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MULTIPLE SINGULAR VALUES
OF HANKEL OPERATORS

PATRICK GERARD AND SANDRINE GRELLIER

ABSTRACT. The goal of this paper is to construct a nonlinear
Fourier transformation on the space of symbols of compact Han-
kel operators on the circle. This transformation allows to solve
a general inverse spectral problem involving singular values of a
compact Hankel operator, with arbitrary multiplicities. The for-
mulation of this result requires the introduction of the pair made
with a Hankel operator and its shifted Hankel operator. As an
application, we prove that the space of symbols of compact Hankel
operators on the circle admits a singular foliation made of tori of
finite or infinite dimensions, on which the flow of the cubic Szeg6
equation acts. In particular, we infer that arbitrary solutions of
the cubic Szeg6 equation on the circle with finite momentum are
almost periodic with values in H'/2(S!).
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1. INTRODUCTION

The theory of Hankel operators has many applications in various
areas of mathematics, such as operator theory, approximation theory,
control theory. We refer to the books [241] and [22] for a systematic
presentation of this theory. More recently, spectral theory of Hankel
operators arose as a key tool in the study of some completely integrable
Hamiltonian system, called the cubic Szegé equation, see [3], [9], [11].
The goal of this paper is two-fold. On the one hand, we present the
complete solution of some double inverse spectral problem for compact
Hankel operators. On the other hand, we apply this theory in order to
obtain qualitative results on the dynamics of the cubic Szegé equation.

We first recall the definition of a Hankel operator on the space (?(Z..).
Given a sequence ¢ = (¢, )n>0 € (*(Z ), the associated Hankel operator
I'. is formally defined by

o0

Vo = ("En)nZO € EZ(Z—F) ) Fc(l‘)n = Z Cn+kTk -
k=0

Hankel operators are strongly related to the shift operator
E : 62(Z+) — 62(Z+)
(2o, 1,29, ) (0,20, 71,22, ++) ,
and to its adjoint

YF €2(Z+) — 62(Z+)
(o, X1, 22, -+) —> (1,29, --) .
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Indeed, Hankel operators are those operators I' on ¢*(Z, ) such that
(1.1) Yr=r¥.

A famous result due to Nehari [21] characterizes the boundedness of ',
on (*(Zy) by
3f € L=®(T) :¥n >0, ¢, = f(n) ,

where f denotes the sequence of Fourier coefficients of any distribution
f on T :=R/277Z. Using Fefferman’s theorem [7], this is equivalent to
u. € BMO(T), where we define

(1.2) ue(e”) := ez €T,
n=0

Throughout this paper, we shall focus on the special case where I'. is
compact, which corresponds to u. € VMO(T) by a theorem due to
Hartman [11].

1.1. Inverse spectral theory of self-adjoint compact Hankel op-
erators. We first discuss the case of self-adjoint operators I'., which
corresponds to a real valued sequence c. Assume moreover that I, is
compact. The spectrum of I, consists of 0 and of a finite or infinite se-
quence of real nonzero eigenvalues ()\;);>1, repeated according to their
finite multiplicities. A natural question is the following : given any
finite or infinite sequence of nonzero real numbers (\;);>1, does there
exist a compact selfadjoint Hankel operator I'. having this sequence as
non zero eigenvalues, repeated according to their multiplicity?

Of course, if the sequence () is infinite, it is necessary that \; tends
to 0. A much more subtle constraint was found by Megretskii-Peller—
Treil in [19], who proved the following theorem, which we state only in
the compact case.

Theorem (Megretskii, Peller, Treil). A finite or infinite sequence (\;)
of monzero real numbers is the sequence of monzero eigenvalues of a
compact selfadjoint Hankel operator if and only if

(1) If (N)) is infinite, then \; — 0 ;
j—o0
(2) Forany A e R*, |[#{j: A\j = A} —#{j: N\, = -2} <L
Our first objective is to describe the set of solutions of this inverse
problem, namely the isospectral sets for any given sequence (A;). Ob-
serve that, even in the rank one case, there is no uniqueness to be
expected. Indeed, T, is a selfadjoint rank one operator if and only if

chn=ap", a eR* pe(-1,1).

In this case, the only nonzero eigenvalue is
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[sospectral sets are therefore manifolds diffeomorphic to R. Hence we
need to introduce additional parameters. The study of the cubic Szegd
equation led us to introduce a second Hankel operator Tz in [9], where

Cn '=Cny1, NE Ly .

Notice that I'; is quite a natural operator since it is precisely the op-
erator arising in the identity (1.1) where I' = I'.. Coming back to the
rank one case, we observe that, if p # 0, the only nonzero eigenvalue
of 'z is
ap
H1 = 1— p2 :

Notice that the knowledge of \; and p; characterizes a and p, hence c.
More generally, it is easy to check from (1.1) that

(1.3) T% = T? = (‘le)c .

Denoting by ();), (ux) the sequences of nonzero eigenvalues of I';, I';
respectively, labelled in decreasing order of their absolute values, this
identity implies, from the min-max formula, the following interlacement
inequalities,

(1.4) Ml > ] = ol > -

Let us now investigate the inverse spectral problem for both opera-
tors I'.,T'z. In the special case where inequalities in (1.4) are strict,
we proved in [9] and [10] that this problem admits a unique solution
c. In the general case, one can prove that eigenspaces of I'> and I'Z
corresponding to the same positive eigenvalue, are such that one of
them is of codimension 1 into the other one. As a consequence, in the
sequence of inequalities (1.4), the length of every maximal string with
consecutive equal terms is odd. Our first result is that this condition
is optimal.

Theorem 1. Let (\;), () be two finite or infinite tending to zero
sequences of nonzero real numbers satisfying
(1) ] > ] = Pl > .
(2) In the above sequence of inequalities, the lengths of mazimal
strings with consecutive equal terms are odd. Denote them by
2d, + 1.
(3) Forany N e R*, |[#{j: A\ = A} —#{j: \; = -2} <L
(4) For any p € R*, |#{k : pp = p} — #{k = —p}| < 1.
Then there exists a sequence ¢ of real numbers such that I'. is compact
and the nonzero eigenvalues of I'. and I'z are respectively the \;’s and
the px’s. Moreover, introduce

M=) d €Z.U{co}.

The isospectral set is a manifold diffeomorphic to RM if M < oo, and
it is homeomorphic to R* if M = oo.
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Moreover, in the case of a finite sequence of nonzero eigenvalues,
one can produce explicit formulae for u.. For instance, given four real
numbers Ay, p1, Ao, o such that

(M| > |pa] > [Ao] > |p2| >0,

we get
)\1 _ Mleim )\2 _ M26im )\1 _ MQei:v )\2 _ Mleim

2 2 2 2 2 2 2 2
u (em> _ AT — i A3 — W AT — 3 A3 — i

c )\l_uleiz )\Q_Mleiz

AT —ui A3—ui

>\1*}L2€m )\27“26190

A —u3 A3 —p3

If [A1] > |A2] > 0 and py = Ao, io = — Ao, then, there exists p € (—1,1)
such that

1 —pe®
Al —per(A; — Ag) — Ag €@
Finally, notice that, if A, Ao are given such that [A;| > |Ag| > 0, the
corresponding isospectral set consists of sequences ¢ given by the above

two formulae. Also notice that the second expression is obtained from
the first one by making p; — Ao, pe — —XAy , and

2\ —
9+ Uo ,ul_)p
1+ e

1.2. Complexification and the Hardy space representation. In
the general case where ¢ is complex-valued, I'. is no more selfadjoint,
and the natural inverse spectral problem rather concerns singular val-
ues of I'., namely square roots of nonzero eigenvalues of I'.I'}. In order
to have a better understanding of the multiplicity phenomena, we are
going to change the representation of these operators. A natural moti-
vation for this new representation comes back to a celebrated paper by
Beurling [5] characterizing the closed subspaces of ¢*(Z,) invariant by
>.. The connection with Hankel operators is made by the observation
that, because of identity (1.1), the kernel of a Hankel operator is al-
ways such a space. According to Beurling’s theorem, these spaces can
be easily described by using the isometric Fourier isomorphism

*(Zy) — L2(T)
c — U

ue(e”) = (A = X))

where L3 (T) denotes the closed subspace of L?(T) made of functions
u with

Vn <0, un)=0,

endowed with the inner product

o) = 5= [ 5t o
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Notice that L2 (T) is isomorphic to the Hardy space H?(ID) of holomor-
phic functions on the unit disc with L? traces on the unit circle. Under
this representation, the shift operator ¥ becomes
S: H*(D) — H*(D)
fo—zf

and its adjoint reads

S* HQ(]D) — HQ(]D)
[ —1zf),
where II is the orthogonal projector from L?*(T) onto L2 (T) ~ H*(D),
usually referred as the Szeg6 projector. Using this representation, the

Beurling theorem claims that non trivial closed subspaces of H?(ID)
invariant by S are exactly the spaces

VH(D)
where ¥ is an inner function, namely a bounded holomorphic function

on D with modulus 1 on the unit circle.

Let us come back to Hankel operators. Using the above representation,
I'. corresponds to an operator H,, u = u., defined by

H,(h) =1(uh) , h € L(T) .
Precisely, we have the following identity, for every u € BMO,(T) :=
BMO(T) N L2 (T)

Ho(h) =T (Z) , he LA(T) .

Notice that H, is an antilinear operator, satisfying the following self-
adjointness property,

(1.5) (Hu(h1)lho) = (Hu(ha)|l1) , b1, hy € LE(T) .

Consequently, H? is a linear positive selfadjoint operator on L2 (T),
which is conjugated to I'.I'; through the Fourier representation, hence
the square roots of its positive eigenvalues are the singular values of I',
or of H,. In the same way, I'; corresponds to

(16) K,:=SH, = H,S = Hg-, )
and identity (1.3) reads
(1.7) K2=H:—(-|u)u.

For every s > 0 and u € VMO, (T) := VMO(T) N L2 (T), we set
(1.8) E,(s) :=ker(H? — s*I) , F,(s) :=ker(K2 — sI) .

Notice that F,(0) = ker H, , F,(0) = ker K,,. Moreover, from the
compactness of H,, if s > 0, E,(s) and F,(s) are finite dimensional.
Using (1.6) and (1.7), one can show the following result.
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Lemma 1. Let s > 0 such that E,(s) # {0} or F,(s) # {0}.Then one
of the following properties holds.
(1) dim E,(s) = dim F,(s)+ 1, u £ E,(s), and F,(s) = E,(s)Nu*.
(2) dim F,(s) = dim E,(s)+1, u L F,(s), and E,(s) = F,(s)Nu™.

We define
(19) Si(u) = {s 2 0 u £ Bu(s)}
(1.10) Yr(u) :={s>0; u L F,(s)},

Remark that 0 ¢ Xy (u), since u = H,(1) belongs to the range of
H, hence, is orthogonal to its kernel. As a consequence of Lemma 1,
Y i (u) coincides with the set of s > 0 with dim E,(s) = dim F,(s) + 1.
In contrast, it may happen that 0 belongs to Xk (u).

1.3. Multiplicity and Blaschke products. Assume u € VMO, (T)
and s € Xy (u). Then H, acts on the finite dimensional vector space
E,(s). It turns out that this action can be completely described by an
inner function. A similar fact holds for the action of K, onto F,(s)
when s € Y (u), s # 0. In order to state this result, recall that a finite
Blaschke product is an inner function of the form

k

—i _F-P
U(z) =e w]Hlij(z) LY eT, peD, x(2) = T peD.
The integer k is called the degree of W. Alternatively, ¥ can be written
as

P(z)

FP(1)
where ) € T is called the angle of ¥ and P is a monic polynomial
of degree k with all its roots in D. Such polynomials are called Schur
polynomials. We denote by By the set of Blaschke products of degree
k. Tt is a classical result — see e.g. [15] or Appendix B — that By is
diffeomorphic to T x R?*. Finally, we shall denote by

D(z) = P G)

the normalized denominator of WU.

U(z) =e ™

Proposition 1. Let s > 0 and u € VMO, (T).

(1) Assume s € ¥y (u) and m := dim E,(s) = dim F,(s) + 1. De-
note by us the orthogonal projection of u onto E,(s). There
exists an inner function Wy € B,,_1 such that

sus = VeH,(ug) ,
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and if D denotes the normalized denominator of Wy,

(1.11) E.(s) = {%Hu(us), f eCm_l[Z]} ,
(1.12) F,(s) = {%Hu(us) , g€ Cmfz[z]},
and, fora=0,....m—1,b=0,...,m—2,
(1.13) H, <%Hu(u5)) = seits ZmDalHu(us) ,
(1.14) K, (%Hu(us)) - seiwsszszu(us)a

where 1y denotes the angle of V.

(2) Assume s € Xk (u) and ¢ := dim F,,(s) = dim F,(s)+1. Denote
by ), the orthogonal projection of u onto F,(s). There ezists
an inner function Wy € B,_1 such that

K, (u)) = sWu!

S )

and if D denotes the normalized denominator of Wy,

(1.15) F.(s) = {%uls , f 6@4_1[2]} ,
(1.16) E.(s) = {%u’s , g€ Cg,g[z]} ,
and, fora=0,....,0—1,b=0,...,0—2,
(1.17) K, <%u's) = seiws%u’s :
(1.18) H, (i;u’s) = sei%?u; ,

where V4 denotes the angle of V.

Notice that, if we come back to the case of selfadjoint Hankel op-
erators, which corresponds to symbols u with real Fourier coefficients,
the angles 15 belong to {0, 7}, and condition (2) in the Megretskii-
Peller—Treil Theorem is an elementary consequence of Proposition 1.
Indeed, the identities in Proposition 1 provide very simple matrices for
the action of H, and K, on E,(s) and F,(s), and one can easily check
that the dimensions of the eigenspaces of these matrices associated to
the eigenvalues +s differ of at most 1.

Part of the content of Proposition 1 was in fact already proved by
Adamyan-Arov-Krein in their famous paper [!]. Indeed, translating
Theorem 1.2 of this paper, in the special case of finite multiplicity, into
our normalization, one gets that, for every pair (h, f) € FE,(s) X E,(s)
satisfying

Hy(h) = sf , Hy(f) = sh
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there exists a polynomial () of degree at most m — 1, where m =
dim E,(s), and a function g € L% such that

) = Q) 1) =G (1) o)

We refer the reader to Appendix C for a self-contained proof of this
property. It is easy to check that this property is a consequence of
Proposition 1, which in fact says more about the structure of the space

E.(s).

1.4. Main results. We now come to the main results of this paper.
First let us introduce some additional notation. Given a positive integer
n, we set

Q, ={s1>s9>-->5,>0} CR".
Similarly Q. is the set of sequences (s,),>1 such that
S1>8y>--->8, —0.

We set
Q:=J2%uQ., B=JB,
n=1 k=0
and

S, =0, xB", S =0, x B, 5:=U5nu500.

n=1

Given u € VMO, (T) \ {0}, one can define, according to proposition
1 and (1.7) combined with the min-max formula, a finite or infinite
sequence § = (s; > 89 > ...) € § such that

(1) The s9j_1’s are the singular values of H, in ¥y (u).
(2) The sqgi’s are the singular values of K, in Xx(u) \ {0}.

For every r > 1, associate to each s, an inner function ¥, by means of
Proposition 1. This defines a mapping

®: VMO, (T)\ {0} — S .

Theorem 2. The map P is bijective.
Moreover, we have the following explicit formula for ®=' on S,. If
n = 2q is even,

pPj = S25—-1 , Ok = S2k , j,]{}: 1,...,q s

introduce the q x q matriz C(z) with coefficients

pi — 0pzWor(2)Wo; _1(2 )
cr(z) = = 22()2 2 1<),],k5=1,...,q.
P; — Ok
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Denote by Ag;(2) the minor determinant of this matriz corresponding
to line k and column j. We have

(1.19) u(z) = ), <_1)j+kq’2j1<z)<ﬁtk]7¢((zz)))'

1<j,k<q
If n =2q —1 is odd, the same formula holds by setting o, := 0.

Let us now come to the topological features of the mapping ®. We
shall not describe the topology on S transported by ® from VMO, (T),
because it is a complicated matter. In the finite rank case, it is simpler
to deal with the restrictions of ® to the preimages of S,,, which we
denote by U,. We endow U,, with the topology induced by VMO,
each (2, with the topology induced by R", B with the disjoint sum of
topologies of By, and S, with the product topology. In the infinite

rank case, {1, is endowed with the topology induced by c¢q, the Banach
space of sequences tending to 0.

Theorem 3. The following restriction maps of @,
®, U, —> S,

are homeomorphisms. Moreover, given a positive integer n, and a Se-
quence (dy, .. .,d,) of nonnegative integers, the map

o' Q, x [[Bs, — VMOL(T)

r=1

is a smooth embedding. Given a sequence (d,),>1 of nonnegative inte-
gers, the map

O Qe x [[Ba, — VMOL(T)
r=1

1 a continuous embedding.

As a consequence of the second statement of Theorem 3, the set

V(dlv"'vd") = ®71 (Qn % HBdr>
r=1

is a submanifold of VMO, (T) of dimension
dim Vg, ,....a,) = 2n + 2 Z d, .
r=1

Notice that V(4. 4,) is the set of symbols u such that

(1) The singular values s of H, in ¥ (u), ordered decreasingly, have
respective multiplicities

di+1,ds+1,... .
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(2) The singular values s of K, in Y (u), ordered decreasingly,
have respective multiplicities

dy+1,dy+1,... .

In the last section of this paper, we shall investigate the properties of
the manifold V(4. 4,) With respect to the symplectic form.

1.5. Applications to the cubic Szeg6 equation. The cubic Szeg6
equation has been introduced in [3] as a toy model of Hamiltonian
evolution PDEs with lack of dispersion. It can be formally described
as the Hamiltonian equation on L3 (T) associated to the energy

1
E(u) := 1 / lu|* dz
T

and to the symplectic form

w(hy, ho) :=Im(hy|hs) .
It reads
(1.20) it = T1(|ul?u) .

For every s > 0, we denote by H*(T) the Sobolev space of regularity s
on T, and
H(T) := H*(T) N L%(T) .

We first recall the wellposedness results from [%]. For every uy € H(T),
s > 1, there exists u € C(R, H$(T)) unique solution of equation (1.20)
with u(0) = uy. Moreover, we proved in [8] that equation (1.20) enjoys
a Lax pair structure implying that H,) remains unitarily equivalent to
H,,, and K, remains unitarily equivalent to K. In particular, their
singular values are preserved by the evolution. It is therefore natural
to understand this evolution through the mapping ® introduced in the
previous subsection. This question was solved in [9] in the special case
of generic states u corresponding to simple singular values of H, and
K. These states correspond through the map ® to Blaschke products
U, of degree 0. In this case, one can write

U, =e Wr |

and the evolution of the angle v, is given by

dipy
P (1l
dt
More precisely, using the notation introduced in [10], consider the set

V(d) defined by

wo v w252 - 2]
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One can prove that V(d) is a Kéhler submanifold of L2 (T), and that
its open subset V(d)gen made of generic states is diffeomorphic through
® to

QdXBg.

The corresponding coordinates (sy, ..., sq) € Qq and (1, ..., 1) € T?
are action angle variables on V(d)gen, in the following sense, see [9],

d 9 d
S 1 -
r=1

r=1
Our next result generalizes this fact to non generic states. Given u €
H Jlr/ *(T), we decompose the Blaschke products associated to u by ® as

U, =e Wy, |
where Yy, is a Blaschke product built with a monic Schur polynomial.

Theorem 4. The evolution of equation (1.20) on H}r/z reads

dST d’lpr — dXT
=0 = (1) 1s? =0.
a0 Y ey
Moreover, on the manifold Vi, . 4,) introduced in subsection 2, the
restriction of the symplectic form w and of the energy E are given by
W= zn:d 8—72" Ndy, , E = 1zn:(—l)r_ls4
r=1 2 . 4 r=1 .

In particular, V(q, ... 4,) 15 an involutive submanifold of the Kdhler man-
ifold V(d) withd =n+2%"_, d,.

This theorem shows that the cubic Szeg6 equation can be solved by
using the inverse spectral transform provided by the mapping ®~1. We
refer for instance to the first part of the book [17] for a similar situation
in the case of the Korteweg—de Vries equation.

As a corollary of Theorem 4, one gets the following qualitative infor-
mation about all the trajectories of (1.20).

Corollary 1. Every solution of equation (1.20) with initial data in
H}r/Q(T) is an almost periodic function from R to H}r/Q(T).

More precisely, we will show that the tori obtained as inverse images
by the map ® of the sets

{(s)} x [[s"P, .

where ((s,); (¥,)) € S is given, induce a singular foliation of the phase
space VMO, (T) \ {0}. The cubic Szeg6 flow acts on those tori which

are included in H}L/ 2(']I'). In the generic case where all the W, have
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degree 0, it is easy to check that these tori are classes of unitary equiv-
alence for the pair of operators (H,, K,). In the general case, we intro-
duce a more stringent unitary equivalence of which these tori are the
classes. This answers a question asked to us by T. Kappeler.

Let us end this introduction by mentioning that a natural gener-
alization of the results of this paper would concern bounded — not
necessarily compact — Hankel operators. A first step in this direction
was recently made in the paper [13].

1.6. Organization of the paper. In section 2, we prove Lemma 1
about the eigenspaces of H2 and K?2. Section 3 is devoted to Proposi-
tion 1 which introduces Blaschke products encoding the action of H,
and K, on these eigenspaces. Section 4 gives the proof of the main
theorem 2, as well as the proof of Theorems 3 and 1, in the special
case n < oo of finite rank Hankel operators. Section 5 deals with the
case n = oo of infinite rank compact Hankel operators. Sections 6, 7,
9 contain the proof of Theorem 4, as well as applications to almost pe-
riodicity — Corollary 1 — | and to a new proof of the classification of
traveling waves for the cubic Szeg6 equation. Finally, section 8 provides
the description of the singular foliation of VMO, (T) \ {0} in terms of
equivalent classes for some special unitary equivalence for the pair of
operators (H,, K,). The paper ends with three appendices. The first
one is devoted to a classical set of formulae connected to the relative
determinant of two selfadjoint compact operators with a rank one dif-
ference. The second one specifies the structure of the set of Blaschke
products of a given degree. The third one gives a self-contained proof
of two important results from the paper [I] by Adamyan-Arov-Krein,
which are used throughout the paper.

2. SPECTRAL DECOMPOSITION OF THE HANKEL OPERATORS H,
AND K,

We begin with a precise spectral analysis of operators H> and K2 on
the closed range of H,.
We prove a more precise version of Lemma 1, namely

Proposition 2. Let u € VMO, (T) \ {0} and s > 0 such that

Eu(s) #{0} or Fu(s) #{0} .
Then one of the following properties holds.

(1) dim E,(s) = dim F,(s) +1, u £ E,(s), and F,(s) = E,(s)Nut.
(2) dim F,(s) = dim E,(s) +1, u f F,(s), and E,(s) = F,(s)Nu™ .

Moreover, if u, and ul, denote respectively the orthogonal projections
of u onto E,(p), p € Xu(u), and onto F,(0), 0 € Lk (u), then

(1) Ly (u) and Lk (u) are disjoint, with the same cardinality;
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(2) if p € X (u),

(4) A nonnegative number o belongs to Yk (u) if and only if it does
not belong to Xy (u) and

2 _ 42
pEXH (u) P “

Proof. Let s > 0 be such that E,(s) + F,(s) # {0}. We first claim
that either u L E,(s) or u L F,(s). Assume first E,(s) # {0} and
u L E,(s), then there exists h € E,(s) such that (h|u) # 0. From
equation (1.7),

—(hlw)u = (K3 = s*I)h € (Fu(s))" ,

hence v L F,(s). Similarly, if F,(s) # {0} and v £ F,(s), then
u L E,(s).

Let s be such that F,(s) # {0}. Assume u L F,(s). Then, for any
h € F,(s), as K2 = H? — (-|u)u, H2(h) = K2(h) = s*h, hence F,(s) C
E,(s). We claim that this inclusion is strict. Indeed, suppose it is an
equality. Then H, and K, are both automorphisms of the vector space

N :=F,(s) = E,(s) .

Consequently, since K,, = S*H,,, S*(IN) C N. On the other hand, since
every h € N is orthogonal to u, we have

0= (H,(h)|u) = (1/H2h) = o*(1[h) |

hence N 1 1. Therefore, for every h € N, for every integer k,
(S*)k(h) L 1. Since S*(1) = 2*, we conclude that all the Fourier
coefficients of h are 0, hence N = {0}, a contradiction. Hence, the
inclusion of F,(s) in F,(s) is strict and, necessarily u [ FE,(s) and
F,(s) = E,(s) Nut. One also has dim E,(s) = dim F,(s) + 1.

One proves as well that if F,(s) # {0} and v L E,(s) then u L F,(s),
E.(s) = F,(s)Nut and dim F,(s) = dim E,(s) + 1. This gives the first
part of Proposition (2).

For the second part, we first observe that u = H,(1) € E,(0)*, hence
0 ¢ Xpg(u). From what we just proved, we conclude that ¥y (u) and
Y (u) are disjoint. Furthermore, by the spectral theory of H? and of
K2, we have the orthogonal decompositions,

L} = ®550Bu(s) = ®s50Fu(s) -
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Writing u according to these two orthogonal decompositions yields

- Y - Y

pEEH ) UGEK(U

Consequently, the cyclic spaces generated by u under the action of H?>
and K? are given by

<U>H3 = Dpesyw)Cup , <U>K5 = Boesy ) Cu,

Since K? = H? — (. |u)u, these cyclic spaces are equal. This proves
that Xy (u) and Xk (u) have the same — possibly infinite — number
of elements.

Let us prove (2.1) and (2.2). Observe that, by the Fredholm alternative,
for ¢ > 0, H? — 021 is an automorphism of E,(c)*. Consequently, if
moreover o € Yk (u), u € E,(0)* and there exists v € E, (o) unique
such that

(H: —o*Iv=u .
We set v := (H? — 0*I) " (u). If 0 = 0 € ok(u), of course H? is no
more a Fredholm operator, however there still exists w € E,(0)* such
that

H(w) =u .
Indeed, since K, = S*H,, E,(0) C F,(0), and the hypothesis u £
F,(0) implies that the latter inclusion is strict. This means that there
exists w € F,(0)* such that H,(w) = 1, whence H2(w) = u. Again,
we set w = (H2) '(u) .

For every o € X (u), the equation

K2h = o’h

is equivalent to
(H2 — o*I)h = (h|lu)u

or h € C(H? — o*I)"'(u) ® E,(0) , with
(2.4) ((Hy = o* 1)~ (u)u) = 1.
Since v/, € E,(0)*, this leads to

u/

= (H? — oI)\(u) .

g

In particular, if p € ¥p(u), 0 € Xk (u),

( ulo| u, ): 1
[ug | Hlwol? ) p? = 0®

This leads to equations (2.1) and (2.2). Finally, equation (2.3) is noth-
ing but the expression of (2.4) in view of equation (2.1).

This completes the proof of Proposition 2. O
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3. MULTIPLICITY AND BLASCHKE PRODUCTS. PROOF OF
PROPOSITION 1

In this section, we prove Proposition 1.

3.1. Case of p € Xy(u). Let u € VMO, (T). Assume that p € Xy (u)
and m := dim F,(p). We may assume p = 1 and write u, = u,
E=E(l)=ker(H>—~1I), F=F(1)=ker(K2 —1I)
for simplicity. By Proposition 2,
F=FEnui.
3.1.1. Definition of V. We claim that, at every point of T,
w2 = | Hu(w)

Indeed, denoting by S the shift operator, for every integer n > 0,
(Jual*z") = (ua]S"ur) = (Hy(ua)|S"ur) = (Hu(S"ur)| Hu(u))

= ((S)"Hu(ur)|Hu(ur)) = (Hu(u)[S"Hu(ur)) = (|Hu(ur)]?|2") -

Since |u;|? and |H,(up)|* are real valued, this proves the claim.
We thus define

Uy
Hu(ul) .

3.1.2. The function ¥ is an inner function. We know that W is of
modulus 1 at every point of T. Let us show that U is in fact an
inner function. By part (1) of the Adamyan—Arov—Krein theorem in
Appendix C, we already know that W is a rational function with no
poles on the unit circle. Therefore, it is enough to prove that ¥ has no
pole in the open unit disc. Assume that ¢ € D is a zero of H,(u;), and
let us show that ¢ is a zero of u; with at least the same multiplicity.
Denote by (ey,...,en) an orthonormal basis of E, such that

U=

H,(ej)=e¢j,j=1,...,m.

Such a basis always exists, in view of the antilinearity of H,. Since, for
every f € F, (u|f) =0, (Hu(f)|1) =0, hence

(3.1) H,(f) = SKu(f) -
Assume H,(u1)(¢q) = 0 and consider

= Zej(q)ej )

Then

m m

(flu) =D eila)(e;lun) =D Hule;)(q)(ejlur) = Hy(ur)(q) =0,

P =1
therefore f belongs to ENui = F as well as K,(f). Hence, by (3.1),
H () = SKI(f) = S(])



MULTIPLE SINGULAR VALUES OF HANKEL OPERATORS 17

from which we get

m m

Ku.(f) = Z( Dleje; Z P Hulej)) Z ej|Sfe;

j=1 j=1 j=1
hence

Ku(f)(@) = (FIS]) -
Therefore, using again (3.1),
IA1I* = Hu()(q) = ¢Ku(f)(q) = a(fIS]) -
Since ||Sf|| = || f|l and |g| < 1, we infer f = 0, hence

ej()=0,7=1,...,m,
in particular u;(q) = 0.

Assume now that ¢ is a zero of order r of H,(u;), so that, for every
a<r-—1,

m

(Hu(u))(g) = > (uwile;)ef” (@) =0 .

j=1
Let us prove by induction that

e§a)(q):0, a<r—1,j7=1,....m

Assuming we have this property for a < r — 1, we consider

f=> g e
As before, f belongs to F' as well as K, (f) so that, as above
(H (M P(0) = IFIP 5 (Ku(F)"P(a) = (fISF) -

We then derive r —1 times identity (3.1) at z = ¢ and use the induction
hypothesis. We obtain

(Ha ()" (a) = a(Eu()"a)
hence || f||* = q(f|Sf), and we conclude as before.

3.1.3. The function ¥ is a Blaschke product of degree m — 1, m =
dim E. In fact this is a consequence of what we have just done, and of
part (1) of the Adamyan—Arov—Krein theorem in Appendix C. However
it is useful to give another proof. We start with proving the following
lemma.

Lemma 2. Let f € H®(D) such that II(Vf) = Uf . Then
H,(fHu(w)) =V Hy(u) .
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The proof of the lemma is straightforward,

H(fHy(w)) = M(ufH,(w)) =0(fH(w)) = 0(fu) = T(fOH,(w))

As a first consequence of the lemma, we observe that, if U = W, W,
where ¥,, ¥, are inner functions, then

Hy (Vo Hy(u1)) = Uy Hy(ur) .

In particular, ¥, H,(u;) belongs to F, and the number of inner divisors
of ¥ is at most equal to the dimension of . Thus W is a Blaschke
product of degree at most m — 1.

We now show that ¥ € B,,_;. Write

2D (3)
D(z)

where D is a normalized polynomial of degree k. Using again the
lemma, we have, for any 0 < a < k,

U(z)=e

k—a

z® -z
() ) =S ).
Let us set

Notice that

Since dim V' = k + 1, this imposes k <
k =m — 1, we introduce

— 1. In order to prove

G=V'NE.

The proof will be complete if we establish that G = {0}. It is enough
to prove that G C 1+ and that S*(G) C G (see the argument in the
proof of Proposition 2).

Since H,(V) = V, then H,(G) = G. On the other hand, as u; =
VH,(u1) € V, G C ui N E C ut, hence H,(G) C 1+. This proves
the first fact. Remark also that, since K? = H? — (-|u)u, one gets that
K?2=H?on G and G C F.

As for the second fact, it is enough to prove that H,(G) C S(G).
Let g € G. By (3.1), since g € F, SK,(9) = H,(g) so it suffices to
prove that K,(g) belongs to G. We set

Za

Vg i= BHu(ul)’ 0<a<k,

and we prove that (K,(g)|v,) =0 for 0 <a < k.
For 1 <[ <k, we write

0= (Hu(g)|vl) = (SKu(g)h)l) = (Ku(g)|S*vl) = (Ku(g)|vl—1) .
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For the scalar product with v, we remark that vy, is a linear combination
of the v;’s, 0 < j < k —1, and of u; = VH,(u1). As K,(g9) € F,
(Ku(g)|u1) = 0 hence finally (K, (g)|vx) =0 .

This proves that U is of degree m — 1, that £ = H,(uy)

and that the action of H, on E is as expected in Equation (1.13). It
remains to prove that

Cm—l [2]

Cm_Q[Z]
— 25 H, ()

and that the action of K, is described as in (1.13). We have, for
0<b<m-—2,

K, (%Hu(u1)> = H,S (%Hu(u1)> = H, (i;Hu(ul))

_ e wZ o H,(w)

F=

In particular, it proves that Q”#MHU(ul) C F. As the dimension of
F'is m — 1 by assumption, we get the equality.

3.2. Case of 0 € Yk (u). The second part of the proposition, con-
cerning the case of ¢ € Yk (u), can be proved similarly. We just give
the main lines of the argument. As before, we assume that ¢ = 1 for
simplicity and denote by w} the function u.. The first step is to prove
that

is an inner function. The same argument as the one used above proved
that it has modulus one. To prove that it is an inner function, we
argue as before. Namely, using again part (1) of the Adamyan-)Arov—
Krein theorem in Appendix C, for S*u in place of u, we prove that
if u} vanishes at some ¢ € D, K,(u}) also vanishes at ¢ at the same
order. We introduce an orthonormal basis {fi,..., fi} of F':= F,(1)
such that

Ku(fj):fj7 j:]_,...,m

Assume v/ (q) = 0 and consider

~

k=1
Let us prove that e = 0. Observe first that e belongs to £ := E,(1)
since
¢

(whle) =Y fula)(ull fr) = ZK2 fl( @)W ] fr) = K3 (u))(q) = wi(q) = 0.

k=1
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We infer that H,(e) € F as well, and therefore
(e[1) = (Hu(Hu(e))[1) = (u|Hu(e)) =0,
which implies
e=SS*e=SS*H%(e) = SK,Hy,(e) .

Consequently,

)4
k‘:l

Since ||H,(e)|| = ||e]|, we conclude as before that SH,(e) = q¢H,(e) and
finally H,(e) = 0 = e. One proves as well that if ¢ is a zero of order r
of (u}), each fi, 1 <k < ¢, vanishes at ¢ with the same order.

We now come to the third part of the proof to get
Koy (uy)

uy

BES Bg 1-

We start with a lemma analogous to Lemma 2.
Lemma 3. Let f € H®(D) such that II(Vf) = U f.Then
Ky(fuy) =W fuy .

The proof of the lemma is similar to the one of Lemma 2. In partic-
ular, for every inner divisor ¥, of ¥, W,u} belongs to F, and therefore
the number of inner divisors of ¥ is at most the dimension ¢ of F. In
order to prove the equality, write

U — ot 2D (3)

where D is some normalized polynomial of degree k. From the above
lemma, for 0 < a < k,

P ) zk—a
K, (Bu'l) =W 5 uy .

I/V::spam(%u'1 ,0§a§k> ,

Let us set

so that
WcF, K,W)=W.

To prove k = ¢ — 1, we introduce as before

H:=WtNnF
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and we prove that H = {0} by proving that H,(H) C 1t and that
S*(H,(H)) ¢ H,(H). It would imply H,(H) = {0} hence H = {0}

since H is a subset of the range of H, by assumption.

First, remark that H C u* since H C u," as v}, € W, hence H,(H) C
1+

For the second fact, take h € H and write S*H,(h) = K,(h) =
H,(S(h)) so, it suffices to prove that S(h) belongs to H. Let us first
prove that S(h) belongs to E. By (3.1), since K, (h) belongs to H, one
has

H;(Sh) = Hy(K,(h)) = SK;(h) = Sh .

It remains to prove that Sh € W+.

j
Letwj::%u'l,OSjgk:. For 1 < j <k, we have

(Shlw;) = (h|S™w;) = (hlwj-1) = 0.

It remains to prove that (Shlwg) = 0. It is easy to check that wy is a
linear combination of the w;’s, 1 < j < k and of uj. As S(h) belongs
to H, (S(h)|u}) = 0 hence (hlwg) = 0.

In order to complete the proof, we just need to describe E as the
subspace of F' made with functions which vanish at z = 0, or equiv-
alently are orthogonal to 1. We already know that vectors of F are
orthogonal to u, and that H, is a bijection from E onto E. We infer
that vectors of E are orthogonal to 1. A dimension argument allows
to conclude.

4. THE INVERSE SPECTRAL THEOREM IN THE FINITE RANK CASE

In this section, we prove Theorem 2, Theorem 3, and Theorem 1 in
the case of finite rank Hankel operators. Let u be such that H, has
finite rank. Then the sets Xy (u) and X (u) are finite. We set

0= [Sn(w)] = [Sxw)]

If
Yp(u) ={pj,j=1,....¢}, pp>--->p;, >0,
Yr(u):={oj,7=1,...,¢}, oy >--->0,>0,

we know from (2.3) that

(4.1) pL>01>py>09> > p,>0,2>0.

We set n:=2qif 0, > 0 and n:=2¢ —11if 0, = 0. For 25 <n, we set

S2j—1 = Pj , S25 = 05,
so that the positive elements in the list (4.1) read
(4.2) S >8> --+>8,>0.

Recall that we denote by U,, the set of symbols u such the number of
non zero elements of ¥y (u) UXk(u) is exactly n, and that €2,, denotes
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the open subset of R" defined by inequalities (4.2). Using Proposition
1, we define n finite Blaschke products ¥y,..., ¥, by

pju = Vo 1 Hy(uy) , Ky(u)) = 0;Ugu), 2j <n,

where u; denotes the orthogonal projection of u onto E,(p;), and ]
denotes the orthogonal projection of u onto Fy,(c;). Our goal in this
section is to prove the following statement.

Theorem 5. The mapping

(I)n;[/{n — Sn:QnXBn
U = ((Sr)1§r§n7 (\Ilr)lﬁrﬁn)

18 a homeomorphism.

Proof. The proof of Theorem 5 involves several steps. Firstly, we prove
the continuity of ®,,, and we prove that, for r = 1,...,n, the degree of
U, is locally constant. We then consider, for each n-uple (dy,...,d,)
of nonnegative integers, the open set of U,

Vidy,dn) 7= CD,ZI(Qn X Bgy X+ xBg),

and we just have to prove that ®,, is a homeomorphism from Vg, . 4,
onto 2, X By, X ---x By, .
We first prove this fact in the case n even, along the following lines :

e &, is injective, with an explicit formula for its left inverse.
e O, is an open mapping.
e O, is a proper mapping.
® Va,,....d,) 1S not empty.
Since the target space €0, x By, X - - - x By, is connected, these four items
trivially lead to the result. The fourth item is proved by an induction
argument on »_ d,.
Finally, the case n odd is deduced from a simple limiting argument.
As a complementary information, we prove that ® ! is a smooth
embedding of the manifold €2, x By, X --- X By,, which implies that
Vi, ,....dn) is a manifold.

4.1. Continuity of ®,,. In this part, we prove that ®, is continuous

from U,, into S,,. Fix ug € U,,. We prove that, in a neighborhood Vj, of
up in U, the degrees of the U,’s are constant.

Let p € Xpy(ug). The orthogonal projector P, on the eigenspace
E,,(p) is given by

dz

P, = /(z[ — H. ) 1%

¢

where C,, is a circle, centered at p* whose radius is small enough so that
the closed disc D, delimited by C, is at positive distance to the rest of
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the spectrum of Hgo. For u in a neighborhood Vj of uy in VMO, C,
does not meet the spectrum of H2, and one may consider

1 dz
P = I— H?
P / (2 ) 2%
Cp

which is a finite rank orthogonal projector smoothly dependent on w.
Hence, P,gu)(u) is well defined and smooth. Since this vector is not
zero for u = wyg, it is still not zero for every u in V5. This implies in
particular that Xy (u) meets the open disc D,.

We can do the same construction with any o € X (ug)\{0}. We have
therefore constructed n smooth functions u € V — Pr(“) ,r=1,...,n,
valued in the finite orthogonal projectors, and satisfying

PWw)#0, r=1,...,n
Moreover, by continuity,
rkP™ = 1kP") = d, + 1.

If we assume moreover that u € U,,, we conclude that Xy (u) has exactly
one element in each D,,,_,, and that ¥ (u) has exactly one element in
each D,, , and that the dimensions of the corresponding eigenspaces
are independent of u, hence equal to d,+ 1. In other words, the degrees
of the Corresponding Blaschke products are d,.. In other words, Vo N,

Since, for every u € Via,,....dn), We have
Xu(u)| = Z (dgj—1+1) + Z doy
2j—1<n 2k<n
S\ (0} = 3 dyort 3 (At 1)
2j—1<n 2k<n

we conclude that
d+1 d u
rkHu:{T] ,rkKu:b} ,d:zZTZ:errn,

namely that u € V(d), with the notation of [10], [I1]. Recall that V(d)
is a complex manifold of dimension d. We then define a map ®, on
Vo NV(d) by setting

&)n(u) = ((Sr(u))1§r§n§ (\Ijr(u))Krﬁn) )

with
5y (1) = |Hu (P52 ()] son (1) == | Ku (P32 (u)
] ARG !\P§Z’< I
S2j—1(U 2@11 U u
Woj1(u) = () Py () ;o Wor(u) = ( ( )

H,(PyY, (u)) son(u >P< Yu)
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The mapping ®,, is smooth from V(d) into Q, x R, where R, denotes
the manifold of rational functions with numerators and denominators
of degree at most [di;} . Moreover, the restriction of @, to VoMV, ....4,)
coincides with ®,,. This proves in particular that ®,, is continuous. For

future reference, let us state more precisely what we have proved.

Lemma 4. For every ug € V(,...4,), there exists a neighborhood V/
of up in V(d), d = n+2>"_ d, , and a smooth mapping ®,, from
this neighborhood into some manifold, such that the restriction of ®,
to VN V..., coincides with ®y,.

4.2. The explicit formula, case n even. Assume that n = 2¢ is an
even integer.
The fact that the mapping ®,, is one-to-one follows from an explicit
formula giving v in terms of ®,(u), which we establish in this subsec-
tion.

We use the expected description of elements of ®71(S,,) suggested by
the action of H,, K, onto the orthogonal projections w;,u) of u onto
the corresponding eigenspaces of H2, K? respectively, namely

(43) pPiu; = \Ifgj,lHu(uJ) y Ku(u;g) = O-k\IIQku;g y j, k= 1, e q
where the WU,’s are Blaschke products.
We then define 7;, k; > 0 by

1 —xo? 1 72
j[[l L=ap; ; 1= p;j

01— ap? a K2

4.5 J 11— j
(45) Hl—xaz v Zl—x02
Jj=1 J j=1 J

From Appendix A, we have
luj||> =77, ull?>=np, s k=1,....q.

Applying the operator S of multiplication by z to the second set of
equations in (4.3), and using SS* =1 — (.|1) , we get

Hy(u})(2) = op2Wor (2)u)(2) + ki .
We use the identities (2.1), (2.2) in this setting

46 _ 2 k 1 !

() uj—Tjk1p§_0£Uk>
2 : 1

(4-7) u;c = Kg p p? — U%uj )
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and we introduce the new unknowns h4, ..., h, defined by

1
U; = \IIQj_lhj , Or hj = —Hu(u]) .

J

For the vector valued function

H(z) = (h’j<z>>1§j§q )

we finally obtain the following linear system,
(4.8) H(z) = F(z) + A(2)H(z) ,
where, thanks to equation (A.11)

o = (Iysta) <(F)

2 4 K20z Wor(2)Wap_1(2)
A(z) = (] Dok .
1<j5,6<q

pj = (o} — o) (pi — o7)

Notice that the matrix A(z) depends holomorphically on z € D and
satisfies A(0) = 0. Hence I — A(z) is invertible at least for z in a
neighborhood of 0, which characterizes H(z), hence characterizes

u(z) = Z%j—l(z)h]’(z) :

This is enough for proving the injectivity of ®,,. However, we are going
to transform the expression of H(z) into a simpler one, which will be
very useful in the sequel.

Introduce the matrix B = (b;)1<; k<, defined by

2
Ky

bip ==
jk 2 2

From the identities (A.13) and (A.12) in Appendix A, we know that B

is invertible, with
2
Bfl _ Tj
=== .
Pi = %%/ 1<h,j<q

In view of these identities, we observe that
2

[ — A(2) = diag (T—J) BC(z) |

Pj
where C(z) = (cre(2))1<k0<q is defined by

_ Pe — UkZ\II%(Z)\IIQéfl(Z)

2 2
Py — O

(49) Ckg<2) :
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Consequently, Equation (4.8) above reads

2 72
diag (—J) BC(z)H(z) = F(z) = diag <—J) B(1) ,
Pj Pj
where
1
1:=
1

Notice that we again used (A.11) under the form B(1) = 1 . Finally,
equation (4.8) is equivalent to

(4.10) C(2)H(z)=1.
Using the Cramer formulae, we get

T (DA
hi(z) det(C(2)) ’

where Ay;(z) is the minor determinant of C(z) corresponding to line k
and column j. This provides formula (1.19) of Theorem 2.

For future reference, we shall rewrite the above formula in a slightly
different manner. Recall that

o Br(2) — (1
4.11 U,(z) =e W28 Dy(2) =2%P, =
(4.11) (@)= T D) = (1)
where P, is a monic polynomial of degree d,. Introduce the matrix
C*#(2) = (cfo(2)1<hesq as

 peDo(2) Dy (2) — opze Wutla=1) Py (2) Pyy_y(2)

2 2 )
Py — O

(4.12) c\(2)

denote by Q(z) its determinant and by Ak#z(z) the corresponding minor
determinant. Then

(4.13) h;j(2) = Daj—1(2)Rej—1(2) ,
with

(=DM Dy (2) A (2)
(414) jo_l(Z) = Q(z)

Notice that @) is a polynomial of degree at most

Ni=q+) d,
r=1
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and the numerator of Ry;_; is a polynomial of degree at most N —1 —
dyj—1. Consequently,
q
u(z) = Ze_Zij_IPQj—l(Z)RM—l(Z) ,
j=1

is a rational function with denominator () and with a numerator of
degree at most N — 1. Since the rank of H, is exactly N, we infer that
the degree of @) is exactly N, and that ) has no zero in the closed unit
disc. Indeed, otherwise the numerator of u would have the same zero
in order to preserve the analyticity, and, by simplification, u could be
written as a quotient of polynomials of degrees smaller than N — 1 and
N respectively, so that the rank of H, would be smaller.

We close this section by giving similar formulae for u), k = 1,...,q¢.
The main ingredient is the following algebraic lemma.

Lemma 5. For every z € D,
'C(2) 'B diag(War—1(2))1<i<q = diag(Vo;_1(2))1<j<q B C(2) .

The proof of this lemma is straightforward, using identity (A.13).
As a consequence of this lemma and of the identities (4.7), (4.10), we
infer that U'(2) := (u}.(2))1<k<, satisfies

(4.15) C(U () = (P2j-1(2))1<j<q -
Using Cramer’s formulae, we infer

Do (1) TEA (2) Wy 1 (2)

(416)  w(z) = 01 (C() = Doy (2) Rai(2)
where

4 _ je—i 25-1P,y . 4 (z #‘ .
(4.17) Rop(2) = j1( 1)ktie=it21 Py ( )AL (2)

Q(2)
Notice that the numerator of Ry has degree at most N — 1 — dyy.
Moreover, (4.7) now reads
q /{2
(4.18) DQkRQk:Z e VU Py 1Ry .

2
j=1 Pj Ok

4.3. Surjectivity in the case n even. Our purpose is now to prove
that the mapping ®,, is onto. Since we got a candidate from the formula
giving v in the latter section, it may seem natural to try to check that
this formula indeed provides an element w of V4, ... 4,) With the required
®,(u). However, in view of the complexity of the formulae (4.13),
(4.16), it seems difficult to infer from them the spectral properties of
H, and K,. We shall therefore use an indirect method, by proving that
the mapping ®,, on V4, ... 4,) 1s open, closed, and that the source space
V(d,,....d,) is not empty. Since the target space (2, x H;'L=1 By, is clearly
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connected, this will imply the surjectivity. A first step in proving that
®,, is an open mapping, consists in the construction of an anti-linear
operator H satisfying the required spectral properties, and which will
be finally identified as H,,.

4.3.1. Construction of the operator H. Let
P = ((ST)1STSH7 (\Ilr)lgrgn)

be an arbitrary element of

P e, x Hij for some non negative integers d,. .
j=1
We look for u € Vig,, .d.), Pn(u) = P. We set p; := s95_1 , 0p =
Sk 1§]7k§q

Firstly, we define matrices C(z) and C#(z) using formulae (4.9), (4.11),
(4.12). We assume moreover the following open properties,

(4.19) detC(2) #0, 2 €D, deg(Q):N::q—l—Zdr.
r=1

We then define R,(z),r = 1,...,n by formulae (4.14) and (4.17).
Setting H(z) := (Dgj-1(2)Raj-1(2))1<j<q and U'(2) := (Dax(2) Rar(2) )1k
this is equivalent to equations (4.10) and (4.15). Moreover, by Lemma
5, one checks that the column

U'(z) = (Z L zeinjlpzjl(Z)R%l(Z))

satisfies
"C(U"(2) = (¥25-1(2))1<j<q »
and therefore U” = U’, which is (4.18).
We are going to define an antilinear operator on W = CNT;)[Z]. For this,
we define the following vectors of W,
e2j-1a(2) = 2"Ryj—1(2), 0 < a < dyj_y ,
eorp(z) = 2'Rop(2), 1 <b<dy,
for 1 < j,k < q. We need a second open assumption.
(420) E = (<e2j71,a)0§a§d2j,1 s (€2k7b)1§b§d2k)1§j,k§q is a basis of W.
We define an antilinear operator H on W by
H(ezj—14) = pje_inj_IGQj—Lde—l—a , 0<a<dyq,
Hegp) = ope " egp g1, 1 <b<dy,,

for 1 <j,k<gq.
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From this definition, H satisfies

(421) H(ARijl) = pje*iw%’lzd%*lz <1)

z
' — (1

(4.22) H(2BRy,) = ope W29 (—) .
z

for any A € Cqy,,_, [2] and any B € Cg,, _1[2].

4.3.2. Identifying H and H,. Notice that W is invariant by S*. The
key of the proof of H = H, is the following lemma.

Lemma 6.
(4.23) S*HS* = H — (1]-))u on W |

where
q

wi=Y e Py Ry
j=1
Proof. We check the above identity on all the elements of the basis &£
of W. The only non trivial cases correspond to eg;_19 and ey ;. In
other words, we have to prove

(4.24) S*HS*(Ryj_1) = H(Raj_1) — (1|Raj1)u
(4.25) S*H(Rs,) = H(SRa),
for 1 < j,k < q . We start with (4.25). We set

Doy(2) = 1+ 2Fo(2) ,

so that, from (4.18),
q 2

Rop =) =

_2
el

Using (4.21), we infer

e - Py 1Royj1 — SFoy Ry .

q 2

K 4
(4.26) H(Rox) = Z T%I)J'D%ﬂﬂqu — ope Gy Ry,

j=1 "3 Tk
where |
GZk(Z) = Zd%FZk <_) = Z(sz(z) — Zd%) .
z
In view of equation (4.10),
Lo ok Vak(2) iy,
Z D2J 1(2)Raj-1(z) = 1+2 272 57 Pajo1(2) Rajoa(2) -
/)j j=1 p] — 9%
Multlplymg by 2 and applying S* to both sides, we obtain
9 2
KzPj kiU
Z > k;p]az S*(DijlRijl) — Z Lék —ith2;— 1P2j 1R2j .

Jj= 1p]—0k
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Using (4.18), we conclude
q

2
K j * —1 2
(427) E kP S (ngflejfl) = 0Or€ ¥ kpgkng .

=Pk
Coming back to (4.26), we conclude
S*H(Roy)(2) = ope” 2 2%k Ry (2) = H(SRop)(2)

This proves (4.25).
Let us establish (4.24). Let us set Dyj_q = 1+ SF5;_1, so that
S*HS*(Ryj—1) — H(R9j—1) =

S HS(Dyj1Roj1) — pje "5 1 (2™ Ryjy + 8" GajorRyj)
with

(1 |
Goj1(2) = 2871 Fy; 4 (;) = 2(Pyj_1(z) — 2™-1) .

This yields
S*HS*(RQj_l)_H(RQj_l) = S*HS*(DQj_lRQj_l)_pjeiidajilPQj_lej_l .
Using (4.27), we obtain

q 2
K‘I .

Tk = Z B} kp] 2 (S*HS*(jofl) - H(RQJ',l))

=1 P75~ %k
' q

= UkeZkaS*H(PQkRQk) - Z

j=1

At this stage, notice that, in view of (4.25) and of (4.22), we have, for
every A € Cy,, [2],

2 2
K05 .
kFj —i2,—
ﬁe V2 IPQj_lRQj_l .
. — 0
p_] k

. — (1
S*H(ARy,) = ope "2 BRy;, , B(z) := 2 A (—) :

z

Applying this formula to A = Py, and using (4.18), we finally get

q
Tk = —:‘ii Ze_w“‘lpgj,lej,l = —:‘iiu .
j=1
On the other hand, using equation (4.10) at z = 0, we have
q

Pj
7R2 ;1(0) =1.
Since the matrix B is invertible, we infer that Rs;_1(0) € R, hence

equals (1|Ryj_1). In other words,

q 2
> ~hbs 5(S"HS™(Ryj—1) — H(Rgj-1) — (1[Ryj—1)u) =0 .

2 _
j=1 Pj Ok
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This completes the proof. O

We now prove that an operator satisfying equality (6) is actually a
Hankel operator.

Lemma 7. Let N be a positive integer. Let
Q(2) =1—crz—c2? — - —cn2V

be a complex valued polynomial with no roots in the closed unit disc.
Set
CNfl[Z]

Q(z)

Let H be an antilinear operator on W satisfying

S*HS* = H — (1]-)u

W .=

2
crL?.

on W, for some uw € W. Then H coincides with the Hankel operator
of symbol u on W.

Proof. Consider the operator H :== H — H,, then S*HS* = H on W
and hence, it suffices to show that, if H is an antilinear operator on W
such that S*HS* = H, then H = 0.

The family (e;)1<;<n where
1

Q(2)
is a basis of W. Using that

eo(z) = ,ej(2) = Se(2), j=1,...,N—1

S*HS*=H
we get on the one hand that He, = (S*)*Hey. On the other hand,

since
S €y — S - | = Ci€i_1 ,
Q/ I

j
this implies

N

Hey = S"HS*eq = Zc_j(S*)jHeo ,

j=1
hence Q(S*)H (eg) = 0 . Observe that, by the spectral mapping the-
orem, the spectrum of Q(S*)) is contained into Q(D), hence Q(S*) is
one-to-one. We conclude that H(ey) = 0, and finally that H = 0.

U

Applying Lemma 7 to our vector space W, we conclude that H = H,.
It remains to check that @, (u) = P.
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4.3.3. The function u has the required properties. Using the defini-
tion of H = H,, we observe that the restriction of H? to the space
Cayy_, [2]Roj—1 is p31. Similarly, the restriction of H7 to the space
2Cy,, [2] Ry, is o2I. Since the range of H, is contained into W, this
provides a complete diagonalization of H?2. Moreover,

q
Uu = E ewaQf*IPQJ-,lej,l .

j=1
This implies that
Ya(u) ={p1, - pg} s uj = efiw%*lpzjflej—l, J=1...,q.

We argue similarly for K2, noticing that

q 2

K .

k —ithoi_
E Dy Ry, = E 5 V2 'Poj 1Ry,
k=1

2
- — 0
1<5k<q P k

from (4.18), we conclude, using again (A.11), that

q
Z DQkRQk =1Uu.
k=1

This shows that
2K<u):{0'1,...,0'q}, U;C:DQkRQk y jzl,...,q .

Finally, from the definition of H, we recover exactly identities (4.3).

4.3.4. The mapping ®,, is open from Vi, ... 4,) to 2y X Hle B,,.. Notice
that we have not yet completed the proof of Theorem 5 since the previ-
ous calculations were made under the assumptions (4.19) and (4.20). In
other words, we proved that an element P of the target space satisfying
(4.19) and (4.20) is in the range of ®,,. On the other hand, in section
4.2, we proved that these properties are satisfied by the elements of
the range of ®,,. Since these hypotheses are clearly open in the target
space, we infer that the range of ®,, is open.

4.3.5. The mapping ®, is closed. Let (u°) be a sequence of Vig,, . a,)
such that @, (u®) := P° converges to some P in Q, x [['_, By, as ¢
goes to 0. In other words,

P = ((st)izr<2g, (V7 )1<r<g) — P = ((sr)1<r<2g, (Vi )1<r<2q)

in , x [[;_, B4, as e — 0. We have to find u such that ®(u) = P.
Since

2q q
||| gije ~ Tr(HZ) = Zdr(si)z + Z(ngfl)Q
r=1 j=1

is bounded, we may assume, up to extracting a subsequence, that u® is
weakly convergent to some u in H'/2. Moreover, the rank of H, is at
most N = ¢ + Ziqzl d,.
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Denote by u$ the orthogonal projection of u® onto ker(H;—(s3;_1)*I),
j=1,...,q,and by (u$)’ the orthogonal projection of u® onto ker(K?2—
(s56)%1), k =1,...,q. Since all these functions are bounded in L%, we
may assume that, for the weak convergence in L2,

us — vy, (ug) — vy,

Taking advantage of the strong convergence of u° in L% due to the
Rellich theorem, we can pass to the limit in

(wfu5) = ()%, (u[(ug)) = (K3)* .

and obtain, thanks to the explicit expressions (A.5), (A.6) of 77, x} in
terms of the s,.,

(ulv,) = 7']-2 >0, (ulv,) =kt >0,

in particular v; # 0, v, # 0 for every j, k.
On the other hand, passing to the limit in

s5;quy = W5 Heus Hig(uj) = (sgj_l)Quj ,
Kue(u) = 85,05 (ug)', Kue(ug)' = (s5,)%(uf)"

q q

= =)
=1 k=1

we obtain
S9j—1v; = Wo; Hyvj , Hi(“j) = S%jflvj )
Ko, = suVo v, , K2(v),) = s5.0}

q q
— _ /
u = E Uj_E U -
j=1 k=1

This implies that u € V4, .. a,), v; = 4;, v, = uj, and ®(u) = P. The
proof of Theorem 5 is thus complete in the case n = 2¢, under the
assumption that Vg, .. 4,) is non empty.

4.4. V4,,..4,) is non empty, n even. Let n be a positive even integer.
The aim of this section is to prove that V4, . 4,) is not empty for any
multi-index (dy, ..., d,) of non negative integers.

The preceding section implies that, as soon as Vg, ... 4,) 18 non empty,
it is homeomorphic to €, x [[j_, By, via the explicit formula (1.19)
of Theorem 2. We argue by induction on the integer dy +---+ d,. In
the generic case consisting of simple eigenvalues (see [8]), we proved
that for any positive integer ¢, V(o,...0)(= Veen(2¢)) is non empty. As a
consequence, to any given sequence ((s,), (¥,)) € Qq, x T? corresponds
a unique u € Vo, 0, the sgj_l being the simple eigenvalues of H? and
the s3; the simple eigenvalues of K. This gives the theorem in the
case (dy,...,d,) = (0,...,0) for every n, which is one of the main
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theorems of [9]. Let us turn to the induction argument, which is clearly
a consequence of the following lemma.

Lemma 8. Letn =2q, (dy,...,d,) and 1 <r <n—1. Assume

Vidy, o dr 0.0,drs1,..dn) 15 OT €MPLY,
then
Vidy,oodr—rdrt Ludys,oondn) 1S TOT-EMPLY.

Proof. We consider the case r = 1. The proof in the case r odd follows
the same lines. Write m; := dyj_; + 1 and ¢, = dg, + 1. From the
assumption,

V = V(4,,00,ds,....d,) 1S ON empty,

hence ® establishes a diffeomorphism from ) into

Qnia X By, x By x By x [ [ Ba, -

r=2

Therefore, given p > 09 > p3 > 03 > -+ > pgr1 > 0441 > 0, and
Uy, 01,09, Wy, ..., ¥, .o, for every n > 0, for every ¢ > 0 small enough,
we define u® to be the inverse image by ® of

((p + €, P, P —NE,02,03,03, ..., Pg+1, Uq-i—l)a (\Ijla e—i91’ e_iSOQa 11147 ) \I[n-l—Z)) .

By making e go to 0, we are going to construct u in V4, 41,....4,), such
that pi(u) = p is of multiplicity m; + 1 = di + 2, p;j(u) = pji1,
J=2,...,q, is of multiplicity m; and oy (u) = o441 for k=1,...,¢, is
of multiplicity .

First of all, observe that u° is bounded in H}L/ 2, since its norm is equiv-
alent to Tr(H2). Hence, by the Rellich theorem, up to extracting a
subsequence, u strongly converges in L2 to some u € H}L/ 2, Similarly,
the orthogonal projections u§ and (uf)" are bounded in L2, hence are
weakly convergent to v;, v;.. Arguing as in the previous subsection, we
have

(ulvr) = lim || = lim (p+e)?—p*  Thsallp+e)?—07)
1 - B Y
el U e—0 (P+€)2—(p—775)2 szg((P+€)2—pZ)
(ulvy) = lim [Jus]® = lim (p—ne)* = p*  Thsal(p —m2)* — o7)
=00 20250 (p—ne)? = (p+ )2 [[za((p — m)? — 1)
— 1 el12
(ufv;) = lim [|ug]]
2 2 > o
= lim pi —P szz(p] ) >3

=0 (p3 — (p = 12)2) (0] — (p+€)?) [rss0; (07 — 17)
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and
(o)) = Tim] ()|
Hk>3(/72 —p7)
= lim(p® — (p+))(p* — (p —ne)) 5= :
=0 Hk22(p2 - Uz)
(uf) = tim (up)?
9 N2 _ (5 )2 (02— p?
g AN = =09 Tt =)
£—0 o, —p Hj22,j7ék<ak . Uj)

In view of these identities, we infer that v;,j > 1 and vy, k > 2 are not
0. Passing to the limit into the identities

s5; vy = W5 Heus Hig(uj) = (sgj_l)Quj ,
Ko (ug) = 85,05 (up), Ki(up) = (s5)(uq)",

q q

w = =30
j=1 k=1

we obtain
S9j—1v; = Wo; Hyvj , HS(“J’) = ngflvj )
Ky, = suWo vy, Ki(v}) = sh0p

u = zq:vj = zq:v,; :
j=1 k=1
hence
dim E,(p;) > m; , 7 >3, dim F,(oy) > , k> 2.
In order to conclude that u € V4, 41,ds,....d,), it remains to prove that
dim E,(p) > mq + 1.
We use the explicit formulae obtained in section 4.2. We set
Uy (2) = e 1y (2) .

We start with det C(z) defined by (4.9). Notice that elements c¢y1(2)
and c¢3(z) in formulae (4.9) are of order e~!, hence we compute

lim 2e det C(z) =
e—0

A 1 — ze~i01+2)
1 — ze 01y, — ¢ 0...

p— 20U Wo,  p— zope 2 Wy, py — 20, U5 Wy

2 goe ey

k> 2
p* = oy, p*—oj ps — oi
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Let us add £(z) times the first column to the second column in the
above determinant, with

1 — ze i01tw2)

We get
I —ib1 pr — 205 War—1 Woy >S9 0>
lgl(l)Q&tdetC(Z) = (1 —ze7"1W0 ) det | Ci(2), o7 k>20>3 )
with
Gl = Loz o Wy (1= e ) (p sy W)
77(1 — Ze_i91\I’1)<p2 _ 0']%) (1 _ Ze—igl\lll)(pz - O_l%)
1 p— ZO'ke_inw(Z)\IIQk(z)
(T] + ) ( Q(Z)Z) (1 _ Zefzelq;l)(pQ _ 0_]%) )
where
e 0 (T, (2) + e i#2
q(z) = ( 11< ) ) ’
+1
i eitpl e'LLpQ 1(2)
x1(2)z —e 91%
: = — 9 .
Xw(z) l_q(z)z ) ’l/} 1+§01+Q02—|—7T

We know that y; is a Blaschke product of degree m; — 1. Let us verify
that it is possible to choose 9 so that x, is a Blaschke product of degree
my. We first claim that it is possible to choose 9 so that 1 —¢(z)z # 0
for |z| < 1. Write a := Fln’ Y1 = @1 + 61 and 1y = o + 0; and
assume 1 — ¢(z)z = 0. Then
(4.28) 1=(1—-a)e ™y (2)z +ae ™2z,
First notice that this clearly imposes |z| = 1. Furthermore, this implies
equality in the Minkowski inequality, therefore there exists A > 0 so
that x1(z) = Ae™*¥2=%1) and, eventually, that x;(z) = e ¥27%1) gince
Ix1(z)] = 1. Inserting this in equation (4.28) gives z = ™2 so that
x1(e2) = e~ ¥2=¥1) [f this equality holds true for any choice of v,
by analytic continuation inside the unit disc, we would have
i1
e

xi(z) = >

which is not possible since x; is a holomorphic function in the unit disc.
Hence, one can choose 15, hence 9, in order to have 1 — ¢(2)z # 0 for
any |z| < 1. It implies that y, is a holomorphic rational function in
the unit disc. Moreover, one can easily check that it has modulus one
on the unit circle, hence it is a Blaschke product. Finally, its degree is
deg(x1) + 1 =my.

Summing up,

1
lim 2¢ det C(2) = (1 + ;) (1 — q(2)z) det((Cre)2<h < 1)
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where, for k > 2, { > 3,

p— z20ke" W xy(2)Wak(2)

e (7 —a?)

—_— _pe— 20k Vo 1(2)Var(2)

Ck‘f - Ck;f - p2 _ 0_2 .
0 — O

Next, we perform the same calculation with the numerator of u$(z),
J =1,2. Recall that

where C;(z) denotes the matrix deduced from (cj(2))1<k<q+1 by re-
placing the column j by

1
1:=
1
We compute
lim 2 det Ci(z) =
. 1— ze—i(91+<ﬂ2)
| P F0ke i 2%k P3_220k g’ k>
p2 — O} pP3 — O
1 — ze—i(01+¢2)
_ ; det (1, (Cke)k>2,0>3)
and
ll_I)I(l) 2e det CQ(Z) -
1—28_201\1/1 0 0...
_ . N — U\
POk BT k>

R R
pT = O P3 — Ok

= (1 —ze W) det (1, (cur)k>a.53))

Hence we have, for the weak convergence in L2,

o = lma — v, LT ze ! tee)) det (1, (crodizaen3))
=0 ' T 1T+ n)(1—q(2)2)  det ((Gre)azhezern)
(1—ze®y)  det ((1, (cre)rz2,23))
(L+n)(1—q(2)2)  det ((Cke)ache<qr1)

vy = limus =ne "2
e—0
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Furthermore, if D; denotes the normalized denominator of ¥y, we have

2% us 2% us
H2. L) = (p+¢e)? L 0<a<m —1,
u (Dl(Z) \111) (p ) Dl(Z) \111 = 0=

H2(u5) = (p—mne)’us,

Passing to the limit in these identities as € goes to 0, we get

AR 2% 0
H? = p? — . 0<a< -1
U(Dl(z)‘l’l) P Dy(2) ¥y’ = 4=t

H2(w) = pPos.

It remains to prove that the dimension of the vector space generated
by

AR
I, 0 < < - 17 )
D1 (Z) \Ifl =a=m v2

is m1 + 1. From the expressions of v; and v,, it is equivalent to prove
that the dimension of the vector space spanned by

Za

D (2)
is m; + 1. Indeed, we claim that our choice of 1, implies that this
family is free. Assume that for some \,, 0 < a < m; — 1 we have

(1—e™2), 0<a<m —1, (1-e"zx(2))

mzl_f)\ 2 1—e ™y (2)

g “Di(z) 1 —e ity

then, as the left hand side is a holomorphic function in D, it would
imply x(e?¥2) = e'¥17¥2) but 1), has been chosen so that this does not
hold. Eventually, we have constructed u in Vg, 11,....4,)- An analogous
procedure would allow to construct w in Vg, . 4., d+1,.,4,) fOr any

r odd. The case r even can be handled similarly, by collapsing two
variables o and one variable p. U

4.5. The case n odd. The proof of the fact that ®,, is one-to-one is
the same as in the case n even. One has to prove that ®, is onto.
We shall proceed by approximation from the case n even. We define
q ="
Let

P = <<p17 01y« 7pq)7 (‘;[]r>1§r§n)
be an arbitrary element of Q, x [["_, By.. We look for u € V4, . a,)
such that @, (u) = P. Consider, for every e such that 0 < & < p,,

n+1
PE = <<p17 0155 Pq 8)7 ((‘;[]r>1§r§n7 1)) € Qn+1 X H Bdr
r=1
with d,41 = 0 — we take Uy, = 1 € By. From Theorem 5, we get
u: € V(,,..dn.) such that ®(u.) = P.. As before, we can prove by
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a compactness argument that a subsequence of u. has a limit u €
Vids,....dn) as € tends to 0 with ®,(u) = P. We leave the details to the
reader. U

4.6. V,....d,) 18 a manifold. Let d = n + 2% .d,. We consider the
map

((sr), (V7)) —

where u is given by the explicit formula obtained in section 4.2. This
map is well defined and C* on Q, x [[j_, By;. Moreover, from the
previous section, it is a homeomorphism onto its range V4, ,..4,). In
order to prove that Vg, . 4,) is a manifold of dimension 2n + 2 Z?Zl d;,
it is enough to check that the differential of © is injective at every
point. From Lemma 4, near every point ug € Vq,,....4,), there exists a

6. { O x [[y B, — V()

smooth function ®,,, defined on a neighborhood V on ug in V~(d), such
that @, coincides with ®, on V NV, . 4,). Consequently, ®, o © is
the identity on a neighborhood of Py := ®,(ug). In particular, the

differential of © at Py is injective.

4.7. Proof of Theorem 1 in the finite rank case. Denote by L7 ,
the real subspace of L2 made of functions with real Fourier coefficients.
If u e (VMO, \ {0}) N L% ,, then H, acts on L7 . as a compact
self adjoint operator, which is unitarily equivalent to I'. if u = wu..
Consequently, for every Borel real valued function f, f(H?2) acts on
LQH,. In particular, the orthogonal projections u;, uj, belong to L%ﬁr.
Therefore, for every r, the Blaschke product ¥,.(u) belongs to L%ﬁr,
which means that its coefficients are real, in particular v, € {0,7}.
Moreover, by Proposition 1, for every r, there exists bases of E,(s,) N
L3, and F,(s,) N L3, on which the respective actions of H, and K,
are described by matrices of the type ¢,5,4, where ¢, = e™™¥" = £1
and

0 ... ... 0 1
0 ... ... 1 0
A= .. 7 ..,
0 1 ... ... 0
1 0 ... ... 0

being of dimension d, 4+ 1 or d,. By an elementary observation, the
eigenvalues of A are +1, with equal multiplicities if the dimension of
A is even, and where the multiplicity of 1 is one unit greater than the
multiplicity of —1 if the dimension of A is odd. Consequently, if we
denote by (A;), (1x) the respective sequences of non zero eigenvalues of
H, and of K, on L2+,,,, repeated according to their multiplicities, and
ordered following

M| > ] > Ao =00
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each s, correspond to a maximal string with consecutive equal terms,
of length 2d,. + 1, where d, is the degree of W,. Moreover, we have

#i N =st—#{i: A =—s} <1,
[#{k e = s} — #{k e = —s,} < 1.

This is the Megretskii—Peller—Treil condition. Moreover, according to
the parity of r and d,., if one of the above integers is 0, the other one
is 1, and the eigenvalue with the greatest multiplicity is then e,s,.

Conversely, given two sequences (\;), (uy) satisfying the assumptions
of Theorem 1, the above considerations imply that the set of solutions
u to the inverse spectral problem is exactly

¢! ({(Sr)} X elBgm X e X enBZmr)

where Bfl’r denotes the set of Blaschke products of degree d, with real
coefficients and with angle 0, which is diffeomorphic to R? in view of
the result of Appendix B. Notice that the explicit formula (1.19) allows
to check that u belongs to L% .. In view of Theorem 3, we conclude that

the set of solutions u to the inverse spectral problem is diffeomorphic
to RM with M =", d,.

5. EXTENSION TO COMPACT HANKEL OPERATORS

In this section, we prove the parts of Theorems 2, 3 corresponding
to infinite rank Hankel operators. Given an arbitrary sequence (d,),>1
of nonnegative integers, we set

V(dr)TZI = ®71 <QOO X HBdr>
r=1

Theorem 6. The mapping

D . V(dr)r21 — QOO X HBdr

r=1

u — ((sr)r>1, (Ur)r>1)
18 a homeomorphism.

Before giving the proof of this theorem, notice that it implies Theo-
rem 1 in the infinite case, following the same considerations as in the
finite rank case above.

Proof. The fact that ® is one-to-one follows from an explicit formula
analogous to the one obtained in the finite rank case, see section 4.2.
However, in this infinite rank situation, we have to deal with the con-
tinuity of infinite rank matrices on appropriate £ spaces.
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Indeed, we still have
u = Z qIQj,lhj
j=1

where H(z) := (h;(2));>1 satisfies, for every z € D,
(5.1) H(z) = F(2) + zD(2)H(z)

with
72
o = (2)
Pi/ j>1

D) — (T]Zi/{iak\l/%(z)\lfzz—lgz))> .
3,0>1

pj = (5 — o) (pi — oF

Notice that the coefficients of the infinite matrix D(z) depend holomor-
phically on z € . We are going to prove that, for every z € D, D(z)
defines a contraction on the space (2 of sequences (v;);>1 satisfying

> 2
/I_}A

) |]2| <00 .
L

j=1

From the maximum principle, we may assume that z belongs to the
unit circle. Then z and V,(z) have modulus 1. We then compute
D(z)D(z)*, where the adjoint is taken for the inner product associated
to (2. We get, using identities (A.12), (A.11) and (A.13),

2 2 2 .2
. T3 Kok Vor (2)17 Ko, om Vo (2)
[D(2)D(2) ]jn = Aj 2 kQ 2 2 - 2 2\( 2 2
PiPr i (Pj — o) (pi — oi)pn — 00)(pi — o7,)
_ TJ’Q KiO%
pipn = (p; — o) (P — o)
2
T
= ——L 4
PjPn

Since, from the identity (A.3) in Appendix A,

2
_QS]-a
J

K

)

1

<.
Il

we conclude that D(z)D(z)* < I on 2, and consequently that
1Dl <1
From the Cauchy inequalities, this implies

1D (Ol < -
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Coming back to equation (5.1), we observe that H(0) = F(0) € ¢2, and
that, for every n > 0,

n

HD(0) = (n+ 1) Z (Z) DP(OYH™P)(0) .

p=0

By induction on n, this determines H™(0) € ¢2, whence the injectivity
of ®.

Next, we prove that ® is onto. We pick an element

PEQOOXﬁBdT

r=1

and we construct u € VMO, so that ®(u) = P. Set
P = ((ph 01, P2y - - )7 (\I,r>r21>

and consider, for any integer N,

Py = ((01, O1,---5,PN, UN)7 (‘I’r)lgrgzzv)

in

2N

QQN X Hij .

j=1
From Theorem 5, there exists uy € Via,,....don) With ®(uy) = Py. As
uy is bounded in L%, there exists a subsequence converging weakly to
some u in L3. Let uy; and uly, denote the orthogonal projections
of uy respectively on E,,(p;) and on F,, (o) so that we have the
orthogonal decompositions,

N N
/
7=1 k=1

After a diagonal extraction procedure, one may assume that uy ; and
uly ., converge weakly in L2 respectively to some v and to some v/,
In fact one may assume that uy converges strongly to w in L2. The
proof is along the same lines as the one developed for Proposition 2
in [10], and is based on the Adamyan-Arov-Krein (AAK)theorem [1],
[24]. Let us recall the argument.

First we recall that the AAK theorem states that the (p+1)-th singular
value of a Hankel operator, as the distance of this operator to operators
of rank at most p, is exactly achieved by some Hankel operator of rank
at most p, hence, with a rational symbol. We refer to part (2) of the
theorem in Appendix C. We set, for every m > 1,

pm:m+Zdr.
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With the notation of Appendix C, one easily checks that, for every m,

§pm71(u) > §pm (u) = Pm+1 (U) .
By part (1) of the AAK theorem in Appendix C, for every N and every
m = 1,..., N, there exists a rational symbol ug\T), defining a Hankel

operator of rank p,,, namely ug\T) € V(2pm) UV(2p, — 1), such that
[Huy = H, ool = pmir (un) = pmsa-
In particular, we get

lun = ui (|2 < P
On the other hand, one has
1 1
H (| > —(Tr(H?,,))/* > ul
1 o || > \/ﬁ( (H o))" 2 pmll Nl
Hence, for fixed m, the sequence (ug”)) ~ is bounded in H}r/ . Our aim
is to prove that the sequence (uy) is precompact in Li. We show that,
for any £ > 0 there exists a finite sequence vy € L%, 1 < k < M so
that

M
{UN}N C U BL2+<U]€,€).
k=1
Let m be fixed such that
Pmi1 < €/2.

Since the sequence (u%n)) ~ is uniformly bounded in H i/ 2, it is precom-

pact in Li, hence there exists v, € Li, 1 <k < M, such that

M
{uli}y € | Bz (vh,/2) .
k=1

Then, for every N there exists some k such that

lun = vellze < prmys + Uy = vellze <e.

Therefore {uy} is precompact in L%r and, since uy converges weakly
to u, it converges strongly to u in LZ. Since ||H, | = p1 is bounded,
we infer the strong convergence of operators,

Vh € L%, Hyy (k) — H,(h) .
pP—00

vl

We now observe that if p* is an eigenvalue of HZ of multiplicity m then

p? is an eigenvalue of H? of multiplicity at most m. Let (eg\l,))lslgm be an
orthonormal family of eigenvectors of H SN associated to the eigenvector
p?. Let h be in L% and write

m

h= Zh\NeN+ho
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where hg y is the orthogonal projection of & on the orthogonal comple-
ment of E,, (p) so that

I(H2, — p?2Dh|> = [|(H2, — p*)hon|?
> dellhon|? = de (|2 = |(hlel))
=1

here d,» denotes the distance to the other eigenvalues of HgN. By
taking the limit as N tends to oo one gets

I(H = P DRI = de (I =Y 1(hle)?)

=1

where e(!) denotes a weak limit of egf,). Assume now that the dimension
of E,(p) is larger than m + 1 then we could construct h orthogonal to
(e, ... el™) with H2(h) = p?h, a contradiction. The same argument
allows to obtain that if p* is not an eigenvalue of H; , p* is not an
eigenvalue of H?.

We now argue as in section 4.3.5 above. We may assume, up to
extracting a subsequence, that uy ; weakly converges to v;, and that
Yy ), weakly converges to v}, in L7, with the identities
piv; = Woj 1 Hy(v;) , Ho(v;) = pivy . Ku(vy) = oxVorvy, , K2 (v}) = ojvj, .

u

and

(ulvy) =77, (ulvy) = &j, -

This already implies that v;, vj, are not 0, and hence, in view of Lemmas
2 and 3, that

dim E,(p;) = m; , dim F,(oy) = ¢y .

We infer that u € V4,),., and that p; = syj_1(u) , o = su(u) .
It remains to identify v; with the orthogonal projection wu; of u onto
E.(p;), and v, with the orthogonal projection w) of u onto F, (o).
The strategy of passing to the limit, as N tends to infinity, in the
decompositions

N N
/
Un = E :UN,J‘ = § uNk
j=1 k=1

is not easy to apply because of infinite sums. Hence we argue as follows.
From the identity

lunl* = (unlun,;)
we get
o [1* < (ulv;) = (u;]v;)

and, by the Cauchy-Schwarz inequality, since v; # 0,
ol < lusl -
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On the other hand, we know from the general formulae of Appendix A

that

[

Since 77 = (uj|v;), we get |lu;]| < ||lv; and finally infer

(uslv;) = Ilvll* = llugll*
hence
lo; = wl* =0
Similarly, vj, = uj. This completes the proof of the surjectivity.

The continuity of ® follows as in section 4.1. As for the continuity of
d~! we argue exactly as for surjectivity above, except that we have
to prove the convergence of uy to u in VMO, . This can be achieved
exactly as in the proof of Proposition 2 of [10] : the Adamyan-Arov-
Krein theorem allows to reduce to the following statement : if wy €
V(2p) UV(2p — 1) strongly converges to w € V(2p) U V(2p — 1), then
the convergence takes place in VMO — in fact in C*°. See Lemma 3
of [10]. O

For future reference, we state a similar result in the case of Hilbert—
Schmidt operators. We set

(2) ._ 1/2
Via)sr = Vide)zn VHYT
and
Qg)((dr)TZI) = {(8,~)r21 €Ny Z(dr —+ 1)53 < OO} ,
r=1

endowed with the topology induced by the above weighted ¢? norm.
Theorem 7. The mapping

®: V((j,?)@ — Qg)«dr)rzl) X HBdr
r=1

u > ((51)r21, (V0 )r>1)
18 a homeomorphism.
The proof is essentially the same as the one of Theorem 6, except

that the argument based on the AAK theorem is simplified by the
identity

Te(Hy) = ) dpsy(u) + ) s5;4(w)
r=1 j=1

) . . 1/2 .
which provides bounds in H +/ , hence strong convergence in L%, and

finally strong convergence in Hi/ . We leave the easy details to the
reader.
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6. EVOLUTION UNDER THE CUBIC SZEGO FLOW

6.1. The theorem. In this section, we prove the following result.
Theorem 8. Let ug € H}rﬂ with

(I)<u0) = ((Sr>7 (‘Ilr»
The solution of
i0wu = TI(|ul*u), w(0) = ug

15 characterized by
B(u(t) = ((s,), (V" 1w,)) .

Remark 1. It is in fact possible to define the flow of the cubic Szegd
on BMOy = BMO(T)N L3, see [12]. The above theorem then extends
to the case of an initial datum ug in VMO, .

Proof. In view of the continuity of the flow map on H}F/ ? see 8], we
may assume that H,, is of finite rank. Let uw be the corresponding
solution of the cubic Szegd equation. Let p be a singular value of H,
in ¥ (u) such that m := dim E,(p) = dim F,,(p) + 1 and denote by u,
the orthogonal projection of u on E,(p). Hence, u, = W2y (HZ)(u).
Let us differentiate this equation with respect to time. Recall [3], [11]
that

dH, . ] .
(6.1) = (B, H,] with B, = %Hj — i}
Here T, denotes the Toeplitz operator of symbol b,
(6.2) Ty(h) =11(bh) , h € Li , be L™ .

Equation (6.1) implies, for every Borel function f,

% = —imu|2, f(Hi)] :

We get from this Lax pair structure

= —i[Tjuz, Doy (H)] (1) + Wgpey (Hy) <Cji_;b)

= —i[Tlup, Uy (HD))(u) + Uy (H2) (—iTupu) |

and eventually

du,

dt

du,
dt
On the other hand, differentiating the equation

pu, = VH,(up)

(6.3)

= —iTjy2u, .

one obtains
du,

pe H,(u,) + U ([BU,HU](UP) + Hy (%))
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Hence, using the expression (6.3), we get
—ipT 2 (u,) = UH,(u,) + T (=i Hu(u,) + ip*Hy(uy))
hence )
We claim that the left hand side of this equality is zero. Assume this
claim proved, we get, as H,(u,) is not identically zero, that ¥ +ip?¥ =
0, whence
U(t) = e ™ W(0) .

It remains to prove the claim. We first prove that, for any p € D

such that yx, is a factor of x,
[ﬂu\Qa XP](G) =0
for any e € E,(p) such that y,e € E,(p). Recall that
N

For any L? function f,

I(xpf) = x11(f) = Ky, (9) = (L = [pI*) Hij0-p)(9)
where (I —II)f = Sg . Consequently, the range of [II, x,] is one dimen-
sional, directed by ﬁ. In particular, [T}z, x,)(€) is proportional to
ﬁ. On the other hand,

(T xpl()1) = (Tl (xpe) = XpTu2(€))[1)
= ((e)[Hi(1) — (xpl1)(el Hi(1))
= (Hy(xp(e)1) — (xp|1) (H(e)]1) =0 .
This proves that [T}, xp)(e) = 0. A
For the general case, we write ¥ = e ¥y, .. .Xpm , and

m—1j—1
[T|u\27 \Il] uﬂ =¢e - Z Hka |u|?s XP] H ka =0.
j=1 k=1 k=j+1

It remains to consider the evolution of the Wy,’s. Let o be a singular

value of K, in ¥ (u) such that dim F,(0) = dim E,(c) 4+ 1 and denote
by w. the orthogonal projection of u onto F, ( ). Recall [11] that

dK,

dt

As before, we compute the derivative in time of w, = I,z (K2)(u),
and get

= [Cy, K] with C, = K2 — iT},2 .
2

du ,
L

On the other hand, differentiating the equation
K,(u)) =ocWu,

g

(6.4)
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one obtains
— [Ty, Ou, = (U —ic® W), .

o

As before, we prove that the left hand side of the latter identity is 0,
by checking that, for every factor x, of U, for any f € F,(o) such that

Xpf € Fu(o),
([T xp)(F)1) =0 .
The calculation leads to
([T ) (DD = (He(xf) = Ol HL()IL)
= (O = Opl1) flu)(ul1),
where we have used (1.7). Now (x, — (xp|1))f € F.(o) is orthogonal to
1, hence, from Proposition 1, it belongs to E, (o), hence it is orthogonal

to u. This completes the proof.
O

6.2. Application: traveling waves revisited. As an application of
Theorem 2 and of the previous section, we revisit the traveling waves
of the cubic Szeg6 equation. These are the solutions of the form

u(t, e™) = e (e | w,ceR.

For ¢ = 0, it is easy to see [3] that this condition for uy € H}L/Q cor-
responds to finite Blaschke product. The problem of characterizing
traveling waves with ¢ # 0 is more delicate, and was solved in [8] by
the following result.

Theorem. [3] A function u in Hi/z is a traveling wave with ¢ # 0
and w € R if and only if there exist non negative integers ¢ and N,
0<?¢{<N-1, a€R and a complex number p € C with 0 < [p| < 1

so that

O[Zé

w2 =17

Here we give an elementary proof of this theorem.

Proof. The idea is to keep track of the Blaschke products associated to
u through the following unitary transform on L?(T),

Tof (€)= f(eY) o eR.
Since 7, commutes to II, notice that
To(Hu(h)) = Hrpu)(Ta(h)) -
Consequently, 7, sends F,(p) onto E._ ,)(p), and
Ta(up) = [Ta(u)]P .
Applying 7, to the identity
pu, =V, Hy(u,)
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we infer
plra(w)]y = 7a (Vo) Hr,w) ([Ta(w)]p)

and similarly
p[eiiﬁTam)]p = eiiﬁTa(\I’p)He—iﬁm(U) ([eizﬂTa(u)]p) .
This leads, for every p € ¥y (u), to
U™ 7o (u)) = e 7o (Wp(u)) .

Applying this identity to u = ug, o = ¢t and § = wt, and comparing
with Theorem 4, we conclude

e_itPQ\Ilp(uo) = e_i“tTct(\pr(uo)) )

P(UO) =e ¥ H Xpj»

1<j<m—1

Writing
v

we get, for every t,
R | BT I
1<j<m—1 1<j<m—1
This imposes, since ¢ # 0,
pP=wt(m—1)c, p;=0,
for every p € Xy (up). In other words, U,(up)(z) = e “zm"1 .

We repeat the same argument for o € Yk (u), with ¢ = dim F,(0) =
dim E,(c) + 1 and

using this time
Ta(Ku(h)) = " Ko, () (Ta(R)) -
We get
o’ =w—Ulc,
and
U, (up)(z) = e 2571,

If we assume that there exists at least two elements p; > po in g (ug),
with m; = dim E, (p;) for j = 1,2, from Proposition 2, there is at
least one element oy in X (ug), satisfying

p1 > 01 > pa.
Set 1 := dim F,,(01), we get
(mq —1)e > —lic > (mg — 1)c

which is impossible since my, {1, my are positive integers. Therefore,
there is only one element p in Yy (ug), with m = dim E,,(p) and at
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most one element o in Xg (ug), of multiplicity ¢. Applying the results
of section 4.2, we obtain
(pZ _ 0.2)6—i<p Zm—l

P 1— %e—i(¢+9)z4+m—1 '

uo(z) =
This completes the proof. O

6.3. Application to almost periodicity. As a second application of
our main result, we prove that the solutions of the Szeg6 equation are
almost periodic. Let us recall a definition. Let X be a Banach space.
A function

fR— X

is almost periodic if it is the uniform limit of quasi-periodic functions,
namely finite linear combinations of functions

t—s ey

where z € X and w € R. Of course, from the explicit formula obtained
in Theorem 2 and from the evolution under the cubic Szeg6 flow, for
any ug € V(d), the solution wu(t) is quasi-periodic. This is also a con-

sequence of the results of [I1]. It remains to consider data in Hi/ 2
corresponding to infinite rank Hankel operators. We are going to use
Bochner’s criterion, see chapters 1, 2 of [15], namely that f € C(R, X)
is almost periodic if and only if it is bounded and the set of functions

fn:teR+— f(t+h)e X, heR,

is relatively compact in the space of bounded continuous functions val-
ued in X.

(2)
Let ug € V(df)r21. Set

(I)(UQ) = ((57’)7’217 (\Ijr)r21) .
Then, from Theorem 4,
(I)(u(t)) = ((57’)7217 (ei(_l)rsgtlpr)rZﬂ .
By Theorem 7, it is enough to prove that the set of functions
t €R— d(ut+h) € QP x [ Ba,
r=1

is relatively compact in C(R, 02 x [12, B4,). This is equivalent to
the relative compactness of the family (e/C-D"s%) 5, in (S')*, h € R,
which is trivial.
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7. EVOLUTION UNDER THE SZEGO HIERARCHY

The Szeg6 hierarchy was introduced in [8] and used in [9] and [11].
In [9], it was used to identify the symplectic form on the generic part of
V(d). Similarly, our purpose in this section is to establish preliminary
formulae, towards the identification of the symplectic form on Vi, ... 4,)
in the next section.

For the convenience of the readelr, we recall the main properties of the

hierarchy. For y > 0 and u € H?, we set
T'(u) = (I +yHZ) T (Q)[1) .

Notice that the connection with the Szegé equation is made by
B(u) = {00~ (0,T)") -

Thanks to formula (A.7) in Appendix A, JY(u) is a function of the

singular values s,(u). For every s > %, JY is a smooth real valued

function on H3, and its Hamiltonian vector field is given by
Xy (u) = 2iyw?Hyw? |, w? = (I +yH>)(1),
which is a Lipschitz vector field on bounded subsets of Hf. By the
Cauchy-Lipschitz theorem, the evolution equation
(7.1) U= Xy(u)
admits local in time solutions for every initial data in Hf for s > 1, and

the lifetime is bounded from below if the data are bounded in H3. We
recall that this evolution equation admits a Lax pair structure ([11]).

Theorem 9. For every u € H, we have

) H,FY+F'H, ,

KzX;y(u) = K,G!+GYK, ,
GY(h) = —yw!T(w?h)+y*H,w’ TI(H,awv h) ,
FY(h) = GYh)—y*(h|Hw")H,wY .

If u € C(Z, H3) is a solution of equation (7.1) on a time interval I,
then

HzXJy (u

dH dK
“ = [BY,H, Y =[0Y K,
dt [ (3 ] ? dt [ u? ] ?
BY = —iFY, CY=—iGY .

In particular, X5 (up) = Xg(u(t)) and Xk (ug) = Lk (u(t)) for every
t, therefore JY(u(t)) is a constant J¥. We now state the main result of
this section.

Theorem 10. Let ug € HY , s > 1, with

(I)(UO) = ((Sr)7 (\I/r))



MULTIPLE SINGULAR VALUES OF HANKEL OPERATORS 52
The solution of
= Xy(u), u(0)=mug,
15 characterized by

r—1 2ny
14 ys2

®(u(t)) = ((s,), (*"9,)) , wp = (=1)

Proof. Let p € ¥p(up). Denote by u, the orthogonal projection of u
on E,(p). Hence, u, = Nj,2y(HZ)(u). Let us differentiate this equation
with respect to time. We get from the Lax pair structure

du,

L= (B ey (D)) (w) + gy (H) (B, H(1)

= Bil(u,) — Wgpey (H) (Hu(B}(1))) -

Since BY(1) = iyJYwY, and since 1,2y (H2)(H,wY) = ﬁum we get

du, CoyJY
(7.2) at :BZ(UP>+21+yp2up :

On the other hand, differentiating the equation
pu, = VH,(u,)
one obtains

du,

P = VH,(u,) + V¥ <[Bz’ HaJ(u,) + H. (%»

Hence, using the expression (7.2), we get

Y . ]
P (Bg(up) + L ) = (\If —1 2 \Il> Hu(up) + \I’BzHu(up) ,

{ U
1+yp” 1+ yp?
hence
. ) ny
[BY,V|H,(u,) = (V¥ —2i U | Hy(u,).
1+ yp?

It remains to prove that the left hand side of this equality is zero. We
first show that, for any p € D such that x, is a factor of x, for every
e € E,(p) such that x,e € Eu(p), [BY, xp)(e) = 0. We write

i[BY, xp)(e) = —yw? (I(w? xpe) — xpll(w? e))
+ P Huw' (H(Hw? xpe) — x,J(Hywv e))
- yz((Xpe|Huwy)Huwy — xp(e|H,w?)H,w”))
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We already used that, for any function f € L2, (x,f) — xpIL(f) is
proportional to ﬁ. Hence, we obtain

Bl o)) = —yw'—— + o —S

ur AP 1 — ﬁZ 1 — ]_jz

- 92((Xpe|Huwy)Huwy — xp(e|H,w?)H,w”))

with
¢ = (I(w? xpe) — xpll(w? e)[1) = (xpelw’) — (xp|1)(efw”)
and
¢ = (I(Hyw? xpe)—xp Il (Hyaw? e)|1) = (xpe| Hu(w")) = (xp|1) (e Hu(w")) .
Now, for any v € E,(p)

(") = (ol () (w%) = 5 (011)
hence ¢ = 0. On the other hand,
vy — 2 Yy — 1
(v[Haw?) = (v[ge(H,)(Hu(w"))) = 1 JryIOQ(UWp)
1 1
= Tpr(ﬂHu(l)) =1 Jrpr(lUr?fu(U)) -
We infer )
i[BY, xp)(e) = C(Z)l T pryQHuwy
where
C(z) = 1 _1]_% (L Hu(xpe)) — (xp[1) (1 Hu(e)) — (L Hu(xpe) + xp(1[Hu(e))
1 p
= (UHu(Xpe))(@ — 1) + (1 Hule)) (xp + @)
= =5, (POIHL ) + (H(e)))

We claim that H,(e) = xpHu(xpe). Indeed, from the assumption e €
E.(p) and x,e € Ey(p), we can write e = fH,(u,) with H(Vf) =vf
and [I(Ux,f) = Ux,f. From Lemma 2, we infer

H(xpe) = pUXpf Hu(uy) , Hule) = p¥ fH,(u,) .
This proves the claim. Since (1]x,) = —p, we conclude that C'(z) = 0.

Hence [BY, x,)(e) = 0. Arguing as in the previous section, we conclude
that [B,, x| Hu(u,) = 0.

It remains to consider the other eigenvalues. Let o € ¥k (ug). Denote
by u. the orthogonal projection of u on F,(c). We compute the deriv-
ative of u), = g2y (K2)(u) as before. From the Lax pair formula, we
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get

dus, = [cv, ]1{02}([(2)](10—1— H{g2}<K2)[BZvH“]<1)

dt
= Cll(ug) + Wyooy (K3) (B (u) — Cii(u) — H,(B(1)))
CY(ul) + ooy (K2) (iy* (u| Hyw? ) Hyw? + iy JY Hyaw?)
= CYul) +iyley (K2 Hw?
since (BY —CY)(h) = iy*(h|H,w?) H,w? and —yH2wY = w — 1 so that

(u| —yHw?) = (—yHjw?|1) = J¥ — 1.
We claim that

JY
(73) H{02}(K )(H wy) 1+y02u; .
Using K? = — (+|u)u one gets, for any f € L%

)

(7.4) (I+yH2) V= Ty KD f—y(THyH) ™ flu)(T+y K7) ™t
Applying formula (7.4) to f = u, we get

oyt = (I+yH2) " (u) =

hence

(7.5) HowY = JY(I +yK2) (u) .

Formula (7.3) follows by taking the orthogonal projection on F, (o).
Using Formula (7.3), we get

du!, JY
7.6 =CY .
(76) T = ) + i,
On the other hand, differentiating the equation
K, (u)) = oWu.

one obtains

[CY, KJ)(ul) + Ky (d“

/ /

dt

du,
= oW v
) oVu + o dt

From identity (7.5), we use the expression of = obtained above to get

o422 g ) = sy W)
1+ o2y 7 v o

The result follows once we prove that [CY, ¥](u.) = 0.
From the arguments developed before, it is sufficient to prove that

[CY, xp](f) =0 for any f € F,(0) such that x,f € F,(c). As before

CLx)(f) = i

C

ywY — iy? Hyw”
z 1—7pz

where
c=((xp — (xp[1)) flw?)

(T+y K~ (W) =y((T+y Hy) ™ (u)u) (T +y Kg) ™"

(u),
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and

¢ = (O = Ol ))fI Huw”).
Notice that w¥ = 1 — yH,wY, hence ¢ = —yc¢. Let us first prove that
¢ = 0. Using formula (7.5),

¢ = (pf ey (KG) Huw) = (xp 1) (f | Loy (K3) Huw")
JY
= TWQ((XP — (Xp|1) flu) =0,
since, as we already observed at the end of the proof of Theorem 8§,
F,(o)Nn1*+ = E,(0) = Fy(0) Nu* .
This completes the proof. O

We close this section by stating a corollary which will be useful for
describing the symplectic form on Vg, ... 4,)-

Corollary 2. On Vi, ... 4,), we have

7777
n

B . 2yJY 0
(7.7) Xp = ;H) e

The vector fields X ju,y € R, generate an integrable sub-bundle of rank
n of the tangent bundle of Vi4,....4,)- The leaves of the corresponding
foliation are the isotropic tori

T((s1,---80), (W, .., 0,)) =07 ({(s1,...,80)} x Sy x -+ x S'T,,) |
where (s1,...,8,) € Q and (Vq,...,V,) € Btﬁh X - X Bfln are given.

Proof. For every y € R, , Theorem 10 can be rephrased as the following
identities for Lie derivatives along X y.

2y JY
14 ys?’

This implies identity (7.7) on V.. 4,). Given n positive numbers

( T ) l.r

is invertible. This implies that, for every u € Vi,
subspace of T,,Vq4,

XJy(Sr) =0, XJy(X?") =0, XJ’J(@Z)T) = (_1)T

r=1,...,n.

77777 dn), the vector
dn) spanned by the X (U), y € R, is exactly

span i'r’—l n
p 8'1/}r’ — AR .

The integrability follows, as well as the identification of the leaves,
while the isotropy of the tori comes from the identity

{Jv. ]V} =0

.....
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which was proved in [8] and is also a consequence of identity A.1 and
of the conservation of the s,’s along the Hamiltonian curves of JY, as
stated in Theorem 10. U

In the next section, we identify the tori 7 ((s,), (V,)) above as classes
of some special unitary equivalence for the pair of operators (H,, K,).

8. INVARIANT TORI OF THE SZEGO HIERARCHY AND UNITARY
EQUIVALENCE OF PAIRS OF HANKEL OPERATORS

In this section, we identify the sets of symbols u € VMO, \ {0}
having the same list of singular values (s,) and the same list (x,.) of
monic Blaschke products, for the pair (H,, K,). In view of Theorem
3, these sets are tori. Moreover, VMO, \ {0} is the disjoint union of
these tori, and, from sections 6 and 7, the Hamilton flows of the Szegd
hierarchy act on them. We prove that they are classes of some specific
unitary equivalence between the pairs (H,, K, ), which we now define.

Definition 1. Given u,u € VMO, \ {0}, we set u ~ @ if there exist
unitary operators U,V on L2 such that

H,=UH,U", Kz =VK,V*,
and there exists a Borel function F : Ry — S' such that
Uu) = F(HZ)a , V(u) = F(KZ)u , UV = F(H;)F(K) .

It is easy to check that the above definition gives rise to an equiva-
lence relation.

Theorem 11. Given u,a € VMO, \ {0}, the following assertions are
equivalent.

(1) u~ a.
(2) Vr > 1,5,(u) = s,(a) and Iy, € T: V,.(a) = eV, (u) .

Proof. Assume that (1) holds. Then H?Z is unitarily equivalent to H2,
and K? is unitarily equivalent to K2. This clearly implies Yy (a) =
Yy(u) and Yk (u) = Xk (u), so that s,.(a) = s,.(u) for every r. Let us
show that, for every r, U,.(u) and ¥, (@) only differ by a phase factor.
Of course the only cases to be addressed are d, > 1. We start with
r =27 — 1. From the hypothesis, we infer

Uluy) = ULy, (Hy)(w) = L0y (HZ)(U(u) = F(p3)t;
and, consequently,
(8.1) U(Ho(u;)) = Ha(U(u;)) = F(pf) Ha(i;) -
Next we take advantage of the identity
UV = F(H;)F(K])
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by evaluating U*S*U on the closed range of H,. We compute
U*S*UH, = U'S"HU=U"K;U =U"VK,V*U
= F(H,)F(K;) K. F(K)F(Hy) = F(Hy)F(K;) K, F(Hy)
F(H)F(K)*S"F(H;)Hy
and we conclude, on Ran(H,),
(8.2) U*S*U = F(H>)F(K2)*S*F(H?) .

For simplicity, set D := Dy;_; and d := da;j_;. Recall from Proposition
1 that a basis of E,(p;) is

and a basis of F,(p;) = E.(p;) Nut is

Fora =1,...,dyj_1, we infer
a

UrS*U (%Hu(u») = 5 Hu(uy) |

or
d

U (Z—Z;Hu(uj)> = (%) (%Hu(uj)) La=0,....d.

This implies, for a = 0,...,d — 1, that the right hand side belongs to
Fi(p;). On the other hand, if P € C[z] has degree at most d, one easily
checks that

Notice that the right hand side belongs to F;;(p;) if and only if K(a;) €
Fi(pj) or P(0) = 0. Assume for a while that K;(@;) does not belong
to Fiu(p;). Then, writing
24 P .
U (EHu(Uj)) = 5 Ha(t;)
and using that, for a =0,...,d — 1,

)0 () € Pl

we infer P(0) = 0, and, by iterating this argument, that P is divisible
by 2%, in other words,

U (%Hu(%)) = C%Ha(ﬂj) :
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for some ¢ € C, and conclude

z° z® N
U (EH”(u]>) = CBH{L(U/]') ,a=0,...,d.

Comparing to formula (8.1) for U(H,(u;)), we obtain
cD(z) = F(p?)[)(z) .
Since D(0) = 1 = D(0), we conclude ¢ = F(p?), D = D, and finally
Woj—1(@) = F(p7)*Waj1(u) .
We now turn to study the special case K;(@;) € Fy(p;). This reads
0 = (K3 — p; D) Kaily) = Ka((Hg — p; 1)t — |l 0) = — || ||* Kz (@) -

In other words, this imposes Kg(%) = 0, or & = p¥, where VU is a
Blaschke product of degree d. Making V* act on the identity Kz (@) = 0,
we similarly conclude u = pW¥, where VU is a Blaschke product of degree
d, so what we have to check is that ¥ and U only differ by a phase
factor. In this case, S* sends F,(p) = Ran(H,) into F,(p), so that
(8.2) becomes, on Ran(H,),

U=s v =5".
In other words, the actions of S* on W := span (%, a=0,... ,d) and
on W := span <%, a=0,..., d) are conjugated. Writing

D(z) = [[(t=p2)™ ,

peEP

where P is a finite subset of D\ {0}, and m,, are positive integers, and
using the elementary identities

(5"~ pl) (ﬁ) =5 <ﬁ) |

one easily checks that the eigenvalues of S* on W are precisely the p’s,
for p € P, and 0, with the corresponding algebraic multiplicities m,,
and

m0:1+d—Zmp.

peP
We conclude that D = D, whence the claim.
Next, we study the case r = 2k. Then

V(u,) = F(op)y, , V(Ku(u})) = Flop) Ka(dy,) -
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Denote by P, the orthogonal projector onto m, and compute
V*PSVK, = V*P,SK;V =V*(H; — (a].)P;(1))V
= V'U(H, — (U (a)] . )U"(Pa(1))U"V

= F(KJ)F(Hg)(H, — (F(Hg)ul| . )F(H7)Pu(1)) F(Hg) F(K7)
F(KQ)F(H)*(Hy — (u] ) Pu(1)) F(K7)

F(IG)F(H,)*P.SK F(Ky) = F(KR)F(H)*P,SF(IG) K, |
so that, on Ran(K,),
(8.3) V*PSV = F(K?)F(H??P,SF(K?) .

For simplicity again, set D := Dy, and d := dy;. Recall from proposi-
tion 1 that a basis of F,(oy) is

and a basis of E,(0}) = Fy(0%) Nu’t is

Applying identity (8.3) to Suj, for a =0,...,d — 1, we infer

@ 1
Vv (%u%) = (PS)*V (5142) ,a=0,...,d.
In particular, the right hand side belongs to Ez(o%) for a = 1,...,d.
On the other hand, if @ € C|z] has degree at most d,

PS(% )—fyPSK( v+ R, Re Ei(og),

where yake_“z?k is the coefficient of 2 in Q). Therefore the left hand
side belongs to E;(oy) if and only if

0 = ~(Hf — opI)PaSKq(iy,)
Y(H; — oi D) (Ha(@,) — [|@]|* Pa(1))
= yopldl*Pa(1)
which is impossible. We conclude that v = 0, which means that the
degree of () is at most d — 1. Iterating this argument, we infer

1 1

for some ¢ € C, and finally
ZG ZG
V| =u, | = c=1 =0,...d.
(Duk) CDuk7 a )

Comparing to the above formula for V' (u},), we obtain

cD = F(c)D ,
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thus, since D(0) = 1 = D(0), we have D = D, ¢ = F(o?), and finally
Uor (1) = F(02)*Wor(u) .
Assume that (2) holds. Define F : Xy (u) U Xk (u) — S! by

2j—1 9 Yok

F(p2)=e "2 ; F(o}) =%

and, if necessary, we define F'(0) to be any complex number of modulus
1. Next we define U on the closed range of H,, which is the closed
orthogonal sum of E,(s,). Thus we just have to define

U: Eyu(sy) = Ea(s,).

Ifr=25—1, we set

(84) U ( DZ Hu(uj)) = F(p})

a a

z
Dy; 4

Ha(ﬂ]) , 4 = 0,...,d2j_1 .

2j—1
If r =2k and dy, > 1, we set
(8.5) U(Zb ) F( Q)Zb i b=1,....d
) —uy, | = F(o;)—u), , b=1,..., )
Dy " Dy, " 2
Using (8.4) we obtain
1 1— .
Uly)) = —U(Wyy1(u)Hy(uy)) = —F(p)Wa;1(u) Ha(;)
Pj Pj
1 5 N -
= ;F(Pi)%j—l(u)ﬂa(uj) = F(p)a; -
J

Consequently, we get
Ulu) =Y Ulu) =Y Flp})i; = F(HZ)a .
J J

A similar argument combined to Proposition 1 leads to
UH, = H;U.

Next, we prove that U is unitary. It is enough to prove that every map
U: E,(s;) = Eg(s,) is unitary, or that the Gram matrix of a basis of
E,(s;) is equal to the Gram matrix of its image. We first deal with
r = 25 — 1. Equivalently, we prove that, for a,b=0,...,dyj_; — 1,

b b

2% z z¢
H,(u;)|—H,(u;) | = | =——Hgz(u; H;(u; .
<D2j_1 ( J)‘DQj—l ( J)> (DQj—l ( ]>|D2j—1 ( ]>)

We set

2° 2P
Cafb = KHUO’L])‘—HU(U‘J) , a, b= O, e 7d2j71 -1 s
j—

and we notice that (_; = Zk , k= —dyj_1,...,d2j—1 . We drop the
subscript 27 — 1 for simplicity and we set

D(z) =1+ az+ -+ ag2’.
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As WH,(u;) is orthogonal to = H,(u;) fora = 0,...,d—1, and || H,(u;)||* =
p?TjQ, we obtain the system

(8.6) Ca—p Fa1Cg—p—1+---+ap=0,0=0,...,d—1,
' C0+G1C—1+"'+adC—d=p?T]2-

Lemma 9. Let ay,...aq be complex numbers such that the polynomaial
24+ a1297 4 -+ aq has all its roots in D. Then the system (8.6) has
at most one solution (i, k = —d...,d with (;, = (_.

Assume for a while that this lemma is proved. Since 7']»2 can be

expressed in terms of the (s,)’s — see (A.5), we infer that U : E,(p;) —
E;(p;) is unitary. Similarly, one proves that the Gram matrix of the

basis
Za

/
—uy, a=0,...,doy
Doy,

of F,(ox) only depends on the (s,)’s and on Dy. In particular,
U: Ey(or) = Ez(oy)

is unitary and finally is unitary from the closed range of H, onto the
closed range of Hj.

Next, we construct V' on the closed range of H, which is the orthogonal
sum of the F,(o) for 0 € Yy U Xg. Thus we just have to define
V:F,(0)— Ez(o) foro € ¥y UXk.

Ifr=25—1, we set

z® —, 9, 2° N
(87) \% (DQJ_lHu(U])) = F<pJ)D2]_1Hﬂ(u‘7) , 4= 17 ey d2j,1 .
If r =2k and dy, > 1, we set
2’ / 2 2’ -
(88) |4 D—Qkuk :F(UR)D—%UR s bzo,...,dgk .

Similarly, if 0 € Xk, we define V(uy) = F(0)d;. Using (8.8) we get
V(u,) = F(o?)a,,. Consequently,

V(u)=V(up) + > V(up) =F(K2)ii .
k

A similar argument combined with Proposition 1 leads to
VK, = K;V.

Using again Lemma 9, V' is unitary from the closed range of H, onto
the closed range of Hj.

Now we define U and V' on the kernel of H, which is either {0} or an
infinite dimensional separable Hilbert space. From Corollary 5 of Ap-
pendix A, the cancellation of ker H, only depends on the s,’s. There-
fore, ker H, and ker H; are isometric. We then define U = V from
ker H, onto ker H; to be any unitary operator.
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It remains to prove that U*V = F(H?)F(KZ). On ker H,, it is trivial
since U*V = I = F(0)F(0). Similarly, it is trivial on vectors

Za

Doy,

It remains to prove the equality for ug, u). We write
U'V(up) = FlopU' (i) = Flo)U" | ki Z
;= Uk
= F(o} Z ( /)]

= F(Hi)F(Ki)(uk) :

!/
u, ,a=1,...,dy .

= F(Uk)F(HQ)uk

A similar arguments holds for U*V (ug).

It remains to prove Lemma 9. It is sufficient to prove that the only
solution of the homogeneous system

(8.9) Ca—b +a1Cq—p—1+ - +a(p=0,0=0,...,d—1,
' Go+amC 1+ -+aq=0,

with (, = (_r ,k=0,...,d, is the trivial solution ¢ = 0.
We proceed by induction on d. For d = 1, the system reads

{C1+a1§0207 ;
Co+a1C1:O.

Since |a;| < 1, this trivially implies ¢y = (; = 0.
For a general d, we plug the expression

Ca = —(a1Ca—1 + -+ aalo)
into the last equation. We get

(8.10) Co+b1C; + -+ ba1(y 1 =0

with B
A — Aqaq—k

1 —|aqf?
Notice that from Proposition 4 of Appendix B, |a4| < 1 and the polyno-
mial 24 4+b,292+.. . 4+by_; hasallitsrootsinD. Forb=1,...,d—1,
we multiply by agq the conjugate of equation
G+ a1+ +agly-a=0

and substract the result from equation

Cap+a1Cip1+--+aip=0.

by = k=1,...,d—1.

This yields
Ca—p +01Cq—p—1+ -+ 041G =0 .
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Together with Equation (8.10), this is exactly the system at order d — 1
with coefficients by, ...,bs_1. By induction, we obtain

Go=C="=¢-1=0

and finally ¢4 = 0.
This completes the proof.

9. THE SYMPLECTIC FORM ON V4,  4,)

In this section, we prove the last part of Theorem 4, namely that the
symplectic form w restricted to V(g 4,) is given by

(9.1) w:Zd(%%) A di, .
r=1

Recall that the variable 1, is connected to the Blaschke product W,
through the identity

\Dr = eiw)TXr >

where Yy, is a Blaschke product built with a monic polynomial. Given
an integer k, we denote by B/,ﬁg the submanifold of By, made with Blaschke
products built with monic polynomials of degree k.

Let us first point out that we get the following result as a corollary.

Corollary 3. The manifold Vq, .. a,) is an involute submanifold of

V(d), where
d=2) d.+n.
r=1

Moreover, V4, ...a,) 18 the disjoint union of the symplectic manifolds

W(le .- -aXn) = (I)71<Qn X (SIXI Xoeee X Slxn)) )

82
“0)
( 2 1<r<n

are action angle variables for the cubic Szegd flow.

on which

Proof. From the definition of an involutive submanifold, one has to
prove that, at every point u of Vg4, .. 4,), the tangent space T, V(4 ....4,)
contains its orthogonal relatively to w. We use an argument of dimen-
sion. Namely, one has

dimg (T Vi, )" = dimg T,V(d) — dimg T, V4, . 4,

— 2d—(2n+2idr) :Qidr .
r=1 r=1
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One the other hand, from equation (9.1), the tangent space to the
manifold

F(u) =& * <{(Sr(u))} % He—iwr(u)Bgr>

is clearly a subset of (Tuv(dl,...,dn)>l- Since its dimension equals 2 d,.,
we get the equality and hence the first result. The second result is an
immediate consequence of the previous sections. O

Remark 2.

o As this is the case for any involutive submanifold of a sym-
plectic manifold, the subbundle (TV(, . .a.))" of TV(ay....dy) i
integrable. The leaves of the corresponding isotropic foliation
are the manifolds F(u) above.

e The Lagrangian tori of W(x1, . .., Xn) corresponding to the above
action angle variables are precisely the tori studied in section 8.

Now, we prove equality (9.1). We first establish the following lemma,
as a consequence of Theorem 10.

Lemma 10. On Vg, .. 4,),
— dl =) ANdy, + @ .
w rzl ( 9 ) 'QZ) +w

where, for any 1 <r <n,

=0.

&

i_o

aur

Proof. Taking the interior product of both sides of identity (7.7) with
the restriction of w to V4, ... 4,), we obtain

n

—d(log J*) = (1)’

r=1

On the other hand, from formula (A.7) in Appendix A,

2y

1+ ys?f%

n

dtog(7) = Y- 2 (5 )

r=1

Identification of residues in the y variables yields

Since

this completes the proof. O



MULTIPLE SINGULAR VALUES OF HANKEL OPERATORS 65

Since dw = 0, we have dow = 0. Combining this information with

1 = w =0, we conclude that

w=7r"F,
where 3 is a closed 2-form on ,, x [[_, Bflr, and

m(u) = ((sr(W))i<r<n, (Xr(Wr1<r<n) -

In order to prove that w = 0, it is therefore sufficient to prove that
@ = 0 on the submanifold

V(d17---,dn)71‘ed = ®71 (Qn X HB(ﬁir>
r=1

given by the equations ¢, =0, r=1,... n.

Lemma 11. The restriction of w to V4, ,...dn)red 15 0.

Proof. Consider the differential form « of of degree 1 defined
(a(u),h) := Im(ulh) .

It is elementary to check that

1

2da =w,
hence the statement is consequence of the fact that the restriction of
a to V,....d,)red 18 0. Let us prove this stronger fact. By a density
argument, we may assume that n = 2q is even, and that the Blaschke
products x,.(u) have only simple zeroes. Firstly, we describe the tangent
space of V(g, ... d,)red at a generic point. We use the notation of section
4.2.

Lemma 12. The tangent vectors to Vg, ... d.)red Gt a generic point u
where every x, has only simple zeroes are linear combinations with real
coefficients of uj, ujH,(ue), 1 < j,¢ < q, and of the following functions,
foreCand 1< g,k <q,

= z

uXQj—hC(z) = (g

1
1-pz Cz —p) uj(2) Hu(uj)(2) 5 Xxoj-1(p) =0,

@) = (G2~ 0 ) SRR | ) =0

We assume Lemma 12 and show how it implies Lemma 11. Notice
that

(uluy) = Nuyll*, (uluyHo(uy) = [[Ha(u)]?
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and therefore a(u) cancels on u;, u;H,(ur),1 < j,¢ < q. We now deal
with vectors 1, ¢.

(i) = ¢ (] Eustaug) (o 2

= ¢ (mtu)| ) ¢ (H2w)

Hu(uj))

uj
z2—p)

where we used that u;/(z —p) belongs to L3 . Since H(u;) = pju; and
p3|ui|* = [Hy(u;)|* on the unit circle, we infer

ﬁ u(%‘)) —¢ <iHu(uj)

(1) = ¢ (Hulu) [ )| )

and consequently

(0001 = 2 ¢ ()| () )

which is 0 for every (¢ € C if and only if

O@mﬂTigj@@p):o.

Let us prove this identity. Set

Notice that, since x2,_1(p) =0, v € E,(p;), and moreover

Therefore
(Hou(uj)|v) = (Hu(v)uy) = (Hu(v)|u) = (1HZ(v)) = p3(1]v) = 0 .
We conclude that

<a(u), uX2j717C> =0.
Similarly, we calculate

(i) = ¢ (o= mimi)) - (o 220y

1—p2 =
= <Ku(u2) ?'Zﬁzl(u(%)) —Z(Ku(u;) %) 7

where we have used that K,(u},)/(z — p) belongs to L%. We conclude
that

(0. ) = 2 ¢ (K (u)| =Rl )
which is 0 for every ¢ € C if and only if

Ting@p):o.
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Since | K, (u},)|> = o2|u}|? on the unit circle, we are left to prove

/ < /
— =0.
(“’“ = T?Zuk)
Set
1 /
w = —uy, .
1—-pz
We notice that w € F,(oy), and that zw € F, (o). Moreover,
1 — /
w = 1_7‘]9|2(p)<p + Duy,

therefore, setting xor := giXp,

Ok
1—|[pf?

Ok
Ky(w) = ?W(pgkuk + Xoktty) =

In particular,

(Ku(w)[1) = Ky(w)(0) = 0.

We now conclude as follows,

/

This completes the proof up to the proof of lemma 12.

ﬁu) = (uzw) = (ulzw) = (K, (w)[1) = 0.

(p + Xp)u;c = OLgrrW .

67

n

Let us prove lemma 12. We are going to use formulae from section

4.2, namely
q
u(z) = xo1(2)h(2)
j=1
where H(z) = (he(2))1<e<, satisfies

CHH(z) =1, Clz) = (Pe - UkZX2k(2)X2z—1(Z)> o

2 2
P¢ — O

If we denote by * the derivative with respect to one of the parameters

p;, o or one of the coefficients of the x,, we have

q

W(z) = ) (Xae-1(2)he(z) + X1 (2)he(2))

=1
with
H(z) = —C(2)"'C(2)H(2) -

In the case of the derivative with respect to p;, one gets

(=DM AR (2)(0F + 0F — 20kp2X25-1(2) X2k (2))

he(z) = hi(2) det C(2) (02 — 02)?

k=1

Y
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and therefore, from formula (4.16),

(p? + a,% — QO'kijX2j—1(z)X2k<z>>

a(z) = hy(2) ) uh(z)

P (0] — 03)?
Ho(uy)(2) 5~ P+ 0%, 2, (1)) (2)
= up(z) — 2pju;(z) E —
pi =t PN (2 — a})?

Observe that
2Ky (uy)(2) = [SS* Hu(u)))(2) = Hu(uwp)(2) — &7

and that uj, is a linear combination with real coefficients of u, in view
of (2.1). We infer that, in this case, @ is a linear combination with real
coeflicients of u; and w,, H,,(ue).

In the case of the derivative with respect to o, one similarly gets

_ N (o T Ael2) (2xej-a (2 )sz(Z)(P§+U§) — 203,p;)
=2 () det C(2)(p2 — 07)? ’

and therefore, from formula (4.16),

ZX2] 1 )X%(Z’)(/}? + 0,%) — 201p;
Zh —
(Pj - Uk)

— i P+ o) u] ?) 20ku;(z)i7[{;<uj)<2§2 ,

p]_a j=1 (p]_ak

Ww(z) =

J=1

which is a linear combination with real coefficients of u; and w;H,(ue).
In the case of a derivative with respect to one of the zeroes of x;_1,
we obtain a simpler identity,

Loy 2 Xeim(®) (=DM A (2) 20k x0(2)
hﬁ(z) - XZj—l(Z) ]( ) £ det C(Z)(pz — 0_]%) )

and therefore, from formulae (4.16), (2.1) and (A.11),

: _ XZJ 1(2)
U(Z) - Xaj— 1(2) +ZX2€ 1
_ Xei-1(2) () H ( ])(Z)
X2j-1(2) 77 '

In the case of a derivative with respect to one of the zeroes of yor, we
obtain similarly,

o) = X2(2) (CD A (212K ()2
¢ Xak(2) det C(z) ’
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and therefore
q
u(z) = ZX%—l(Z)hf(Z)
=1

Xon(2) wy(2) 2K (1) (2)

X2k (2) K,

The proof of Lemma 12 is completed by observing that, since y, is a
product of functions x,, for [p| < 1, x,/x, is a sum of terms of the form

- =z 1
(gl—ﬁz _Cz—p)

APPENDIX A. SOME BATEMAN-TYPE FORMULAE

where ( := p.

Let u € VMO4. Denote by (p;) the decreasing sequence of elements
of Xy (u), and by (0?) the decreasing sequence of elements of Y (u).
Recall that both sequences are either finite or infinite, with the same
number of elements, and we have

2 2 2
pi> 01> py > ...

Denote by u; the orthogonal projection of u onto E,(p;) = ker(HZ —
,0?] ), and by 7; the norm of w;. Similarly, denote by uj, the orthogonal
projection of u onto Fy(0y) := ker(K2—o21), and by ry, the norm of u},.
In this section, we state and prove several formulae connecting these
sequences. These formulae are based on the special case of a general
formula for the resolvent of a finite rank perturbation of an operator,
which seems to be due to Bateman [1] in the framework of Fredholm
integral equations. Further references can be found in Chap. II, sect.
4.6 of [10], section 106 of [2] and [20], from which we borrowed this
information.

Proposition 3. The following functions coincide respectively for x out-
side the set {p%} and outside the set {25}
j 2

1 — xo0? T2

Al L —1 J
(A1) 1:[1—55/)2 +x;1—xp?

1—xp? K2

A2 L —1— J
(A2) Hl—xcr? x(Zl—xcr?)

Furthermore,

(A.3) 1—2%:1‘[0—5,
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2

o*
and, if H —g =0,
i P
T2 1 o?
(A.4) Z ==11=-.
zj: P Pl 1:[ P
The 7']-2 s are given by
2 2
2 2 2 Pj — 9k
(A.5) Tj:(pj_aj)H 5
ki P Pl
and the K3’s by
o} — i
(A.6) k= (o — o) ] S
k#j Ik

Proof. For z ¢ {%}, we set

J(x) = (I —xH3) ™ (D).

We claim that
1 — xo?
(A7) Jx) =] L.

. 1 —zp;

Indeed, let us first assume that H2? and K2 are of trace class and
compute the trace of (I —xH2)™! — (I — zK?)~!. We write

(T—aH2)™ —(I—2K2)7(f) = ﬁwf—xffz)lu)«f—wz)lu.
Consequently, taking the trace, we get
Te[(I — 2H2) ™ — (I —2K?) Y] = ﬁnu — 2H?) ),

Since, on the one hand
I( — wH) ™ ull® = (I — 2 Hy) T Hi(1)[1) = J'(x)
and on the other hand

Te[( —2H?) ™ — (I — 2K = 2Te[H2(I —xH>) ™' — K2(I — 2K*)™!

2

2
_ Pi 9
B xZ(l—p?x l—crjzx) ’

J

where we used proposition 2. On the other hand,

(A8 Y (1 _pigx - 1_05—;:5) - i(@ F {piié} |

j J

This gives equality (A.7) for H? and K? of trace class. To extend

this formula to compact operators, we remark that > j(p? — ajz) con-

verges since 0 < p? — 07 < p5 — p5, and (p}) tends to zero from the
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compactness of H2. Hence the infinite product in formula (A.7) and
the above computation makes sense for compact operators.
On the other hand, for = ¢ {%}, if 7; denotes the norm of w;,
J

J@) = ((I—aH}) " ()[1) = 1+ 2((I — o H;) ™ (u)|u)

= T (=2 ) (w)lw) =142y 1= ép‘%

J

hence
2

1 — x0% T2
A9 =1 J

5 -
J Pi

<

SN

Passing to the limit as = goes to —oo in (A.1), we obtain (A.3). If
we assume that the left hand side of (A.3) cancels, then (A.1) can be

rewritten as ) )

1 —zo7 T
J J
Hl—xp2 _Z/J?(l—xpi) '

J J

Multiplying by z and passing to the limit as = goes to —oo in this
new identity, we obtain (A.4). Furthermore, we multiply both terms
of (A.1) by (1 —zp) and we let 2 go to 1/p7. We get

2

p;—o
szz(pg_ag)l‘[p;_pg.
k#j

For Equality (4.5), we do almost the same analysis. First, we establish
as above that

1

Ty = LU )T ) =1 - xzk:

2
Ky

2
1 — o}

where k7 = [|u}||*.
Identifying this expression with

1 l—xp?
J(z) _Hl—x02

i J

we get

t

As a consequence of the previous lemma, we get the following couple
of corollaries.

Corollary 4. For any k,r > 1, we have
2

T
(A.10) S R
VAL
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(A.11) > 2’{1 ;=1

j Py — O]
72 1
(A.12) J = — O
P T i
/{2 1
A.13 J = — 0k,
(A.13) D e L

J

Proof. The first two equalities (A.10) and (A.11) are obtained by mak-
ingz =% andx = pl respectively in formula (A.1) and formula (A.2).
For equahty (A.12) in the case k = r, we first make the change of vari-
able y = 1/z in formula (A.1) then dlfferentlate both sides with respect
to y and make y = o2. Equality (A.13) in the case k = r follows by
differentiating equation (A.2) and making = = p%. Both equalities in

the case m # p follow directly respectively frommequality (A.10) and

equality (A.11). O
Corollary 5. The kernel of H, is {0} if and only if
o2 a2
11 5 =0, 7 =
T j Piv
Proof. By the first part of theorem 4 in [10] — which is independent

of multiplicity assumptions— , the kernel of H, is {0} if and only if
1 € R\ R, where R = Ran(H,) denotes the range of H,. On the other

hand,
ve Yy = 3 Pl
; ; Pi

hence the orthogonal projection of 1 onto R is

Huuj
5 Hulw)

TR

Consequently, 1 € R if and only if

P]’.
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and 1 € R if and only if the series > Uy / ,0? converges, which is equiv-

alent to
72
Y Z<oo.
pA
5 P
Hence 1 € R\ R if and only if
2 72
—j2 = 1 s —j4 = 0 s
7 P 7 P
which is the claim, in view of identities (A.3) and (A.4). O

APPENDIX B. THE STRUCTURE OF FINITE BLASCHKE PRODUCTS

In this appendix, we describe the set By of Blaschke products of
degree d. Every element of B; can be written

U=e"y,
where ¢ € T and x € Bg is a Blaschke product of the form
P(z)
X(Z) - Zd? (%) )

where P(z) = 2%+ a;2471 + --- + a4 is a monic polynomial of degree
d with all its zeroes in the open unit disc . Conversely, if P is such
a polynomial, then x is a Blaschke product of degree d. We denote
by Oy the open subset of C? made of such (ay,...,ay). The following
result is connected to the Schur—Cohn criterion [26], [0], and is classical
in control theory, see e.g. [15] and references therein. For the sake of
completeness, we give a self contained proof.

Proposition 4. For every d > 1 and (ay,...,aq) € C, the following
two assertions are equivalent.

(1) (al,...,ad) S Od .
(2) |aq| <1 and

(w) co, ..

1 — |aq|? 1<k<d—1

In particular, for every d > 0, Oy is diffeomorphic to R??.
Proof. Consider the rational functions

2+ a2 et ay

1+ @z + -+ g2t

X(z) =

. x(z) — x(0) 2 b2 4 by Qj — Aglg—_k
R = ML T bt B i

1 —x(0)x(z) IL+biz+---+bj_12 1 — |aql
If (1) holds true, then x € By, which implies

(B.1) VzeD, |x(z)| <1, |x(e)=1.
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In particular, x(0) = a4 € D, and therefore the numerator and the
denominator of Yy have no common root. Moreover,

(B.2) VzeD, |x(z)| <1, %) =1.

This implies ¥ € By, hence (2). Conversely, if (2) holds, then x satisfies
(B.2) and has degree d, hence
X(2) + aq

x(2) = 1+ agx(z)
satisfies (B.1) and has degree d, whence (1).

The second statement follows from an easy induction argument on d,
since O; = D is diffeomorphic to R2. O

APPENDIX C. TWO RESULTS BY ADAMYAN—AROV—-KREIN

In this appendix, we recall the proof of two important results by
Adamyan—Arov-Krein, which have been used throughout our paper.
The proof is translated from [1] into our representation of Hankel op-
erators, and is given for the convenience of the reader.

Theorem (Adamyan, Arov, Krein [1]). Let u € VMO, \ {0}. Denote
by (s, (u))k>0 the sequence of singular values of H,, namely the eigen-
values of |H,| := \/?3, in decreasing order, and repeated according to
their multiplicity. Let k > 0, m > 1, such that

Spa(u) > sp(u) = - = s 1 (u) = 5> 80, (u)
with the convention s_,(u) := +0o0.
(1) Foreveryh € E,(s)\{0}, there exists a polynomial P € C,,_1][z]
such that
sh(z) P(z)

VzeD, Ho(h)(2) = gy~ (%) )

(2) There exists a rational function r with no pole on D such that
tk(H,) =k and

|\H, — H.|| = s .

Proof. We start with the case & = 0. In this case the statement (2)
is trivial, so we just have to prove (1). This is a consequence of the
following lemma.

Lemma 13. Assume s = ||H,||. For every h € E,(s) \ {0}, consider
the following inner outer decompositions,

h=ahy, s 'Hy(h) =bfy .
If ¢ is an arbitrary inner divisor of ab, ab = cc’, then chy € E,(s), with

(C.1) H,(chy) = sc' fo , Hu(c fo) = schy .
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In particular, a,b are finite Blaschke products and
(C.2) deg(a) + deg(b) + 1 < dim E,(s) .

Furthermore, there exists an outer function hg such that, if m =

dim E,(s),

(03) Eu(S) = Cm_l[Z]hQ s
and there exists ¢ € T such that, for every P € C,,_1[z],
< — /(1
(C4) H,(Phg)(z) = se"?z™ 1P <—) ho(2) -
z

Let us prove this lemma. We will need a number of elementary
properties of Toeplitz operators T;, defined by equation (6.2), where b
is a function in LY := Li N L*>°, which we recall below. In what follows,
b denotes a function in L and w € BMO,.

(1)
H,Ty = T;H, = Hr, .

(2) If [o] <1 on S,
H? > T;HT, .
(3) If || = 1 on S', namely b is an inner function,
Viell, f=TLf < |fl =T
Indeed, (1) is just equivalent to the elementary identities
I(ubh) = TI(bIT1(uh)) = T((T(bu)h) .
As for (2), we observe that T, = T} and
TRl < lIBRI < [IA]] -
Hence, using (1),
(Hahlh) = (TGHTyh|h) = [ Hu(h)||* = | T5H.(R)]* > 0 .

Finally, for (3) we remark that, if b is inner, 737, = I and T,T5 is
the orthogonal projector onto the range of T}, namely bL3. Since

T3l = [T T511], (3) follows.
Let us come back to the proof of Lemma 13. Starting from
Hy(h)=sf, H(f)=sh, h=ahy, f=0bfy, ab=cc
we obtain, using property (1),
Ty H,(chy) = H,(cc'hy) = TyH,(h) = sfy -
In particular,
| Hu(cho)ll > [T Hy(cho)l| = sl foll = sILFIl = sliAl = sllcholl -

Since s = ||H,||, all the above inequalities are equalities, hence chy €
E,(s), and, using (3),

H,(chy) = T.,ToH,(chy) = sc fo .
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The second identity in (C.1) immediately follows. Remark that, if W
is an inner function of degree at least d, there exist d + 1 linearly
independent inner divisors of ¥ in L°. Then inequality (C.2) follows.
Let us come to the last part. Since dim E,(s) = m, there exists h €
E.,(s) \ {0} such that the first m — 1 Fourier coefficients of h cancel,
namely

h=2""h.
Considering the inner outer decompositions

h = ahy , H,(h) = sbfy ,

and applying the first part of the lemma, we conclude that deg(a) +
deg(b) = 0, hence, up to a slight change of notation, a = b = 1, and,
for ¢ =0,1,...,m—1,
Hu(z'ho) = 2" fo . Hy(2™ 7 fo) = s2'hy .
This implies
Eu(S) = Cm_l[Z]hQ = Cm_l[Z]fo .

Since ||hol] = ||hll = ||f]] = IIfoll, it follows that f; = e*hg, and
(C.4) follows from the antilinearity of H,. The proof of Lemma 13 is
complete.

Let us complete the proof of the theorem by proving the case s < ||H,||.
The crucial new observation is the following.

Lemma 14. There exists a function ¢ € L™ such that |¢| =1 on S,
and such that the operators H, and Hgyg) coincide on E,(s).

Let us prove this lemma. For every pair (h, f) of elements of E,(s)
such that H,(h) = sf, H,(f) = sh, we claim that the function

_/
¢ T E )
does not depend on the choice of the pair (h, f). Indeed, it is enough
to check that, if (A/, f') is another such pair,

B = fh .
In fact, for every n > 0,
S(FR") = (Hu(h)|S™H) = ((S*)"Hu(h)|W) -
= (Hu(S"h)|W) = (Hu(I)]|S"h) = s(f'h|2") .

Changing the role of (h, k') and (f, f'), we get the claim. Finally the
fact |¢| = 1 comes from applying the above identity to the pairs (h, f)
and (f,h). Then we just have to check that, for every such pair,

Hong)(h) = sIL(I(¢)h) = sTL(¢h) = sf .
This completes the proof of Lemma 14.
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Let us come to part (2) of the Theorem. Introduce

v = sll(¢) .
We are going to show that r := u — v is a rational function with no
pole on D, rk(H,) = k and
|H, — H.|| = s .

Since, for every h € L2,
H,(h) = sIl(¢h) ,
we infer ||H,| < s, and from E,(s) C E,(s), we conclude
[Holl =5 .

Because of (1.6), H, and H, coincide on the smallest shift invariant
closed subspace of L3 containing E,(s). By Beurling’s theorem [7],
this subspace is aL? for some inner function a. Then H, = 0 on aL?,
hence the rank of H, is at most the dimension of (aL%)*. Since

[Hoy = Hpll = [ Holl = 5 < 551 (w)

the rank of H, cannot be smaller than k, and the result will follow by
proving that the dimension of (aL2)* is k.
We can summarize the above construction as

HTgu =HT1,=H,]T, = HTgv .

The above Hankel operator is compact and its norm is at most s. In
fact, if H,(h) = sf , H,(f) = sh, with f = af, it is clear from property
(1) above that

HTEU(h'> =sf, HTEU(JC) = sh .
In particular,

[Hrpull = s -

Applying property (C.1) from Lemma 13, we conclude that there exists
an outer function hg such that

chy € Er(s)

for every inner divisor ¢ of a. Moreover, a is a Blaschke product of
finite degree d. Since hg is outer, it does not vanish at any point of
D, therefore, it is easy to find d inner divisors cy, ..., cq of a such that
ciho, ..., cqhg are linearly independent and generate a vector subspace
E satisfying

Enal® ={0} .
Consequently, we obtain

Eo E.(s) C Eru(s),
whence

(C.5) d :=dim Er(s) >d+m .



MULTIPLE SINGULAR VALUES OF HANKEL OPERATORS 78

On the other hand, by property (2) above, we have
H%Eu = TaHgTa < HS )
therefore, from the min-max formula,
vn, s, (Tou) < s, (u) .
In particular, from the definition of d’,
s =sy_1(Tqu) < 594 (u) ,

which imposes, in view of the assumption, d — 1 < k+m — 1, in
particular, in view of (C.5),

d<k.
Finally, notice that, since a has degree d, the dimension of (aLi)l is
d. Hence, by the min-max formula again,

H,(h

sqg(u) < sup M < s < s, q(u) .
nearz\foy |7l
This imposes d > k, and finally
d=k,d=k+m,

and part (2) of the theorem is proved.
In order to prove part (1), we apply properties (C.3) and (C.4) of
Lemma 13. We describe elements of Er.,(s) as

h(z) = Q(2)ho(2)
where h is outer and @ € Cyyn-1[z]. Moreover, if h € E,(s), then
h = ah, H,(h) = saf, where h, f € Ez_,(s). This reads

Q(2) = a(2)Q(=) ,

If we set D (1

D (L

)= 5
where D € Ci[z] and D(0) = 1, and D has no zeroes in D, this implies
Q) = D G) P(z), PeCuil].
Moreover,
Hro(h)(2) = se2™ 10 (é) ho(2) = se*D(2)2" P (%) ho(z) ,
and
Ho(h)(2) = a(2) Hpa(h)(2) = s6#25D G) 1P G) ho(2)

Changing P into Pe~/2 this proves part (1) of the theorem. O
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