❆ ❣r❛❞✐❡♥t✲•✐❦❡ ❱❛r✐❛t✐♦♥❛• ❇❛②❡s✐❛♥ ❛♣♣r♦❛❝❤ ❢♦r ✐♥✈❡rs❡ s❝❛tt❡r✐♥❣ ♣r♦❜•❡♠s ▲❡✐•❛ •❤❛rs❛••✐ ▲❛❜♦r❛t♦✐r❡ ❞❡s ❙✐❣♥❛✉① ❡t ❙②stè♠❡s ✭▲✷❙✮ ❯▼|✽✺✵✻✿ ❈◆|❙✲❙❯P❊▲❊❈✲❯♥✐✈ P❛r✐s✲❙✉❞ ✸ r✉❡ ❏♦•✐♦t✲❈✉r✐❡✱ ✾✶✶✾✵ •✐❢✲s✉r✲(✈❡tt❡✱ ❋r❛♥❝❡ ❊✲♠❛✐•✿ •❡✐•❛✳❣❤❛rs❛••✐❅•ss✳s✉♣❡•❡❝✳❢r ❆❜str❛❝t ■♥ t❤✐s ❞♦❝✉♠❡♥t✱ ✇❡ ♣r❡s❡♥t ❝♦♠♣✉t❛t✐♦♥s ♦❢ ✉♣❞❛t✐♥❣ s❤❛♣✐♥❣ ♣❛r❛♠❡t❡rs ❢♦r ❛ ♥❡✇ ♠❡t❤♦❞ ❜❛s❡❞ ♦♥ t❤❡ ✈❛r✐❛t✐♦♥❛• ❇❛②❡s✐❛♥ ❛♣♣r♦❛❝❤ ✭❱❇❆✮ ❛••♦✇✐♥❣ t♦ s♦•✈❡ ❛ ♥♦♥•✐♥❡❛r ✐♥✈❡rs❡ s❝❛tt❡r✐♥❣ ♣r♦❜•❡♠✳ ❚❤❡ ♦❜•❡❝t✐✈❡ ✐s t♦ ❞❡t❡❝t ❛♥ ✉♥❦♥♦✇♥ ♦❜•❡❝t ❢r♦♠ ♠❡❛s✉r❡♠❡♥ts ♦❢ t❤❡ s❝❛tt❡r❡❞ ✜❡•❞ ❛t ❞✐✛❡r❡♥t ❢r❡q✉❡♥❝✐❡s ❛♥❞ ❢♦r s❡✈❡r❛• ✐••✉♠✐♥❛t✐♦♥s✳ ❚❤✐s ✐♥✈❡rs❡ ♣r♦❜•❡♠ ✐s ❦♥♦✇♥ t♦ ❜❡ ♥♦♥✲•✐♥❡❛r ❛♥❞ ✐••✲♣♦s❡❞✳ ❙♦ ✐t ♥❡❡❞s t♦ ❜❡ r❡❣✉•❛r✐③❡❞ ❜② ✐♥tr♦❞✉❝✐♥❣ ❛ ♣r✐♦r✐ ✐♥❢♦r♠❛t✐♦♥✳ ❚❤✐s ✐s t❛❝❦•❡❞ ✐♥ ❛ ❇❛②❡s✐❛♥ ❢r❛♠❡✇♦r❦ ✇❤❡r❡ t❤❡ ♣❛rt✐❝✉•❛r ♣r✐♦r ✐♥❢♦r♠❛t✐♦♥ ✇❡ ❛❝❝♦✉♥t ❢♦r ✐s t❤❛t t❤❡ ♦❜•❡❝t ✐s ❝♦♠♣♦s❡❞ ♦❢ ❛ ✜♥✐t❡ ❦♥♦✇♥ ♥✉♠❜❡r ♦❢ ❞✐✛❡r❡♥t ♠❛t❡r✐❛•s ❞✐str✐❜✉t❡❞ ✐♥ ❝♦♠♣❛❝t r❡❣✐♦♥s✳ ❚❤❡♥ ✇❡ ♣r♦♣♦s❡ t❤❡ ❛♣♣r♦①✐♠❛t❡ t❤❡ tr✉❡ •♦✐♥t ♣♦st❡r✐♦r ❜② ❛ s❡♣❛r❛❜•❡ •❛✇ ❜② ♠❡❛♥ ♦❢ ❛ ❣r❛❞✐❡♥t✲•✐❦❡ ❱❛r✐❛t✐♦♥❛• ❇❛②❡s✐❛♥ t❡❝❤♥✐q✉❡✳ ❚❤✐s •❛tt❡r ✐s ❛♣♣•✐❡❞ t♦ ❝♦♠♣✉t❡ t❤❡ ♣♦st❡r✐♦r ❡st✐♠❛t♦rs ❜② ❛••♦✇✐♥❣ ❛ •♦✐♥t ✉♣❞❛t❡ ♦❢ t❤❡ s❤❛♣❡ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t✐♥❣ ♠❛r❣✐♥❛•s ❛♥❞ r❡❝♦♥str✉❝t t❤❡ s♦✉❣❤t ♦❜•❡❝t✳ ❚❤❡ ♠❛✐♥ ✇♦r❦ ✐s ❣✐✈❡♥ ✐♥ ❬✹(✱ ✇❤✐•❡ t❡❝❤♥✐❝❛• ❞❡t❛✐•s ♦❢ t❤❡ ✈❛r✐❛t✐♦♥❛• ❝❛•❝✉•❛t✐♦♥s ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ t❤❡ ❝✉rr❡♥t ♣❛♣❡r✳ ✶ ■♥tr♦❞✉❝t✐♦♥ ❚❤❡ ❣r❛❞✐❡♥t✲•✐❦❡ ❱❛r✐❛t✐♦♥❛• ❇❛②❡s✐❛♥ ❛♣♣r♦❛❝❤ ❢r♦♠ ♥♦✇ ♦♥ ❞❡♥♦t❡❞ ❛s •❱❇❆ ✐s ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ ❝•❛ss✐❝❛• ✈❛r✐❛t✐♦♥❛• ❇❛②❡s✐❛♥ ❛♣♣r♦❛❝❤ ✭❱❇❆✱ ❬✶(✮ t❤❛t ❛✐♠s ❛t ❛♣♣r♦①✐♠❛t✐♥❣ ❛ •♦✐♥t ♣♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥ p(x|y) ❜② ❛ s❡♣❛r❛❜•❡ •❛✇ q(x) = i q i (x i ) ✇❤✐❝❤ ✐s ❛s ❝•♦s❡ t♦ t❤❡ ♣♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥ ❛s ♣♦ss✐❜•❡ ✐♥ t❡r♠s ♦❢ t❤❡ ❑✉••❜❛❝❦✲▲❡✐❜•❡r ❞✐✈❡r❣❡♥❝❡✳ ■t ❝❛♥ ❜❡ ♥♦t❡❞ t❤❛t ♠✐♥✐♠✐③✐♥❣ t❤❡ ❑▲ ❞✐✈❡r❣❡♥❝❡ ✐s ❡q✉✐✈❛•❡♥t t♦ ♠❛①✐♠✐③✐♥❣ t❤❡ ❢r❡❡ ♥❡❣❛t✐✈❡ ❡♥❡r❣② ❞❡r✐✈❡❞ ❢r♦♠ st❛t✐st✐❝❛• ♣❤②s✐❝s F(q) = q(x) ln (p(y, x)/q(x)) ❞x✳ ❚❤❡ s♦•✉t✐♦♥ ♦❢ t❤✐s ♣r♦❜•❡♠ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❜② ❛•t❡r♥❛t❡ ♦♣t✐♠✐③❛t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ ❡❛❝❤ q i (x i ) ❛♥❞ ✐s ❣✐✈❡♥ ❜②✿ q i (x i ) ∝ exp ln(p(x, y)) j =i qj (xj ) . ✭✶✮ ❚❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ q i r❡q✉✐r❡s t❤❡ ❦♥♦✇•❡❞❣❡ ♦❢ ❛•• q j ✱ j = i✳ ❍♦✇❡✈❡r✱ r❡❝❡♥t•②✱ ♦t❤❡r ✇❛②s t❤❛♥ t❤✐s ❝•❛ss✐❝❛• ❛•t❡r♥❛t❡ ♦♣t✐♠✐③❛t✐♦♥ ❤❛✈❡ ❜❡❡♥ ✐♥✈❡st✐❣❛t❡❞ ❬✺(✳ ■♥ ❢❛❝t✱ t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ✐♥✈♦•✈❡❞ ✐♥ ❱❇❆ ✐s ❛♥ ✐♥✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛• ❝♦♥❝❛✈❡ ♣r♦❜•❡♠✳ ❍❡♥❝❡✱ ❛♣♣r♦①✐♠❛t✐♥❣ ❞❡♥s✐t✐❡s q i (x i ) ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❜② ❛❞❛♣t✐♥❣ ❛ ❝•❛ss✐❝❛• ♦♣t✐♠✐③❛t✐♦♥ ❛•❣♦r✐t❤♠✱ s✉❝❤ ❛s ❛ ❣r❛❞✐❡♥t ♠❡t❤♦❞✱ t♦ ❱❇❆✳ ❯s✐♥❣ t❤❡ ♥♦t✐♦♥ ♦❢ ♦♣t✐♠❛• st❡♣✱ t❤❡ ❛♣♣r♦①✐♠❛t✐♥❣ ♠❛r❣✐♥❛•s ❤❛✈❡ ❛♥ ✐t❡r❛t✐✈❡ ❢✉♥❝t✐♦♥❛• ❢♦r♠✳ ❆t ✐t❡r❛t✐♦♥ n✱ t❤❡② r❡❛❞✿ q (n) i (x i ) ∝ q (n-1) i (x i ) (1-α) × exp    α ln(p(x, y)) i =j q (n-1) j (x j )    ✭✷✮ ✇❤❡r❡ α ≥ 0 ✐s ❛ ❞❡s❝❡♥t st❡♣ t❤❛t ♠✐♥✐♠✐③❡s t❤❡ ❢r❡❡ ♥❡❣❛t✐✈❡ ❡♥❡r❣② ❛t ❡❛❝❤ ✐t❡r❛t✐♦♥✳ ✶ ✷ ❇❛②❡s✐❛♥ ❝♦♠♣✉t❛t✐♦♥s ▲❡t ✉s r❡❝❛•• ♥♦✇ ❛•• t❤❡ ❡①♣r❡ss✐♦♥s ♦❢ ♣r✐♦rs ❛♥❞ •✐❦❡•✐❤♦♦❞s ✉s❡❞ ✐♥ t❤❡ ❇❛②❡s✐❛♥ ❢r❛♠❡✇♦r❦ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ ♥♦♥✲•✐♥❡❛r ✐♥✈❡rs❡ s❝❛tt❡r✐♥❣ ♣r♦❜•❡♠ ❬✸(✳ ❚❤❡♥ ✇❡ ❣✐✈❡ t❤❡ ❢♦r♠ ♦❢ s❡♣❛r❛t✐♦♥ ❛♥❞ ❡①♣r❡ss✐♦♥s ♦❢ ❛♣♣r♦①✐♠❛t✐♥❣ •❛✇s ❢♦r ❞✐✛❡r❡♥t ♣❛r❛♠❡t❡rs ✭✇❡ ❝❛♥ ❝❤❡❝❦ s❡✈❡r❛• r❡❢❡r❡♥❝❡s ❬✷✱ ✸✱ ✻( ❢♦r t❤❡ ❢♦r✇❛r❞ ♠♦❞❡••✐♥❣ ♦❢ t❤❡ ♣r♦❜•❡♠ ❛♥❞ ✐ts ❢♦r♠✉•❛t✐♦♥✮✳ ❲❡ ❤❛✈❡✿ q(y|w, v ǫ ) = N (G o w, v ǫ ■), q(w|χ, v ξ ) = N (m w , V w ), q(χ|z, m, v) = N (m χ , V χ ), q(z) = exp λ r r ′ δ(z(r) -z(r ′ )) , p(m k ) = N (m k |µ 0 , τ 0 ), p(v k ) = IG(v k |η 0 , φ 0 ), p(v ǫ ) = IG(v ǫ |η ǫ , φ ǫ ), p(v ξ ) = IG(v ξ |η ξ , φ ξ ), ✭✸✮ ❲❡ ❞❡♥♦t❡ ψ = {m, v, v ǫ , v ξ } t❤❡ s❡t ♦❢ t❤❡ ❤②♣❡r✲♣❛r❛♠❡t❡rs ♦❢ t❤❡ ♠♦❞❡•✳ ❈♦♥s❡q✉❡♥t•②✱ t❤❡ •♦✐♥t ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ✉♥❦♥♦✇♥s r❡❛❞s✿ p (χ, w, z, ψ|y) ∝ p (y|w, v ǫ ) p (w|χ, v ξ ) p (χ|z, m, v) p (z|λ) p (m|µ 0 , τ 0 ) × p (v|η 0 , φ 0 ) p (v ǫ |η ǫ , φ ǫ ) p (v ξ |η ξ , φ ξ ) ∝ η K(φ0-1) 0 η (φǫ-1) ǫ η K(φ ξ -1) ξ A exp - ||y -G o w|| 2 2 2v ǫ × exp - ||w -XE inc -XG c w|| 2 2 2v ξ × exp - (χ -m χ ) T V χ -1 (χ -m χ ) 2 × exp    λ i j δ(z(i) -z(j)) -T (λ)    v -φǫ-1 ǫ × exp - η ǫ v ǫ v -φ ξ -1 ǫ exp - η ξ v ξ K k=1 v -φ0-1 k × exp - η 0 v k exp - |m k -µ 0 | 2 2τ 0 ∝ exp {L}, ✭✹✮ ✇❤❡r❡ A = (2π) M +N (N P +1)+K 2 (v ǫ ) M 2 (v ξ ) N ×N P 2 |V χ | (-1/2) (τ 0 ) (K/2) Γ(φ 0 ) K Γ(φ ǫ )Γ(φ ξ ) ✇❤❡r❡ M ✐s t❤❡ ♥✉♠❜❡r ♦❢ s♦✉r❝❡s✱ N t❤❡ ♥✉♠❜❡r ♦❢ t❤❡ ❡•❡♠❡♥t❛r② sq✉❛r❡ ♣✐①❡•s✱ N P t❤❡ ♥✉♠❜❡r ♦❢ ♣♦•❛r✐③❛t✐♦♥ ✭N P = 1❉✱ 2❉ ♦r 3❉✮ ❛♥❞ L r❡❛❞s✿ L = - M 2 log(v ǫ ) - N N P 2 log(v ξ ) - 1 2v ǫ ||y -G o w|| 2 2 - 1 2v ξ ||w -XE inc -XG c w|| 2 2 - k N k log (v k ) 2 - k r |χ(r) -m k (r)| 2 2v k + λ r r ′ δ(z(r) -z(r ′ )) -k |m k -µ 0 | 2 2τ 0 - k η 0 v k + (φ 0 + 1) log(v k ) - η ǫ v ǫ -(φ ǫ + 1) log (v ǫ ) - η ξ v ξ -(φ ξ + 1) log (v ξ ). ✭✺✮ ✷ ❲❡ ♠❛② ♥♦t❡ t❤❛t ❛♣♣•②✐♥❣ t❤❡ •♦✐♥t ♠❛①✐♠✉♠ ❛ ♣♦st❡r✐♦r✐ ✭❏▼❆P✮ ♦r t❤❡ ♣♦st❡r✐♦r ♠❡❛♥ ✭P▼✮ t♦ ❝♦♠♣✉t❡ t❤❡ •♦✐♥t ♣♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥ ✭❡q✉❛t✐♦♥ ✭✹✮✮ ②✐❡•❞s ✐♥tr❛❝t❛❜•❡ ❢♦r♠ ❛♥❞ ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ✐s ♥❡❡❞❡❞ t♦ ♦❜t❛✐♥ ❛ ♣r❛❝t✐❝❛• s♦•✉t✐♦♥✳ ❚❤✐s ✐s ❞♦♥❡ ❜② ♠❡❛♥s ♦❢ t❤❡ •❱❇❆✳ ❋✐rst✱ ❛ str♦♥❣ s❡♣❛r❛t✐♦♥ ✐s ❝❤♦s❡♥✿ q(x) = q(v ǫ )q(v ξ ) × i q(χ i )q(w i )q(z i ) k q(m k )q(v k ). ✭✻✮ ❚❤❡♥✱ ✉s✐♥❣ ❡q✉❛t✐♦♥ ✭✷✮✱ t❤❡ ❛♣♣r♦①✐♠❛t✐♥❣ ♠❛r❣✐♥❛• ❢♦r ❡❛❝❤ ✉♥❦♥♦✇♥ ✈❛r✐❛❜•❡ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❜② ♠❡❛♥s ♦❢ ❢✉♥❝t✐♦♥❛• ♦♣t✐♠✐③❛t✐♦♥✳ ❯♣❞❛t✐♥❣ t❤❡ ❛♣♣r♦①✐♠❛t❡ ♣♦st❡r✐♦r r❡q✉✐r❡s 7 ❞✐✛❡r❡♥t ❣r❛❞✐❡♥t st❡♣s t❤❛t ✇❡ ❞❡♥♦t❡ ❜② α w ✱ α χ ✱ α z ✱ α vǫ ✱α v ξ ✱ α v k ❛♥❞ α m k ✳ ✷✳✶ ❯♣❞❛t❡ s❤❛♣✐♥❣ ♣❛r❛♠❡t❡rs ❆t t❤✐s ♣♦✐♥t✱ ✐t ❝❛♥ ❜❡ ♠❡♥t✐♦♥❡❞ t❤❛t t❛❦✐♥❣ t❤❡ •✐❦❡•✐❤♦♦❞ ✐♥ t❤❡ ❡①♣♦♥❡♥t✐❛• ❢❛♠✐•② ❛♥❞ ✉s✐♥❣ ❝♦♥•✉❣❛t❡ ♣r✐♦rs ✇✐•• r❡s✉•t ✐♥ •♦✐♥t ♣♦st❡r✐♦rs ❛♥❞ ♠❛r❣✐♥❛•s r❛♥❣✐♥❣ ✐♥ t❤❡ ❡①♣♦♥❡♥t✐❛• ❢❛♠✐•②✳ ❖♣t✐♠✐③❛t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ q i (x i ) t❤❡♥ r❡s✉•ts ✐♥ ♦♣t✐♠✐③✐♥❣ t❤❡ ♣❛r❛♠❡t❡rs ♦❢ t❤❡s❡ •❛✇s✳ ■♥ t❤❡ ❢♦••♦✇✐♥❣ ✇❡ s✉♠♠❛r✐③❡ t❤❡ r❡s✉•ts ❢♦r t❤❡ •❛✉ss✐❛♥ ✲ ✐♥✈❡rs❡ ❣❛♠♠❛ ❝❛s❡✿ q(w) = N ( m w , V w ), q(χ) = N ( m χ , V χ ), q(m k ) = N ( µ k , τ k ), q(v k ) = IG( η k , φ k ), q(v ǫ ) = IG( η ǫ , φ ǫ ), q(v ξ ) = IG( η ξ , φ ξ ), q(z) = ζ k ∝ exp   λ r∈D r ′ ∈V (r) ζ(r ′ )   , ✭✼✮ ✇❤❡r❡ t✐•❞❡❞ ♣❛r❛♠❡t❡rs ❛r❡ ❣✐✈❡♥ ✐♥ t❤❡ ❢♦••♦✇✐♥❣✳ ❚❤❡ ❦❡② ✉s❡❞ t♦ ♦❜t❛✐♥ t❤❡s❡ ❢♦r♠s ✐s ❡q✉❛t✐♦♥ ✭✷✮✳ ✷✳✶✳✶ ❈♦♥tr❛st s♦✉r❝❡ w log ( q n (w(i))) ∝ (1 -α w ) log ( q(w(i))) + α w log (p (χ, w, z, ψ, y)) q(/w(i)) ∝ (1 -α w ) v w(i) w(i) 2 -2 m w(i) w(i) + α w log (p(y|w, v ǫ )) + log (p(w|χ, v ξ )) q(/w(i)) ∝ (1 -α w ) v w(i) w(i) 2 -2 m w(i) w(i) - α w 2 ||y -G o w|| 2 2 v ǫ + ||w -XE inc -XG c w|| 2 2 v ξ q(/w(i)) ✭✽✮ ✇❤❡r❡ q(/w(i)) = j =i q(w(j))q(χ)q(z)q(ψ)✳ ❖r ||y -G o w|| 2 2 q(/w(i)) ∝ l |G o (l, i)| 2 |w(i)| 2 + 2 ℜe   k G o * (k, i)   y(k) - j =i G o (k, j) m w (j)   w * (i)   , ❛♥❞ ✸ ||w -XE inc -XG c w|| 2 2 q(/w(i)) ∝ |w(i)| 2 -G c * (i, i) χ * (i) |w(i)| 2 -G c (i, i) χ(i) |w(i)| 2 + j |G c (j, i)| |χ(i)| 2 |w(i)| 2 -2 ℜe E inc (i) χ(i)w * (i) + 2 ℜe   j |G c * (j, i)| |χ(j)| 2 |w * (j)| 2   -2 ℜe   j =i χ(i) G c (i, j) w(j) w * (i)   -2 ℜe   j =i χ * (j) G c * (j, i) w(j) w * (i)   + 2 ℜe   j G c * (j, i) |χ(j)| 2 k =i G c (j, k) w(k) w * (i)   + cte. ✇❤❡r❡ * ❞❡♥♦t❡s t❤❡ ❝♦♥•✉❣❛t❡ ❝♦♠♣•❡①✳ ❍❡♥❝❡✱ ❜② ❝♦♠❜✐♥✐♥❣ ❛•• t❤❡ t❡r♠s✱ t❤❡ ❛♣♣r♦①✐♠❛t✐♥❣ •❛✇✱ ❛t t❤❡ ✐t❡r❛t✐♦♥ n✱ ❜❡❝♦♠❡s q n (w) = N ( m n w , V n w ) ✇❤❡r❡✿ V n w (i) = (1 -α w ) V w (i) + α w v -1 ǫ j |G o (j, i)| 2 + v -1 ξ 1 -2 ℜe G c (i, i) m χ (i) + j |G c (j, i)| 2 | m χ (i)| 2 + V χ (i) -1 , m n w (i) V n w (i) = (1 -α w ) m w (i) + α w v -1 ǫ k G o * (k, i)   y(k) - j =i G o (k, j) m w (j)   + v -1 ξ E inc (i) m χ (i) - j G c * (j, i) | m χ (j)| 2 + V χ (j) E inc (j) + j =i m χ (i)G c (i, j) m w (j) + j =i m * χ (i)G c * (j, i) m w (j) - j G c * (j, i) | m χ (i)| 2 + V χ (i) k =j G c (j, k)w(k) , ❇② ❛❞❞✐♥❣ t❤❡ ♠✐ss✐♥❣ m w t♦ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥ ❛♥❞ ♣✉tt✐♥❣ ✐t ✐♥ ❛ ✈❡❝t♦r✐❛• ❢♦r♠✱ ✇❡ ♦❜t❛✐♥ t❤❡ ✜♥❛• ❢♦r♠✿                            V n w = (1 -α w ) V -1 w + α w ❉✐❛❣ v -1 ǫ Γ o + v -1 ξ Γ xc -1 m n w = m w + α w V n w v -1 ǫ G o H (y -G o m w ) + v -1 ξ m χ E inc -G c H m 2 χ + V χ E inc -m w + m χ G c m w + G c H m * χ m w -G c H m 2 χ + V χ G c m w ✭✾✮ ✇❤❡r❡ ♦✈❡r•✐♥❡ ❞❡♥♦t❡s t❤❡ ❡①♣❡❝t❛t✐♦♥ ♦❢ t❤❡ ✈❛r✐❛❜•❡ ✇✐t❤ r❡s♣❡❝t t♦ q ✭✐✳❡✳ u = ❊(u) q ✮✱ s✉♣❡rs❝r✐♣t H ✐♥❞✐❝❛t❡s t❤❡ ❝♦♥•✉❣❛t❡ tr❛♥s♣♦s❡ ❛♥❞ Γ o ❛♥❞ Γ xc ❛r❡ ❣✐✈❡♥ ❛s✿ ✹ Γ o (i) = j |G o (j, i)| 2 , Γ xc (i) = 1 -2ℜe(G c (i, i) m χ (i)) + ( m 2 χ (i) + V χ (i)) j |G c (j, i)| 2 ✷✳✶✳✷ ❈♦♥tr❛st χ log ( q n (χ(i))) ∝ (1 -α) log ( q(χ(i))) + α χ log (p (χ, w, z, ψ, y)) q(/χ(i)) ∝ (1 -α χ ) v χ(i) χ(i) 2 -2 m χ(i) χ(i) + α χ log (p(w|χ, v ǫ )) + log (p(χ|z, v, m)) q(/χ(i)) ∝ (1 -α χ ) v χ(i) χ(i) 2 -2 m χ(i) χ(i) + α χ ||w -XE|| 2 2 v ξ + (χ -m χ ) T V -1 χ (χ -m χ ) q(/χ(i))
, ✭✶✵✮ ✇❤❡r❡ q(/χ(i)) = j =i q(χ(j))q(w)q(z)q(ψ)✱ ♦r 

||w -XE|| 2 2 q(/χ(i)) ∝ -2ℜe w * (i)E(i)χ(i) + E 2 (i)|χ(i)| 2 + ||w|| 2 2 -2ℜe   j =i w * (j)E(j)χ(j)   + j =i |E(j)χ(j)| 2 q(/χ(i)) , ❛♥❞ (χ -m χ ) T V -1 χ (χ -m χ ) q(/χ(i)) ∝ j ||χ(j) -m k || 2 2 v k q(/χ(i)) ∝ v -1 k |χ(i)| 2 -2ℜe ( m k χ * (i)) , ❇② ✐❞❡♥t✐✜❝❛t✐♦♥✱ ✇❡ ✜♥❞ V n χ (i) ∝ (1 -α χ ) V χ (i) -1 + α χ v -1 ξ E 2 (i) + v -1 χ (i) -1 , ❛♥❞ m n χ (i) V n χ (i) ∝ (1 -α χ ) m χ (i) + α χ m χ (i) V χ (i) + v -1 ξ w(i)E * (i) , ✇❤❡r❡ wE * ✐s t❤❡ ♠❡❛♥ ♦❢ t❤❡ ✈❡❝t♦r wE * s✉❝❤ t❤❛t✿ wE * (i) = N f NvN E inc * (i) m w (i) + m w (i) jb G c * (i, i ′ ) m * w (i ′ ) + G c * (i, i) V w (i), ❛♥❞ E 2 ✐s ❛ ❞✐❛❣♦♥❛• ♠❛tr✐❝❡ ✇❤♦s❡ ❡•❡♠❡♥ts ❛r❡ ✇r✐tt❡♥ s✉❝❤ t❤❛t✿ E 2 (i) = N f NvN P |E inc (i)| 2 + 2ℜe E inc * (i)G c m w (i) + | i ′ G c (i, i ′ ) m w (i)| 2 + i ′ |G c (i, i ′ )| 2 V w (i), ✺ ❚❤❡♥ t❤❡ ✈❡❝t♦r✐❛• ❢♦r♠ ✐s ❣✐✈❡♥ ❜②✿    V n χ = (1 -α χ ) V -1 χ + α χ ❉✐❛❣ v -1 ξ E 2 + V -1 χ -1 m n χ = α χ V n χ k v -1 k ζ k • m k + v -1 ξ w • E * ✭✶✶✮ ✇❤❡r❡ V -1 χ (i, i) = k ζ k (i)v -1 k . ✷✳✶✳✸ ❚❤❡ ❤✐❞❞❡♥ ✜❡•❞ z log ( q n (z(i))) ∝ (1 -α z ) log ( q(z(i))) + α log (p (χ, w, z, ψ, y)) q(/z(i)) ∝ (1 -α z ) log ( q(z(i))) + α z - 1 2 log(v k ) + ||χ(i) -m χ (i)|| 2 2 2v k -λ l∈V(i) δ (z(l) -k) q(/z(i)) ∝ (1 -α) log ζ k (i) - α z 2 log(v k ) + v -1 k |χ(i) -m χ (i)| q(/z(i)) -2λ j∈V(i) ζ k (j) ∝ (1 -α z ) log ζ k (i) - α z 2 Ψ(η k ) -log φk + v -1 k | m χ (i)| 2 + m † k -2ℜe m † χ m * χ (i) + λ j∈V(i) ζ k (j) , ✇❤❡r❡ q(/z(i)) = j =i q(z(j))q(χ)q(w)q(ψ) ❛♥❞ m †2 χ = m 2 k + τ k ✳ ❇② ✐❞❡♥t✐✜❝❛t✐♦♥✱ ✐t ❜❡❝♦♠❡s✿ ζ n k = ζ (1-αz) k exp - α z 2 Ψ( η k ) + log( φ k ) + v -1 k ( m χ (i) -µ k ) 2 + τ k + V χ (r) -λ i ′ ∈V(r) ζ k (i ′ ) , ✭✶✷✮ ✇❤❡r❡ Ψ(x) = ∂ ∂x log Γ(x) t❤❡ ❞✐❣❛♠♠❛ ❢✉♥❝t✐♦♥ ✇✐t❤ Γ(x) ✐s t❤❡ ❣❛♠♠❛ ❢✉♥❝t✐♦♥✳ ✷✳✶✳✹ ❚❤❡ ♦❜s❡r✈❛t✐♦♥ ✈❛r✐❛♥❝❡ v ǫ log ( q n (v ǫ )) ∝ (1 -α vǫ ) log ( q(v ǫ )) + α vǫ log (p (χ, w, z, ψ, y)) q(/vǫ) ∝ (1 -α vǫ ) - v ǫ ηǫ + ( φǫ log(v ǫ )) + α vǫ p(y|w, v ǫ )p(v ǫ |η ǫ , φ ǫ ) q(/vǫ) , ✭✶✸✮ ✇❤❡r❡ q(/v ǫ )) = q(χ)q(w))q(z) l =vǫ q(ψ l )✱ ✇✐t❤✿ p(y|w, v ǫ )p(v ǫ |η ǫ , φ ǫ ) q(/vǫ) ∝ - M 2 log(v ǫ ) - ||y -G o w|| 2 2 2v ǫ - η ǫ v ǫ -(φ ǫ -1) log(v ǫ ) q(/vǫ) ∝ -(1 + φ ǫ + M 2 ) log(v ǫ ) -v -1 ǫ η ǫ + ||y -G o w|| 2 2 2 q(/vǫ) , ✇❤❡r❡ ✻ ||y -G o w|| 2 2 q(/vǫ) ∝ i |y(i)| 2 + j k G o (i, k) m w (j) m * w (k) + j |G o (i, j)| v w (j) -2ℜe y * j G o (i, j) m * w (j) , ❇② ✐❞❡♥t✐✜❝❛t✐♦♥✱ ✇❡ ♦❜t❛✐♥✿      φ n ǫ = (1 -α vǫ ) φ ǫ + α vǫ φ ǫ + M 2 η n ǫ = 1-αv ǫ ηǫ + α vǫ η ǫ + 1 2 ||y|| 2 2 + ||G o m w || 2 2 -2ℜe(y H G o m w ) + ||G o2 v w || 1 ✭✶✹✮ ✷✳✶✳✺ ❈♦✉♣•✐♥❣ ♥♦✐s❡ v ξ log ( q n (v ξ )) ∝ 1 -α v ξ log ( q(v ξ )) + α ξ log (p (χ, w, z, ψ, y)) q(/v ξ ) ∝ 1 -α v ξ - v ξ ηξ + ( φξ -log(v ξ )) + α v ξ p(w|χ, v ξ )p(v ξ |η ξ , φ ξ ) q(/v ξ ) , ✭✶✺✮ ✇❤❡r❡ q(/v ξ )) = q(χ)q(w))q(z) l =v ξ q(ψ l ) ✇✐t❤ p(w|χ, v ξ )p(v ξ |η ξ , φ ξ ) q(/v ξ ) ∝ log v - N P N 2 ξ - ||w -XE|| 2 2 2v ξ - η ξ v ξ -(φ ξ + 1) log(v ξ ) q(/v ξ ) ∝ η ξ + N P N 2 log (v ξ ) -v -1 ξ η ξ + ||w -XE|| 2 2 2 q(/v ξ ) , ❛♥❞ ||w -XE|| 2 2 q(/v ξ ) = i | m w (i)| 2 + v w (i) + | m χ (i)| 2 + v w (i) E 2 (i) -2ℜe m χ (i)w * (i)E(i) , ❇② ✐❞❡♥t✐✜❝❛t✐♦♥ ✇❡ ✜♥❞✿                φ n ξ = 1 -α v ξ φ ξ + α v ξ φ ξ + N P N 2 α v ξ d χ + 1 -α v ξ m χ η n ξ = 1-αv ξ η ξ + α v ξ η ξ + 1 2 || m w || 2 2 + || V w || 2 2 + || m 2 χ + V χ E 2 || 1 -2ℜe m H χ w • E * ✭✶✻✮ ✇❤❡r❡ d χ = k v -1 k ζ k • m † χ + v -1 ξ w • E * ✳ ✷✳✶✳✻ ❱❛r✐❛♥❝❡ ♦❢ t❤❡ ❝•❛ss❡s v k ∀κ ∈ {1, ..., K} ✇❡ ❤❛✈❡✿ ✼ log ( q n (v k )) ∝ (1 -α) log ( q(v k )) + α v k log (p (χ, w, z, ψ, y)) q(/v k ) ∝ (1 -α v k ) - v k ηk + ( φk -1) log(v k ) + α v k - 1 2 i δ(z(i) = κ) × log(v k ) + |χ(i) -m k | 2 v k + η 0 v k + (φ 0 + 1) log(v k ) q(/v k ) ∝ (1 -α v k ) - v k ηk + ( φk -log(v k )) + α v k -φ 0 + 1 + i ζ k (i) 2 -v -1 k η 0 + |χ(i) -m k | 2 2 q(/v k ) , ✭✶✼✮ q(/v k )) = q(χ)q(w))q(z) l =v k q(ψ l )✳ ❇② ✐❞❡♥t✐✜❝❛t✐♦♥ ✇❡ ✜♥❞✿          φ n k = (1 -α v k ) φ k + α v k φ 0 + i ζ k (i) 2 η n k = 1-αv k η k + α v k η 0 + 1 2 i ζ k (i) | m χ (i)| 2 + V χ (i) + m 2 k + τ 2 k ✭✶✽✮ ✷✳✶✳✼ ▼❡❛♥s ♦❢ ❝•❛ss❡s m k log ( q n (m k )) ∝ (1 -α m k ) log ( q(m k )) + α m k log (p (χ, w, z, ψ, y)) q(/m k ) ∝ (1 -α m k ) τ k m 2 k -2 µ k m k + α m k - 1 2 i δ (z(i) = κ) × |χ(i) -m χ (i)| 2 v k + |m k -µ 0 | τ 0 q(/m k ) , ✭✶✾✮ ✇✐t❤ q(/m k )) = q(χ)q(w))q(z) l =m k q(ψ l ) ❇② ✐❞❡♥t✐✜❝❛t✐♦♥✱ ✇❡ ♦❜t❛✐♥✿        τ n k = (1 -α m k ) τ k + α m k τ -1 0 + v -1 k i ζ k (i) -1 µ n k = τ n k (1 -α m k ) µ k + α m k τ k µ0 τ0 + v -1 k i ζ k (i) m χ (i) ✭✷✵✮ ✸ ❚❤❡ ❢r❡❡ ♥❡❣❛t✐✈❡ ❡♥❡r❣② ❚❤❡ ❡✈❛•✉❛t✐♦♥ ♦❢ t❤❡ ❢r❡❡ ♥❡❣❛t✐✈❡ ❡♥❡r❣② ❞✉r✐♥❣ t❤❡ ✐t❡r❛t✐♦♥ ♣r♦❝❡ss ❛••♦✇s t♦ ❤❛✈❡ ❛♥ ✐♥❞✐❝❛t♦r ♦♥ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❛•❣♦r✐t❤♠✳ ■♥❞❡❡❞✱ ✐ts ✈❛•✉❡ ❛t t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ❛••♦✇s ❢♦r ❛♥ ❡st✐♠❛t❡ ♦❢ t❤❡ ❡✈✐❞❡♥❝❡ t❤❛t t❤❡ ♠♦❞❡• ✐s ✉s❡❢✉• ❢♦r t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ •❛tt❡r✳ ■♥ t❤❡ ♥♦♥•✐♥❡❛r ❝❛s❡✱ t❤❡ ❢r❡❡ ♥❡❣❛t✐✈❡ ❡♥❡r❣② ✐s ❣✐✈❡♥ ❜②✿ F(q) = p(y, χ, w, z, ψ|M) q + H(q(χ, w, z, ψ)) ✭✷✶✮ ✇❤❡r❡ H ✐s t❤❡ ❡♥tr♦♣② ♦❢ q ❛♥❞ ✐s ❣✐✈❡♥ ❜②✿ ✽ H(q(χ, w, z, ψ)) = Nv N f N P i k log 2πe v w (i) + i k log 2πe v χ (i) + i k ζκ (i) λ j∈V(i) ζk (j) -log k exp    λ j∈V(i) ζk (j)    + κ log 2πe τ κ + k η k + log φ k Γ( η k ) -(1 + η k )Ψ( η k ) + η ǫ + log φ ǫ Γ( η ǫ ) -(1 + η ǫ )Ψ( η ǫ ) + η ξ + log φ ξ Γ( η ξ ) -(1 + η ξ )Ψ( η ξ ), ✭✷✷✮ ❍❡♥❝❡✿ p(y, χ, w, z, ψ) q = - M + N (1 + N P ) + K 2 log(2π) + (φ ǫ -1) log (η ǫ ) -Γ(φ ǫ ) - M + 2φ ǫ + 2 2 Ψ( η ǫ ) -log( φ ǫ ) -η ǫ v -1 ǫ + (φ ξ -1) log (η ξ ) -Γ(φ ξ ) - N N v N P N f + 2φ ξ + 2 2 Ψ( η ξ ) -log( φ ξ ) -η ξ v -1 ξ + log(η K(φ0-1) 0 ) - k 2φ 0 + 1 + i ζ k (i) Ψ( η k ) -log( φ k ) -2η 0 v -1 k 2 -K Γ(φ 0 ) - k m 2 k + τ k + µ 2 0 -2 m k µ 0 2τ 0 + λ i k ζ k (i) j∈V(i) ζ k (j) - v -1 ǫ 2 × ||y|| 2 2 + ||G o m w || 2 2 -2y t G o m w + || V w Γ o || 1 - v -1 ξ 2 || m w || 2 2 + || V w || 1 + m χ + V χ E 2 1 -2 m H χ w • E * - i k v -1 k ζ k (i) | m χ (i)| 2 2 + v χ (i) + m †2 χ (i) -2 m χ (i) m † χ (i) 2 , ✭✷✸✮ ❲❡ ♠❛② ♥♦t❡ t❤❛t t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❢r❡❡ ♥❡❣❛t✐✈❡ ❡♥❡r❣② ❞❡♣❡♥❞s ♠❛✐♥•② ✐♥ t❡r♠s ✉s❡❞ t♦ ✉♣❞❛t❡ t❤❡ ✈❛•✉❡s ♦❢ t❤❡ ♣❛r❛♠❡t❡rs ❛♥❞ ✐ts ❡✈❛•✉❛t✐♦♥ ❞♦❡s ♥♦t r❡q✉✐r❡ ❛ ❝♦st ♦❢ ❛❞❞✐t✐♦♥❛• ❝♦♠♣✉t❛t✐♦♥✳ ✹ ❖♣t✐♠❛• st❡♣ ✈❛•✉❡s ❝♦♠♣✉t❛t✐♦♥ ❇② ❡①❛♠✐♥✐♥❣ ❡q✉❛t✐♦♥s ✭✾✮✱ ✭✶✶✮✱ ✭✶✷✮✱ ✭✶✹✮✱ ✭✶✻✮✱ ✭✶✽✮✱ ✭✷✵✮✱ ✇❡ r❡♠❛r❦ t❤❛t t❤❡r❡ ✐s ♥♦ ❞❡♣❡♥❞❡♥❝❡ ❜❡t✇❡❡♥ ❡•❡♠❡♥ts ♦❢ t❤❡ s❛♠❡ ❣r♦✉♣ ❢♦r χ✱ z✱ v ǫ ✱ v ξ ✱ v k ❛♥❞ m k ✱ ✇❤❡r❡❛s t❤❡ ✉♣❞❛t❡ ♦❢ t❤❡ ♠❡❛♥ ✈❛•✉❡ ♦❢ t❤❡ ❝♦♥tr❛st s♦✉r❝❡ m n w ❛t t❤❡ ✐t❡r❛t✐♦♥ n ❞❡♣❡♥❞s ♦♥ t❤❡ ♠❡❛♥ ✈❛•✉❡ m w ✳ ❚❤❡♥ t❤❡ ❣r❛❞✐❡♥t st❡♣s α ρ ✱ ρ = χ, z, v ǫ , v ξ , m k , v k ❝❛♥ ❜❡ s❡t t♦ ✶ ✐♥ ♦r❞❡r t♦ ❛❝❝❡•❡r❛t❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ❛♥❞ ♦♥•② t❤❡ ❝♦♥tr❛st s♦✉r❝❡ ✉♣❞❛t✐♥❣ st❡♣ α w ✐s ❝♦♠♣✉t❡❞✳ ❚❤✐s st❡♣ ✐s ❝♦♠♣✉t❡❞ ✐♥ ❛♥ ♦♣t✐♠❛• ✇❛② ✐♥ ♦r❞❡r t♦ ❡♥s✉r❡ ❛ ❢❛st ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ s❤❛♣✐♥❣ ♣❛r❛♠❡t❡r t♦✇❛r❞s t❤❡✐r ✜♥❛• ✈❛•✉❡s✳ ❚❤✐s ✐s ❞♦♥❡ ❢r♦♠ t❤❡ ♥❡❣❛t✐✈❡ ❢r❡❡✲❡♥❡r❣② ❢✉♥❝t✐♦♥ ❜② ♠❡❛♥s ♦❢ ❛ ◆❡✇t♦♥✬s ♠❡t❤♦❞✳ ❚❤❡ ♦♣t✐♠❛• st❡♣ t❤❡♥ r❡❛❞s✿ α opt w = ∆F(α w )/∆ 2 F(α w ) αw=0 , ✭✷✹✮ ✇✐t❤ ∆F = ∂F/∂α w ❡t ∆ 2 F = ∂ 2 F/∂ 2 α w ❇❡❢♦r❡ ❛♣♣•②✐♥❣ t❤❡ ◆❡✇t♦♥ ♠❡t❤♦❞✱ ✇❡ r❡✇r✐t❡ t❤❡ ✉♣❞❛t❡ ❡q✉❛t✐♦♥s ❢♦r w ✇✐t❤ ♠♦r❡ ❝♦♥✈❡♥✐❡♥t ♥♦t❛t✐♦♥s✿ ✾        V n w = (1 -α w ) V -1 w + α R w -1 m n w = m w + α w V n w d w ✭✷✺✮ ✇❤❡r❡ R w = ❉✐❛❣ v -1 ǫ Γ o + v -1 ξ Γ xc ❛♥❞ d w = v -1 ǫ G o H (y -G o m w ) + v -1 ξ m χ E inc -G c H m 2 χ + V χ E inc -m w + m χ G c m w + G c H m * χ m w -G c H m 2 χ + V χ G c m w ✳ ❚❤❡♥✱ ✇❡ r❡✇r✐t❡ t❤❡ ♥❡❣❛t✐✈❡ ❢r❡❡ ❡♥❡r❣② ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ α w ✐♥ ♦r❞❡r t♦ ✉s❡ ✐t t♦ ♦❜t❛✐♥ t❤❡ ♦♣t✐♠❛• ✈❛•✉❡✳ ■t r❡❛❞s✿ F(α w ) = - v -1 ǫ 2 ||y|| 2 2 + ||G o m w || 2 2 -2y t G o m w + || V w Γ o || 1 - v -1 ξ 2 || m w || 2 2 + || V w || 1 + m χ + V χ E 2 1 -2 m H χ w • E * + i log 2πe v w (i) , ✭✷✻✮ ❚❤❡♥✱ ✇❡ ❝❛•❝✉•❛t❡ t❤❡ ✜rst ❛♥❞ t❤❡ s❡❝♦♥❞ ❞❡r✐✈❛t✐✈❡s t❤❛t ②✐❡•❞ t❤❡ ❢♦••♦✇✐♥❣✿ ∂F(α w ) ∂α w = m ′ w d t w + i v ′ w (i) 2 v w (i) -v ′ w (i)r w (i), ✭✷✼✮ ∂ 2 F(α w ) ∂ 2 α w = m ′′ w d t w + m ′ w d t ′ w + i v ′′ w (i) v w (i) -( v ′ w (i)) 2 2 ( v w (i)) 2 -v ′′ w (i)r w (i). ✭✷✽✮ ✇❤❡r❡ v w (i) ❛♥❞ r w (i) st❛♥❞ r❡s♣❡❝t✐✈❡•② ❢♦r ❞✐❛❣♦♥❛• ❡•❡♠❡♥ts i ♦❢ ♠❛tr✐① V w ❛♥❞ R w ✱ ❛♥❞                V ′n w = V n w 2 V -1 w -R w V ′′n w = V n w 3 V -1 w -R w 2 m ′n w = V n w d w + α V ′n w d w m ′′n w = 2 V ′n w d w + α V ′′n w d w ✭✷✾✮ t❤❡♥ t❤❡ ♦♣t✐♠❛• ✈❛•✉❡ ✐♥ t❤✐s ❝❛s❡ ❜❡❝♦♠❡s α opt w = d t w m ′ w0 + 1 2 i s 2 wi m ′′ w0 d t w + m ′ w0 d t ′ w + 1 2 i s 3 wi ✭✸✵✮ ✇❤❡r❡                      ∂ mw ∂αw αw=0 = m ′ w0 = V w0 d w ∂ 2 mw ∂ 2 αw αw=0 = m ′′ w0 = 2 V ′ w0 d w ∂ V w ∂αw αw=0 = V ′ w0 = -V w0 S w ✭✸✶✮ ❛♥❞ d t ′ w = m ′ t w v -1 ǫ G o G H -v -1 ξ 1 -m χ G c -G c H m * χ -G c H ( m χ + V χ )G c

  t , s wi = r wi v w0i -1. ❙♠í❞• ❛♥❞ ❆✳ ◗✉✐♥♥✱ ❚❤❡ ❱❛r✐❛t✐♦♥❛• ❇❛②❡s ▼❡t❤♦❞ ✐♥ ❙✐❣♥❛• Pr♦❝❡ss✐♥❣✱ ❙♣r✐♥❣❡r ❱❡r•❛❣✱ ❇❡r•✐♥✱ ✷✵✵✻✳ ❬✷( ❍✳ ❆②❛ss♦✱ ❇✳ ❉✉❝❤ê♥❡✱ ❛♥❞ ❆✳ ▼♦❤❛♠♠❛❞✲❉•❛❢❛r✐✱ ✏❖♣t✐❝❛• ❞✐✛r❛❝t✐♦♥ t♦♠♦❣r❛♣❤② ✇✐t❤✐♥ ❛ ✈❛r✐❛t✐♦♥❛• ❇❛②❡s✐❛♥ ❢r❛♠❡✇♦r❦✱✑ ■♥✈❡rs❡ Pr♦❜•❡♠s ✐♥ ❙❝✐❡♥❝❡ ❛♥❞ ❊♥❣✐♥❡❡r✐♥❣✱ ✈♦•✳ ✷✵✱ ♥♦✳ ✶✱ ♣♣✳ ✺✾✕✼✸✱ ✷✵✶✷✳ ❬✸( ▲✳ •❤❛rs❛••✐✱ ❍✳ ❆②❛ss♦✱ ❇✳ ❉✉❝❤ê♥❡✱ ❛♥❞ ❆✳ ▼♦❤❛♠♠❛❞✲❉•❛❢❛r✐✱ ✏▼✐❝r♦✇❛✈❡ t♦♠♦❣r❛♣❤② ❢♦r ❜r❡❛st ❝❛♥❝❡r ❞❡t❡❝t✐♦♥ ✇✐t❤✐♥ ❛ ✈❛r✐❛t✐♦♥❛• ❇❛②❡s✐❛♥ ❛♣♣r♦❛❝❤✱✑ ✐♥ ■❊❊❊ ❊✉r♦♣❡❛♥ ❙✐❣♥❛• Pr♦❝❡ss✐♥❣ ❈♦♥❢❡r❡♥❝❡ ✭❊❯❙■P❈❖✮✱ ▼❛rr❛❦❡❝❤✱ ▼❛r♦❝❝♦✱ ✷✵✶✸✳ ❬✹( ▲✳ •❤❛rs❛••✐✱ ❍✳ ❆②❛ss♦✱ ❇✳ ❉✉❝❤ê♥❡✱ ❛♥❞ ❆✳ ▼♦❤❛♠♠❛❞✲❉•❛❢❛r✐✱ ✏❆ ❣r❛❞✐❡♥t✲•✐❦❡ ✈❛r✐❛t✐♦♥❛• ❇❛②❡s✐❛♥ ❛♣♣r♦❛❝❤✿ ❛♣♣•✐❝❛t✐♦♥ t♦ ♠✐❝r♦✇❛✈❡ ✐♠❛❣✐♥❣ ❢♦r ❜r❡❛st t✉♠♦r ❞❡t❡❝t✐♦♥✱✑ s✉❜♠✐tt❡❞ ✐♥ ■❊❊❊ ■♥t❡r♥❛t✐♦♥❛• ❈♦♥❢❡r❡♥❝❡ ♦♥ ■♠❛❣❡ Pr♦❝❡ss✐♥❣ ✭■❈■P✮✱ ❋r❛♥❝❡✱ P❛r✐s✱ ✷✵✶✹✳ ❬✺( ❆✳ ❋r❛②ss❡ ❛♥❞ ❚✳ |♦❞❡t✱ ✏❆ ♠❡❛s✉r❡✲t❤❡♦r❡t✐❝ ✈❛r✐❛t✐♦♥❛• ❜❛②❡s✐❛♥ ❛•❣♦r✐t❤♠ ❢♦r •❛r❣❡ ❞✐♠❡♥s✐♦♥❛• ♣r♦❜•❡♠s✱✑ ❚❡❝❤✳ |❡♣✳ ❤❛•✲✵✵✼✵✷✷✺✾✱ ❤tt♣✿✴✴❤❛•✳❛r❝❤✐✈❡s✲♦✉✈❡rt❡s✳❢r✴❞♦❝s✴✵✵✴✼✵✴✷✷✴✺✾✴P❉❋✴✈❛r❴❜❛②❱✽✳♣❞❢✱ ✷✵✶✷✳ ❬✻( ❲✳ ❈✳ •✐❜s♦♥✱ ❚❤❡ ▼❡t❤♦❞ ♦❢ ▼♦♠❡♥ts ✐♥ ❊•❡❝tr♦♠❛❣♥❡t✐❝s✱ ❈❤❛♣♠❛♥ ✫ ❍❛••✴❈|❈✱ ❇♦❝❛ |❛t♦♥✱ ✷✵✵✼✳ ✶✶