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ARITHMETIC OF POSITIVE CHARACTERISTIC
L-SERIES VALUES IN TATE ALGEBRAS!

B. ANGLES?, F. PELLARIN34, AND F. TAVARES RIBEIRO?

WITH AN APPENDIX BY F. DEMESLAY?.

ABSTRACT. The second author has recently introduced a new class of L-series
in the arithmetic theory of function fields over finite fields. We show that
the values at one of these L-series encode arithmetic information of a gen-
eralization of Drinfeld modules defined over Tate algebras that we introduce
(the coefficients can be chosen in a Tate algebra). This enables us to general-
ize Anderson’s log-algebraicity Theorem and an analogue of Herbrand-Ribet
Theorem recently obtained by Taelman.
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We fix a finite field k£ with ¢ elements; we denote by p its characteristic. We

further set A = k[0] (polynomial ring with coefficients in k in an indeterminate 6)

and K = k(6) (the field of fractions of A). We also consider the field Koo = k((3)),
the completion of K with respect to the place at infinity; we write |-| for the absolute
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value of Ko, normalized by setting |§] = q. We denote by Co, the completion of
a fixed algebraic closure of K, and we denote by K the algebraic closure of K
in C. More generally, for any subfield L of C.,, we denote by L the algebraic
closure of L in C..

Carlitz [10] introduced the so-called Carlitz zeta values

Cc(n) = Z a "€ Ky, mn>0, n integer,
a€A+

as some analogues, up to a certain extent, of the classical zeta values

(n)=> k"eR
k>0
(n > 1 integer). In the definition of (¢ (n), A+ denotes the set of monic polynomials
in A and provides a kind of substitute of the set of positive integers. The Carlitz
zeta values offer interesting analogies with the classical zeta values. Let us look at
the archimedean example of the divergent series

0 =y =T[(1-1) ==

k>1 P p

which we have developed as a divergent eulerian product (running over the prime
numbers p). For a commutative ring R and a functor G from R-algebras to R-
modules, we denote by Lie(G) the functor from R-algebras to R-modules defined,
for B an R-algebra, by:

Lie(G)(B) = Ker(G(Ble]/(¢*)) — G(B)).
The local factor at p in () is

O_g*; P _ |Lie(Gu)(Z/pE)|

p p-1 Gm(Z/pZ)|

where | - | denotes here the cardinality of a set. The above cardinalities can also be
seen as positive generators of Fitting ideals of finite Z-modules (the background on
Fitting ideals is recalled in §5.3)).

In parallel, let C be the Carlitz functor from A-algebras to A-modules (see §2.11
for the background on the Carlitz module). Then, for P a prime of A (ﬂ) the
module C(A/PA) is a finite A-module and one can easily prove (in different ways;
read Goss, [12) Theorem 3.6.3], Taelman, [I9, Proposition 1], see also Anderson
and Thakur’s paper [3 Proposition 1.2.1]) that P — 1 is the monic generator of the
Fitting ideal of M. For a finitely generated and torsion A-module M, [M]4 denotes
the monic generator of its Fitting ideal. Then,

[C(A/PA)s = P—1

and

- INTY rr Py [Lie(C)(A/PA)]
(2) =11 (1 - F) = 1}] P—1_ 11] [C(A/PA)]a -

P

The tensor powers of the Carlitz module functor introduced by Anderson and
Thakur [3] provide a way to interpret the values (¢(n) as well, and this can be

1A prime of A is an irreducible monic polynomial of A.
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viewed as one of the main sources of analogies between the theory of the Carlitz
zeta values and the values of the Riemann zeta function at integers n > 2.

Carlitz proves that for all n > 0 divisible by ¢ — 1, (¢(n) is, up to a scalar factor
of K* (the multiplicative group of K), proportional to 7", where the quantity 7 is
defined [12] definition 3.2.7] by

k3

()  F= V=] <1_H> €0=p <1+§k Hg”)

i>1

unique up to multiplication by an element of k>, see Goss, [12, Chapter 3]. We con-
sider the Carlitz exponential expe (see §2.11for the background about this function).
Carlitz proved the formula

(4) expo(Ce (1)) = 1.

Knowing that 1 belongs to the domain of convergence of the Carlitz logarithm
loge, composition inverse of exps (see §2I.2) and comparing the absolute values
of log(1),¢c (1), 7, we see that the above formula is equivalent to

() Co(1) = loge(1).

Taelman [19] recently exhibited an appropriate setting to interpret the above
formula as an instance of the class number formula. His approach, involving a new
type of trace formula for certain variants of bounded continuous operators, also
relies on the formula (2)). He did this in the broader framework of Drinfeld modules
defined over the ring of integers R of a finite extension L of K. Taelman associated,
to such a Drinfeld module ¢, a finite A-module called the class module (of ¢ over
L), and a finitely generated A-module called the unit module (of ¢ over L). An
L-series value L(¢/R) that he also defines is then equal to the product of the monic
generator of the Fitting ideal of the class module times the regulator of the unit
module (see Theorem 1 of loc. cit.).

In the case of ¢ = C the Carlitz module, and L = K, the L-series value is equal
to (o (1), the class module is trivial, and the regulator of the unit module is log~(1),
the Carlitz logarithm of 1, yielding (@]).

1.1. Drinfeld modules. We introduce and discuss a generalization of Drinfeld
modules.

Classically, a Drinfeld module ¢ of rank r is the datum of an injective k-algebra
homomorphism

(;5 A= Endk_lin((Coo),

uniquely defined by the image of 6, that is, the value ¢y of ¢ at 6, which is of the
form

(6) Pg=0+a1T+ -+ 0,7,

where the parameters aq, ..., «, are elements of Co, with «, # 0.

The Tate algebra T of dimension s is the completion of the polynomial algebra
Coolt1s - - ., ts] for the Gauss norm (see §2.2)) and we have Ty = Coo.

Observe that the automorphism C,, — C, defined by x +— x9 extends to a con-
tinuous homomorphism of k[tq, ..., ¢s]-algebras 7 : Ts — Ty and that k[t1,...,ts] =

{feTs,7(f) = [}
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We use the k[tq, . . ., ts]-linear automorphism 7 of T to define Drinfeld Alty, . .., ts]-
modules of rank r over T; a Drinfeld Alty, ..., ts]-module ¢ of rank r over T is an
injective k[tq,...,ts]-algebra homomorphism

¢ : A[tlv ) ts] - Endk[tl,...,ts]—lin.(Ts)v

with ¢ as in (6) but where the parameters o, ..., «, are now allowed to be chosen
in T, and, of course, ;. # 0; see §3l

1.1.1. L-series values in the case of rank one. L-series values at one can be asso-
ciated to Drinfeld Afty,...,ts]-modules defined over Aft1,...,ts] by extending the
construction of Taelman in [20] by using Fitting ideals on the model of the eulerian
product (). Typically, the L-series values of Taelman are elements of C., while
our L-series values are elements of Tate algebras of any dimension.

The construction of these values is explained in §5.3] in the case of a Drinfeld

Alty, ..., ts]-module ¢ of rank one; we momentarily denote by £(¢) the Taelman
L-series value of ¢ at one (a slightly different notation will be used later in the
text). In this case, and with the unique parameter @ = «y in Afty,...,ts], the

construction of L-series values becomes in fact very explicit. We consider the maps
Pa A= kftr, ..., ts]

defined by
Pa(b) = Resg(b, a),

where « is a polynomial of Afty,...,ts] \ {0} and where Resy(P, Q) denotes the
resultant of two polynomials P,Q in 6 ([14] §IV.8]). We recall that if F is a field
and X is an indeterminate over F, if P(X) = 331" pp—i X", Q(X) = 237" g X7
are elements in F[X] then Resx (P, Q) = (=1)""qg [[}~, P(5;), where S, ..., B
are the roots of Q(X) in some algebraic closure of F' ([14}, §IV.8, Proposition 8.3]).
For example, if o« = (1 — 0)---(ts — 0), for b € A we get pa(b) = b(t1)---b(ts).
We view the map p, as a kind of higher dimensional generalization of a Dirichlet
character.
Then, we set:

(7) L(n,¢) = Y Resg(b,a)p" =]] (1 _ P;(f))

beAy P

(the product is taken over the primes P of A). It is easy to see that this series
converges in the Tate algebra T; see §4. We show in Proposition [5.9] that

L(1,9) = L(¢).

Ifao=(t1 —6)---(ts —0), then we recover Goss abelian L-functions by specializing
the variables t; to elements in k*°. With our definition of L-series values, we will
cover already many L-series values studied by Goss, as well as in [I5] 13} [16] and
[]. In §I0l we have included some further remarks on the link existing between our
L-series values and the global L-functions of Goss, Taguchi-Wan and Bockle-Pink
(see [12] [7, 9 23]). These remarks may be of help for the reader to orientate in the
literature.
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1.2. The main results. The L-series values that we study being elements of the
Tate algebras T, they have the double status of “numbers” and “functions”. As
numbers, the indeterminates ti,...,t; are unspecified and the series L(n,¢) are
handled as elements of the ring Ts. As functions, the variables t1,...,t; can be
specialized and the analytic properties of the functions L(n, ¢) can be used to obtain
arithmetic information e.g. on Carlitz zeta values.

1.2.1. L-series values as “numbers”. Let ¢ be a Drinfeld A[ty,...,ts]-module of
rank one over T of parameter « (that is, ¢g = 0 +a7) in Aft1,...,ts]. The module
¢ is a global object defined over A[ty,...,ts]. Considering it over Ts means looking

at its realization at the place co. We introduce, in §5.11 the class Alty,...,ts]-
module Hy and the unit Alty, ..., ts]-module Uy associated to ¢. This provides, in
a certain way, a generalization of the constructions of Taelman paper [20]. Note
that, while Taelman’s class modules are vector spaces of finite dimension over k,
the class module Hy is of finite rank over k[t1,...,ts]. We said “in a certain way”
because we only deal here with the case of rank r = 1. The general case, however,
can be handled as well, as Demeslay does, in a forthcoming work. In the case of
a=(t1 —0)---(ts — 0), the class modules are “generic” in the sense that they can
be used to interpolate Taelman’s class modules (over the cyclotomic extensions).
In the following, we denote the set of variables {t1,...,ts} by ¢, (or by t when
the number of variables is understood in the context and when there is a real need
to simplify the notation).
The k(t,)-vector space
Hy = k(ts) Qrp,) Ho
is of finite dimension and endowed with the structure of module over the ring
k(L,)[0] = k(t,) @ A
that we denote by R to simplify certain formulas (see Corollary [(.10). Let
[H¢]R eER

be the monic generator of its Fitting ideal. We will see (Proposition [5.4) that the
vector space
Uy = k(ts) @it Us
is a free R-module of rank one, to which we can associate a regulator
[R : Z/{¢]R

Then, the class number formula for the L-series value L(1,¢) (Theorem BETI) can
be obtained (the notation will be made more precise later in this text):

L(1,¢) = [He]r[R : Up]r -

This result is deduced from Theorem [IT.3]of the Appendix, by F. Demeslay. The
originality of our approach is the use we make of the above class number formula.

The properties of the exponential function exp, associated to ¢ (§3.I) strongly
influence the properties of L(1, ¢), Hy and Uy. By the results obtained in §5, 6] and
[ for ¢ a Drinfeld A[t,]-module of rank one defined over Alt,], with ¢y = 60 + at
with o € Aft ]\ {0}, we have that exp,(L(1,¢)) € Ty belongs in fact to A[t.]. It
is a torsion point for the structure of Aft,]-module induced by ¢ if and only if the
opposite of the parameter —a € A[t,] is a monic polynomial in 6 of degree r = 1
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(mod ¢ —1). We will see that this latter condition is equivalent to the fact that the
function exp, is surjective, and its kernel has non-trivial intersection with T (K o),
the completion of K|[t,] for the Gauss norm. Furthermore by the results of §7.1.1]
and Theorem [Z.7] we have:

If —« is monic as a polynomial in 0, of degree r =1 (mod g—1) withr > 2, then
expy(L(1,¢)) = 0. In the special case of ¢ of parameter o = (t1 —0)---(ts — 0),
fors>2,s=1 (mod q — 1), we have the formula:

B B

w(ty) - wl(ts)’
where B, € Alt,] is the monic generator of the Fitting ideal of the A[t,]-module Hy
and w is the Anderson-Thakur function introduced in [3].

L(1,9)

We have few explicit examples of polynomial B,. Here are some:

B, = 1,

q
ngfl = 60— Z H tik; (q > 2)

1<i1 < <ig<2q—1 k=1

Let ¢ be the Drinfeld A[t]-module of parameter a = t1 — 0, if we set By = ﬁ,
by Lemma [7.T] we have the formula:
7B
L(1,¢) o)

As a consequence of the class number formula, we shall also mention the log-
algebraicity Theorem of Anderson, in the case of the Carlitz module, see |2, The-
orem 3 and Proposition 8 (I)] (so, surprisingly, the class number formula implies
Anderson’s log-algebraic theorem for the Carlitz module). In fact, we prove in §8a
result which can be interpreted as an operator theoretic version, thus a refinement
of Anderson Proposition 8 (I) loc. cit. We introduce a class of formal series in
infinitely many indeterminates X;, 7(X;),...,Z,7(Z),... (i =1,...,r) by setting:

ET(Xl,...,XT;Z):Z Z Oa(Xl)"'Ca(Xr)ail Td(Z)a

d>0 \a€A; g4

where A4 4 denotes the set of monic polynomials of degree d and C,,(X;) denotes a
certain polynomial in X;, 7(X;), ... obtained from the action of the Carlitz module
evaluated at a on the indeterminate X;; for example, Cyp(X1) = 60X + 7(X71). We
have (Theorem [B)):

expe(Lr(Xa,..., X 2)) € AXi,7(X5), ..., Z,7(Z),...,i=1,...,7]

If we substitute, in the above result, X; = -+ = X, = X and 7"(X) =
X" t7(Z) = Z9" for all n > 0, we recover Anderson’s original result asserting
that

expe [ Y0 27 aT i (X)) | € AIX, Z].

a€Ay
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1.2.2. L-series values as "functions”. The evaluation of L-series values is the nec-
essary step to deduce from the above results, arithmetic results on the values of
Goss abelian L-series. One of the main novelties of our work is that we are able to
study the isotypic components of Taelman’s class modules in families. Let x be a
Dirichlet character of type s such that s = 1 (mod ¢ — 1) and conductor a € Ay
(see §9.1)). Let us denote by k, the subfield of C,, obtained adjoining to k the roots
of a, by K, the a-th cyclotomic field and by A, the Galois group of K, over K.
We denote by H, the Taelman class A-module associated to the Carlitz module
and relative to the extension K, /K. This is a finite k[A,]-module. Let e, be the
idempotent element of k,[A,] associated to x. Then, the y-isotypic component

Hy = ey (Ho @k ka)

is a finite A[k,]-module endowed with a suitable structure of k,[A,]-module. The
evaluation map ev, is described in §3 it is obtained by substituting the variables
t; (for i = 1,...,s) by appropriate roots of unity chosen among the roots of the
conductor a in k%. By Corollary 03] the Fitting ideal of the A[k,]-module H,
is generated by ev, (B,). A similar result is obtain when the type s satisfies s #
1 mod ¢ — 1, see Theorem In §9.5] we associate to our character x certain
generalized Bernoulli-Carlitz numbers denoted by BC, ,-1. These are elements of
the compositum K (k,) of k, and K in Cx.

Let us write

X =UpX,

where P is a prime dividing the conductor a of x (so that a = Pb with P not
dividing b), X is a Dirichlet character of conductor b, ¥ p is the Teichmiiller character
associated to P, and N is an integer between 0 and ¢% — 2, with d the degree of P.

Let P be a prime and &p the completion of K at P. If 2p is the valuation ring
of Rp, the valuation ring of the field 8p(k,) is Ap[k,]. We obtain a generalization
of Herbrand-Ribet-Taelman Theorem of [20] (Theorem [0.16). Here, we suppose
that N > 2if y = 1:

The Ap[kq][Ag)-module ey (Hy ® 4 Aplk,]) is non-trivial if and only if
chd_N)’i—l =0 (mod P)

The original result of Taelman [20, Theorem 1] corresponds to the case in which
X is the trivial character. Our demonstration of Theorem [0.16] is inspired by the
alternative proof of Herbrand-Ribet Theorem for function fields given in [6].

2. NOTATION AND BACKGROUND

The basic list of notation of this paper is the following;:

N: the set of non-negative integers.

k: a fixed finite field with ¢ elements.

p: the characteristic of k.

f: an indeterminate over k.

A: the polynomial ring k[6].

A : the set of monic elements in A.

For n € N, A, ,, denotes the set of monic elements in A of degree n.
K = k(0): the fraction field of A.
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e 00: the unique place of K which is a pole of 8 and v, is the discrete valu-
ation on K corresponding to the place co. The valuation v, is normalized
such that vy, () = —1.

e Ko =k((3)): the completion of K at oc.

C: afixed completion of an algebraic closure of K,. The unique valuation

on C, that extends vy, will still be denoted by veo.

| -|: the absolute value of Co, defined by |a] = ¢=v>=(® for a € Cq.

L2 the algebraic closure in C, of a field L C C..

R*: the group of invertible elements of a ring R.

Frac(R): the fraction field of a domain R.

In all the following we keep using a set of variables {¢1,...,ts} for various choices
of s > 0. We recall that this set is denoted by t, or by t if the value of s is
understood. For example, k(t,) denotes the field k(tq,...,ts). In particular, we
have t; = 0 and k(t,) = k. If s = 1, we will often write ¢ instead of ¢; and ¢;. We
will also use the following notation, where R is a k-algebra:

e R[t.]: the ring k[t,] ®) R. We observe that R[t)] = R.

o T, : the Tate algebra in the variables t1, ... ,ts with coefficients in C,,. We
observe that Tg = C.

o T (Ko): the ring Ts N Koo[[t,]]-

o K(t,)so: the field k(t,)((3)).

e R: the ring k(t,)[0] = k(t,) ®k A (this notation will not be used systemat-
ically).

We observe that
Koolt,] & Ts(Koo) & Frac(Ts(Koo)) & K (L)oo
In fact, K(t,)co is the completion of the fraction field of T4 (K o).
2.1. The Carlitz exponential. The Carlitz exponential is the function
expe : Coo = Coo
defined by

k3

X4
eXpC(X)_ZEa Xecoov
>0
where (D;);>0 is the sequence of A defined by Dy = 1 and, for i > 1,
D; = (07 —0)DY_,.

This function, k-linear, is entire from the identity |D;| = ¢'?" . In particular, expe
is surjective.

The kernel of exp, is the A-module T A, where 7 is defined by the infinite product
@), see [12, Corollary 3.2.9]. We have

7| = g1,
We can expand the function exp, in a convergent infinite product:

X
expe(X) =X ] (1— %> , X eCe.
ac A\{0}
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We observe that exp. induces an isometric k-automorphism of the disk
D¢, (quq%l) ={ze€Cq;lz| < qq%l},

2.1.1. The Carlitz module. The Cy-algebra of the k-linear algebraic endomor-
phisms of G, ¢,

Endy—iin.(Gac..)
can be identified with the skew polynomial ring Co[7] whose elements are the
finite sums >, ¢; 7" with the ¢;’s in Co, subject to the product rule defined by

Tr=xalt forallz € Co. If X € C, and P = Z?:o P;7% is an element of Coo[7],
the evaluation of P at X is defined by setting

d
P(X)=) PXY.
=0

For example, the evaluation of 7 at X is 7(X) = X4.
The Carlitz module is the unique k-algebra homomorphism

C:A— Endi(Ggec,)
determined by
Co=0+T.
If a € Ay 4, we denote by C, the image of a via C. We have
Co=aom’+ a7 +-- +aqg_17 1+ 74
with ag = a, and if X € C,, we will write, in particular,
Co(X) = aoX + a1 X9+ +ag_1 X9 + X7

This endows Co with a structure of A-module that will be denoted by C(Cy) and
we have

1

Cy(expe (X)) = expe(aX)
for all a € A and X € C,. The Carlitz module C allows to make the exact
sequence of k-vector spaces 0 - TA — Co, — Co — 0 induced by exp, into an
exact sequence of A-modules

0—->7A—-Csx - C(Cx) — 0.

2.1.2. The Carlitz logarithm. The Carlitz logarithm is the rigid analytic function
defined, for X € C, such that | X| < qq%l, by the convergent series

x4
1OgC (X) = I )

i>0

where (I;);>0 is the sequence defined by Iy = 1 and, for ¢ > 1,
Li=(0—07)_1.
The convergence property is due to the fact that |l;| = qq%. We then have,
for all X € Co such that |X| < g1,
(8) | X| = [expo(X)| = [loge (X))
and

(9) loge (expe (X)) = expe(loge (X)) = X.
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2.1.3. The Carlitz torsion. For a € Ay, we set

Ao = €XPc (Z) € Cxo.

a

The subfield of Cy

K, =K(\),
a finite extension of K, will be called the a-th cyclotomic function field. A reference
for the basic theory of these fields is [I8, Chapter 12]. Here, we recall that K,/K
is a finite abelian extension unramified outside a and oo. Its Galois group

A, = Gal(K,/K)

A X
(&)
Then, the isomorphism is explicitly given in the following way: if b € A is relatively
prime with a, there exists a unique o, € A, such that

(10) Ub()\a) = Cb(/\a)-

is isomorphic to the unit group

2.2. Tate algebras. We use the above conventions and notation. Let s be in N.
Let L be an extension of K, in Cs such that L is complete with respect to veo|L-
Let us consider a polynomial f € L[t,.], expanded as a finite sum

We set
Voo (f) = inf{voo(@iy ... 5, )5 #1,y---,1s € N}
We then have, for f,g € L[t,]:

Voo (f + g) > inf(veo (f), Vo (9))-
Furthermore, we have

Voo (f9) = Vo (f) + Vo0 (9)
so that vy is a valuation, called the Gauss valuation.

Let us set, for f € Lit], |fl = ¢ v~Y) if f # 0 and |0 = 0. We have
1 + gll < max{| £l g}, 179l = 1719l and |7 = 0 if and ouly if f = 0; the
function | - || is an L-algebra norm on L[t,] and an absolute value, called the Gauss
absolute value.

We denote by Ts(L) the completion of L[t,] with respect to ||.||. When s = 1,
we also write T(L) for T;(L) and we observe that To(L) = L. Equipped with the
Gauss norm, T4(L) is an L-Banach algebra that can be identified with the set of
formal series of f € L][t,]] such that, writing

we have

lim Ly, — 0.
i1+ +is—+oo )

The Gauss norm of f as above is then given by

,(il,.. .,is) S NS},

1fIl = sup{|zi,.....,
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and the supremum is a maximum. When L = C,, we shall write T, T instead of
Ts(Coo), T1(Coo). We refer the reader to [11, Chapter 3] for the basic properties of
Tate algebras.

We denote by oy, the valuation ring of L (whose elements x are characterized by
the fact that |z| < 1). We denote by my, the maximal ideal of o;, whose elements
x are such that |z| < 1. Then, the field L = L N k% satisfies L ~ k. We further
denote by or_(z) the subring of elements f € Ts(L) such that ||f|| < 1 and by
mr,(r) the prime ideal of o (1) whose elements are the f such ||f[| < 1. Then, we
have that

To(L) = T L T,
mr, (L) -

If L/K is a finite extension which is complete, let 7, be a uniformizer of L.
Then, we have that L = L((r1.)), or, = L[[r.]]. In particular:

T.(L) = L[t,]J((wL)).

2.2.1. k[t ]-linear endomorphisms of Ts. We denote by 7 the unique k[t,]-linear
automorphism Ty — T, such that the restriction 7|c_ is the automorphism of Co,
defined by z — x?. Explicitly, it can be computed as follows. For f € Ty with

— 11 )
f - E xihn-,istl "'tssv Tiy,..is € COO?

we set

T(F)= D @l Lty

This is a k[t,]-linear automorphism of Ts. In fact, 7 is also an automorphism for
the structure of k[t,]-algebra of Ts. If we set

T ={f e Ts,7(f) = f},

we have T7=! = k[t,]. Observe that:

IO =117 n=0, feT,.

With the action of 7 on T, we have the non-commutative skew polynomial rings
T,[r] and T,[[7]]. The latter is, as a set, constituted of the formal series Y, fiT*
with f; € T, for all 4, and the elements of the former are the formal series whose
sequences of coefficients are eventually zero. The commutation rule defining the
product is given by

mf =7,

for f € T,. Moreover, the ring T[7] acts on Ty: if P = Z?:o P,;rt € T[] and
f € Ty, then we set



12 B. ANGLES, F. PELLARIN, AND F. TAVARES RIBEIRO

3. DRINFELD Altq,...,ts]-MODULES OVER Tj.

Definition 3.1. Let r > 1 be an integer. A Drinfeld A[t,]-module over T is a
homomorphism of k[t,]-algebras

o Alt,] — Ts[r]

defined by

pg=0+o017+ -+ 0T,
for an integer r > 0 and elements aq, ..., a, € Ty with «, non-zero. The integer r
is the rank of ¢. The vector

a=(a1,...,qa,) €T}
is the parameter of ¢. If r = 1, we identify the parameter with its unique entry «;.

Given a Drinfeld At ]-module ¢ of rank r over T, if M is a sub-k[¢,]-module of
Ts such that ¢p(M) C M, we denote by ¢(M) the k[t,]-module M equipped with
the A[t,]-module structure induced by ¢. In particular, we will often work in the
module ¢(Ty). This notation should not lead to confusion since ¢p(A[t,]) will always
denote A[t,] equipped with the new module structure, and not the image of ¢ in
T,[7].

If s < &’ then we have the embedding Ts C Ty induced by the inclusion

k[ﬁs] C k[tl, ceoy by bst1, .. ,tsl] = k[ﬁs/]
Every Drinfeld Aft,]-module over T, can be extended in a natural way to a Drinfeld
Alty]-module over Ty of the same rank, which will be denoted again by ¢ for the
sake of simplicity.
Definition 3.2. Let ¢, ¢’ be two Drinfeld A[t,]-modules over T,;. We say that ¢ is
isomorphic to ¢’ if there exists u € TX (TY denotes the multiplicative group of the
units of T,) such that, in Ts[7]:

bou = udy.
If ¢ and ¢ are isomorphic Drinfeld modules, they must have the same rank and we

shall also write ¢ = ¢'.

Remark 3.3. When two Drinfeld A[t,]-modules are isomorphic, it is understood
that they are isomorphic over Ts.

Let ¢, ¢’ be Drinfeld modules of rank r > 0 over Ty of respective parameters

a=(a1,...,a.), o =(a),...,;a))eTs.

Then, the condition ¢ = ¢ amounts to the existence of u € T such that

it (u) =du, i=1,...,m
Remark 3.4. If s = 0, all the Drinfeld A-modules of rank one are isomorphic over
C to the Carlitz module C. This is no longer true for Drinfeld A[t ]-modules of

rank one if s > 1; for example, the Drinfeld modules of rank 1 of parameters o = 1
(Carlitz module) and o = ¢ (both defined over Ty = T) are not isomorphic.

From now on, we will be focused on Drinfeld modules of rank 1.

Definition 3.5. We will denote by Cs the Drinfeld module of rank one over T

with parameter
a=(t1 —0)---(ts — 0).
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Of course, if s =0, we get Cy = C, the Carlitz module.

3.1. Exponential and logarithm. Let ¢ be a Drinfeld A[t,]-module of rank one
defined over Ty with parameter o € T;. We also set

To = a1 € T4[7].
Explicitly, for any n > 0, we have

n

)",

h=ar(a) T

We will be particularly interested in the formal series of T[[7]]

1
€Xp¢ = Z _Tgv
n>0 Dn
1 n
logy = ZZ_Tav
n>0 n

respectively called the exponential series and the logarithm series associated to ¢.
It is easy to show that, in T[[7]], we have:

expy log, =logyexpy, =1, expy 0 = ¢gexp, .
A routine computation also shows the identities in T[[7]]:
ba €xp, = expya, log,d, = alog,, forall a € AlL].
We observe that
ID; ar(a) -7 a)| = flaf) T g~
so that for all f € T, the series

expy(f) = Y ) 5 0T T

n>0 n>0

converges in T, (E) The k[t,]-linear map
expy T, — Ty

defined by f — exp,(f) is called the erponential function of ¢. It is open and
continuous, as the reader can easily check. Also, if a € T;(K ), then exp, induces
a k[t ]-linear map Ts(Ks) = Ts(Kxo)-

If B is a normed ring with ultrametric norm || - ||, and if » > 0, we shall denote
by Dg(0,7) (resp. Dp(0,7)) the set {z € B;||z|| < r} (vesp. {z € B;|z| < r}).
We notice that, for all » > 0, the sets Dr_(0,7) and Dr,(0,7) are k[t,]-submodules
of Ts. We observe that

iz (@) -7 @) = flall g0
Let us set 7 = —veo(a). For all f € Ty such that veo(f) > =2 (that is, f €

q—1
Dr, (0, gt )), the series

log,(f) := Z L(f)

l
n>0 n

2The reader is warned that we are using the same symbols to denote completely different
entities. Indeed, at once, exp, denotes a formal series of Ts[[7]] and a continuous endomorphism
of Ts. The same remark can be made for logd,. This should not lead to confusion and contributes
to easily manageable notation.
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also converges in Ts. The k[t,]-linear map
log, : Dr, (0, g 1) = T,

defined by f + log,(f) is called the logarithm function of ¢. As a consequence of
the above discussion we have the next Lemma.

Lemma 3.6. The functions exp,,log, induce isometric automorphisms of

DTS (07 q‘;:—’l" )7
inverse of each other.

3.1.1. The modules N,. We denote by u(a) the maximum of the lower integer part
of ;=1 and zero:
r—4q
u(a) = maX{O, Lq — 1J} .
Here we assume that o € T (K ). Because this will be needed in the computations
of §8l we give some elementary properties of the k[t,]-module

No ={f € Ts(K); v (f) = ula) + 1}

In particular, we note that No = my (g ) if r <2¢—1.
We observe that we have a direct sum of k[t ]-modules:

TS(KOO) = A[Es] D st(Kw)'

We notice that u(a) > 0 if and only if » > 2¢ — 1. The proof of the next Lemma
is easy and left to the reader.

Lemma 3.7. For all a such that r = —v(a) > 1, we have a direct sum of
klt,]-modules:

Mr (Ky) = No ® 9771(04)<17 SRRE) 9u<a)71>k[§s]a
where (- gz, denotes the k[t;|-span of a set of elements of Ts.

We denote by M, the module

(11) My =07 (1, 0" 0,
(if r < 2¢ — 1, we set My = {0}). Then, for all a such that r > 1,
(12) Ts(Koo) = Alt,] @ My @ N,.

3.2. An example of exp, injective and not surjective. We shall consider here
the case of @ =t € T and describe some properties of the associated exponential

function exp,, given by
t,
exp, = E D, 7"

i>0
This map exp, : T — T is obviously injective. Moreover, it is not surjective. To
see this, let us extend expy to Coo[[t]]. For 2 =) - ent”, e, € Coo, we set:

expy(z) = Z expy(cn )t € Coo[t]]-
n>0

Then expy : Coo[[t]] = Cool[t]] is k[[t]]-linear. We have:
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Lemma 3.8. Let y be an element of Co. There exists a unique formal series
T =5 0Tnt"™ € Co[[t] such that expy(x) = y. Furthermore, let € € R be such
that
qa—€
lyl = qoT.
Then, for all n >0,

a—q"e
|;[;n| =q q—1

In particular, © € T if and only if ly| < ¢7T.

Proof. Let x = Y,5q 2it' € Coo[[t]] such that expy(x) = y. Then:
Lo =Y,
and for n > 1:
=~ D ol D el DY),
One can then prove that |z, | = q% by induction on n. O

3.3. Entire operators. Let

be an element of T, (the coefficients f;, . ;. lie in C). We say that f is an entire

function if
lim Voo (Fir,.nie) _
i14Fis—+o0 4] + -0+ 0
The subset E; of entire functions of T, is a subring containing the subring of
polynomials C[t,]. Observe that 7(E;) C Es.
Let us consider a sequence of entire functions (F,),>0 and an operator

F =) F,m € R[r]].
n>0
We say that F' is an entire operator if lim, o0 Uoo(Fy)g~™ = +00. In particular,
for all f e Ty, F(f)=>,>0Fu™(f) converges in T,.
Lemma 3.9. Let F =), -, F,7" be an entire operator. Then: F(Es) C E;.

Proof. With i we shall denote here a multi-index (i1, .. .,4s) whose entries are non-
negative integers. We denote by [i| the integer iy + --- + i, and if 4,7 are such
multi-indices, then i + j denotes their component-wise sum. We also write tt for

the monomial tlf ---tis. Hence, we have f = Zl fiﬁi. We expand each entire

Fn = ZFn,lﬁla

UOO(Fn,i)

function F;, in series

where by hypothesis, lim ;| 1 = 4o00. Now, we verify easily that F(f) =

>k cit® € Ty where

Since
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and since
lim v (Fr)g™" = lim ve (fi)|g'|71
n—00 \1|—>+oo -
= lm  veo(Fye )|F]71
S velFr )l
= +OO
for all ng € N, we get lim| ;| 4 o Voo (ck)|k| ' = 400 and thus F(f) € E,. O

Let a be an element of E;. Then, ar(a)---7°7!(a) is also entire for all i and

im v (a7 () - Tifl(oz)Di_l)q*i = +00.
—00

K3

Therefore we deduce from Lemma the following Proposition which will be of
some help later on in this paper:

Proposition 3.10. Let ¢ be a Drinfeld Alt,]-module of rank one over Ts and let
« be its parameter. Let us assume that o € Eg. Then:

expy(Es) C Es.

4. L-SERIES VALUES

In this section we consider a Drinfeld A[t,]-module ¢ of rank one over T with
parameter o € A[t,] \ {0}. We are going to associate to such a parameter o an
L-series value.

4.1. Definition of L-series values. Let a be an element of Aft,]\ {0}. In a fixed
algebraic closure k(t,)?¢ of k(t,) we can find elements x1,...,z, and S € k[t,]\ {0}
so that, in k(t,)*c[6],
(13) a=p(x1—0) - (z,—0).
We define
Pa i A= k(L))"
by pa(0) = 0 and

pala) = gD (z) - a(x,), ac A\ {0}.
An alternative way to write it is:
pala) = Reso(a, ) € KL,

where Resg(P, Q) denotes the resultant of two polynomials in the indeterminate
6 (). In particular, with P a prime of A (we recall that a prime of A is monic
irreducible element in A, ), po(P) = 0 if and only if P divides a in Alt].

If a,b € A, then p,(ab) = pa(a)pa(b) and if aq, ag are polynomials of A[t,], then

Poras (@) = pa, (@)pay(a), a€ A

Definition 4.1. Let ¢ be the Drinfeld A[t,]-module of rank one of parameter
a € Alt,], let n > 1 be an integer. The L-series value at n associated to ¢ is the
unit of norm one of Ts(K ) defined by ().

3We recall that if P = Py6e + P19l + ... + Py and Q = Qob" + Q160”1 + --- + Q, are
polynomials with roots respectively {; and x;, then, for the resultant Resy(P,Q), we have the
identity Resg(P,Q) = Py [1; Q(¢G:) = (=1)* Q4 [T, P(x;).
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By [4, Lemma 4], we also have that L(—n,¢) 1= > ;50> 4ea, , Pala)a™ con-
verges in T, for n > 0 and is in fact in A[t,]. Note that the above definition is not
invariant under isomorphism of Drinfeld A[t,]-modules.

Remark 4.2. We can also associate L-series values L(n, ¢) € k(t,)((5)) to Drinfeld
k(t,)[0]-modules of rank one defined over k(t,)[f]. In the sequel, we will also work
with such modules and L-series values, but the most interesting examples discussed
here will arise from the case of A[t,]-modules defined over A[t,].

The value L(1, ¢) will be one of the main objects of interest of the present paper.
4.2. Examples.
4.2.1. Ezamples with s =0. If s =0 and o = 1, we have ¢ = C and
L(n,¢) = L(n,C) = (c(n),
where (c(n) is, for n > 0, the Carlitz zeta value
=Y amel+o ko).
a€At

If « € A\ {0}, then we can write « = Bp7*---p¥» with 8 € k>, for primes
P1,...,pm of respective degrees dy, . .., dy, so that ) . djv; = r = degy(a), we have,
for a € AT,

pala) = ﬂdege(a) H H a(Gig)"
i=1j=1

where (1,...,G,q; are the zeros of p; in k*¢ for all . This implies, in the case
B =1 (that is, & € AT), that the series L(n, ¢) is the special value of a Dirichlet

L-series:
m  d;
L(n,¢) - Z cf" H H G(Ciﬂj)yi (S KOO.

acAy i=1j=1

4.2.2. Case of a = t. It is understood here that s = 1 so that we are in T = Tj.
This case directly refers to the example of Drinfeld module ¢ treated in We

have then
Lin,¢)=> t* Y a"eTnK[H]

d>0 a€Ai g
if n > 0. It is easy to see that

L(1,¢) =Y ;" =logy(1) € T.

i>0

L(—j.¢)=> t* > d

d>0 a€Ay g

We have that the series

defines an element of A[t] for j > 0, and
L(=j,¢) = 2(t™", =j)

where the function z is defined as in Goss’ book [12, Remark 8.12.1]. In loc. cit.
Goss computes recursively the polynomial z(t~1, —j) € A[t] for all j > 0.
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4.2.3. Case in which o= (t1 — 0)--- (ts — 0).

Definition 4.3. We will denote by Cs the Drinfeld module of rank one over T,
with parameter

a=(t1—0)--(ts — 0).
We notice that Cy = 0, the Carlitz module.

We have:

L(n7cs) :L(th...Xth) — Z W c TS(Koo)X

a€Ay

with L(x¢, - - - Xt.,n) the functions studied in [4] and where for all a € A, x¢, (a) =
a(t;). The case s =1 and o = ¢ — 6 yields the functions L(x:,n) of [15].

4.2.4. A further example. We shall also trace a connection with the Goss zeta
functions, especially the functions considered by Goss in [I3], see also [4, Sec-
tion 2.1]. We recall, from Section 2.1 of loc. cit. the definition of the L-series
L(xt - Xt,» %, y), with (z,y) in the topological group CX X Z, denoted by S

therein:
Lixt, - Xt y) = > 5 > xi (@) xi,(a)(a) Y,

k>0 a€Ay 4

where (a) is the l-unit a/#9°%(®) and its p-adic exponentiation by —y is well
defined. For fixed (z,y) € Sco, the above series is a well defined unit element of Ts.
Thanks to [4, Proposition 6], we know that the above series in T, also defines an

entire function CJ, — Cx.
We have, for g € k*:

Lixt, X, 5720%m) = 3285075 57 xi,(a) -+ xa, ()00

k>0 a€Ay 4
= >0 > @ xe(a)a
k>0 a€Ag, 4+
This equals L(n,Cy) if 5 = 1.

5. THE CLASS NUMBER FORMULA

In this section, the integer s > 0 is fixed. Hence, we more simply write t, =t =

{tla s atS}'
We introduce the class module and the unit module associated to a given Drinfeld
Alt]-module of rank one of parameter o € A[t] \ {0}. We then give a class number

formula which relates L(1, ¢) to these objects.

5.1. Class and unit modules. Let ¢ be a Drinfeld A[t]-module of rank one with
parameter o € Aft] \ {0}. Recall that r = —v(a)) € N. The definitions below are
inspired by Taelman’s work [20] 21].

5.1.1. The class module. We define the class module Hy as the quotient of Aft]-

modules:
L HT(K)
expy(Ts(Koo)) + o(A[L])
where we recall that ¢(A[t]) is the k[t]-module A[t] equipped with the A[t]-module
structure induced by ¢.
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5.1.2. The unit module. It is the A[t]-submodule of T4(K o) defined by:
Up = {f € Ts(Koo);expy(f) € Alt]}-

Lemma 5.1. For all v > 1, the exponential function exp, : T(Koo) = To(Koo)
induces an injective homomorphism of k[t]-modules

Ts(Koo) . Ts(Koo)

Us © No Alt] ® N,

whose cokernel is Hy.

Proof. This is plain by the fact that exp,, restricted to Dr, (0, qg%) is an isometric
isomorphism (Lemma [B:6]) and the fact that expgl(A[z]) NTs(Ks) = Uy. O

If M is a finitely generated k[t]-module, we will use the term rank of M for its
generic rank, that is, dimy) M @ k(2).

Corollary 5.2. For all Drinfeld modules ¢ as above, Hy is a finitely generated
k[t]-module of rank < u(w).

Remark 5.3. We have constructed a short exact sequence of A[t]-modules

Ts(Koo) . O(Ts(Kx))
Up @ Na — S(A[t]) ® Na

(14) 0— — Hy — 0.

On the other hand, there is an isomorphism of k[t]-modules between M, (the
module defined in (I])) and

Ty (Ko)
Alt] ® No

Therefore, the k[t]-modules %;g J‘:;’) and H, are finitely generated, and their ranks
add up to u(a), which is the rank of M,. This tells us in particular that Uy is

non-zero. If r < 2¢g — 1, we have that Hy = {0}.

5.2. Modules over R. We observe that Ts(Koo) C K (t)oe (1) and that 7 extends
to a continuous homomorphism of k(t)-algebras again denoted by 7 : K(t)oo —
K(t)oo- f M C T4(K) is a k[t]-module, we denote by k(t)M C K(t)oo the k(t)-
module generated by M. We also set, for ¢ as above,

Us = k() Uy, Hy=k(t) @) Ho-

The vector spaces Uy, Hy are k(t)[f]-modules. From here to the end of this section,
we are going to make extensive study of modules over k(¢)[f] so that we denote this
ring by R.

Proposition 5.4. The following properties hold.

(1) The R-module Uy is free of rank one.
(2) We have:

Uy ={f € K()oo, expy(f) € R}

4We recall that K (t)oo = k(t)((5)).
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Proof. (1). Since Uy is non-trivial, there exists an element f € U, with || f]] >
0 minimal. Indeed, by the fact that exp, induces an isometric isomorphism of
Dr,(0,¢%T), Uy is discrete, that is, Uy Nmy,, = {0} for n big enough.

Let g be another element of Uy. Then, since K (t)oo = R @ Mg ()., there exists
a polynomial h of R such that g = hf 4+ b where b € K(t)oo is such that ||b]] < || f||-

Since Uy is an R-module, we get b € Uy so that b = 0. This means that Uy is free
of rank one.

(2). Observe that k(t)Ts(Koo) is dense in K (t)oo, thus:

K (£)oo = k(1)Ts(Koo) +mi )"

It is clear that Uy C {f € K(t)oo, expy(f) € R}. Now, let f € K(t)o be such
that exp,(f) € R. We can write f as a sum g + h, where g € k(t)Ts(Ko) and

WOt We get:

h €M)
expy(h) = expy(f) —expy(g) € k(E)Ts(Koo).

This implies that:

expy(h) € k(L)me 3 = mp T N k(@)T (Ko).

Therefore h € k(;)m%i‘&t) and thus f € k(t)Ts(Ko). We conclude that f €

Us. O
Corollary 5.5. The A[t]-module Uy is free of rank one.

Proof. By Proposition [5.4] we have U, = fR, with f € Ts(Ko). Without loss of
generality, we can also suppose that if h divides f in Ts(K), with h € k[t], then
h € k*. Clearly, Uy D fA[t]. Let us consider now an element g of Us. We have
that g € fR, and we can write g = af/d where a € A[t] and 0 € k[t] \ {0}. This
means that § divides af in Ts(K ) which is a unique factorization domain. So §
must divide a in A[t] and we get g € fA[t]. O

5.3. Local factors of the L-series values. Let R be a unitary commutative ring.
Let M be a finitely generated R-module. As Fitting ideal of M we mean the initial
Fitting ideal as defined in [I4, Chapter XIX]. By Chapter XIX, Corollary 2.9 of loc.
cit., if M is a finite direct sum of cyclic modules,

~ R
ie:? o a; ideal o
then
FittR(M) =0ay---0an.
Let 6 be an indeterminate over a field F'. We write R = F[f], and we consider

an R-module M which also is an F-vector space of finite dimension. Let ey be the
endomorphism of M induced by the multiplication by #. Then, we write

[M]g = det rR(Z — eg|M)|z=0 € R

for the characteristic polynomial of ey, where the indeterminate Z is replaced with
6. This is a monic polynomial in 6 of R = F[f] and it is the monic generator of
Fittg(M).
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Let a be an element of R \ {0} (we recall that R = k(t)[d]) and let us con-
sider the Drinfeld R-module of rank one and parameter «, that is, the injective
homomorphism of k(t)-algebras

¢ : R — Endps)—tin. (K () 00)

given by ¢9 = 0 + ar. For all a € A, the resultant p,(a) = Resg(a,a) is a well
defined element of k(t) making the series (and the corresponding eulerian product)

Lin¢)= Y pa(a)a_"zl_[(l—pa(P)>l, n>0

Pn
a€Ay P

convergent in K (t)co.
Lemma 5.6. Let P be a prime of A of degree d. Then, the following congruence
holds in R[7] :
ép = pa(P)r®  (mod PRI[7]).

Proof. We recall that 7, = ar. Let a € A4 be of degree d. We expand in R[7,]:

d .

(ba = Z(a)iTgu

i=0
where it is easy to see that (a)g = a. From the relation ¢,¢9 = dgd, we get, by
inductiononi=1,...,d—1,

_ 7((@)i-1) — (a)i—1
(a)i - eqi Iy

and (a); € A for i = 0,...,d with (a)q = 1 (so these are the coefficients of the
classical Carlitz multiplication by a). Since a prime P of degree d does not divide

97 — 0 if i < d, we get for i =0,...,d—1, (P); =0 (mod PR). This implies that
pp=7l=ar(a) -t Ha)r? (mod PRI7]).

Now, we observe that, if (1,..., (g are the roots of P in k%¢ and if { is one of these
roots,
pa(P) = Resg(P,a)
d
= H 0‘|9:Cj
j=1
= ar(a)--- 7 (@)]e=c
= ar(a) -7 (a) (mod PR).

O

If L is a ring with an endomorphism o, we denote by L°~! the subring {z €
L,o(z) = x}.

Lemma 5.7. Let L be a field and let o € Aut(L). We set F = L°=!. Let v > 0

be an integer strictly less than the order of o, let ag,...,ar—1 be r elements in L.
Then
r—1
V= {x € Lo (z) + Zaial(x) = O}
i=0

is an F-vector space of dimension not exceeding r.
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Proof. A sketch of proof will be enough as this is essentially well known, see [I7,
§1.2]. Let n > 1 be an integer and let A be a matrix with entries in L. Let
v1,...,0, be vectors of L™ such that o(v;) = Av;,i = 1,...,r. Then by the proof
of [I'7, Lemma 1.7], if the vectors vy, ..., v, are linearly dependent over L, they are
also linearly dependent over F. This implies that the F-vector space W = {v €
L™ o(v) = Av} satisfies:

dimp (W) < n.

Let A be the companion matrix of the equation
r—1
o"(x) + Zaioz(x) =0
i=0

(see [I7, p. 8]). Let W ={v € L",0(v) = Av}. Then the map V — W,
z e Yz, o(x), 0" (z))
(the sign - means transposition) is an isomorphism of F-vector spaces. ([

Lemma 5.8. Let ¢ be a Drinfeld R-module of rank one over K (t)o with parameter
a € R\ {0}. Let P be a prime of A of degree d. Then, we have an isomorphism of
R -modules:

“5(%)%%'

Proof. By Lemma [5.6] we have:
(P puP))6 iz ) = (O

We set L = R/PR. Then 7 induces an automorphism of L and L™=! = k(t), so
that 7 € Gal(L/k(t)) is of order d. Also, ¢ induces a morphism of k(t)-algebras
¢ : R — L[r]. For a in R we set Ker(¢,) = {x € L;po(x) = 0}. We write
b= P — pa(P). We notice that d = dimy)(L) = degy(b) and L = Ker(¢,). We
have, by Lemma 5.7 for all a € R, dimy)(Ker(d,)) < degy(a). This implies
(see for example [12, proof of Theorem 6.3.2]) that we have an isomorphism of
R-modules Ker(¢,) 2 R/bR. O

Let P be a prime of A. By Lemma 5.8 we have

() -

The L-series attached to ¢/R, denoted by L(¢/R), is the infinite product running
over the primes P of A:

w 117z, [ (7)),

Proposition 5.9. Let ¢ be a Drinfeld A[t]-module of rank one of parameter o €
A[t]\ {0}. The product L(¢p/R) in (I3) converges in K(t)s and we have

L(¢/R) = L(1, ¢).
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Proof. We have, by Lemma [5.8 that the quotient

%,

o (%))

()

The factors of the infinite product defining £(¢/R) agree with the eulerian factors
of L(1,¢). Since the product L(1,¢) converges in K (t)oo, this implies that the
product L(¢/R) converges to L(1,¢) in K(1)eo- O

is equal to:

5.4. The class number formula. An element

F=Y 107 € K)o \ {0}, fi €k(L), fiy #0,

i>io
is monic if the leading coefficient f;, is equal to one. We shall write
R :Us]r
(R = k(¢)[f]) for the unique monic element f in K(t)o such that Uy = fR, the
existence of which is guaranteed by the first part of Proposition 5.4

5.4.1. Estimating the dimension of Vy. Let us consider the following R-module:

P(K (1))
P(R) + expy (K (£)oo)”

Just as in the proof of the second part of Proposition 5.4l we see in fact that for
alln >1,

Vg =

K(t)oo = k(t)Ts(Koo) + (4 -

For all n big enough, exp, induces an isometric automorphism of m?{(;)m (for

instance, it suffices to take n > u(a) + 1). Therefore, for such a choice of n, we
have the isomorphism of k(t)-vector spaces

_ k(ﬁ)TS(KOO) + m?((;)oo ~ k(ﬁ)Ts(KOO)
- R + expgb(k@)']rs (Koo)> + m?{(é)oo B R + exp¢(k(§)’1['s (Koo)> '

This implies that we have an isomorphism of R-modules:
(16) Vo =~ Hy @) k(L) = Ho.
Note that dimy)(Hg) < u(a) by Corollary 5.2l This yields:

Corollary 5.10. The R-module Vy is a finite dimensional k(t)-vector space of
dimension at most u(a).
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5.4.2. The formula. The next Theorem directly follows from Theorem 1.3 proved
in the appendix by Florent Demeslay, by means of Proposition [5.9] and the isomor-

phism (I6]).

Theorem 5.11 (The class number formula). Let ¢ be a Drinfeld Alt]-module of
rank one of parameter a € A[t] \ {0}. The following equality holds in K (t)oo:

L(1,¢) = [He]r [R : Up]r -

Let ¢ be a Drinfeld A[t]-module of rank one over T with parameter a € A[t]\{0}.
The following Corollary to the class number formula will be crucial:

Corollary 5.12. Let ¢ be a Drinfeld Alt]-module of rank one of parameter o €
Alt]\ {0}. We have:
expy(L(1,¢)) € Alt].
Proof. By definition, [R : Ug|r R = U, and obviously, [H4]r € R. Thus:
L(l, ¢) S U¢.
By Part (2) of Proposition (.4 exp,(L(1,¢)) € R. At once, by construction,
L(1,¢) € Ts(Kw) so that exp,(L(1, ¢)) € Ts(K). But then,

expy(L(1,0)) € R N Ty(Kao) = Alt].
O

Remark 5.13. If ais asin (I3) and 0 <7 < ¢—1 (r = —vo(a)) we have that
L(1,¢) =1 € my (k) (see §8.I.T)). Since exp, is an isometric automorphism of
Dr (0,7 1) we also get expy(L(1,¢)) —1 € mp (k) but RNmy, (k) = {0}. We
have obtained the identity

(7) expy(L(1,6) = 1.

This can be rewritten as

(18) L(1,¢) = logy(1)

because 1 = ||1|| < ¢i=T thanks again to the hypothesis on r. Similar formulas have

been observed by Perkins in [I6].
5.4.3. The circular unit module. This is the sub-A[t]-module
Uy = L(1,¢)Alt] C U,.
Proposition 5.14. Let ¢ be a Drinfeld A[t]-module of rank one of parameter o €
A[t]\{0}. The modules g—g and Hy are finitely generated k[t]-modules of equal rank
at most u(c).
Proof. By Lemma 371 we have a direct sum of k[t]-modules:
Ty(Koo) = 0~ US ® N,.

Then, we have an exact sequence of k[t]-modules:

Uy, 07USaN, , Ts(Ko)

19 00— — — — 0.
(19) U(g U;@NQ Us © Ny

Observe that the k[t]-module in the middle is free of rank u(«). Thus

generated torsion-free k[t]-module. of rank not bigger than u(«).

is a finitely

Uy
Us
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Recall from Remark [5.3]that exp, induces an exact sequence of finitely generated
k[t]-modules:
Ts(Keo) Ts(Kso)

Up®No  Al] ® Na

Since there is an isomorphism of k[t]-modules

efu(a)Ug @ N, _ T(Kw)
Us@& Ny  Alt]® Na

0—

— Hy — 0.

the modules % and Hy have the same rank over k[t]. O
é

Remark 5.15. In particular, we obtain Uy = Ug if r < 2¢q — 1.

We deduce, from Theorem BT (with R = k(t)[0], Hy = k(L) @y Hy and
Ug = k(t)Ug), the following Corollary.

Corollary 5.16. Let ¢ be a Drinfeld A[t]-module of rank one of parameter o €

Alt]\ {0}. We have
(Holr = Uy : Uglr.

Proof. We have:
[R . U¢]R = [R . RL(I, ¢)]R |:7

Then, by Theorem .11l we obtain:
Uy _
Rttt ~ e
O

Remark 5.17. Observe that, by Corollary 5.5 and since L(1,¢) € Ts(K )™, the
k[t]-module % is free. Therefore, by Corollary [(.16] we have:
é
[Holr € Alt]NTs(Kso) ™.

To proceed further, we need a precise characterization of the Drinfeld Alt]-
modules of rank one whose exponential function is injective. This is in fact closely
related to the non-surjectivity of exp, and will be investigated in the next Section.

6. UNIFORMIZABLE DRINFELD MODULES OF RANK ONE.

Again in this section, the integer s is fixed so that we can write ¢ instead of ¢,.
In this Section we consider general Drinfeld A[t]-modules of rank one defined over
Ts. If & € T,[7], we set

Ty~ = {g € Ty, ®(9) = g}.
This is a k[t]-submodule of Ts. Observe that in the case where ¢ = C is the
Carlitz module over T (this is equivalent to o = 1; note that this does not impose
any constraint on s), then expy : Ts — T, is a surjective homomorphism of k|t]-
modules. Furthermore
Ker(exps) = TA[t],
and
T = k[t).
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We are going to study a class of Drinfeld A[t]-modules of rank one defined over T
which have similar properties.

Definition 6.1. Let ¢ be a Drinfeld A[t]-module of rank one over Ts. We say that
¢ is uniformizable if exp, is surjective on Ts.

Proposition 6.2. Let ¢ be a Drinfeld Alt,]-module of rank one over Ts and let
a € T, \ {0} be its parameter. Recall that 7, = at € T4[T]. The following conditions
are equivalent.

(1) ¢ is uniformizable,
(2) TE== # {0},
(3) a €Ty,
(4) ¢ is isomorphic to the Carlitz module over Ts.
Proof. We begin by proving that (3) implies (4). Since o € T, there exists z € CX
such that ve (@ — &) > Voo (). Observe that:

v (T“q) 1) > g (1 (@ — 2) — oo (@)

x?

Thus the product [],-, (L> converges in TJ. Now let us choose an element

7(a)
~v € CX such that:

y =Zx.
We set:
z7
20 o = : eTx.
(20) w 7}}) (7’1(01)> °

At first sight, these functions depend on the choice of x but it is easy to show that
they are defined up to a scalar factor of k™. We also notice that, for aq,as € T,

Waras € K wa Way, 1,02 € TF.
Then:
(21) T(Wa) = QWeg.
This implies that, in T4[7], we have:
Cowa = wa s,
that is, ¢ and C are isomorphic.

In fact, it is also easy to show that (4) implies (3). Indeed, assuming that the
Drinfeld module of rank one ¢ is isomorphic to C, we see directly that the parameter
a of ¢ must satisfy 7(u)/u = « for a unit u of Ty, but this implies that « is a unit
as well.

Next, we prove that (4) implies (1). By hypothesis, there exists ¥ € T such
that, in T[[7]] :
7o = 70
We get in T;[[7]] :
exp, = 9! expq ¥

Since expc is surjective on Ty, we obtain that exp, is also surjective.
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We prove that (1) implies (2). Let us then suppose that exp, is surjective. The
map Ty — Ty defined by f — ¢g(f) is surjective. Explicitly, for all f € Ty there
exists g € T, such that:

at(g) +0g = f.
Recall that we have set A\g = exp(7/0). Since Ag # 0 and Cy(Ng) = exp(T) = 0,
we have \J~' = —f. Therefore:

N/ e N N0

This implies that the map 7, — 1 is surjective on T.
Furthermore, there exists x € C%_ such that ||az?~!|| = 1. Observe that

2 N7 — 1) = Taga— — 1.

Hence, we can assume, without loss of generality, that ||«| = 1. Let us suppose, by
contradiction, that T7e=! = {0}. Then, the map f ~ 7,(f)— f is an isomorphism of
k[t]-modules which satisfies ||ar(f)—f|| < lifand only if | f|| < 1 and |laT(f)—f|| >
1 if and only if || f|| > 1. In particular, this map induces an automorphism of the
E[t]-module {f € T, : || f]| = 1}.

Reducing modulo mr_, the above map induces the k[t]-linear endomorphism of
kec[t] given by f + @r(f) — f where @ # 0 is the image of o by the reduction map
in k%[t] and f € k%[t]. One can easily verify that this endomorphism is not an
automorphism.

This constitutes a contradiction with the assumption that T7«=! = {0}.

We finally prove that (2) implies (3). Let g be a non-zero element of T7o=!.
By at(g) = g we deduce that ar(a)--- 7"~ 1(a)r"(g) = g for all n. If o were not
a unit, this would contradict the finiteness of the number of irreducible factors of
g. ([l

Remark 6.3. The following observation will be extensively used in the rest of
this paper. Let ¢ be a uniformizable Drinfeld A[t]-module of rank one over Ty of
parameter a € TY. Then the function exp, induces an exact sequence of A[t]-
modules:

0— lA[z] — T, — ¢(Ts) — 0,
Wa

where w,, is defined as in (20). In this case, the module T7==! is obviously given
by:

=t = L),

Wa

Definition 6.4. Let ¢ be a Drinfeld A[t]-module of rank one over Ty. Then Ty is
an Alt]-module via ¢. Thus if f € A[t]\ {0}, we define the A[t]-module of f-torsion

¢[f] by:

olf] ={g € Ts, p5(g) = 0}.
Corollary 6.5. Let ¢ be a Drinfeld Alt]-module of rank one over Ty of parameter
a € T, \ {0}. The following assertions are equivalent:

(1) ¢ is uniformizable,
(2) T7==1 is a k[t]-module of rank one,
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(3) for all f € A[t]NTY we have an isomorphism of A[t]-modules:
- Al
ol = 2

(4) there exists f € A[t]NTY such that ¢[f] # {0}.

Proof. The equivalence of the properties (1) and (2) is already covered by the proof
of Proposition and by the Remark

We show that (1) implies (3). By Remark [6.3] we have that

Ker(exp,) = wlA[ﬂ'

[e3

Notice also that exp, is surjective so that if f € A[t]NT, we also have that

exp; (@lf]) = ﬁAm.

It is obvious that (3) implies (4); it remains to show that (4) implies (1). Let «
be the parameter of ¢ and let us assume that for some f € A[t] N T, we have

o[f] # {0}; let g € T, \ {0} be such that ¢;(g) = 0. 7
We can write, in T,[7]:

d d
b5 = Zcm’é = Zoe TN Q)T
i=0

i>0

where for i =0,...,d, ¢; € Alt], and ¢g = f,cq € k*. We get:

d
S aer e (g) = ~fo.
i=1

Since f € TY, we get g = ag1, g1 € Ts \ {0}. Thus (we recall that Ty is a unique

s
factorization domain):

> r(@)- i (@)ar'(g) = ~for.

i=1
Therefore g1 = 7()g2, and ar(a) divides g in T,. Thus for any n > 1, a--- 7" ()
divides g in Ts. Therefore o € TY and ¢ is uniformizable by Proposition[6.2 O

Remark 6.6. The definition of uniformizable A[t]-module is motivated by Ander-
son’s result [I, Theorem 4]. It is an interesting question to characterize higher rank
“uniformizable” Drinfeld modules over T, that is, Drinfeld modules over T, which
have surjective associated exponential function.

6.1. The elements w,. Let a € T4(Ko)*. Then, there exists v € Ty(Koo)™
monic (as a power series in #~1) such that a = py for some p € k*.
The function w, defined in (20)) is determined up to a factor in k™. Let x = pf”

with r = —vs (). Then ||a — z|| < ||@||. Therefore:
)\
(22) wa_ﬁQH(erqi> :
izo \P

where p € k% is such that p?=! = (—1)"p. From this it is apparent that
o € PAIT(Kao)”
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and that
(23) lwall = g7
Remark 6.7. Observe that w, is defined up to the multiplication by an element

in k. When p = (—1)", we choose p = 1. From now on, we will always use this
normalization.

The proof of the next Lemma is easy and left to the reader.
Lemma 6.8. Let o be in Ts(Ko)*. The following conditions are equivalent:
(1) &= € Ts(Kw),
(2) If r = —v(a), =1 (mod g — 1) and —« is monic.
6.2. Examples. If s =1 and a =t — 0, we have an important example:
(24) wa—W—)\QH(l—eff

i>0

>1 € MT(Ky).

This function, introduced in Anderson and Thakur paper [3, Proof of Lemma 2.5.4
p. 177], was also used extensively in [15] [4]. For general s, it is important to also
consider the function w, associated with the choice of a = B(t1 — 6)--- (ts — 0),
B € k*. In this case,

(25) Wa = Bw(ty) - wl(ts),

where 5‘1_1 =pA.

7. UNIFORMIZABLE DRINFELD MODULES OF RANK ONE DEFINED OVER
Alty, ...t

In this section, we fix ¢ a uniformizable Drinfeld At ]-module of rank one defined
over A[t,]. By Proposition [6.2] its parameter « lies in Aft,] N TS and we have a

factorization o = f(xy — 0) -+ (z, — 0), with z1,--- ,z, € k(t,)?, B € k* and
r=—Vs(a) € Z>p.
7.1. The torsion case. In this subsection, we assume that § = 1 and r = 1

(mod ¢ —1). If r = 0 then ¢ = 2 and L(1, ¢) = (c(1); in this case exp-(¢c(1)) =1
is a torsion point for the Carlitz module. We begin with the case r = 1. We then
have o = x — 6 with « € k[t,], so that p,(a) = a(x) for a € A, and in particular,
pa(l) = .

Lemma 7.1. If =1,r=1 and a =z — 0, x € k[t,], we have the identity:

™

0—x

Proof. We recall that Ag = expc(%) and that we have the infinite product (@) which
converges to m. This shows:

Observe that for ¢ > 1:
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Therefore: n )
0
— =1 d -k
=t oo e )
We recall that wo = Ag [[;50(1 — ﬁ)_l. We get:
~_ —9)\9 x\ 1 —6‘)\9
1 P— _— = = —
(x — Nwam = = H (1 9‘1i> =—= = 1 (mod mp (k_))-

i>1
Hence, if we write

F=(zx—0)L(1,d)wa7 1,
where L(1,¢) = 3" ,c 4, @) e have:

F=-1 (modmr (g_))
Now, we have that exp,(L(1, )) =1 (Remark [.13)), thus:

expy((z = 0)L(1,9)) = ¢u—o(expy(L(1,9))) = ¢o—0(1) = = — d(1) = 0

Therefore (x—6)L(1, ¢) € Ker (exp¢) r o-Alt,] so that F' € Aft]. But voo (F+1) >
0 which implies F = —1. (I

The above Lemma implies [15, Theorem 1].
Proposition 7.2. Let ¢ be the Drinfeld Alt,]-module of rank one of parameter
a=(x1—0) - (x,—0) € Alt,], with x1,...,2, € k(t,)*, 7> 1,7 =1 (mod g—1).
The following properties hold.
(1) If r>q, Uy = Z-Alt,] and expy(Uy) = 0.
(2) The module Hy is a free k[t,|-module of rank u(c). Moreover Uy /U is

isomorphic to Hy as a k[t ]-module.

Proof. (1). By Lemma [68 and the identity Z3) we see that ||7/wa| = ¢{®) so
that

(26) Ts(Koo) = —Alt] ® N,

Let f be in Uy and let us write f = fi + fo with f; € = A[t,] and f» € N,. Since
f1 is in the kernel of exp,, we have exp,(f) = exp,(f2) € Nq. Since exp, induces
an isometric automorphism of Ny, the condition exp,(f) € Alt,] yields fo = 0.

This means that Uy = %A[ﬁs] as expected.
(2). By [@8), No = exp,(Ts(K)) and therefore is an Aft,]-module via ¢. We

have:

P(Ts(Koo))
P(AlLy)) @ ¢(Na)
In particular, Hy, as a k[t,]-module, is isomorphic to A[t,]0~*(®) /A[t,], and hence is
free of rank u (). Finally, in ([9), the third arrow maps to zero so that Uy /U§ = H,
as a k[t ]-module. O

Hy =

We deduce the next Corollaries.

Corollary 7.3. Let « be as in (I3) with 8 =1 and r = q. Let ¢ be the Drinfeld
Alt,]-module of rank one with parameter . Then, the following formula holds:

™

L(1,¢) = —.

Wa
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Corollary 7.4. If =1,r=1 (mod ¢—1) and r > ¢, then

T

L(1,6) € Alt) T
Remark 7.5. The results of Lemma [7.1] and Corollary [T.4] also justify the termi-
nology torsion case because exp¢(L(1, ¢)) is a torsion point for ¢. And by Lemma
68 for ¢ a uniformizable Drinfeld A[t,]-module of rank one defined over Alt,],
expy(L(1,¢)) is a torsion point for ¢ if and only if 7 =1 (mod ¢ — 1) and 3 = 1.

The terminology is also suggested by the behavior of the higher Carlitz zeta
values (o(n) = 3 ,c4, @™ In [3], Anderson and Thakur constructed a point
zn, € Lie(C®™)(K ) with last entry II(n—1)(c(n) such that Exp,,(2,) = Z,,, where
IT denotes the Carlitz factorial (see §9.4), Exp,, denotes the exponential function
of C®" and Z, is a certain A-valued special point of C®™ explicitly constructed in
loc. cit. We have that Z, is a torsion point for C®" if and only if ¢ — 1 divides n
(see Anderson and Thakur, [3, Corollary 3.8.4] and J. Yu, [25, Corollary 2.6]).

The methods of [4, Theorem 4] can probably be used to show that, more gener-
ally, 7" L(n, ¢)w, is rational if and only if » =n (mod ¢ — 1) and —« is monic. It
would be nice to see if these are also related to torsion points for the tensor powers
of the modules ¢ as in [3] in the case s = 0.

7.1.1. The polynomials By. If o is as in ([I3) with r = —vs () such that r = 1
(mod g — 1), > ¢, by Corollary [[.4] we have that

(27) By = (~1)FTL(1, p)war ' € Alt,].
We also set for r =1 )
00—z’
where z € k[t,] is the unique root of « as a polynomial in 6.
The polynomials B, € k[t,][f] have already been studied in [4] in the case of

a=(t1—0)---(tr — 0) with r = s. If r = ¢, we can even deduce the exact value of
B, (see Corollary[(3)): B, = 1. More generally, we have the following, for r > 1:

By =

Lemma 7.6. The polynomial By € k[t ][0] is a monic polynomial of degree u(a) =
ot in the indeterminate 0.

Proof. Let us write:
m
B¢ = Z ai6‘i,
i=0

where a; € k[t,], and a,, # 0. We have that v (T L(1, ¢)wa) = veo (By) = =5,
which implies that

_r—aq
m—q_1

and
am € k.

To compute a,, it suffices to compute the leading coefficient of the expansion of
7 LL(1, ¢)w, as a series of k(t,)((0~1)). This computation is easy and left to the
reader. O

The importance of the polynomials B is dictated by the next Theorem.
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Theorem 7.7. Let r > q, then
Fittap ) (Hg) = By Alt,].

s

Proof. Since Hy is free of rank u(a) (part (2) of Proposition [[2]), we have that
FittA[gs](I—Lb) = FA[LS], where

F =det k[is](Z - ¢9|H¢)|Z:97

and F' has degree u(a) as a polynomial in §. Again by (1) of Proposition [[2, we
have Uy = J-Alt,] and

[R:Uplr = [R : iR}R =(=1)a1 ks

Wa

(in the notation on §5.2)), because (—1)% ~= is monic. It remains to apply Corol-
lary [5.16l (I

We presently do not know much about the irreducible factors of the polynomials
B,. However, if & = (t1 —0) --- (ts — 0) (that is, if ¢ = Cs) with s =1 (mod ¢ —1),
more can be said.

Lemma 7.8. If s =1 (mod g — 1), s > q, then B¢, has no non-trivial divisor in

A.

Proof. In this case, we have w, = w(ty) -+ w(ts) and L(1,Cs) = L(x, -+ Xt.,1) in
the notation of [4]. We can evaluate at t; = --- = ¢, = ( € k and, by the fact that
s=1 (mod ¢—1), L(1,Cs)|y,=c = > 29 By using Lemma [Z1] we obtain

a€AL a

a(Q) _ T
2. a  (0—Qw(C)

a€Ay

Therefore,
Be, lii=c = & 'L(L, Co)walti=¢ = w(Q)" 1 (0 =)™ = (0 - Q) o1 € A.

Now, if a € A\ {0} divides B¢, in Alt,], then a divides (8 — C)% for all ¢ € k so
that a € k*. O

Proposition 7.9. Let us suppose that s > 2g— 1 and s =1 (mod q — 1). Then
the A-module Hc, is torsion-free and not finitely generated.

Proof. Proposition[L2asserts that H, is a k[t,]-module free of rank 7={ > 1. Thus
the assertion that the A-module H¢, is torsion-free is a consequence of Lemma [7.§
Now, it is a general fact that a non-trivial k[t,,f]-module M cannot be simul-
taneously free of finite rank over k[t,] and over A if s > 1. Let us suppose by
contradiction that M is a non-trivial k[t,, #]-module which is free of finite rank as
a module over k[t,] and over A = k[f]. Then Ends (M) would be isomorphic to
Mat,, «n(k)[0] as an A-module. For 1 < ¢ < s the actions on M of ¢; and of 6
commute, and, for all ¢, the multiplication by ¢; defines an element T; € End 4 (M).
Since M is free over k[t,], we deduce that if ¢ # j, T; and T} are algebraically
independent over k. This is not possible. Now, for s as in our hypotheses, the
module H¢, is finitely generated over k[t,] and non-trivial. Hence, it is not finitely
generated over A. O




L-SERIES VALUES IN TATE ALGEBRAS 33

7.2. The non-torsion case. In this subsection, we consider the Drinfeld module
Cs (recall that this is the Drinfeld A[t,]-module of rank one with parameter (¢; —
0)---(ts — 0)) and we assume that s Z 1 (mod ¢ — 1),s > 2¢g — 1. Let M be the
A-torsion submodule of H¢,. This also is an A[t,]-module, and we know that it is
a finitely generated k[t ]-module (Corollary [52). Moreover:

Proposition 7.10. The A[t,]-submodule M is a torsion k[t,]-module.

Proof. We must show that M ®y, | k(ts) = {0}. By the isomorphism (I8, it is
enough to show that [H¢,]r has no divisors in A, where R = k(t,)[f]. By part (1)
of Proposition 5.4 we know that Uc, = k(t,)Uc, is an R-module free of rank one.
The class number formula, Theorem [B.11] yields that

[He.JrUc, = RL(1,Cs).

Let a € A\ {0} be a divisor of [Hc,|r. Then, a=*L(1,Cs) € Uc,. By part (2)
of Proposition [5.4] we have that expg (e 'L(1,C5)) € R. Since we also have, at
once, expe_ (a™tL(1,Cy)) € Ts(Ks), we obtain that

expc, (a™'L(1,Cy)) € Alt,].

We claim that this is impossible unless a € k*. To see this, we appeal to Proposi-
tion BI0 which says us that expe (a~'L(1,Cs)) extends to an entire function in s
variables.

It is here that we use the particular shape of the parameter «. Indeed, « vanishes
at t, = 0. The evaluation at t; = 6 in expo_(a~*L(1,Cs)) yields an entire function
in s — 1 variables t1,...,ts_1. Since

ar(a) -7« o (b)) -\
(28) expcs(a_lL(l,Cs)):Z Z ( )aqiDZ- (@) Z X1(b)bqjxs(b),

k>0 i+j=k beA,

evaluating at t; = 6 gives,

expe, (a™'L(1,C9))|t.=6 = a *L(0,Cs_1) € a *k[t, ;] NRs_1

where Rs_1 = k(t,_;)[0] and Cs_1 is the Drinfeld module of rank one of parameter
o =ty —0) - (ts—1 —0).
If by contradiction a & k*, then a = k[t,_;] N Rs_1 = {0} and
expe, (a " L(1, Cy))|r,—0 = L(0,Cs—1) = 0.
However, L(0,Cs_1) # 0. Indeed, by hypothesis, s — 1 #Z 0 (mod ¢ — 1) and, by
[12], page 278, line 4, we have:
L(0,Cs—1)|ty==t,_,=6 = Cc(1 —s) € A\ {0}

which yields a contradiction. Therefore, a € k*. ([

8. ON THE LOG-ALGEBRAICITY THEOREM OF ANDERSON

We first recall Anderson’s log-algebraicity Theorem for the Carlitz module (cf.
[2, Theorem 3]; see also loc. cit. Proposition 8). Let Y,z be two indeterminates
over C. Let

T : Co[Y][[#]] = Coo[Y][[2]]
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be the map f +— f?. G. Anderson proved that for n € N :

exXpo Z Z %Y)"qu €AY, z].

d>0a€A4 4

It turns out that the class number formula (Theorem [B.TT]) implies a refined version
of Anderson’s log-algebraicity Theorem in the case of the Carlitz module as we will
explain below.

We consider, for r € N, and for all 1 < 5 < r,i € N, “symbols” X1,...,X,,Z,
7(X1),...7(X;),...,7%(X;),... Let us consider the polynomial ring in infinitely
many indeterminates

By =Coo[X1,..., Xo, 7(X1), ..., 7(X,), T2 (X1), ..., T2H(X}), - . ).
We extend the action of 7 to B, by setting
(T (X)) = 7" FH(X)

with X = X;,..., X, and 7(c) = ¢? for ¢ € C,. We use the ring B, (and the so far
unused indeterminate Z) to construct yet another ring, non-commutative, denoted
by A,. This is the set of infinite series

Z it (Z)

i>0
with the coefficients ¢; € B, the sum being the usual one and the product is given
by the following rule. For

F=Y fr(2), G=Y g;7(2),
i>0 j>0
we set
F-G:=% | > fir'ley) ]| (2.
k>0 \itj=k
Note that the action of 7 on B, extends to an action of 7 on A, by setting
7(r'(2)) = 7 (2).

We identify A[Xq,...,X,, Z,7(X1),...,7(X;),7(Z),...] with the subring of A,
consisting of elements )~ ¢;7*(Z) where the sequence of coefficients ¢; € A[7*(X);
1<j<ri>0]C B, is ultimately 0. The series

Lo(Xy, X 2) =Y Y CulX1) - Ca(Xp)a™t | 74(2)

d>0 \a€A, 4

defines an element of A,. Let exps =) .+, Dl-_lTi be the operator associated to
Carlitz’s exponential. Obviously,

Sp(X1, ..., Xr; Z) == expe(Lr( Xy, ..., X3 2))
is an element of A,.. But more is true.
Theorem 8.1. We have that
Sr(Xq1,..., X Z2) € A X, ..., X, Z,7(X1),...,71(X,), 7(Z),.. ]
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Proof. Let ¢ be the Drinfeld A[t,  ;]-module of rank one whose parameter is
o =tog1(ty —0)--- (t, — 0) € Alt, 4]
Fori=1,...,r 4+ 1, there is a unique homomorphism of C,-algebras
ti: A — A,
defined by the following table of multiplication, for m € N:

ti T (X5) = 7M(X;) i F ]

ti. 7"™(Z) = m"(Z) i#r+1
ti.Tm Xi):Tm( Q(Xl)) Z'ST
trg1.T™(XG) = TM(X; 1<r
trp1.7™(Z) = T 2)

(we notice on the way the identity 7 (Cp(X;)) = 7 (X)) + 609" 7™(X;)). We can
endow A, with the structure of a K[t, ,,]-algebra. The underlying K[t, ,,]-module
structure can be described as follows. If f € A, and if g € K[t,., ;] has expansion

_ § : ) ) i1 4t ) )
g = Giy,..., 1r+1t1 tr+1a iy e lrgl € Ka
91,...9-41EN

then we have _
gf =D Gua ) (6.
i1,...0-EN
We deduce, from the above multiplication table, the identity, for 1 <i <r, j >0
and mq,...,m, € N:
™ (X)o7 (X)) =

= 7TM(Xy) T (X)) T (Cs (X)) T (X)) - T (X,
Thus:

(a(ty) - a(ty)T™(X1 - X)) =77 (Co(X1) - - Cu(X,)), a€ A

In fact, the action of K[t, ] extends to an action of K[t ][[t,11]] in the following
way. If F =3, Fitiy € K[t,][[tr+1]], we set:

F(X1...X,Z) =) Ft. .(X1..X,2)=> Fi(X1...X,7(2)) € A,.
>0 >0
We observe that:

L =3 Y Wlal cq Kt

n>0a€At n a
Therefore, the multiplication L(1, ¢).(X; ... X,Z) is well defined and we have:
L(1,¢).(X1... X, Z) = L, (X1,...,Xr; Z).
We also recall that:
o Nl

expd,:l—i-Z#T.

i>1



36 B. ANGLES, F. PELLARIN, AND F. TAVARES RIBEIRO

This defines an element of A, again denoted by exp, and, for all F' € A,., we have
expy -F' = expy(F), which justifies that we are using the same notation for a series
of A, and a series of K[t, ][[]]. We claim that

expo(Lr(X1,. .., Xp; Z)) = (expy(L(1, 9))).(X1 -+ - X, Z).

Indeed, if we choose 1 <14 < r, and integers my,...,m;—1,Mi11,..., My, n € N, we
have, for j > 1, that the element of A,

((ti=0) - (E=07 " ).(F™ (X1) - 7™ (X ) X ™4 (X ) -+ 77 (X)) 7 (2))
is equal to:
T (X)) - Tt (Xi_l)Tj (X)) (X)) - -7 (X )T Z).
This implies that for i > 1:
1)) (X - X 2) =T (X - X 2,

from which we deduce the claim.
But Corollary implies that

expy(L(1,9)) € Alt, 4],
thus we can conclude that:
Sp(X1,..., X Z) =
= expa(Lr(X1,..., X 2)) € A X1,...,. X0, Z,7(X1), ..., 7(X}), 7(Z), .. .].
O

The above Theorem implies a multivariable version of Anderson’s log-algebraicity
Theorem:

Corollary 8.2. Letr > 0 be an integer and let Y1, -+, Yy, z be r+1 indeterminates
over Coo. Let 7: Coo[Y1, ..., Y2][[2]] = Coo[Y1, ..., Y [[2]], f — f9. Then:

Ca(Y1) -+ Ca(Yy)
expe [ D Y (1)a Yt ¢ am,. . i 2],

d>0a€Ay 4

Proof. Let ¢ : A, — C[Y1, ..., Y:][[2]] be the morphism of C..-algebras given by:
for m € N,o(7™(X;)) = Yiqm, 1<i<r, and ¥(7™(Z)) = 29" . Then,

for all f € Ar, o(7(f)) = 7(4(f))-
The Corollary follows from Theorem [B1] O

Remark 8.3. Even though it only applies to the Carlitz module, Theorem [R1]
has an advantage if compared to Anderson original result [2, Theorem 3], and
this, even if we forget the occurrence of the distinct variables Xy, ..., X,. Indeed,
these variables can vary in the Tate algebra T, while Anderson’s result holds
if the variable is chosen in C.,. Let us assume, for the sake of simplicity, that
X, ==X, = X. In [2| §4.3], Anderson also provides a table of special
polynomials of small order for small values of ¢q. For example, if ¢ = 3 and r = 4,
we have the formula (cf. loc. cit. p. 191):

k Oa(;<)4 4
29 § A § Ze ) =z2X - 73X6.
(29) €XPo a
k>0 a€AL
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This formula has to be understood with the variables X, Z varying in Co so that
|Z] is small enough to ensure convergence. If the variables are chosen in T, the
formula no longer holds. It can be proved, with an explicit computation, that,
again for ¢ = 3,

S4(X17 s 7X4; Z)
= ZXl e X4 — T(Z)(X1X2X3T(X4) +
X1X2T(X3)X4 + XlT(XQ)X3X4 + T(Xl)X2X3X4).

If we choose X7 =--- = Xy = X, then we get
Sy(X,...,X;2)=ZX" - 1(2)X37(X),

so that, if X,Z € C, we recover the original entry of Anderson table (29)). Of
course, further information about the polynomials S(X7,...,X,;Z) can be made
explicit in the same spirit of [2, Proposition 8]; we refer the interested reader to a
forthcoming work of the authors.

9. EVALUATION AT DIRICHLET CHARACTERS

In this Section, more involved than the previous ones, we prove a generalization
of Herbrand-Ribet-Taelman Theorem [19]. The difficulties to overcome are due
to the evaluations at roots of unity that we have to control, in order to extract
information about the Taelman’s class modules associated to cyclotomic function
field extensions of K (see below) from the structure of the “generic class modules”
He, studied in §7.1701

We recall that, for a € AT, we have set \, = expc(g) and we have denoted
by K, = K(\,) the a-th cyclotomic field extension of K. Let P be a prime of A.
Then Taelman’s class module associated to the extension Kp/K and to the Carlitz

module is the finite dimensional k-vector space:

KP ®K Koo

H(C/ADP)) = expe(Kp @k Koo) + A[Ap]

We notice that A[Ap] is the integral closure of A in Kp. This k-vector space is
equipped with a structure of A-module via C and Ap = Gal(Kp/K) acts on
this module. Since Ap is abelian of order prime to p, one can study the isotypic
components of
A
H(C/AMP]) @k 57
This is precisely what is done in [6]. In particular, in loc. cit., the authors prove an
“equivariant class number formula” and with the help of such a formula they are
able to recover an analogue of the Herbrand-Ribet Theorem which was originally
obtained by L. Taelman by using different methods of proof (see [21]).

The basic idea in this section has its origins in [I5] and [2I]. Let s > 1 be an
integer. If f € Ts(K), we can evaluate f at the points in (k%¢)®. Now let x be a
Dirichlet character of type s (see §9.1)), to such a character we can associate a point
QX € (k®)*®, and we therefore have a morphism (see §9.1.4) of K.-algebras

evy i Ts(Kwo) = Ko(x), fr f(QX)a
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where K (x) is the field obtained by adjoining to K, the values of the character
x. For example:
evy(L(1,Cs)) = L(1, ),

where we recall that C; is the Drinfeld A[t,]-module of rank one whose parameter
is(t1 —0)---(ts — 0), and

@ ¢ ke

a€Ay

is the value at one of the Goss abelian L-function associated to the character .

Let a be the conductor of the Dirichlet character x. Then we prove (see §9.1.5)
the crucial fact that the map ev, induces a surjective morphism of A-modules
between H¢, and the y-isotypic component of Taelman’s class module H(C/A[),]),
where A[),] is the integral closure of A in the a-th cyclotomic function field. This
enables us to study isotypic components of Taelman’s class modules in families with
the help of the results obtained in the previous sections and the recent results in
[4, 5L [6].

9.1. Setting. Let P be a prime of A of degree d > 1. We recall that Rp denotes
the P-adic completion of K. Let Cp be the completion of a fixed algebraic closure
Rp? of Rp. Since we are going to study certain congruences modulo P, we choose
once and for all a K-embedding
P K% — (Cp.

We normalize the valuation vp at the place P by setting vp(P) = 1. We recall
that Ap is the Galois group of the finite abelian extension K (Ap)/K where A\p =
exXpe (%), and that there is an isomorphism (A/PA)* ~ Ap given by b — oy,
where oy, satisfies (I0).

The Teichmiiller character is the unique morphism 9p : Ap — (k2¢)* such that,
foralla € A\ AP,

vp(tp(Wp(os)) —a) > 1.

Note that there exists a unique element (p in k*® such that vp(8 — tp(¢p)) > 0.
Observe also that P({p) = 0. Furthermore, for o, € Ap with b € A\ PA, we have
Up(on) = b(Cp). -

Then, every character x € Ap = Hom(Ap, (k%)*) is a power of ¥p; we can
write

(30) x=05 0<i<q?-2.

More generally, if a € A4, we recall (see §2.1.3) that we have defined K, = K(\,)
and Aa = Gal(K,/K). If a is non-constant and squarefree, we can write a =
PP w1th P1, .oy P d1st1nct primes of respective degrees dl, ...,d,, and we

have that Aa =~ Apl - X Ap , so that for every character y € Aa,
(31) =gt
where the integers N; are such that 0 < N; < g% — 2 for all i. We call a character

like x in @BI)), a Dirichlet character (ﬁ and its conductor is the product [y ., P
(note that the trivial character has conductor 1). We define k, as the subfield of k“c

5In fact we should call such characters tame Dirichlet characters because the extensions of K
associated to such characters are tamely ramified. However, since this is the only kind of characters
to be considered in this section, we adopt the terminology Dirichlet characters for simplicity.
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generated over k by the roots of a (and we set k; = k). Observe that if b€ Ay (b
need not be square-free), any homomorphism A, — (k2)* comes from a Dirichlet
character.

9.1.1. Gauss-Thakur sums. If P is a prime of A, the Gauss-Thakur sum associated
to a character x = 19‘1}; € Ap is defined (see Thakur [24) Section 9.8]) by

9(19}1;) = — Z ﬁp(&il)qjé()\p) € kpKp,
delAp

where kpKp is the compositum of kp and Kp = K(Ap) in K% (we have that

kp N Kp = k). Observe that the Gauss-Thakur sums g(ﬁ?j) do not depend on the
choice of tp although they depend on the choice of a (¢ — 1)th root of § — 67 in
order to choose 7 in ([B). Let x be a character of Ap. We define g(x) by using
(0) in the following way. We expand i = ig + i1q + -+ + iq_1¢%" ! in base ¢
(igy. .. ir €40,...,qg—1}), and along with this expansion, we define,

d—1

900 = [J 9%)".

Jj=0

Observe that in general g(x) depends also on the choice of the embedding ¢p used
to define ¥p. We recall (see §6.1)) that

w(t) =[] (1 _ (;;i

i>0

>_1 € MT(K).

By [B, Theorem 2.9], we have:

(32) g(W%) =P'(Cp) T w(Ch), j=0,...,d—1.
Now let x be a general Dirichlet character whose factorization is of the form y =
19?11 . -19?:, where Py, ..., P, are distinct primes of respective degrees di,...,d,,

and where the integers N; are such that 0 < N; < g% — 2 for all i. We copy below
from [, Section 2.3] the definition of the Gauss-Thakur sum associated to such a
character. We set a = P; - - - P,.. Let us expand in base ¢:

d;—1
(33) Ni=)> miq, i=1,...r
j=0

with n; ; € {0,...,¢ — 1}. For a positive integer N we denote by ¢,(V) the sum of
the digits of the expansion in base ¢ of N so that £4(N;) = Z?;Bl n; ;. We also set
s = ,€q(N;). The integer s is called the type of x. We point out that the type s
of x does not depend of the embeddings ¢p,. Note that the trivial character is the
unique Dirichlet character of type zero. The Gauss-Thakur sum associated to x is

defined as follows:
9(x) = ngg:) € kaKa,
i=1
where k, K, denotes the compositum of k, and K, = K(\,) in K.
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9.1.2. ky[A,]-modules. For v a place of K,, let us denote by IZ:U the completion
of K, at v. If v divides oo and a # 1, then
Koy & Koo (7).

We set Ky 0o = Ky @k Koo. We have K oo = K and if a is non-constant, we
have an isomorphism of K ,,-algebras:

Koo [] Ex(®,
UESoo(Ka)

where So (K, ) is the set of places of K, dividing co. There is an action of A, on
Kooo;ifoe Ay and z®y € K, @k Koo, then:

oz @) i= o) @ y.
The operator 7 acts on K, o by exponentiation by ¢ (explicitly, 7(z®y) = 2?7Qy9)
and the actions of A, and 7 commute). We set

Qa — Ka,oo (g3 ka-

We endow £, with a structure of k,[A,]-module by setting (as above), for o € A,
and x ®y € Qa = Ka,oo QK ka;

o(z®y)=o(r)®y.

This action commutes with the k,-linear extension ¢ of the operator 7 on Q,. If
x®y € Qq, we have p(x®y) = 7(z) ®y. If we identify k, Ko with Ko ® k, which
is in a natural way a Koo-subalgebra of Qq, if 2 = >, 2,07 € ko((07")) = koK oo,

then
o(z) = Zxﬂ*iq.

9.1.3. Idempotents. Here we assume that a is square-free. We identify k, K, with
K, ®y ko which is a K-subalgebra of ,. We denote by O, the integral closure of A
in K,; then O,lk,] = O4 Qi k, is the integral closure of Alk,] = A ® ko in ko K,.
To a character Y € A, as in (BI) we associate an idempotent e, € kq[A,], defined
as follows:

ex =A™ D 57 x(9).
€A,
By [4, Lemma 16], we have:
ex(kaKa) = (kaK)g(x), and ey(Oqlka]) = Alka]g(x).
Therefore:
(34) Q, = @ ex(Qa), and ey (Qy) = ko Koog(x), x € A,
xe&
9.1.4. Evaluation map. Let x be a Dirichlet character of conductor a = [[;_, P;,
X = ﬁgll e ﬁg:, 1 < N; < q% — 2, where d; is the degree of P;. We recall that the
type of x is s = Y. £4(NN;). Consider an s-tuple of variables

Lo = (t1,0,15- -1 t1,0,m100 - s Elido—1,15 - s Elodg—T,mg g 15 = vv woeens strd, 1y, 1)

n1,0 M1,dg—1 Ny dy—1

eq(Nl) Zq(Nr)
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We define the C,-algebra homomorphism “evaluation” at x:
evy : Ty = Co
by setting

evy(tijk) = CP
for all i, 4,k (with (p, = Up,(0)). If we restrict evy to the subring of Ty whose
elements are symmetric in #,...,ts, then ev, only depends on x, that is, it does
not depend of the choice of the embeddings ¢p, and it does not depend of the order
of indexation of the primes P;. Observe that, by ([B2]):

gx) = g(Wpl)---gWpr)

P{(¢p) N PI(CR)T HH ()™

r di—1mnij

H H Hpi/(tiyj,k)flw(ti,j,k)

i=1 j=0 k=1

(35)

9.1.5. An equivariant isomorphism. We recall that we have introduced, in §9.1.2]
a kg-linear endomorphism ¢ of €2,. We choose a Dirichlet character

X :Qggll ...ﬁg:
as in (3I) and we expand the integers NN; in base ¢ as in [B3));

d;—1
N; = E ni 4’
=0

By (B3l and by the functional equation 7(w) = (t — f)w of the function w of
Anderson and Thakur, we see that

r d;i—1 ) r di—1 ;
I II @e. @ =)™ ) 900 =TT TT (€& — )" | 900
i=1 j=0 i=1 j=0

We now come back to the identity ([B4) and we consider the isomorphism
Uyt ex () = koK oo

defined by vy (y) = yg(x)~!. Then,
() = @y (),

where
T difl X
J "
I I =0 ) o).
i=1 j=0

The Taelman class module associated to the Carlitz module and relative to the
extension K,/K (see [19] and [6]) is defined by

C(Kq, @K Kxo)
eXpC(Ka QK Koo) + C(Oa)
Let C¥ : kq @ A — Qq[¢] be the homomorphism of k,-algebras defined by
Cy=0+e¢.

(36) Ha =
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Let us additionally set
expy = ZD;lgpl,
i>0
which gives rise to a k,-linear continuous function €, — €.
We then have an isomorphism of A[k,]-modules:
C¥ ()
eng (Qa) + C‘P(Oa [ka])
Now, we consider, with an analogue meaning of the symbols, the k,-linear en-
domorphisms C? and expf, of kKo, and the A[k,]-module:
)

Ha ®k ka =

C? (ko Koo
exp8(kaKoo) + C?(Alka])

The previous discussions imply the next Lemma.

Lemma 9.1. The map vy, induces an isomorphism of A[k,]-modules
eX(Ha R ka) = HX'

9.1.6. Link between Hc, and H,. We recall that we are examining x a Dirichlet
character of conductor a =[[,_, P;, x = 19%1 e 19%?, 1 < N; < ¢% —2, where d; is
the degree of P;. We write N; in base ¢: N; = Z?;Bl ni ¢, withn; j € {0,...,q—1}.

With s = Y7, 4(N;) the type of x we consider the uniformizable Drinfeld
module of rank one C, with parameter

(37) a = H H ] (ti,j,k — 6‘),

of degree s. We notice that ev, (k[t,]) = kq, and that we have a field isomorphism
klt,]/ I, = kq, where

I, = Ker(evy) N k[t,]
is the ideal of k[t,] generated by the polynomials P;(t; ; k), which yields an isomor-
phism

Alt]

(33) P = Alk) = Kl

Proposition 9.2. The evaluation map ev, induces an isomorphism of Alk,]-
modules

He
: ~— - H,.
¥ I, He, X

Proof. The evaluation map ev, : Ts(Koo) — ke oo satisfies:

evy(Ta(f)) = olevy(f)), [ € Ts(Ke).

In particular, for all b € Alk,], b € Alt,] such that b = evy(b) and f in Ty(Ko), we
have (with ¢ = Cy):

(39) CF (evx(f)) = evy(d5(f))

and

(40) expé(evy(f)) = evy(expy(f).
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We consider the composition w = proev, of two surjective k-linear maps:
koK oo
expl (ko Koo ) + Alka)’

where the first map is ev, and the second map pr is the projection. We deduce
from (B9) that, with b and b such that b = ev, (b),

w(d(f)) = CF (w(f))

for all f € Ty(Ks) and b € Alt].
Let f be an element of T (K ). We have w(f) = 0 if and only if

evy(f) € expg(kaKoo) + Alkq).

Ty(Koo) = ko Koo —

By (@Ql), we have
eng(kaKOO) + A[ka] = eVX(eXPCS (TS(KOO)) + A[ﬁs])
which means that w(f) = 0 if and only if
[ € LTs(Koo) + expe, (Ts(Koo)) + AlL),
where
LTo(Ko) =¢8> @i iz € L, meL
i>m
Now, we notice the isomorphism of k-vector spaces

He, Ts(Koo)
I Hc, B IXTS(KOO) + expc, (TS) + A[ﬁs]

which shows, with (38), that the map of the Proposition is an isomorphism of
Alkg)-modules. O

Corollary 9.3. Let x be a Dirichlet character of type s > q, with s =1 (mod ¢—1)
and with conductor a. Then:

FittA[ka](Hx) = evy (B, ) Alka].
Proof. By Theorem [[.7, we get:

. He,
Fitt - = Be,)Alkq].
it (7 ) = eva(Be Ak

We conclude by applying Proposition O

The author of the appendix to the present paper, Florent Demeslay, informed
us that, using ideas similar to that developed in the appendix, he has obtained
an equivariant class number formula for the Carlitz module similar to Theorem A
of [6] for the extension K,/K when a is square-free (the case where a is a prime
is treated in [6]). By similar arguments as those used in [6], he proved that the
above result can also be deduced from such an equivariant class number formula.
Such an equivariant class number formula is a special case of a more general result
concerning L-series of Anderson’s t-modules defined over Tate algebras recently
obtained by Demeslay and using ideas developed in this article (this will appear in
a forthcoming work of Demeslay).
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9.2. On the structure of H¢c, and the isotypic components H,. We consider
the set & of all the Dirichlet characters x of type s, namely, the set of Dirichlet
characters x which can be written in the form

N
for distinct primes P, ..., P. and for integers N1, ..., N, such that £,(N7) +--- +
24(N,) = s (with r depending on ). There is a map (depending on the embeddings
ij)i
Eo £ (koe)®
defined by x +— QX where QX is the s-tuple with entries C;IDJI_ (see §0.T.4).

Definition 9.4. Let P be a property over £&. We say that P holds for almost all
characters of type s if

1s({x; P(x) holds}) 5 O,
where O is a non-empty Zariski-open subset of (k%)*.

Remark 9.5. (1). Let us suppose that s > 1. Observe that if a property P is
true for almost all Dirichlet characters of type s, then it is true for infinitely many
Dirichlet characters of type s. Indeed, there exist infinitely many s-tuples of primes
(P1,...,Ps) with P; # P; for i # j, such that, given F € k[t,], F(Cp,,...,Cp,) # 0,
and x = Up, ---Ip, is of type s.

(2). Definition does not depend on the choice of the embeddings ¢p for P
prime. Indeed, if ps({x; P(x) holds}) D O, we can always find a non-empty Zariski-
open O C O such that us({x;P(x) holds}) D O for any choice of the embeddings
tp for P prime.

(3). There are such properties P which hold for almost all Dirichlet characters
of type s but which fail for infinitely many such characters. This of course depends
on the fact that there are strictly closed subsets of (k%¢)® which are infinite. For
example, one can consider the property over £ determined by the non-vanishing
on (k%)? of the polynomial t{ — ¢, or the polynomial (t{ — t2)(t4 —¢1) (in the last
case, the property does not depend on the embeddings ¢p).

Let R be a commutative ring and M an R-module. Let f be an element of R.
We denote the f-torsion submodule of M by M[f] = {m € M, f.m = 0}.

Proposition 9.6. Let us suppose that s > 1 and let f be in A. Then, for almost
all Dirichlet characters of type s, we have H,[f] = {0}.

Proof. We can suppose that s > 2¢g — 1. By Proposition [0 if s =1 (mod ¢ — 1),
He,[f] ={0}. If s £ 1 (mod g—1), then, by Proposition[LT0, Hc, [f] @k k(L) =
{0}. Hence, in all cases,

He, [f] @y, k(L) = {0}
We now consider the exact sequence of k[t ]-modules of finite type (the middle map
is the multiplication by f):
He,
fHe,
Taking the tensor product of the above exact sequence with k(t,), we get:
He,

FHe., @t k(ts) = {0}

0— He [f] = He, = He, — — 0.
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In particular, the k[t,]-module of finite type fléc;\ is torsion and there exists Fy €
E[t,]\ {0} such that FyHeo, C fHe,. It remains to apply Proposition (.2 O

We now suppose that s > 1 is such that s Z 1 (mod ¢ — 1). Recall that, by
Remark 517 the element

ms = [He ko)
belongs to Aft,] and is monic as a polynomial in 6.
Theorem 9.7. For almost all characters x of type s, we have that
Fitt o[k, (Hy) = evy(ms)Alka],
where a is the conductor of x.

Proof. Let us denote by M the torsion sub-k[t,]-module of Hc_:
M ={m € He_;3f € k[t,], frm = 0}.

We set: "

— c.

He, = Y
Note that the k(t,)[f]-module ﬁ; ®pit.) k(ts) is isomorphic to Hc, and therefore
its Fitting ideal over k(t,)[f] is generated by ms. Since M is a finitely generated
and torsion k[t,]-module, we notice that for almost all Dirichlet characters x of
type s, we have that M C I, Hc,. Thus, for almost all the Dirichlet characters x
of type s, the A[t,]/IxAlt,]-module

He,
L He,
is well defined. For almost all Dirichlet characters x of type s, we have that
He, \ _ Fittag(He,) + L AL
I He, LALL]

But by Proposition [0.2] for almost all characters x of type s, we also have an

Fitt apg

Iy Altg]

isomorphism of A[k,]-modules IH% = H,. The Theorem follows easily.

x41Cs

O
9.3. Pseudo-null and pseudo-cyclic modules.

Definition 9.8. Let M be a finitely generated A[t,]-module which also is finitely
generated as a k[t ]-module. We say that M is pseudo-null if

M @1 k(L) = {0}.
We say that M is pseudo-cyclic if there exists m € M such that —— is pseudo-

mA[t,]
null.

In this Section, we investigate the property of pseudo-cyclicity and pseudo-nullity
for the modules He, (that is, in the case of the Drinfeld module Cy of parameter
a=(t1 —60)---(ts — ). We are concerned by the following questions which we
leave open.

Question 9.9. Is He, pseudo-cyclic?
Question 9.10. Assuming that s #1 (mod ¢ — 1), is Ho, pseudo-null?
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9.3.1. The torsion case. We are here in the case s = 1 (mod g — 1). Recall that
He, = {0} for s = 1,q. We can suppose without loss of generality, that s > 2¢ — 1.

Proposition 9.11. The following conditions are equivalent.
(1) He, is pseudo-cyclic,
(2) For almost all Dirichlet characters x of type s, H, is a cyclic kq[0]-module,
where a is the conductor of ¥,
(3) There exists a Dirichlet character x of type s such that H, is a cyclic
kq[0]-module, where a is the conductor of x.

Proof. The first condition implies the second by means of the equivariant isomor-
phism of the Proposition The second condition obviously implies the third. It
remains to show that the third condition implies the first. Write R for k(¢,)[6] recall
that Ho, = He, ®kp ) k(). Since Hc, is finitely generated and torsion over R, it
is isomorphic to [[;-, R/riR for some 71, ...,7, monic in R. Since Fittg (H¢,) is
generated by [[;_, ; and Anng (Hc,) by the least common multiple of r1,..., 7y,
the condition that H¢, is pseudo-cyclic is equivalent to

Fittgr (Hce,) = Anng (He,).
By Theorem [.7] the polynomial Bc, is the monic generator of Fitta; j(Hc,) and
Fittg (Hc,) = Be,R. Let m be the monic generator of Anng (Hc¢, ), observe that
m € Alt,] and m divides B¢,. By Corollary 03]
AnnA[ka] (HX) = eVX(BcS )A[ka].
Thus, evy (B¢, ) divides evy (m) and therefore Bo, = m. O

9.3.2. The non-torsion case. Here we suppose that s Z 1 (mod ¢ — 1) and s > 1.
We recall that R = k(¢,)[6)].

Proposition 9.12. The following assertions are equivalent.
(1) He, is pseudo-cyclic,
(2) Anng (g% kit k(zs)> = Amng (He,),
(3) For almost all Dirichlet characters x of type s, the Alkq,|-module Hy is a
cyclic module, where a is the conductor of x.

Proof. We know that Uc, /U¢ _is a cyclic Alt;]-module and we already know that
it is of finite rank over k[t,] and free (see Remark E.17). By Corollary [5.16]

Anng (% ®k[£s] k(ﬁs)> = Fittg <% ®k[§s] k(%)) = Fittg (HCS).
Cs Cs
Then, Hc, is pseudo-cyclic if and only if Fittg (Hc¢,) = Anng (Hce,). This implies
the equivalence of the first condition and the second condition. That these condi-
tions are also equivalent to the third condition follows in a way which is very similar
to that used in the proof of Proposition O

Remark 9.13. We notice that He, is pseudo-null if and only if
Fittg (Hc,) = R.

Thus Hc, is pseudo-null if and only if Uc, = U§_ . Moreover, He, is pseudo-null if
and only if ms = [H¢,]Jr = 1 which is equivalent, by Theorem [0.7] to the fact that,
for almost all Dirichlet characters x of type s we have H, = {0}.
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9.4. Evaluation of the polynomials Bs,. For s > 1 with s =1 (mod g — 1), t
simplify our notation, we write B, instead of B¢, . Note that B; = 91

Let x be a character of conductor a and of type s, write a = Py - - - P, for distinct
primes Pi,...,P. € A, so that xy = 19%1 . ~-19g: with N; < ¢% — 2, d; being the
degree in 6 of P; for all .

We recall that the special value at n > 1 of Goss-Dirichlet L-series (see [12],
chapter 8) associated to x is defined by

VYn € Z, L(n,x) = Z Z (0p)b™" € Co,
m>0bEAL m

where the sum runs over the elements b which are relatively prime to a.
In [] and [I5] it is shown that these L-series values can be obtained from the
evaluation of L-series values L(n,Cs). More precisely, for all b relatively prime to

a,

x(a3) = evx(pa (b))
(ar being the parameter of Cy), and therefore we get
L(nv X) = GVX(L(’II, CS))
We choose N € N and we expand it in base g as

k
N=3) n¢
3=0
(ng,...,ng € {0,...,q—1}). We further set

s =s+L4(N).

We then have the evaluation map (we recall that E, is the sub-algebra of T, of
entire functions §3.3)).
evy : Eg — Eg
defined by replacing the family of variables (t1,...,ts,ts11,- -, teye,(v)) by
(Liyeoyts,0,...,0,0%, . ..,09, .. 07 .. 7).
—— ——— —_——

no ni ngk

If N = 0, this map is obviously the identity map of E;. We shall work, in this
subsection, with the evaluation map evy n : Ey — Co defined by

EVN,y =€V OEVN .

In particular:
eVNqX(A[Is-i-éq(N)]) = Alka).
If Cy is the Drinfeld module of rank one of parameter o = (t1 —6) - - - (t5 —6), then

this evaluation map allows to obtain the special values of the Dirichlet L-series of
Goss from L(1,Cy) € Ey ([4, Corollary 8]). Indeed, for all j € N,

P00 =3 3T T,

n>0a€AL p

eVN(Tj( Z Z q] N S)u

n>0a€Ay n

thus:
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and therefore:
eV, (T (L(1,Cy))) = L(¢’ = N, x).
To N as above, with its expansion N =5, n;q' in base ¢, we associate the Carlitz
factorial TI(N), defined by
Ny =[] ;.
i>0
We apply the evaluations evy , in two different ways.

9.4.1. First way to apply evy . Recall that s’ = s+¢,(N) and we assume here that
s’ =1 (mod ¢ — 1), s’ > 1. Furthermore if s = 0 and ¢,(N) = 1, we assume that
N > 2. For a polynomial a € A, we denote by a’ its derivative in the indeterminate
. Observe that evy(By ) is well defined. By [4], Corollary 8], the function

L(l, Os’) = Z Z Xt1 (b) T Xty (b)bil
d>0bEAY 4
is in Ey, that is, entire in the set of variables ¢, (it is denoted by L(xy, - -~ x¢,,, 1)
in [4]). Write N = Ef:o niq', n; € {0,...,q— 1}, ni # 0. We rename the variables
ts+1,...,ts in a way which is compatible with the expansion of N in base ¢ by
writing:
(tsq1y.--yts) = (t0,1, vy tomgy ootk e 7tk,nk)-

Note that evy (w(tl) () Yo Ypen, , b 1b(0) -+ b(tsl)) is equal to:

k n; )
evn [ w(tr) - w(ts) (] [T (g — 07 Jw(ti;)))x

i=0 j=1

. ST bt b(ta)

[Tizo [T52, (ti; — 67) d>0beA, 4

By M, Lemma 5], L(1, Cy/) vanishes at any point of the form

1

(tla'"7t55ts+1a"'ats+j*179qats+j+1a"'ats/)7 ZZO; tzecoo
Furthermore an easy computation shows that the function w(ty) = A [[;50(1 —

%)_1 has a simple pole at 67 of residue —%qlDfl (for all I > 0). Indeed, in

T, w(t) = expey % = Zizo DZ-_1 ejﬂql_t. Thanks to this residue computation we
deduce, with A the differential operator
0 0 0 0
A =

o1 Ot0.no Otr1 Otkony,

evy (wty) - w(te) Y Y b7'b(tr) - blts)

d>0bEA, 4

= w(t1) - wts)(=7)™ - (=7)" DG - D x

) TALY S ST b7b(t) - b(t)b(to) - - bty

d>0bEA} 4 b —0dt
XV
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= (=DNw(t1) - w(ts)®VII(N) T x
% Z Z b_lb(h) - b(t)[ (to,1) - - -b/(tkhnk)]tid_:eqi

d>0bEA, 4

(“DNw(tr) - w(t)TVI(N) YN b b(t) - bt ().

d>0bEA, 4

Recall that:
By = (=1) V@Y1 Cow(ty) - - w(te )T
(see ([21))). Therefore, we get the formula:

sl N1 -1 ()Y
AN () w(t) Y D pal®)

d>0beA, 4

evn(By) = (DN

where we notice that the series in the right-hand side, with « the parameter of Cj,
is convergent for the Gauss norm of Ts.
We also have the formula (use (B3])):

evy(w(ty) -+ w(ts)) = Ip, (op) N - Ip, (op) Y rg(x) = PL(¢)™ - PUG)Nrg(x)

where (; = (p,. Therefore, composing with ev, now gives the identity

evNyx(IB%S/):
— ()N FEN LN 0, (op) N O, (00) N g (x) X
b/ N
> Y e
d>0bEA, 4

9.4.2. Second way to apply evy,. Here again s = 1 (mod ¢ — 1), s’ > 1. Let
us consider an integer d > 1 such that ¢ > N. The functions 7¢(L(1,Cy)) =
L(q%, Cy) are also entire and we have

P (By) = (—1) 777 L(g%, CoYba(tr) - - balty Jw(tr) - w(ty),

where b; = (t — 0)(t — 67)---(t — 69 ") for i > 0 and by = 1. We observe, as in [4,
§3.2], that

k )
eVN(bd(ts-H) s bd(ts’)w(ts-i-l) e 'w(tS’)) = (_1)N%N H l:iliqill'
=0

Again by ([B0) we have
evy(w(ty) -+ w(ts)) =
= L(¢" = N,x)0p (op)N - 9p, (o) " g(x)-
Moreover,
vy n(L(g?,Cs)) = L(g" = N, x).

Hence, we obtain the formula

eV (74(By)) =

= ()N EN T (p) N -, (o) V(1) X
k

L(g" = N, x) evy (ba(t1) -+ ba(ts)) T 13751
1=0
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We set
___evna(rU(By))
I5 (opy) 0B (opr)
Proposition 9.14. Let s’ = s+ {,(N) = 1 (mod g — 1), s’ > 1. The following
properties hold.
(1) If s =0 and £,(N) = 1, we assume that N > 2. We have:

PN,x,d : € k. K.

’

s 1 __ a7 _ ’ o
PN,x,0 = (_1)N+ =1 7.‘.N 1Q(X)H(N) 12 Z X(b)b/Nb 1.
d>0 bEAL 4

(2) Let d > 1 be an integer such that ¢* > N. Then,

s'—1

k
—~ _d n; 7
P i = (DN g0 L(g" = Nox)FN 9 evy (ba(ta) -+ balts)) [ [ 1529 s
1=0

9.5. A refinement of Herbrand-Ribet-Taelman Theorem. As in the previous
Section, let y be a Dirichlet character of type s > 0 and conductor a. Following [4]
§2.4], we introduce the generalized Bernoulli-Carlitz numbers BC,, , -1 by means of
the following generating series:

RAATA BC, , - .
2 2 W = e
“ be(A/aA)* expe (%) — op(Aa) 0 TI(7)

If s =0, when a = 1, we set A, = 0 in the above formula so that we get in this case
BCZ')X—l = BCl

for i > 0, where for n € N, BC,, denotes the n-th Bernoulli-Carlitz number (see
[12, Chapter 9, §9.2]).
From [4] Proposition 17], we deduce easily the following:

Lemma 9.15. The following properties hold:

(1) For alli >0, we have BC; \ -1 € kK.

(2) Ifi# s (mod g — 1), then BC, ,—1 = 0.

(3) We have BCy,-1 =0 ifs > 1.

(4) Ifi > 1 is such that i = s (mod q — 1), then

L(i, x)g(x) = 7 BC; 1 (i) .

We now consider integers s,s’, N with s+ ¢,(N) =5, s> 1,8 =1 (mod ¢—1)
and a character y of type s’ and conductor a = Pb such that
X =9EX,
with P a prime not dividing the conductor b of Y, and such that N < ¢% — 2, d
being the degree of P. The valuation ring of the compositum k,8p of k, and Rp
in Cp is the ring Ap[k,] where 2p is the valuation ring of &p.
We highlight that the congruences for the above generalized Bernoulli-Carlitz

numbers that will be used in the proof of Theorem [0.16] are well defined thanks to
the choice of the embedding of K¢ in Cp that we made at the beginning of §9.1]
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9.5.1. An example. We consider the simplest non-trivial case of a character x of
type s' = 1. Here, the factor X is the trivial character and therefore s = 0 and

N = ¢’ so that y = 19%1 with d—1 >4 > 0. The case ¢ = 0 is somewhat exceptional
so that we assume that ¢ > 0. We have He, = {0} which implies, by Proposition
0.2 the triviality of H ,;, j € N. By Lemma[@.1] e ,; (Ha ®k ko) = 0 for all j € N,
and therefore e, (H, ®4 Ap[kq]) = {0}. Now we observe, by the second part of the
Proposition [@.14] that

chd7q1 lgflf’i __ 1
(¢ - q') gat — o

In particular, the Bernoulli-Carlitz number BCga_
reduces to a unit modulo P.

4 18 in this case P-integral and

Theorem 9.16 (Refinement of Herbrand-Ribet-Taelman Theorem [21]). Let x be
a Dirichlet character with conductor a and type s’ (mod qg—1),8 > 1. Let P be
a prime dividing a, of degree d, and let us write x = 19 px with1 <N < g —2 and
with X a Dirichlet character of conductor prime to P. We further suppose that if
s' =1, then N s at least 2. The generalized Bernoulli-Carlitz number BCya_ y 51
is P-integral. Furthermore,

ex(Ho @4 Aplka]) # {0}
if and only if
chd_N)’i—l =0 (mod P)

Proof. We have already considered the case s’ = 1 in §9.5.1]so we may now suppose
that s’ > 2. We work in k,Rp. Note that the Dirichlet character X is of type
s > 0 and that we have the congruence 7¢(By/) = By (mod P). Since obviously,
evy y(Bs) = evy(By) (mod P), we have that

eN&(Td(IB%S/)) =evy(By) (mod P).

Let us write now x = 19%1 e 19%?, where b = P; - - - P, is the conductor of X (we re-
call that N = Zf:_ol niq',n; € {0,...,q—1}). By the second part of the Proposition
[0.14, we have:

s'—1 i
prza = (~1)NTETI(g? — N) ' BCya_y g1 evg(balty) - H i

This implies that BCja_y -1 is P-integral. Moreover, BCyi_py 5-1 = 0 (mod P)
if and only if ev, (B ) =0 (mod P). We now set
[ = {x*.i>0}
and we consider the element in A[k,][A.]:
F = Z 6V¢
Yelx]
In fact, we have that F' € A[A,]. We also set:

Clx] = Z ey € k[A
PE(x]
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We deduce from Corollary that
Fitte[X]A[Aa] €[] (Hy) = Fe[X]A[Aa].
This implies that
Fitte ot [kal[aa] €] (Ha @4 Ap[ka]) = FepAp[ka][Ad]-

Therefore,
Fittos (k) ex(Ha ®a Aplka]) = evy (Bs)Ap [ka].
O

Remark 9.17. Our approach in the above proof finds its origins in [6] where an
alternative proof of the Herbrand-Ribet Theorem for function fields [21] is given,
based on an equivariant class number formula and furnishing the description of the
Fitting ideals of certain Taelman class modules in terms of generalized Bernoulli-
Carlitz numbers. Certain congruences modulo P for these numbers are used to
complete the proof. As we have seen in the previous sections, the ”generic” class
number formula gives, by specialization, the Fitting ideal of these class modules.
In particular, we do not need an equivariant class number formula and further-
more, again by a specialization argument, we additionally get congruences for the
generalized Bernoulli-Carlitz numbers.

10. LINK WITH OTHER TYPES OF L-SERIES

In this Section we shortly explain the link between our L-series values and the
global L-functions of Goss, Taguchi-Wan and Béckle-Pink (see [7, [9] 23]). We also
refer the reader to the recent lecture notes written by Taelman [22]. The notation
of this Section slightly differs from the notation of the rest of this paper.

The Carlitz module is usually seen as a functor from A-algebras to A-modules.
In fact, it can also be viewed more naturally as a functor defined over the larger
category of T-modules. We present this construction.

10.1. The Carlitz functor over 7-modules. We consider a k-algebra A and
the ring R = A ®; A, endowed with the A-linear endomorphism 7 defined by
T(a®b) =a?®Db.

Definition 10.1. A 7-module M is an R-module M of finite type together with an
A-linear endomorphism 7 such that, for a € Rand m € M, 7ar(am) = 7(a)7ar (m)
(we say that 7 is semi-linear). A morphism f : My — Ms of -modules M7, Ms
is a morphism of R-modules which commutes with the 7-module structures.

We define the Carlitz functor C from the category of 7-modules to the category
of R-modules in the following way. Let M be a 7-module, with semi-linear endo-
morphism 7a7. Then, C(M) is the R-module having M as underlying A-module,
and where the multiplication Cy by 6 is given by Cyp = 6 + 75 (depending on M).
It is easy to show that this gives rise to a functor. This functor is faithful, but it is
not fully faithful.

Remark 10.2. We can also define the Carlitz functor on certain 7-sheaves.

Essentially, the basic case of this paper is A = k[t,]. But we also considered
A = k(t,) and A an algebraic extension of k. We have studied the case of M free
of rank one, that is, M = R = A ®; A, with 73y = a7, with a € R\ {0}. Indeed,
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it M = R = Alt,] and 7py = a7 with a € R\ {0}, then C(M) is the structure of
Alt,]-module induced on A[t,] by the Drinfeld module of rank one of parameter «.

Note that this is in apparent conflict with Definition [3B.1] where we have defined
Drinfeld modules over Tate algebras (and the parameter varies in Tate algebras).
In fact, in the settings of the present Section, Definition B.I] corresponds, with M
as above, to an analytic realization (at the place infinity) of C(M), just as the
Carlitz module structure on Co, is usually considered as an analytic realization of
the Carlitz module structure C'(A) over A.

10.2. Exponential functions. The ring R is equipped with the norm || - || defined
by

1Yz @yl = max [l
[

where the sum is finite and for all i, z; € A and the y;’s are linearly independent
over k. Let M be a 7-module. We suppose that it is endowed with a norm || - ||ar
such that ||am|a = |la||||m|| s, where a € R and m € M. Then, the ezponential
function exp;; is the well defined, continuous, open map

expyy : M — C(J\/Z)
with M = M® 4K, defined by expyr(m) = > ;50 Dy '7i,(m). Tt satisfies

expyy(am) = a.expy(m),

where the action of @ € R in the right is that given by the module structure of
C(M). This notably happens when R = Aft,] and M = T, D R with 7py = arT,
a € R\ {0} so we recover the exponential functions of §3.11

10.3. L-series values revisited. We consider here a new variable T'. Let M be a
7-module which is free of finite rank over R and P a prime of A. Then, the module
M/PM is free of finite rank over A. The L-series value at one of M is:

L) =] g%u — T |M/PM) ™ paesy ), p-r € 14+ A[[07]].
P

By [8, Lemma 8.2] we note that for all P, detapr(1 — T'rar|M/PM)™" € 1+
TYA[[T?)], where d is the degree of P. Hence, we can replace T¢ by P! in the above
formal series and we get det o) (1 — T7ag|[M/PM) ™ |pa_p-r € 1+ P~LA[[P7]].
Since for all d there are finitely many primes P with degree d, the product defining
L(M,1) converges in K.,®,A to an element which belongs to 1 + 6~ *A[[#~1]].
This is a variant of the value of the global L-function of M at one, following Goss,
Taguchi-Wan, and Bockle-Pink (see [9] for the definition of the global L-function
associated to a 7-sheaf).

With such a module M, we have that for all P, C(M/PM) is also free of finite
rank over A (observe that the identity map M — C(M) induces an isomorphism
of A-modules between M/PM and C(M/PM)). The L-value at one of C(M) is

M
cemn), ) =[] % e1+07LA[O7Y).
P [C(W)} R
Here, [N]|gr denotes the monic generator (in ) of the Fitting ideal of an R-module
N which is free and finitely generated over A. This is essentially the L-series value
of Taelman in [20]; the product converges as a consequence of the next Lemma:
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Lemma 10.3. Let M be a T-module which is free of finite rank over R. Then,
L(M,1)=L(C(M),1).

We omit the proof as this follows essentially the same lines of various other proofs
in our paper. In particular, if ¢ is a Drinfeld A[t,]-module of rank one of parameter
a € Alt,)\ {0}, L(1,¢) = L(C(A]t,]),1) can also be constructed starting from the
Euler factors of the L-series L(M,1) of the -module M = A[t,] with 73y = a7. In
this respect, the L-series values that we introduce in this paper can be viewed as
first examples of an alternative way of defining global L-functions, which moreover
are rigid analytic, in contrast with the Goss’ L-functions.

10.4. The log-algebraic Theorem again. As a final remark, we point out that
also Theorem RB.1] can be viewed as a statement of integrality of the value of an
exponential function associated to a certain 7-module.

We consider again the algebra A, of §8 with the k-endomorphism my := 7 and
with the structure of R-module defined there (with R = A[t,,,]), it becomes a
7-module that we denote by M. But this is not sufficient to interpret Theorem [B1]

Now, as we have seen, the structure of Aft,, ]-module extends to a structure of
T,+1-module. We then have the exponential function expy : M — C(M) and we
have proved that

expy (L(1,¢).[Z X1 - X,]) = expy (L(1,9)).[Z2 X1 --- X, ],

where ¢ is the Drinfeld module of rank one of parameter o = t,41(t1—0) - - - (t, —0),
exp,, its exponential function, and L(1, ¢) its L-series value at one. Of course, this
is just a way to rephrase Theorem [R11
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11. APPENDIX BY FLORENT DEMESLAY.

We shall work with Drinfeld k(t,)[0]-modules rather than with A[t,]-modules.
We set, from now on, R = k(t,)[0]. As we have already seen, the benefit of this
assumption comes from the fact that R is a principal ideal domain. We keep using
the same notation adopted in the previous sections.

Let us choose o € R \ {0} and let us consider the Drinfeld R-module of rank
one and parameter «, that is, the injective homomorphism of k(t,)-algebras

¢: R — Endyg ) —tin. (K (t5)o0)

given by ¢p = 0 + at, where we recall that 7 : K(£,)co — K(t,)oo is the continuous
(for the §-adic topology) morphism of k(t,)-algebras given by 7(#) = 6. Let M be
an R-algebra together with a k(t,)-endomorphism 7y, : M — M such that

v (fm) =7(f)rma(m), fER, meM.

We denote by ¢(M) the k(t,)-vector space M equipped with the structure of R-
module induced by ¢, e.g. Vim € ¢(M) :

6.m = arp(m) + Om.
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We recall that we have the exponential function associated to ¢, which is a k(t,)-
linear endomorphism of K (t,)s defined by

L
exp, = —
qub Z Dz Taa
>0
where 7, = ar. Note that exp, is a morphism of R-modules from K(t,)s to
G(K (ts)oc). We recall that if u(e) is the maximum of the integer part of {={ and
0, with r = —vo(a), then expy induces an isometric k(t,)-linear automorphism
+1 +1 :

mga)w - m}‘((g)s)w. Notice that mg ;). = sk(t,)[[1]].

Observe that a sub-k(t,)-vector space M of K, . is discrete (for the -adic
topology) if and only if there exists an integer n > 1 such that M N My = {0}
(note that this is equivalent to the fact that the intersection M Nm K(t,). 18 a finite
dimensional k(t,)-vector space).

Lemma 11.1. Let M # {0} be a sub-R-module of K(t,)oo. The following asser-
tions are equivalent:

(1) M is discrete,
(2) M is a free R-module of rank one.

Proof. The fact that the property (2) implies the property (1) is clear. Let us prove
that the property (1) implies the property (2). Let f be a non-zero element of M.
Then, R C f~'M and f~'M is discrete in K(t;)oo. Thus, we can assume that
R C M. We now observe that we have a direct sum of k(t,)-vector spaces:

K(t)oo =R ®mgp) . =R O %k@s) H%” .

Since M is discrete we deduce from the above decomposition that M/R is a finite
k(t,)-vector space. But M/R is also a R-module, hence a torsion R-module.
Therefore there exists 7 € R \ {0} such that rM C R. Since R is a noetherian
ring, we obtain that M is a finitely generated R-module of rank 1. Since R is a
principal ideal domain we deduce that M, as an R-module, is free of rank one. [

Remark 11.2. We recall from §5.4.] the following R-module:

DK (Ls)oo)

Yo = GR) + ey (K (L))

which is a k(,)-vector space of dimension < u(a). We notice that R + m%a);i C

R +expy(K (t5)o0). We observe that R and Ker(exp,,) are discrete sub-R-modules
of K (t,)co which implies that exp;1 (R) is a discrete sub-R-module of K (t,)cc. The
exponential exp, then produces an exact sequence of k(t,)-vector spaces

1 u(a)+1 - u(a)+1
expy (R) +mp ) Rtmg,

0— — Vs — 0.

In particular, expgl(R) # {0} and we obtain that expgl(R) is free of rank one by
using Lemma [TT.71
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11.1. L-series. Let P be a prime of A. Then the R-module (b(%) is finitely
generated and torsion. One can show that the product over the primes of A

[7x =
LO/R)=]] —=~—
111 [¢(Fr)lx
converges in K (t,)s. We will only give a sketch of proof of the next Theorem, as
the proof is very close to ideas developed by Taelman in [20].

Theorem 11.3 (class number formula). The following identity holds in K(t,)co:
L($/R) = V]r[R : exp; (R)]r.

11.2. Nuclear operators and determinants. This Section is inspired by [20]
Section 2]. Let (V,].]|) be a k(t,)-vector space equipped with a non-archimedean
absolute value which is trivial on k(¢,) and such that every open k(t,)-subspace
U C V is of finite k(¢,)-co-dimension. Let’s give a typical example of such objects:
let M be a non-trivial, discrete R-submodule of K (t,)so, then V = % satisfies
the above hypothesis.

Let f be a continuous endomorphism of V| we say that f is locally contracting if
there exists an open subspace U C V and a real number 0 < ¢ < 1 such that, for
allv e U,

1£ )] < o]l
Any such open subspace U C V which moreover satisfies f(U) C U is called a
nucleus for f. Observe that any locally contracting continuous endomorphism of V'
has a nucleus. Let’s give an example: the map

K(t,)oo K(t,)oo
o Kllde | KG)

is locally contracting and the image of m?(((at);rz in % is a nucleus (just observe

that for f € K(£,)o0s Voo(Ta(f)) = voo(f) + 1 if and only if veo (f) > Z:}).

Observe that any finite collection of locally contracting endomorphisms of V' has
a common nucleus (see for example [20], Proposition 6). Furthermore if f and g
are locally contracting, then so are the sum f 4 g and the composition fg.

For any integer N > 0, we set:

ViiZ]] k(£ )[Z]]
ZN ZN 7

and we denote by V[[Z]] the inverse limit of the V[[Z]]/Z" equipped with the limit
topology. Observe that any continuous k(t,)[[Z]]-endomorphism

F:V[[Z])] = V2]

F=> fuZ",

n>0

=V @k,

is of the form:

where f,, is a continuous k(t,)-endomorphism of V.
-linear endomorphism of VIIZN ig of the form

Similarly, any continuous % 112

Zg:_ol fnZ™. We say that a continuous k(t,)[[Z]]-linear endomorphism F of V[[Z]]

(resp. of M) is nuclear if for all n (resp. for all n < N), the k(¢,)-endomorphism

ZN
v[Z]]

fn of V is locally contracting. Let F' be a nuclear endomorphism of N Let Uy
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and Uy be common nuclei for the f,,, n < N. Since Proposition 8 in [20] is valid in

our context,
k()| Z
detk(t)[ (1+f|v[ ]/ZN)ELEH

is independent of ¢ € {1, 2}. We denote this determinant by
det k(r lica 1 (1+ Fly).

If F' is a nuclear endomorphism of V[[ ]|, then we denote by dety; yiz)(1 + F|v)
the unique power series that reduces to det x, )[z] 1 (14 Flyv) modulo ZN for any

N. Note that Proposition 9, Proposition 10, Theorem 2 and Corollary 1 of [20] are
also valid in our context.

11.3. Taelman’s trace formula. Observe that any element in R[7]7 induces a
k(t,)-linear continuous endomorphism of % which is locally contracting. De-
note by R[7][[Z]] the ring of formal power series in Z with coefficients in R[7], the
variable Z being central (i.e. 77 = Z7). Let P1,--- , P, be n distinct primes of A.

Set S ={Pi,...,P,}. Let us set
1 1
R=R|—,...,—|.
[Pl ’ ’ Pn]
Let P be a monic prime of A. Let K(t,)p be the P-adic completion of k(t,)(6)

(with respect to the P-adic valuation on k(t,)(#) which is trivial on k(t,) and the
usual one on K). Observe that every element of K (¢,)p can be written in a unique

way:
ST
where m € Z, x; € R of degree in 6 strlctly less than deg, P.
We also define:
K(Es)s = K(ES)OO X K(Es)Pl X X K(zs)Pn

Observe that R is discrete in K (t,)s. Let P be a prime of A, P # Py,---, P,. Let
Rp be the valuation ring of K(¢,)p. Then:

K(t,)p = Rp+ R[1/P].
Furthermore, the inclusion R C R induces an isomorphism:
R R
PR — PR’
. K
Let F € R[7][[Z]]7Z. Then F defines k(t,)-endomorphisms of Z&ls[[7]] £ [17]],

' PR
%[[Z]]. Now Taelman’s localization Lemma ([20] Lemma 1) remains

valid in our case:

Lemma 11.4. Let us choose F € R[7|[[Z]|TZ. Then:
deti, (2] (1 + F|%>

detrq,)(i2) (1 + FI@)

det ke, )i121) (1 +F n

We also have in our case:
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Theorem 11.5. Let F € R[7][[Z]]7Z. Then we have an equality in k(t,)[[Z]] :

-1
11 det k(e,)(12) (1 + F|%) = det k,)(12) (1 + FI%) :

P monic prime of A

Proof. This is a consequence of Lemma [[T4] and the proof of Theorem 3 in [20].
Note that in our case in [20] page 383 line —5 we replace the original assumption of
Taelman by the assumption that R has no maximal ideal of the form PR, P monic
prime of A, such that dimy ) (P—RR) < D. ([l

11.4. Fitting ideals. Let f : K(t,)oo — K(t,)o be a continuous k(t,)-linear
map. Let M; and M3 be two free R-modules of rank one in K(t,)s such that
f(My) C Ms. Then f induces a k(t,)-continuous linear map

Kt , K(t)oo

I = M,

We say that f is infinitely tangent to the identity on K (t,)co if for any N > 0 there
exists an open k(t,)-subspace Un C K (t,)co such that the following properties hold:
(1) UvNM, =UnnNDM;,= {O},
(2) f restricts to an isometry between the images of Uy,
(3) For all u € Un, Voo (f(u) — u) > N + voo ().

If f e K(t,)o|[7]] is such that this power series is convergent on K (t,)so and
satisfies that f(M;) C Ma, for some free R-modules of rank one M; and My, then,
by the proof of Proposition 12 in [20], f is infinitely tangent to the identity on
K(t,)s- A typical example is given by: My = expgl(R), My =R and f = exp,,.
Now let M7, M3 be two free R-modules of rank one in K(t,)s. Let Hy, Hy be two
finite dimensional k(¢,)-vector spaces that are also R-modules. Set:

Let f: L1 — Ly be a k(t,)-linear map which is bijective and continuous. We shall
write:

1— f10fz

Ar="T 4z

—1=) (0—fofom'z"

n>1
We observe that Ay defines a k(t,)-endomorphism of L, [[Z]]. Let’s assume that f
induces (see [20] page 385 line —6) a continuous k(t,)-linear map

M, M,

which is infinitely tangent to the identity on K (¢,)oo. Then, by the proof of Theorem
4 in [20], we get that Ay is nuclear, and

det ez (1 + Aglzy) z=e—1 = [M1: Malr
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11.5. Proof of Theorem We set, as in [20] §5:

1—¢oZ nel o
F="pr 1= ;w —¢0)0" ' Z" € R[M[[Z))7Z.
We have:
-1
L($/R) = 1T (detk@smzn(l + F|%>)Z:971 :

Pmonicprimein A

By Theorem [[T.5] we get:

ﬁ((b/'R,) = det k(t)[2)] (1 + F| K(%)m) |Z:9*1'
We consider the short exact sequence of R-modules induced by exp, :

Kt o(K(L))

0— expgl(R) ¢(R)

— Ve — 0.

Since R is a principal ideal domain and the R-module %51){‘7;) is divisible, this
*Pg

sequence splits. The choice of a section gives an R-isomorphism:
K(ty) K(ty)so
(t)ee .y . OE (L))

~

e, (R) 7 4R
This isomorphism gives rise to an isomorphism of k(t,)-vector space:
K(ts) K(ts)oo

=8I0 Y~ =
expgl(R) ¢ R

We denote this map by f. Then, by the proof of Lemma 6 in [20], f is infinitely
tangent to the identity on K (t,)o. But observe that on K(%&[[Z]] :

1-fof'z
1+ F= —T_07
Thus:
det k(t)[[Z]] <1 + F| K(%%)m> |Z:0*1 = [V¢]R[R : GXP;I(R)]R.

The proof of our Theorem follows.
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