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Dynamic Behavior of Cyclic Symmetrical N DOF System in the
Presence of Dry Friction
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Abstract: In the frequency domain, the multi harmonic balance method is used to study the dynamic behavior of
bladed assemblies with nonlinearities caused by dry friction dampers. Associated to a Macroslip contact model, this
method is generalized to be adapted to a multi degrees of freedom mass-spring system characterized by the cyclic
symmetrical property. The influence of contact parameters is investigated and their capacities in minimizing the
magnitude of nonlinear responses of the system are studied. The effects of mistuning caused by contact parameters are
discussed and its influence on the dynamic behavior of the structure is emphasized.
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INTRODUCTION

In turbomachines, devices involving dry frictionof® et al, 2003, Csaba, 1998, Griffin, 1990) aterolused to
decrease maximal amplitudes of structures durisgna@nce. Each device is characterised by a diffdsehaviour
depending on the geometry, as well as on the pasiénd the dimensions of surfaces in contact. Amom
characteristic between all friction devices reli@sthe induced flattening of Frequency Responsetiam(FRF) peaks
obtained when specific normal loads are applieti¢ccontact.

Different numerical techniques can be used to sslveh non linear problems. Because of the complexit
solutions adapted to the dynamics of systems iategy dry friction devices, these results were tidito extremely
simplified models. On the other hand, it is alscognized that the approach based on direct tinegiation methods
leads to computation costs that are too high whealin with realistic models. Several authors haighlighted the
significant difficulties involved when implementirige criteria of transition between different ssaté contacts (stick,
slip or separation), usually leading to an expensime step abnormally small to detect these pbhaages accurately.
As exact solutions are available only for very difrgl models, and as the techniques of direct tintegration lead to
prohibitive costs, approximated methods have bestiruously implemented during the last 20 yearmoAg the
latter, the Harmonic Balance Method (HBM), develbfpy Nayfeh and Mook (1979) has been successfpitfied to
various structures damped by friction. This metisobased on the assumption that the forced respifrtbe system is
harmonic. Using this approximation, the dynamic behavior tdngped free beams has been studied by various
researchers, as for examples (Dowell, 1983, D'Asibret al. (2004), Menq and Giriffin, 1985). Sanktet al. (1997)
applied the method of harmonic balance to the stfdye forced response of blades in jet engineangVand Chen
(1993), Girini and Zucca (1994) applied the MHBMadliscrete system with one degree of freedom,iderisg 3
harmonics.

Systems with contact and dry friction effects gitie most practical and effective way to reduce hitgnational
amplitudes. However, these sliding contacts are alsource of mistuning, due to the loss of theperty of cyclic
symmetry they induce, that may lead to dangeroaalilmation of the vibration. The cyclic symmetrigadoperty is
altered by slight variations of the parameters @iased to different blades or to interconnectiowmides. This alteration
usually leads to peaks splitting and/or to the ear@tion of vibration on certain blades of theeassly, resulting in
responses with high amplitudes (Ewins and Han, 198#r mistuned bladed disc assemblies, the vibratienargy,
instead of being distributed uniformly, just contate on a few blades generating amplitudes mudgetahan those
predicted on the same tuned structure (therebytestiog their life duration). This phenomenon canelzplained by
considering the vibrational energy of the systemaagave of displacement. In a tuned system, theevpaaepagates
freely across each identical sector leading toaunif amplitudes which differ only by their relatighase. In the
mistuned case, the presence of “defaults” causeseftection of waves on each sectbhnis can lead to confinement of
vibrational energy over a small area and thereforé¢he presence of forced vibration, certain btadey experience
stress and amplitudes that exceed those provideah byalysis of the tuned structure

Sextro et al. (2001) developed an approximate otkth calculate the envelopes of the FRF of a lolatisk with
cyclic symmetry including under platform devicesemhblades frequencies are statistically variablds Tnethod is
able to identify areas where localization can oaeuitih a high probabilityCastanier et al. (1997), Wei and Pierre (1989)



analysed the possibility of apparition of highlyc#dized vibrations in mistuned cyclic systems undegine order
excitations. They also discussed the effect ofotriscdamping and damping brought by dry friction andocalization.
They showed that the degree of localization deeeas damping increases and that dry friction ddnsgstems are
more sensitive to localized vibrations. The mistignof the blades is inherently uncertain (Bladhle(2002), Kenyon
et al. (2003)) and is then difficult to locate amglantify with precision. In many papers on the sahjmistuning is
assumed to be controlled and imposed intentionaylyvarying system characteristics such as mas$nests or
frequency.The study of the dynamical behavior of bladed asdies) considering the combined effects of mistgnin
and nonlinearities associated to dry friction i stlatively underdeveloped and improvementsha understanding of
the phenomenon are always needed.

In this paper, the Method of Harmonic Balance (HB&sociated to a “Masing” Macroslip model are Hlyief
presented and then adapted to a single dof systeonpiorating a dry friction device. The methodhert applied to a
system of 13 dof characterised by the propertyyefic symmetry. Parametric studies are then coretligt order to
determine the influence of variation of contactgmaeters (such as friction coefficient, tangentidfress and normal
force) on the response. Finally, the behaviouhefrhistuned system is analysed in the case of emgier excitation.

DEVELOPMENTS AND CONTACT MODEL

The prediction of responses of systems involving fdction is complex due to their highly nonlinelehaviour.
Different techniques are available to solve such hinear problems. Time domain solutions, basednomerical
integrations, give precise results but are oftestlgand may induce large discrepancies if timpstre not properly
chosen. Frequency based methods generally redasgadtly computational efforts by considering ttia solution is
periodic. Different approaches may be used, depgnaln the complexity of the structure and the lefeion linearity.
The classical Harmonic Balance Method is used inynagplications dealing with the dynamics of peigatly excited
structures with contact and dry friction. Steadgtestresponse approximations of motion are obtainefdlequency
domain by decomposing the periodical response ®fnihn linear system into a Fourier series, leading set of
algebraic equations. The accuracy of this methogredlict responses and friction forces is highlpatelent upon the
number of harmonics retained. But keeping a togelamumber of harmonics reduces the interest afiiinod.

Multi Harmonic Balance Method

Using the MHBM, differential equations of motioreatransformed into a set of algebraic equationsmaich the
Fourier coefficients are the unknowns of the problé single dof system (Fig. 1) associated with asiMg Macroslip
contact model (Fig. 2) (Wang and Chen, (1993))d&en chosen in order to simplify the numerical ptaces and to
be able to conduct parametric studies. This syssesupposed to model a blade to ground behaviotlr Macroslip
frictional contacts where parts in contact are ezitblipping or sticking. Contact separation andtiphslips are not
allowed here. A periodic excitation forcgf)=focoat is applied to the system, and a normal logts Rpplied to the
frictional damper to load the contact.

.

focosat

Figure 1: 1 DOF system

For such systems, the motion equation is:

mx(t)+cx(t)+kx(t)=F, —f, (1)
Structural parameters are: mass m, stiffness kvaswbus damping c. The frictional device is repntsd by its
stiffness k, the coefficient of frictiorn at the contact interface and the normal logd/ifich is supposed to be constant.
X(t) represents the time dependent displacemetiteoéntire system while z(t) is the displacemernthefcontact point
with respect to ground. y(1) is the relative digglament between the mass and the contact pointx@Hz(t). According

to the Macroslip approach (Wang and Chen, (19%913g)friction force f can be expressed as:
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+ky(x(t) =2(t) when k| x-2<uE @)

fnl(t):{ansign(’Z) when | x = F

The steady state associated to Eq. (1) may benalotaising the MHBM, which considers the total dispiment as
a superposition of harmonic components with freqyen:

x(t) =ian cos(® }+ b sin(d 3)

wheref =wt, a, and bn are harmonic (cosine and sine) components andtheisiumber of harmonic retained.

Wang and Chen (1993) showed that the friction fomleen associated with the Macroslip model of Rigcan be
approximated as follows:

f ()= UF, + K (X(t) - A, for stick contact sta (4)
" R sign(x) for slip contastate

where Anax is the highest amplitude of the total displacenaamt x(t) is given as a function &

A, =X(8y :iancos(reO )+ b, sin(®, (5)

n=1

The two paramete®* and 6, are introduced to determine whether the slideviikin stick or slip states. Anglé,
is associated to point A of the hysteresis cyclenatslip state stops and stick state begins. ABgles associated to
point B where slip state begins and stick statpsstd@aking into account these two parameters, idgficontact states,
the nonlinear force can be developed into two ckffié expressions, one for the stuck state whgre 6< 0* and
another for the slip state whed¢ < 0 < Gy+1L

x(t)

Figure 2: Hysteresis loop (Masing Model): Multi terms approximation. Parameters 0 *, 8

As observed in Fig. 2 and 3, stuck state is charaetd by line (AB) and slipping state by line (B@hanges in
contact states from slip to stick are identifiedpmjnts A and C, & = 6, and8, = 16, respectively. Change from stick
to slip occurs at point B whe@=6*. The non linear force due to dry friction is @lapproximated using a truncated
Fourier series as:

f,(6) = o, (6 cos(rB)+ f5, @) sin(1e ©

fc,(0) and fg(0) are a function of the contact model chosen asdha non linear force is antisymetric, may be
obtained from the following Fourier integrals:

6 +10

fc, (8) :1_21 [ fa(t)cos(rd)cd 7

6y +T0

fs_ (0) :1_21 [ f.(®sin(ne)de ®)



Both expressions of the nonlinear force (Eq.2)tirtls and slip states, written as a function of stete parameters
6, and 0 *, are considered when integrating over the prdptervals. By introducing (Eq.3) and its derivagvand
(Eq.4) into the equation of motion (Eq.1) and idfgimg the cosine and sine components, a syster algebraic

equations with 2N+2 unknowr®, , b, ......a, , b, 8o, 6 * is obtained.

(h.a singh-) ,b costh

1

—mw{i n’(a, cos(® + b sin(ﬁ)i - { ,j
" n=1 " n= (9)
+k{2aﬂ cos(® + R sin(ﬂ})+z fc cos@ 4 fs sinfh )

=f,cos@)

Two additional equations are required. The first states that & = 6,, displacement x(t) reaches a maximal value
Anax and so, velocity is null. Null velocity is writieas:

0X

5l = ooZN:n(bn cos(18, )- g sin(@, )= (10)

6=6, n=1

At point B (Fig. 2), the two expressions of the ine@ar force given for stick and slip states areatgConsequently,
the second additional equation will be:

HF, + K, (x() - A,,) = —1F, then
uF, + deN:(an( cos(8 ) cos(@, ))+ ;( sin@h ) singy ))

= —HF

n

(11)

For each pulsatiomy initial values are needed fér* and 6,. The unknown coefficients,, , b, 6* and 8, are
determined by solving equations Eq. (9), Eq. (1®) Bqg. (11) using a Newton-Raphson iterative method

Validation with a 1 dof system

Validation is illustrated by considering the dynaaiiresponse of a single dof system. Fig. 3 gihesmaximum
amplitude of the response of the system excited Isjnusoidal force, as a function of the excitaticmguency for
different values of the normal force Fn. This systmodels a blade clamped on a disk and vibratiegralng its first
bending mode. The simulation parameters are asfelli=1N, m=1 Kg, k=1e4 N /m, c=0.5 N/mf$0.5 and =100
N, kg =1e4 N /m. For = 0.01 N, contact is slipping and the system hapiasi-linear behavior. The equivalent
stiffness for the system is the stiffness k of streicture. For > 100 N, contact is completely stuck (linear ca3ée
equivalent stiffness is here (k + kd). Contact gfemnfrom completely slipping to stick /slip where thormal load
increases from 0.01 to 3 N. Peaks flatten and theliudes become much smaller than those obseethé linear
case.

1 dof responses as function of normal Force Fn

Amplitude (dB)

Frequency (Hz)

Figure 3: Maximal Amplitude responses as function as normal forces F.

As proved by Girini and Zucca (1994), comparisohsesponses calculated with various harmonics (ineted
MHBM), one harmonic (noted 1HBM) and using an ex@émtie solution (Fig. 4) prove that, in this casaly one
harmonic of the Fourier series is sufficient toadbtgood results in terms of amplitude (specifiempdmenon of peak
flattening very well reproduced). In spite of #eater accuracy of the multi-HBM, the FRF obtairedery similar to
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the one coming from the HBM. This means the on@{approximation is good enough to predict the dyicdsehavior
of the system studied.

Fnl [N]
Fnl [N]

0
x(t) [m] x10°

Figure 4: Nonlinear force versus time in 1HBM, MHBM and Time solution for F,=3N, frequency=20Hz.

In spite of the greater accuracy of the multi-HBfHe FRF obtained is very similar to the one confimgn the
HBM. This means the one term-approximation is gendugh to predict the dynamic behavior of the systéudied.
Consequently, due to the cost of calculations, onky term will be considered in what follows.

CYCLIC SYMMETRICAL SYSTEM WITH N DOF

The literature allows identifying the most impottaiffects linked to mistuning. However, despite terent level
of knowledge and understanding phenomena relat&ittmn and mistuning, the overall behavior ofstined bladed
discs assemblies in the presence of inter-bladéactmnremains quite poorly controlled. Figure 5veh@ 13 DOF
mass-spring system with friction devices, arrangezbrding to the cyclic symmetrical property.

Fex ‘,; Fexi Fex \é

Cu Ci Cist
k| 1 ki ki+1
mi.1 m; Misq
N N 1N
“Il i-1 k ” _Mm_ |J| 1Ni+1 kd‘i+1

Figure 5: Cyclic symmetrical Masses-springs system linked by friction devices

Excitation type

Mono Point excitation

The simulation parameters are as followss IN, m=1 kg, k=1e4 N/ m,& 0.5 N/ m/sy; = 0.5 and = 100
N, ki = 1e6 N / m. The periodically 13 blades system ihayexcited by a harmonic mono point force of camist
amplitude § applied on a single dof. Figure 5 shows the lireaponse of the system under such excitation. Ealcin
on the graph is associated to a specific dof. Seveses of resonance may be identified as nodalet@nmodes of the
cyclic symmetrical assembly. As well known, if NDDiepresents the number of blades, the number dfilges
diametral modes is then equal to (NDDL +1) / 2 3 f1.) / 2 = 7 here. This result confirms that mguoint excitation
is able to excite all the modes of the structure.



Amplitude of 13 dof
T T

-50

-100-

Amplitude  (dB)

-150

-200
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0 50 100 150 200 250 300 350
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Figure 6: Responses of Cyclic symmetrical Mass-spring system for harmonic mono point force

Engine Order Excitation

In this case, an engine order excitation is appitedvery dof of the system, as defined by theofeihg relation
where i represent the number of dof, nddl the totahber of dof and EO the Engine Order.

. 2n . . 2n .
E. (i) =f,.cosEO.——.i) +f,.SinEOQ——.i 12
exc() 0 E ndd| ) 0 (E ndd| ) ( )

Excitation with an engine order EO = 0 correspotws force of equal value and same sign on each Tda
corresponding response in the tuned case implasaththe DOF will vibrate together in the sameediion (Fig. 7a).

(RN SR SRR
\Q%E/j/ \\ jO/ \\ ;/

EO=1 b EO=2 c EO=4 d

Figure 7: Nodal diameters for different engine order.

Engine order excitation EO = 1 implies a sinusoietatitation of first order and then half of the D®ibrating
together in one direction and half in the oppoditection. This vibration pattern is characterizyda nodal diameter
(symbolized by the red line) which divides the systinto two parts (Fig. 7b). Higher values of E@®ig. 7c-7d),
induce vibrations according to EO diameters, U@ = (NDDL +1) / 2 is reached (up to 7 in our casth 13 DOF).

TUNED CYCLIC SYMMETRICAL N DOF SYSTEM

Dynamic behaviour of the tuned system

Figures 8a to 8c show the frequency responseedytstem for different values of Engine Order extimn EO (1, 3
and 6). The simulation parameters dges 1IN, m=1kg, k=1e4 N/ m,c=0.5N/m/sy; = 0.5 and = 100 N, K;
= 1le6 N/m. These graphs show the evolution of tieolaite amplitudes of each blade (DOF) versus Hoitation
frequency. It appears that responses of the diffatef are overlapped when the system is perféatigd.

Amplitude of all dof for EO = 1 Amplitude of all dof for EO = 3 Amplitude of all dof for EO = 6

-100 -100

Amplitude (d48)
Amplitude (d48)
Amplitude (dB)

-110 -110

-120 -120

B Bt -
o 50 100 150 200 250 300 350 50 100 150 200 250 300 350 50 100 150 200 250 300 350
Frequency (Hz) Frequency (Hz) Frequency (Hz)

a b [+

Figure 8: FRF of the tuned system calculated by mono point (a) and Engine Order (b) excitation
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For EO = 1, using this distributed excitation, ffeeond mode of vibration at one nodal diameteigslighted (Fig.
8a). The frequency obtained also corresponds t@e¢bend frequency given by the punctual excitafiig. 6). The
same type of behaviour happens for higher valuésof

Parametric studies

The objective of this section is to show the infloe of the characteristics of contact parametertherresponse
amplitudes of systems linked by dry friction degce

Effect of contact stiffness kg

Values considered in this analysis are: fO=1N, Iy, ki=1e4 N /m, ci=0.5 N/m/§=0.5 and Fn=10 N. Different
values are considered for the contact stiffnggslke4 N/m, 1e5 N/m and 1e6 N/m. The evolutionh&f honlinear
response of each dof as a function of the Enginde©Oexcitation is calculated for several value n§iae order
excitation. For EO=0, the value of the tangentidfress k; has no influence on the first resonant frequencatied at
15.9 Hz as well as on the amplitude of its assediamode. This result is obvious as, for the firsdm of vibration of
the system, there is no relative movement betwieerlof and therefore all the dof have the same matmof motion.
But, for EO >0, whatever the engine order considieam increase in tangential stiffnegsdauses resonance at higher
frequencies and peaks flattening (transition frame gliding state to a majority stick/slip stateheTsame behaviour
occurs for the other modes. Fqf*k 1e4 N/m, the amplitude peaks appear quite shghlighting a stuck contact
behaviour. For k = 1e5 N/m and k= 1e6 N/m, peaks are clearly truncated, and ang@i are much lower, showing
the apparition of stick/slip phenomena. Followirig. P illustrates theses comments.

FRF for all dof for EQ = 2 as function of kd
-50 T T T T T T

B0

70k

B0+

Gok

Amplitude (dB)

kdi increases

-100

-1MoF

120

-130

L L L L L . . . .
20 40 60 a0 o0 1200 1400 1680 180 200
Frequency (Hz)

Figure 9: FRF associated for the tuned structure for engine order (EO=2) as function of contact stiffness.

Effect of friction coefficient 4

Values considered in this analysis afg=1N, m=1 Kg, k=1°4 N /m, ¢=0.5 N/m/s kg = 1°5N/m, F, =10 N. The
range of coefficient of frictionn is now varied from 0.2 to 0.8. The influence oé thiiction coefficientu is easily
identifiable when examining the responses obtainitd different Engine Order EO (here EO = 3). WHilequency
does not change as a functionupft appears that the larger the friction coeffitties, the larger the percentage of stick
will be (sliding thresholdqu*F,, increases whep increases). An optimal value in terms of peakiéeftang may be found.
Following Fig. 10 illustrates graphically thesesmroents.

Amplitude of all dof for EO = 3
-60 T T T

=701

80|

mu increases

90|

Amplitude (dB)

-100 -

-110-

-120

. . . . . . . h .
20 40 60 80 100 120 140 160 180 200
Frequency (H2)

Figure 10: FRF associated for the tuned structure for engine order (EO=3) as function of friction coefficients.



Effect of normal force Fn;

Values considered in this analysis are: f0=1N;InKg, k=1e4 N /m, 0.5 N/m/s,u=0.5 ,kg=1e5 N/m. If K
increases (10N, 40N and 100N), the percent of ddipreases (and even disappears for A00 N) and maximum
amplitudes increase. The resonant frequencies rsensitive to changes in,.FNote that it is quite obvious that
parameterg. and K have the same influence on shifts and amplitudetha produci*F, defines the threshold of
sliding. Thus, the higher this product is, the lenghe system remains stucked, with large peak iardpk. When
product decreases, slip becomes more importargjrga decrease in level for the maximum amplitudes

Amplitude of all dof for EO = 3
-60 T T T T T

0t

801

Frincreases

ok

Amplitude (dB}

-100 -

-MoF

190 . I . L L I . I .
10 20 30 40 50 60 70 80 90 100 110
Frequency {(Hz}

Figure 11: FRF associated for the tuned structure for different engine order (EO=6) as function of forces Fn.

This qualitative study of the effect of contactgraeterqu, F, and kg can lead to a better knowledge of the system's
sensitivity to these parameters and then helpsofitimization. Parametens and F allows lowering or increasing
amplitudes between the limits given by the twodineases (totally slipping and totally stuck). Thegential stiffness
ky leads to a spread of the curve with a majoritgkésiip states.

DYNAMICS OF THE MISTUNED CYCLIC SYMMETRICAL N DOF SYSTEM

A mistuned system happens when all the dof arematacterized by the same parameters m, k, ¢, anddntact
parameters. Mistuning leads to mode splitting: deubodes with nodal diameters split at two différfequencies.
Resultant frequencies are close but the assocmatetes are distinct and characterized by a richentwic content
than that associated with the corresponding tunedemThe following study is based on the misturofghe system
through different values of contact parametersriaidn coefficienty, tangential stiffnessqkand normal force Ffor
each of the 13 DOF. The objective is to evaluate ihfluence of variations of contact parametersttmn global
dynamics of the system.

The simulation parameters are as follofyss 1IN, m=1 kg, k=1e4N/m,c=05N/m/spy;=0.5and k = 1e6
N/m. From preliminary results with this set of datae efficiency of friction devices (in terms ofaks flattening) is
obtained for a value of normal forcg &f about 10 N. This optimal stick/slip configuratiis chosen to analyze the
influence of the variation of contact parametetse iominal contact parameters arg=F0 N, 11 = 0.5, kg = 1E6 N/m
and 25 standard uniform distribution of these patans around their nominal values will be considewih physically
acceptable variations of 40% for friction coeffitie20% for tangential stiffness and 30 % for ndrfoece. Figure 12
superimposes the calculated responses of the 13fBxGin Engine Order excitation EO=3 for an arljtrset of these
parameters as well as the response for the turstensy

As shown, mistuning due to variations of contactpaeters has several effects:

The first one is that other modes (than the modenally selected by the shape of the Engine Ordeitation) are
excited. Here for EO=3, we can observe peak flattearound 220 hertz corresponding to the third enofdresonance,
but peaks associated to other modes are also pf@searticular, EO=1, 2, 4, 5 and 6).

The second concerns the splitting of these mode=e(i for the third mode, we can see that modearagpin two
peaks around the frequency of the tuned systenggiititing is not associated to peak flattening.

The third effect concerns the amplitude of responfsthese modes. Figure 12 demonstrates that katin of
vibrations appears on different DOF of the systeith levels exceeding the level associated to titenal mode (here
EO=3). Here the first and second modes show higimglitudes.
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Responses of the tuned 13 dof system for EO = 3 . Responses of mistuned 13 DOF system for EO =3

Ampliude (d8)
Amplitude (dB)

Frequency (Hz)

Figure 12: Responses for the 13 blades for an arbitrary set of random data

In order to have a better representation of theserésults, the lower and upper envelope curvegsdracted for
the 25 set of random data. Figures 13 presentsethidts obtained on the blades 2, 6, 10 as wethasmaximal
amplification factor for all dof at the worst cogfiration. The amplification factor is defined by tratio between the
maximum amplitude response due to the engine areitation of mistuned system and the maximum atnbdi
response of the tuned system as function of thiuéecy. As we can see, the amplification factargeal to 16.6 for

the fifth dof. Even if the engine order excitatisrequal to 3 (near 220 hertz), the maximal amgditis observed on the
first mode of resonance, near 77 hertz.

Ervelappe curves for the 2 DOF for 25 set of random data and EO =3 Enveloppe curves forthe 6 DOF for 25 set of random data and EO =3
5 T T T T -85 1

Amplitude (dB)
Amplitude {dB}

-150 -150

i i I i f i i i
50 100 150 200 250 300 350 50 100 150 200
Frequency (Hz) Frequency (Hz)

i i
250 300 350

Enveloppe curves for the 10 DOF for 25 set of random data and EO = 3
5T T T T T T

Amplificaion factor on the 13 dof in badest case

Amplitude (dB)
maimal ampliication Factor

-150

i i I i I
50 100 150 200 250 300 350

Frequency (Hz)

Figure 13: Envelope curves for 25 arbitrary set of random data

These results demonstrate that it becomes vericuliffto calculate with accuracy the response athsgystem
because of the randomness of contact parametees iEthe friction device seems to be efficienttémms of peak

flattening relative to the principal engine ordie structure exhibits high levels of amplitude édher engine orders,
associated to high levels of stresses.

CONCLUSIONS AND PERSPECTIVES

In this study, the Multi Harmonic Balance Methodtrieted to a single harmonic has been validateé omass-
spring system with one degree of freedom. It was thdapted to a 13 DOF mass spring system satisfiyenproperty
of cyclic symmetry. Dry friction in each contact @f assembly may vary due to tolerances, non umif@s or wear.



In order to control the behaviour of such systemmametric studies were conducted to determine rifieence of
contact parameters (friction coefficiantnormal force fFand tangential stiffnesg)kon the response of the system. The
analysis of the behaviour of a mistuned system igée@ from the single variation of contact paramseteas been
illustrated and discussed. Phenomena associat®istoning are highlighted. The prediction of thendgic behaviour
of bladed assemblies, including the combined effe€tmistuning and nonlinearity associated with filigtion appears
complex. The effect of such variations cannot tmanted for by deterministic approaches... More stialimodelling
associated to specific numerical methods have telveloped and probabilistic investigations needa@onducted in
order to obtain more precise prediction of respsnskethe structure. Considering stochastic analysfebladed
assemblies, many approaches have been developeddstitare limited to linear systems. Dealing withn#inear
systems, the Monte Carlo technique is easy to apptybecomes very heavy when considering actuattsires
modelled using a high number of degrees of freedord then should be associated with efficient rédoct
techniques ....
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