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EXISTENCE AND STABILITY OF CHARGED DROPS

MICHAEL GOLDMAN, MATTEO NOVAGA, AND BERARDO RUFFINI

ABSTRACT. We consider a variational problem related to the shape of charged liquid drops
at equilibrium. We show that this problem never admits global minimizers with respect to
L' perturbations preserving the volume. This leads us to study it in more regular classes of
competitors, for which we show existence of minimizers. We then prove that the ball is the
unique solution for sufficiently small charges.

1. INTRODUCTION

In this paper we investigate a variational model describing the shape of a charged liquid
drop at equilibrium. It is known since the pioneering paper of Lord Rayleigh [26], that such
a drop maintains a spherical shape as long as the excess charge @) is not too large. When the
charge overcomes a critical threshold )., which depends on the volume of the drop and on
the characteristic constants of the liquid (surface tension and dielectric constant), there is a
symmetry breaking. Typically, the drops tends to deform into a very eccentric prolate spheroid
and ejects a very thin jet from its poles (see [2, 10]). These jets carry about 1 % of the mass but
up to 30 % of the charge. The unstable regime is still only poorly understood both experimentally
and mathematically (see [25, 11] and the references therein).

In order to introduce the model, we denote by Z, the Riesz potential energy

e ] [ ), )

|z — y|«

where a € (0,d — 1) and E is a compact subset of R?. We refer to the monograph [20] for
a detailed analysis of this family of functionals and we recall that the Coulomb interaction
corresponds to a = d — 2. A charged liquid drop in equilibrium is then a local minimizer among
sets of prescribed volume of the energy

YP(E) + e0 Q*Ty—»(E),

where P(E) denotes the perimeter of E (which is equal to H% ' (0E) when E is an open regular
set). The constants v and g represent respectively the surface tension and the dielectric constant
of the liquid, and @) measures the excess charge of the drop. Up to renormalization constants,
we are thus led to consider the (more general) functional

Faq(E) = P(E) + Q*Za(E)

where @ > 0 and a € (0,d). Quite surprisingly, when o € (0,d — 1) it turns out that, for every
given charge and volume, the functional F, o has no minimizer among subsets of R? of this
given volume. Indeed, it is more convenient to dissipate the excess charge into little drops far
away from each other (see Theorem 3.2). This is somewhat reminiscent of the creation of the
liquid jets, experimentally observed in [2, 10].
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As a by-product of our analysis we also get that F,, o does not even have local minimizers in
the L! topology. This comes from the fact that the perimeter is defined up to sets of Lebesgue
measure zero while the Riesz potential energy is defined up to sets of zero capacity. This
phenomenon is further illustrated when considering the problem among sets which are contained
in a fixed bounded domain . In this case we prove that the isoperimetric problem and the
charge minimizing problem completely decouple (see Theorem 3.3). This negative result strongly
supports the idea that global (or even local) L' minimizers are not the physically relevant
objects to consider. One should instead look for stable configurations which are typically local
minimizers for a stronger topology. It is then reasonable to look for minimizers of 7, ¢ in some
smaller class of sets with some extra regularity conditions. In particular, in Theorem 4.2 we
prove that, for all § > 0 there exists Q5 > 0 such that, if @ < Qs, one can find a minimizer of
Fa,q in the class of closed sets satisfying the d-ball condition (see Definition 2.18). If we further
assume that the sets are connected, then a minimizer exists for all @ > 0 (see Theorem 4.3).
Then, we show that when o = d — 2 and possibly reducing the threshold (s, the ball is the
unique minimizer in the class of sets satisfying the 0-ball condition (see Corollary 5.6). This
shows that for small charges, the ball is stable under small C''! perturbations. This extends a
previous result of M.A. Fontelos and A. Friedman [11], which asserts the stability with respect
to C%® perturbations. These authors also gave a detailed analysis of the linear stability. We
remark that our proof of the stability of the ball is quite different from the one in [11], and is
inspired by the proofs in [19, 7]. In particular, it makes use of the quantitative isoperimetric
inequality with optimal exponent, which has been recently established in [13] (see also [1]).

It is interesting to compare our results with the analysis in [18, 19] (see also [7, 22, 6]) of
the non-local isoperimetric problem, known as Ohta-Kawasaki model,

dxd
min P(E) + / N
| E|=m Bxe [z —yl®

which is motivated by the theory of diblock copolymers and the stability of atomic nuclei. The
authors show that there exist two (possibly equal) critical volumes 0 < mj () < mg(«) such that
minimizers exist if m < mq, while there are no minimizers if m > mo. Moreover, the minimizers
are balls when o < d — 1 and the volume is sufficiently small. A crucial difference between our
model and the Ohta-Kawasaki model is that in the latter, the non-local term is Lipschitz with
respect to the measure of the symmetric difference between sets (see for instance [7, Prop. 2.1]).
Hence, on small scales, the perimeter dominates the non-local part of the energy. This implies in
particular that minimizers enjoy the same regularity properties as minimal surfaces. In our case,
it is quite the contrary since on small scales, the functional 7, dominates the perimeter. This
prevents a priori the hope to get any regularity result for stable configurations. Let us notice
that the same type of existence/non-existence issues in variational models where the perimeter
competes against a non-local energy has been recently addressed in other models. For instance,
in [5] the authors study a model related to epitaxial growth where the non-local part forces
compactness whereas the perimeter part favor spreading.

The paper is organized as follows. In Section 2, we recall some properties of the Riesz
potentials Z,. In Section 3, we prove the non-existence of minimizers for the functional F, .
In Section 4, we study this existence issue in some smaller class, before proving in Section 5 the
stability of the ball. Finally, in Section 6, we extend our results to the logarithmic potential



CHARGED DROPS 3

energy

liog(E) := inf {/ExElog (h7 i y) du(x)dp(y) « p(E) = 1} -

2. THE RIESZ POTENTIAL ENERGY

In this section we recall some results regarding the Riesz potential energy (see Definition
2.1 below). Most of the material presented here comes from [20].

In the following, given an open set Q C R%, we denote by M () the set of all Borel measures
with support in Q. For 2 € R? and r > 0 we denote by B, (z) the open ball of radius r centered
in z and simply by B the unit ball and by wy; = | B] its Lebesgue measure. For k € [0, d], we will
denote by H* the k-dimensional Hausdorff measure.

Definition 2.1. Let d > 2 and a > 0. Given p, v € M(R?), we define the interaction energy
(or potential energy) between p and v by

[ d@anty)

When p = v, we simply write Lo, (1) := Zo(u, pp). When the measures are absolutely continuous
with respect to the Lebesque measure, that is p = fHOLE and v = gH?LE for some set E
and functions f and g, we denote To(p,v) = TE(f,g) (and when f = g we denote it by TE(f)).
Similarly, when p = fH* ' LOFE and v = gH 'L OE we write T, (u,v) = ZOF(f,g) (and when
f = g we denote it by T2 (f)).

The following proposition can be found in [20, (1.4.5)].

Proposition 2.2. The functional I, is lower semicontinous for the weak™ convergence of mea-
sures.

Definition 2.3. Let d > 2 and o > 0 then for every Borel set A we define the Riesz potential
energy of A by

To(A) := inf {za(ﬂ) L e M(RY), p(A) = 1} . (2.1)

Remark 2.4. Notice that, if we change p in Qu for a given charge @ > 0, then for any Borel
set A C R?, it holds

027, (A) := inf {Ia(u) L e M(RY), p(A) = Q} .
Notice also that, for all A > 0, there holds

To(MNA) = XYL, (A). (2.2)
Remark 2.5. An important notion related to Z,(A) is the so-called a-capacity [21, 20, 23]
1
W(A) = .
=@

For « = d — 2 and K compact, we have the following representation of the capacity [21]:

Cy oK) = inf{/Rdey? c feCYRY), £>0, f>1on K}
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We stress however, for the sake of clearness, that this is not the only definition of capacity
one may find in the literature, see for instance the discussion in [21, Section 11.15]. The proof
of the following result is given in [20, pages 131 and 132].

Lemma 2.6. If A is a compact set, the infimum in (2.1) is achieved.

Remark 2.7. When the set A is unbounded, there does not always exist an optimal measure
i, i.e. in (2.1) is not achieved. Indeed, it is possible to construct a set E of finite volume with
Zo(E) = 0. To this aim, consider o € (0,d — 1), v € (517, +00) and the set E = {(z,2') €
R x R ¢ |2/| < 1and |2/| < ﬁ} The set E has finite volume and taking N balls of radius

B_
r = NP inside E, at mutual distance £ = N~ 1, with charge 1/N distributed uniformly on
each ball, we have

To(B) < ¢ (N9t 4 N9
for some C' > 0, so that Z,(F) = 0 if ﬁ <y<pB< é Similarly, if d > 2 and o < d — 2, taking

v > ﬁ one can even construct a set with finite perimeter for which the same property holds.

Definition 2.8. Given a non-negative Radon measure p on R? and o € (0,d), we define the

potential function
dp(y)
Hx) = — 7 = xk
@)= [ < k)
where kqo(x) = |2|~%. We will sometime drop the dependence of i and o in the definition of vh
and we will refer to it as potential.

Definition 2.9. We say that two functions u and v are equal a-quasi everywhere (briefly u = v
a-q.e.) if they coincide up to a set of a-capacity 0.

The Euler-Lagrange equation of Z,(A) reads as follows:

Lemma 2.10. Let A be a compact set and let p be a minimizer for Z,(A) then v* = Z,(A)
a-q.e. on spt(p), and v* > T,(A) a-q.e. on A. Moreover, the following equation holds in the
distributional sense

(~A) 2" v = (), (23)
where (—A)® denotes the fracional Laplacian (see [9]). In particular,
d—a

(—A) 2 v =0 on R\ A.

Proof. The first assertions on v* follow from [20, Theorem 2.6 and page 137] (see also [14] where
these conditions were first derived).
Equation (2.3) can be directly verified by means of the Fourier Transform, namely

—_—
d—a

(—8)"2 vr(€) = [ x ha(€) = el ) L)
where we used the fact [20, Equation (1.1.1)]

[NlisH

L)

%a(f) = c(a,d) kg—a(§) with  c(a,d) == 7" F(

N[Q [ho
SN—"
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We recall another important result which will be exploited in Section 4. We refer to [20,
Theorem 1.15] (see also [21, Corollary 5.10]) for its proof.

Theorem 2.11. For any signed measure p and for any o € (0,d), there holds
2
2.0 = [ (@) do
R4

Zo(p) = 0.
Moreover equality holds if and only if p = 0.

and therefore,

Remark 2.12. A consequence of Theorem 2.11, is that the functional Z,(-,-) is a positive,
bilinear operator on the product space of Radon measures on R, M(Rd) X M(Rd). In particular
it satisfies the Cauchy-Schwarz inequality

To(1,v) < T () /2T0 () V2. (2.4)
The following uniqueness result can be found in [20, page 133].
Lemma 2.13. For every compact set A the measure minimizing L, (A) is unique.

Lemma 2.14. Let a € (0,d — 1). For every open bounded set E, the minimizer u of Zo(FE)
satisfies:
i) If a < d—2 then spt(pn) C OFE. In particular Z,(E) = I, (0F).
i) If « > d— 2 then spt(u) = E.
Moreover, when a > d — 2, vh = Z,(E) on E.

Proof. The case o < d— 2 can be found in [20, page 162]. If & > d — 2, by [20, Theorem 2.6 and
page 137] we know that vh = Z,(E) a-q.e. on E and vh < Z,(E) on R? Moreover, outside of
spt(u), vh is smooth and Avh > 0. Assume that there exists x € E \ spt(u). Then there exists
an open ball B,(z) C E \ spt(u). But this is impossible since this would imply vk = Z,(F) in
B, (z) and hence Avh = 0 in B,(x) contradicting Avh > 0. The last claim of the lemma follows
by the fact that v4 is, in this case, a regular function on E which is a-q.e. equal to Z,(F). O

C

We now prove a density result which is an adaptation of [20, Theorem 1.11 and Lemma 1.2].

Proposition 2.15. Let E be a smooth connected closed set of R?, then for every a € (0,d),
Zo(E) = inf {If(f) :op= fdx, f e L¥(E), / fdx = 1}.
E

Proof. Let u be such that u(E) =1, spt(u) C E and Z, () < 400 then for £ > 0 consider the
measure (. dr defined as

pe(z) = Bz du(y)-

1

) N E‘ Be(x)
Since ||pie| poo(py < (mingep [Be(x) N E|)~ < (Ce
Zo(p). By Theorem 2.11 we have

4)=1 we only have to prove that ZF(u.) —
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Let us show that for all z € R,
He 12 : He — M
va/2(a:) < C’va/2(a:) and ;I_I)I(l] va/2(ac) = va/2(aj)

from which we can conclude by means of the Dominated Convergence Theorem. Denoting by
x4 the characteristic function of the set A, we have, for any x € R,

du(z)
40 = [ [ A mre 0y L
_/ / 1 |z — 2|*/2 dy dp(z)
£ \JB.(:)nE | B=(y) N E| | — y|o/? |z — 2|2/
c | — 2|/ dp(z)
< — d .
- /E <€d /Bg(z) @ —yo2 V) o 22

Moreover it is possible to prove that the function (z,z,e) > 7@ i) B.(2)

|o—2|2

p—r dy is uniformly
bounded in (z, z,€) (see [20, Theorem 1.11]) so that v /2( xz) <Cv /2( x) for a suitable constant
C > 0. Consider now a point = € R? such that va/2( x) < 4o00. Then for every § > 0 there is
a ball B, (x) such that v’ ,/2 < ¢ where p/ = plL B, (x). By the previous computations, we know

that v'4)® *(z) < C4. Moreover lim._, plH—H)e (z) = v"7# () (see again [20, Theorem 1.11]) and

/2 /2 Va2
v((l“/2“ e = 05;2 voé/2 Thus we have
o (@) = vty () + vl 4 (@) < 0+ lim ol ()
<(1+C)+ hmv /2( z) < (1 + C)5+§)v5j2(a@)
<(1+C)o+ hmv /2( x) + hm vé%“ )5(33)
(1+C’)6+v /2( x)
so that letting 6 — 0 we get that lim._, vas/Q(x) = ’UZ/Q(:U) as claimed. O

The following result can be proven analogously.

Proposition 2.16. Let E be a smooth connected closed set of RY then for every o € (0,d),

fdHt = 1}.

oF

T.(9E) = inf {IQE(f) Cop= fdHTY, f € L®(OE), /

For the unit ball, since the problem is invariant by rotations, it is not hard to compute the
exact minimizer of Z,(B) or Z,(0B), see [20, Chapter 11.13].

Lemma 2.17. The uniform measure on the sphere OB

_ L g
dUp = gy dHTLOB
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is the unique optimizer for L,(0B). For d > « > d — 2, the measure

. c,

dip = —dH_B

(1= |=[?)2
is the unique optimizer for Zo(B) (where Cy is a suitable renormalization constant).

Definition 2.18. Given § > 0, we say that E satisfies the internal §-ball condition if for any
x € OF there is a ball of radius § contained in E and tangent to OF in x. Analogously, E
satisfies the external d-ball condition if for any x € OF, there is a ball of radius 6 contained in
E€. Finally, if E satisfies both the internal and the external §-ball condition we shall say that it
satisfies the d-ball condition.

We remark that the sets which satisfies the d-ball condition have C'! boundary with prin-
cipal curvatures bounded from above by 1/, see [8]. We denote by Ks the class of all the closed
sets which satisfy the é-ball condition and by K§° the subset of K's composed of connected sets.

Remark 2.19. An equivalent formulation of Definition 2.18 is requiring that dg € CY1({|dg| <
d}), where
[ dist(z,0F) ifx¢FE
dp(@) = { —dist(z,0E) if x € E
is the signed distance function from O0F.

Lemma 2.20. Let 6 > 0, then every set £ € K§° with |E| = m satisfies

diam(E) < Va2H? 514,
Wd
Proof. Consider the tiling of R? given by [0,26)¢ + 26Z% and for k € Z% let Cy = [0,26)? + 26k.
For every k € Z¢ such that Cy, N E # (), let Bs(x;) be a ball of radius ¢ such that Bs(zy) C E
and Bg(zr) N Ck # (0. the existence of such a ball is guaranteed by the §-ball condition. Any
such ball can intersect at most 2% cubes C; so that

1 24
ﬁ{kEZd : EﬁC’k%@}:ﬁ Z ‘Bg($k>‘§®|E’,
J k:CkﬂE#@ J

where A is the cardinality of the set A. The fact that F is connected implies that, up to

translation, E C [0,40 %m]d. Thus we can conclude that

Wd

d d
diam(E) < diam ([0 45m} ) = Vaoir2 It sid,

O

Remark 2.21. In some sense the d-ball condition is the analog of the famous density estimates
for problem in which the perimeter term is dominant see [16]. Since in the problems we are going
to consider, both the perimeter and the Riesz potential energy are of the same order, there is a
priori no hope to get such density estimates from the minimality. It is a classical feature that
for connected sets, these density estimates provide a bound on the diameter [17].
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Proposition 2.22. Letd >3, a =d—2, 6 > 0 and E C R? be a compact set which satisfies
the 0-ball condition. Then the optimal measure pu for Io(E) = Zo(OF) can be written as p =
fHIZYLOE with A1l e 9y < Za(E)(d = 2)071.

Proof. By Lemma 2.14 we know that the optimizer p is concentrated on F. Denote by v = 05_2
the potential related to p on E. By Lemma 2.14, we know that v = Z,(F) on FE, and that
—Awv = p. By classical elliptic regularity (see for instance [15, Cor. 8.36]), v is regular in R%\ E,
and C1# up to the boundary of E. Consider now a point z € E and let y € E such that the
ball Bs(y) is contained in F and is tangent to OF in z. The existence of such a y is guaranteed
by the d-ball condition satisfied by E. Let u be a solution of

Au=0 in B§(y); u=v(x) =Zy(E) on 0Bs(y).

d—2
Notice that u(z) = %

u < Z,(F) on OF. Thus, again by the maximum principle, applied to u — v, we get that v > u
on R%\ E. Since u(x) = v(x),

V()| < [Vu(@)] = Zo(E)(d - 2)57". (2.5)

Let us prove that u = |Vo|H? ' LOE. For this, let € JE and r > 0 and consider a test
function ¢ € C°(RY). Then we have

/ sodu——/ soAv—/ (V, V) dy
OF R4 R4
:/ (Vo, Vv) dy:/ o(Vu, vPydHi!
¢ OF

where v is the external normal to E. Since v is constant on OF, its tangential derivative is
zero. Thus, since v < Z,(E) on RN\E we have that (Vuv,v”) > 0. Therefore, (Vv,v¥) = |V
on OF. Hence, by (2.6) we conclude that for every test function ¢,

/wduz/ | VoldH ™,
OFE OF

which is equivalent to the claim p = |[Vo|H* 'L OE.

out of Bs(y). By the maximum principle for harmonic functions,

(2.6)

3. NON-EXISTENCE OF MINIMIZERS

Definition 3.1. Let d > 2 and a > 0. For every Q > 0 and every open set E C R? we define
the functionals,
Fa(E) := P(E) + Q*L.(E), (3.1)
and
Gog(E) := P(E) + Q*Z,(0F). (3.2)
Notice that by Lemma 2.14, for a € (0,d—2] the functionals F, ¢ and G, ¢ coincide. Notice
also that F, o(F) = +o0 if @« > d, and Go g(F) = 4o if a > d — 1.
In this section we consider a closed, connected, regular set Q C R (not necessarily bounded)
of measure |2| > m and address the following problems:

inf o o(E), 3.3
T . Q(E) (3.3)
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and
inf E), 3.4
It Ga(F) (3.4

where the (implicit) parameter « belongs to (0, d).

Theorem 3.2. For every a € (0,d — 1), there holds

d—1

m\ 4
inf Foo(FE)= inf G, E—minPE—<> P(B).
nf FaglB) = inf Gag(E)= min P(E)= () " P(B)

In particular, problems (3.3) and (3.4) do not admit minimizers when Q = R,

Proof. Let N € N and consider a number S which will be fixed later on. Consider N balls
of radius 7y = N~# which we can consider mutually infinitely far away (since sending them

away leaves unchanged the perimeter and decrease the potential interaction energy), and put
on each of these balls a charge % Let Vy =N rflvwd be their total volume and consider the set

E given by the union of these balls with a (non-charged) ball of volume m — V. If we choose
Be(1/(d—1),1/a), then we get

11
lim Nr&'=0  and lim —— =0. (3.5)
N—+00 N—+o0o N 1%
which implies that Viy — 0 and
o V; o QQ 1
<m> P(B) < P(E) + Q*ZT.(E) < <m - N) P(B)+C <Nr§‘vl + a) :
wd Wy N r
d—1

Since the right-hand side converges to <ﬂ> o P(B), as N tends to +oo, the claim follows. [

wq
We now consider the case of bounded € where the situation is more involved.

Theorem 3.3. Let Q be a compact subset of R with smooth boundary, and let 0 < m < |Q].
Let Ey be a solution of the constrained isoperimetric problem

min{P(E): ECQ, |E|=m}. (3.6)

Then, for a € (0,d — 1) and Q > 0 we have
inf wo(F)=  inf wo(E) = P(E 27.,(9Q). 3.7
e Fag(E)= | intGao(B) = P(Ey) + QT.() (3.7

Proof. We divide the proof into three steps.

Step 1. For e > 0 and f € L>°(Q), with f > 0 and / fdx = 1, we shall construct a measure
fe with spt(i:) C Q, a:(Q) = 1, satisfying .
P(spt(fic)) < e (3.8)
and
Tolfic) < TZ(f) +e. (3.9)

Let § > A > 0 be small parameters to be fixed later and consider the tiling of the space given
by [0, )% + AZ%. For every k € Z¢ such that (Ak + [0, \)9) N Q # 0, we let Cj, = Ak + [0, \)¢ and
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denote by zj be the centre of C). Notice that the number N of such squares C}, is bounded by

C(Q)A% Letting fi, := [ f dx, it holds
Ck
3 _fli / W) =z -yl ”
|, —z;|>26 o - xj’a |, —x;|>26 CrxCj |$ —yl* e — xj‘a
> D o= sl W2 g gy (g49)

|xk xj|>26 CixC;j |Qj‘—y| |-73]<;—$]’ ’

A
< > / W<1+C() >dxdy
|zk*$j‘>25 CkXC |x - y| (5

where we used the fact that

/ f(x)f()dxdy</ dedy TE(f) < .
c Q

| —1;]>26 kxCj ‘1‘ - y‘a xQ |CU - y|a

Let now r = (A/2)?, with § > 1. If dist(z, R\ Q) < r, we replace the point x;, with a point
T € Cj(r), With [T — x5 k)] > A/4, where Cj;) C Qs a cube adjacent to C. For simplicity of
notation, we still denote Ty by xi. We con81der N balls of radius r centered at the points xy,

and we set
_ Ik
fe == )  Th T XBu(z)-
215,

Notice that, by construction, it holds spt(ji.) C 2 and [i.(Q2) = / fdx = 1. We have
Q

2 drdy
=S5

r(x5) X Br(xg) |SU - y|a

_ Z i dxdy
| B, 2

By (2)x By(ap) 1T — Y|*

n Z fkfj2 /BT( dzdy

| —xk| <28, k#j |Br| z;) X Br(zk) |z —yl*

Tl / dady
+
Z 2 By (x4)

|z —2p|>25 |Br )X Br (k) |z —yl
=1L+ 1)+ Is.
Moreover we have that
1 -«
I < CNHf”%oo(Q)’CkFTj < Cll 7o A", (3.11)
and
dAT2(| £112 2 54
Iy < OB f e Okl 55 < Ol iy 3 (3.12)
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Eventually, from (3.10) it follows

. 1 _ et
I3 = Z frf; ~ 5 7"% xji dxdy
(o —r 1228 2k — 25 | Brl? JB,(2;)xBr(ar) 12—

< Y gt (tecey)

|2k —z;|>20

(3.13)

<22 (14 c@ ) (14 C@)f)
A

<IH(f) + C@TI()5

Letting A = 47, from (3.11), (3.12), (3.13) we then get
To(fic) = I + B2+ I S I(f) + C@)THNO ™ + Clf[f gy (7479 + 69707).

Choosing 1 < f < d/a and 1 < v < d/a, for § small enough we obtain (3.9).
We now show that (3.8) also holds. To this aim, we notice that

P(spt(fic)) < CNrd=t = CNNPE=D = opBld-1)—d (3.14)
so that, for A small enough, (3.8) follows from (3.14) by letting d/a > 5 > d/(d — 1), choice

which is allowed since oo < d — 1.

Step 2. Let now Ey be a solution of the constrained isoperimetric problem (3.6), and let

pel Ex
E.:= | EgU| |By(xg) | \By, He ' = —————,
1> ( LkJ T n € 1 _'LLE(BT])

where B, C Ejy is a ball such that |E;| = m. Notice that spt(u.) C E. and p-(E;) = 1. By
(3.14) we have

|B,|“T <

U Br(xk)

d—1
d
<CP (U Brm)) < oAl =d,
k

k

d
so that n < CN\P~7 1. In particular, recalling (3.9), for A\ sufficiently small the measure pu.
satisfies

To(pe) < To(fic) + £ < T9(f) + 2. (3.15)
From (3.15) we then get

lim P(E.) + Q*Za(ie) = P(Eo) + Q°Z(f)- (3.16)

Step 3. By Proposition 2.15 we can find a function f € L>(£2) such that / fdx =1 and
Q

TN f) < Zo(Q) + . Thus (3.7) follows by (3.16) and a diagonal argument.
O
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Remark 3.4. Notice that when a € (d—2,d—1), Problem (3.4) relaxes to its “natural” domain,
in the sense that the infimum is P(Ep) + Q*Z,(Q) and not P(Ep) + Q>Z,(09) as one might
expect.

Remark 3.5. An interpretation of Theorem 3.3 is that Problem (3.7) decouples into the isoperi-
metric problem (3.6) and the charge-minimizing problem (2.1), which are minimized separately.
This is essentially due to the fact that the perimeter is defined up to a set of zero Lebesgue
measure, while the Riesz potential energy is defined up to a set of zero capacity [20, Chapter 2].
A consequence of this is that the minimum problem

min {F, o(E): |E| =m, E C A}
has in general no solution.

Remark 3.6. When considering a bounded domain A it is also interesting to study the Riesz
potential associated to the Green kernel G 4, with Dirichlet or Neumann boundary conditions.
Since

Galx,y) = ka-a(|z —y[) + h(z,y)
with h harmonic in A (see [20, Chapter 1.3], [7]), Theorem 3.3 can be easily extended to that
case.

Remark 3.7. For a € [d — 1,d), it seems difficult to construct a sequence of open sets with
vanishing perimeter but of positive capacity. This is due to the fact that sets of positive a-
capacity have Hausdorff measure at least o (see [23]). As a consequence, the infimum of (3.7)
should be strictly larger than P(Ep). In order to study the question of existence or non-existence
of minimizers, one would need to extend the definition of F, ¢ to sets which are not open. There
are mainly two possibilities to do it. The first is to let for every Borel set E

Faq(E) := P(E) + Q°Za(E)

where now P(FE) denotes the total variation of xg (see [3]). It is easy to see that the problem
is still ill posed in this class. Indeed, for every set FE, it is possible to consider a set F' of
positive a-capacity but of Lebesgue measure zero so that F, o(E U F) < F, g(E). The second
possibility would be to consider the relaxation of the functional F, ¢ defined on open sets for
a suitable topology. Because of the previous discussion, we see that the L' topology, for which
the perimeter has good compactness and lower semicontinuity properties, is not the right one.
The Hausdorff topology might be more adapted to this situation. Unfortunately, the resulting
functional seems hard to identify.

4. EXISTENCE OF MINIMIZERS UNDER SOME REGULARITY CONDITIONS

In the previous section we have seen that we cannot hope to get existence for Problem (3.3)
without some further assumptions on the class of minimization. In this section we investigate
the existence question in the classes K5 and K§°. More precisely, we consider the following
problems:

min{F,o(E): |E|=m, E€ K§}, (4.1)
min{G, q(E): |E|=m, E€ K}, (4.2)
min{F, o(E): |E|=m, E€Ks}, (4.3)
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min{G,o(E): |E|=m, E€Ks}. (4.4)
Notice that, up to rescaling, we can always assume that |E| = wgy. Indeed, if we let E
(%)l/d E, so that |E| = wg, from (2.2) we get

FalB) = Fag ((m)l/d E) - (m)ddlf rigie (B) (45)

Wd a’( m ) 2d Q

G 0(E) = Ga ((Z)w E) - (Z) - G (ﬁ)dﬁaQ(E). (4.6)

m

Definition 4.1. For any set E with |E| = wq, we let 6P(E) := P(E) — P(B) > 0 be the
isoperimetric deficit of F.

Theorem 4.2. For all Q > 0 problem (4.1) and (4.2) have a solution.

Proof. Let us focus on (4.1) since the proof of the existence for (4.2) is very similar. Let E,, € K§°
be a minimizing sequence, with |E,| = wg. And let u, be the corresponding optimal measures
for Z,(E,). We can then assume that

6P(E,) < Q*Z,(B),

therefore P(E,,) is uniformly bounded. By Lemma 2.20, the sets F),, are also uniformly bounded
so that by the compactness criterion for functions of bounded variation (see for instance [3]),
there exists a subsequence converging in L' to some set E with |E| = m. Similarly, up to
subsequence, u, is weakly* converging to some probability measure .

Let us prove that F, converges to E also in the Kuratowski convergence, or equivalently, in
the Hausdorff metric (see for instance [4]). Namely we have to check the following two conditions:

)y w2z, zp€ B, = xz€kE;
(ti)x € E = 3, € E,such that z,, — x.

The second condition is an easy consequence of the L!-convergence. To prove the first one, we
notice that by the internal d-ball condition, up to choose a radius r small enough there exists
a constant ¢ = ¢(d,d) > 0 such that |B(x,,r) N E,| > cr? which implies, together with the
L'-convergence, that a limit point  must be in E. Similarly one can also prove the Hausdorff
convergence of OF, to OF. Since the family K§° is stable under Hausdorfl convergence, we get
E e K§°.

Recalling that P is lower semicontinuous under L' convergence, and Z,(p) is lower semi-
continuous under weak*-convergence (for the kernel is a positive function, and thus Z,(-) is the
supremum of continuous functional over M), we have

im P(En) + Q*ZTa(pn) > P(E) + Q°La(p).

n—-+o0o
By the Hausdorff convergence of E,,, there also holds spt(x) C E, which concludes the proof. [
Thanks to the quantitative isoperimetric inequality [13], we can also prove existence for small

charges of minimizers even without assuming a priori the connectedness. This is reminiscent of

18, 19, 7].
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Theorem 4.3. There exists a constant Qy = Qo(cv, d) such that, for every § > 0, m > wgd® and

Q 54
1= < Qo—,
m~ 24 m

problems (4.3) and (4.4) have a solution.

Proof. We only consider (4.3), since the proof of (4.4) is identical. Assume first that m = wy.

As noticed in Theorem 4.2, for every minimizing sequence E,, € Ks, with |E,| = wg, we can
assume that there holds

6P(E,) < Q*Z,(B).
Thus, up to translating the sets E,, by the quantitative isoperimetric inequality [13] we can
assume that
IBAE, 2 < C(d) 6P(E,) < C(d)Q*Ta(B)

so that |E, N B < CQ. Since every connected component of E, € K5 has volume at least
|Bs| = wqd?, for Q < ¢, d)d? the set E,, must be connected. The existence of minimizers then
follows as in Theorem 4.2.

The case of a general volume m can be obtain by rescaling from (4.5). O

Remark 4.4. We point out that there are other interesting classes where existence can be
obtained. This is for instance the case in R? in the class of connected sets of area m. Indeed,
a minimizing sequence is compact for the Hausdorff topology by the Blaschke Theorem [4,
Theorem 4.4.15] and semicontinuous thanks to the Golab Theorem [4, Theorem 4.4.17]. Another
remarkable class for which the existence issue can be easily solved, is that of convex sets. The
proof can be made as in Theorem 4.2, simply by observing that, by the quantitative isoperimetric
inequality, if F, is a minimizing sequence then

|E,AB|> + 6P(E,) < C(a,d),
which gives, together with the convexity of the sets F,,, the compactness of the sequence in the

Hausdorff metric.

It is natural to expect that, for a charge () large enough, it is more favorable to have two
connected components rather than one, which would lead to non-existence of minimizers in /Cs.
Let us prove that it is indeed the case, at least for small enough . We start with the following
lemma.

Lemma 4.5. Let a > 0 and let E be a compact set then

1
Z.(E) > ————.
( )_dlam(E)a
In particular,
d—1
m\ 4 —a
inf  Fao(E)>(— P(B d20+2 2g(d=T)a 4.7
it FaoE)= ()7 P+ (Va2 7 Q (17)
and
o
m —Q
inf  Fag(E)>(— P(B d27+2 2g(d=1)e 4.8
it FaoE)= ()7 P+ (Vaz?) 7 Q (1.5)



CHARGED DROPS 15

Proof. Let u be any positive measure with support in E such that u(E) = 1 then

T.(E) > / dp(x)dp(y) / du)dply) _ 1
Bxp |7 =yl pxp diam(E)*  diam(E)*
By Lemma 2.20 and of isoperimetric inequality, we get (4.7) and (4.8). O

We can now prove a non-existence result in K.

Theorem 4.6. For all o < 1 there exist ¢co = co(a) > 0 and Qo = Qo(®) > 0 such that, for
every § >0, m > cod?, and

Q m da-;cll—a
d—1+a > QO 57
m 2d

problems (4.3) and (4.4) do not have a solution.

Proof. We only discuss problem (4.3), since the non-existence result for problem (4.4) follows
analogously.

As in Theorem 4.3 we first consider the case m = wy, so that § < 1. If there exists a
minimizer then the optimal measure p is necessarily contained in a connected component of the
minimizer. From (4.8) it then follows that the energy of the minimizer is greater than

P(B) + (Vd2™?) 7 pldDag2. (4.9)

which bounds from below the energy of any set in K§° with volume wy. Hence, in order to prove
the non-existence, it is enough to construct a competitor E € Ks with energy less than (4.9).
Consider the set E given by N balls of radius J, equally charged. Up to increasing their
mutual distances, we can suppose that the Riesz potential energy of F is made only of the self
interaction of each ball with itself. We then have
2
P(E) + Q*T,(F) = N6 1P(B) + %IQ(B(;) = %P(B) + T, (B)§? Q> (4.10)

Notice that, if d —a > (d — 1)a, i.e. if o < 1, there exists dg = dp(a) such that for all § < d

there holds

Ia(B) 6dfa < % (\/;i2d+2)_a 5(d71)a'

With this condition in force, from (4.10) we get

P(E) + QL.(E) < P(B) + (\/32d+2)‘“ Q25D

for
3 1
Q > \/2P(B) (\/&2“2) : e
2
The general case can be obtain by rescaling from (4.5). O

Remark 4.7. If a < %, we can improve the previous estimate on ) by considering a construc-
tion similar to the one of Theorem 3.2. Indeed, for § € (da,d — 1), taking N := 6P charged
balls of radius § and a non charged ball of volume m — wgNd¢, we find a contradiction if

B-(-a)(d-1)
Q 2d

—dita QVO(OZ) (5%)

m-~ 2d
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Notice that, if a < ;il;_ll, we can choose f such that the exponent % is negative.

5. MINIMALITY OF THE BALL

In this section we prove that in the harmonic case o = d — 2, the ball is a minimizer for
Problem (3.3) among sets in the family of the nearly spherical sets belonging to K§° introduced
in Definition 2.18, that is, the sets which are a small W1 perturbation of the ball and that
satisfy the J-ball condition.

Consider a set E such that |F| = wy, and such that OF can be written as a graph over 0B.
In polar coordinates we have

E ={R(z)z : R(z) =1+ ¢(z), v € OB}.

The condition |F| = wy then becomes

/a (O pla) = 1) dri ) =0

which implies that if ||¢]| e (9p) is small enough, then

/6 ! = Olllxom): (5.1)

Letting

_ 1 d—1
P = pdH™
0B| Jop

the Poincaré Inequality gives

d 2
/ ‘v(p‘Qde—l 2 C/ ‘(p . ¢|2d7'[d_1 — C(d)/ (Psz_l _ Cd( ) (/ SOdr;l_[d—1>
OB OB oB Wd OB

2
C(d) / goded_l—;< / <p2d7-td‘1> (5.2)
0B Wd oB

> 3c() / P
4 OB
as soon as
2 19,d—1
/ p dH < dwy. (5.3)
0B
Up to translation, we can also assume that the barycenter of E is 0. This implies that

/ ro(x)dH T (z)
oB

= 0 (I6B0m)) (5.4)

Lemma 5.1. Suppose that ¢ : 0B — R? parametrizes OF and ||¢|| 1= (op) is small enough so
that (5.3) is satisfied. Assume also that the barycenter of E is in 0. Then,

6P(E) > co/ |Vo2dHI! > cl/ lp2dHet = 2 / edHH (5.5)

OB OB 2 |JoB
Proof. We refer to [12] for the proof of the first inequality. The second inequality is (5.2), while
the third one follows from (5.1). O

A consequence of Lemma 5.1 is the following corollary.
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Corollary 5.2. Suppose that OF is parametrized on OB by a function @ which satisfies the
hypothesis of Lemma 5.1. Then there exists a positive constant C' = C(«, d) such that
295 ()| < CoP(E), (5.6)
and, for any positive constant \,
IZ9B(\, )| < CASP(E). (5.7)

Proof. Inequality (5.7) is an immediate consequence of (5.5). Concerning the first one we have,
by the Holder inequality and the Fubini Theorem,

() = [ SR gy apeiy)
0

BxoB 1T — Y|

< </a p(z)? AH (2 )del(y)>1/2 (/a p(y)? I (o )del(y)>1/2

BxoB 1T — Y|* BxoB |T — y|*

[ plapana),

So (5.6) follows again from (5.5). O

We will use the following technical lemma.

Lemma 5.3. Let E = {R(z)z : R(z) =1+ ¢(z), x € OB} and let g € L=(dB), then there

exists eo(a, d) and a constant C’ C(a,d) > 0 such that if ||| 1. ~(2B) <ep <1,
1 (1= 5¢()( = 5¢)) d-1 -1
Bwon (= m — g ) e )
< C(ay,d)(1+ EO)HQHLOO(aB) OP(E).
Proof. First, notice that since |z| = |y| = 1 we have
[R(z)x = R(y)y* = |z — yI> (1 + o(2) + (y) + () (y) +v(z,y)) (5.9)
where ¢(x,y) = % Hence, for any z,y € OB there holds,
Ry — Ryl — L= 8P@)0 = 3¢@) + ‘%‘fﬁf)@(y) — §(Wy) +n(r.y))
(5.10)
where
0 < n(z,y) < C(¢*(x) + *(y) + ¥*(2,9)) -
By (5.10) we get
1 _ A= 39@)A - 50N d=1 (1) gpqd-1
Lo (= e o) s ) o)
= a(44_ %) /a o ﬁ?ﬁ?m@%m A () dH (y) (5.11)

B Z/aBXaB wx]?l?f’ y)g(x)g(y) AHO Y (2)d MO ().
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By Corollary 5.2 we get
p\r)y _
[ SR iyt ) = 128 () < CoP(E).
oBxaB T — Y|
Furthermore, we have
0<6(59) < Vel o < 01

and

p(e)? dH (@) dH " (y) [ dHT () 22 dHE L (2) < el d)e
/BBxaB |z —y|* _/63 |z —yl@ /aBQO( )2 dHY (z) < ca, d)eg,

for a suitable constant ¢(a, d). Therefore, since n(z,y) < C (¢*(z) + ¢*(y) + ¢(z,y)), to prove
(5.8) we only have to check that

/ V@ Y) gga- Lz)dH Y (y) < CSP(E).
oBxoB [T —y|*

To this aim, consider z,y in B and denote by I'; , the geodesic going from x to y and by
{(z,y) the geodesic distance between x and y (that is the length of I'; ;). Notice that on 0B,
the euclidean distance and ¢ are equivalent so that it is enough proving

/ 0z, y) " (p(2) — p(y))? dH (2)dH T (y) < COP(E).
O0Bx0B
We have
[ty () - olo)?
O0Bx0B

< o(d) / Ua,y) @D / Vl2(2)dz dHe (2)dHs = (y)
OBx0B Ty

/ / ~(at 1)1 ( / \w?(z)dﬂd—l(z)) dt AL (z)
OB {l(z,2)<t}
2m

— ¢(d) / Hd=1)~(a+1) ( / / \V@Q(z)de_l(x)de_l(z)> dt
0 OB J {l(x,z)<t}

= a2 [ ([ wep@int ) ) a

0

= a2 [0 ([ vepE ()
< CéP(E) ’ "
where S?~2 is the (d — 2)-dimensional sphere and where we used the fact that o < d — 1. O
Before we prove our main stability estimates, we recall a classical interpolation inequality.

Lemma 5.4. For every 0 < p < q < r < +00, there exists a constant C(r,p,q) such that for
every o € H"(RY), there holds

r—

100 10 zay < € (1l o gay) ™ (100 ) (5.12)

)
)
IS}
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where we adopted the notation ||ul gp(gay = [||€|P0]| 2 (ray and HP(RY) := {u € L2(R?) : ||ju||gr <
+oo}, being 4 the Fourier transform of the function w.

Proof. Let ¢ € H"(R?) and A > 0, then we have

”SOHHq(Rd / ‘95’2‘5’2%5: o ’¢|2‘§|2p|§’2(q—p)d£_|_/€|>)\‘¢2’€‘2r’£‘2(q—7~)d§

< N ”)Ils0||2 o FAT =Dp)2, Hr ()’

An optimization in A yields (5.12). O
Proposition 5.5. Leta € [d—2,d—1), f € L™(0F) and
OE = {R(z)z : R(z) =1+ ¢(z), = € OB}.

Then there exist eg(a)) > 0 and C = C(a) > 0 such that if ||¢|| < gq then

Weo(9B)
T35(f) = Z2°(F) = =Cl f |7 (o) SP(E), (5.13)

- 1

where f 1= —— fdHL.
P(E) Jor

Proof. We have

20 - | F@IW) g1y a1 )

ExoB |T—y|*

(5.14)
9(z)g(y) d—1 d—1
= — T dH x)dH Y
o )~ Ry 0
where we set
g(x) = f(R(z)z)R(x)""*V/R(x)? + [V R(x) 2.
Up to choose ¢y small enough, we can suppose that
9l @By < 2/ fllLe=aE)- (5.15)
_ 1 _ P(E)
Let g := / gdH4' = =2 f. Then we have
P(B) Jop P(B)

P - 1P = 13 () - 19 (@) + 12" (9) - T3P ().
Focusing on the last two terms in the previous equality we have
| (PEY
P(B)
P(E)+ P(B)
P2
~ Py

< Cla, )| fl| 70 ()P (E).-
Therefore, to prove (5.13) we only need to show that

725 (9) — 25 ()| = T35 ()

|P(E) - P(B)|

I2P(f) 2 I8%(9) = 9l o) OP(E)- (5.16)
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Formula (5.14) together with Lemma 5.3 imply

«
228(f) = 127 (91 = 5¢)) + Rig. )
with
R(g.2)| < cllgl} o) P(E),
so that

T25(f) = I3 (9(1 = 5¢)) = cllglli o) OP(E). (5.17)

We need to estimate Z2P(g(1 — a/2)p). By the bilinearity of Z0? we have that

T2P(9(1 — 50)) =T3P (9(1 ~ 59).9(1 = 59))

2
e}
=12"(9.9) = oI2"(9.90) + 12" (9. 9%)
=72%(9,9) + I25(g — 3,9 — §) — aZ% (9 — g, 9¢) — aZ5(g, g¢)

o o? ~ - a? _ _

+ 235 ge.g0) + S I @, (9 - 9)¢) + I (9~ 9)e. (9~ 9))
2
_ _ (0% _ _
=T2(9) + I%(9 - 9) + [ Z2"((9 — 9)9) — oL (9 — 3. (9~ 9)¢)
2
_ _ _ (07 _ _
—aZ3%(g. (9~ 9)¢) — oI (9 — 5.9¢) + 5 I35 (59, (9 — 9)%)

_ « _
oL (g,9¢) + L T2" (a9)
(5.18)
Thanks to (5.7), the last two terms in the right hand side of (5.18) satisfy:
~T22(g,9¢) + SI2P(gp) = —cg* 6P(E). (5.19)

4 «
By the Cauchy-Schwarz inequality (2.4) and Young’s inequality, we get that for every functions
h1 and ho and for any £ > 0,
1
T2B(hy, hy) < TOP (h1)2T0P (hy)2 < eT0P(hy) + 2L (ha). (5.20)

In particular, applying such inequality to the functions hy = g — g and he = (g — g)p in the
fourth term in the right hand side of (5.18), and then to hy = g — g and hy = gy in the sixth
term, and exploiting (5.19), we obtain the existence of a positive constant C' such that

o _
72 (9(1 - 5¢) —T3"(9)
- ) ) (5.21)
>0 (3720~ 9) - 7000~ )9) - (o~ 9)¢) - PP(E) ).
Again, by Lemma 5.1, we have that
~Z0%((9 — 9)#) > —9ll7 (03 Z3" () > —Cllgl|7 (93) 0P (E).

Let us show that the term Z98(g, (¢ — §)¢) can be estimated by the term Z25(g — g).
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Let & : R? — R be a regular extension of ¢, and let § = (¢ — §)dH* ' L_OB. By a Fourier
transform we get

d—1 T PN
2. g-g00) = | T [ g gt e = oy [ F

B |z —yl*
<7 22 d—a : 52 :
_g</Rd<P|f\ > </Rd|5|da>
=113, (Rd)123<g—g,g—g>%
Cd)glloll, aze ,, Ta"(9 = 9)*.

We now observe that, if

1 _
I2%(9. (9 — 9)9) < 5T2%(9 — 9). (5.22)
then we would get
@ _ _
7% (g(1 - 5%)) — 12%(9) > —C||g| 7~ (o5 SP(E),

which would imply (5.16) and so the claim of the proposition. On the other hand if (5.22) does
not hold, then, up to consider again a regular extension ¢ : R¢ — R of ¢, we have

dB(, L
157(9 = 9) < C(d)gllell 4 a2 o Lo Plg—19)2,
which implies
OB N\
Lo (9 - 9)2 <Callell yaze s
so that
IaB < C IE)B = 1 Ca 2
(9:(9 = 9)¢) < Cgllell e T (9= 9)2 < CF N6l 42 o)’

(07

If d_?o‘ < 1 then using (5.12) with p =0, ¢ = % and r = 1, up to once again regularly extend
¢ on R?, we obtain

1—d=< d*a
2 2
112 a5 e <0 (1913 0m))* (10a0) ™ < e (oW ) + 100 g5)) < COPLED,
which concludes the proof. ]

Corollary 5.6. Let d > 3 and o = d — 2. Then for any § > 0 and m > wqd?, there exists a
charge Q (#) > 0, such that if
Q - o
mEEe = =@ ml/d

the ball is the unique minimizer of problem (4.3).
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Proof. Up to a rescaling we can assume m = wy. By Theorem 4.3, there exists C' > 0 such that
problem (4.3) admits a minimizer Eg for every @ € (O,C’ég). Since |EgAB|? < C8P(Eg) <
Q*Z,(B), Eq converges to B in L' when @ — 0. As in Theorem 4.2, there is also convergence
in the Hausdorff sense of Eg and 0FEg thanks to the d-ball condition. Again, by the ¢-ball
condition and the Hausdorff convergence of the boundaries, for @) small enough, 0FEg is a graph
over OB of some C'! function with C'! norm bounded by 2/§. From this we see that if
0Eg = {(1 +¢q(x))z : z € OB} then |¢ql| ., ~(9B) is converging to 0. We can thus assume
that ¢ satisfies the hypotheses of Proposition 5.5.
Let p1 = fdH? 1L OEq be the minimizer of Z,(Eg). Since Z,(Eqg) < P(B) + Q*Z.(B), by
2 N S | d—1
Proposition 2.22, ||f||Loo 08) = < (d—2)6"Y(P(B)+Q?Zy(B)). Let f := P(Eq) ~ P(EQ) - fdH .

By Lemma 2.17 we know that the optimal measure for Z,(B) is given by %. By the

minimality of Fg we then have

0P(Eq) = P(Eq) — P(B) < Q*(Za(B) — Ta(Eq))

= Q2 (T22(f) - 127°() + T2° (1) P(B)) — T2° (1) P(EQ)) ) -
A simple computation shows that
17 (1/P(B)) = T3P (1/P(Eq)) < C?6P(Eq)
for a suitable positive constant C' = C(«, d). Hence, by Proposition 5.5 we have that
0P(Eq) < CQ*SP(EQ)(1+ || £II7 ~(omy)) < CQ%0P(Eq),

which implies 0P(Eqg) = 0 that is Eg = B, for () small enough. O

Remark 5.7. The previous proof of the stability does not apply to the case a > d — 2. Indeed,
this proof relies on L* bounds for the optimal measure u for Z, which we are not able to obtain
in that case. For the very same reason, our approach seems not to work if we replace the class
KCs by the class of convex sets. Indeed, using the maximum principle it is possible to show that
if the set has an acute enough corner, then the optimal measure is not in L°°.

6. THE LOGARITHMIC POTENTIAL ENERGY

In this section we investigate the same type of questions for the logarithmic potential which
is given by —log(|x|). This potential naturally arises in two dimension where it corresponds to
the Coulomb interaction. Let then

Tog(E) = min [ “log(le ~ ydu(e)du(y) (6.1)
wE)=1 JRIXR?
and consider the problem
‘gﬂin P(E) + QT (E). (6.2)

In analogy to the notation adopted for the Riesz potential we define, for any Borel functions f
and g, the following quantity

%2 (1, ) = /a ol ) () g o) ),
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We list below some important properties of Zj,, without proof, since they are analogous to those
given in Section 2 for the Riesz potential. We refer to [27, 20] for comprehensive guides on the
logarithmic potential.

Proposition 6.1. The following properties hold:

(i) for every compact set E, there exists a unique optimal measure p for Liog(E) which is
concentrated on the boundary of E,
(ii) for every Borel measure p it holds

Tos(i) = [ (v(@) o >0

where

V) /o(@) =/ —log |z — y| dp(y),
Rd

(ili) for every smooth set E, if p is the optimal measure for Tiog, then the equality/ —log(|z—

oF
y|)dp(y) = Liog(E) holds for every x € OE. Moreover the optimal measure for the ball
18 the uniform measure,

(iv) if d = 2, then for every bounded set E satisfying the §-ball condition, the optimal measure

is given by some measure p = fH L OE with Hf”Loo(aE) < IIllggééE))l

In this setting, since the potential can be negative, the picture is slightly different from that
related to the Riesz energy. Indeed, we have the following Theorem.

Theorem 6.2. The following statements hold true:
(1) lnf\E‘|:m P(E) + Qleog(E) = —00.
(ii) for any 6 > 0, if m > 2waz6? then inf| g, pex; P(E) + Q*Tiog(E) = —o0,
(iii) for every Q > 0 and every m > wgd?, there exists a minimizer of

i P(E 2Tiou(E
D o (E) + Q" Tog(E),

(iv) for every bounded smooth domain 2,

inf  P(E) 4+ Q°Tiog(E) = in  P(E)+ Q°Tiog().

|Bl—m,BCQ () + Qg (E) Bl Bcq (B) + @ Zog (1)
Proof. Statement (ii) implies (i) while (7i7) can be proven exactly as in Theorem 4.2 and (iv)
as Theorem 3.3. To prove (it) we set E,, = Bs(z}') U Bs(z}) and notice that if dist(z}, z§) goes
to infinity, then Zjog(E,) — —o0 as n — 400. O

Since Ziog (AE) = Liog(E) —log(A) for every A > 0, without loss of generality we shall assume
that m = [ By 5| = 7/4 in Problem (6.2). The following result is the counterpart of Proposition
5.9.

Proposition 6.3. Let d =2, E = {R(x)x : R(x) =1+ ¢(z), x € 0By} and let f € L>°(JF)

then there exists €9 and a constant C'= C(a) > 0 such that if |||, (0B, 12) <eg. Then
’ 1/2

0B =
Tiog (f) = Tigg "*(f) = =Clf 7 o5, SP(E),
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where f := P(lE) /8E fdH*.

Proof. Notice that since £ C B, the logarithmic potential is positive. As in the proof of
Proposition 5.5, we have

OB (f / ~log(|R(x) — R(y))g(x)g(y)dH (x)aH (y),
0B1/9%0By /3

where g(z) = f(R(z)x)\/R(x)? + [VR(z)[?>. Reminding that from (5.9), we have
|R(@)z — R(y)y| = & — y| (1 + ¢(2) + ¢(y) + p(@)p(y) + v(z,9)) /2,
(¥))?

(p(@)—p¥)*

where, ¥(z,y) = S22 we see that

lz—yl

Tig (f) = / —log(|z —y|) g(x)g(y) dH' (x)dH' (y)
0B1/2%0By 2

* % / —log(1+ () + o(y) + e(@)e(y) + (2, y)) g(2)g(y) dH' (x)dH' (y).
0B1/2%0By /2

1
As in Proposition 5.5, letting g := P(B/)/ gdH*, we have
1/2) JoB,

OB 0B _ 0B _
Toe " (9) = / —log(|z —y|) g(x)g(y) M (x)dH' (y) = T,pp " (9) + Loy * (9 — 9)
BBI/QXBBI/Q

and o
IIOgl/z( ) Ilog( ) S CHfH%oo(@E) (SP(E)

Using that for [t| <1, |log(1+1t) —t| < ¢ 5, we see that

/ —log(1 + ¢(z) + (y) + p(2)p(w) + ¥(z, ) 9(x)g () dH (2)dH (y)
0B1/2%0By /2

=- / (p(@) + @) + @(@)e(y) + Y@ y) +n(x,y)) glz)g(y) dH' (x)dH' (y)
831/2 X831/2
where the function n(z,y) is well controlled. As in Lemma 5.3,
/ () (y)g(x)g(y) dH' (2)dH' (y) < Cllglli~ (o5, ,) 0P (E)
8BI/Q><831/2

and o
/ () g(x)gly) dH @) IH (y) < C < [ dt) 5P(E).
OBy X 0By /3 0

Since

/ o(x)g(x)g(y)dH (z)dH (y) = g/ o(z) (g(x) — g) dM' (z)
OBy 2 x0By /3 9B s

L 2P(B1)s) /6 )@
1/2
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and since / o(z)dH' (z) < CSP(E), we are left to prove that
0By 2

05— g)— g /8 (e (9(o) — 9) dH (@) = CP(E). (6.3)
1/2

As in the proof of Proposition 5.5, we use the Fourier transform to assert that for some regular
extension ¢ of ¢ and for g := (g — Q)HlLf)Bl/Q,

0B _
S CHQO”lelogl/Q (g - g)

from which (6.3) follows arguing exactly as in the last part of the proof of Proposition 5.5. [

Arguing as in Corollary 5.6, we get the following result.

Corollary 6.4. Let d = 2 then for any 6 > 0 and m > 0, there exists a Q (ﬁ) > 0 such that,

if % <Q (%), the ball is the unique minimizer of problem (6.2) among the sets in Ks with
charge Q.
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