N

N

Sharp low frequency resolvent estimates on
asymptotically conical manifolds

Jean-Marc Bouclet, Julien Royer

» To cite this version:

Jean-Marc Bouclet, Julien Royer. Sharp low frequency resolvent estimates on asymptotically conical
manifolds. Communications in Mathematical Physics, 2015, 335 (2). hal-00943287

HAL Id: hal-00943287
https://hal.science/hal-00943287
Submitted on 7 Feb 2014

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-00943287
https://hal.archives-ouvertes.fr

Sharp low frequency resolvent estimates on asymptotically
conical manifolds

Jean-Marc Bouclet & Julien Royer
Institut de Mathématiques de Toulouse
118 route de Narbonne
F-31062 Toulouse Cedex 9
jean-marc.bouclet@math.univ-toulouse.fr
julien.royer@math.univ-toulouse.fr

Abstract

On a class of asymptotically conical manifolds, we prove two types of low frequency esti-
mates for the resolvent of the Laplace-Beltrami operator. The first result is a uniform L? — L2
bound for (r)~'(—=Ag — z)"'(r)~! when Re(z) is small, with the optimal weight (r)~'. The
second one is about powers of the resolvent. For any integer N, we prove uniform L? — L2
bounds for {er) ™Y (—e2Ag—Z) " (er) ™" when Re(Z) belongs to a compact subset of (0, +-00)
and 0 < € < 1. These results are obtained by proving similar estimates on a pure cone with
a long range perturbation of the metric at infinity.

1 Introduction and main results

The long range scattering theory of the Laplace-Beltrami operator on asymptotically Euclidean or
conical manifolds has been widely studied. It has reached a point where our global understanding
of the spectrum, in particular the behaviour of the resolvent at low, medium and high frequencies,
allows to extend to curved settings many results which are well known on R". We have typically in
mind global in time Strichartz estimates [33, 22, 26, 18, 36] or various instances of the local energy
decay [2, 4, 34, 35, 6, 32, 8] which are important tools in nonlinear PDE arising in mathematical
physics. We refer to the recent paper [32] which surveys resolvent estimates (or limiting absorption
principle) and some of their applications in this geometric framework.

In this picture, the results on low frequency estimates are relatively recent, compared to the
longer history of the high frequency regime, and some of them are not yet optimal. The main
result of this paper is a low frequency bound for the resolvent of the Laplace-Beltrami operator
with sharp weight. The interest is twofold. On one hand, we obtain the same type of sharp
inequality as on R™ for a general class of manifolds which contains both R™ with an asymptotically
flat metric and the class of scattering manifolds (see [23, 24]). On the other hand, in the spirit of
the applications quoted above, our result can be used in the proof of global Strichartz estimates:
it allows to handle in a fairly simple and intuitive fashion the phase space region which cannot be
treated by semiclassical (or microlocal) techniques.

Let us describe more precisely our framework and our results.

In this paper we consider an asymptotically conical manifold (M, G), that is a Riemannian
manifold isometric outside a compact subset to a product (Rp,+o0) x S, with (S, hg) a closed
Riemannian manifold, equipped with a metric approaching the conical metric dr? 412hg as r — oo.



More precisely this means that for some compact, connected manifold with boundary X € M and
some Ry > 0, there is a diffeomorphism

k:M\K2>m— (r(m),w(m)) € (Ro,+00) x S, (1.1)
through which the metric reads
G = k" (a(r)dr® 4 2rb(r)dr + r*h(r)) (1.2)

with @ = 1, b — 0 and h — hy as r — oo in the following sense: for each r > Ry, a(r) is a
function on S, b(r) is a 1-form on S and h(r) is a Riemannian metric on S, with a(-), b(:) and h(-)
all depending smoothly on r so that, for some p > 0,

102 (a(r) = Dllro(s) + [1020(r)|ri sy + |0 (h(r) — ho)llrz(s)y S 77777, (1.3)

where, for k = 0,1,2, || - |[pr(s) is any seminorm of the space of smooth sections of (T*8)®". In
usual terms, this means that G is a long range perturbation of x*(dr? +72hg) near infinity. In (1.1)
r is the first component of k. It defines a coordinate on M \ K taking its values in (Rp,c0). We
also assume that x is an homeomorphism between M \ K and [Ry,00) x S. We may then assume
without loss of generality that r is a globally defined smooth function which is proper!, but which
is a coordinate only near infinity. This allows us to define the weights (r)* = (1 4 r2)*/2 globally
on M.

Our definition is more general than the one of scattering metrics [23, 24] and than the one used
in [32, Definition 1.4] where h has a polyhomogeneous expansion at infinity. It also covers the
usual case of long range perturbations of the Euclidean metric as considered in [3, 5, 6].

We will allow the possibility for M to have a boundary. We thus introduce C° (M), the set of
smooth functions vanishing outside a compact set (these functions do not need to vanish on M),
and C§°(M) = C°(M \ OM) the subset of those which also vanish near M. We let P be the
Friedrichs extension of —Ag on C§°(M). Tt is self-adjoint on L?(M) = L*(M, dvolg). If M has
no boundary, it is the unique self-adjoint realization of —Ag and if M is non empty it is the
Dirichlet realization. We assume that M is connected to ensure that

0 is not an eigenvalue of P. (1.4)
Our assumptions also imply that
x(P +1i)~!is compact on L*(M), for all x € C=(M). (1.5)

We let n = dim(M) and assume everywhere that n > 3.
Our first main result is the following.

Theorem 1.1. There exist £g > 0 and C > 0 such that, for all z € C\ R satisfying |Re(z)| < €,

[|[(r) (P —2)" M S C

-1
(r) HLQ(M)HLQ(

In [15, 5, 3, 16, 6, 17, 32]), uniform estimates on (r)~5(P — z)~'(r)~* (for |Re(z)| small) were
proved for s > 1. The novelty of this result is that we use the weight (r)~! which is sharp. We also
cover more general manifolds than the ones considered in the aforementioned papers. To see the
sharpness, we consider the flat Laplacian on R™. If we could replace the weight (r)~! in Theorem

Li.e. v~ 1([r1,72]) is a compact subset of M for all 71 < 7o



1.1 by {(r)=% for some s < 1, then by letting z — 0, we would obtain the L? boundedness of
(1+ |2])"*A7Y(1 + |z|)~* (A~! being understood as the Fourier multiplier by —|¢|~2) and then,
by rescaling, we would have

< 62725

|2 + )7 AT (o] + 1)~ = |(lzl + )T AT (2l + ) 7| o 0 S

’ ‘ ’LZHLZ
hence see that (1 + |x])"*A~1(1 + |2|)~* = 0 which is obviously wrong.

This result is satisfactory for it answers the natural question of what the optimal weight is,
but it also has useful applications, in particular to the study of global in time Strichartz estimates
which we describe below.

Our second main result is the following.

Theorem 1.2. Fiz an integer N > 1 and a compact interval [Ey, Es] C (0,00). There exist C > 0
and €y > 0 such that

|[(er)=N (2P — Z)_N(er C, (1.6)

-N
) HLZ(M)%LZ(M) =
for all Z € C\ R such that Re(Z) € [E1, E3] and all € € (0, ¢).

These estimates are low frequency inequalities for they are equivalent to the spectrally localized
versions

[[(er)™ (2P = 2) 6 2P)er) ™ || 12y sz a) < C

)= L3(
for any ¢ € C§° which is equal to 1 near [Ej, Es], that is when Pis spectrally localized near
[€2E1, €2F5). Let us remark that for the Laplacian on R™, Theorem 1.2 follows directly from the
usual estimates on (r) =N (—=A—Z)~N(r)=¥ by a simple rescaling argument. Such a global rescaling
argument is of course meaningless on a manifold, but Theorem 1.2 says that this scaling intuition
remains correct.

We will explain below to which extent Theorem 1.2 is complementary to Theorem 1.1. Before
doing so, we record a last result which is a byproduct of our analysis but which is also interesting
on its own.

Theorem 1.3. Fiz s € (0,1/2). There exist g > 0 and C' > 0 such that, for all z € C\ R
satisfying |Re(2)| < eo,

109727 (P = 2720 o gy s sy < CIRe(2)™ (L7)

The estimate (1.7) is nearly sharp with respect to |Re(z)|*~! in dimension 3 (one can take

exactly s = 1/2 in the asymptotically Euclidean case [6], but this is not clear if S # S?) but
certainly not in higher dimensions (see [6] where we get better estimates in higher dimensions in
the asymptotically Euclidean case). To get sharper estimates, one would need to use improved
Hardy inequalities (e.g. improve Lemma 3.14 to be able to consider higher order derivatives in
higher dimensions). We did not consider this technical question since the main focus of this paper
is on Theorems 1.1 and 1.2 for which Theorem 1.3 will be essentially a tool.

We now discuss some motivations and applications of Theorems 1.1 and 1.2. The first applica-
tion is on the global smoothing effect.

Corollary 1.4. Assume that M has no boundary and has no trapped geodesics. Then, there exists
C > 0 such that

[ 7105 PP g e < ol o
R



We state this result in the case of boundaryless manifolds only for simplicity. However, it
extends to manifolds with boundary, under the non trapping condition for the generalized billard
flow of Melrose-Sjostrand (see [25] and [10] for related problems).

On manifolds, the local in time version of this corollary is classical (see e.g. [13]). We refer
to [1, 21] for the global in time version in the flat case. Here we derive a global in time version
with the sharp weight (r)~!. According to the standard approach, Corollary 1.4 follows from the
resolvent estimates

[y~ (P — A tie)™? CAV2 XeR, e>0, (1.8)

(r) 1HL2(M)—>L2(M) <
and the Kato theory of smooth operators [31]. The resolvent estimates (1.8) follow from [11] at high
energy, using the non trapping condition, from Theorem 1.1 at low energy and, when A belongs
to any compact subset of (0,00), from the standard Mourre theory [28, 20, 14] combined with the
absence of embedded eigenvalues for P (see [19]).

We next consider Strichartz estimates, which is the main original motivation of this paper. The
related results will appear in a forthcoming paper [7] but we explain below why Theorems 1.1 and
1.2 are relevant to handle the contribution of low frequencies. In particular, we will see where
using the weight (r)~! is crucial.

Assume that f € C§°(0,00) is fixed and that we wish to prove spectrally localized (at low
frequency) Strichartz estimates of the form

- 1/2
( / ||f<e2P>e”Puo||iz*<M>dt) < Ofuoll=r0 (1.9)

for some C independent of 0 < e < 1. Here 2* = 2n/(n — 2). Choosing x € C5°(R) which is
equal to 1 near 0, we split u.(t) := f(e 2P)e’Pugy as the sum x(er)uc(t) + (1 — x)(er)uc(t). By the
homogeneous Sobolev estimate, we have

Ve (x(er)ue(t))]| 2

[leder) ~Muc(t)] 2

[1{r) " ue(®)]] -

The second estimate is not completely obvious (it is proved in [7] but is slightly too technical to
be reproduced here). Heuristically, it follows from the fact that

Ve (x(erjue®)llz: < llex'(er)ue(t)) ||z + [[x(er) Vaue(t))]| L2
S llex/(eryue(®)l]z2 + llex(er)(€72P) 2uc (1)) ] 2

[[x(er)ue ()] L2x (m)

I ZARZANRZAN

by formally replacing Vg by PY/2(= e(e=2P)'/2). The point we want to emphasize here is that
the homogeneity in P'/2 combined with the spectral localization f (G_QP) allows to gain precisely
one power of ¢ which, combined with the localization x(er) allows to gain a decay of order (r)~!.
Then, by using Corollary 1.4 which implies that

- 1/2
( / ||<r>1f<e2P>e”Puo||%z<M>dt) < Ofuol 2,

we get immediatly

. 1/2
([ (e 21wl ytt) < Cllunloe



This argument uses crucially the sharp weight (r)~! of Theorem 1.1. To get (1.9), we next need
to consider (1 — x)(er)f(e2P)e"Pug. The corresponding analysis is far too long to be explained
in detail in this paper, however we mention the following key idea. The interest of the localization
(1—x)(er) f(e~2P) is that, in the phase space, it corresponds to a region where |¢|g ~ e and 7 > e~ !
which shows, on the basis of the uncertainty principle intuition, that we can use microlocal methods
(typically the Isosaki-Kitada techniques as in [9, 27]). To implement this intuition concretely, we
use that the spatial localization 1 — x(er) allows to rescale our problem by a factor ¢! to work
at frequency 1, away from a compact subset of M. We can then prove the relevant dispersion
estimates by means of microlocal parametrices, whose remainders are controled thanks to the
approriate resolvent (or propagation) estimates given by Theorem 1.2. In summary, the interest
of our results for Strichartz estimates are on one hand Theorem 1.1 which controls the uncertainty
region {|¢|g ~ €,7 < €71} and on the other hand Theorem 1.2 which allows to study {|¢|g ~ €,7 2
€'} via rescaling and microlocal techniques.

The paper is organized as follows. In Section 2, we prove Theorems 1.1, 1.2 and 1.3 assuming
analogous inequalities on a model operator Pr. These estimates on Pr follow from a suitable
version of the Mourre Theory on a cone. This theory is described in Section 3 and applied in
Section 4 to prove the results used in Section 2.

2 Proofs of the main results

The basic idea to prove Theorems 1.1, 1.2 and 1.3 is to extrapolate M \ K ~ (Rp,00) x S into a
pure cone My = (0,00) X S, where one can use a global scaling argument to reduce the proof to the
case of estimates at frequency 1. The contribution of K is then treated by means of a compactness
trick, using that 0 is not an eigenvalue of P.

We record here the main steps of this analysis and then derive the proofs of Theorems 1.1, 1.2
and 1.3.

Proposition 2.1. We may assume that the diffeomorphism k in (1.1) is such that
dvolg = &*(r"~drdvoly,), on M\ K. (2.10)

More precisely, we can find a new K € M, a new diffeomorphism & and a new proper function
7 M — [0,00), such that (1.1), (1.2), (1.3) hold with (k,7), such that (r)/(7) is bounded from
above and below on M by positive constants, and such that dvolg = K* (7"~ *drdvolp,) on M\ K.

Proof. See Section 4.

The interest of working with the density 7"~ !drdvoly, is that, on the cone (0, 00) x S, the group
(e")er of L? scalings (see (3.9)) is unitary on L?((0,00) x S,r"~1drdvoly,). This guarantees
that both A and a suitable extrapolation Pr of P on (0,00) x S (see Proposition 2.3 below) are

self-adjoint with respect to the same measure.
We next record useful results related to the Hardy inequality. We define the operator

PY2= f(P), (N =1L(g o) (NATZ

by means of the spectral theorem (see e.g. [30, p. 263]). It is an unbounded self-adjoint operator
and it is a routine to check that it maps its domain into the domain of P'/2. Moreover, we have

PY2p=Y2 — 1 on Dom(P~1/?), (2.11)

which is a consequence of the spectral theorem and the property (1.4).



Proposition 2.2. 1. There is a constant C such that, for all u € Dom(pl/Q),

() " ull 2y < C| P2 (2.12)

“HL%M)

2. The operator (r)~' maps L*(M) into Dom(P~1/2) and P~/2(r)=1 is bounded on L*(M).
3. For all real number s > 1, P=Y2(r)=5 is compact on L2(M).

Proof. 1. Since P is the Friedrichs extension of —Ag, C5°(M) is dense in Dom(P'/2) for the
graph norm so we may assume that u € C§°(M). Fix x = x(r) a smooth function which is equal
to 1 near K and vanishes for r > 1. Then

1) ullez oy < lxullpzovn + 1077 = x)ullz2 -
From the Poincaré inequality on compact manifold with boundary containing supp(y), we get
Ixullzzovy S IVexllzzovy S 1IVeullzzowy + 11X (0)ullz2 (-
On the other hand, using the Hardy inequality on (0,00) X S (see (3.19) in Section 3) we also have
1)~ 1 = ull 2y S0 = )W L2y S VUl + 11X (F)ullzz -

To complete the proof it suffices to observe that, if x/(r) is supported in {r; < r < ro} with
r1 > Ry,

X' ()ull L2 () S Null 2y <r<rs) S IV GullL2 (1) (2.13)

Indeed, for all r > Ry and all w € S, we have
1/2

/ B, (15 u) (s, w)ds| < (%2)1/2 </Too|8S(n*u)(s,w)|25"_1ds) ,

using the Cauchy-Schwartz inequality. Squaring and integrating over [r1,72] X S with respect to
= Ldrdvoly, (w), we get (2.13). Since ||Vaul[r2(m) = || P2 (2.12) follows.

2. For all u € Dom(P~1/2) and v € L%(M), we have

| u(r,w)|

UHLZ(M)’

()~ o, PTH2u)| = [(v, (r) 7P P20 | < Olloll 2 vl |2 oy

using (2.11) and (2.12). This implies both that (r)~'v belongs to Dom((ﬁ_l/Q)*) = Dom(P~1/2)
and that P_1/2(7°> is bounded.
3. Fix ® € C§°(R) which is equal to 1 near zero. Then, using the spectral theorem, we have the
decomposition

P2 = 9(PYPTVE(r) T+ (1= @)(P) P ()
The second term in the right-hand side is compact since (1.5) implies that f(P)g(r) is compact
whenever f and g are continuous on R and vanish at infinity. We then rewrite the first term of
the right-hand side as P~1/2(r)=1 ((r)®(P)(r)~*) so the result will follow from the compactness
of (r®(P)(r)~* proved as follows. By the Helffer-Sjostrand formula [12], we have

(r®(P)(r)~* = /(C5@T>(Z)<7’>(15 —2) ()T L(dz), (2.14)



where ¢ € C2°(C) is an almost analytic extension of @, i.e. 9% (z) = O(Im(2)>), and
(r)(P = 2)7Hr) ™ = (P = 2) 7 )"0 4 (P = 2) T [P ()P — =) ()~

Using on one hand that (P — z)~![P, (r)] has a bounded closure on L*(M) with norm O(Im(z)~!)

on supp(®), and on the other hand that, for = s or s — 1,

(P—2)"Hr) ™ = (P+i)(P —2) (P +i) )7,
we obtain easily the compactness of (2.14) from (1.5). This completes the proof. O

Remark. In the sequel we shall use freely the fact that, for any real number M, operators of
the form ()M (P +1)"1(r)=M or (rYM&(P)(r)~M, with & € C5°(R), are bounded on L2(M) and
even map L2(M) into Dom(P'/2). This is basically well known and follows from the same type of
standard argument as the ones used in the proof of the item 3 above.

In the next proposition, we summarize the main technical results of this paper, which deal with
resolvent estimates of model operators on

Mo = (0,+0) X S, (2.15)
equipped with the conical volume density 7"~ !drdvoly,. We will set everywhere
L*(Myg) == L*((0, +00) x S, 7" 'drdvoly, ).

In the sequel, when nothing is specified, || - || will denote both norms || - ||z2(a1e)—L2(M,) and
|| - 1l22(Mm)—12(Mm)- This won’t cause any ambiguity in practice but will simplify the notation.

We will also use the standard notation x* for the composition with x and x. for the composition
with £71.

Proposition 2.3. Fix N > 1. There exists a self-adjoint operator Pr on L?(My) such that, for
some R > 1, we have . .
k*Pr = Pkr", on (R,00) X S,

and such that Pr satisfies the following resolvent estimates:

1. there exists C' such that

I~ (Pr = 2)

1 1
r HL2(M0)HL2(M0) <0, (2.16)

for all z € C\ R such that |Re(z)| < 1.
2. For all [Ey1, Es) € (0,+00) and all 0 < k < N — 1, there exists Cy such that

—1-k

H(er)*l<er>*k(€*2PT —Z) <€T>7k(er)71"LZ(MU)A)LQ(MO) < Cy, (2.17)

for all Z € C\ R such that Re(Z) € [Er, Es] and all € € (0,1].
3. For all s € (0,1/2), there exists Cs such that

107275 (Pr = 272002 | sty s 2ty < Co RO, (2.18)

for all z € C\ R such that 0 < |Re(z)| < 1.



Proof. See Section 4. We only mention here that the operator Pr will be constructed as the
self-adjoint realization of an operator in divergence form given by (4.6).

Note that the first item of Proposition 2.3 means essentially that P and PT coincide close to
infinity, though they are not defined on the same manifold. R
We then want to compare the resolvent of P with the resolvent of Pr. Since they are not
defined on the same space, we will use the following identification operators,
Jo = Xm\k 0K 0 Q(Rys0)xs : L2 (Mo) = L*(M),
J = X(Ro,o)xS © kx © 0an\k ¢ LP(M) = L* (M)

Everywhere oq stands for the restriction operator to ). It is straightforward to check that JyJ :
L?(M) — L?(M) is the multiplication operator

JoJ = Lk (2.19)

Proposition 2.4 (Generalized resolvent identity). Let ¢ € C°°(M) depend only on r, be supported
on {r > R} with R as in Proposition 2.3, and ¥ =1 near infinity. Then, for all z € C\ R,

(P—2)"YJy = oJo(Pp—2)"'—(P—2)"'P, w]JO({ﬁT —2)7 (2.20)

JPP —2)7" = (Pr—2)" ¢+ (Pr —2) J[P,Y)(P — 2)7 (2.21)
As a consequence, we also have
(P—2)" = ¢o(Pr—2)""J = (P—2)"[P,4)Jo(Pr—2)""J, (2.22)
V(P -2 = Jo(Pr—2)" Y+ Jo(Pr— 2) T I[P, y)(P — 2)7L (2.23)
Proof. By the first item of Proposition 2.3 and the support property of ¥, we have 1/115J0 = z/)JOPT
and therefore X . R .
(P —2)¢Jo(Pr — 2)~" = [P, ] Jo(Pr — 2) ™' + 4o,

After composition to the left with (P — z)~! we obtain (2.20). The proof of (2.21) is similar. The
identities (2.22) and (2.23) follow from (2.20) and (2.21) respectively, combined with (2.19) and
the fact that Y1 v\ = 9. O

In the sequel, we fix a real number M > max(N,3), N being the integer fixed in Proposition
2.3, and introduce the weighted resolvent

Rar(z) = (r) ™M (P = 2)" ()™M,

We will first obtain estimates on Ry (z) and its derivatives. With those estimates at hand, it will
be fairly easy to derive estimates with sharper weights. To prove estimates on Rj;(z) we will use
the following proposition.

Proposition 2.5. One can find 9 > 0 and bounded operators Sy, S2,T1,Ta and Fi(-), S(+), T(")
depending holomorphically on z € {|Re(2)| < eo} N {Im(z) # 0} such that for all z in this set, we
have

RM(Z) = FM(Z) + Sle\/[(Z)Tl + TQRM(Z)SQ + T(Z)R]\/[(Z)S(Z), (224)
and

ISl HTa][+ 182 ]] 1 72][ + ISG] [T < 3/4, (2.25)



and such that, for all s € (0,1/2) and all1 <k < N,

[Fu(2)l] < C, Re(2)| <o,  (2.26)
10 Fn (2)|| + 110:S(2)[| + 10T (2)[] < CsRe(2)]*, 0 # [Re(2)| <eo,  (2.27)
[|0% Far(2)|| 4+ 108 S (2)]| + |05 T (2)]] < CxRe(z)7%, 0 < Re(z) <eg. (2.28)

This proposition is based on Proposition 2.4. Before proving it, we need to establish several
intermediate lemmas. Consider three functions 1,12 and ¢ in C*°(M) supported in {r > R},
depending only on 7, equal to 1 near infinity and such that

1 =1 near supp(¢1), Y1 =1 near supp(y).

By Proposition 2.4 and the easily verified fact that J[P,¢1]Jo = [Pp, ¢1] (we identify ¢ and .1y
in the obvious fashion since 11 depends only on ), we obtain

o(P—2)"Yo = @Jo(Pr—2)" Jp — oJo(Pr —z)~* [PTJ/JJ (Pr—z)"1Jp
— pJo(Pp — 2) 7 I[P, ) (P — 2) 7Y [P, 1] Jo(Pr — 2) " . (2.29)

The interest of this formula is that [P, 1] and [P, 1] (as well as [Py, 1b1]) have compactly supported
coefficients. The smallness condition (2.25) will be a consequence of the following lemma.

Lemma 2.6. Let ® € C§°(R) be equal to 1 near 0. For all § > 0, we can choose € >0 and v >0
such that

(™M1 - @)®(P/e)|| <0, (2.30)
and, for all z € C\ R satisfying |Re(2)| < v,
()™M Jo(Pr — 2) " Jp®(P/e)(r)~M]| < 6. (2.31)

Proof. The first inequality is standard. We recall the proof for completeness. If € is small enough,
we have ®(A\/e) = P(N\)P(\/e) so that

MM (1= Q)B(P[2) = (VM (1= @)B(P)) B(P/e).

By (1.5) and the compact support of 1 — ¢, the first term in the right-hand side is a compact
operator. On the other hand, the property (1.4) implies that ®(P/c) — 0 in the strong sense as
¢ — 0, hence in operator norm when composed with a compact operator. This yields (2.30). Let
us prove (2.31). We set y = Im(z) and split the resolvent as

(Pr—2)" = (Pr—ip) " + ((Pr =) = (Pr—iy)™").
We start with the contribution of the first term which, using Proposition 2.2, we write as
(r)™M(Pr —iy) "N e (P/e)(r) ™M = ((n)~M (Pr — iy) " JeP'?) (d(P/e) P12 (r)~ ).
By Proposition 2.2, 15_1/2(7°>_M is compact, hence the second bracket in the right-hand side goes

to zero in operator norm as € — 0. Therefore, it suffices to obtain a uniform estimate on the first
term. To do so, we use the form of Pr which is (the Friedrichs extension of) the elliptic operator in



divergence form (4.6). Using the form of Pr, the Hardy inequality (3.19) on My and the spectral
theorem, we have

[(r) ™™ (Pr —iy) " TeP2|| = ||PYRog (P +iy) ()M |
< HVGW*(PTHy)_l =
S B (Pr+iy) T+ 1[0) 7 Pr 4 iy) )|
< ||BYP(Pr+iy)” 1P;/2||51.

We can therefore fix € such that
H( ) (PT—zy) 1J<,0<I>(P/5 MH<6/2
Then, by writing
. R Re(z)
(Pr=2) = (Pr—ig) = [ (Pr—o i) o
0
and using (2.18), say with s = 1/4, we obtain
1) ((Pr = )71 = (Pp — i) ™) T ()M @ (P /) () ™) || < CelRe(2)] /1.
Here we also used that J preserves the decay in r. The above norm can therefore be made smaller

than ¢/2 if Re(z) is small enough and the result follows. O

Lemma 2.7. Fiz two integers k, M > 0. Then there exists C' > 0 such that

||8k( (Pr — 2) " Pr,vn|(Pr — 2)~ H < CZ”w Pr— ) 1Ry M| 4
k1=0
C Y lwPr—2)T R )M (Pr - )7 R,
ki+ko=k

for all z € C\ R such that |Re(z)| <1 and all weight w such that ||w||p= < 1.
Proof. Fix ® € C§°(R) such that ® =1 near [—1, 1] and write
[Pr,01](Pr —2)7" = [Pr,¢a]@(Pr)(Pr — 2) 7" + [Pr.1](1 = @)(Pr)(Pr — 2) 7"

The last term can be written [Pp, ¢1](Pr+i) =1 (1—®)(Pp)(Pp+i)(Pr—z)~!, which is holomorphic
and bounded (uniformly in z) in the strip {|Re(z)| < 1}. Note also that, by the compact support
of [Pr,11] the same property holds for (r)™ [Pp, 1](1 — ®)(Pr)(Pr — z)~*. On the other hand,
[Pr,1]®(Pr) is bounded and, by a Helffer-Sjstrand formula argument (see the remark after
Proposition 2.2), (r)M[Pp, ¢1]®(Pr)(r)™ is bounded too. All this implies that

(Pr—2) " [Pr,n)(Pr—2) ™" = (Pr—2) " r) ™M By (r) ™™ (Pr — 2) 7' + (Pr — 2) "1 (r) MO (2),

for some bounded operators By and Oar(2), O (-) being holomorphic and uniformly bounded in
the strip {|Re(z)| < 1}. The result then follows easily. O

10



Lemma 2.8. Fix 0 < k< N —1. Then

) H<7:>_M(13TA —2) 7 )M
()M 0% ((Pr — 2) 7 [P, ] (Pr — 2) 1) (r) ™|

for all z € C\ R such that Re(z) > 0 is small enough

IZANRYA)

Proof. We rewrite z = €2Z with Re(Z) in a compact subset of (0,00) and e € (0,1]. Then, by
using (2.17) and the fact that

(er)_1<er)_k(6_2]5T — Z) 1R er) R (er)Tt = 62k7“_1<67‘>_k(p'1" —E2Z) 1R ey TR
whose left-hand side is bounded by (2.17), we get (2.32) once observed that
(r) ™™ = ()™ Mr{er)*)r=Her) ™",

where the bracket is bounded uniformly in e. The estimate (2.33) follows from Lemma 2.7 and
(2.32). O

Proof of Proposition 2.5. We use the spatial cutoffs ¢, 11, 12 introduced after Proposition 2.5.
We write

(P=2) =P —2) o+ P -2 (1-p)+ (1-¢)(P —2)7", (2.34)

where we recall that 1 — ¢ is compactly supported on M. We next consider three functions
D, ¢1, P2 € CP(R) equal to 1 near 0, which we will use as spectral cutoffs. We fix ® arbitrarily
but we will choose ¢1, ¢2 below. We use ® to rewrite the second line of (2.29) as the sum of

—pdo(Pr = 2) T { [P, ] ®(P)(P = 2) " (P[P, ] } Jo(Pr — 2) Vs (2.35)

and

—pdo(Pr = 2) T { [P )1 = @2)(P)(P = 2) 7 [P, ] } Jo(Pr — 2) M. (2.36)

The interest of this decomposition is one hand that [P,1s]®(P) and ®(P)[P,v] are bounded
(i.e. have bounded closures) on L?(M) and on the other hand that the operator {---} in (2.36) is
bounded and holomorphic with respect to z for |[Re(z)| small enough. Moreover, all these operators
have a fast spatial decay in the sense that, for any fixed M > 1, there exist By, Ba, B(z) bounded
on L?(M) with B(z) depending boundedly and holomorphically on z for Re(z) small, such that

[P 2] ®(P) = ()" M Ba(r)™™,  ®(P)[P,¢pu] = ()M Bi(r)™",

and

[P, 2] (1 = @2)(P)(P — 2) ' P, n] = (r) M B(2)(r) ™.

This follows from the compact support of [15,1/)1] and [15,1/)2] and standard arguments (using for
instance the Helffer-Sjostrand formula). Setting

F(z) = @Jo(Pr—2z)""Jo—oJo(Pr—2)7" [PTJ/JJ (Pr—2)"'Jep
— @JO(PT — z)_1J<r)_MB(z)<r)_MJ0(PT —2) Yy,

11



it follows from (2.29) and (2.34) that

(P = FE 40— 0P 4ol -2 (1) A
—pJo(Pr — z)_1J<r>_MB2<T>_M(P — z)_1<r>_MBl <T>_MJ0(PT — z)_ljcp.

We now use this expression to study a spectrally localized version of (]5 — 2)71. We consider
&1 (P)(P — 2)71¢2(P) where we let ¢1 and ¢ take the form

¢1(A) =2(A/e1), g2 = P(Aea).
By Lemma 2.6, we can choose first €1 small enough such that
19(P/e1)(1 = @) (M| < 1/4.
Once € is chosen, we can use again Lemma 2.6 to pick €2 > 0 and v > 0 such that
[[(r) =M @ (P /) (r)M ] [[(r)™M (1 = )@ (P/e2)]] < 1/4,
and
1) M (B /er)po(Pr— 2)" T ()™ B | [|Balr) ™M Jo(Pr — 2) ™ Tp®(P/e2)(P)(r) M| | < 1/4,

for |Re(z)| < v (recall that the first factor in the left-hand side is bounded uniformly with respect
to |[Re(z)| <1 by (2.16)). Summing up, by choosing

S = MR-, T = 1 A
Ty = ()" Mo(P/er)p(r)™, Sy = (M1 —@)®(P/e2)(r)™™
and
T(z) = <T>_M(I)(P/E})(‘0J0(PT—Z)_iJ<7">_iMBQ,
S(z) = Bi(r)™MI(Pr —2)" Jp®(P/eg)(P)(r)~™

which satisfy (2.25), we have shown that

(r)™M(P = 2) "' 1(P)ga(P)(r) ™™ = SiRu(2)T1 + ToRar(2)S2 + T(2) Rar(2)S(2)
+ () "M o1 (P)F(2) b2 (P)(r) M.
If we restrict z to |[Re(z)| < eo with gy small enough, then (P — z)~1¢y(P)pa(P) — (P — 2)~!
becomes holomorphic and bounded in this strip. Therefore, upon adding a bounded holomorphic

term to the right-hand side, we may replace the left-hand side by (r)=™ Ry (2)(r)= and (2.24)
holds with

Far(2) = (1) (1= 9102)(P)(P = 2) 7" 4+ 01 (PYF () (P) ) {r) 7.

The estimates (2.26) and (2.27) follow directly from (2.16), (2.18) and Lemma 2.7. The estimates
(2.28) follow from Lemma 2.8. O

To derive estimates with sharper weights, we will use the following proposition.

12



Proposition 2.9. Let (we)eec(o,1] be the family of weights
we(r) = ()~ (er) ™4

where p1, p2 > 0 are fixed real numbers. Fix ¢ € C°°(M) supported in {r > R}, equal to 1 near
infinity, and let us define

R, (2) = w(P — z)flwe, Ry, o(2) = wecp(p — z)flgawe.
Then, there exist

1. families of bounded operators (Ac j)ee(0,1]> (Be.j)ec(0,1]> (Sej)ec(o,1) on L*(M), j = 1,2, such
that, for all € € (0,1],

(2.37)
(2.38)

IBeull [1Se1ll + [IBeall [[Sell - <
[Acall + [[Aeall <

)

Qo=

)

2. a real number g9 > 0 and a bounded holomorphic mapping z — K(z) € B(L?*(M)) defined in
a neighborhood of {|z| < eo},

such that, for all z € C\ R satisfying |z| < o and all € € (0, 1],
Ry (2) = weK(z)we+ AcaRu, o(2)Acq + Be 1Ry, (2)Se1 + SeoRuw, (2)Be2. (2.39)
In particular, for all k > 0, there exists Cy such that
10 R (2)]| < Co (14 (|0 B2 (2.40)

for all z € C\ R such that |z| < €9 and all € € (0,1].

The main interest of this proposition is (2.40) which allows to estimate the full resolvent by its
cutoff near infinity. This will allow to use (2.29) in a convenient way.
Proof. The proof is similar, and simpler, than that of Proposition 2.5. Let us set R(z) = (P—z)~".
For functions ¢1, ¢2 € C§°(R) equal to 1 near zero and to be chosen later, we have

R(2)$1(P) = R(2)p¢1(P) + R(z)(1 — )1 (P),

where

R(2)pp1(P) = (1 — ¢2)(P)R(2)0$1(P) + ¢2(P)R(2)01(P).

The second term in the right-hand side of the last formula reads
62(P)(1 = 9)R(2) 01 (P) + d2(P)pR(2)pé1(P).

Setting for simplicity W, = w_ !, and writing R(z) = R(2)$1(P) + R(2)(1 — ¢1)(P) whose second
term will be holomorphic with respect to z in a vertical strip around 0, we find that (2.39) holds
with

B,1 = 1, A Se1 = Wl - )1 (P)we,
Be,2 = We(P(blEP)we; Se,2 = w6¢2(Pi)(1 - @)Wea
Ae,l = We¢1( )we; A€,2 = w6¢2(P)W€a

13



and
K(2) = R(2)(1 = $1)(P) + (1 — ¢2)(P)R(2)p1 (P).

We choose ¢1, ¢2 successively as follows. By using the uniform boundedness of W, (r) #17#2 and
of w,, we can choose first ¢1(A) = ®(A/e1) such that, by using (2.30) with M = p; + p2, we have
[|Be1ll |1Se1]] < 1/4 (recall that 1 — ¢ is a compactly support spatial cutoff). Then B s, which
depends on ¢1, is bounded on L?(M), uniformly in €, by routine arguments. We choose then
¢2(X) = ®(N/e2) such that the norm of S, o is small enough to guarantee that ||Be 2||||Se,2|| < 1/4.
We therefore get (2.37). The operators Ac; and A, > are uniformly bounded on L?(M) similarly
to Be,2, which yields (2.38). We then fix £y small enough such that both ¢; and ¢2 are equal to 1
near [—&o, o). This implies that K (z) is holomorphic and bounded near the strip {|Re(z)| < €o}.
Finally, (2.40) is an easy consequence of (2.37), (2.38) and (2.39) and the fact that ||0¥ K (2)|| is
bounded on {|Re(z)| < &o}. O

We now apply the results of this section to prove Theorems 1.1, 1.2 and 1.3. The three proofs
follow the same strategy, but we present them separately for pedagogical reasons: we consider first
the simplest case which is Theorem 1.1 and then explain how to modify the arguments for the
other two.

Proof of Theorem 1.1. We prove first a uniform estimate in z, but with a rough weight. By
Proposition 2.5, we have

3
[[(m) =M (P = 2) )™M < C+ || TM (P = )T ) M,
for all z € C\ R such that |Re(z)| < €g. This implies that
()™M (P = 2)" )™M || < 40 (2.41)

We now use (2.29) to replace (r)~" by the optimal weight ()" as follows. We start by observing
that (2.41) and the compact support of [P, 1] and [P, 2] in (2.29) imply that

[P a] (P — 2) 7P, ] ()] < €. (2.42)

The weight (r) could be replaced by any power of (r) but (2.42) will be sufficient. Here the
unboundeness of the operators [P, 1] and [P, 2] can easily be overcome for instance by writing

[P, 2)(P = 2) 7 [P, 4h1] = [P, ] (P)(P — 2) ' @(P) [P, 1] + [P, o] (P — 2) 7} (1 = @2 (P))[P, 4],

with ® € C3°(R), ® = 1 near [—eg,e0]. Both (r)[P,4o]®(P)(r)™ and (r)M &(P)[P,y1](r) are
bounded on L?(M) and the second term is holomorphic and bounded near the strip {|Re(z)| < o},
so (2.42) follows clearly from (2.41). Then, by composing with (r)~! to the left and to the right
of both sides of (2.29), we obtain

1) " (P = 2) )Y S [ (B — 2) "N ]
+ ||y (Pr — 2) " P, n](Pr — 2) ") Y|
+ [P — 27 ) T

where the last term is the contribution of the last term of (2.29) combined with (2.42). The second
term in the right-hand side can be estimated thanks to Lemma 2.7 with w = (r)~" and k = 0 so,
using (2.16), we conclude that |[(r)~'o(P — 2)~to(r)~!|| is uniformly bounded for [Re(z)| small.
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We can then remove the cutoff ¢ by using (2.40) (with g2 = 0 and py = 1) and this completes the
proof. O

Since its proof is less technical, we prove Theorem 1.3 before Theorem 1.2.

Proof of Theorem 1.3. By differentiating (2.24) with respect to z, we obtain
[10:Ras ()| < —Ha R (2)[| + |]0:Far (2)][ + C||0:Taa ()| + €[ 0:5m (2)]

using (2.41) to control the contribution of the non differentiated Rps(z) in the right-hand side.
Using (2.27), this implies that

()M (P = 2) )™M = []0: Ru ()] | € Re(2)",

when |Re(z)| > 0 is small enough. It remains to replace the weight (r)= by (r)=2=%. The first
observation is that, for the very same reason we got (2.42), the above estimate implies that

[PV M [P, 2] (P — 2)72[P, ] ()™M || < [Re(2)[* . (2.43)
Using (2.16), (2.18) and Lemma 2.7 with w = (r)"27%, we also have
110 ((r) 725 (Pr — 2) 7! [Pr, 1) (Pr — 2) 7 () 727%) || < [Re(2)" " (2.44)
Therefore, it follows from (2.29) that
[ 7272 0(P = 2)"20(r) =27 || < |Re(2)|" ",

using again (2.18) for the first term as well as (2.41) and (2.43) to handle the contribution of the
last term. We can then remove the factors ¢ by using (2.40) with g2 = 0 and u1 = 2+ s. The
result follows. O

Proof of Theorem 1.2. Using Proposition 2.5, it is not hard to check by (finite) induction on &
that

105 Rar (2)]] < [Re(2)| ", (2.45)

for 0 < Re(z) < gp. Using that
€2 . ok .
(2P —2z)" 17k = —k'ag(P -zt = 62<k+1>—k2 (P—2z)71

we obtain from (2.45) the a priori estimates
1) =M (2P = Z2)7 ) M| S @V Re(¢?2) 78 S €. (2.46)
On the other hand, it is not hard to check that (1.6) is equivalent to
[(er) ™ ROR(P — 2)Her) T T S 72, (2.47)

with K = N — 1. We will show that (2.47) holds for all & between 0 and N — 1. By (2.46), we
already know that

I(r) =MoL (P — E2)7Hr) M| S 1, (2.48)
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which are better estimates, but with the much stronger € independent weight (r)=. We shall
combine (2.48) with a priori estimates on (e 72Pr — Z)~! to derive (1.6). Our first observation is
that, by (2.17), we have slightly more precise estimates for Pr, namely

||<er)_k_18§(PT—62Z)_1(6r>_k_1|| < €2 (2.49)
(er) ¥ 105 (Pr — €2) Her) * ()7 S €, (2.50)

This follows from (2.17) since we are allowed to use one power of the homogeneous weight =1 at
most on each side. For instance, (2.50) is obtained by

er) ™10 (Pr — 2) ™ Hen) () 71| S lten)™ 1 (Pr — 22) 7K er) ) Y|
ey 2 Pr - 2) 7 e )|
e Hler)H N e 2Pr — 2) 7 R ey (en) Y|

671,

AR ARV

where we pass from the second to the third line by replacing (r)~! by =1, and get the final estimate
by using (2.17). Using (2.49), (2.50) and Lemma 2.7, it follows that

|05 ((er) ™1 (Pr — €2) 7 [Pr,¢)(Pr — 2) " Her)*H)|| S 2 (2.51)
Also, using (2.48) and (2.50), the contribution of the last term of (2.29) is
|05 ({er)* =V Jo(Pr — 2) " I[P, o] (P — €2) [P, yn]Jo(Pr — 22) " T {er)F 1) || S 72

Therefore, this last estimate together with (2.49), (2.51) and (2.29) imply that for all k£ between 0
and N — 1, A
H@é((er}fk*lgp(P — 62Z)71g0<e7’>7k71) H <e 2.

We can then drop the cutoff ¢ by using (2.40). We have thus proved (2.47) which, in the special
case k = N — 1, yields (1.6). O

3 Mourre theory on a cone

In this section, we develop a Mourre theory for elliptic operators in divergence form on an exact
cone, which will be crucial to prove the estimates (2.16), (2.17) and (2.18).

3.1 Operators in divergence form

We start by introducing a class of tensors which will be convenient to handle operators in divergence
form on the cone My = (0, +00) x S introduced in (2.15). Given a Riemannian metric g on My,
we denote the associated co-metric (i.e. the inner product on the fibers of T* M) by ¢*. Then
there exists a unique tensor 79 € C*° (Mo, Hom(T™* My, TMO)), i.e. a section of the vector bundle
Hom (T* Mg, TMo) =~ (T*Mo)* @ T My, such that for all 1-forms &, n on My,

n-T9 = g*(&,n), (3.1)

where - is the intrinsinc duality between a 1-form and a vector. In usual terms, 79 raises indices.
It is automatically symmetric in the sense that we have

§-TIn=n-T, (3.2)
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for all £, 7, and it allows to write the Laplace-Beltrami operator A, as
Agu = div, (ngu),

for all smooth functions .
Using the isomorphisms TMg ~ TRT x T'S and T*My ~ T*RT x T*S, we can write any
tensor T' € C° (/\/lo, Hom(T™* M, T/\/lo)) in matrix form as

(T Tio
r= <T21 T22)
with T1; € O®(R* x 8), Ty € C(R*, C> (S, Hom(T*S, TS))) and
Tip € C°(RY,C®(S,Hom(T*S,R))),  Tor € C*(RT,C*(S,Hom(R,TS))).

For all w € S, any element of u,, € Hom(R, T,,S) has an intrinsic adjoint (or transpose) denoted
by u!, € Hom(7*S,R) and defined by

ul (&) = € - uy, ECT:S.

If u € C*°(S,Hom(R,TS)) is a section, we define the section u! € C* (S, Hom(T*S,R))) in the
obvious way (uf(w) = u(w)?). It is then easy to check the following characterization of symmetric
tensors, in the sense of (3.2),

T is symmetric <= for each r € RT, Tio(r) = Toy ()7 and Tao(r) is symmetric

where, for each r, the tensors in the right-hand side belong respectively to C*° (S ,Hom(T*S, R))
and C* (S, Hom(T*S,TS)).

If we consider the conical metric
go = dr® +r%hy, (3.3)

on My and use the above formalism, we then have

T90 — 1 0 1 0 1 0
—\0 T_IITS 0 Tho 0 T_IIT*S ’

We now introduce a class of perturbations of this tensor. For any V € C'* (S ,Hom(R, T'S )), which
can be identified with a vector field on &, we set

[V |zo(s) == sup [Vilng.us (3.4)
weS

| |o.., denoting the norm on T,,S associated to ho. If W € C°°(S,Hom(T*S,TS)), we set

- W (&)l

, (3.5)
€lng ., nlng.,

IWel[no = sup

the sup being taken over all {,n € T*S \ {0}, and | -

n= being the norm on T7%S. Then, we set
0,w w Y

[[W]|Loe(s) = sup |[[We||n,-
weS
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Definition 3.1 (admissible perturbation). Fiz an integer N > 0. A symmetric tensor K €
C> (Mo,Hom(T*Mo,T./\/lo)) of the form

= (knl) T

is an N -admissible perturbation if for all k < N + 1,

K[| == SU%H(Tar)kKll(T =+ H(Tar)szl(T + H(Tar)ka(T < 00.
>

)HLoc(S) )HLoo(S) )HLoo(S)

We note that although we assume K to be smooth, we only require a control on the derivatives
with respect to r. The interest of this class is to behave nicely under rescaling in r. For future
purposes we record here the notation,

K'(r) == K(e'r), (3.6)

defined for ¢ € R and any admissible perturbation K.
We now consider differential operators associated to such perturbations. In the sequel, we will
denote the Riemannian measure associated to g¢ by,

dp = r" " tdrdvoly,.

For a given N-admissible perturbation K, we can consider the sesquilinear form

o= [ ()G 2 Y@ o

first for u,v € C§°(My). For simplicity, everywhere in the sequel we set
G5 = Cg°(Mo).
If we let (.,.)z2 be the inner product of L?(My,du), we see by integration by parts that
Qx(u,v) = (Pxu,v) 2,
with

Prv =—=Agv — divg, (K*dv), (3.8)

KSC o 1 0 Kll(T) KQl(T)T 1 0
—\0 T_llTs K21(T) KQQ(T) 0 T_IIT*S ’
Notice that, by the symmetry assumption on K, the operator Pg is symmetric with respect to
dp. All this will allow to define closed realizations of the differential operators Px by means of

sesquilinear forms (see Subsection 3.3). Before doing so, we need to introduce the relevant Sobolev
norms, as well as useful intermediate results in the next subsection.

where
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3.2 Sobolev spaces and dilations
Let us consider the operators
D, =i"'9,, |Ds|=(-As)"?
that preserve C5°. We let €4 be the unitary group defined on L? by
(™) (r,w) = ™ 2u(e'r,w),
whose generator is the differential operator A = 2 —
Proposition 3.2. On C§°, the following identities hold

e*itADreitA — etDT,

e*itArseitA — €7ts7“s, s eR.
If K is an N-admissible perturbation and Ky is given by (3.6), then
Qr(e ™u0) = e *Qpe(u, o),
for all u,v € C§°. In particular, if N > 1,

i(QK(u,Av) - QK(Au,v)) = (u,i[PK,A]v)L2 = 2Qxk, (u,v)

K, = <1 ra’“)K.
2

Proof. The formulas (3.10), (3.11), (3.12) are routine and (3.13) follows from

with

d .
2QK(ua ’U) - EQKf (’LL, v)|t:O = ’L(QK(U, AU) - QK(AU, ’U)),
by differentiating (3.12) in ¢ and evaluating it at ¢ = 0.
We next define the norm
2 2 -1 2 \1/2
lellzzy = (Il + I DralZa + ||~ Dslul[7.)
first on C§° and then on H} := H}(M,) defined as

Hg = closure of C§° for the norm || - |3 -

irdy,. Note that e preserves C§°.

(3.9)

(3.12)

(3.13)

(3.14)

The operators D, and r~!|Dg| have unique continuous extensions as linear maps from Hg to L.

It is also convenient to introduce the homogeneous Sobolev norm

ull gy == (1Drul 22 + | |7~ [ Dslul[7.) "

3

which we shall consider only on H{, so we do not need to introduce the corresponding space H&.

We finally set
H~! = topological dual space to H&.
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We denote the antilinear duality between u € H} and E € H~! by (E,u), with the convention that
it is linear in w and conjugate linear in E. In other words, if {.,.) is the bilinear pairing between
H{} and its dual, we have set

(E,u) = (E,u). (3.15)

To make this definition more symmetric, we also set

(qu) = (Eaﬂ)v (316)

for all E € H~! and u € H}. We have the following useful and elementary result which we record
at least for notational purpose.

Proposition 3.3. For all f € L?, there exists a unique Ey € H™1 such that, for all u € Hg

(fiu)r2 = (Ef,u).

The map f — Ey s linear, continuous and injective, thus realizes an embedding from L? into H~ 1.
We denote it by I. Moreover, L? (i.e. IL?) is dense in H~'.

We omit the proof which is standard. The interest of this proposition is to be able to consider
L? as a (dense) subspace of H~1. We shall use this convenient identification everywhere in the
sequel. For instance, if E belongs to L?, (3.15) and (3.16) correspond to L? inner products.

We next summarize several useful properties on Hi and H~! related to the group (3.9). We
will be in particular interested in the properties of the resolvent of A, as an operator on L2, when
restricted to Hg. We recall that, if o > 0 is a real parameter and ¢ € C \ R, we have

1 +o0 ) )
(aA—-¢)t =~ / e e Aqt, FIm(C) > 0. (3.17)
0

7

Proposition 3.4. 1. H} is stable by multiplication by smooth functions of r which are bounded
together with their derivatives.

2. Hg is stable by et et s strongly continuous on H} and
e Aullmy S (L +elullgg,  tE€R, ue Hy.
Furthermore, if 0 < a < |[Im(C)|, H} is stable by («A — ()71,

3. The group e'*4 extends from L? to an H=' — H~' strongly continuous group. Its adjoint is
e~ 4 (acting on Hg ). Furthermore, if 0 < a < [Im(¢)[, (A — {)™! eatends from L? to a
bounded H=' — H~' operator, whose adjoint (acting on H}) is (A — ()~ L.

4. Fiz 0 < a < |Im(¢)|. Forallt € R,
—
Mad =) = (@A =) + = / "I+ ((ad = Q)7 ds
@ Jo

as an equality between operators on H} (resp. H™1). Here the integral converges in the
strong sense. In particular e (aA — ()™1 is strongly differentiable with respect to t on H}
and H™1.
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5. Fiz a € (0,1) and an integer N > 1. We have the interpolation estimate
N — N 1—L 1
1A(aA +0) Nl [y < Cll(ad + i)™ Vul |, Vlull 7y

for all w € H}.

Proof. The item 1 is straightforward by density of C3°. The estimate of the item 2 holds true on
Cg° by (3.10) and (3.11) (with s = —1) hence on H{ by density. Checking the strong continuity is a
routine. The boundedness of (¢4 —¢)~! on H{ is then a consequence of (3.17). The item 3 follows
from Proposition 3.3, the item 2 of the present proposition and the formula (3.17) combined with
routine duality arguments. The identity of the item 4 holds clearly on L? since e®4(aA — ¢)7! is
strongly C! in ¢t (note that i~ te®4 (I + ((ad —()71) = e*4iA(ad — ()~!). That the integral
converges in the strong sense on H} (resp. H~!) follows from the item 2 (resp. item 3). To prove
the item 5, we recall first that
1— 1

1(AY (@A + )~ |12 < Cll(@A +3) "N FII ¥ £, (3.18)

using the spectral theorem and the Hadamard three lines theorem. In particular, we have

N — N 1—-L 1
lA(eA + ) Nullz < Ofl(@A + 1) Null 2 [ull

NN =R,
< Cll@A+ )Nl |lullF,.

It remains to estimate ||LA(aA + i)_NuHLQ, when L = D, or r~!|Dgs|. We observe that, for
k=0,1,
LA* (@A +i)™N = (A* — ki) (aA +i(1—a)) L,

which follows easily from (3.10), (3.11) and (3.17) (see also (3.20) below). Thus, using (3.18),

|LA@A + ) Nul[,, < Cll(aA +i(1 - )" Lull}z ™ || Lul|
< Of|p(ad+i)ul ;|| LalF,
< Cll(@A+a) ull ¥ llull -
The result follows. O

We next record the basic Hardy inequality. Recall that we assume n > 3.

Proposition 3.5. For all u € C§°, we have
Itz <~ 110l (3.19)
T n—2

As a consequence, the multiplication by r—*%, s € [0,1], is bounded from H& to L?. Furthermore,
(@A — ) 'rSfu=r"*(ad — ( +ias) tu, (@A =) 'Opu = 0 (A — ¢ +ia) tu, (3.20)

for all s €[0,1], u € H}, a >0 and ¢ € C\ R such that [Im(¢)| > a.
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Proof. The inequality (3.19) is a direct consequence of the same one dimensional inequality (on
L?(R*,r"~1dr)) which is standard. The boundedness of 7~ on H}, hence of 7~* by interpolation,
is then straighforward. The identities in (3.20) follow easily from (3.10), (3.11) and (3.17). O

We will need later the following proposition.

Proposition 3.6. The space (r) "' Hg is contained in Dom(A). Furthermore, for any symbol o of
order —1 (i.e. |o®)(r)] < (r)=17F), there exists C > 0 such that

[A(e(r)o)llL2 < Cllvllmy,
for all v € H&.

Proof. Let u = o(r)v with v € H}. Let v, € C§° be a sequence approaching v in Hg. Then, for
all w € Dom(A), we have

(Aw,u)p2 = 1i]£n(Aw,a(7°)vk)Lz = kh—>nolo(w,A(0-(r)Uk))L2 = (w, Bv) 2,

where B is the (closure to H} of the) differential operator

n 1,
ZO’(T) + ;7‘0 (r),

ro(r)D, +
which is bounded on H{. In particular
l14ul|L2 = ||Bvllz> < C(/IDrvl|z2 + [[v]lL2) < Cllollmy,
and this completes the proof. g

We finally record simple weighted estimates. When W is a function, we set
_ 2
WV geull72 = IWOul[72 + |[Wr™ [ Dslul[ ..

Proposition 3.7. There exists C > 0 such that for oll u,v € C§°, all non vanishing smooth
functions W : (0,+00) — C of r, and all admissible perturbations K

| (u, divg, (K*dv)) | < CI[IK|[lo[[W (r)V gy ull 2| [W (r) " Vo vl 2 (3.21)

Proof. We start by writing

. . Wo,u Kn K W—1ov
d Kscd _ T_ . 11 21 T d
(14, divy v)) /]R+xs <Wd5u/7°> <K21 KQQ) (W‘ldsv/r s
since the multiplication by W commutes with K. Then, using (3.4), (3.5) and the fact that, if
T3S,V eTuS, € V| < [€lns |V ]n.,, one sees that |(u,divg, (K*dv))| is not greater than

|||K|||o/ (|Wo,u| + |Wr—1d5ﬂ|h&w) (W0 + W rtdso hy ) di.
0,4+0) xS

By using the Cauchy-Schwarz inequality combined with the fact that

/ Wtr—tdsv
S

,21[*W(ivolh0 T2W2/8|d$1’|}2137wd‘701h0 = T72W72(v,fA$v)L2($)

(W= ) [ Dslo()| 2,

the conclusion follows easily. O
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3.3 Jensen-Mourre-Perry estimates

In this subsection, we define closed realizations of operators of the form Px (see (3.8)) and prove
resolvent estimates thereon. Although we follow closely the Jensen-Mourre-Perry techniques [20],
the proofs of resolvent estimates will be self contained. We have to review the proof for we will
need to control most estimates with respect to the perturbation K and also since we need to prove
H~! — H} estimates.

Starting from (3.7), we observe first that the sesquilinear form @ satisfies

|Qx (u, v)| < Cllul| gy [[0]lay

for all u,v € C§° hence has a unique continuous extension to H} x H}. Everywhere in the sequel,
we denote this extension by Q.

Proposition 3.8. Let K be a N-admissible perturbation tensor.

e The operator Pk : C§° — C§° has a unique linear continuous extension Pk : HY — H™1
and this extension satisfies

(Pru,v) = Qk (u,v), u,v € Hy.
Furthermore, there exists C' independent of K such that
(1= CllIK o) [1ullF < (Prew,u) < (1 + CIIEllo) [Jul 7 (3.22)
for all w € H}.

e If in addition ||K||p~ is small enough, then one defines a self-adjoint operator Px on L2 by

1. Dom(Pg) = {u € H} | there exists Cy, > 0 |Q (u,v)| < Culv||L2, for all v e HEY.
2. Ifue Dom(PK), Pygu is defined as the unique element of L? such that

(PKU;U>L2 :QK(uvv)v v € Hol
3. The operator PK 18 nonnegative and has the property that
Dom(P/*) = Hy, Nl /2 < 111+ Pr)?ul 12 < 2|ul .

The proof is standard hence is omitted. We simply note that (3.22) follows straightforwardly
by density from (3.8) and Proposition 3.7 (with W = 1), once noticed that (Pyu,u) = ||u||i[1
0

We now study the resolvent of Pg. Let us introduce the notation
Y(g0,00) = {(0,e) e RxR | 0 < |d] < b, l|e] <eg, €6 >0}.

We also set

Nk
g

Pi(e) = P + ) EadﬁPK, (3.23)
k=1
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where, as usual, ads P = [P, A] = PA— AP and ad"™ P = [ad% P, A]. This definition makes sense
as an equality between operators on Cg°. Its interest is the following easily verified property,

0 eV
[A, Pk ()] = —=—Pk(e) — —ad{ "' Px. (3.24)

ok . \"
adyPic = P, K= (1 - TQ > K. (3.25)
We can thus rewrite (3.23) as
, - (2e)%
Pe(e)=|Px+ > (- —2ie [ P, + > (=1) ﬁp@.“ (3.26)
2<2j<N 3<2j+1<N J ’

where both brackets are symmetric on C§° with respect to du. The operator Pk (¢) can be extended
to an H} — H~! operator by Proposition 3.8 (item 1), ie

2
PK+Z i€) pKk (3.27)

Similarly, the identity (3.26) can accordingly be extended as an equality between Hi — H™!
operators.

Proposition 3.9. Fix N > 1 and C > 0. There exist 0 > 0 and &p,e9 > 0 such that, for all
N -admissible perturbations satisfying

Ko + K <o 1Kl + - + K[y <C

and all (8,¢) € X(eo,dp), we have the following results.

1. The operator - -
Pr(e) — (1 +id)I : Hy — H™!

is a bounded isomorphism (see Proposition 3.3 for I). Its inverse

R(e,6) = (Px(e) — (1 +io)D) "

satisfies
10 8
ROl —oy < min (5,75 329
2. Whene=0 and f € L?,
(Pic(0) = (1+i0)I) ' If = (Px —1— i)~ f.

3. For all (g,6) € X(eo,dp),
R(e,0)" = R(—¢,—0).
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Proof. By symmetry of K, hence of all Ky, (Pk,u,u) is real for all u € H}. Using that ||| K| is
small enough, it follows from (3.22) and (3.26) that

3 _ ) 5
(322 Il = i < Re (Pate) = 14 i0Duc) < (§ 492l = Nl

for some constant v > 0 independent of K as long as |||K]|||o + -+ + ||| K|||§ remains bounded.
Similarly, if ||| K1]||o is small enough, we have

sgn(e)Im ((Pr () — (1 + i6))u,u) > |e|(1 — 752)”“”?{5 + WH“Hi?

since the first term of Px(¢) contributing in the imaginary part is 2e(Pg,u,u) and sgn(e)é = ||
by definition of X(gg,dp). If |e] < g¢ is small enough, we obtain

3

Re ((Pile) ~ (1+i0)Tuu) < Jlfullfy — llull% (3.29)
_ . 1
Re ((Pxc(e) ~ (L+i0)D)uu) > ofullfy — IlullZs (3.30)
_ , €
sgn(e)lm ((Px(e) — (1 +i6))u,u) > %Hu”fﬁ + 16|32 (3.31)
We wish to get lower bounds in term of the H} norm. Let 6 = 0(e, ) be such that cos(f) = —|e|/4

and sgn(e) sin() = (1 — 2/16)'/2. We then have the coercivity estimate

Re (" (P (e) — (1 +i0)T)u, u) > %Hu”?qé, (3.32)
where we now have the H} norm in the right-hand side. Indeed, using that the duality (.,.) is

antilinear in the first factor, the left hand side of (3.32) reads
cosORe ((Px(e) — (1 +i6)I)u,w) + sin0Im ((Pr () — (1 +i6)1)u,u) .

Multiplying (3.29) by cos@ (which is negative) and (3.31) by sgn(e) sin(d) allows to bound from
below this expression by

lel (1-€*/16)'2 3 lel
7 ullie +lel { ———— - 3 lullF > TOIIUII%;

if ¢ is small enough. It follows from (3.32) that the operator Pk () — (1+i8)[ is injective and has
a closed range (this would also follow from (3.31)). Using the usual Lax-Milgram argument, the
estimate (3.32) implies that e (P (¢) — (1 +i6)]) and hence Pk (¢) — (1 +146)I are isomorphisms
between H} and H~!, which proves the existence of R(g,d). To complete the proof of the first
item, it remains to prove (3.28). The bound 10/|e| follows from (3.32). We prove the bound 8/|4]
in a similar fashion as follows. We choose # € R such that sgn(e)sin(8) = (1 — 62/4)'/? and
cos(8) = |6|/2. Then, it is not hard to see as above that using (3.30) and (3.31) we have

Re (eiﬁ (P (e) — (1 +i0)])u,u) > %'Hu”%,

provided that § is small enough. This last estimate and (3.32) imply (3.28).

To prove the second item, we observe that (Px(0) — (1 + ié)I_)_II_f is the unique u € H} such
that

Qk(u,v) — ((1 +i5)u,v)L2 = (f,v) e,
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for all v € H}. This implies precisely that u belongs to Dom(PK) and that
(PKU - (1 + i5)u,v)L2 = (faU)LQa

which shows that v = (Pg — 1 —id)~1f.
To prove the third item, we use the definition (3.16) to write

(f,R(—e,=d)g) = ((Px(e) — (1 +id)I)R(e,0)f, R(—e,—d)g)
= (R(e,0)f, (Px(—¢) — (1 —i6)I)R(—¢,—6)g)
= (B(e,9)1,9),
since, by the definition of Py (+¢), it is clear that (P (¢)u,v) = (u, Px(—¢)v) for all u,v € H}
(see for instance (3.26)). The result follows. O

We next recall a classical lemma (see [20]) on differential inequalities.

Lemma 3.10. Let C > 0, g9 > 0, v > 0 and 0 < 8 < 1 be fixed constants. Then there exists
C’" > 0 such that, for all differentiable maps F : (0,e0) — L(H 1, H}) satisfying

‘ d

de
for all € € (0,e9), we have

F(e)

IN

’ CUIF @) mm + e’ (3.33)
H-1—H}

E -1 m3

IN

Ce™ 7, (3.34)

FEE g1 mm < C7,
for all e € (0,e9).
Proof. Consider the sequence (yx)gen defined by

Y+ B -1 ify+p>1,

Yo =7, 7k+1={0 lf’}/k+ﬂ§1

It is easy to check that v, = 0 for all k large enough. The lemma then follows from the observation

that for all & > 0 there exists Ci > 0 such that, for all F' satisfying (3.33) and (3.34),
IFE g1 m < Cre™ ™, € (0,20),

which is obtained by an elementary induction. O

In the following proposition K is a fixed N + l-admissible perturbation. For simplicity, when
k > 1 is an integer, we will use R(e, )" as the obvious short hand for (R(e,d)I)* =1 R(z, ).

Proposition 3.11. For all (¢,6) € X(e0,00), the function t — e®*AR(e,8)e™ ™ can be weakly
differentiated at t = 0 and

L d ia —itA 9 N
- — (e de " = —— 0 1) —2)N+H1__p o). .
o (e R(e, 0)e") . 5e 11(6,0) + Re, 0) | (=207 5 Prya | Rle,6). (3.35)
Similarly, & (e*AR(e,85)Ne~"4) |t:0’ defined in the weak sense, reads
N-1 a EN
- Z R(e,0)k <§R(5, §) — R(e,6) <(2z‘)N+1ﬁPKNH) R(e, 5)> R(e,0)N -1k,
k=0 )
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Recall that the action of €4 on H{ and H~! respectively is described in Proposition 3.4. We
also point out that the derivative dR(e,d)/de is well defined, in the L(H ™', Hy) topology, since
R(e,9) is the inverse of P (¢) — (1 + i6)I which depends polynomially on e in L(H}, H™') (see
(3.27)).

Proof. Since €4 is an isomorphism on H} and e~#4 an isomorphism on H~!, e®4AR(g, §)e~ "4 is

the inverse of _ B - _ ~ -
e (Pre(e) — (1 +i6)]) e " = e Pye(e) — (1 +id)1,

where the equality with the right-hand side follows from (3.12) and the first item of Proposition
3.8. We claim that this operator can be weakly differentiated in t. Indeed, if u,v € H}, we have

(e Pgi(e)u,v) = (PK(E)U,U)—Q/O (Prc: (e)u, v)ds. (3.36)

This is easily seen first with u,v € C§° by using (3.12), and then on H} by density. By writing
(Pk; (e)u,v) = Qs (c)(u, v), we see that this quantity depends continously on s, by the strong con-

tinuity on L2 of s — (rd,)*K (e°r), for k < N + 1. This implies on one hand that (e=2 P (¢)u, v)
can be differentiated at ¢ = 0 and on the other hand that

He—QtpKt (e) — pK(€>||H(}—>H*1 < ClY

hence that
|[(e72 Py (e) — (1+i6)T) " = R(e, )| |y < Ceslt]. (3.37)
Using the resolvent identity, this shows that
(e7* Pre(e) — (1+ 1'5)1371 — R(g,8) = —R(c,6) (e * P+ (e) — Px(g))R(,6) + O(t?),
where the O(¢?) holds in operator norm. This justifies the weak differentiability and the fact that

i (eitAR(E, (5)67“14) — —R(E, 6)% (eitAPK(E)efitA)

o » R(e, ).

[t=0

To compute the derivative, we use on one hand (3.36) to see that

d itap —i 5
E(e tA B (2)e tA)\t:O = —2Px, (e).

On the other hand, using (3.27), we can compute 9Pk (¢)/¢ directly and check that
P 0 5 o N+1ET 5
72PK1(€) = 7’L§PK(€) 71(721) _PKN+17

from which (3.35) follows. In a similar fashion, we have
¢ R(e,0)Ne ™" = R(e,5)N + > R(c,6)" (¢"*R(e,8)Ne " = R(e,0)) R(e, )N 1 F + O(#?).
k=0

This allows to justify the weak differentiability and obtain the second assertion. O

The next lemma is a convenient version of the standard quadratic estimates of [28].

27



Lemma 3.12. Let B: H™' — H~! be a bounded linear operator. Then for all (¢,8) € (eo,do)
and all K as in Proposition 3.9,

4 1/2
)BHHflaHg < |€|1/2 H-'—-H}"

||R(e,8 ||B*R(e,6)B||

Proof. Using (3.32), we have
Re (¢ (Prc(e) — (1 + i) 1) R(e,0)BS, (e, 0)Bf) > |IR(e,0) B3

for all f € H~!. The left-hand side reads
Re (e Bf,R(c,8)Bf) = Re (" f, B*R(,0) Bf) .

By bounding 1/10 from below by 1/16, this implies that

. lel
| £I[5-1[1B"R(e, ) Bllg-1my = T5lI1R (e, 6) B [[7y,

from which the result follows. O

Proposition 3.13. Fiz N > 1, M > 1 and 0 < a < 1. There exist C > 0 large enough and
0,€0,90 > 0 small enough such that, for all (£,8) € 3(eg,dp) and all N + 1-admissible perturbation
K satisfying

Ko + 1Kl <o, K24+ [[IK|[ln+1 < M,

we have

(@A +1) " R(e, 0)N (A — i <C.

-N
) ||H*1—>Hé -
Proof. Let us set first F'(e) := (A —i)"'R(¢,d)(ad +i)~!. By Lemma 3.12 and the item 3 of
Proposition 3.4 with ( = —i, we have

o 4
1B(e,8)(0A + ) lln-s-omy < il ENI2 (3.38)

H-1—H}"
By taking the adjoint and using the third items of Propositions 3.4 and 3.9, the same estimate

holds for |[(aA — @)1 R(e, S)|[zr-1-mp- On the other hand, by using the item 4 of Proposition 3.4
and Proposition 3.11, we obtain

d

d—EFl(E) = iA(aA —i) ' R(g,8)(aA +i) Tt —i(aA — i) R(e, 6) A(aA 4+ i) +

el _
(A — i) R(e, ) ((—Qi)NHmPKNH) R(g,0)(aA +4)7

as an equality between H~' — H{ operators. Therefore, using (3.38) and the bound (3.28) to
handle the last term above, we get

7

d
d < Calel 72IF @)1

H-1-H}"
H-1—H}

Fi(e)
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By (3.28) and Lemma 3.10, we obtain that ||F1(€)||H71_>H& < C. In particular, the right-hand
side of (3.38) is at most of order |¢|~/2. If we now set FN(e) := (A — i) N R(e,0)N (a A + i)V,
we obtain similarly (using now the second part of Proposition 3.11) that

d
— N
de (€)

Sl DR @A) gy +
H-1'—H} 0

@A + )7V (e, ) (ad = )7 A sy +

lell[ (@A + i)~V Ree, 5)HH*1—>H(} || R(e, 6) (A — i)~ ‘H*1—>H(}'
The last line is the contribution of
N—-1
Z (@A +i)"NR(e,8) {R(c,8)e" Py,  R(e, )N ' "F} R(e, 0) (@A — i)™V,
k=0

where each bracket {---} in the middle has a H~' — H~! norm of order ¢ by (3.28). This is
then bounded since the right-hand side of (3.38) is at most of order |¢|71/2. Then, estimating
1R, )Y (@A = i)~ -1y by

1R, O30, 1R, 8) (@A — )7 H -1yl (@A = )N =12 S e~V

which follows from (3.28) and (3.38), and using a similar estimate for (A +14)~V R(e, §)" together
with the interpolation estimate of Proposition 3.4, we thus obtain

d 1—L 1_ %
|z e e ()
J H-1—H} ’
so the conclusion follows again from Lemma 3.10. O

We end up this section with two technical results which will be useful when we will ultimately
replace the powers of (A 4-i)~! by powers of (r)~1. More precisely, to prove Proposition 2.3, we
will combine the estimates of Proposition 3.13 with refinements of Hardy type inequalities, as they
appear for instance in [34], and which we now consider.

Lemma 3.14. Let 0 < s < "T_Q Then, there exists Cs > 1 such that for all u € C§° and all
60 >0,
CoHI0n ((r +8)"*u) 2 < |(r +8)"*Opull 2 < Csl|0r ((r + 8)"*u) |2
and
1+ 6> Yullg < Coll(r + ) Oyl 2.

This last estimate is a Hardy inequality which is very close to [34, Lemma 3.2]. Here the
additional information is the equivalence of the norms of (r + §)~*0,u and 0, ((r + ) *u) which
we will need below.

Proof. By decomposing u along an orthonormal basis of L?(S, dvoly, ), it suffices to prove the result
for functions v € C§°(RT) € L2(R*,r"~1dr). Using the straighforward computation

O ((r+0)"%v) — (r +0) "0, v = —s(r +6)"* v,
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and then using (3.19), we obtain
—s —s 2s —s
}||8T((r+5) Vllz2@n—1ary — [|(r 4+ 8) 72 0rv|| L2 (pm—14r)| < m“ar((?”ﬂ;) V)l 22 (rm—1ar)-

Since 2s/(n — 2) < 1, we obtain the equivalence of the norms. Using (3.19), these norms control
[(r +6)~* " 0| L2(;n-14r) and the result follows. O

The next proposition is a generalization of an estimate which can be found in [34, Proposition
4.1]. We have to modify it to allow additional weights depending on A. In passing, we also get the
full range of exponents s € (0, (n — 2)/2).

Proposition 3.15. Fiz 0 < s < (n —2)/2 and constants M, N € N. Then there exist C > 0 large
enough and ¢ > 0 small enough such that, for all a small enough, all 6 € (0,1), all N-admissible
perturbations K such that

Kllo<e  and  |[[K[[lv <M,

we have

1/2

[|(r + 5)_5VgouHL2 < C|[(aA + i) N Pg(aA + z)NuHi/fH(r + 5)_28uHL2 ,

(3.39)

for all u € (A + i)~ NDom(Pg).

Before giving the detailed proof, we recall first the nice basic idea on which it rests when N = 0
and P = —A,,, i.e. when K = 0. We compute Re (—Ag,u, (r + §)~2%u) 2 or more precisely
Re Qo(u, (r + §)~2*u). The condition § > 0 guarantees that (r + §)~2* is bounded on H} by the
item 1 of Proposition 3.4. By density of C§° in H}, on which Qp is continuous, we may assume
that w € C§°. Then, by integrating by part one finds

Re Qo(u, (r +6)"*u) = s/ "2 (r+6) 72 ((n — 2 = 28)r + (n — 1)8)|ul*drdvoly,
Mo

+ 11+ 8) " Dyl 2 + || (r 4 8) "5 Dislul|2,
> ||(r+ 0)"*Vyoul 22, (3.40)

since (n —2 — 2s)r + (n—1)8 > 0 (here we may go up to s = (n — 2)/2). If u belongs to Dom(Pp),
then Qo(u, (r + 0)~2u) = (Pyu, (r + 6)"2%u) 2 and, using the Cauchy-Schwarz inequality, this
yields the result with C' =1 when K = 0 and N = 0. The general case will follow from this model
by a perturbation argument.

Proof of Proposition 3.15. We start by computing the commutator [(aA — )N, PK] in the form
sense: for all ¥, p € C§°(My), we have

N

Qx((cA+ )N, 0) = Q (v, (@A —i)Vp) + Y CR(2i0)* Qx, (v, (ad — i)V Fp),  (341)

k=1

where K} is as in (3.25). This follows from (3.13) and a simple induction on N. Then, up
to considering the closures of the quadratic forms, the identity (3.41) remains true if one only
assumes that ¢ € Hi and ¢ € H} satisfy (A + i)V € HE and (A — )Ny € H} (this can be
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proved as in Lemma 3.1 of [6]?). Consequently, by choosing 1 = u and ¢ = (aA—i)" N (r+4)"*u,
we find that

Re ((aA + i)fNPK(aA + )N, (r+ 6)725u) ;2 = Re QK((aA + )N, (A — i)fN(r + 6)72%)

can be written as

N

Re <QK(u, (r+06)"%u) + Z Ch(2ia)* Qr, (u, (aA — i) F(r + 5)25u)> . (3.42)

k=1

Our goal is to bound this expression from below similarly to (3.40). To study the contribution of
the first term of (3.42), we use Lemma 3.7 and the expression of Px — (—Ay,) given by (3.8) to
obtain

|Re Qo(u, (r+6)"**u) > — Re Qx (u, (r + 5)725u)‘ <
ol (7 +8) >V goul| L2 (||(r + 8) ">V gy ull L2 + [|(r + 8) ™ Hul[2).

By using Lemma 3.14 (which imposes s < (n — 2)/2) and (3.40), we get
Re Qx (u, (r +6) "> u)z2 > (1= Cl[IK[l]o)[|(r +0) Vg, ul[Z-. (3.43)
The result will then follow if we prove that, for each term in the sum of (3.42),
| Qi (u, (@A — i)™ (r +8) 7> u) | < O+ |IEK]lo)l|(r + 6)~* Vgoul|Z-. (3.44)
To justify (3.44), we start by observing that for all v,w € C§°, we have
Qx (v, (1 +0) 72 w)| < C(L+ [[1Kl[o)l|(r +8) = Vgyull 2| (r + 6)° Vo (r + 8) 7> 0] 2.

This follows easily from of (3.21) (strictly speaking (3.21) only yields the contribution of K} but
the one of Ay is similar). Using that

1(r +8)* Vo (r + 8) "> 0llz2 S [[(r +8) " Vgovl[ 2 + [|(r +6) ™" 0|2,
and Lemma 3.14, and then a density argument to replace v and w by any H{ functions, we get
|Qx (u, (@A — )75 (r +8) 72 w)| S (L + [[[Klllo)(r + )~ Vgoul |2 ||(r + )~ Vo[ 2,

with
= (r+0)*(ad —i)*r+0)"%u.

The proof will then be complete if we show that
|(r +0)"*Vgytl[L2 < C||(r +0) " Vgul| 2. (3.45)
This is obtained as follows. Given o € R and ¢ € C\ R, if « is small enough we have

|(r + )7 (A — )% (r + 8) 7| payp2 < C. (3.46)

2for convenience, we recall that the idea is to set ¢ = (@A + i)~ N and to use on one hand that (aAd 44)~N =
limr 00 Z(N—lfl)l foT(*it)NfleftenaAdt, where the integral preserves C§°, and on the other hand that one can

approximate v € H(% by some C§° function
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This comes from the first identity of (3.20), since (r + 6)I7l ~ rlol 4+ 67l (i.e. their quotient is

bounded from above and below). Therefore, using (3.20) and (3.46)

1 +8)70pllzz < Nl(r +6)*0(@A =)™ (r +8) " ullpz +[|(r +6)" " (@A = ) 7 (r + 8) " ul|2
10+ 8)* (@A — i+ i) %0, ((r + 0) ™ w) |2 + [[(r +8) |2

[(r + 8) "0yl | 2 + ||(r + 8) " tul[ 2

[|(r +6)"*Orul| 2

AR ZANRYAN

the last inequality following from Lemma 3.14. The estimate

|G+ 8)7*r " Dslal] . < [|(r+8)~*r "} [Dslul| .

is obtained in the very same way, using additionally that |Ds| commutes with functions of r and
A. This yields (3.45) and completes the proof. 0

4 Proofs of Propositions 2.1 and 2.3

4.1 Proof of Proposition 2.1

Using (1.2), we recall that g = a(r)dr? + 2rb(r)dr + r2h(r) is a metric on (Rp,00) x S such that
G = k*g. This allows to recast the problem on a question on a half line times S: it suffices to show
that one can find Ry > 0 and a diffeomorphism

Z: (R, 0) x 8 = U C (Rg,0) X S

of the form

such that

1. for some symbol & € S~ on (Rg,00) X S (i.e. for all integer k 9%(7,.) = O(FP~F) in
C>(S,R))
7(F,0) = f(l +&(r, J)),

2. U contains (R, +o0) x S for some R, > Ry large enough,
3. at each point (7,0) € (Ro,0) x S, we have
dvolz-, = 7"t dFdvoly,. (4.1)
To build 7 we check which conditions must be fulfilled. We first note that, at any point (r,0) €

(Ro, OO) X 8,
dvol, = F(r,o)r" tdrdvoly,,

with F' — 1 € S~P. Therefore, the condition (4.1) reads

oF

=l = a—;f”*F(f,a). (4.2)
If we assume that Z exists, the inverse diffeomorphism is of the form (r(r,o),o0). By evaluating
(4.2) at 7 =r(r,o0), we get

=" E(r,0),
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that is

2, 0)" " (1 ) = " E(r, ),
or equivalently
a n
%(r, o) =nr"" F(r, o), (4.3)

which can be solved: we write F' as F(r,0) = 1+ 6(r,0) with 6 € S~ then, by following (4.3), we
define for some R; > Ry

r(r,o) = (n /T 1+ 5(t,o))t"1dt) ; =r <1 - % +r " /T 5(t,q)t”1dt) ; , (4.4)

Ry Ry

for r > Ry and ¢ € S. Since n > 2 and by assuming p < 1, it is not hard to check that
T f;l §(t,o)t"~1dt belongs to S™~” hence that the last bracket in (4.4) is of the form 1+ S~°.
It follows easily that, for Re > 1 and for all 0 € S, r — r(r, o) is a diffeomorphism from (R, o)
to (r(Ra,0),00) hence that

(ryo) v~ (r(r,o),0)
is a diffeomorphism from (Rz,00) X S to an open subset containing (sups r(Ra,.), oo) x § which

contains (RO, o0) x S for some Ro > 1. The inverse diffeomorphism provides a diffeomorphism of
the form = : (7, 0) — (7(7, 0), o) which, by construction, satisfies (4.2) and hence (4.1). Using that
r(r,o) = r(l +57°) and by differentiating r(7(7,0),0) = 7, a routine analysis shows that 7(7, o)
is of the form 7(1 4+ S~*), which yields both item 1 and item 2. O

4.2 Proof of Proposition 2.3

Let us recall that the goal of this proposition is to construct an operator PAT on (0,00) x S such
that on one hand P and Pr coincide near infinity and on the other hand Pr satisfy appropriate
resolvent estimates ((2.16), (2.17) and (2.18)).

Construction of Pr. By Proposition 2.1, we assume that the metrics go introduced in (3.3)
and g(= a(r)dr? + 2rb(r)dr + r*h(r), see (1.2)) satisfy div,, = div, near infinity. More precisely,
for any vector field V on (R,00) x S, which we split as V = (V;,VS) using the isomorphism
T((R,00) x 8) = T(R,0) x T'S, we have

1 0

divg(V) = dive, (V) = = 5

(r"='Va) + divy, (V).

We then recall that —A, (that is k* Pk, near infinity) is for 7 > 1 of the form
—Agu = —Agu — divg, (KFu),
for some tensor K¢ such that, by (1.3),
|0F Kallp~ < Cor™?7*,  k>0. (4.5)

(See also after (3.8) for the notation sc.) We introduce ¢y € C°°(R) such that ¢o =1 on [1,00)
and supp(¢o) C [1/2,00). Then, we define

T = po(r/R)Kg,
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which is N-admissible for all N by (4.5), and set
Pru = —Agu — divg, (Tscu). (4.6)

We let Pr be the associated self-adjoint realization defined according to Proposition 3.8. So
defined, Py satisfies the item 1 of Proposition 2.3. Furthermore, by (4.5), we have |||T||lo < R~
and |||T|||1 < R™” (see Definition 3.1 for the norms ||| - |||x), hence these norms are as small as we
wish by choosing R large enough. This allows us to use the results of Propositions 3.13 and 3.15
to prove the estimates (2.16), (2.17) and (2.18) as follows.

Proof of (2.16) Let z = A 4+ i with § € R\ {0}. Assume first that A > 0. Setting ' = §/X, it is
straightforward that

rT Pr—2) T = ()T O P = 1 =) T )T
eitA,rfl(th _1— ,L'(S/)fl,rflefitA, (47)

by choosing ¢ = In(A/2) (see (3.9) for e”*4). Notice that |||T||x = |||T*|||x for all k. We next write

ot r oA +i)(aA +i)7!
= BlaA+i)™, (4.8)

where B := aD, + (an/2i+1i)r~! is bounded from H} to L? by the Hardy inequality (3.19). This
implies that

IB(aA +i)~! (Pre —1—i0) " (@A — i)' B*|| o, 10,
1Bl pall (@A + )~ (Ppe =1 — 0™ (@A = )Ml

||7’_1(PT — Z>_1T_1||L2—>L2

IN

so the result follows from Proposition 3.13. When A < 0, the proof is even simpler and does not
use Proposition (3.13). It suffices to use the Hardy inequality (3.19) to see that

17 (P = 2) 7t nesre < CIPK (Pre = 2) 7 P s e,
whose right-hand side is bounded uniformly in z by the spectral theorem. (|
To prove (2.17) and (2.18), we still need two technical lemmas.
Lemma 4.1. Fiz s >0 and 0 < a < 1. Then there exist o0 > 0 and C' > 0 such that
10r) =2 (Pre + 1) ull 2wt < CIIGn) 7 (@A + 1)l [ 22 (v
for all w € L? and all K such that |||K]|||o < o

Proof. Without loss of generality we can replace (r) by (ér), with § > 0 small enough to be fixed
below. We next remark that Py + I is an isomorphism from H} to H~! (recall that Py is the
H} — H~1 closure of —A,,) since ((Py+I)u,v) = (u, v) gy Therefore, by Proposition 3.7, P +1
is also such an isomorphism (with norm in a fixed neighborhood of 1) if |||K]||o is small enough.
If v > 0 is a fixed real number, the operator

Pk 5., = (0r) 7" P (01)", (4.9)
defined first on C§°, has a bounded closure Pk s, to Hg such that

P50 = Pl -1 < C(L+ |IIK]l]o)d,
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where the constant is independent of v as long as v belongs to a bounded set. This is easily seen
from (3.7) and (3.8), the factor 6 coming from commutations between (§r)** and 0,.. For § small
enough, Pk s, + I is also an isomorphism between H] and H~! and by construction (plus a routine
verification which we omit), we obtain

(6r) ™Y (Pg + 1)t = (Prs, + 1)1 6r)7", (4.10)

as operators from H~! to Hg. Here (67) ™" acts on H~! in the distributions sense®. By composition
with I and the item 2 of Proposition 3.9, we get

(r) ™ (P + 1)7" = (Pgo + D) (o). (4.11)
Using this identity with v = s + 2, we can thus write
(Or) ™72 (Pg + 1) = (Prsw + )7 T(07) " @A + ) (@A +14) 7 Hor) L,
where, using that (67) ~*(«A + i) maps L? in H~!, we thus obtain
1467) =72 (P + 1) Mull 2 < Ol (@A +4) 7 (3r) 7 |2
To swap the positions of (aA 4 4)~! and (§r)~*~1, we write
(@A + )" Hor) 5 = (@A +4) " Hor)y T H aA + i) (@A +4)
and observe that (aA+i)~1(6r) "5~ (aA+i) = B(a, s,0){dr) ! for some bounded (and explicitly
computable) operator B(a, s,d). The result follows. O
Lemma 4.2. Fix M,N > 0. There exist ag > 0, 0 > 0 and C' > 0 such that, for all integer
0<k<N-_1,
17 () 7 (Prc + 1) Nl |2 () < Cll(@A + ) ul| 20y,
forallu e L?, all 0 < o < ag and all K such that |||K||lo < o, |||K]||n < M.

We state this result for general admissible perturbations K but we will apply it with K = T",
using that ||T||x = ||T||x for all integer k and all ¢ € R.

Proof. We will use (4.9) and (4.11) from the proof of Lemma 4.1. By iteration of (4.11), we obtain
on one hand

Ory F(Pg + 1) = (Prswk+ I_)fll_<5r>’k(]5K +1)7k
= (PK,J,IC + f)71f<57">71 (pK751k71 + 1)71j<5T>7(k71)(PK 4 1)*(’6*2)
0
= (Pxsu+D)7'T [ 0r) " (Prsw +1) 1, (4.12)
v=k—1

where the product is the composition from the left to the right decreasingly in v. On the other
hand, for any v > 0 and an integer j7 > 0, we can consider the operator

PiS = (@A +i) 7 Pg (@A +i), (4.13)

3i.e. ((6r)"VE,u) = (E,{6r)"Vu) for all E € H~! and u € H}
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on Cg°. This can be written as the sum of Px 5, and a linear combination of nonnegative powers
of (A + i)' composed with commutators of P 5, and aA. It follows that

||(PIJQ%1V — Prsp)ul|, 4 < Callul| g, ue(Ci?,0<ax 1.

This implies that P;;,Og,l/ has a closure PIJQ%W to Hy. If v is small enough, PZQ%1V+I_ is an isomorphism
between H} and H~! since Pk s, is for § small enough (cf the proof of Lemma 4.1). Moreover,
(4.13) implies

(@A +i) 7 (Prgy + 1) = (PS5, +1) (aA+i)7. (4.14)
This is formally obvious but requires an argument since we cannot obviously compose both sides
of (4.13) with (aA + )~/ for this does not preserve C§° in general. To justify this formula we use
the Lemma 3.1 of [6] as in the proof of Proposition 3.15, namely that for any v € H} we can find
a sequence (U, )men of C§° such that

(@A + iV up = v and Um — (@A +1) o

in H}. Then (4.13) yields (0A + i)™ Pr 5,0 = P};%,V(QA +4)~Jv which then implies (4.14). The
interest of (4.12) and (4.14) is the following one. After multiplication by r~!
line of (4.12)

, we write in the last

T_l(pK,(s,kﬁLj)AI = T_l(aAJFZ‘)(aAJFZ‘)_l(pKvM+Ii)71j
= r_l(aA—l—i)(_Il(’gyk+I_)_1I_(aA—|—i)_1.

The operator («A+1)~! in the right-hand side, which falls on the operator (67) ! (P 55-1+1) _1,
is then rewritten as (aA +i)(aA +14)72 so that we can use (4.14) with j = 2 and v = k — 1. By
iteration, we see that r~1(67) % (Px 4+ 1)7%~1 reads

0

rH A + i) (PG, + n'r < 11 Bk, DA +iyory = (P + 1)‘1f> (A +i)~F 1,
l=k—1

with B(k,1) such that (aA+4)~*+1=D(5r) =1 (@A +4)**1=t = B(k,1)(6r)~'. Each B(k,1) is clearly

bounded on L?. By using Lemma 3.6 and the fact that r—!(aA+7i) is bounded on H}, we conclude
that

[P~ (6r) ™ (Pre + 1)V Ml 2 Cll(aA +) " (P + 1)~ Pul| 2

<
< Cl(cA+ i)fk*lu”Lz

where, to get the second line, we used (4.14) with j = k+ 1 and v = 0 (in this case we have
(Px +1)7t = (Pk,0,0 + I)~I). This completes the proof. O

Proof of (2.17) We start with a general remark. By iterating the resolvent identity for any
self-adjoint operator H > 0, we have

(H=Q ' =Y A+ ¢/H+) T+ (+ )V H+ 1) NH - (H+1),  (415)
§=0
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for all ¢ € C\ R. By differentiating k times in ¢, we see that if ¢ belongs to a bounded subset of
C\ R, there exists C' > 0 such that, for all bounded operator W with operator norm at most 1,

IWH =~ W <o 1+ 3 WH+)™NH - @+ )N ) (416)
i<k
Here || - || is the operator on the Hilbert space where H is defined. From now on, we consider Py

and || - || is the operator norm on L?(M;). We let €2Z = (1 +id’), with &' € R\ {0} (note that
A ~ €2). Then

(€2Pp — 2) % =Re(Z) " F (A Pp —1—id)) R

(4.17)
Similarly to (4.7), we consider the family of rescaled operators Pre = e®A(A~1Pp)e~ 4. We
observe that

—1-k —1-k

[(er) ™ er) ™ (e72Pp — Z) ™ "er) F(er) M| S Ir M) TR (Pre — 1 —i8) T () TR

Indeed the right-hand side equals ||(AY/2r) =Y (AY/27) =k (A\=1Pp — 1 — i6) (AL2p) =k (\1/2p) 1|
by rescaling, and this quantity is bounded from above and below by the left-hand side, using (4.17)
and the fact that \/e? belongs to a compact see of (0,00). Then, by using (4.16) and Lemma 4.2,

we have

—1-k

—1-k

|| () F (th —1—1id") (kT <14 Z (@A +i) " (Pre —1—i8") " HaAd —0) Y

1<k

so the result follows from Proposition 3.13. O

Proof of (2.18) By using (4.16) with z = ¢, we obtain (as long as z is bounded)
2
1) =27 (Pr = )2 () 2o S 1+ D 1) 2 (Pr + 1) 7 (Pr = 2) M Pr + )7 ) 2L
k=1

The term corresponding to k = 1 is clearly bounded for [Re(z)| < 1 and 0 < [Im(z)| < 1 by using
(2.16) and the fact that (Pr + 1)~! preserves the decay (r)=2=*% (see (4.10)). Therefore, it suffices
to consider the term corresponding to k = 2. By Lemma 4.1, this term is controlled by

(r+ 1) (@A +0) 7 (Pr — 2) (@A — i)+ 1) g o

We assume first that Re(z) =: A is positive. By using the same rescaling as in (4.7), the above
norm reads

Re(2)* 7 H|(r + A2 3 (@A + i) "N (Pre — 1 —i6") 2 (@A — )" + AV 79|22, (4.18)

Therefore, it suffices to show that the norm in (4.18) is bounded uniformly in ¢’ and A (recall that
t = In(\/2)). Using (4.8), we write

ar an/2i+i
r 4 A\1/2 rt r 4 A\1/2
= (r+AYH 7By (aA +1i)7?

(r+ AV @A+ i) = (r+)\1/2)5< >(aA+i)2
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so that the norm in (4.18) equals precisely

||(r + A2 " By (@A +4) "2 (Pre — 1 —i6") "2 (A — i) 2By (r + AY?)~

Il
L2—L2"

By Lemma 3.14 and Proposition 3.15, this norm is bounded by a constant (independent of A and
") times the product of the following powers of norms

(@A + )2 B2 (Pre — 1 —i0) 2 (@A — i) |[}0 L.
[(r + AY2) 725 (@A + i) 2 (P — 1 4i8') Pre (0 A — i) 2| }2/;*%2
[(r + AY2) 725 (@A 4 i) 2 (Pre — 1 — i) "2 (ad — i) 2 (r + AY2) 7| 10 L

Since s < 1/2, the Hardy inequality allows to drop the weight (r 4+ A\'/2)=2% in the second and
third lines up to the replacement of the L? — L2 norm by the H~! — H} norm. The uniform
boundedness of these norms then follows from Proposition 3.13. The proof in the case Re(z) < 0
is similar; one only has to replace (Ppi — 1 —id’) by (Pre +1 —ié’) so that we do not need to use
Proposition 3.13. This completes the proof. O

References

[1] M. BEN-ARTZI, S. KLAINERMAN, Decay and reqularity for the Schridinger equation, J. Anal.
Math. 58, 25-37 (1992)

[2] J.-F. BoNy, D. HAFNER, The semilinear wave equation on asymptotically Euclidean mani-
folds, Comm. Partial Differential Equations 35, no. 1, 23-67 (2010)

(3] , Low frequency resolvent estimates for long range perturbations of the Fuclidean
Laplacian, Math. Res. Lett. 17, no. 2, 301-306 (2010)

[4] , Local energy decay for several evolution equations on asymptotically Fuclidean

manifolds, Ann. Sci. Ec. Norm. Supér. (4) 45, no. 2, 311-335 (2012)

[5] J.-M. BOUCLET, Low frequency estimates for long range perturbations in divergence form,

Canadian J. Math. 63, 961-991 (2011)

(6] Low frequency estimates and local energy decay for asymptotically euclidean Lapla-
cians, Comm. Partial Differential Equations 36, no. 7, 1239-1286 (48), (2011)

[7] J.-M. BoucLET, H. MI1ZUTANI, Global in time Strichartz estimates on asymptotically conical
manifolds, in progress.

[8] J.-M. BoucLET, J. ROYER, Local energy decay for the damped wave equation,
arXiv:1312.4483

[9] J.-M. BoucLET, N. TZVETKOV, On global Strichartz estimates for non trapping metrics, J.
Funct. Analysis, 254, 6 1661-1682 (2008)

[10] N. BURQ, Smoothing effect for Schridinger boundary value problems, Duke Math. J. 123 (2),
403-427 (2004)

[11] F. CARDOSO, G. VODEV, Uniform estimates of the resolvent of the Laplace-Beltrami operator
on infinite volume Riemannian manifolds. II, Ann. Henri Poincaré 3, no. 4, 673-691 (2002)

38



[12]

[13]

[14]

[15]

[16]

[17]

[19]

[20]

[21]

22]

23]

[24]

M. Dimassi, J. SIOSTRAND, Spectral asymptotics in the semi-classical limit, London Math-
ematical Society Lecture Note Series, 268. Cambridge University Press, Cambridge (1999)

S.I. Doi, Smoothing effects of Schrodinger evolution groups on Riemannian manifolds, Duke

Math. J. 82 (3), 679-706 (1996)

R. FrROESE, P. HiSLoOP, Spectral analysis of second-order elliptic operators on noncompact
manifolds, Duke Math. J. 58 (1), 103-129 (1989)

C. GUILLARMOU, A. HASSELL, The resolvent at low energy and Riesz transform for
Schrédinger operators on asymptotically conic manifolds, Part I, Math Annalen, 341, no 4,

859-896 (2008)

, The resolvent at low energy and Riesz transform for Schrodinger operators on
asymptotically conic manifolds, Part II, Ann. Inst. Fourier. 59, no 2, 1553-1610 (2009)

C. GUILLARMOU, A. HASSELL, A. SIKORA, Resolvent at low energy III: the spectral measure,
Trans. AMS 365, no. 11, 6103-6148 (2013)

A. HASSELL, J. ZHANG, Global-in-time Strichartz estimates on non-trapping asymptotically
conic manifolds, arXiv:1310.0909

K. Ito, E. SKIBSTED, Absence of embedded eigenvalues for Riemannian Laplacians, Adv.
Math. 248, 945-962 (2013)

A. JENSEN, E. MOURRE, P. PERRY, Multiple commutator estimates and resolvent smoothness
in quantum scattering theory, Annales de P'institut Henri Poincaré (A) Physique théorique vol.
41, 2, 207-225 (1984)

T. KATO AND K. YAJIMA, Some examples of smooth operators and the associated smoothing
effect, Rev. Math. Phys. 1, 481-496 (1989)

J. MARzUOLA, J. METCALFE, D. TATARU, Strichartz estimates and local smoothing estimates
for asymptotically flat Schrédinger equations, J. Funct. Anal. 255, no. 6, 1497-1553 (2008)

R.B. MELROSE Spectral and scattering theory for the Laplacian on asymptotically Euclidian
spaces, Spectral and scattering theory (Sanda, 1992), 85130, Lecture Notes in Pure and Appl.
Math. 161, Dekker, New York (1994)

, Geometric scattering theory. Stanford Lectures, Cambridge University Press, Cam-
bridge (1995)

R.B. Melrose, J. Sjéstrand, Singularities of boundary value problems. I, Comm. Pure Appl.
Math. 31, no. 5, 593-617 (1978)

J. METCALFE, D. TATARU, Global parametrices and dispersive estimates for variable coeffi-
cients wave equations, Math. Ann. 353, no. 4, 1183-1237 (2012)

H. M1zuTANI, Strichartz estimates for Schrodinger equations on scattering manifolds, Comm.
Partial Differential Equations 37, no. 2, 169-224 (2012)

E. MOURRE, Absence of singular continuous spectrum for certain selfadjoint operators, Comm.

Math. Phys. 78, no. 3, 391-408 (1980/81)

39



[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

P. PERRY, 1. SIGAL, B. SIMON Spectral analysis of N-body Schridinger operators, Ann. of
Math. 114, 519-567 (1981)

M. REED, B. SIMON, Methods of modern mathematical physics. I: functional analysis. Second
edition, Academic Press (1980)

, Methods of modern mathematical physics. IV: analysis of operators, Academic
Press (1978)

I. RobDNIANSkI, T. TAo, Effective limiting absorption principles, and applications,
arXiv:1105.0873

D. TATARU, Parametrices and dispersive estimates for Schrédinger operators with variable
coefficients, Amer. J. Math. 130, no. 3, 571-634 (2008)

A. Vasy, J. WUNSCH, Positive commutators at the bottom of the spectrum, J. Func. Anal.
259 (2010)

, Morawetz estimates for the wave equation at low frequency, Math. Ann., 355 no.

4, 1221-1254 (2013)

J. ZHANG, Strichartz estimates and nonlinear wave equation on nontrapping asymptotically
conic manifolds, arXiv:1310.4564

40



