaps related to local resonance. The reader is referred
to Milton and Willis (2007), where such modifications of the New-
ton’s second law are investigated and where different physical con-
texts about metamaterials are given.

The aim of this paper is to investigate the possible microstruc-
tures of heterogeneous media in which the propagation of long
wave coincides with the resonance frequency (ies) of a (or several)
component of the period. In Section 2, we recall and comment the
main results of Auriault and Bonnet (1985) for bi-composites. In
Section 3, the equivalent macroscopic models of three-component
materials (hard inclusion coated with a soft material within a con-
nected stiff material) are established for arbitrary geometries. The
macroscopic model is similar to the two-constituent model and
presents a series of inner-resonance cut-off frequencies on the con-
dition that the stiffness contrast within soft and stiff material is
O(&?). Further, when the soft medium is of smaller density than
the other components by an order ¢7,q > 1, the coated hard inclu-
sion behaves as a 3D spring-mass system, and the inner-resonance
cut-off frequencies are related to the few actual degrees of free-
dom. Finally, these results are illustrated and discussed in the case
of stratified composites by considering macroscopic P waves which
propagate and are polarized in the plane layer direction. The stiff
layers undergo an in plane compression vibration whereas the soft
layers experience a shear forced vibration which propagate per-
pendicularly to the layers.

2. Composite made of connected high-rigidity solid and soft
medium

As in Auriault and Bonnet (1985) and Smyshlyaev (2009), we
consider a two component Q-periodic composite made of a
connected high-rigidity solid s and of a soft medium m which is
connected or not connected. However, the analysis remains valid
provided that the stiff component is connected in the wave propa-
gation direction, see Section 4 where analytical results are pre-
sented. For the sake of simplicity, when non connected, the soft
medium shows a single inclusion in the period, as in Fig. 1. Media
s and m, which for simplicity are assumed as homogeneous, with

Fig. 1. A period of a composite material with connected high-rigidity solid s and
soft inclusion m.

uniform elastic tensors as and a,, and with constant densities p,
and p,,,, occupy the domains Qs and Qn,, respectively. The concen-
tration of constituents are respectively ¢; = |Qi|/|Q|, i=s, m. The
interface between Q,, and € is denoted I's.

2.1. Heterogeneity scale description and estimations

Under an acoustic perturbation, the medium satisfies the Navier
equation in Qs and Q,, with standard conditions on the interface
I, i.e. the continuity of normal stress vector and of displacement:

. ou
d =p—, 1
iVe(@) = 7 ()
o =a:ex(u) within Q (2)
and
(6s—06m) Ny =0, (3)
u—u, =0 over ;. (4)

In the above equations, X = (X;,X>,X3) is the physical space vari-
able, o is the stress, e is the deformation and u is the displacement.
Variables indexed by m or s refer respectively to medium m or s. n
is the unit normal vector exterior to €. Let us make dimensionless
the above equations by using I as the characteristic length. We con-
sider low frequencies w such that the corresponding wavelength A
in medium s is large with respect to . We have

A _ 1 j1a] and L:Oé
2n o\l p, 2n)’

which yields

2las |
P
Therefore, it comes

2u,
Ps o p P
Pr=— —off = 0(e?),
"= Tdive(ay) | ( a ) =%

p* =&

where the dimensionless number P, is evaluated by using the char-
acteristic length I. We consider a high contrast between the wave
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celerities of the stiff medium and that of the soft medium, of the or-

der &:
—Va-0w), o=l o)

This implies that the wavelength in medium m is of the order of
magnitude of [

Ami |am |
2t o\ o,

- ().

Therefore, the investigated situation involves two interacting
dynamic phenomena, one at macro-scale carried trough the stiff
medium, and one at micro-scale occurring in the soft medium.

In the sequel, the densities are assumed to be of the same order
of magnitude and consequently

ps |am|
= =0(1);
o O TR

It can be deduced from the previous assumptions that the displace-
ments in the solid and the matrix are of similar order of magnitude

=0(&).

u; = O(up).

Finally, the dimensionless equations at the heterogeneity scale, that
describe the wave propagation at constant angular frequency w
take the form (the time dependance exp(iwt) simplifies by linearity
and is systematically omitted)

divy(as : ey (us)) = —e?w?pus  within Q;, (5)
divy(an : ey(uy)) = —@?p, Uy,  within Qp, (6)
and

(65— &%6p) - Ny =0, (7)
us—u, =0 over [y, (8)

where y = X/I. To lighten the writing, notations for the other quan-
tities are kept identical whatever in dimensionless or physical form.

2.2. Homogenization process

The homogenization process consists in introducing two
dimensionless space variables, y = X/l and x = X/L with x = gy,
and to look for the displacement in the form of the following
asymptotic expansion

2)(X,y)+'-~, (9)

where the u®(x,y) are y-periodic functions. Introducing expansion
(9) into the local dimensionless set (5)-(8) and equating like powers
of ¢ yield successive boundary value problems to be investigated on
the period. Let us briefly recall the results developed in Auriault and
Bonnet (1985) and Auriault (1994) (the periodicity conditions sys-
tematically apply for media occupying connected domains and are
not explicitly mentioned in the sequel).

u=u%xy) +eul(x,y) + u

2.2.1. Resolution in the stiff and connected media
Eqgs. (5) and (7) give at the first order

0 within €,
(as:e,(u®)) - ny =0 over I

divy(a; : ey (u{)) =

Therefore, the movement of medium s is a periodic rigid motion at
the first order of magnitude. Because medium s is connected, this
rigid motion reduces to a translation at the heterogeneity scale

u® = U9 (x). (10)

S S

- At the following order, Egs. (5) and (7) yield

divy(a,
(as : e, (ul

We obtain classically the solution of this elasto-static problem in the
form

O = 2)  e(UY) + UL (x), (11)

where the tensor ,(y) depends only on the elastic properties and
on the geometry of medium s.— At the third order, Egs. (5) and (7)
write

(ey(u1)+ex(U ))) =0 within Q,
) +e,(UY)).ng=0 over Ik

divy (a; : (ey(u >+ex< D)) + divy (@ : (e, (u) + e, (UD)))
—CU ps s 7

within Qs and

(@ : e,(u?) +e;(uM)) - ng = (@ : e, (ul)) -ny over I.

After integration over €, the use of the divergence theorem and the
periodicity condition, it comes the following macroscopic relation
(i.e. independent on y)

div, (A7 : e, (U?)) = —w?c,p,UY —

(am e,(uy)) - ndr,

1l
(12)

where AZis the effective elastic tensor of constituent s (i.e. as in the
absence of constituent m)

AT = (a;:e)(y,) +as),,

with the notations used herein and in the following

1

1
=T -dQ, n=sm, and ( :—/dQ
v 12| v 12] Ja

2.2.2. Resolution in the soft medium
The first order displacement in medium m is given by Egs. (6)
and (8) at order 0

—?p,u®  within Qy, (13)

over [s. (14)

divy(an : e,(uy))) =
uf) = U (x)
To study this elasto-dynamic problem with Dirichlet condition, we
put

u? =v+UY

The boundary value problem becomes

divy(ay : e,(v)) = —0?p,, (v +UL)  within Qp, (15)
v=0 over[s. (16)
Let us introduce the eigenvalue problem associated with the oper-
ator in the left hand member in (15), with the boundary conditions
(16)

divy(anm : ey(¢)) =
¢=0 over [}

—J¢ within Qp,,

The spectrum is discrete and positive (Courant and Hilbert, 1970)
0< 21 <2</

each eigenvalue /; being associated to a vectorial eigenfunction ¢.
The series {i¢} constitute an orthogonal basis on which v can be
decomposed. To this aim, note first that from the divergence theo-
rem, the periodicity condition and the zero motion condition over
I's we have

divy(an : €,(6)vd2 = [ divy(an : &,(v)). ¢dQ.

JOQm JOm
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This equality, re-expressed with the balance equation of both field v
and ‘¢, reads (no summation on i on left hand side)

i / pvdQ = w’p,, / (v+UY)ipdQ

m m

Then, the orthogonality of the eigenfunctions enables us to write v
in the form

o i

¢ )

V= ——=a(y,m)-U". (17)
IZ H ¢|| >m (uzpm -1 °

Therefore, a solution of (15) and (16) exists when

7\ 172
w#w,:(—“') L i=1,2,...

m

If w= w;, the solution exists when the corresponding vectorial
eigenfunction ‘¢ is orthogonal to U® over Q,, i.e. if (i¢),, = 0. When
this condition is not met, v is not bounded in the vicinity of w;. Its
components change their sign if 4; is a single eigenvalue. Conse-
quently, the second order tensor a is possibly not bounded and
changing its sign at @ = w;.

2.2.3. Equivalent macroscopic description
We can now calculate the integral in the right hand member of
(12). It comes with (13) and (17)

/ @n:e,®) - ndl = — [ divy(an : &,u®))de

J Qm

) -U%dQ.

= [ @?puld= [ @’pn(I+

J Qm J Qm

Finally, we obtain the equivalent macroscopic behavior of the com-
posite material in the form

div,(AY : e,(U?)) = —? p ()U, (18)

where

P (@) = (P + py () ~
Z; H¢Hm (gf—l

The effective density p is of tensorial character and depends on
the frequency. Note that the tensor (a),, depends on the frequency
and on the elastic properties, the density and the geometry of med-
ium m only.

Let us return to dimensional quantities. The macroscopic
description is obtained within an approximation O(g)

divy (AT : ex(u5)) = —?p () - us + O(e). (19)

p, as (&), is generally not bounded and changes its sign in the
vicinity of w;. These latter eigenfrequencies w; correspond to the
resonances of constituent m submitted to fixed boundary condition
over I's (and periodic condition if Q, is connected and thus inter-
sects the boundary of the period). The macroscopic medium is dis-
persive and the wave celerity and wave length are of the order of

c_of [ ALY e o),
pT(@))’

Let us consider, for simplicity, a composite with macroscopic elastic
and inertial isotropy. The wave number k = a)/Ceff is schematically
shown in Fig. 2 as a function of the pulsation w. Hatched areas cor-
respond to negative densities p¢, i.e., to stopping bands. On an
other hand, as p? increases, the wavelength decreases. The separa-
tion of scales becomes worse, a macroscopic description no longer
exists and diffraction occurs. This situation is attained when
A% = ©(l), which means

-
———
——— —

FIyyy]
rrery vy ]

@ 0

W

Wy

Fig. 2. Wave number versus angular frequency (from Auriault and Bonnet, 1985).
Hatched areas: stopping bands. Dashed lines: non homogenizable areas. Solid lines:
passing bands.

AT

O () = P ot

According to the singularities of |p¥ (w)| around @y, the “exclusion”
band frequency Awj is of the order of:

-1

Jh0e _ (A1 (p) :00%5.
Wy [am|  Pm |as]
This is shown by dashed lines in Fig. 2. In these regions, the separa-
tion of scales becomes poor or inexistent. When the separation of
scales is poor, diffraction occurs that can be investigated by analyz-
ing the correctors Boutin and Auriault, 1993. The values of w corre-
sponding to solid lines belong to passing bands. The wave filtering
role of the present composite material occurs for long wavelengths
(i.e. low frequencies). It is due to resonance effects. An analytical
example of wave propagation through bi-composite layered media
in the layer direction is given in Auriault and Bonnet (1985) (see
examples treated in Section 4).

2.3. Damping effect

We investigate here the influence of a slight damping by consid-
ering a viscoelastic behavior of the soft constituent. Hence ap, in
the Fourier space is replaced by a complex viscoelastic tensor
an + iby,. The eigenvalue problem reads now
divy((@am + ibm) : €y(¢")) = —1"¢" within Qp,
¢ =0 over [5.

When assuming | by, |<| an |, the viscoelastic eigenvalues {4;} and
the eigenvectors {{¢*} are deduced from the elastic case through an
asymptotic procedure. In this aim, let us write

¢ =Pt
The equation governing the first corrector is:

divy(am : €,(9)) + idivy (b : €,(¢)) = — (1 + 29)
é =0 over .

P S ST
within Qp,,

Focusing on the kth elastic mode and its viscoelastic corrector, we
deduce from the usual integral transformation and the boundary
conditions

divy(am : e,(¢)) - ¥¢pdQ =

Om Om

divy(am : e,(¢)) - kpdQ

and, with the balance equation of both fields, we derive (no summa-
tion on k)
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5 _ e 9) :bn:ey (‘D)
k= 2
(I411%)

This result enables to determine k¢ from the equation governing
the first corrector at the heterogeneity scale (let us simply mention
that k¢ is purely imaginary and orthogonal to ¥¢).

Finally, the effective density becomes complex-valued

=—ié; Gkl

P (@) = (P + P (& )

00 <k¢*>m ® <k¢*>m A 1

=
and we obtain in the vicinity of wy

1
% k
(‘)zﬂm N

(@) =

P () ~ (P +ipn& B Be=0(1).

Therefore, the consequence of a slight viscoelastic effect in medium
m is a damping of the resonance phenomena, that results in the reg-
ularization of the singularities of the effective density: | p&*(w) | is
bounded and presents a continuous phase inversion around the
eigenfrequencies. Note that replacing the stiff elastic medium by a
viscoelastic medium would modify A% without changing p<.

2.4. Soft inclusion and different celerity ratio

In this section we consider moderate and extremely high celer-
ity contrast between the soft and the connected stiff media. We
have, as above

_ o As\ _ l | as | 2 2las]
LO<2n>O<w o hence, p,w°=¢ N

S

The contrast between the wave celerity of the stiff solid and that of
the soft medium is now

zlam|ps
las | o

Consequently, the order of magnitude of the wavelength in medium
m reads

=0(P), p=1lorp>3.

Am _ 1 Jlam ]| _ o(le?? ).

2n o\ p,
It is either significantly higher (p = 1) or lower (p > 3) than the het-
erogeneity size. As above, densities are assumed of the same order

of magnitude and, consequently, the contrast of the elastic proper-
ties are either moderate (p = 1) or extremely high (p > 3)

|am|
| as |

OEP), p=1lorp=3.

Following the same route as in Section 2.2 yields the equivalent
macroscopic models.

When p =1, the dimensionless equations that describe the
wave propagation at constant frequency are now in the form
divy(as : ey(uy)) = —?w?p,us  within Q;,
divy(an, : e,(uy)) = —ew?p, uy,  within Qp,
and
(65 —¢&om) - Ny =0,

u —u, =0 over [

The difference with the previous case is that medium m is in a qua-
si-static state at the leading order and therefore it moves identically
to the stiff medium, i.e. ulY = U?. We thus obtain the following

macroscopic description which corresponds to the classical descrip-
tion of an elastic composite (with a soft component)

divy (AT : ex(us)) = —*(p)us + O(¢)

where, as usual, the effective density is independent on the fre-
quency and is given by the scalar mean density (p) = ¢sp5 + Cm -
In this case, inner-resonance cut-off frequencies are absent.

When p > 3, the dimensionless equations in medium s read

divy(a, : e,(u;)) = —&*w?p,us  within Q,
(65 —&6n) - ng=0, over I5.

This set enables to derive the equivalent macroscopic model at the
leading order, which corresponds to a medium constituted by con-
stituent s only.

divy (AT : ex(u5)) = —w?cpyus + O(e),

At the leading order, the extremely soft medium m neither contrib-
utes to the overall elastic properties (which are then similar to
those of the stiff media with empty inclusions) nor to inertia (de-
spite the fact that its density is of the same order as that of medium
s). The reason lies in the fact that the large number of very small
wave lengths occurring in the soft medium domain leads in average
to a negligible inertia. Hence, the effective density pgff, which is gi-
ven by c,p,, does not depend on the frequency. Cut-off frequencies
are absent, but the high dynamics within medium m results in an
apparent lightening of the medium.

2.5. Rigid inclusion embedded in a softer material

To be thorough, let us briefly consider the converse situation of
hard inclusions s embedded in a soft matrix m when Q,, is con-
nected and Q; is not connected (in this section only). An equivalent
macroscopic model exists iff a separation of scales is present. In
this configuration, the macro-dynamics is governed by the soft ma-
trix and therefore

o Am
t=0(3).

which yields
1 flaml_ el thus p,0?=¢ | a‘z“ L
O\ Pm [

The elastic wave celerity contrast is estimated as

a
g=13n1P_ o),
las | P
Consequently, the wavelengths in both constituents are at least one
order higher than the heterogeneity size

p=1

Am _
2n

As 1 [lag|

o D; oo R

= (e 1))

and therefore this macro-dynamics situation is expected not to
introduce any inner dynamics phenomena.

The dimensionless equations that describe the wave propaga-
tion at constant frequency at the heterogeneity scales are now
divy(as : ey(uy)) = —&*"Pw’pu,  within €,
divy(ay, : e, (uy)) = —e?w?p,uy,  within Q,
and

(65 —&a6m) - ng =0,
u—u, =0 over Is.
The homogenization process is that of the classical case of a com-

posite material with rigid inclusions (Léné, 1978); it provides the
equivalent macroscopic model
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divy (A7 : ex(u)) = —w?(p)u + O(e),

where AY is the effective elastic tensor of medium m in presence of
rigid inclusions s, and the effective density is the scalar mean den-
sity (independent on ). Obviously, in absence of inner dynamics,
inner-resonance cut-off frequencies do not appear.

3. Three-component material

We now consider that, within the stiff connected solid, the soft
medium m itself contains an un-connected inclusion of stiffer
material r of boundary I';, see Fig. 3. The composite material inves-
tigated in Liu et al. (2000, 2005) and Sheng et al. (2003) corre-
sponds to the particular case where I's and I'; are concentric
spheres. In this section materials are assumed elastic. The study
of visco-elastic constituents could be addressed in the same man-
ner as for bi-composite, and the viscous dissipation would lead
qualitatively to effects of the same nature.

3.1. Heterogeneity scale description and estimations

Under an acoustic perturbation, the three-component compos-
ite satisfies the following equations

. ou

div =p—, 20
x(0)=p% s (20)

o =a:ex(u) within Q. (21)

The boundary conditions are

(65— 6m) ng =0, (22)

u;—u, =0 over [ (23)

and

(6, — 6n) N, =0, (24)

u,—u, =0 overl,. (25)

We will also use the momentum and the moment of momentum
balances of inclusion r

Q

S

Fig. 3. Three-component material. The period is constituted by stiff connected solid
m, and a soft medium m containing an un-connected inclusion of hard material r.

A p,0*udQ = —/I_ on N dQ, (26)
p,*XAudQ = —

Q I'e

XA G- ndQ, (27)

where the origin of the space variable X is at the center of mass of
inclusion r and n; is the unit normal vector exterior to medium r.

The relative orders of magnitude of the elastic wave celerities of
media s and m are taken as above:

‘am‘ps 2
—==0(&),
EA N

while the wave celerity of inclusion r is assumed higher than in
medium m,

| am | pr
lar | P

With these estimates, since the stiff medium is connected, we have
again

—o(A oL 1Al 2 alas]
LO(2n>O< =¢'l, thus pw=¢ 2

—0(), p=1,2,3...

o\ ps

and the wavelengths in constituents m and r are respectively of the
order and significantly larger than the heterogeneity size

An 1 flam | 0 A 1 flar] o 5
2n*w’/pm =0 5=/ =OE.

Consequently, an inner-dynamics situation is expected within med-
ium m (that contains inclusion r).

In addition, assuming the densities to be of the same order of
magnitude

Ps  Ps
the contrasts of elastic properties are

O(&?);

b Br— o)

an |
| as |

||
| as |

=07, p=1.

The displacements in the three components are of similar order of
magnitude. When using [ as the characteristic length, the dimen-
sionless equations that describe the wave propagation at constant
frequency at the heterogeneity scales take the form (the notations
for the dimensionless physical quantities are kept unchanged).

divy(as : ey (uy)) = —ew?pus  within Q;, (28)
divy(an : ey(uy)) = —w?p, Uy within Qp, (29)
divy(a, : ey(u;)) = —fw?p,u;  within Q, (30)
with the boundary conditions

(65— £%61) Ny =0, (31)
u;—u, =0 over [, (32)
and

(6 — &0op) -n. =0, (33)
u —u, =0 over [, (34)

and the dimensionless momentum and moment of momentum bal-
ances of medium r are

X p,0° udQ = —/r o -ndQ, (35)
0,0%y A, dQ = —

Q I

VA Gy -ndQ. (36)
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3.2. Homogenization process

Introducing asymptotic expansions (9) into the above dimen-
sionless heterogeneity scale model yields successive boundary va-
lue problems to be investigated.

3.2.1. Resolution in the stiff and connected media

It is clear that, at the three first orders, the momentum balance
(28) and the boundary condition (31) yield similar results to Sec-
tion 2.2 for medium s

u? =U(x), (37)
ul) = y,(y) e (UY) + U (x), (38)
div,(AT : e,(u)?)) = —0? (p,)UL” (an:e,(u?))-n,dr. (39)

_@ I's

3.2.2. Resolution in the hard inclusion

Whatever p > 1, Egs. (30) and (33) give at the first order for
inclusion r (without periodicity condition since €, is not
connected)

0 within Q,,
(@ :e,(u?).n, =0 over I}

divy(a, : ey (u 0y) =

Therefore, the movement of inclusion r is a rigid motion at the first
order of magnitude. However, since this medium is not connected, a
rotation Q© is now permitted in addition to the differential trans-
lation U (relatively to the stiff medium motion U). Thus

u® = U (x) + U (x) + 27 (%) Ay, (40)
where the origin of axes y is at the center of mass of inclusion r.
3.2.3. Resolution in the soft medium

Egs. (29), (32) and (34) give at the order ¢° an elasto-dynamic
boundary value problem for ul

divy(an : e,(u?)) = —~w?p, w9  within Q,, (41)
u® =U%x) over I, (42)
u? =U%x) + U9 x) + Q¥ x) Ay over I. (43)
Let us introduce the auxiliary elasto-static problem

divy(ap : e,(w?)) =0 within Q, (44)
w? =U%x) over I, (45)
w? =U%(x) + UO(x) + QO (x) Ay over I'. (46)

Due to the linearity of the above system, we obtain
Wi (¥) = UL ) + i, () - U0 (%) + vn(y) - % (), (47)

where tensors u, (y)and v, (y)depend only on the elastic properties
and on the geometry of medium m.
To investigate the boundary value problem (41)-(43), we put

ul =v+wd

The boundary value problem becomes

divy(an : e,(v)) = —@*p,, (v +w(y)) within Qp, (48)
v=0 overIsandT ;. (49)

Let us introduce the eigenvalue problem associated with the oper-
ator in the left hand member in (48), with the boundary conditions
(49)

divy(am : e,(y)) = —ny within Qp,,

Yy =0 overIsandI}.

The series of orthogonal eigenvectors {iy} is associated to the
discrete and positive series of eigenvalues {#;}. Following the same
reasoning as for the bi-composite, we deduce that

o ©) i i

(1) 0) __ <Wm ) '/’) ‘/’
Y N = e T o

i=1 m  02py

Therefore, 48,49 have a solution when

N\ 12
a)#coi:(i) , =12

m

If w = w;, the solution exists when the corresponding vectorial
eigenfunction 'y is orthogonal to w over Q,, i.e. if

<i¢ : w(0)>m =0.
When this condition is not met, v is not bounded in the vicinity of
w;. Finally we obtain

=1+ By, )] UL (X) + [ (¥) + 33, 0)) - U (%)

+ [Vm(y) + 0y, 60)] - Q0 (x), (51)
where B,y and é are second order tensors, depending on the fre-
quency and on the elastic properties, the density and the geometry

of medium m only. The expression of g and y (for é replace u, by v,
in y) are given by

& peey 1
) ;<wu> @7 -1

RN L
= . @R

3.2.4. Equivalent macroscopic description

The integral in the right hand member of (39) is calculated by
integrating (41) over medium m, then by using the divergence
theorem and finally Eq. (35)

/(am e, () - nydl = —

Is Om

@*p,,u0dQ

/ (am : e,(u®)) . nydrl" = @*p,u9dQ — / @*pu?dQ.
Iy O

Introducing (51) into (39) and into (35) and (36) at the &° order
gives three equations for the equivalent macroscopic model of the
three-constituent material

Qm

divi(AT ;e (U) = —? (d()- UL + e() - U +f(0)- ), (52)
9409 =g(w)-U” +h(w)-UQ +k(w)-Q, (53)
=l(w)-U +m(w)- U0 +n(w) Q7 (54)

w crpr(
wz.lr : r
where tensors d(w),

d = (p)l+ pp(B)m;
f= ,Dm<vm + ‘s>m'

e(w),f(w) are given by, respectively,

e= pm<”m +Vm + &Pl

Tensors g(w), h(w),k(w) are given by

1

{g.hk}=—— [ (an:e,(T) ndQ);
|2 Jr,

T={B. fy +7.Vm + 6},

Similarly, tensors 1(w), m(w), n(w) are of the form

{Imn}=— | yA(am:ey(T) ndQ);

I

T={B. U, +7 Vm+ 5}

J. is the inertial matrix of inclusion r.
Eqgs. (53) and (54) are the reduced form of the dynamics of the
system constituted by the soft medium (in local dynamic regime)
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and the rigid inclusion (inducing additional inertial effect), which
undergoes the uniform motion of the stiff medium. Hence, U
and U are linearly dependent on U through frequency depen-
dent tensors and can therefore be eliminated from (52).

After elimination, we obtain one equivalent macroscopic equa-
tion for the displacement U”in the form

div,(AY : e,(U?)) = —?p () - UL, (55)

Tensor AZ is the effective elastic tensor of constituent s defined in
Section 2.2. This equation is similar to Eq. (18) for the two-constit-
uent material, but the frequency dependent effective density p*¥, of
tensorial character, is different. Stopping bands are present in the
vicinity of the eigenfrequencies of the soft medium/inclusion sys-
tem. In dimensional form, the model becomes

divy (AT : ex(uy)) = @ pT () - us + O(e).

3.2.5. Pure translation resonating system

If the system constituted by the soft medium and the inclusion
presents three orthogonal common axes of symmetry (e. g. two cen-
tered ellipsoids or parallelepipeds with similar axes but with different
aspect ratio), the rotational and translational modes are uncoupled.
And since the system experiences a pure translation on its boundary,
the inclusion does not rotate. The description reads, in this case

divi(A? : e,(U))) = ~?(d(w) - U +e(w) - UL),
@’c:p (U +U0) = g(@) - U + h(w) - U

The principal axes of tensors d, e, g, h, then of p°¥, coincide with the
symmetry axes. The principal values pjff of the effective density
tensor are given by

g] - cUchpr

eff _ —
pj - <p>+pm<ﬁ>mj (pm<”m+‘y>m]+cl'pr)h]_wzcrpr‘

3.3. Soft constituent of weak density

We consider now a configuration where the soft medium is of
weak density, where the estimates of the contrast of the other
mechanical parameters are kept unchanged

P p |am |
Pm _ o(e0), Pr—og1); -
p, O =0 R

q7p>‘l'

Thus, the wavelengths in each constituents are significantly larger
than the heterogeneity size

As Am ,
8 L p— e CI/ZI .
271 271 o )
In this case, the set of dimensionless governing equations is given
by (28)-(36) except for the momentum balance of medium m
(29) that becomes

o(e), = 0(E?);

=g

A
r -p/2
o O(g7P2]).

divy(ay, : e,(uy)) = —&'@’p, U,  within Q,

As medium m is now locally in a quasi-static state, u'> (y) is simply
defined by (47)

uld(y) = wid(y) = U2 (X) + p,(y) - UL (%) + v (y) - Q° (x).

Furthermore, the negligible inertia of medium m implies

/ am : e,(u®)).ng dI' = —/ (am : e,(uD)) - ndr
Is

T

=/, @?p,u®dQ.

Consequently, the macroscopic description reads

dive(AT : e,(UY)) = —? (U + cop, UY), (56)
@*cp(UY +U) =h - 00 + K -9, (57)
@, - Q0 =m'- U +n'- QO (58)

where tensors h', k', mv, n’ are independent of the frequency and in-
volve the elastic properties and the geometry of medium m only.
Their expressions are respectively

K L . ndo. T
WK) = g [ @n e md2: T= (s va),

{m',n'} = - i VA@n:e) ndQ; T={p,, v}

Egs. (57) and (58) express the dynamics of the system constituted
by the soft medium (in local quasi-static regime) and the hard
inclusion (introducing the inertial effect), undergoing the uniform
motion of the stiff medium. Note that the soft medium/hard inclu-
sion system simply reduces to a six degrees of freedom (dof) oscil-
lator governed by the elasticity of domain m (of negligible mass)

and the inertia of inclusion r. After elimination of U, and Q{ be-
tween the three above equations, we obtain once again the macro-
scopic equation in the form

divy(AY : e,(UY)) = —?p¥ () - U, (59)

This equation is formally similar to Eq. (18). The difference lies in
the finite number of eigenmodes (6 dof at the most) which gener-
ates the singularities of p°. Hence, in the studied frequency range,
only a finite number of stopping bands occurs. The higher modes
involving the dynamics of medium m appear at significantly higher
frequencies, for which

Am _ As _ 1igp
5= () thuss Tk 2]
and correspond to homogenizable situations if g = 1, only.

The eigenmodes are evidenced simply when considering suffi-
ciently symmetric domains Qnand ; to have uncoupled transla-
tional and rotational modes. Then k' =0 (and m’' =0 also by
Maxwell-Betti reciprocity), the principal axes of the elastic tensor
h' and of the effective density tensor p°f coincide, and their three
eigenvalues (index j) are simply related by

&GPy w? = h] D j=
@F-1 7 ap

P (@) = (p) + 1,2,3.

Note that if medium m presents a viscoelastic behavior character-
ized by a complex tensor aj, = (1 +ig’)am,h} have to be replaced
by hj = hj’-(l +i¢) in the previous expression.

4. Examples and discussion

To illustrate the three analyzed configurations, let us consider
highly contrasted stratified composites made of isotropic elastic
plates. The symmetric period of zero axial thickness
({59! ¢l %! 51y, see Fig. 4) corresponds to the configuration
and material properties presented in Section 3.1 with g = 1. The
bi-composite material (Section 2) and tri-composite material (Sec-
tion 3.3) will be obtained by taking ¢, = 0 and p,, = 0 respectively.
In such stratified media, the stiff constituent is connected along
any directions in the plane of the layers and is able to carry long
compressional waves propagating in these directions (e.g. axial
direction e;). The soft layers are submitted to a shear forced vibra-
tion initiated by the stiff layers, which propagates in the direction
perpendicular to the layers. Further, the symmetry of the period
imposes that the motions (i) are polarized along e, (ii) vary at
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Fig. 4. Bi and tri-stratified composites under macroscopic compression wave. Note that within a plane wave, the motion of the stiff medium is uniform and coincide with the
macroscopic motion; conversely, the motion of the soft layer is non uniform due to the inner shear resonance and differ from the macroscopic motion, see (61).

the macroscale according to the axial variable x; and (iii) depend at
the local scale on the variable normal to the plate (say variable y,
along e,). As seen previously, the stiff layer works as in absence of
the soft medium, hence as an isolated plate with an in plane com-
pression Eg/(1 —v2), where E; is the Young modulus and v the
Poisson ratio. Thus, the in-plane elastic compression coefficient
AT of the stratified composite is

E;
1-v2

AT — ¢

At the scale of the period the motion of the stiff medium is uniform
i.e. u; = Us(x1)eq. Conversely, under the imposed motion Us(x;)e; at
its boundary, the soft medium experiences a non-uniform motion
um(x1,Yy,)- This latter is governed by the set (41)-(43). In the present
case it expresses the balance between the inertial vertical forces

tive &):

peff

0]
4

:umu;;-n + 6Ozpmuﬂ'l =0,

with the boundary conditions

Cml ~
Un(X1,Y, =0) = Us(X1);  Um(X1,y, = 7) =Us(x1) + Ur(x1)

and the equilibrium condition of the rigid included plate of mediumr:
, Cml y = ¢l
Uity th =w prUr(X1)7~

We deduce that:

; , ; _ tim(X1,2) = (Rin(ayy) + cos(oyy) Us(x). (60)
and the shear forces involved in the non uniform field. The differen-
tial set reduces to a single equation that describes the shear forced U S 1 1 U 61
vibration which propagates in the direction perpendicular to the X)) = + C1_T%e % s(), (61)
layers (where p,, denotes shear modulus, and ’ denotes the deriva- fm
where
0 1 ) 3 ; V 5 e

-1L

Fig. 5. Effective normalized density of concrete/silicon stratified material versus normalized frequency calculated from Eq. (64) with material properties defined in the text.
Dashed line: elastic case; bold line and normal line: real and imaginary part, respectively, in visco-elastic case (¢ = 0.01).
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Fig. 6. Normalized phase velocity and attenuation per wavelength of Concrete/Silicon stratified material versus normalized frequency. Same legend as in Fig. 5. Note the quasi

coincidence of the phase velocities in elastic and viscoelastic cases.

ow=w Z—f"; T:tan(oc%’“l); C:cos<<x67"‘l);
m
T T al’

Hm 20

Consequently, for a general tri-composite as in Section 3.1, the
effective density reads,:

1-C Cp; 1
R—aq;,>+ C —1_T%C_rl. (62)

Hm 200

TC
P (@) = Csps + Empry (F *

2

Thus, the phase wave velocity and its normalized value are respec-
tively given by:

B ok Vi) | (p)
V(w) = (1-v2)pd (@) V(0) _\/);(jo‘).

peff

1]
4~

The inner-resonance band gaps correspond to negative values or
very large values of the effective density p®f (w). Each band gap is
associated with a pole of p?’(w)defined by the roots of:

Cnl) Gl _ Gt
tan (oc 2 ) 200 w2¢p,’

For visco-elastic media, V(w) is complex and the phase velocity
Vpnase (@) and the damping per wavelength ( are respectively given
by:

V(w)

_ Im(V(®))
- Re(V(w))’

= ReViw)

Vphase ((1))

For a tri-composite as in Section 3.3, one obtains (by taking the limit
o — 0in (62))

eff _ Cl‘pr . _ ﬂ_m 2
p ((l)) - Csps + 1 B <£)2 ) o = pr /———Cmcrl (63)

Fig. 7. Effective normalized density versus normalized frequency of concrete/silicone/epoxy stratified material derived from Eq. (62). Same legend as in Fig. 5.
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Fig. 8. Normalized phase velocity and attenuation per wavelength of concrete/silicon/epoxy stratified material versus normalized frequency. Same legend as in Fig. 5.

and the pole oy is related to the unique inner-resonance band gap
(in the frequency range respecting the scale separation).

Finally, for a bi-composite as in Section 2 (i.e., taking ¢, = 0 in
(62)),
T

cml
03"

P (@) = Cspy + Cmprm (64)

and the series of poles associated to the inner-resonance band gaps
satisfy:

iy (14 2k)7

pm le '

In practice, bi-stratified composites could be realized with high per-

formance concrete (Es~6x 10" Pa, p, ~2.7 x 10° kg/m3,
vs=0.2) and silicone (g, ~5 x 10° Pa, p,, ~ 1.2 x 10° kg/m>).

cos (oc%"l> =0; ie wi=

peff

P
4

Regarding tri-stratified composites as in Section 3.1, an epoxy layer
(4, ~5x10° Pa, p, ~1.2x10*kg/m®) can be inserted in the
silicone, and, to obtain composites as in Section 3.3, one can replace
the silicone by a polyurethane foam (u, ~ 1.2 x 10° Pa, p,, ~
60 kg/m3).

Fig. 5 depicts the variation of pj‘.’ff (w)/{p) versus the normalized
angular frequency w/w. with w, = ® Z—:csl/Z. for a concrete/sili-

con bi-composite material where ¢; = 1/3, cm = 2/3 without or
with damping (¢ = 0.01). For the same media, Fig. 6 presents the
normalized phase velocity Vph.ee/V(0) and the damping per wave-
length {.

The importance of the resonating effect and the smoothing in-
duced by damping is clearly evidenced. For pure elastic constitu-
ents, the effective density defines the band gaps as the frequency
interval between null velocity (p® (w) — oo) and infinite velocity

-1t

Fig. 9. Effective normalized density versus normalized frequency of concrete/foam/epoxy stratified material derived from Eq. (62). Same legend as in Fig. 5. Further, the bold
dashed line corresponds to the real part given by Eq. (63) in presence of damping. Note the perfect agreement of both results for the fundamental mode and the slight

discrepancy around the second mode that is disregarded in (63).
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Fig. 10. Normalized phase velocity and attenuation per wavelength of concrete/silicon/epoxy stratified material versus normalized frequency. Same legend as in Fig. 5.

(pf (w) = 0). In the viscoelastic case, the phase velocity is almost
identical to the elastic case one in the whole frequency range (ex-
cept in the very vicinity of band gaps). The main difference lies in
the attenuation effect that is very significant around the band gaps.
In practice this leads to enlarge the width of the band gap.

Figs. 7 and 8 display the same parameters for a concrete/silicon/
epoxy tri-composite material with ¢; = ¢, = ¢, = 1/3 ; Figs. 9 and
10 correspond to the same tri-composite material except that sili-
con is replaced by foam. These different cases present the same
general trends. However the dynamic responses significantly differ
according to the considered media. Composite materials based on
3D cells exhibit phenomena of the same nature as those evidenced
on these stratified media, but their accurate description requires
dynamic calculations on the microstructure. Nevertheless, a rough
analysis is possible from simple approaches: the effective elastic
tensor Ag’ff can be assessed through a generalized self-consistent
approach Christensen and Lo, 1979 (by considering constituent s
only, provided that cs is not too weak, say ¢; > 0.1), and the funda-
mental frequency of the inner resonance can be approximated
from proper geometric simplifications (concentric spheres, “con-
centric” parallelepipeds, plates in cubes, ...).

5. Conclusion

The above study evidences that the requirements for the occur-
rence of inner resonance phenomena in highly contrasted compos-
ite materials can be summarized as follows:

- The stiff constituent acts as the carrying structure for the long
wavelength. This entails (i) that this constituent must be con-
nected (at least along the wave propagation direction) and (ii)
that the frequency range is such that the wavelength in this con-
stituent is large with respect to the period size I, A; /27l = ¢ < 1.

- Within this frequency range, the soft medium - which can itself
contain hard unconnected inclusions - reaches its own resonant
states and acts as a resonating system.

- To actually have these very distinct roles of the constituents
(carrying and resonating), a stiffness contrast |an |/ |as |=
O(&?) is necessary.

- Finally, when the mean density of the whole resonating system
(homogeneous or heterogeneous) is of the order of that of the
carrying structure, the composite material behaves as a
“metamaterial”.

The specificity of this situation lies in the fact that the effective
density differs from the real density. The composite material
shows generally a series of inner-resonance cut-off frequencies,
that may reduce to a few frequencies in some particular cases. Each
band gap is associated to an eigenvalue problem of the resonating
system with a homogeneous Dirichlet condition on the boundary
with the “carrying” medium, whatever its geometry is. If several
unconnected resonating domains are present in a period (a REV),
each of them introduces its own cut-off frequencies related to its
resonant states. Recall that, conversely to high-frequency band
gaps strictly related to the periodicity of the media, the band gaps
induced by inner-resonance at large wavelength occurs even in
non periodic media that present a REV.

As the present work focuses on local resonance while the scale
separation is satisfied, the phenomena differs (i) from Rayleigh
scattering in usual composite materials (where wavelengths are
not very large compared to the period, hence when local dynamic
effects are weak) Boutin and Auriault, 1993, and (ii) from Bragg
scattering, which appears in high frequency phonic crystals (when
wavelengths are comparable to the period size). In this latter case,
the homogenization approach is inoperative, but periodic media
can be described through Floquet-Bloch approach (Turbe, 1982;
Allaire and Conca, 1998).

It is worth noticing that the situation of local resonance in
highly contrasted elastic composite materials evidenced by
Auriault and Bonnet (1985) belongs to the wider class of macro
phenomena evolving out of equilibrium local state. For instance,
similar mechanisms appear in double conductivity media
(Auriault, 1983) and double porosity media (Auriault and Boutin,
1994) and were experimentally proved in poroacoustics (Olny
and Boutin, 2003). In these latter cases, the difference with elastic
composites lies in the fact that the resonance concerns a diffusion
phenomenon (related to thermal transfer or mass transfer driven
by viscous effect). Undamped resonance (elastic cases) or damped
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resonance (diffusion cases) yield different macroscopic modeling
(with or without inner-resonance cut-off frequencies respectively).
However, their common feature is that they lead at the macro-
scopic scale to a generalized Newtonian mechanics, in the sense
that the effective mass density (or thermal inertia, etc.) differs from
the real mass density and is frequency dependent.
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