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Local and global properties of solutions of
quasilinear Hamilton-Jacobi equations

Marie-Frangoise Bidaut-Véron
Marta Garcia-Huidobro
Laurent Véron

Abstract We study some properties of the solutions of (E) —Apu+ |Vu|? =0 in a domain
Q Cc RY, mostly when p > ¢ > p — 1. We give a universal priori estimate of the gradient of
the solutions with respect to the distance to the boundary. We give a full classification of
the isolated singularities of the positive solutions of (E), a partial classification of isolated
singularities of the negative solutions. We prove a general removability result in expressed in
terms of some Bessel capacity of the removable set. We extend our estimates to equations on
complete non compact manifolds satisfying a lower bound estimate on the Ricci curvature,
and derive some Liouville type theorems.
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1 Introduction

Let N>p>1,¢>p—1and Q C RY (N > 1) be a domain. In this article we
study some local and global properties of solutions of

—Apu+ [Vul?=0 (1.1)

in Q, where Apu := div (|Vu/’"?|Vu|). The main questions we consider are the
following;:

1- A priori estimates and Liouville type theorems.
2- Removability of singularities.

3- Description of isolated singularities of solutions.

Our technique allows us to handle both positive and signed solutions. We will
speak of a problem with absorption when we consider positive solutions and a prob-
lem with source when we consider negative solutions (in which case we will often set
u = —u). One of the main tools we use is a pointwise gradient estimate, valid for
any signed solution of (1.1),

Theorem A. Let u € C1(2) be a solution of (1.1) in Q. Then

V()| < enpq(dist (z, 002)) " a71-7 (1.2)

for any x € Q. If Q =RY, w is a constant.

In the case p = 2 the existence of an upper bound of the gradient has first been
obtained by Lasry and Lions [25] and then made explicit by Lions [26]; the idea
there was based upon the Bernstein technique. In [29] Nguyen-Phuoc and Véron
rediscovered this upper bound by a slightly different method. Our method of proof
is a combination of the Bernstein approach and the Keller-Osserman construction
of radial supersolutions of the elliptic inequality satisfied by \Vu]Q, a technique
which will be fundamental for extension of this results in a geometric framework
(see below).

Concerning solutions of (1.1) in a domain © C RY we obtain that if p # ¢, any
solution satisfies

lu(z)] < cpgq (dist (x,BQ)quEP — 04 qﬁzﬂ) + max{|u(z)| : dist (z,00) = 0.} (1.3)

if dist (z,09) < d., where §, > 0 depends on the curvature of 9€; when p =

q the formula holds provided the term dist (m,@Q)qi;ﬂp — O T s replaced by
In(dist (z,09)/d«). In the case p = 2 this estimate was a key element for the study



of boundary singularity developed in [29]. This aspect of equation (1.1) will be
developed in a forthcoming article.

In the study of singularities, we first give a general removability result concern-
ing interior singularities. The general removability result given in Theorem 3.5, is
expressed in terms of the Bessel capacity C = relative to RY, and deals with

’g+1-p

locally renormalized solutions (see Definition 3.4).

Theorem B Let p—1 < g < p and K C Q be a relatively closed set such that
Cy_a (K) = 0. Then any locally renormalized solution u of (1.1) in Q\ K can

q+1—p
be extended as a locally renormalized solution in whole 2. When w is positive, u is
therefore a strong solution in whole Q). When u is a signed renormalized solution, it

18 a strong solution provided q < %.

If K is reduced to a single point 0 € €2, the threshold of removability of an
isolated singularity corresponds to the exponent q = q. := N]S/?’:ll), but the situation

is different if we consider positive or negative solutions.

When p — 1 < ¢ < ¢, there exists an explicit radial positive solution of (1.1) in
RY =R\ {0}
Ux) = U(Jz]) = Anpglel ™ (1.4)
where )
fo= ey ad Avpa =6 (Bulp =) +p - N)TT (L)
When p = 2 Lions obtained in [26] the description of isolated singularities of positive
solutions of (1.1) in the subcritical case 1 < ¢ < % We extend his result to the
general case 1 < p < N and provide a full classification of isolated singularities of
positive solutions :

Theorem C Assume p—1< q < q. and u € C1(Q\ {0}) is a positive solution of
(1.1) in Q2 \ {0}. Then
(i) either there exists ¢ > 0 such that

u(@) _

20 ()

(1.6)

—N
where puy, is the fundamental solution of the p-Laplacian defined by p,(z) = % \xﬁ’j
if 1 <p< N and pun(x) = —In|z|. Furthermore u satisfies

—Apu + |Vul? = ey pedo in D'(Q). (1.7)
(ii) or
1B _
il_% 2™ u(z) = Anpg (1.8)
for some explicit positive constants Ay p.q and Bq = %.
When ¢ > q., there exists a radial negative singular solutions V = —U of (1.1)
in RY with ) ) .
U(x) = U(|z]) = Anpglal ™, (1.9)



where ) 1
MNpg =By (N —p—Bylp—1))irr. (1.10)

In this case we obtain a partial classification of isolated singularities of negative
solutions of (1.1) in 2\ {0}.

Theorem D Assume u is negative C' solution of (1.1) in Q\ {0}. Then
(i) When p —1 < q < g, there exists ¢ <0 such that (1.6) and (1.7) hold.
(ii) When q > q. (1.6) and (1.7) hold with ¢ = 0.

Furthermore, when u is radial, there holds:

(i1i) When q = q., either

N—-1
] =1
lim (102D ) (1.11)
=0 fip ()
or u is regular at 0.
(iv) When q > qc,
. B4 _ 3
tim [ o) = —Rew g (1.12)

or u 1s reqular at 0.

In the last section we obtain local and global estimates io solutions of when
RY is replaced by a N-dimensional Riemannian manifold (M", g) and —A, by the
corresponding p-Laplacian —A,,, in covariant derivatives. Our results emphasizes
the role of the Ricci curvature of the manifold if p = 2 and the sectional curvature
if p # 2. In the case 1 < p < 2 we need to introduce the notion of convexity radius
of a point € M, denoted by rps(x), which is supremum of the r > 0 such that the
geodesic ball B,(x) is strongly convex.

Theorem E. Let ¢ > p—1 > 0, (M" g) be a Riemannian manifold with Ricci
curvature Riccg and sectional curvature Secg and @ C M be a domain such that
Riccy, > (1 — N)B? in Q. Assume also Secy > —B? in Q if p > 2 or ry(2) >
dist (z,09Q) for any z € Q if 1 < p < 2. Then any C' solution u of

—Agpu+|Vul?=0 (1.13)
in Q satisfies

|Vu(z)| < enp,q max {BH}—P, (14 Bp)dist g(z,00Q)) 7 } (1.14)

where B, = B+ (p—2)1 B and dist (v, 09) is now the geodesic distance of x to 0.

Notice that ra(z) is always infinite when Secy < 0. Furthermore if for some
a € M, ry(a) = oo then ry(z) = oo for any = € M, in which case we say that the
convexity radius rp; of M is infinite. As a consequence we obtain



Theorem F. Let 0 < p—1 < q and (M",g) be a complete noncompact Riemannian
manifold such that Riccy > (1— N)B?, (B >0). Assume also ryy = o0 if 1 <p <2

or g
\.ecg(x)\ —0 (1.15)

dist (z,a)—o0 dist (CE, CL)

for some a € M if p> 2. Then any solution u of (1.13) in M satisfies

|[Vu(z)| < cN7p7qu+Lp Vo e M. (1.16)

Since our estimate holds also in the case p = ¢, we obtain
Theorem G. Assume M satisfies the assumptions of Theorem F. Then any positive
p-harmonic function v on M satisfies

U(a)e—aniSt (z,a) < U(I‘) < U(a)eaniSt (z,a) (117)

for any points a,x in M, where kK = k(p, N) > 0.

The case p = 2, B = 0 is due to Chen and Yau ([10]). Kortschwar and Li [21]
obtain a similar estimate but a with a global estimate of the sectional curvature
which implies our assumption on the Ricci curvature.

Aknowledgements This article has been prepared with the support of the Math-
Amsud collaboration program 13MATH-02 QUESP. The first two authors were sup-
ported by Fondecyt grant N 1110268. The authors are grateful to A. El Soufi for
helpful discussions.

2 A priori estimates in a domain of RY

2.1 The gradient estimates

The next result is the extension to the p-Laplacian of result obtained by Lions [26]
for the Laplacian. We denote by d(z) the distance from = € €2 to 9.

Proposition 2.1 Assume ¢ >p—1 and u is a C' solution of (1.1) in a domain Q.
Then )
IVu(z)| < enpgld(x)) ati-r Vo € (. (2.1)

Proof. In any open subset G of © where |Vu| > 0 we write (1.1) under the form

D2
V|
and we recall the formula
1
SOVl = |D2u|? + (VAu, Vu). (2.3)

5



By Schwarz inequality
1
[D%]” > (A,
hence we obtain 1 1
54 (Vul? > N(Auﬁ + (VAu, Vu).

Next, we write z = |Vu|? and derive from (2.2)

Ay — (p—2)(Vz,Vu) +Zq+gT,p’
2 z
thus
(V A, vy — — 2= D%V, V) (p=2) [V
(p—2)(Vz,Vu)?2 q¢+2—p a4
" 2 22 * 9 z 2 (Vz,Vu).

From (2.5) and (2.6)

and from (2.4),
22(Vu), Vu) _ 1 L, (p=2)*(Vz,Vu)?
z N 2N 22
(p—2) V2| , Vu)?
2 z +(-2) 22

(Vz,Vu)?  |Vz|?
5 <

Az+(p—2)<D

Noticing that

, and that for any € > 0
z

q+ —p ‘VZ’ 1 ‘VZ‘

de =z

(2, V) < 2 2P 4

)

+(q+2—-p)z= (Vz, Vu).

(2.6)

(2.7)

(2.8)

we obtain that the right-hand side of (2.8) is bounded from below by the quantity

1 _ |V 2|2
_—_,at2-p _
IN~ z
where D = D(p,q, N) > 0. We define the operator

v(Vu)
v A) = —-Av—(p— 2)< ](V:\ = Z AijVs,z;
1,j=1

where the a;; depend on Vu; since |Vul? = z,

N
01¢” == min{l,p—1}[¢]* < Y a;;6¢ < max{l,p-1} &> = O ¢)F  VE=

i,j=1

(2.9)

(&1, -

(2.10)

JEN)-



Consequently, A is uniformly elliptic in G and z satisfies

1 _ ]Vz]Q
— = q+2-p _ < i
L(z):=A(z) + SN D < 0 in Q. (2.11)
Consider a ball B,(R) C Q and set w(z) = w(jz —a|]) = M(R? — |z — a\Q)fqﬁ*P.
Put r = |z — al, then

4\ 2
wy, = ————(R? — |z — o),
qg+1—-p
4\ 2y 8B+q¢—p)N, o 9 -——2 9
,_:71{2_2 +1— 5 — - -V (R® - +1— L
Wy, q—i—l—p( P T 4 (q+1—p)2( r3) Ty,
therefore )
16\ __4 o
Vu|? = ————(R? — r?) 1= %2,
Vel @+1—pV( )
2
‘V’LU‘ _ 16\ (R2 o T‘Z)_q"j_f’_Q’l"Q,
w (g+1-p)?
wit27P = \IT2-P(R? _ T2)f2gﬁ:§ = \TT2P(R2 TQ)fﬁd’
and finally
40\ _ _ 3 —
Aw) 2 —— 22 (R — ) (NR2 . (M - N> ) |
qg+1—p q+1—p

At the end, using the fact that » < R, we obtain

L(w) > i(R2 — r2)_qT2—p_2 ()\‘H'l_p — cRQ) )

2N
where ¢ = ¢(N, p,q). We choose A\ = (ch)ﬁ and derive L(w) > 0. We take for
G a connected component of {z € Bgr(a) : z(z) > w(z)}, thus z(z) > 0 in G and
G C Bg(a). If mg € G is such that z(zg) — w(xg) = max{z(z) —w(z) : z € G}, then
Vz(zo) = Vw(zo), z(xo) > w(zg) > 0 and

Al(0) (o)) + i (2(20)72 — w(zg)?™>?) ~D V2] (z(ﬂlco) B w&o)) =0

which contradicts the fact that all the terms are nonnegative with the exception of
2(20)927P — w(w)?+2~P which is positive. Therefore z < w in Bg(a). In particular

2(a) < w(a) = cy, R T, (2.12)

Letting R — d(x) yields (2.1). O



2.2 Applications

The first estimate is a pointwise one for solutions with isolated singularities.

Corollary 2.2 Assume g >p—1> 0, Q is a domain containing 0 and let R* > 0
be such that d(0) > 2R*. Then for any x € Bgr- \ {0}, and 0 < R < R*, any
u € C?(2\ {0}) solution of (1.1) in Q\ {0}) satisfies

u(@)] < enpg ||2l777 — Re5 | 4 max{lu(z)| : |2| = R}, (2.13)
if p# q, and
[u(x)| < exp (0 |R| — In |z]) + max{|u(2)| : |2] = R}, (2.14)
ifp=gq.

Proof. Let X = ‘%x, then dist (tx + (1 — ¢t)X,0Br(X)) = t|z| + (1 — t)R for any
0 <t <1, thus by (2.1) in Bg- \ {0}

1
lu(z)| = |u(X) —i—/o %u(tw +(1-— t)X)dt‘

1
< u(X)| + expale = X| [ (tlal + (1= OR) vt
0

By integration, we obtain (2.13) or (2.14). In the particular case where p > ¢ and
lz| < &, we obtain

Ju(z)] < enpglele 7 +max{|u(z)| : |2| = R}. (2.15)

O

The second estimate corresponds to solutions with boundary blow-up.
Corollary 2.3 Assume ¢ >p—1> 0, Q is a bounded domain with a C? boundary.
Then there exists 6, > 0 such that if we denote Qs, = {z € Q : d(z) < .}, any
u € C?(2) solution of (1.1) in ) satisfies

u(2)] < enpg |(d(@) 7 — 5T 7 | + max{|u(z)| : d(z) = 6,} Vo €Qs, (2.16)
ifp#q and
lu(z)| < enpg (Indy —Ind(z)) + max{|u(z)| : d(z) = 05} Vo € Qs, (2.17)

if p=q.



Proof. We denote by d, the maximal » > 0 such that any boundary point a belongs
to a ball B,(a;) of radius r such that B,(a;) C Q and to a ball B,(as) with radius r
too such that B, (as) C Q. If z € Qs,, we denote by o(x) its projection onto 9 and
by ng(,) the outward normal unit vector to 9 at o(z) and z* = o(v) — 20xn4(y).
Then

1 1
u(z) = u(z*) + /0 %u(tw + (1 —t)z")dt = /0 (Vu(te + (1 —t)2%),z — 2")dt

1 1
Ju(@)] < Ju(z*)| + e p.q(dx — d(w))/o (td(z) + (1 = t)d(2")) a+i-rdt.

Integrating this relation we obtain (2.16) and (2.17). O

Remark. As a consequence of (2.16) there holds for p > ¢ >p—1

w(@) < (N pq + K max{|u(z)| : d(z) > 6,}) (d(z))7 77 VzeQ (2.18)

where K = (diam(2)) qﬁzﬂ, with the standard modification if p = q.

As a variant of Corollary 2.3 we have estimate of solutions in an exterior domain

Corollary 2.4 Assume q>p—1>0, Ry >0 and let u € C’Q(Bf%o) be any solution
of (1.1) in Bg, . Then for any R > Ry there holds

u(z)] < enpg |(J2] = Ro)TT7 — (R — Ro)#1°7 | + max{|u(z)| : |2| = R} Vz € B

(2.19)
if p#p and
lu(z)| < enpq (In(|z] = Ro) — In(R — Ro)) + max{|u(2)| : [2| = R} Vz € By
(2.20)
ifp=gq.

Proof. The proof is a consequence of the identity

1 1
u(z) = u(z) —i—/o %u(tw + (1 —t)z)dt = /0 (Vu(tr + (1 —t)z),z — 2)dt

where z = |7R|x Since

[Vu(tz + (1= 1)2)] < Cwvpglt o] + (1 = )R — Ro) "1

by estimate (2.1), the result follows by integration. O

An important consequence of the gradient estimate is the Harnack inequality.



Proposition 2.5 Assume ¢ > p — 1 and let u € C1(Q) be a positive solution of
(1.1) in Q. Then there exists a constant C' = C(n,p,q) > 0 such that for any a € 2
and R > 0 such that Br(a) C Q, there holds

max{u(r) : x € Brjs(a)} < Cmin{u(r) : € Br/(a)}. (2.21)
Proof. We can assume a = 0 in 2 and R < d(0) = dist (0,012). Then we write (1.1)
—Apu+C(x) |[Vulf =0
with |C(z)| = |[Vu|T™ P < enp R by (2.1). Set up(y) = u(Ry), then ug satisfies
—Ayugr + RC(Ry) |Vug/P~' =0 in By.
Since RC(Ry) is bounded in By, we can apply Serrin’s results (see [34]) and obtain
max{un(y) :y € Bip(0)} < Cin{u(y) sy € Bip(0)}.  (2.22)

Then (2.21) follows. U

The following Liouville result which improves a previous one due to Farina and
Serrin [13, Th 7], is a direct consequence of the gradient estimate.

Corollary 2.6 Assume ¢ >p—1> 0. Then any signed solution of (1.1) in RN is
a constant.

Proof. We apply of (2.1) in Bgr(a) for any R > 0 and a € RY and let R — oo.
(]

3 Singularities in a domain

3.1 Radial solutions

If u is a radial function, we put u(z) = u(|x|) = u(r), with r = |z|. If u is a radial
solution of (1.1) in B} := B; \ {0}, it satisfies

(=) S P '} = 0 .1

n (0,1). We suppose ¢ < p, then p—1 < ¢, = N]Sf’:ll) <p < N. We recall d

_ and b NP-1)-N-1)g _ (N-1)(¢c—q)
i = g+1—p gt l-p (3:2)

The next result provides the classification of radial solutions according to their
sign near 0.

10



Proposition 3.1 Let u be a nontrivial solution of (3.1), then

1
-N 1— ——
o () = —rlp—l <b*1rq:§— pb—l—K)p o if q+# qe
— 1-N
—Tlijlv (|lnrN_1|—|—K) p—1 if ¢=q..

As a consequence there holds
1- If u is positive near 0 and p — 1 < q < g,
(i) either there exists k > 0 such that

kN:fTZ;:T]Y +O(rﬁpl+1Nb\/1) ifp< N
u(r) = p
—klnr+O(1) ifp=N

and u is o radial solution of
—Apu+ [Vul? = en kP16 in D'(By),

(ii) or
u(r) = )‘N,p,qr_ﬁq + M

where )
_ Al
ANJ)’q - qu bq+ P.

If u is positive near 0 and q > q., then u is constant.

(3.3)

(3.4)

2- If u is negative near 0: then for p —1 < q < q., there exists k < 0 such that

-N -N
kN:f’rI;j —i—O(rﬁplfl bv1) ifp<N
u(r) = p
—klnr 4+ O(1) ifp=N

and u is a radial solution of
Apu — |Vul? = —cyp(—k)P~ 1o in D' (By).
If ¢ = qc, then

Nyt (—Ine) R (L4 o(1)) ifp< N
—vy In(=Inr)(1+ o(1)) ifp=N

u(r) =

for some for some constant vy ,, vn > 0.

If ¢ > qc,
u(r) = =Anpgr " + M.

11

(3.8)

(3.9)

(3.10)

(3.11)



Proof. We set

w(r) =¥t PR (3.12)
then , _ (g+1— p)(N
w(r)=r p-1 ]w[ (3.13)
Thus I '
_a b=r 1 T+ K if ¢ # qc
— ‘w‘ p—1 q = 1 ) (314)
In <K’I“N—1> if ¢ =q.

for some K.

1-Case p—1 < q < q¢, then b > 0. If K > 0 then w’ and «’ are negative and

q+2 p*N

1
W(r) = = oS K] T = ke o). (35)

Integrating again, we get (3.4) From the asymptotic of u/(r) we derive that u is a

radial solution of (3.5). If K = 0, then u/(r) = —r~ ~ %2 par=r and we get (3.6),
(3.7). This is the explicit particular solution.
If K = —K < 0, then w > 0 near 0. We set & = —w, & = —u and w(r) =
rN=1|@ P72 @, Thus,
1— ~

a(r) = KT £ 0 5T v ) or u(r) = —F'Inr + O(1),  (3.16)

according p < N or p = N, and @ satisfies
—Ayii — |Vul? = enpk'dy  in D'(By). (3.17)

2-Case q > q.. Then b < 0. If ¢ > g, (equivalently b < 0), (3.6) implies

1
L) =it [ L KT (Cpyammee s (14 0(1),  (3.18)
then
w(r) = =Anpqr (14 o(1)). (3.19)
If q = {qc,
1
W(r) = 7o [(1— N) e+ K] 78T (14 o(1)), (3.20)
and, either p < N and
p=N p—1
u(r) = —vnpre=t (—lnr)” ¥-1 (14 0(1)), (3.21)
or p=N and
u(r) = —vyIn(—Inr)(1+ o(1)), (3.22)
for some constant vy p, vy > 0. O

12



Proposition 3.2 Assume 1 < p < N and p—1 < q < q., then for any k > 0
there exists a unique positive solution u = uy of (3.1) in (0,1) vanishing for r = 1
satisfying
lim “6() (3.23)
r—0 Mp(T)
When k — oo, up T use which is a solution of (3.1) in (0,1) vanishing on 0By
satisfying

lim 779100 (1) = AN pog- (3.24)

r—0

Proof. Using (3.15) we see that K is completely determined by K = kP19 and u
by

1

1N 1— -
g (r) :/ ] (3.25)
T

Conversely, asymptotic expansion in (3.25) yields to (3.14). The unique character-
ization of K yields to uniqueness although uniqueness is also a consequence of the
maximum principle as we will see it in the non radial case. Clearly the function uy
defined by (3.25) is increasing and ueo = limg_, oo uy satisfies

1, R
ulr) = [ s A -, (20
T

Proposition 3.3 Assume 1 <p < N andp—1 < q < q.. If u is a nonnegative
radial solution of (3.1) in (0,00). Then

(i) either u(r) = M for some M >0, or

(ii) there exist k >0 and M > 0 such that

1N +1— S
u(r) = g, (r) ::/ s 1 [b—lsqp—lpbwp—l—q T ds + M, (3.27)

T

(ii) or there exists M > 0 such that
U(r) = Uoo 11 (1) = AN pgr 7+ M (3.28)

Proof. From identity (3.15), valid for any nonconstant solution u, we see that for
a global positive solution we must have K > 0. If K = 0 then u = u defined by
(3.27). If K > 0, then v’ € L'(1,00), thus u(co) = limg_,, u(s) exists and

1

* 1-N 1- e g
u(r) = u(o0) +/ sP1 [b‘lsq;—lpb+K TP s, (3.29)
T

and K = k=177 in order to have (3.27). O
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3.2 Removable singularities
3.2.1 Removable singularities of renormalized solutions

For £ > 0 and s € R, we set T(s) = max{—k, min{k,s}}. If u is measurable
in Q and finite a.e. and if Ty(u) € Wllg’f(Q), we define the gradient a.e. of u by

VTi(u) = Xju|<k VU, for any k > 0. The following numbers play an important role
in the sequel.

N(p—-1) q - p
- = d g=p—1+=. 3.30
Ge = 7 1y da=r-lty (3.30)
Hence ¢. < Gif 1 <p < N and g. = ¢= N if p = N. In order to study removability
results it is natural to introduce other notions of solutions than the strong ones

Definition 3.4 1- IfQ) is bounded, we say that u is a renormalized solution (abridged
R-solution) of
—Apu+|Vu|?=0 in

u=20 imn 02 (3.31)

if u is measurable and finite a.e., Ti(u) € Wol’p(Q) for any k > 0, |Vul|?! € L(9),
IVulP~! e L™(Q) for all 7 € [1, &) and for any h € WL°(R) such that b’ has
compact support and ¢ € WhH3(Q) for some s > N, such that h(u)g € Wol’p(Q),
there holds

/ IVl V. (h(u)é)ds + / Vul? h(u)pdz = 0. (3.32)
Q Q

In particular [ulP~" € L7(Q) for all o € [1, NLﬂ))

2- We say that u is a local renormalized (abridged LR-solution) of solution of (1.1)
if u is measurable and finite a.e., Ty (u) € I/Vli’f(Q) for any k > 0, |Vu|? € L}, .(Q),
P~ € L7,.(Q) for all o € [, 55), [VulP™! € L], () for all 7 € [1, 25) and u
satisfies (3.32) for any h as above and ¢ € WH*(Q) for some s > N with compact
support, such that h(u)¢ € Wol’S(Q). In particular, any LR-solution is a solution of
(1.1) in D'(2).

Remark. These notions are well adapted to treat singularity questions for nonneg-
ative functions. Indeed, if @ = B; and ¢, < ¢ < p < N, the function V = —U =
~ANpgl-| 7P is a solution of (1.1) in RY (we recall that RY = RN \ {0}), thus
v =V 4+ Anp,q is a negative solution of (3.32). Therefore the function v = —v
satisfies —A,0 > 0. By [4, Th 1.1, Prop 1.1], there exists ¢ > 0 such that

—AD = V|9 + by in D'(By), (3.33)

and necessarily ¢ = 0 because ¢ > ¢.. This means that the singularity of the solution
is not seen in the sense of distributions. When ¢ < ¢, v € VVO1 P(By), thus it is still
a R-solution in By. If . < ¢ < §v ¢ Wol’p(Bl), but it is still a R-solution in By,
since for any k > 0, Tj(v) satisfies

—Aka(U) = ‘VTk(U)‘q + pp in D/(Bl), (334)
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~ ~ I p—1
with pp = Ck5|$|:pk with pp = (k/)\N,p,q) and ¢ = (/Bq)\N,p,qpkl 5q> . Then for

any ¢ € C§°(Bn), limp_y oo (i, ) = 0. Thus it is a R-solution by using [12, Def 2.29].
We denote by Cy (>0, 1 < p < 00) the Besov capacity in RY, defined by

Cop(K) = mf{[[Cllyap@n) : ¢ € CFRY),0<(<1,(=1on K}  (3.35)

if K is compact, and extended to capacitable sets by the standard rule.

Our main removability result concerning LR-solutions is the following.

Theorem 3.5 Assume 0 < p—1<q <p. If F CQ is a relatively closed set such
that Cy¢(F) = 0, then any LR-solution u of (1.1) in Q\ {F} can be extended as a
LR-solution of (1.1) in whole .

Proof. Notice that a set F' with C ¢(F') = 0, has zero measure; since a LR- solution
is defined up to a set of zero measure, any extension of u to F' is valid. From
our assumption T (u) € I/Vli’f(Q \ {F}) for any k > 0, |[ulP~! € Lg () for all
o€ [1,55), [VulP~! € L, (Q) for all 7 € [1, §7), and |[Vu|? € L, (Q). Since
p < £, for any compact K C Q, Cy,(F NK) = 0. Thus Tj(u) € VV&)’E(Q) by [17,
Th 2.44]. Because u is measurable and finite a.e. we can define Vu a.e. in 2 by the
formula Vu = VT (u) a.e. on the set {z € Q: Ju(x)| < k}.

Let ¢ € C§°(Q2) with support in w C @ C  and set Ky = F'N supp(. Then K
and O (K¢) = 0, thus there exists ¢, € Cg°(2) such that 0 < (, <1, (, =11ina
neighborhood of K that we can assumed to be contained in w, such that ¢;, — 0 in
WLERN). Tt can also be assumed that ¢,(z) — 0 for all z € RN \ N where N is a
Borel set such that Cy ¢(N) = 0 (see e.g. [2, Lemmas 2.1, 2.2]). Let &, = ((1 — ().
Then

/ (yvmqsﬁ + egﬁ*lyvuv’*vu.vgn) dx = 0.
Q

By Holder’s inequality, there holds for any n > 0,

/\vungﬁdx < e/gﬁ—l\wyl’—l\vgn\dx < (e-1)n#31/\vuyq§f;dm+n—f/ V&l da.
Q Q Q Q
Hence, taking 1 small enough,
/|vu|qggdx < c/|vgn|fdx g/ (Iv¢lf +1VGl) da.
Q Q Q

From Fatou’s lemma, |Vu|?¢’ € LY(Q) and

/\Vu]qczdx <= c/ V([ da. (3.36)

Q Q

Taking Ty (u)E: for test function, we obtain

/|V(Tk(u))|p§fldx+/|Vu|qu(u)§fldac = —/Tk(u)|Vu|p_2Vu.V£f;dx.
Q Q Q
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Then we deduce, from Hoélder’s inequality,

%'/Tk(u)]Vu\pQVu.V@édx
Q

< e/ (N TuP L VE] + €V uP V) da
Q
< (20— 1)/ (IVu|2¢t + V¢ + €¢IV G| da
Q

< 2lee + /Q|VC|€dx + €(n).
Therefore, up to changing c; into another constant ¢ depending on ¢,
[ V@) Pedds < (Ve + o)
and by Fatou’s lemma,
/Q\V(Tk(u))ypg’fdm < (k+1)c. (3.37)

It follows by a variant of the results in [7],[8] that the regularity statements of
Definition 3.4 hold.

Finally, we show that u is a LR-solution in Q. Let h € W1H*°(R) with A’ with
compact support, and let ¢ € W™ (Q) with m > N, such that h(u)¢ € W1P(Q). let
w Cw C Q, such that sup ¢ C w. We set K = supp(NF and consider ¢,, € C§°(RY)
as above. Then (1—¢,)¢ € WL™(Q\F) and h(u)(1-¢,) € WHP(Q\ F) with compact
support in Q \ F, thus if we set

L = / |VulPh (u)(1 = ¢p)oda, Io = —/h(u)¢]Vu\p2Vu.VCndx,
Q Q

I3 = /h(u)(l — )| VulP2Vu.Vodz, I = / [Vul?(1 — ) pdx.
Q Q
Then I; + Is + I3 + I, = 0. Since there exists a > 0 such that
[VulP(1 =GR (w)¢ = |V(Taw) [P(1 = G)R (Tau)é,

it follows from dominated convergence that

lim /|Vu|p(1—Cn)h/(u)gbdx:/|Vu|ph’(u)¢dx.
Q Q

n—oo
Furthermore

p—1

q
2l < hll ([ 19ut0de) " 196 gan) 0 s .

We can let n — oo in I3 because V¢ € L™(2) and |Vul[P™! € LT (Q) for any
7 € [1, 5%5) and in Iy since [Vul? € L] (Q). Thus

/Q (IVu[P~2Vu.V (h(u)¢) + |Vu|?h(u)p) dz = 0, (3.38)

which ends the proof. U
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3.2.2 Regularity results

The natural question concerning LR-solutions obtained in Theorem 3.5 is their reg-
ularity. Surprisingly the results are very different according to whether we consider
positive or signed solutions of (1.1). We first recall some local estimates of the
gradient of renormalized solutions.

Lemma 3.6 Assume Q is a bounded C? domain. Let u be a R-solution of the
problem

—Apu=f in §)
u=0 on 0N) (3.39)
where f € L () with1 <m < N and set m = % = £, where q is defined in

(3.30).
(i) If m > %, then uw € L>®(Q). If m = %, then u € L*¥(Q) for 1 < k < co. If
m < %, then |u[P~! € L*(Q) with k = N]me'

(ii) VuP~t € L™ (Q) with m* = J\]rVTW,Ln Furthermore, if m < m, then u € Wol’p(Q).

Proof. The estimates in the case m < m are obtained in [6] following [8] and [21],
by using for test functions ¢g (T} (u)) where

bp.e(w) = /0 (et 1) Pt

for some 3 < 1. In the case m > and 1 < p < N there holds L™(Q) ¢ W~=1#'(Q),
thus v is a variational solution in WO1 P(Q). In the case m = m, then m* = p’ and
the conclusion follows. Next, if m > m or equivalently m* > p/, then for any o > p
and F € (L7(Q))", there exists a unique w € WOI’U(Q), weak solution of

—Ayw = div(|F[P~2F) in Q
w=0 on 0f), (3.40)
see [18], [22], [23]. Let v be the unique solution in WOI’I(Q)
—Av=f in 0
v=20 on 0€2. (3-41)

From the classical LP-theory, v € W2™(Q), thus Vo € L™ (Q). Let F be defined
by |F[P~2F = Vov. Then F € (L°(2))" with 0 = (p — 1)m* > p. Then

—Apw =—-Av = f.

Thus w = u. This implies u € W(}’O(Q) and therefore |Vul|P~! € L™ (Q). O
Our first regularity result deals with signed solutions of (1.1).
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Theorem 3.7 Assume Q is a bounded C? domain. Let p—1< q < G, N > 2 and
u be a R-solution of problem (3.31), such that

|Vul? € L™0(Q)  for some mgy > max{l, W}. (3.42)

Then u € CH*(Q) for some o € (0,1). In particular (3.42) is satisfied if ¢ < qc, or
if ge < q < G and u € W, ().

Proof. Set f = —|Vu|? € L™ (Q). If mg > N, f € LN=9(Q) for any § € (0, N — 1].

Then f € L™ (Q) with my = %. Note that % = % > 1 since ¢ < ¢. By

induction, starting from m;i, we can defined m,, as long as it is smaller than N by
—1 *
My = (p)#, and we find m,, < my41. If m, < N for any n € N, the sequence

{m,,} would converge to L = M, which is impossible since we have assumed

mgo > L. Therefore there exists some ng such that m,, > N. If m,, = N, (or if
mo = N we can modify it so that m,, < N, but m,,+1 > N. Then we conclude as
above. Nis)

If ¢ < g, then |[Vul[P~! € L™=T (Q) for § > 0 small enough. Then we can choose
myg such that max{1, W} <mp< ;. Ifg.<g<Gandue Wol’p(Q), we
choose mg = g. O
Remark. The result which holds without sign assumption on w is sharp. Indeed,
the function v =V + Ay, 4 defined above does not satisfy assumption (3.42), since

miOY ; : N(g+1—
|Vul? € L™(R) if and only if m < q(ﬁiVJrl) = (qt] p),

In the next result we consider only nonnegative solutions of (1.1).

Theorem 3.8 Let p—1 < q, N > 2 and u is a nonnegative LR-solution of (1.1).
Then w € LS .(£2) N I/Vllg’f(Q) As a consequence, if ¢ < p, u € CH*() for some
ae(0,1).

Proof. Since —A, < 0, u € LS () from [20] and u satisfies the weak Harnack
inequality

1

Z
sup < p N (/ ugd:v>
Bp(z0) Bap(z0)

with C = C(N,p,f). Then u coincides with T} (u) in any ball B,(zg) such that
Bs,(wo) C 9, for k large enough. Thus u € VVllg’f(Q) If ¢ < p, it implies u € C1(Q).
U

3.3 Classification of isolated singularities

3.3.1 Positive solutions

The next result provides the complete classifications of isolated singularities of pos-
itive solutions of (1.1). We suppose that  is an open subset of RV containing 0
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and set Q* = Q\ {0}. Without loss of generality, we can suppose that D B; and
we also recall that Bf = B; \ {0}. We recall that the fundamental solution of the
p-Laplacian is defined in RY by

p—N
_ ) z|P T ifl<p<N
x) = 3.43
(@) { —In |z if p=N, (3.43)

and it satisfies
—Apup =cnpdp  in D). (3.44)
Theorem 3.9 Letp—1<qg<gq.and1l <p<N. Ifu is a positive solution of (1.1)
in %, then we have the following alternative.
(i) Either there exists k > 0 such that
lim 42 _ (3.45)
z—0 Mp(.%')

and u is the unique nonnegative solution of

—Apv + |V|? = en kP16 in D'(Q) (3.46)

which coincides with u on O0BR.

(ii) Or
lin}) )% u(z) = AN p.qs (3.47)
Tr—r

where By and AN, q are defined in (1.5). Furthermore, if Q is bounded, a positive
solution u in C(2\ {0}) is uniquely determined by its data on 02 and its behaviour
at 0.

We need several lemmas for proving this theorem.

Lemma 3.10 Assume p, q are as in Theorem 3.9 and ¢ : (0,1] — Ry is a con-

tinuous decreasing function such that ¢(2r) < a¢(r) and ratiop o(r) < ¢ for some
a,c >0 and any r > 0. If u is a solution of (1.1) in B such that

lu(@)| < o(lz])  Va € By (3.48)
Then there exists C > 0 and o € (0,1), both depending on N, p, q, such that

Vu(@)| < Co(|e)) [z Ve By \ {0} (3.49)

|Vu(z) — Vu(@)| < Co(|z|) |z~ | — /| Va, o' st 0< |z < |a'| < %
(3.50)
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Proof. DefineI':= {y e RN : 1 < |y| < 7} and I" = {y € RN : 2 < |y| < 6}. For
0 < |z| < 3 there exists 8 € (0,1) such that 23 < |z| < 38. We set

1
ug(y) = mu(ﬁy)-

Then the equation
—Apug + BUG(B)) TP [Vug|? = 0

holds in I". Because of (3.48) and the fact that ¢ is decreasing, ug(y) < 1 on I
Since BP~9(¢(B3))4T1~P remains bounded for 8 € (0,1], we can apply the classical a
priori estimates and derive that

Vusp)| <C Wyer, (351)
‘Vu5(y) — Vug(y’ﬂ <C ‘y — y"a Yy, y € T'*, (3.52)
for some C = C (N,p,q, Hu5HLOO(F)> and « € (0,1). Putting z = By, 2’ = By’ where
x, ' are such that 0 < |z| < |2/| < 2|z| <1 we have |y| = ‘x—ﬁl‘ < % < 6 and thus
Vu(z) - Vu(e')] < C6(3)5 |z — 2/|* < Co(Jal) 2]+ |2 — o/|°

If |2’ > 2|z| we have

ate) - vute)| < © (Al ALY 2000l 2000l _ e

|| || T faftte

O

Lemma 3.11 Assume p, q are as in Theorem 3.9. Let u be a positive solution of
(1.1) in Q* such that

lim inf 27 < o, (3.53)

Then there exists k > 0 such that (3.45) and (3.46) hold.
Proof. Let y € Bi. By Proposition 2.5 there exists C' = C(N,p, q) > 0 such that
2

max u(z) <C min wu(z)
-yl y! o=yl f!

If |y/| = |y| there exist at most 13 balls By (y;) with center y; on {z : |z| = |y|} such
4
(wi+1) # 0. This implies u(y) < C¥u(y)

that y1 = v, y13 = ¥ and B%(yj) N By

4
and, since p, is radial (and we note pp,(z) = pp(|2|)),

lim sup u(z) =k < o0. (3.54)
e—0  Hp(T)
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If £ =0, then v < ep, + M for any € > 0, where M = max{u(x) : |z| = 1}, by
the maximum principle. Thus u remains bounded near 0 and thus the singularity is
removable. Next we assume k > 0, thus v < k(pp — pp(1)) + M by the maximum
principle.

We first treat the case M = 0. It implies u(z) < mpu,(z) for some m > k. Since
q < qe, (pp(r))?H17PrP=4 < ¢, it follows from Lemma 3.10 that

Vu()] < Cpplla)) |27 Va € By \ {0} (3.55)
and

{Vu(:v) — Vu(a:'){ < Cup(|z|) - {x — x"a Vo, 2’ s.t. 0 < |z] < ‘x" < %

(3.56)
If we define (ry)
u(ry
ur(y) = Yy € Bi, (3.57)
tp(r) r
it satisfies
—Apuy + (pp(r) PP |V, |7 = 0 (3.58)
in B: and the following estimates:
0<uny) <m@T)u e g oy, (3.59)
pip(r) r
(7 |y _
Vo ()] < 22U oy e gy o, (3.60)
fip(T) 2r
and
[V (y) = Vur(y')| < el Bl -1 =y " Yy st 0<yl < || < 0.
pp (1) 2r
(3.61)
let 0 < a < b. If we assume that 0 < a < |y| < b, then % remains bounded in-

dependently of r € (0, 1] and the set of functions {u, }g<r<1 is relatively sequentially
compact in the C! topology of By \ B,. There exist a sequences {r,} converging
to 0 and a function v € C*(By, \ B,) such that u,, — u in C'(By \ B,)). Since
(pp ()T 17Prb™ % — 0 as ¢ < g, v is p-harmonic in By, \ B, and nonnegative.
Notice that a and b are arbitrary, therefore, using Cantor diagonal process, we can
assume that v is defined in RY and w,, — v in the C'-loc topology of RY. If
p = N, the positivity of v implies that v is a constant [19, Corollary 2.2], say 6. If
1 < p < N, there holds, by [19, Theorem 2.2] and (3.59)

v(y) = Oup(y) + o < mypup(y) vy € RY, (3.62)
for some 0,0 > 0, thus ¢ = 0. In order to make 6 precise we set

r) = su M
7( ) \a:\:pr Mp(x),
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then u(xz) < v(r)up(z) in By \ By. This implies in particular that, for r < s < 1,
u(z) < y(r)pp(z) for any x such that |z| = s and finally

v(s) < (r). (3.63)

It follows from (3.54), (3.63) that lim,_,o~(r) = k. There exists y,, with |y, | =1
such that u(rpyr,) = pp(r)y(rn). Therefore

ulrnra) _ g, (3.64)

Consequently
u(ry) | ku(y) ifl<p< N
o0 pp(r) { k if p=N. (3.65)
This implies in particular
u@ g (3.66)

im
20 pp(|z))

Since the convergence of u, holds in the C'-loc topology, we also deduce that

N-1
lim |z| 7T Vu(x) =
z—0

pNp o ifl<p<N
{ p=1 el (3.67)

-k if p=N.

||

If we plug these estimates into the weak formulation of (1.1) we obtain (3.46).

General case. If M > 0, for any 0 < € < 1 we denote by u. the solution of

—Apue + |Vu " =0 in By \ B,
Ue =1 in 0B, (3.68)
Ue = 0 in 831

By the comparison principle v, < u < ue + M and u, < uyo for 0 < € < €, thus
ue — up and ug < u < ug + M in Bf. Since u. < mpu, in By \ B, ans since for
any € < |z| < 1 there exists 8 € (e, 1] such that 8 < |z| < 28, we see by the same
technique as the one used in Lemma 3.10, that the gradient of u. satisfies

Vue(@)| < Cla| ™' pplz) Vo e By \ B
and

{Vue(:n) — Vu(z)| < C 2|71 () |z — x'{a Va, 2’ € B% \ Boe st |z] < |a'].

Therefore {u.} is relatively sequentially compact in the C'-loc topology of Bf, which
implies that ug is a solution of (1.1) in B} which vanishes on 0B; and satisfies the
same estimate (3.54) as u. Therefore ug and u satisfy (3.66) and (3.46). O
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Lemma 3.12 Assume p, ¢ and R are as in Theorem 3.9. Let u be a positive solution

of (1.1) in Q* such that
lim inf 47— o, (3.69)
z—0 Mp(.%')

Then (3.47) holds.

Proof. If (3.53) holds, then for any k > 0 w is larger than the radial solution u of
(1.1) in BY which vanishes on 0B and satisfies (3.45). When k — oo we derive from
Proposition 3.2 that

u(@) > too(|7]) = An gzl — 1) (3.70)

Next, for any € > 0 we denote by . the solution of (3.1) on (¢, 1) which satisfies
Ue(€) = oco. This solution is expressed from (3.15) with a negative K, namely

1 1
~ 1 1-N q+1l-—p g+1l—p TaFic
UE(T) = bq+1—p/ s p-1 [3 -1 0 _ € p-1 bl ati-p ds. (3.71)
r

and existence of the blow-up at r = € follows from p > ¢q. By comparison principle
u < U+ M in B; \ B where M = sup{u(z) : |z| = 1}. When ¢ — 0, formula (3.71)
implies that

1, IR
lil% Ue(r) = bfﬁi—P/ =y {sqﬁlpb} T s = ueo (7). (3.72)
€E— r
Therefore us (|2]) < u(x) < uso(|z|) + M. O

Proof of Theorem 3.9. By combining Lemma 3.11 and Lemma 3.12 we have the
alternative between (i) and (ii). Assuming now that Q is bounded and w and v’ are
two solutions of (1.1) in Q* continuous in Q \ {0} coinciding on 99 and satisfying
either (i) with the same k or (ii), then, for any € > 0, (1 + €¢)u + € is a supersolution
which dominates u’ in a neighborhood of 0 and a neighborhood of 9. Therefore
(14 e)u+ e > o/, which implies u < v/, and vice versa. O

We end this section with a result dealing with global singular solutions.

Theorem 3.13 Let p—1 < g < gq. and 1 < p < N. If u is a positive solution of
(1.1) in RY, then u is radial and we have the following dichotomy:

(i) either there exists M > 0 such that u(z) = M,

(i) either there exist k > 0, M > 0 such that u(z) = u, p(|z]) defined by (3.27),
(11) or the exists some M > 0 such that u(x) = uso pm(|z|) defined by (3.28).

Proof. Step 1: Asymptotic behaviour. If u is a solution of (1.1) in an exterior domain
G D Bf, it is bounded by Corollary 2.4 and satisfies

[Vu(x)| = (u,%—i—r_Q ‘V'uf)%(r,a) < CN7p7q(r—R)_q+LP Vo = (r,o) € [R,oo)xSN_1
(3.73)
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by Proposition 2.1. Since p > g,

o
/ / |ur| dodt < oo,
R+1JSN-1

therefore there exists ¢ € L*(SV~1) such that u(r,.) — #(.) in L}(SN=1) as r — co.
The gradient estimate implies that the set of functions {u(r,.)},>p+1 is relatively
compact in C(SN™1), therefore u(r,.) — ¢(.) uniformly on S¥~! when r — cc. If &
and o’ belong to SV~ there exists a smooth path v := {vy(t) : t € [0,1]} such that
v(t) € SN=1 4(0) = o, v(1) = ¢’. Then

1 1
u(r,o) —u(r,o’) :/0 %u(r,w(t))dt :/0 (V'u(r,~(t)),~ (t))dt,
and finally, using (3.73),

u(r,0) = u(r, )| < ||V ]| e [V'u(r, 1(8)] < Crvpg ||V ]| oo 7 = B) 77175 (3.74)

Letting » — oo, it implies that ¢ is a constant, say M. As a consequence we have
proved that
lim wu(z) = M. (3.75)

|z|—o00

Notice that we did not use the fact that u is a positive solution in order to derive
(3.74). Next we assume the positivity.

Step 2: End of the proof. If u satisfies (3.45) for some k > 0, then for any € > 0,
there holds with the notations of Proposition 3.3

(1 - Quiar(le]) < u(@) < (1 - Qupar(lal) Vo e RY

This implies u = uy, . Similarly, if satisfies (3.47), we derive © = oo, 1. O

3.3.2 Negative solutions

The next result explicits the behaviour of negative solutions near an isolated singu-
larity.

Theorem 3.14 Let p—1 < g < q. and 1 < p < N. If u is a negative solution
of (1.1) in Q\ {0}, then there exists k < 0 such that (3.45 ) and (3.46 ) hold.

Furthermore, if k =0, u can be extended as a CH* solution of (1.1) in €.
Proof. We can assume B C €. Since @ := —u satisfies

Ayt = |Vul? inQ\ {0}
It follows from [3, Th 1.1] that |Vu|? € L} () and there exists k > 0 such that

loc

—Api = |Vul? + kéy in D' (). (3.76)
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N
Furthermore |VulP~! € M;>~' (), where M? denotes the Marcinkiewicz space (or

weak LP space). This implies
N(p—1) N(p—1) P

B = |Vul[TM P e MEFTPEN(Q) ¢ LTI (Q)

for any o > 0. Since ¢ < ¢, it follows B € LY ¢(Q) for some ¢ > 0. We write the

loc
equation under the form
—~A,i = B|Va[P! (3.77)

It follows by [35, Th 1] that either there exists &’ > 0 such as

| —

U

Hop

< — < near 0, (3.78)

/

Q

or u has a removable singularity at 0. If the singularity is removable, then (3.76)
holds with k = 0. If the singularity is not removable, we set

~ = lim sup . 3.79)
z—0 Mp(x) (
Then there exists a sequence {x,} converging to 0 such that
Y= nh—>I20 ﬁ(xn)/lu'p(xn) (3'80)
We set 0, = |z, & = 0 /dn and
. W(0n€)
us,, (§) =
11p(0n)

Then
in B;—1 \ {0} where
C(én) = (’)ﬁiq(u(én))qulip'

Since us, (§) < cpp(€), we derive from Lemma 3.10

Vs, (€)] < ¢ e up(€) for [¢] < 55
Vs, (€) — Vus, ()] < el = &g upl€)  for [€] < [€'] < 5

Thus, by Ascoli’s theorem, the set of functions {us, } is relatively compact in the
Cl ~topology of RY. Since C(6,) — 0, there exists a subsequence {ﬂ(gnk} and a
nonnegative p-harmonic function w such that ug,, — U as well as its gradient,
uniformly on any compact subset of RY. All the positive p-harmonic functions in
RY are known (see[19]: either they are a positive constant, if N = p or have the
form App, 4 7 for some A, 7 > 0if 1 <p < N.

25



If p = N, we obtain from (3.80)
W(rn,) L d(xg)
)y =
ng—00 Mp(xnk) n—o0o Mp(xn)

Thus @ = ~ and the limit is locally uniform with respect to £&. Therefore for any
€ > 0, there exists n. € N such that for n > ng, there holds

(3.81)

u(z) > (y—e)un(x) Ve st. |z|=0d,.
By comparison it implies
u(z) > (y—e)un(z) Vo s.t. §y <|z| < Iy,

This holds for any n > ng and any € > 0, therefore,

)
lim inf > . 3.82
e=0 pun(z) ~ ! (3:582)

Combining with (3.79), it implies

o B2)
z—0 MN(l")

If 1 <p < N, estimate us, (§) < Cpup(€) implies 7 = 0, thus @ = Apy. Clearly A =~

because of (3.79). Similarly as in the case p = N, (3.82) and (3.83) hold. Since the

convergence is in C'', we also get

(3.83)

. (2 (z)
lim =". (3.84)
z—0 KNz, (:C)
This implies that there holds
—Apu = |Va|"+ cnpydp  in D'(Q). (3.85)
O

Remark. In the case ¢ > g, the description of the isolated singularities is much more
difficult, as it is the case if one considers the positive solutions of

~Ayi=a" i Q)\ {0} (3.86)
for m > m. = %__;) (see [36] for partial but very deep results). In the case of
equation

—Ayi = |Val? inRY (3.87)

the main difficulty is to prove that there exists only one positive solution under the
form a(x) = a(r,o), which is the function U. Equivalently it is to prove that the
only positive solution of

q
2

—div ((ﬁguﬂ VW) w) (B2 4 [Vwf?)

— B4(Be(p—1+p— N)((BFw* + \V’wP)p%Qw —0 inSN-1

- (3.88)
is the constant Ay p g
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4 Quasilinear equations on Riemannian manifolds

4.1 Gradient geometric estimates

In this section we assume that (M", g) is a N-dimensional Riemannian manifold, 7'M
its tangent bundle, Vu is the covariant gradient, (.,.) the scalar product expressed
in the metric g := (gs5), Riccy the Ricci tensor and Sec, the sectional curvature.
Formula (2.3) is a particular case of the Béchner-Weitzentbock formula which is the
following: if u € C3(M) there holds

1
§Ag Vul® = |D2u|2 + (VA u, Vu) + Riccy(Vu, Vu), (4.1)

where D?u is the Hessian, A, = div,(Vu) is the Laplace-Beltrami operator on
(M, g) and div, is the divergence operator acting on C'(M,TM). For p > 1, we
also denote by A, , the p-Laplacian operator on M defined by

A, pu = divy(|VulP > V), (4.2)

with the convention A, = A,. A natural geometric assumption is that the Ricci
curvature is bounded from below and more precisely

Riceg(2)(§,6) > —(N = D)B*[{[* V&€ T,M (4.3)

for some B > 0. If u € C3(M) is a solution of

—Apgu+|Vulf=0 in M, (4.4)
then (2.8) is replaced by
(D?2(Vu),Vu) _ 2a®> 1 (Vz,Vu)?  (p—2)|Vz]?
_ ? > 27 qt+2-p _ —
Agzt+ (P =2) z =N~ Na? 22 2 z
Vz,Vu)? -
+(p— 2)% +(q+2—-p)z"2 (Vz,Vu) — (N — 1)B2z.
(4.5)
and £ in (2.11) by
* +2— |VZ|2 2 .
Lz)=A(z)+CzT™*P —D— —(N—-1)B“2<0 in Q. (4.6)

z

We recall that the convexity radius rys(a) of some a € M is the supremum of all
the r > 0 such that the ball B, (a) is convex. Note that, in order to obtain estimates
on the gradient of solution, when p # 2 an extra assumption besides (4.3) is needed;
it concerns the sectional curvature.

Lemma 4.1 Assume g >p—12> 0 andleta € M, R > 0 and B > 0 such that
Riccy, > —(N —1)B? in Br(a). Assume also Sec, > —B? in Bg(a) for some B >0
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if p>2, orry(a) > Rif 1 < p < 2. Then there exists ¢ = ¢(N,p,q) > 0 such that
the function

w(z) =\ (R* - TQ(JU))_ﬁ +u  with r =r(x) =d(z,a), (4.7)
satisfies
L*(w) >0 in Br(a), (4.8)
provided that
A= cmax{(R4B2)m,((1 +(B+(p- 2)+B)R)R2)ﬁ} (4.9)
and .
> (N —1)B?)a+1i-». (4.10)

Proof. Let w as in (4.7)). We will show that by choosing A and p as in (4.9)) and
(4.10) respectively, then (4.8)) holds. We recall that

Agw =w"+w'Ayr (4.11)

and [32, Lemma 1]

Agr < (N —1)Bcoth(Br) < (1+ Br).
Then
4 _2at2-n) (2r%(qg+ 3 —p)
<——(R?—?) " et ([ = L (RR—r) 1+ (N-1)(1+Br)).
o< ey (S (g (v -1y )
(4.12)
Moverover [16, Chapt 2, Theorem A]
D*w = w"dr @ dr + w' D?r. (4.13)

If rar(a) > 7(z), then the ball B, (,)(a) is convex This implies that r is convex and
therefore D?r > 0 (see [33, IV-5]). Furthermore, if Sec,(2) > —B?, then from [33,
IV-Lemma 2.9]

§

DQT < BCOth(BT)gU < 7 <1 + BT) Gij» (414)
therefore
- (D*w(Vu), Vu)
T vl (4.15)
4 _2a+2-p) (2r%(q+ 3 —p) ~ '
<——  (R2—»2 a+1-p (——i— R2 —r2)(2 + Br
_q+1_p( ) . — ( ) )
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We obtain

 Aw (- (D*w(Vu), Vu)
Aw) = —dw— (o~ 2) P

_ 2(q+2-p)

> —kA(R? —r2)” "aer1» (R2 + (p — 2)4(R% — r2)Br coth Br) (4.16)

_ 2(g+2-p)

> —kA(R* —r?)” af1= (R? + (R%* — r?)Byr)

for some k = k(N,p,q), where B, = B+ (p — 2), B. Since

+2- vop(p2 2\ e +2—
wIt?TP > NP (R — p?) et e 0T3P

we have
L (w)
_ 2(a+2-p) 16D
> A(R? —r?)” b1y (—k: R2+ (R*—r?)Byr) — —————1r* + CAqu)

2
+ pdt2P — (N = 1)B2X (R? — r%) a71» — (N — 1)B?p.
(4.17)
1
Take pu > ((N—1)B?)s+1-» asin (4.10). Next we choose )\ in order to have, uniformly
for 0 <r <R,
16
27LONTIP > B(R? + (R? — r))Byr) + D——n—— 12
= ( ( ) p ) (q 41 _p)g
so that

_ 2(q+2-p) 2

L*(w) > 27LCA(R? — r?)™ atip MFIP — (N — 1) B2A\(R? — 1?) " ati-»

_ 2(g+2-p)

= A(R? —r?) "arip (271ONHIP — (N — 1) B*(R? — 1?)?)

uniformly for 0 < r < R, and then enlarge A if necessary to have

_ 2(g+2-p)

27 1ONT2P(R? — %) " et e > (N — 1)B2\ (R? — ﬁfﬁ ,

also uniformly for 0 < r < R. Hence we see that there exists ¢ = ¢(N,p,q) such
that, if we choose

A = cmax {(3432)—q+}_,, (1 + B,R)R?) 717 } (4.18)
then (4.8) holds. O

Proposition 4.2 Assume ¢ > p—1 > 0. Let ) be an open subset of M such that
Riccg > (1 — N)B? in Q. Assume also Secg > —B? in Q if p > 2, or ray(z) >
dist (z, 0) for any x € M if 1 < p < 2. Then any solution u of (4.4) in Q satisfies

[Vu(z)? < enpqg max {Bﬁ%—zﬂ , (14 Bpd(z,090))) = (d(z,00)) =y } Vo € Q,
(4.19)

where B, = B+ (p —2)4+B.
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Proof. Assume a € Q and R < d(a,0?). Let w be as in Lemma 4.1, then

2 2
Vz|” [Vl <0

A(z —w) 4+ C (297277 — @it?7P) — (N - 1)B*(z —w) — D < . ”

(4.20)
in Br(a). Let G be a connected component of the set {x € Br(a) : z(x)—w(x) > 0}.
Then, if C(q+2—p)(w(a))?1~P > (N —1)B?, by the mean value and the fact that
w(a) is the minimum of w, there holds that

C (zq+2fp _ wq+2fp) —(N-1)B*(z—w) >0 in G. (4.21)

Since w(a) > p > (N — 1)Bz)q+}*ﬂ and ¢ + 2 —p > 1, this condition is fulfilled
by choosing the right p as in (4.10). We conclude as in the proof of Proposition 2.1
that G = (). Therefore z < w in Br(a). In particular,

2(a) < enpgmax{ BT, (1 + B,R) 717 R i} (4.22)

where ¢y p g > 0. Then (4.19) follows. O

Remark. Since Riccy(x)(§,€) = (N — 1), Secy(x)(V'), where V' denotes the set
of two planes in T, M which contain £ there holds

Sec, > —B? = Ricc, > (1 — N)B>.

However, in the previous estimate, the long range estimate on Vu depends only on
the Ricci curvature.

4.2 Growth of solutions and Liouville type results

Corollary 4.3 Assume (M" g) is a complete noncompact N-dimensional Rieman-
nian manifold such that Riccy, > (1— N)B? and let ¢ > p—1 > 0. Assume also that
if p > 2, the sectional curvature sec, satisfies for some a € M

|secq(2)]

- =0, 4.23
dist (a,x)—o0 dist (a, 1‘) ( )

or that it is nonpositive if 1 < p < 2. Then any solution u of (4.4) satisfies
2
\Vu(z)? < enpgBTFi—7 Vo e M. (4.24)

In particular, u is constant if Riccy > 0, while in the general case u has at most a
linear growth with respect to the distance function.

Application An example of complete manifold with constant negative Ricci curvature
is the standard hyperbolic space (H, g,) for which Riccg, = —(N — 1)go. Another
application deals with positive p-harmonic functions (for related results see with

p =2 [38], [11)).
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Corollary 4.4 Assume (M?¥,g) is as in Corollary 4.5. Let p > 1 and assume that
(4.23) holds if p > 2 or secg <0 if 1 <p < 2. Ifv is a positive p-harmonic function,
then

(i) if Riccg > 0, v is constant.
(i) if inf{Riccg(z) 12 € M} = (1 — N)B? < 0, v satisfies

v(a)eiCN’PBdiSt @a) < p(z) < v(a)ecN’PBdiSt (@a) Vx e M. (4.25)

Proof. We take ¢ = p and assume that v is p-harmonic and positive. If we write
v =e r-1  then u satisfies

—Agpu+ |VulP = 0.

If Riccg(z) > 0, u, and therefore v is constant by Corollary 4.3. If inf{Riccy(z) :
r € M} =(1-N)B% <0 we apply (4.24) to Vu. If  is a minimizing geodesic from
a to x, then |7/(t)] = 1 and

d(z,a) d(z,a)
uw(z) —u(a) = /0 il ~(t)dt = /0 (Vuo~(t),y(t))dt

Since
‘(Vu ) ’y(t),’y'(t)‘ < |Vuoy(t)| < enpk
we obtain

u(a) — enpBdist (z,a) < u(z) < u(a) + enpBdist (z,a) Ve e M, (4.26)

Then (4.25) follows since u = (1 — p) Inv. Notice that (i) follows from (ii) and that
in the case 1 < p < 2 the assumption (i) implies that Riccy = 0. O
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