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Abstract

In this note, for Lipschitz domains ) C R", I propose to show the boundedness of the
trace operator for functions from H'(Q) to L?(dQ) as well as for square integrable vector fields
in L? with square integrable divergence and curl satisfying a half boundary condition. Such
results already exist in the literature. The originality of this work lies on the control of the
constants involved. The proofs are based on integration by parts formulas applied to the right
expressions.

1 Introduction

It is well known that for a bounded Lipschitz domain Q) C IR", the trace operator Tr : €(Q) —
% (9Q) extends to a bounded operator from H!(Q) to L?(dQ) and the following estimate holds:

Tt ull 290 < C (Iallizey + IVullizomny) — forallu € H(Q), (1.1)

where C = C(Q2) > 0 is a constant depending on the domain Q. This result can be proved via a
simple integration by parts. If the domain is the upper graph of a Lipschitz function, i.e.,

Q= {r = (g, 1) € R X R > w(xy)) (1.2)

where @ : R"™! — Ris a globally Lipschitz function, the method presented here allows to give an
explicit constant C in (1.1). We pass from domains of type (1.2) to bounded Lipschitz domains via
a partition of unity.

The same question arises for vector fields instead of scalar functions. In dimension 3, Costabel
[1] gave the following estimate for square integrable vector fields 1 in a bounded Lipschitz domain
with square integrable rotational and divergence and either v X u or v X u square integrable on the
boundary (v denotes the outer unit normal of Q):

ITr 20 < C (lallizgey + et ull 2 oy + iV ullzqy + min{Iv - ullzgay, IV X tlli2go,rn})- (1-3)

This result was generalized to differential forms on Lipschitz domains of compact manifolds (and
L? for certain p # 2) by D.Mitrea, M. Mitrea and M. Taylor in [4, Theorem 11.2]. As for scalar
functions on bounded Lipschitz domains (or special Lipschitz domains as (1.2)), we can prove
a similar estimate for vector fields (see Theorem 4.2 and Theorem 4.3 below) using essentially
integration by parts.



2 Tools and notations

2.1 About the domains

Let Q C IR" be a domain of the form (1.2). The exterior unit normal v of Q) at a point x = (xp,, w(xp,)) €
I' on the boundary of Q:

T o= {x = (0, 2%) € R X R;x, = (xy) 2.1)

is given by
Vo () = ! (Vi) -1) 2.2)
1+ |Vyw(xy)?

(V), denotes the “horizontal gradient” on R"! acting on the “horizontal variable” x;,). We denote
by 0 € [0, 7) the angle

1
0= arccos( inf ), (2.3)
HER™E A1+ Vi (a1

so that in particular for e = (Ogs-1, 1) the “vertical” direction, we have

—e - v(xy, w(xy)) = ! = > cosO, forallx, e R". (2.4)
1+ V(x|

2.2  Vector fields

We assume here that (O € R" is either a special Lipschitz domain or a bounded Lipschitz domain.
Let u : O — R" be a R"-valued distribution. We denote by curlu € .#,(R) the antisymmetric
part of the Jacobian matrix of first order partial derivatives considered in the sense of distributions
Vu = (detta)1<t,a<n:

(curl u)m = =5 Ortta = Jatte) = (Vu—(Vw)T), , 1<tas<n (2.5)

la
On .#,(R), we choose the following scalar product:

n

(v, w) = Z VeaWen, U= (Vra)i<ta<n, W= (Wea)i<t,a<n € An(R). (2.6)
C,a=1

We will use the notation | - | for the norm associated to the previous scalar product:
[l = (w,w)?, we. /R 2.7)

Remark 2.1. In dimension 3, if we denote by rotu the usual rotational of a smooth vector field u,
i.e.,
R3 3 rotu = (dousz — d3in, 311 — A1z, d11p — doli7),

it is immediate that [rot 1], the euclidian norm in IR? (also denoted by |-]) of rotu, is equal to |curl u|.

To proceed, we define the wedge product of two vectors as follows:

enNe:= % (egsa — eaeg)lglag e My(R), e eeR" (2.8)
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It is immediate thate Ae = 0, e A ¢ = —¢ A e and we obtain the higher dimensional version of a
well-known formula in R3:

lePlel> = (e- e)* + e A el?, e, e €R" (2.9)

as a consequence of the decomposition

e=(-e)e— V2(ene)e, eeecR" (2.10)

One can also verify that for three vectors e, ¢, v € R", the two following identities hold:
ene,vAe) = (VAP +@-e)eAv,vAe), (2.11)
-e)v-e) = (e-V)(v-e?—@w-eleAv,vAe). (2.12)

Ifu:Q — R"and ¢ : QO — R are both smooth, the following holds:
curl (pu) = pcurlu + Vo A u. (2.13)

The (formal) transpose of the curl operator given by (2.5) acts on matrix-valued distributions
W = (Wea)1<t,a<n according to

L

As usual, the divergence of a vector field u : O — R" of distributions is denoted by divu and is
the trace of the matrix Vu:

n
(curlTw) Z da(We g —Wayp), 1<L€<m. (2.14)
a=1

n
divu = Z Aty (2.15)
=1

Let now u : QO — IR" be a vector field of distributions and let e € IR” be a fixed vector. Then the
following formula holds

curl"(e X u) = (divu)e — (e- V)u € R", (2.16)
where the notation e - V stands for };_; e,d;. Next, for ¢ : Q->Ru:Q-Randw: Q — #,(R)
smooth with compact supportsin Q, the following integration by parts formulas are easy to verify:

f(p(divu)dx = —f V(p-udx+f @ ((v-u)do, (2.17)
Q Q Q

(w,curluydx = fcurlTw-udx+f (w,v A u)do, (2.18)
Q Q 20

where JQ is the boundary of the Lipschitz domain Q) and v(x) denotes the exterior unit normal of
Q at a point x € JQ. The equation (2.17) corresponds to the well-known divergence theorem. The
equation (2.18) generalizes in higher dimensions the more popular corresponding integration by
parts in dimension 3 (see, e.g., [1, formula (2)]):

fw~rotudx=frotw~udx+f w- (vXu)do, u,w: Q — R3 smooth,
Q Q 9Q

where v X u = (vouz —vaup, vauy — viuz, 1z, vouq) denotes the usual 3D vector product. Combining
the previous results, we are now in position to present our last formula which will be used in

Section 4: for e € R" a fixed vector and u : Q — R" a smooth vector field,

Zf(e/\u,curlu)dx—Zf(e-u)divudx:f (e/\u,v/\u)do—f (e-u)(v-u)do. (2.19)
Q Q 2Q 2Q



3 The scalar case

3.1 Special Lipschitz domains

We assume here that Q) is of the form (1.2). The following result is classical (see, e.g., [5, Theo-
rem 1.2]). We will propose an elementary proof of it.

Theorem 3.1. Let ¢ : QO — R belonging to the Sobolev space H'(Q). Then Trr ¢ € L*(T) and

2
[[Trr (P”%z(r) < 0s O ||(P||L2(Q)||V(P||L2(Q,1Rn), 3.1)

where O has been defined in (2.3). In other words, the trace operator originally defined on smooth functions
Trr : 6.(Q) — %.(T) extends to a bounded operator from H'(Q) to L*(T) with a norm controlled by the
Lipschitz character of Q).

Proof. Assume first that ¢ : Q — R is smooth, and apply the divergence theorem with u = @?e
where e = (Ogs, 1). Since div (p?e) = 2¢ (e - V¢), we obtain

c (2 _ . _ (2
de((p e)dx—L2(p(e V) dx ﬁv (pe)do.

Therefore using the definition of 0 and Cauchy-Schwarz inequality, we get

cos 6 f(pz do < -2 f ® (6 : qu) dx <2 ”(P”L2(Q)”qu”LZ(Q,IR”)/ (32)
r Q

since |e| = 1, which gives the estimate (3.1) for smooth functions ¢. Since CKc(ﬁ) is dense in H'(Q)
(see, e.g., [5, §1.1.1]), we conclude easily that (3.1) holds for every ¢ € H(Q). O

3.2 Bounded Lipschitz domains

Let now Q be a bounded Lipschitz domain. Then there exist N € IN, a partition of unity (1x)1<k<n
of ¢°(R")-functions and domains () <<y such that

N
On( Ja)=0 suppmc Qe 1<k<N), 0<n<1(1<k<N)
k=1
N
and Z m(x)? =1 forallxe Q. (3.3)

k=1

Matters can be arranged such that, for 1 < k < N, there is a direction ¢; and an angle 0y € [0, T)
such that —ey - v(x) > cos O for all x € dQ N Q) (see, e.g., [5, §1.1.3]). We denote by y the minimum
of all cos 0k, 1 < k < N: y depends only on the boundary of ). We are now in position to state the
following result, analogue to Theorem 3.1 in the case of bounded Lipschitz domains.

Theorem 3.2. Let Q) C R” be a bounded Lipschitz domain. Then there exists a constant C = C(Q) > 0
such that for all € HY(Q), Tryqp € L2(9Q) and the following estimate holds:

1
IMraaglffapo) < pllz) (2 1Vl re + COQ IPlzq)- (34)



Remark 3.3. Compared to Theorem 3.1, the estimate (3.4) contains the extra term ||(p||L2 Q' An

estimate of the form (3.1) can not hold in bounded Lipschitz domains as the example of constant
functions shows.

Proof. Let ng, O, 1 <k < N, as in (3.3), and let y := min{cos 0,1 <k< N}. Using (3.2) for the
functions mx¢, 1 < k < N, we obtain

N N
VLQ (Pz do V;LQ ni(pz do < 2|kZ:;L17k(p (ek-V(nk(p)) dx'
2|fquqo anek dx 'f(p ek V(nk))dx'

IA

< 2 ||(P||L2(Q)||V§0||L2(Q,1Rn) + Z ||V(77k ||L°°(Q,]R”)) ||q0||%2(Q)
k=1
N
which proves the estimate (3.4) with C(Q) = Z ||V(17£)|| Lo(Q,RY)- |

k=1

4 The case of vector fields

We begin this section by a remark allowing to make sense of values on the boundary of certain
quantities involving vectors fields with minimal smoothness. See also [1, equations (2) and (3)].

Remark 4.1. 1. For u € L?(Q);R") such that divu € L*(Q), one can define v - u as a distribution
on JQ as follows: for any ¢ € H 2 (9Q), we denote by @ an extension of ¢ to Q in H(Q) (see,
e.g., [3, Theorem 3, Chap. VII, §2, p. 197]) and we define, according to (2.17),

1 u,P) 1 f@dlvudx+fu-vq3dx; 4.1)
H z(aQ) HZ(QQ) Q Q

this definition is independent of the choice of the extension @ of ¢b. See, e.g., [6, Theorem 1.2].

2. Following the same lines, for u € L?(Q;R™) such that curl u € L*(Q; .#,(R)), one can define

v A u as a distribution in H™2 (0, #,(R)) as follows: forany ¢ € H 2 (0Q; #,(R)), we denote
by W an extension of ¢ to Q in HY(Q; .#,(R)) and we define, according to (2.18)

1 VAU Py 1 = f(\lf, curl u) dx — f curl" ¥ - u dx; 4.2)
H™2(0Q,.#,(R)) H2(9;.44(R)) Q Q

this definition is independent of the choice of the extension W of . See, e.g., [2, Theorem 2.5]
for the case n = 3 and [4, Chap. 11] for the more general setting of differential forms.

4.1 Special Lipschitz domains

Theorem 4.2. Let Q be a special Lipschitz domain of the form (1.2) and let O be defined by (2.3). Let
u € LX(Q, R") such that div u € L>(Q) and curlu € L*(Q, #,(R)). Ifv-u € L*(T) orvAu € L3I, .#,(R)),
then Trru € L>(T, R") and

max{llv - ull, ., v A ul?

+1) mm{llv ul’s v A ul?

2
LA(T)’ L2(T, ///n(IR))} s cose(cos 0 ()’ L2(T, ///n(IR))}

(4.3)
+A ||u||L2(Q,W)(||cur1u||L2(Q, @y +Idiv u||L2(Q)),
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and
4

”Trru”LZ(r R™) < (COSZ 0 + COS cos 6

+ 1) mm{llv ul]? A ull?

L2y’ v LT, 4, (IR))}

(4.4)
+$ “M”LZ(Q,Rn)(”CUI'l u”LZ(Q,Q//[n(IR)) + ”le M”LZ(Q)).

Proof. Assume first that u : Q — R" is smooth, and apply (2.19) together with (2.11) and (2.12):

f(e'v)lv/\ulzdo+2f(wu)(e/\v,v/\u)do—f(e~v)(v~u)2da
r r r

2 f (e ANu,curlu)ydx —2 f (e-u)divudx. (4.5)
Q Q

Denote now by M the maximum between ||v - ul|;2(r) and [[v A ulliar, z,r) and by m the minimum
between the same quantities, so that in particular

Mm = ”V : M”L2(r)”V A ””LZ(F,///n(]R))‘ (4:6)
Taking into account that |e- v| < 1 and |e A v| < 1, the equation (4.5) together with the estimate (2.4)
for cos 0 and Cauchy-Schwarz inequality yield

M? cos 0 < m? + 2mM + 2||u||L2(Q,]Rn)(||Curl ullizo, aymy + 14V Ul (4.7)

The obvious inequality 2mM < <2 M? + —2— m? then implies

COS
cosO pf2 < (1 + ﬁ) m? + 2||u||Lz(Q,1Rn)(||curl ull 2, @) + I1div u||L2(Q)), (4.8)

which gives (4.3) from which (4.4) follows immediately thanks to (2.10) and (2.9) for smooth vector
tields. As in the proof of Theorem 3.1, we conclude by density of smooth vector fields in the space

{u e L2(Q,R"), divu € LX(Q), curlu € LX(Q, .#,(R)) and v - u € LX(T')} (4.9)

or in the space
{u e L2QR"), divu € LX(Q), curlu € LX(Q, .#,(R)) and v A u € LT, .4, (R))| (4.10)
endowed with their natural norms. O

4.2 Bounded Lipschitz domains

In the case of bounded Lipschitz domains, Theorem 4.2 becomes

Theorem 4.3. Let QO C IR" be a bounded Lipschitz domain and let y be defined as in § 3.2. Then there exists
a constant C = C(Q) > 0 with the following significance: let u € L*(Q, R") such that divu € L*(Q) and
curl u € L2(Q, #,(R)). If v-u € L*(dQ) or v A u € L*(9Q, 4,(R)), then Tryqu € L2(9Q, R") and

v A ul| 2( +1) mln{||v ull?

LZ(aQ//MR»} =y v A ull?

max{nv ul?

12(9Q)’ | 12(9Q)" | 1200Q,. 4, (IR))}

+; ||M||L2(Q,1Rn)(2||cur1 ulli, m,mwy + 21div ullp2q) + C(Q)||M||L2(Q,1Rn)),
(4.11)
and

IMeaolo ey < (5 + 3+ 1) min{lvulffy o0 v Al o}

(4.12)
+; IIuIILz(Q,]Rn)(lecurl u”LZ(Q,///n(]R)) + 2”le u”LZ(Q) + C(Q)”M”LZ(Q/]Rn)).



Proof. As in the proof of Theorem 3.2, let g, {, 1 <k < Nand y = min{cos 6,1 <k<N } Using
the formula (2.13) and the fact that div (pu) = @ divu + V¢ - u for (smooth) scalar functions ¢, we
apply (4.5) for the N vector fields 1, 1 < k < N, and we obtain, summing over k,

)/M < m2 + ZMm + 2”M||L2(Q’.1Rn)(||curlMllLZ(Q,//[n(R)) + ”le M“LZ(Q))
N
() IV eo 12 ¢y oy (4.13)
k=1

where, as in the proof of Theorem 4.2,

M = max{“v . u“LZ(aQ)/ ||V A ”“LZ(QQ,Q//ZW(IR))} and m = mln{||v . M”LZ(QQ), “V A ulle(aQ,//ln(R))}‘

N
This gives (4.11) with C(Q2) = Z ||V(1]£)||OO. As before, (4.12) follows immediately thanks to (2.10)
k=1
and (2.9) for smooth vector fields. We conclude by density of smooth vector fields in the spaces
(4.9) and (4.10). O
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