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1 Introduction

This text presents some basic notions in symplectic geometry, Poisson geometry, Hamiltonian
systems, Lie algebras and Lie groups actions on symplectic or Poisson manifolds, momentum
maps and their use for the reduction of Hamiltonian systems. It should be accessible to readers
with a general knowledge of basic notions in differential geometry. Full proofs of many results
are provided.

1.1 Contents of the paper

Symplectic and Poisson manifolds are defined in Sections 2 and 3, where their basic properties
are given, often with detailed proofs. Darboux theorem and the main results about the local
structure of Poisson manifolds, however, are given without proof. Actions of a Lie group or of
a Lie algebra on a smooth manifold and, when this manifold is endowed with a symplectic or a
Poisson structure, symplectic, Poisson and Hamiltonian actions are introduced in Section 4. For
Hamiltonian actions of a Lie group on a connected symplectic manifold, the equivariance of the
momentum map with respect to an affine action of the group on the dual of its Lie algebra is
proven, and the notion of symplectic cocycle is introduced. We prove (4.2.14) that given a Lie
algebra symplectic cocycle, there exists on the associated connected and simply connected Lie
group a unique corresponding Lie group symplectic cocycle. The Hamiltonian actions of a Lie
group on its cotangent bundle obtained by lifting the actions of the group on itself by translations
on the left and on the right are fully discussed in Subsection 4.5. We prove that there exists
a two-parameter family of deformations of these actions into a pair of mutually symplectically
orthogonal Hamiltonian actions whose momentum maps are equivariant with respect to an affine
action involving any given Lie group symplectic cocycle (4.5.4). The use of first integrals and,
more generally, of momentum maps for the resolution of Hamiltonian dynamical systems, is
discussed in Section 5. For a system whose Hamiltonian is invariant under a Hamiltonian Lie
algebra action, the Marsden-Weinstein reduction procedure can be used: through the use of
Noether’s theorem, this procedure leads to a reduced symplectic manifold on which a reduced
Hamiltonian system can be solved in a first step. Another way of using the symmetries of the
system rests on the use of the Euler-Poincaré equation. This equation can be written for classical
Lagrangian mechanical systems when there exists a locally transitive Lie algebra action on their
configuration space, or for the corresponding Hamiltonian systems when the Lagrangian is hyper-
regular. However, the Euler-Poincaré equation does not always lead to a reduction of the system:
such a reduction occurs mainly when the Hamiltonian can be expressed as the momentum map
composed with a smooth function defined on the dual of the Lie algebra; the Euler-Poincaré
equation is then equivalent to the Hamilton equation written on the dual of the Lie algebra.



Finally in Section 6 three classical examples are considered: the spherical pendulum, the motion
of arigid body around a fixed point and the Kepler problem. For each example the Euler-Poincaré
equation is derived (for the Kepler problem a transitive Lie algebra action is obtained by adding
the Lie algebra of the group of positive homotheties to the Lie algebra of the group of rotations
around the attractive centre), the first integrals linked to symmetries are given. In this Section,
the classical concepts of vector calculus on an Euclidean three-dimensional vector space (scalar,
vector and mixed products) are used and their interpretation in terms of concepts such as the
adjoint or coadjoint action of the group of rotations are explained.

1.2 Further reading

Of course this text is just an introduction. Several important parts of the theory of Hamilto-
nian systems are not discussed here, for example completely integrable systems (although the
three examples presented belong to that class of systems), action-angle coordinates, monodromy,
singular reduction, the Kolmogorov-Arnold-Moser theorem, symplectic methods in Hydrody-
namics, ... To extend his knowledge of the subject, the reader can consult the books by Ralph
Abraham and Jerry Marsden [1], Vladimir Arnold [4], Vladimir Arnold and Boris Khesin [5],
Patrick Iglesias-Zemmour [33], Camille Laurent-Gengoux, Anne Pichereau and Pol Vanhaecke
[42], Yvette Kosmann-Schwarzbach (editor) [38] on both the scientific and historical aspects of
the development of modern Poisson geometry, Izu Vaisman [64].

1.3 Notations

Our notations are those which today are generally used in differential geometry. For example,
the tangent and the cotangent bundles to a smooth n-dimensional manifold M are denoted, re-
spectively, by TM and by T*M, and their canonical projections on M by Ty : TM — M and by
7y T*M — M. The space of differential forms of degree p, i.e. the space of smooth sections
of AP(T*M), the p-th exterior power of the cotangent bundle, is denoted by Q”(M). Similarly
the space of multivectors of degree p, i.e. the space of smooth sections of AP(TM), the p-th
exterior power of the tangent bundle, is denoted by A”(M). By convention QP (M) = AP(M) =0
for p <0 or p > n, and Q°(M) = A°(M) = C*(M,R). The exterior algebras of differential forms
and of multivectors are, respectively, Q(M) = @7 _QP (M) and A(M) = ®,_,AP(M). Their main
properties are briefly recalled in Section 3.2.6.

When f: M — N is a smooth map between two smooth manifolds M and N, the natural lift of
f to the tangent bundles is denoted by T f : TM — TN. The same notation T f : N°TM — \P TN
is used to denote its natural prolongation to the p-th exterior power of 7M. The pull-back by f
of a smooth differential form a € Q(N) is denoted by f*c.

When f: M — N is a smooth diffeomorphism, the push-forward f, X of a a smooth vector field
X € AY(M) is the vector field f.X € A'(N) defined by

FXG) =TF(X(F'0))), veEN.
Similarly, the pull-back of a smooth vector field ¥ € A!(N) is the vector field f*Y € A'(M)
defined by

FY) =T (Y(f(x))) . xEM.

The same notation is used for the push-forward of any smooth tensor field on M and the pull-back
of any smooth tensor field on V.



2 Symplectic manifolds

2.1 Definition and elementary properties

Definition 2.1.1. A symplectic form on a smooth manifold M is a bilinear skew-symmetric dif-
ferential form @ on that manifold which satisfies the following two properties:

¢ the form w is closed; it means that its exterior differential dw vanishes: dw = 0;

* the rank of @ is everywhere equal to the dimension of M; it means that for each point
X € M and each vector v € TyM, v # 0, there exists another vector w € T,M such that

o(x)(v,w) # 0.

Equipped with the symplectic form ®, the manifold M is called a symplectic manifold and de-
noted (M, ®). One says also that @ determines a symplectic structure on the manifold M.

2.1.2 Elementary properties of symplectic manifolds

Let (M, ®) be a symplectic manifold.

1. For each x € M and each v € T,M we denote by i(v)® : T,M — R the map w — @(x)(v,w);
it is a linear form on the vector space T,M, in other words an element of the cotangent space
T'M. Saying that the rank of @ is everywhere equal to the dimension of M amounts to say that
the map v — i(v) @ is an isomorphism of the tangent bundle 7M onto the cotangent bundle 7*M.
2. LetV be afinite-dimensional vector space, and 1 : V x V — R be a skew-symmetric bilinear
form. As above, v — i(v)n is a linear map defined on V, with values in its dual space V*. The
rank of 7 is the dimension of the image of that map. An easy result in linear algebra is that the
rank of a skew-symmetric bilinear form is always an even integer. When (M, @) is a symplectic
manifold, for each x € M that result can be applied to the bilinear form w(x) : M x TM — R,
and we see that the dimension of M must be an even integer 2n.

3.  The Darboux theorem, due to the French mathematician Gaston Darboux (1842-1917),
states that in a 2n-dimensional symplectic manifold (M, ®) any point has a neighbourhood on
which there exists local coordinates (x',...,x*") in which the (2n) x (2n)-matrix (@;;) (1 <
i, j <2n) of components of m is a constant, skew-symmetric invertible matrix. We recall that

oi—o(2L, 2
Yo oxi’dx/ )’

These local coordinates can even be chosen in such a way that

1 ifi—j=n,
wj=14 —1 ifi—j=—n, 1 <i, j<2n.

Local coordinates which satisfy this property are called Darboux local coordinates.

4.  On the 2n-dimensional symplectic manifold (M, ®), the 2n-form ®”" (the n-th exterior
power of @) is a volume form (it means that it is everywhere # 0). Therefore a symplectic
manifold always is orientable.



2.2 Examples of symplectic manifolds
2.2.1 Surfaces

A smooth orientable surface embedded in an Euclidean 3-dimensional affine space, endowed
with the area form determined by the Euclidean metric, is a symplectic manifold.

More generally, any 2-dimensional orientable manifold, equipped with a nowhere vanishing
area form, is a symplectic manifold.

2.2.2 Symplectic vector spaces

A symplectic vector space is a finite-dimensional real vector space E equipped with a skew-
symmetric bilinear form @ : E X E — R of rank equal to the dimension of E; therefore dimFE is
an even integer 2n. Considered as a constant differential two-form on E, 1 is symplectic, which
allows us to consider (E,n) as a symplectic manifold.

The canonical example of a symplectic vector space is the following. Let V be a real n-

dimensional vector space and let V* be its dual space. There exists on the direct sum V@ V* a
natural skew-symmetric bilinear form

N((x1,81), (x2,8)) = (G1,x2) — (G2, x1) -

The rank of 1 being 2n, (V & V*, 1) is a symplectic vector space.

Conversely, any 2n-dimensional symplectic vector space (E,®) can be identified with the di-
rect sum of any of its n-dimensional vector subspaces V such that the symplectic form ® vanishes
identically on V x V, with its dual space V*. In this identification, the symplectic form @ on E
becomes identified with the above-defined symplectic form 71 on V& V™.

2.2.3 Cotangent bundles

Let N be a smooth n-dimensional manifold. With the notations of 1.3 for the canonical projec-
tions of tangent or cotangent bundles onto their base manifold and for prolongation to vectors of
a smooth map, we recall that the diagram

Tr
T(T*N) —X~ TN
Tr*N ™
Y
T"N —N . N

is commutative. For each w € T(T*N), we can therefore write

T]N(W) = <TT*N(W), TTL'N(W)> .

This formula defines a differential 1-form 1y on the manifold 7*N, called the Liouville I-form.
Its exterior differential dny is a symplectic form, called the canonical symplectic form on the
cotangent bundle 7*N.

Let (x',...,x") be a system of local coordinates on N, (x!,...,x" p1,...,ps) be the corre-
sponding system of local coordinates on 7*N. The local expressions of the Liouville form ny
and of its exterior differential dny are

n . n .
T)N:Zpidxl, an:dei/\dx’.
i=1 i=1



We see that (x] yoo s XN D1y, py) 18 a system of Darboux local coordinates. Therefore any sym-
plectic manifold is locally isomorphic to a cotangent bundle.
2.2.4 The complex plane

The complex plane C is naturally endowed with a Hermitian form
N(z1,22) =z2122, z1andz € C,

where 75 is the conjugate of the complex number z,. Let us write z1 = x1 +iy1, 22 = X2 + iy2,
where x1, y1, X2, y» are real, and separate the real and imaginary parts of 1(z;,z2). We get

N(z1,22) = (x1x2 +y1y2) +i(y1x2 —y2x1) .

The complex plane C has an underlying structure of real, 2-dimensional vector space, which can
be identified with R?, each complex number z = x + iy € C being identified with (x,y) € R2. The
real and imaginary parts of the Hermitian form 1 on C are, respectively, the Euclidean scalar
product g and the symplectic form @ on R? such that

N(z1,22) = (x1x2 +y1y2) + i(yix2 — yox1)
= g((x1,31), (x2,2)) +io((x1,31), (x2,2)).

2.2.5 Kihler manifolds

More generally, a n-dimensional Kdhler manifold (i.e. a complex manifold of complex dimen-
sion n endowed with a Hermitian form whose imaginary part is a closed two-form), when con-
sidered as a real 2n-dimensional manifold, is automatically endowed with a Riemannian metric
and a symplectic form given, respectively, by the real and the imaginary parts of the Hermitian
form.

Conversely, it is not always possible to endow a symplectic manifold with a complex structure
and a Hermitian form of which the given symplectic form is the imaginary part. However, it is
always possible to define, on a symplectic manifold, an almost complex structure and an almost
complex 2-form with which the properties of the symplectic manifold become similar to those
of a Kdhler manifold (but with change of chart functions which are not holomorphic functions).
This possibility was used by Mikhail Gromov [22] in his theory of pseudo-holomorphic curves.

2.3 Remarkable submanifolds of a symplectic manifold

Definitions 2.3.1. Let (V,®) be a symplectic vector space, and W be a vector subspace of V.
The symplectic orthogonal of W is the vector subspace

orthW={veV;wo(v,w)=0forallwe W }.
The vector subspace W is said to be
* isotropic if W C orthW,
* coisotropic if W D orthw,
* Lagrangian if W = orthW,

o symplecticift W @orthW =V.



2.3.2 Properties of symplectic orthogonality

The properties stated below are easily consequences of the above definitions

1.  For any vector subspace W of the symplectic vector space (W, @), we have orth(orthW) =
w.

2. LetdimV =2n. For any vector subspace W of V, we have dim(orthW) = dimV —dimW =
2n —dimW. Therefore, if W is isotropic, dimW < n; if W is coisotropic, dimW > n; and if W is
Lagrangian, dimW = n.

3. Let W be an isotropic vector subspace of V. The restriction to W x W of the symplectic
form @ vanishes identically. Conversely, if W is a vector subspace such that the restriction of ®
to W x W vanishes identically, W is isotropic.

4. A Lagrangian vector subspace of V is an isotropic subspace whose dimension is the highest
possible, equal to half the dimension of V.

5. Let W be a symplectic vector subspace of V. Since W NorthW = {0}, the rank of the
restriction to W x W of the form @ is equal to dimW; therefore dimW is even and, equipped
with the restriction of @, W is a symplectic vector space. Conversely if, when equipped with the
restriction of @, a vector subspace W of V is a symplectic vector space, we have W GorthW =V,
and W is a symplectic vector subspace of V in the sense of the above definition.

6. A vector subspace W of V is symplectic if and only if orthW is symplectic.

Definitions 2.3.3. Let (M, ®) be a symplectic manifold. For each x € M, (T,M,®(x)) is a
symplectic vector space. A submanifold N of M is said to be

* isotropic if for each x € N, TN is an isotropic vector subspace of the symplectic vector
space (T:M,o(x)),

* coisotropic if for each x € N, TyN is a coisotropic vector subspace of (7:M, ®(x)),
* Lagrangian if for each x € N, T;N is a Lagrangian vector subspace of (TxM , a)(x)) ,

« symplectic if for each x € N, T;N is a symplectic vector subspace of (T.M, 0(x)).

2.4 Hamiltonian vector fields on a symplectic manifold

Let (M, ) be a symplectic manifold. We have seen that the map which associates to each vector
v € TM the covector i(v)® is an isomorphism from TM onto T*M. So, for any given differential
one-form @, there exists a unique vector field X such that i(X)w = . We are therefore allowed
to state the following definitions.

Definitions 2.4.1. Let (M, ®) be a symplectic manifold and f : M — R be a smooth function.
The vector field Xy which satisfies
(X))o =—df

is called the Hamiltonian vector field associated to f. The function f is called a Hamiltonian for
the Hamiltonian vector field X.

A vector field X on M such that the one-form i(X) is closed,
di(Q) =0,

is said to be locally Hamiltonian.



Remarks 2.4.2. The function f is not the unique Hamiltonian of the Hamiltonian vector field
Xy: any function g such that i(X;)® = —dg is another Hamiltonian for X ;. Given a Hamiltonian
f of Xy, a function g is another Hamiltonian for X if and only if d(f — g) = 0, or in other words
if and only if f — g keeps a constant value on each connected component of M

Of course, a Hamiltonian vector field is locally Hamiltonian. The converse is not true when
the cohomology space H' (M, R) is not trivial.

Proposition 2.4.3. On a symplectic manifold (M, ®), a vector field X is locally Hamiltonian if
and only if the Lie derivative L(X)® of the symplectic form @ with respect to X vanishes:

L(X)o=0.

The bracket [X,Y] of two locally Hamiltonian vector fields X and Y is Hamiltonian, and has
as a Hamiltonian the function ®(X,Y).

Proof. The well known formula which relates the the exterior differential d, the interior product
i(X) and the Lie derivative £(X) with respect to the vector field X

L(X)=i(X)d+di(X)
proves that when X is a vector field on a symplectic manifold (M, ®)
L(X)ow=di(X)o,

since d®w = 0. Therefore i(X)w is closed if and only if £(X)w = 0.
Let X and Y be two locally Hamiltonian vector fields. We have

i(X,Y)o=LX)i(Y)o—i(Y)L(X)w
=L(X)i(Y)o»
= (i(X)d+di(X))i(Y)w
=di(X)i(Y)w
=—d(0(X,Y)),
which proves that @(X,Y’) is a Hamiltonian for [X,Y]. O

2.4.4 Expression in a system of Darboux local coordinates

Let (x',...,x*") be a system of Darboux local coordinates. The symplectic form @ can be locally
writen as

dxX"Adx,
1

n
W =
i=
so we see that the Hamiltonian vector field X associated to a smooth function f can be locally

written as

Y N Y

Xf= Z{ I 9l O ot
1=

A smooth curve @ drawn in M parametrized by the real variable ¢ is said to be a solution of the
differential equation determined by Xy, or an infegral curve of Xy, if it satisfies the equation,
called the Hamilton equation for the Hamiltonian f,

do(1)
dr

=Xr(9(1))-

8



Its local expression in the considered system of Darboux local coordinates is

' af

E_axn—i-i’ .
dx"+i__8_f (1<i<n).
de 9xi’

Definition 2.4.5. Let & : N — N be a diffeomorphism of a smooth manifold N onto itself. The
canonical lift of ® to the cotangent bundle is the transpose of the vector bundles isomorphism
T(® ') =(T®)"': TN — TN. In other words, denoting by ® the canonical lift of ® to the
cotangent bundle, we have forallx e N, { € TN and v € Tq,(x)N ,

(@(§).v) = (&.(T®) "' (v)).

Remark 2.4.6. With the notations of Definition 2.4.5, we have my o d=7Po N .

2.4.7 The flow of a vector field

Let X be a smooth vector field on a smooth manifold M. We recall that the reduced flow of X is
the map &, defined on an open subset Q of R x M and taking its values in M, such that for each
x € M the parametrized curve 7 — (1) = ®(t,x) is the maximal integral curve of the differential
equation

dr
which satisfies ¢(0) = x. For each t € R, the set D; = {x € M; (t,x) € Q} is an open subset of M
and when Dy is not empty the map x — ®;(x) = ®(¢,x) is a diffeomorphism of D; onto D_;.

Definitions 2.4.8. Let N be a smooth manifold, 7N and T*N be its tangent and cotangent bun-
dles, Ty : TN — N and 7wy : T*N — N be their canonical projections. Let X be a smooth vector
field on N and {®¥ ;7 € R} be its reduced flow.

1. The canonical lift of X to the tangent bundle TN is the unique vector field X on TM whose
reduced flow {®X ;r € R} is the prolongation to vectors of the reduced flow of X. In other words,
foreachr € R,

OX = TPX,
therefore, foreachv e TN,
— d
X(v) = a(T@f((v)) }t:O .

2.  The canonical lift of X to the cotangent bundle T*N is the unique vector field X on T*M

whose reduced flow {CD? ;t € R} is the lift to the cotangent bundle of the reduced flow {®X ;r €
R} of X. In other words, for each 1 € R,

o~

o = o

Y

therefore, for each & € T*N,
d

X@) - a(q)g((é)) }t:O :
Remark 2.4.9. Let X be a smooth vector field defined on a smooth manifold N. Its canonical lift
X to the tangent bundle TN (2.4.8) is related to the prolongation to vectors TX : TN — T(TN)
by the formula

X = kyoTX,
where Ky : T(TN) — T(TN) is the canonical involution of the tangent bundle to TN (see [63]).

9



Proposition 2.4.10. Let @ : N — N be a diffeomorphism of a smooth manifold N onto itself and
O : T*N — T*N the canonical lift of ® to the cotangent bundle. Let Ny be the Liouville form on
T*N. We have

D1y =1 .
Let X be a smooth vector field on N, and X be the canonical lift of X to the cotangent bundle.

We have R
LX) (ny) =

Proof. Let§ € T*N and v € T¢(T*N). We have
O Ny (V) = v (T®()) = (T7n 0 TB(V), Tan o T(v)) .
But Tp+y 0 Td = Do Tr+«n and Ty o T = T (my O&J) =T (®Pomy). Therefore
D Ny (v <CI>orT*N( ), T(®omy)(v)) = {trn(v),Tan(v)) = nn(v

since ® = (Td 7. Now let X be a smooth vector field on N, {®X;t € R} be its reduced flow,
and X be the canonical lift of X to the cotangent bundle. We know that the reduced flow of X is

{CI)f( ;t € R}, so we can write

Since Cth} N = Ny does not depend on 7, £(X)ny = 0. O

The following Proposition, which presents an important example of Hamiltonian vector field
on a cotangent bundle, will be used when we will consider Hamiltonian actions of a Lie group
on its cotangent bundle.

Proposition 2.4.11. Let N be a smooth manifold, T*N be its cotangent bundle, Ny be the Liou-
ville form and dny be the canonical symplectic form on T*N. Let X be a smooth vector field on
N and fx : T*N — R be the smooth function defined by

fx(&)= <€,X(7rzv(é§))>, ECT*N.

On the symplectic manifold (T*N,dny), the vector field X, canonical lift to T*N of the vector
field X on N in the sense defined above (2.4.8), is a Hamiltonian field which has the function fx
as a Hamiltonian. In other words

i(X)dny = —dfx.
Moreover,

fx =i(X)ny
Proof. We have seen (Proposition 2.4.10) that L()/(\ )Nn = 0. Therefore

i(X)dny = £(X)ny —di(X)ny = —di(X)nw,

which proves that X is Hamiltonian and admits 1()/(\ )Ny as Hamiltonian. For each £ € T*N

i(R)v(&) = v (R)(&) = (&, Tan (R(8)) ) = (&.X (m() ) = fx(€). T

10



2.5 The Poisson bracket

Definition 2.5.1. The Poisson bracket of an ordered pair (f,g) of smooth functions defined on
the symplectic manifold (M, @) is the smooth function { f, g} defined by the equivalent formulae

{f. g} =i(Xyp)dg = —i(X,)df = o(Xs,X,),

where X; and X, are the Hamiltonian vector fields on M with, respectively, the functions f and g
as Hamiltonian.

Lemma 2.5.2. Let (M,®) be a symplectic manifold, let f and g be two smooth functions on
M and let Xy and X, be the associated Hamiltonian vector fields. The bracket [Xr,X| is a
Hamiltonian vector field which admits { f,g} as Hamiltonian.

Proof. This result is an immediate consequence of Proposition 2.4.3. O

Proposition 2.5.3. Let (M, ®) be a symplectic manifold. The Poisson bracket is a bilinear com-
position law on the space C*(M,R) of smooth functions on M, which satisfies the following
properties.

1. It is skew-symmetric: {g,f} = —{f,g}-

2. It satisfies the Leibniz identity with respect to the ordinary product of functions:

{f.gh}t ={f.g}h+g{f.n}.
3. It satisfies the Jacobi identity, which is a kind of Leibniz identity with respect to the Poisson

bracket itself:
{file.ny} ={{fg}.h}+{g.{f h}}.

which can also be written, when the skew-symmetry of the Poisson bracket is taken into account,

{{£.83h} +{{g.n}. f}+{{h.f}.8} =0.
Proof. The proofs of Properties (i) and (ii) are very easy and left to the reader. Let us proove
Property (iii).

We have
{{f.8}.h} = 0(X(y o). Xp) = —i(X(y 0))i(Xp) 0 = i(X(f gy )dh.

By Lemma 2.5.2, X{¢ r = [Xf,X,] so we have

{{f,8} 1} =i([X5, Xc])dh = L ([Xp, X,] ).
We also have

Taking the sum of these three terms, and taking into account the identity
L([X,Xe]) = £(Xy) 0 £(Xg) — £(Xg) 0 £(Xy),

we see that the Jacobi identity is satisfied. L

11



Remarks 2.5.4.
1. Inasystem of Darboux local coordinates (x',...,x*"), the Poisson bracket can be written

_y [ 9f dg Idf dg
{f:g}—i;<axn+iﬁ ﬁaxnﬁ' .

2. Let H be a smooth function on the symplectic manifold (M, ®), and Xy be the associaled
Hamiltonian vector field. By using the Poisson bracket, one can write in a very concise way
the Hamilton equation for Xy. Let 7 — ¢(¢) be any integral curve of Xy. Then for any smooth
function f: M — R

df (e(1))
dr

By succesively taking for f the coordinate functions x
coordinates, we recover the equations

={H,f}(o(1)).

L. x*"of a system of Darboux local

d  oJH
dx”(iti 8)2'; (1<i<n).
i o

3 Poisson manifolds

3.1 The inception of Poisson manifolds

Around the middle of the XX-th century, several scientists felt the need of a frame in which
Hamiltonian differential equations could be considered, more general than that of symplectic
manifolds. Paul Dirac for example proposed such a frame in his famous 1950 paper Generalized
Hamiltonian dynamics [17, 18].

In many applications in which, starting from a symplectic manifold, another manifold is built
by a combination of processes (products, quotients, restriction to a submanifold, .. .), there exists
on that manifold a structure, more general than a symplectic structure, with which a vector field
can be associated to each smooth function, and the bracket of two smooth functions can be
defined. It was also known that on a (odd-dimensional) contact manifold one can define the
bracket of two smooth functions.

Several generalizatons of symplectic manifolds were defined and investigated by André Lich-
nerowicz during the years 1975-1980. He gave several names to these generalizations: canoni-
cal, Poisson, Jacobi and locally conformally symplectic manifolds [45, 46].

In 1976 Alexander Kirillov published a paper entitled Local Lie algebras [35] in which he
determined all the possible structures on a manifold allowing the definition of a bracket with
which the space of smooth functions becomes a local Lie algebra. Local means that the value
taken by the bracket of two smooth functions at each point only depends of the values taken by
these functions on an arbitrarily small neighbourhood of that point. The only such structures
are those called by Lichnerowicz Poisson structures, Jacobi structures and locally conformally
symplectic structures.

In what follows we will mainly consider Poisson manifolds.

12



3.2 Definition and structure of Poisson manifolds

Definition 3.2.1. A Poisson structure on a smooth manifold M is the structure determined by a
bilinear, skew-symmetric composition law on the space of smooth functions, called the Poisson
bracket and denoted by (f,g) — {f, g}, satisfying the Leibniz identity

{f.gh} ={f,gth+g{f h}

and the Jacobi identity

{{f.8}.h}+{{g.n}, f} +{{h.f}.g} =0.
A manifold endowed with a Poisson structure is called a Poisson manifold.

Proposition 3.2.2. On a Poisson manifold M, there exists a unique smooth bivector field A,
called the Poisson bivector field of M, such that for any pair (f,g) of smooth functions defined
on M, the Poisson bracket { f,g} is given by the formula

{f,8} =A(df,dg).

Proof. The existence, uniqueness and skew-symmetry of A are easy consequences of the the
Leibniz identity and of the skew-symmetry of the Poisson bracket. It does not depend on the
Jacobi identity. ]

Remark 3.2.3. The Poisson bivector field A determines the Poisson structure of M, since it
allows the calculation of the Poisson bracket of any pair of smooth functions. For this reason a
Poisson manifold M is often denoted by (M, A).

Definition 3.2.4. Let (M, A) be a Poisson manifold. We denote by A : T*M — TM the vector
bundle homomorphism such that, for each x € M and each o € T;"M, A*(«) is the unique element
in T,M such that, for any 8 € T; M,

(B, A (@)) = Ala, B).

The subset C = Af(T*M) of the tangent bundle TM is called the characteristic field of the Poisson
manifold (M, A)

The following theorem, due to Alan Weinstein [66], proves that, loosely speaking, a Poisson
manifold is the disjoint union of symplectic manifolds, arranged in such a way that the union is
endowed with a differentiable structure.

Theorem 3.2.5. Let (M,A) be a Poisson manifold. lIts characteristic field C is a completely
integrable generalized distribution on M. It means that M is the disjoint union of immersed
connected submanifolds, called the symplectic leaves of (M, A), with the following properties: a
leaf S is such that, for each x € S, T,.S = T.M N C; moreover, S is maximal in the sense that any
immersed connected submanifold S' containing S and such that for each x € S', T,S' = TM NC,
is equal to S.

Moreover, the Poisson structure of M determines, on each leaf S, a symplectic form ®s, such
that the restriction to S of the Poisson bracket of two smooth functions defined on M only depends
on the restrictions of these functions to S, and can be calculated as the Poisson bracket of these
restrictions, using the symplectic form ws.

The reader may look at [66] or at [44] for a proof of this theorem.
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3.2.6 The Schouten-Nijenhuis bracket

Let M be a smooth n-dimensional manifold. We recall that the exterior algebra Q(M) of differ-
ential forms on M is endowed with an associative composition law, the exterior product, which
associates to a pair (1, §), with n € QP (M) and § € Q4(M) the form n A § € QPT4(M), with the
following properties.

1. When p =0, n € Q°(M) = C*(M,R); the exterior product A { is the usual product ¢ of
the differential form { of degree ¢ by the function 1.

2. The exterior product satisfies
EAn=(-1MnAC.

3. When p > 1 and ¢ > 1, n A { evaluated on the p 4 g vector fields v; ¢ A'(M) (1 <i < p+q)
is expressed as

AL vpag) = ), €0Mo(1)s-- Vo) Vo(pit)-- - Vo(pia))

TES(p.q)
We have denoted by §(,, ;) the set of permutations o of {1,...,p+q} which satisfy
o(l)<o(2)<---<o(p) and o(p+1)<o(p+2)<---<o(p+q),

and set

e(o) =

1 if o is even,
—1 if oisodd.

The exterior algebra Q(M) is endowed with a linear map d : Q(M) — Q(M) called the exterior
differential, with the following properties.
1. The exterior differential d is a graded map of degree 1, which means that d(QI’ (M )) C
QP (M).
2. Tt is a derivation of the exterior algebra Q(M), which means that when n € QP(M) and
§ € Qi(M),

dnAg) = (dmAg+(=1)nAdg.
3. It satisfies
dod=0.

Similarly, the exterior algebra A(M) of smooth multivector fields on M is endowed with an
associative composition law, the exterior product, which associates to a pair (P,Q), with P €
AP(M) and Q € A4(M), the multivector field P A Q € APT9(M). 1t is defined by the formulae
given above for the exterior product of differential forms, the only change being the exchange of
the roles of QP(M) and A”(M). Its properties are essentially the same as those of the exterior
product of differential forms.

There is a natural pairing of elements of same degree in A(M) and in Q(M). It is first defined
for decomposable elements: let n =N A--- AN, € QP(M)and P =X A--- ANX, € AP(M). We
set

(n, P) = det((n:,X;)) -
Then this pairing can be uniquely extended to Q7 (M) x AP(M) by bilinearity.

With any P € A”(M) we can associate a graded endomorphism i(P) of the exterior algebra of
differential forms Q(M), of degree —p, which means that when n € Q4(M), i(P)n € QI"P(M).
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This endomorphism, which extends to multivector fields the interior product of forms with a
vector field, is determined by the formula, in which P € AP(M), n € Q4(M) and R € AT"P(M),

((Pn.R) = (~1)"~VP (0, PA Q).

Besides the exterior product, there exists on the graded vector space A(M) of multivector fields
another bilinear composition law, which naturally extends to multivector fields the Lie bracket of
vector fields. It associates to P € AP(M) and Q € A9(M) an element denoted [P, Q] € AP+ 4~ 1(M),
called the Schouten-Nijenhuis bracket of P and Q. The Schouten-Nijenhuis bracket [P, Q] is de-
fined by the following formula, which gives the expression of the corresponding graded endo-
morphism of Q(M),

i(1P.0)) = [[i(p).d].i(0)]
The brackets in the right hand side of this formula are the graded commutators of graded en-

domorphisms of Q(M). Let us recall that if E| and E, are graded endomorphisms of Q(M) of
degrees e and e; respectively, their graded commutator is

[E\,E] = Ey 0 Ey — (—1)12E5 0 E .

The following properties of the Schouten-Nijenhuis bracket can be deduced from the above for-
mulae.

1. For f and g € A°(M) = C*(M,R), [f,g] =0.
2. For a vector field V € A'(M), g € Z and Q € A9(M), the Schouten-Nijenhuis bracket [V, Q] is
the Lie derivative £(V)(Q).

3. For two vector fields V and W € A' (M, E), the Schouten-Nijenhuis bracket [V, W] is the usual
Lie bracket of these vector fields.

4. Forall pand g € Z, P € AP(M), Q € A1(M),

[P,Q] = —(—1)r=DleD[g p].

5. Let p € Z, P € AP(M). The map Q — [P,Q] is a derivation of degree p — 1 of the graded
exterior algebra A(M). In other words, for ¢; and ¢» € Z, Q| € A?" (M) and Q, € A®2(M),

[P,O1AQy) = [P,O1]AQ2+ (—1)P~ D919, A[P,Qy)].

6. Let p,gand r € Z, P € AP(M), Q € A9(M) and R € A”(M). The Schouten-Nijenhuis bracket
satisfies the graded Jacobi identity

(=)= DDIP O] R] +(— 1)" V=10, R),P]
+ (=1 VD[R, P, 0]
=0.

For more information about the Schouten-Nijenhuis bracket, the reader may look at [40] or [49].

Proposition 3.2.7. Let A be a smooth bivector field on a smooth manifold M. Then A is a Poisson
bivector field (and (M, A) is a Poisson manifold) if and only if [A,A] =0

Proof. We define the vector bundle homomorphism A’ : T*M — TM by setting, for all x € M, o
and B € T;' M,
(B, A*(a)) = A, B).
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For any pair (f,g) of smooth functions we set

Xp=Adf), {f.g}=i(Xy)(dg)=A(df.dg).

This bracket is a bilinear skew-symmetric composition law on C*(M,R) which satisfies the
Leibniz identity. Therefore A is a Poisson bivector field if and only if the above defined bracket
of functions satisfies the Jacobi identity.

Let f, g and i be three smooth functions on M. We easily see that Xy and {f,g} can be
expressed in terms of the Schouten-Nijenhuis bracket. Indeed we have

_[A7f]:_[f7A]7 {fag}: [[A7f]7g}
Therefore

{{f.g},h} =

A1 f1.g]]

By using the graded Jacobi identity satisfied by Schouten-Nijenhuis bracket, we see that

(A 18,718 = [l AL LA AT +2[ [[A,A), 18]

Using the equalities Xy = —[A, f] = —[f,A] and X, = —[A, g] = —[g,A] we obtain

{rrghh} = (XX 0] +2| | [[AA]£] 8]

= L([Xr, Xg] ) +2

“[A,A],f},g},h] .
On the other hand, we have
{{g.h},f} =—L(Xp) o L(Xg)h, {{h.f}.8} =L(Xg)0L(Xp)h.
Taking into account the equality
L([Xr, X)) = £(Xy) 0 £(Xg) — L£(X,) 0 £(X5)

we obtain

{{F:81: 0} + {{e.h}. £+ {{h. f}. g} =2

[[[A,A],f],g},h] .
By using the formula which defines the Schouten-Nijenhuis bracket, we check that for any P €
A3 (M)
[IP.f].8).h| = P(df,dg.dh).
Therefore
{{r.8h.h} +{{g.n}.f} +{{h.f}.8} =2[A,Al(df,dg.dh),
so A is a Poisson bivector field if and only if [A,A] = 0. O
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3.3 Some properties of Poisson manifolds

Definitions 3.3.1. Let (M, A) be a Poisson manifold.

1.  The Hamiltonian vector field associated to a smooth function f € C*(M,R) is the vector
field Xy on M defined by

Xp = A (df).
The function f is called a Hamiltonian for the Hamiltonian vector field X.
2. A Poisson vector field is a vector field X which satisfies

LX)A=0.

Example 3.3.2. On a symplectic manifold (M, ) we have defined the Poisson bracket of smooth
functions. That bracket endows M with a Poisson structure, said to be associated to its symplectic
structure. The Poisson bivector field A is related to the symplectic form w by

Adf,dg) = o(Xy,X,), fandgeC”(M,R).
The map A? : T*M — TM such that, for any x € M, o and B € T*M,
(B, A*(a) = A, B)
is therefore the inverse of the map @’ : TM — T*M such that, for anyxeM,vandw € T\M,

<a)b(v),w> =—(i(v)o,w) = o(w,v).

Hamiltonian vector fields for the symplectic structure of M coincide with Hamiltonian vector
fields for its Poisson structure. The Poisson vector fields on the symplectic manifold (M, w) are
the locally Hamiltonian vector fields. However, on a general Poisson manifold, Poisson vector
fields are more general than locally Hamiltonian vector fields: even restricted to an arbitrary
small neighbourhood of a point, a Poisson vector field may not be Hamiltonian.

Remarks 3.3.3.

1.  Another way in which the Hamiltonian vector field X, associated to a smooth function f
can be defined is by saying that, for any other smooth function g on the Poisson manifold (M, A),

i(Xy)(dg) ={f.g}-

2. A smooth function g defined on the Poisson manifold (M, A) is said to be a Casimir if for
any other smooth function 4, we have {g,h} = 0. In other words, a Casimir is a smooth function
g whose associated Hamiltonian vector field is X, = 0. On a general Poisson manifold, there may
exist Casimirs other than the locally constant functions.

3. A smooth vector field X on the Poisson manifold (M, A) is a Poisson vector field if and only
if, for any pair (f, g) of smooth functions,

LX) ({f8}) ={LX)f e} +{f, £L(X)g}-
Indeed we have

LX) ({f.g}) = L(X)(A(df,dg))
L(X(A))(df,dg)+A(L(X)(df),dg) +A(df, £(X)(dg))
(X)(A)(df,dg) +{L(X)f, g} +{f. L(X)g}.
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3. Any Hamiltonian vector field X is a Poisson vector field. Indeed, if f is a Hamiltonian for
Xy, g and h two other smooth functions,we have according to the Jacobi identity

L(Xf) ({g7h}) = {fv {gvh}} = {{f?g}vh} + {g7 {f?h}}
= {L(Xy)g,h} +{g,L(Xp)h}.

4.  Since the characteristic field of the Poisson manifold (M, A) is generated by the Hamiltonian
vector fields, any Hamiltonian vector field is everywhere tangent to the symplectic foliation. A
Poisson vector field may not be tangent to that foliation.

Proposition 3.3.4. Let (M,A) be a Poisson manifold, H € C*(M,R) be a smooth function
and Xy = AY(dH) € AY(M) be the associated Hamiltonian vector field. A smooth function
g € C*(M,R) keeps a constant value on each integral curve of Xp if and only if {H,g} =0
identically. Such a function g is said to be a first integral of Xg.

A specially important first integral of Xy, called the energy first integral, is the Hamiltonian H.

Proof. Let ¢ : I — M be an integral curve of Xy, defined on an open interval / of R. For each

rel d
gggt) = Xu(9(1)) -
The function g o ¢ is smooth and satisfies
A2 i) ds) (0(0) = (.} (010))

digon)t) _,

Since [ is connected, g o ¢ keeps a constant value if and only if, for each r € I,

t
and the above equality proves that such is the case if and only if {H,g} (¢(t)) = 0. The indicated
result follows from the fact that for any point x € M, there exists an integral curve ¢ : I — M of
Xy and an element 7 in [ such that ¢(7) = x.

The skew-symmetry of the Poisson bracket implies {H,H} = 0, therefore the Hamiltonian H
is a first integral of Xp. U

Remark 3.3.5. Some Hamiltonian mechanical systems encountered in Mechanics, defined on
a Poisson manifold (M, A), have as Hamiltonian a smooth function A defined on R x M rather
than on the manifold M. Such a function H is said to be a time-dependent Hamiltonian. The
associated Hamiltonian vector field Xy is no more an ordinary vector field on M, i.e. a smooth
map M — TM wich associates to each x € M an element in 7. M, but rather a time-dependent
vector field, i.e. a smooth map Xy : R x M — TM such that, for each t € R and each x € M
Xu(t,x) € TyM. For each fixed value of ¢ € R, the map x — Xp (¢, x) is the Hamiltonian vector
field on M whose Hamiltonian is the function H; : M — R, defined by

H;(x)=H(t,x), xEM.

Therefore
Xu(t,x) = A*(dH,)(x), x€M,t€eR.

A smooth parametrized curve ¢ : I — M, defined on an open interval / of R, is an integral curve
of the time-dependent vector field Xy if for each ¢ € [ it satisfies the non-autonomous differential
equation
do(7)
dr

=Xu(t, ().
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The time-dependent Hamiltonian H : R x M — R is no more a first integral of X since, for each
integral curve ¢ : I — M of Xy and each t € I,
d(Hoo)(r) OH(t,9(1))

dr - ot

Proposition 3.3.6. Let (M|, A1) and (M, A2) be two Poisson manifolds and let ¢ : My — M, be
a smooth map. The following properties are equivalent.

1. For any pair (f,g) of smooth functions defined on M,
{go*fv (P*g}Ml = QD*{fag}Mz .

2. For any smooth function f € C*(M,,R) the Hamiltonian vector fields Ag(a’ f) on My and
Aq (d (fo (p)) on My are @-compatible, which means that for each x € M

Tp (AT (o @)()) = A5 (df (0())

3. The bivector fields A1 on M| and Ay on M are @-compatible, which means that for each
x e M

Lo (A1 (x) = Aa(p(x)) -
A map @ : My — My which satisfies these equivalent properties is called a Poisson map.
Proof. Let f and g be two smooth functions defined on M. For each x € M;, we have
{97 f,0"8m, (x) = {f o @809} (x) = Ai(x) (d(f o @) (x),d(g0 @) (x))
= (d(gog) (). A} (d(f o 0(x)) ).
We have also

0" {F.8hm () = {8 (0())
— (dg(p(x)),A3(df (9()) )

These formulae show that Properties 1 and 2 are equivalent.

We recall that qu)(Al (x)) is, by its very definition, the bivector at ¢(x) € M, such that, for
any pair (f,g) of smooth functions on M,

T (A1) (47 (9(4)). dg(@(x)) ) = A1 (d(f 0 9)(x).d(g0 9)(x)) .
The above equalities therefore prove that Properties 2 and 3 are equivalent. U

Poisson manifolds often appear as quotients of symplectic manifolds, as indicated by the fol-
lowing Proposition, due to Paulette Libermann [43].

Proposition 3.3.7. Let (M, ®) be a symplectic manifold and let ¢ : M — P be a surjective sub-
mersion of M onto a smooth manifold P whose fibres are connected (it means that for eachy € P,
¢~ (y) is connected). The following properties are equivalent.

1. On the manifold M, the distribution orth(ker T @) is integrable.
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2. For any pair (f,g) of smooth functions defined on P, the Poisson bracket {f o @,go @} is
constant on each fibre ¢~ '(y) of the submersion ¢ (with'y € P).

When these two equivalent properties are satisfied, there exists on P a unique Poisson structure
for which ¢ : M — P is a Poisson map (the manifold M being endowed with the Poisson structure
associated to its symplectic structure).

Proof. On the manifold M, kerT ¢ is a an integrable distribution of rank dimM — dim P whose
integral submanifolds are the fibres of the submersion ¢. Its symplectic orthog(onal orth(ker 7 ¢)
is therefore a distribution of rank dim P. Let f and g be two smooth functions defined on M,. On
M;, the Hamiltonian vector fields X ., and X, take their values in orth(ker7'¢). We have

[Xfops Xgop] = X{fop,gop} -

Therefore [Xfop,Xgop) takes its values in orth(ker T'¢) if and only if the function {fo @,go @} is
constant on each fibre ¢! (y) of the submersion ¢. The equivalence of Properties 1 and 2 easily
follows.

Let us now assume that the equivalent properties 1 and 2 are satisfied. Since the map ¢ : M — P
is a submersion with connected fibres, the map which associates to each function f € C*(M,,R)
the function f o @ is an isomorphism of C*(M,,R) onto the subspace of C*(M;,R) made by
smooth functions which are constant on each fibre of ¢. The existence and unicity of a Poisson
structure on M; for which ¢ is a Poisson map follows. U

Remark 3.3.8. Poisson manifolds obtained as quotients of symplectic manifolds often come by
pairs. Let us assume indeed that (M, @) is a symplectic manifold and that the above Proposition
can be applied to a smooth surjective submersion with connected fibres ¢ : M — P, and defines
a Poisson structure on P for which ¢ is a Poisson map. Since orth(ker7'¢) is integrable, it
defines a foliation of M, which is said to be simple when the set of leaves Q of that foliation
has a smooth manifold structure such that the map v : M — Q, which associates to each point
in M the leaf through this point, is a submersion. Then the maps ¢ : M — Pand y: M — Q
play similar parts, so there exists on Q a unique Poisson structure for which y is a Poisson map.
Alan Weinstein [66] has determined the links which exist between the local structures of the two
Poisson manifolds P and Q at corresponding points (that means, at points which are the images
of the same point in M by the maps ¢ and y).

Several kinds of remarkable submanifolds of a Poisson manifold can be defined [66]. The most
important are the coisotropic submanifolds, defined below.

Definition 3.3.9. A submanifold N of a Poisson manifold (M, A) is said to be coisotropic if for
any point x € N and any pair (f,g) of smooth functions defined on a neighbourhood U of x in M
whose restrictions to U NN are constants, the Poisson bracket { f,g} vanishes on U NN.

3.4 Examples of Poisson manifolds
3.4.1 Symplectic manifolds

We have seen above that any symplectic manifold is a Poisson manifold.
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3.4.2 Dual spaces of finite-dimensional Lie algebras

Let G be a finite-dimensional Lie algebra, and G* its dual space. The Lie algebra G can be
considered as the dual of §*, that means as the space of linear functions on §*, and the bracket
of the Lie algebra G is a composition law on this space of linear functions. This composition law
can be extended to the space C*(5*,IR) by setting

{£,8}() = (x. [0f(0).dg(x)] ), fand geC(§"R), xeG".

This bracket on C*(G*,R) defines a Poisson structure on §*, called its canonical Poisson struc-
ture. It implicitly appears in the works of Sophus Lie, and was rediscovered by Alexander Kir-
illov [34], Bertram Kostant [39] and Jean-Marie Souriau [60]. Its existence can be seen as an
application of Proposition 3.3.7. Let indeed G be the connected and simply connected Lie group
whose Lie algebra is §. We know that the cotangent bundle 7*G has a canonical symplectic
structure. One can check easily that for this symplectic structure, the Poisson bracket of two
smooth functions defined on 7*G and invariant with respect to the lift to 7*G of the action of G
on itself by left translations, is too invariant with respect to that action. Application of Proposi-
tion 3.3.7, the submersion ¢ : T*G — G* being the left translation which, for each g € G, maps
Tg*G onto 7,/G = G*, yields the above defined Poisson structure on §*. If instead of translations
on the left, we use translation on the right, we obtain on §* the opposite Poisson structure. This
illustrates Remark 3.3.8, since, as we will see later, each one of the tangent spaces at a point
& € T*G to the orbits of that point by the lifts to 7*G of the actions of G on itself by translations
on the left and on the right, is the symplectic orthogonal of the other.

The symplectic leaves of §* equipped with the above defined Poisson structure are the coad-
joint orbits.

3.4.3 Symplectic cocycles

A symplectic cocycle of the Lie algebra G is a skew-symmetric bilinear map ©:Gx G — R which
satisfies B B B
O([X,Y],Z2) +0O([Y,Z],X)+©([Z,X],Y) =0.

The above defined canonical Poisson structure on §* can be modified by means of a symplectic
cocycle ® by defining the new bracket (see for example [44])

1£:8}600) = (x [df(x),dg(x)] ) — B(df (x), dg(x)

where f and g € C*(9*,R), x € §*. This Poisson structure is called the modified canonical
Poisson structure by means of the symplectic cocycle ®. We will see in Section 4.5 that the
symplectic leaves of §* equipped with this Poisson structure are the orbits of an affine action

whose linear part is the coadjoint action, with an additional term determined by ®.

4 Symplectic, Poisson and Hamiltonian actions

4.1 Actions on a smooth manifold

Let us first recall some definitions and facts about actions of a Lie algebra or of a Lie group on a
smooth manifold.
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Definition 4.1.1. An action on the left (resp. an action on the right) of a Lie group G on a smooth
manifold M is a smooth map ® : G x M — M (respectively, ¥ : M x G — M) such that, for any
x €M, gy and g, € G, e € G being the neutral element,

* for an action on the left
¢(g1,‘b(82,x)) :q)(glg27x)7 <I>(e,x) =X,
* for an action on the right

\P(\P(xugl)?gZ) :\P(xvglg2>7 ‘P(x,e) =X.

4.1.2 Consequences

Let @ : G x M — M be an action on the left of the Lie group G on the smooth manifold M. For
each g € G, we denote by ®, : M — M the map

cbg()C) = (I)(gv)C) :

The map g — P, is a groups homomorphism of G into the group of smooth diffeomorphisms of
M. In other words, for each g € G, @, is a diffeomorphism of M, and we have

Py oD, =Dy, (B,) '= gandheG.

g

Similarly, let W : M x G — M be an action on the right of the Lie group G on the smooth manifold
M. For each g € G, we denote by W, : M — M the map

Pe(x) =¥(x. ).

The map g — ¥, is a groups anti-homomorphism of G into the group of smooth diffeomorphisms
of M. In other words, for each g € G, ¥, is a diffeomorphism of M, and we have

Yo, =T, (¥,) '=¥ gandheG.

g

Definition 4.1.3. Let ® : G x M — M be an action on the left (resp. let ¥ : M x G — M be an
action of the right) of the Lie group G on the smooth manifold M. With each element X € §=7,G
(the tangent space to the Lie group G at the neutral element) we associate the vector field X, on
M defined by

d® (exp(sX),x)

if @ is an action on the left,

= ds 5=0
X (x) d¥ (x,exp(sX)) o , .
7 0 if ¥ is an action on the right.
S s=

The vector field Xy, is called the fundamental vector field on M associated to X.

Definition 4.1.4. An action of a Lie algebra G on a smooth manifold M is a Lie algebras homo-
morphism ¢ of G into the Lie algebra A' (M) of smooth vector fields on M (with the Lie bracket
of vector fields as composition law). In other words, it is a linear map ¢ : G — A' (M) such that
for each pair (X,Y) € Gx G,

o (1X.¥]) = [p(x), 0(1)] .
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Remark 4.1.5. Let G be a Lie group. There are two natural ways in which the tangent space
T,G = G to the Lie group G at the neutral element e can be endowed with a Lie algebra structure.

In the first way, we associate with each element X € T,G the left invariant vector field X L on
G such that X%(e) = X; its value at a point g € G is X(g) = TLy(X), where Ly : G — G is
the map i +— Ly(h) = gh. We observe that for any pair (X,Y) of elements in G the Lie bracket
[XE, Y] of the vector fields X© and Y* on G is left invariant, and we define the bracket [X,Y] by
setting [X,Y] = [XL,Y%](e). This Lie algebra structure on § = T,G will be called the Lie algebra
structure of left invariant vector fields on G.

In the second way, we choose the right invariant vector fields on G X R and YR, instead of the
left invariant vector fields X© and Y. Since [X®,Y%](e) = —[XL,Y%](e), the Lie algebra structure
on § = T,G obtained in this way, called the Lie algebra structure of right invariant vector fields,
is the opposite of that of left invariant vector fields. We have therefore on 7,G two opposite Lie
algebras structures, both equally natural. Fortunately, the choice of one rather than the other as
the Lie algebra G of G does not matter because the map X — —X is a Lie algebras isomorphism
between these two structures.

Proposition 4.1.6. Let © : G x M — M be an action on the left (resp. let ¥ : M x G — M be an
action on the right) of a Lie group G on a smooth manifold M. We endow G = T,G with the Lie
algebra structure of right invariant vector fields on G (resp, with the Lie algebra structure of left
invariant vector fields on G). The map ¢ : G — AY(M) (resp. y : G — A'(M)) which associates
to each element X of the Lie algebra G of G the corresponding fundamental vector field Xy, is an
action of the Lie algebra G on the manifold M. This Lie algebra action is said to be associated
to the Lie group action ® (resp. ).

Proof. Let us look at an action on the left ®. Let x € M, and let ®*: G — M be the map
g ®*(g) = P(g,x).Forany X € T,G and g € G, we have

Xor(D(g.3)) = 52 (XB(T), Ple.)) [ o= 5 P(exp(6X)g,3) |,

d
- ® Ry (exp(sX)). ) L:O: T® o TR,(X).
We see that for each X € T, G, the right invariant vector field X R on G and the fundamental vector
field Xj; on M are compatible with respect to the map ©* : G — M. Therefore for any pair (X,Y)
of elements in 7T,G, we have [X, Y]y = [Xpr, Yu]. In other words the map X > X)y is an action of

the Lie algebra § = T,G (equipped with the Lie algebra structure of right invariant vector fields
on G) on the manifold M.

For an action on the right ¥, the proof is similar, § = 7,G being this time endowed with the
Lie algebra structure of left invariant vector fields on G. U

Proposition 4.1.7. Let ® : G x M — M be an action on the left (resp. let ¥ : M x G — M be
an action on the right) of a Lie group G on a smooth manifold M. Let Xy be the fundamental
vector field associated to an element X € G. For any g € G, the direct image (®,)+(Xpr) (resp.
(W)«(Xm)) of the vector field Xy by the diffeomorphism @4 : M — M (resp. Yo : M — M) is
the fundamnetal vector field (Adg X))y associated to AdgX (resp. the fundamental vector field
(Adg-1 X)um associated to Ad,-1 X).
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Proof. Foreachxe M
(o). (Xir) (x) = T, (X (g~ )) )
=T®, (%d)(exp(sX)g_],x) }S_O)

= %(QJ(gexp(sX)gl,x)) ’S:OZ (Adg X)m(x),

since gexp(sX)g~! = exp(Adg X). The proof for the action on the right ¥ is similar. O

4.2 Linear and affine representations

In this section, after recalling some results about linear and affine transformation groups, we
discuss linear and affine representations of a Lie group or of a Lie algebra in a finite-dimensional
vector space, which can be seen as special examples of actions.

4.2.1 Linear and affine transformation groups and their Lie algebras

Let E be a finite-dimensional vector space. The set of linear isomorphisms / : E — E will be
denoted by GL(E). We recall that equipped with the composition of maps

(l],lg) — ll olz

as a composition law, GL(E) is a Lie group whose dimension is (dimE)?. Its Lie algebra, which
will be denoted by gl(E), is the set L(E, E) of linear maps f : E — E, with the commutator

(fi,fo) = [fi,fol = ficfh—frofi

as a composition law.
A map a: E — E is called an affine map if it can be written as

a(x)=1I1(x)+c, x€E,

the map [ : E — E being linear, and ¢ € E being a constant. The affine map « is invertible if and
only if its linear part / is invertible, in other words if and only if / € GL(E); when this condition
1s satisfied, its inverse is

a'yy=1""y-c), y€E.

By identifying the invertible affine map a with the pair (,¢), with [ € GL(E) and ¢ € E, the set
of invertible affine maps of E onto itself becomes identified with GL(E) x E. The composition
law and the inverse map on this product (which is called the semi-direct product of GL(E) with
E) are

(11,6‘1), (12,6‘2) — ((ll ol,l; (C2> +Cl>) , (1,6‘)_] = (l_l, —17! (C)) .

The semi-direct product Aff(E) = GL(E) x E is a Lie group whose dimension is (dimE)? +
dimE; its Lie algebra is the product aff(E) = L(E,E) x E, with the composition law

((fi,d1), (fo,d0)) = [(fisdr), (fo.do)] = (fiofo— foo fi, fi(da) — fo(dy)) .

The adjoint representation is given by the formula

Adg o ((f.d)) = (lofol ' i(d)—1lofol (d)).
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Remark 4.2.2. The finite-dimensional vector space E can be considered as a smooth manifold
on which E itself transitively acts by translations. That action determines a natural trivialization
of the tangent bundle TE, the tangent space T, E at each point x € E being identified with E. An
element a € aff(E), in other words an affine map a : E — E, can therefore be considered as the
vector field on E whose value, at each x € E, is a(x) € TyE = E. A question naturally arises: how
the bracket of two elements a; and ay € aff(E), for the Lie algebra structure of aff(E) defined
in 4.2.1, compares with the bracket of these two elements when considered as vector fields on
E? An easy calculation in local coordinates shows that the bracket [a;,a;| defined in 4.2.1 is the
opposite of the bracket of these two elements when considered as vector fields on E. Remark
4.2.8 below will explain the reason of that change of sign.

Definitions 4.2.3. Let G be a Lie group, § a Lie algebra and E a finite-dimensional vector space.

1. A linear representation (respectively, an affine representation) of the Lie group G in the
vector space E is a Lie groups homomorphism R : G — GL(E) of G in the Lie group GL(E) of
linear transformations of E (respectively, a Lie groups homomorphism A : G — Aff(E) of G in
the Lie group Aff(E) of affine transformations of E).

2. A linear representation (respectively, an affine representation) of the Lie algebra G in the
vector space E is a Lie algebras homomorphism r : G — gl(E) of the Lie algebra § in the Lie
algebra gl(E) of the group of linear transformations of E (resp, a Lie algebras homomorphism
a: G — aff(E) of the Lie algebra G in the Lie algebra aff(E) of the group of affine transformations
of E).

Examples 4.2.4. Let G be a Lie group. The adjoint representation of G is the linear repre-
sentation of G in its Lie algebra G which associates, to each g € G, the linear isomorphism
Adg € GL(9)

Ad(X) = TLgOTRg—l(X), (Xe9).

The coadjoint representation of G is the contragredient of the adjoint representation. It associates
to each g € G the linear isomorphism Ad;‘,, € GL(9"), which satisfies, for each { € G* and X € G,

(A1 (0),X) = (£, Ad, 1(X)).

The adjoint representation of the Lie algebra G is the linear representation of G into itself which
associates, to each X € G, the linear map ady € gl(9)

ady(Y)=[X,Y], (Ye€9).

The coadjoint representation of the Lie algebra G is the contragredient of the adjoint representa-
tion. It associates, to each X € G, the linear map ad* y € gl(G*) which satisfies, for each { € §*

and X € G,
(ad*x €,Y) = (C,[-X,Y]).

The adjoint representation (respectively, the coadjoint representation) of G is the Lie algebra
representation associated to the adjoint representation (respectively, the coadjoint representation)
of the Lie group G, in the sense recalled below in the proof of 4.2.7.

Proposition 4.2.5. Let G be a Lie group and E a finite-dimensional vector space. Amap A : G —
Aff(E) always can be written as

A(g)(x)=R(g)(x)+6(g), withgeG,x€E,

where the maps R : G — GL(E) and 6 : G — E are determined by A. The map A is an affine
representation of G in E if and only if the following two properties are satisfied:
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* R: G — GL(E) is a linear representation of G in the vector space E,

e the map 0 : G — E is a one-cocycle of G with values in E, for the linear representation R;
it means that 0 is a smooth map which satisfies, for all g and h € G,

6(gh) =R(g)(6(h)) +6(g).

When these two properties are satisfied, the linear representation R is called the linear part
of the affine representation A, and 0 is called the one-cocycle of G associated to the affine
representation A.

Proof. Since Aff(E) = GL(E) x E, for each g € G and x € E, we have

A(g)(x) =R(g)(x) +0(g),

where the maps R : G — GL(E) and 0 : G — E are determined by A. By comparing A(gh) and
A(g)oA(h), for g and h € G, using the composition law of Aff(E) recalled in subsection 4.2.1,
we easily check that A is an affine representation, which means that it is smooth and satisfies,
for all g and h € G, A(gh) = A(g) oA(h), and A(e) = idg, if and only if the two above stated
properties are satisfied. [

For linear and affine representations of a Lie algebra, we have the following infinitesimal ana-
logue of Proposition 4.2.5.

Proposition 4.2.6. Let G be a Lie algebra and E a finite-dimensional vector space. A linear map
a: G — off(E) always can be written as

aX)(x)=r(X)(x)+0(X), withXe§,x€E,

where the linear maps r: G — gl(E) and ©® : G — E are determined by a. The map a is an affine
representation of G in E if and only if the following two properties are satisfied:

e r: G — gl(E) is a linear representation of the Lie algebra G in the vector space E,

* the linear map ® : G — E is a one-cocycle of G with values in E, for the linear representa-
tion r; it means that © satisfies, for all X andY € §,

O([X,Y]) =r(X)(0(Y)) —r(Y)(0(X)).

When these two properties are satisfied, the linear representation r is called the linear part of
the affine representation a, and © is called the one-cocycle of G associated to the affine repre-
sentation a.

Proof. Since aff(E) = gl(E) x E = L(E,E) X E, foreach X € G and x € E, we have
a(X)(x) = r(X)(x) + 6(X),

where the linear maps r: § — gl(E) = L(E,E) and ® : § — E are determined by a. By compar-
ing a([X,Y]) and [a(X),a(Y)], for X and Y € G, using the expression of the bracket of aff(E)
recalled in subsection 4.2.1, we easily check that A is an affine representation, which means that
it is smooth and satisfies, for all X and Y € G, a([X,Y]) = [a(X),a(Y)] if and only if the two
above stated properties are satisfied. L
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Proposition 4.2.7. Let A : G — Aff(E) be an affine representation of a Lie group G in a finite-
dimensional vector space E, and G be the Lie algebra of G. Let R: G — GL(E) and 6 : G — E
be, respectively, the linear part and the associated cocycle of the affine representation A. Let
a:G — off(E) be the affine representation of the Lie algebra G associated (in the sense recalled
below in the proof) to the affine representation A : G — Aff(E) of the Lie group G. The linear
part of a is the linear representation r : G — gl(E) associated to the linear representation R :
G — GL(E), and the associated cocycle ® : G — E is related to the one-cocycle 6 : G — E by

OX)=T.0(X(e)), (X€9).

Proof. We recall that when we have a Lie groups homomorphism A : G — H of a Lie group G
into another Lie group H, the associated Lie algebras homomorphism a : § — J{ of Lie algebras
associates, to each X € G (seen as the space of left-invariant vector fields on G) the left-invariant
vector field a(X) on H whose value at the neutral element is T,A(X (e)). Let X € §. For each
t € Rand x € E, we have

A(exp(tX))(x) = R(exp(tX)) (x) + 6 (exp(1X)).
By taking the derivative of both sides of this equality with respect to #, then setting r = 0, we get
a(X)(x) = r(X)(x) + T.0(X) .

Therefore the affine representation a has r as linear part and ® = 7,0 as associated one-cocycle.
O

Remark 4.2.8. Let A : G — Aff(E) be an affine representation of a Lie group G in a finite-
dimensional vector space E. ThemapA: G X E — E,

Alg,x)=A(g)(x), g€G,x€E,

is an action on the left of G on E. Proposition 4.2.7 shows that a : § — aff(E) is a Lie algebras
homomorphism, the Lie algebra structure of aff(E) being the structure defined in 4.2.1. For
each X € G, the element a(X) € aff(E), when considered as an affine vector field on E, is the
fundamental vector field associated to X, for the action on the left A of G on E. We have seen
(4.1.6) that for an action on the left of G on E, the map which associates to each X € G the
corresponding fundamental vector field on E is a Lie algebras homomorphism of the Lie algebra
of right invariant vector fields on G into the Lie algebra of smooth vector fields on E. This
explains why, as was observed in 4.2.2, the Lie algebra structure of aff(E) defined in 4.2.1 is the
opposite of the Lie algebra structure which exists on the space of affine vector fields on E. Of
course, this remark is also valid for a linear representation R : G — GL(E), since GL(E) is a Lie
subgroup of Aff(E).

Definitions 4.2.9.

1. LetR:G — GL(E) be a linear representation of a Lie group G in a finite-dimensional
vector space E. A one-coboundary of G with values in E, for the linear representation R, is a
map 0 : G — E which can be expressed as

0(g) =R(g)(c)—c, (g€G),

where c is a fixed element in E.

2. Lerr:9 — gl(E) be alinear representation of a Lie algebra G in a finite-dimensional vector
space E. A one-coboundary of G with values in E, for the linear representation r, is a linear map
® : § — E which can be expressed as

O(X) =r(X)(c), (X€9),

where ¢ is a fixed element in E.
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Remark 4.2.10. The reader will easily check the following properties. A one-coboundary of
a Lie group G with values in a finite-dimensional vector space E for a linear representation
R:G — GL(E), automatically is a one-cocycle in the sense of 4.2.5. Similarly, a one-coboundary
of a Lie algebra G with values in E for the linear representation r : § — gl(E), automatically is a
one-cocycle of G in the sense of 4.2.6. When a Lie group one-cocycle 6 : G — E is in fact a one-
coboundary, the associated Lie algebra one-cocycle ® = 7,0 is a Lie algebra one-coboundary.

Proposition 4.2.11. Let A : G — Aff(E) be an affine representation of a Lie group G in a finite-
dimensional vector space E, R : G — GL(E) be its linear part and 0 : G — E be the associated
Lie group one-cocycle. The following properties are equivalent.

1. There exists an element ¢ € E such that, for all g € G and x € E,
A(g)(x) = R(g)(x+c) —c.
2. The one-cocycle 0 : G — E is in fact a 1-coboudary, whose expression is
6(g) = R(g)(c) —c.
Proof. Since for each g € G R(g) is linear, Property 1 can be written

A(g)(x) = R(g)(x) + (R(g)(c) —¢).

Therefore Property 1 is true if and only if 6(g) = R(g)(c) — ¢, in other words if and only if
Property 2 is true. [

The following Proposition is the infinitesimal analogue, for affine representations of a Lie
algebra, of Proposition 4.2.11.

Proposition 4.2.12. Let a : G — aff(E) be an affine representation of a Lie algebra G in a finite-
dimensional vector space E, r : G — gl(E) be its linear part and © : G — E be the associated Lie
algebra one-cocycle. The following properties are equivalent.

1. There exists an element ¢ € E such that, for all X € G and x € E,
a(X)(x) = r(X)(x+c).
2. The one-cocycle ® : G — E is in fact a 1-coboudary, whose expression is
OX)=rX)(c).
Proof. Since for each X € G r(X) is linear, Property (i) can be written
a(X)(x) = r(X)(x) +r(X)(c).

Therefore Property 1 is true if and only if (X ) = r(X)(c), in other words if and only if Property
2 is true. u

Remark 4.2.13. Let us say that an affine representation A : G — Aff(E) of a Lie group G in a
finite-dimensional vector space E is equivalent to its linear part R : G — GL(E) if there exists a
translation 7 : E — E such that, forall g € Gand x € E,

Alg)(x) =T "oR(g)oT(x).

Proposition 4.2.11 expresses the fact that the affine representation A is equivalent to its linear part
R if and only if its associated Lie group cocycle 6 is a one-coboundary. The reader will easily
formulate a similar interpretation of Proposition 4.2.12.
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Proposition 4.2.14. Let G be a connected and simply connected Lie group, R : G — GL(E) be
a linear representation of G in a finite-dimensional vector space E, and r : G — gl(E) be the
associated linear representation of its Lie algebra G. For any one-cocycle ©® : G — E of the Lie
algebra G for the linear representation r, there exists a unique one-cocycle 0 : G — E of the
Lie group G for the linear representation R such that ® = T,0, in other words, which has ® as
associated Lie algebra one-cocycle. The Lie group one-cocycle 0 is a Lie group one-coboundary
if and only if the Lie algrebra one-cocycle ® is a Lie algebra one-coboundary.

Proof. 1If 0 : G — E is a Lie group one-cocycle such that 7,0 = ® we have, for any g € G and
Xeg,

G(gexp(tX)) =0(g)+R(g) (9 (exp(tX))) .

By taking the derivative of both sides of this equality with respect to ¢, then setting t = 0, we see
that

T,0(TLy(X)) = R(g)(©(x)) ,
which proves that if it exists, the Lie group one-cocycle 6 such that 7,0 = O is unique.
For each g € G let (g) : T,G — E be the map

n(g)(X)=R(g)oO®cTL,(X), XEeT,G.

The map 1 is an E-valued differential one-form on G. Let us calculate its exterior differential
dn, which is an E-valued differential two-form on G (if the reader does not feel at ease with
E-valued differential forms on G, he can consider separately the components of 7] in a basis of
E, which are ordinary real-valued one-forms). Let X and Y be two left-invariant vector fields on
G. We have, for each g € G,

dn(g)(X(¢).¥(g)) = LX) ({n,Y)(g)) —£(¥)((n.X)(g)) — (n.[X,¥])(g)-

But
(n,Y)(g) =R(g)oO), (n,X)(g)=R(g)oOX),
therefore
) (0.7} (0) = 5 (Rgexpx)) 00(1)) | = Rig)or(x)o0(r).
Similarly
L(¥)({n.X)(g)) =R(g)or(Y)oO(X),
and

<TI7 [X,Y]>(g) =R(g) o®([X7Y]) )

Since the condition which expresses that ® is a Lie algebra one-cocycle for the linear represen-
tation r asserts that
r(X)o®)—r(Y)oO®(X)—0([X,Y]) =0,

we conclude that the one-form 7 is closed, i.e. satisfies dn = 0. Since G is assumed to be simply
connected, the one-form 1) is exact, and since G is assumed to be connected, for any g in G, there
exists a smooth parametrized curve y: [0, 7] — G such that ¥(0) = e and y(T') = g. Let us set

o= [[(42) 0
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Since 7 is exact, the right hand side of the above equality only depends on the end points y(0) = e
and y(T) = g of the parametrized curve ¥, which allows us to define 6(g) by that equality. So
defined, y: G — E is a smooth map. Its very definition shows that 7,0 = ®. If g and & are two
elements in G, let y: [0, 73] — G be a smooth parametrized curve such that 0 < 7; < T3, 7(0) =,
Y(Ty) = g and y(t2) = gh. We have

egm:ABnC%?)m:AﬂnC%?)m+7fnC%?)m.

Observe that . q ( )
2 y(t
/O n (—dt ) dt =0(g)

[0 (S50) ar=rege [“n (%—W”) dt = R(g) (6(1)),

and that

T T

which proves that 0 is a Lie group one-cocycle.

We already know that if 6 is a Lie group one-coboundary, ® = 7,0 is a Lie algebra coboundary.
Conversely let us assume that @ is a Lie algebra one-coboundary. We have, for each X € G,

where c is a fixed element in E. Let g € G and let y: [0,7] — G be a smooth parametrized curve
in G such that y(0) = e and y(T) = g. We have

e@y:[fn<9g9>dpzéﬂqﬂgyw<TL@®)fﬁg5<@dp

But by taking the derivative with respect to ¢ of the two sides of the equality

R(gexp(tX)) = R(g) o R(exp(1X))
and then setting t = 0, we see that

d

ER(y(r)) :R(y(t))or(TL( ldy—(t)) :

y))  dt

Therefore 0 is a Lie group one-coboundary since we have

6(g) = /OT dR(st(t)) (c)dt =R(g)(c) —R(e)(c) =R(g)(c) —c. [

4.3 Poisson, symplectic and Hamiltonian actions

Definitions 4.3.1.

1. Anaction ¢ of a Lie algebra G on a Poisson manifold (M, A) is called a Poisson action if for
any X € § the corresponding vector field ¢(X) is a Poisson vector field. When the Poisson man-
ifold is in fact a symplectic manifold (M, @), Poisson vector fields on M are locally Hamiltonian
vector fields and a Poisson action is called a symplectic action.
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2.  An action P (either on the left or on the right) of a Lie group G on a Poisson manifold
(M, A) is called a Poisson action when for each g € G,

(D) A=A.

When the Poisson manifold (M, A) is in fact a symplectic manifold (M, ), a Poisson action is
called a symplectic action; the fibre bundles isomorphism A? : T*M — TM being the inverse of
o’ : TM — T*M, we also can say that an action @ of a Lie group G on a symplectic manifold
(M, w) is called a symplectic action when for each g € G,

(@) 0 =0.

Proposition 4.3.2. We assume that G is a connected Lie group which acts by an action ®, either
on the left or on the right, on a Poisson manifold (M,A), in such a way that the corresponding
action of its Lie algebra G is a Poisson action. Then the action ® itself is a Poisson action.

Proof. Let X € G. For each x € M, the parametrized curve s — Py sx) (x) is the integral curve
of the fundamental vector field X;; which takes the value x for s = 0. In other words, the reduced
flow of the vector field X, is the map, defined on R x M and taking its values in M,

(va) = q)exp(sX) (x) :

According to a formula which relates inverse images of multivectors or differential forms with
respect to the flow of a vector field, with their Lie derivatives with respect to that vector field (see
for example [44], Appendix 1, section 3.4, page 351), for any sop € R

d

((@espion) (A) ()

- ((q)exp(sz)>>k (L (XM)A)> (x> =0,

§=50

since £(Xp)A = 0. Therefore for any s € R,

(Pexp(sx)) A = (Pexp(—sx) )+ A = A.

The Lie group G being connected, any g € G is the product of a finite number of exponentials,
50 (Pg)+A = A. O

4.3.3 Other characterizations of Poisson actions

Let ® be an action, either on the left or on the right, of a Lie group G on a Poisson manifold
(M, A). The reader will easily prove that the following properties are equivalent. Therefore any
of these properties can be used as the definition of a Poisson action.

1. For each g € G,
(Pg):A=A.

2. Foreach g € G and f € C*(M,R),

()« (Xy) = X@,). () -

3. Foreach g € G, ®, : M — M is a Poisson map, which means that for each pair (fi, f2) of
smooth functions on M,

{(@g)" 11, () o} = (Rg)" ({1, f2}):
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4. In the special case when the Poisson manifold (M,A) is in fact a symplectic manifold
(M, ®), for each g € G,
(Py)'0=0.

The reader will easily prove that when these equivalent properties are satisfied, the action of
the Lie algebra G of G which associates, to each X € G, the fundamental vector field Xj; on M, is
a Poisson action.

Definitions 4.3.4.
1. Anaction ¢ of a Lie algebra G on a Poisson manifold (M, A) is called a Hamiltonian action
if for every X € G the corresponding vector field ¢(X) is a Hamiltonian vector field on M.

2. Anaction @ (either on the left or on the right) of a Lie group G on a Poisson manifold (M, A)
is called a Hamiltonian action if it is a Poisson action (or a symplectic action when the Poisson
manifold (M, A) is in fact a symplectic manifold(M, @)) and if, in addition, the associated action
¢ of its Lie algebra is a Hamiltonian action.

Remarks 4.3.5.
1. A Hamiltonian action of a Lie algebra on a Poisson manifold is automatically a Poisson
action.

2. Anaction ® of a connected Lie group G on a Poisson manifold such that the corresponding
action of its Lie algebra is Hamiltonian, automatially is a Hamiltonian action.

3.  Very often, Hamiltonian actions of a Lie algebra (or of a Lie group) on the cotangent bundle
T*N to a smooth manifold N encountered in applications come from an action of this Lie algebra
(or of this Lie group) on the manifold N itself. Proposition 4.3.6 explains how an action on N
can be lifted to 7*N into a Hamiltonian action.

Proposition 4.3.6. Let ¢ : G — A'(N) be an action of a finite-dimensional Lie algebra G on
a smooth manifold N. Let ¢ : G — AI(T*N ) be the map wich associates to each X € G the
canonical lift to T*N of the vector field ¢(X) on N (2.4.8). The map ¢ is a Hamiltonian action
of G on (T*N,dny) (where Ny is the Liouville form and dny the canonical symplectic form on
T*N). For each X € G, the smooth function fx : T*N — R

fe(&) = (&0 (w(&)) ) =i(B(X))nw (&), EETN,
is a Hamiltonian for the vector field ®(X). Moreover; for each pair (X,Y) of elements in G,

{fx. frt=fixy-

Proof. Proposition 2.4.11 proves that for each X € G the vector field ¢(X) is Hamiltonian and
admits the function fy as Hamiltonian. This Proposition also shows that fx is given by the two
equivalent expressions

fx(&) = (&.000(mv(£))) =i(P00)w(E), EeT'N.

Let (X,Y) be a pair of elements in G. Since the vector fields @(X) and ¢(Y) admit fy and fy as
Hamiltonians, Lemma 2.5.2 shows that [@(X), @(Y)] admits { fx, fy } as Hamiltonian. We have

U, fr} = £(900) fr = £((X)) 0i((1)) v =1[9(x), 5(1)| v
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since, using 2.4.10, we see that £ (@(X))nN = 0. Therefore, for each & € T*N,

{fofr}(E) = <5,TnN([¢<x>,¢<Y>J<é>)> = (& X, Yo mn(&)) = fix ) (6)

since Tty ([@(X), 9(Y)](&§)) = [X,Y]omy(&). Since { fx, fr } = fix y}» the corresponding Hamil-
tonian vector fields [go( oY } (X Y] ) are equal. In other words, @ is a Lie algebra
action of G on (T*N, an) O

Proposition 4.3.7. Let ¢ be a Hamiltonian action of a Lie algebra G on a Poisson manifold
(M,A). Let §* be the dual space of S. There exists a smooth map J : M — G* such that for each
X € G the corresponding Hamiltonian vector field Xys has the function Jx : M — R, defined by

=(J(x),X), withxeM,

as Hamiltonian.

Such amap J : M — G* is called a momentum map for the Hamiltonian Lie algebra action ¢.
When @ is the Lie algebra action associated to a Hamiltonian action ® of a Lie group G on the
Poisson manifold (M, ), J is called a momentum map for the Hamiltonian Lie group action ®.

Proof. Let (e1,...,e,) be a basis of the Lie algebra G and(e!,...,€P) be the dual basis of G*.
Since ¢ is Hamiltonian, for each i (1 <i < p) there exists a Hamiltonian J,, : M — R for the
Hamiltonian vector field ¢(e;). The map J : M — G defined by

is a momentum map for ¢. U

The momentum map was introduced by Jean-Marie Souriau [60] and, in the Lagrangian for-
malism, by Stephen Smale [58].

4.4 Some properties of momentum maps

Proposition 4.4.1. Let ¢ be a Hamiltonian action of a Lie algebra G on a Poisson manifold
(M,A), and J : M — G* be a momentum map for that action. For any pair (X,Y) € G x G, the
smooth function ®(X,Y) : M — R defined by

O(X,Y) = {Jx,Jy} —Jxy)
is a Casimir of the Poisson algebra C*(M,R), which satisfies, for all X, Y and Z € G,
O([X,Y,2) +6([Y,2].X) +O([Z,X].Y) =0. (1)

When the Poisson manifold (M, A) is in fact a connected symplectic manifold (M, ®), for any
pair (X,Y) € G x G the function ®(X,Y) is constant on M, and the map ® : G x G — R is a
skew-symmetric bilinear form, which satisfies the above identity (1).

Proof. Since Jx and Jy are Hamiltonians for the Hamiltonian vector fields ¢(X) and ¢(Y), the
Poisson bracket {Jx,Jy} is a Hamiltonian for [@(X),p(Y)]. Since ¢ : G — A'(M) is a Lie
algebras homomorphism, [@(X),@(Y)] = ¢([X,Y]), and Ji y) is a Hamiltonian for this vector
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field. We have two different Hamiltonians for the same Hamiltonian vector field. Their difference
O(X,Y) is therefore a Casimir of the Poisson algebra C*(M,R).

Let X, Y and Z be three elements in G. We have
O([X,Y],2) = {Jjxy).Jz} ~J ]

= {{Ux. Iy} —O(X,Y),Jz} |

= {{Ux,Iv}.Jz} —J[

X.Y].Z)
X.v].Z)
since @(X,Y) is a Casimir of the Poisson algebra C*(M,R). Similarly

é([Y,Z],X):{{Jy,Jz},Jx}—J[YZ]X],
0([2,X],Y) = {{Jz,Jx},Jv } — J[ x]°

Adding these three terms and using the fact that the Poisson bracket of functions and the bracket
in the Lie algebra G both satisfy the Jacobi identity, we see that ® satisfies (1).
When (M, A) is in fact a connected symplectic manifold (M, ), the only Casimirs of the

Poisson algebra C*(M,R) are the constants, and ® becomes a bilinear skew-symmetric form on
S. O

Definition 4.4.2. Under the assumptions of Proposition 4.4.1, the skew-symmetric bilinear map
0, defined on G x G and taking its values in the space of Casimirs of the Poisson algebra
C*(M,R) (real-valued when the Poisson manifold (M, A) is in fact a connected symplectic man-
ifold (M, w)), is called the symplectic cocycle of the Lie algebra G associated to the momentum
map J.

Remark 4.4.3. Under the assumptions of Proposition 4.4.1, let us assume in addition that the
Poisson manifold (M,A) is in fact a connected symplectic manifold (M, ®). The symplectic
cocycle © is then a real-valued skew-symmetric bilinear form on G. Therefore it is a symplectic
cocycle in the sense of 3.4.3. Two different interpretations of this cocycle can be given.

1. Let ® : § — G* be the map such that, forall X and Y € G
(O(X),Y)=0(X,Y).
Written for ®, Equation (1) of 4.4.1 becomes
O([X,Y]) =ad" x(O(Y)) —ad*y(©(X)), XandY €§.

The map O is therefore the one-cocycle of the Lie algebra G with values in G*, for the
coadjoint representation (4.2.4) X — ad” y of G, associated to the affine action of G on its
dual

ae(X)({) =ad’x({)+O(X), Xe§,feg",
in the sense of 4.2.6. The reader is referred to the book [32] for a more thorough discussion
of the cohomology theories of Lie groups and Lie algebras.

2. Let G be a Lie group whose Lie algebra is §. The skew-symmetric bilinear form © on
G = T,G can be extended, either by left translations or by right translations, into a left
invariant (or a right invariant) closed differential two-form on G, since the identity (1) of
4.4.1 means that its exterior differential d® vanishes. In other words, O is a 2- cocycle
for the restriction of the de Rham cohomology of G to left (or right) invariant differential
forms.
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Proposition 4.4.4. Let ¢ : G — A'(N) be an action of a finite-dimensional Lie algebra G on a
smooth manifold N, and let ¢ : G — A'(T*N) be the Hamiltonian action of G on (T*N,dny)
introduced in Proposition 4.3.6. The map J : T*N — G* defined by

(J(8).X) =i(@(X))nw(§), X €S, TN,

is a momentum map for the action @ which satisfies, for all X and Y € G,

{Ix,Jy} = Jixy]-

In other words, the symplectic cocycle of G associated to J, in the sense of 4.4.2, identically
vanishes.

Proof. These properties immediately follow from 4.3.6. L

Theorem 4.4.5 (First Emmy Noether’s theorem in Hamiltonian form). Let ¢ be a Hamiltonian
action of a Lie algebra G on a Poisson manifold (M,A), J : M — G* be a momentum map for ¢
and H : M — R be a smooth Hamiltonian. If the action @ leaves H invariant, that means if

L(p(X))H=0 foranyX € G,

the momentum map J is a §*-valued first integral (3.3.4) of the Hamiltonian vector field A* (dH),
which means that it keeps a constant value along each integral curve of that vector field.

Proof. Forany X € G, let Jy : M — R be the function x — (J(x),X). Let # — y(t) be an integral
curve of the Hamiltonian vector field A*(dH). We have

i(fx("“ 1)) = £(AH(dH)) () (w()) = A(dH, dJx) (v (1))
=k (Aﬁ (dJX)>H =—L(p(X))H =0.

Therefore, for any X € G, the derivative of (J,X)(y(t)) with respect to the parameter 7 of the
parametrized curve ¢ — /(¢) vanishes identically, which means that J keeps a constant value
along that curve. L

The reader will find in the book by Yvette Kosmann-Schwarzbach [37] a very nice exposition
of the history and scientific applications of the Noether’s theorems.

Proposition 4.4.6. Let ¢ be a Hamiltonian action of a Lie algebra G on a Poisson manifold
(M,A) and J : M — G* be a momentum map for that action. Let S be a symplectic leaf of (M, )
and ws be its symplectic form.

1. Foreachx €S, in the symplectic vector space (TXS , g (x)), each of the two vector subspaces
T.SNker(TJ) and { @(X)(x); X € G} is the symplectic orthogonal of the other.

2. Foreachx €S, TJ(T,S) is the annihilator of the isotropy subalgebra G, = {X € G;¢ (X)(x) =
O} of x.
Proof. Letv € T,S. For each X € G we have

os(v,@(X)(x)) = (d(J.X)(x),v) = (TJJ(v),X).

Therefore a vector v € T, belongs to orth{ ¢(X)(x); X € G} if and only if 7,J(v) = 0. In other
words, in the symplectic vector space (7S, ws(x )) T SNker(TJ) is the symplectic orthogonal

of { o(X ; X € G}. Of course, conversely { ©(X)(x); X € G} is the symplectic orthogonal of
TSN ker(T J )
The same formula shows that <TxJ (v),X > =0 forall v € TS if and only if X € G,. O
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Remark 4.4.7. Under the assumptions of 4.4.6, when ¢ is the Lie algebra action associated to a
Hamiltonian action @ of a Lie group G, the vector space { ¢(X)(x); X € G} is the space tangent
at x to the G-orbit of this point.

Corollary 4.4.8. Let ¢ be a Hamiltonian action of a Lie algebra G on a symplectic manifold
(M,w) and J : M — G* be a momentum map for that action.

1.  For each x € M, in the symplectic vector space (TXM , a)(x)) each of the two vector sub-
spaces ker(TJ) and { 9(X)(x); X € G} is the symplectic orthogonal of the other.

2.  Foreachx €M, T.J(T:M) is the annihilator of the isotropy subalgebra G, = {X € G; p(X ) (x) =
0} of x.

Proof. These assertions both follow immediately from 4.4.6 since the symplectic leaves of (M, )
are its connected components. L

Proposition 4.4.9. Let ® be a Hamiltonian action of a Lie group G on a connected symplectic
manifold (M,®) and J : M — G* be a momentum map for that action. There exists a unique
action A of the Lie group G on the dual G* of its Lie algebra for which the momentum map J is
equivariant, that means satisfies for eachx € M and g € G

J(Pg(x)) =Ag(J(x)).

The action A is an action on the left (respectively, on the right) if ® is an action on the left
(respectively, on the right), and its expression is

{A(g,ﬁ) :Adg71(§)+9(g) if ® is an action on the lefft, ¢cG. Ec.

A(E,8) = Ady(8) — 0(g~") if ® is an action on the right,

The map 0 : G — G* is called the symplectic cocycle of the Lie group G associated to the
momentum map J.

Proof. Let us first assume that @ is an action on the left. For each X € G the associated funda-
mental vector field Xj; is Hamiltonian and the function Jy : M — R defined by

Jx(x)=(J(x),X), xeM,

is a Hamiltonian for X3,. We know by the characterizations 4.3.3 of Poisson actions that (d)gq )« (X1)s
the direct image of X by the diffeomorphism ®,-1, is a Hamiltonian vector field for which the
function Jx o @, is a Hamiltonian. Proposition 4.1.7 shows that (®,-1).(Xy) is the fundamental
vector field associated to Ad,-1(X), therefore has the function

X <J(x),Adg71(X)> = <Ad;,, oJ(x),X)

as a Hamiltonian. The difference between these two Hamiltonians for the same Hamiltonian
vector field is a constant since M is assumed to be connected. Therefore the expression

(J o Dg(x) — Ady - 0J(x),X)

does not depend on x € M, and depends linearly on X € G (and of course smoothly depends on
g € G). We can therefore define a smooth map 0 : G — G* by setting

0(g) =Jo®;—Ad 0], g€G.
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It follows that the map a : G x §* — G*,

a(g.§) = Ad,(£) +6(g)

is an action on the the left of the Lie group G on the dual §* of its Lie algebra, which renders the
momentum map J equivariant.

The case when @ is an action on the right easily follows by observing that (g,x) — ®(x,g~ ")
is a Hamiltonian action on the left whose momentum map is the opposite of that of . L

Proposition 4.4.10. Under the same assumptions as those of Proposition 4.4.9, the map 6 : G —
G* satisfies, for all g and h € G,

6(gh) = 6(g) +Ad; ,(6(h)).

Proof. In Proposition 4.4.9, the cocycle 0 introduced for an action on the right ¥ : M x G — M
was the cocycle of the corresponding action on the left @ : G x M — M defined by ®(g,x) =
W¥(x,g~"). We can therefore consider only the case when ® is an action on the left.

Let g and & € G. We have
6(gh) = J(®(gh,x)) — Ad’(‘gh),l J(x)
:JQN&¢MJ»)—A§4mm;Ju)

(8) + Adz, (J(@(h,x) — Ad; 1 J(4))
(8) +AdZ_, O(h). O

Proposition 4.4.11. Let ® be a Hamiltonian action of a Lie group G on a connected symplectic
manifold (M, ®) and J : M — G* be a momentum map for that action. The symplectic cocycle
0 : G — G* of the Lie group G introduced in Proposition 4.4.9 and the symplectic cocycle © :
G — G* of its Lie algebra G introduced in Definition 4.4.2 and Remark 4.4.3 are related by

®=T0,

where e is the neutral element of G, the Lie algebra G being identified with T,G and the tangent
space at G* at its origin being identified with G*. Moreover J is a Poisson map when G* is
endowed with

* its canonical Poisson structure modified by the symplectic cocycle © (defined in 3.4.3) if &
is an action on the right,

* the opposite of this Poisson structure if ® is an action on the left.

Proof. As in the proof of Proposition 4.4.10, whe have only to consider the case when ® is an
action on the left. The map which associates to each X € G the fundamental vector field X, is a
Lie algebras homomorphism when G is endowed with the Lie algebra structure of right invariant
vector fields on the Lie group G. We will follow here the more common convention, in which G is
endowed with the Lie algebra structure of left invariant vector fields on G. With this convention
the map X — X is a Lie algebras antihomomorphism and we must change a sign in the definition
of ® given in Proposition 4.4.1 and take

O(X,Y) = (O(X),Y) = {Jx,Jy} +Jxy, XandY €.
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We have, for any x € M,
{Ix, Iy }(x) = ©(Xn, Yar) (x) = i(X)d ((, 7)) (x)

- % <J(¢(CXP(IX)7X)’Y>’
~ 5 (A I+ B (exp(rx) Y
= (J(x),=[X,Y]) +(T.0(X).Y)

= —J[X7y] ()C) + <Te9(X>7Y> :

=0

t=0

We see that ® = T,60. Moreover, the elements X and Y in G can be considered as linear functions
on §*. Their Poisson bracket, when §* is equipped with its canonical Poisson structure modified
by @, is

{X7Y}6(§> - <€7[X7Y]>_®(X7Y)'
The formula {Jx,Jy } (x) = —J|x y)(x) + ©(X,Y) can be read as

{(XoJ,Yos}x)= —{X,Y}50J(x).

Since the value taken at a point by the Poisson bracket of two functions only depends on the
values of the differentials of these two functions at that point, this result proves that J is a Poisson
map when §* is equipped with the opposite of the Poisson bracket { , } & L

Remarks 4.4.12. Let ® be a Hamiltonian action on the left of a Lie group G on a connected
symplectic manifold (M, ®), J : M — G* be a momentum map for that action and 6 : G — G* be
the symplectic cocycle of the Lie group G introduced in Proposition 4.4.9.

1. The symplectic cocycle 6 : G — G* is the Lie group one-cocycle with values in G*, for the
coadjoint representation, associated to the affine representation A : G — Aff(G*),

A(Q)(E)=Ad, .1 (5)+6(g), Ceb,

in the sense of 4.2.5.
2. Ifinstead of J we take for momentum map

J(x)=J(x)—c, xeM,
where ¢ € §* is constant, the symplectic cocycle 6 is replaced by
/() = () + Ady 1 (¢) —c.

The map 6’ — 0 is a one-coboundary of G with values in §* for the coadjoint representation
(4.2.9). Therefore the cohomology class of the symplectic cocycle 0 only depends on the Hamil-
tonian action ®, not on the choice of its momentum map J. This property is used by Jean-Marie
Souriau ([60], chapter III, p. 153) to offer a very nice cohomological interpretation of the total
mass of a classical (non-relativistic) isolated mechanical system. He proves that the space of
all possible motions of the system is a symplectic manifold on which the Galilean group acts
by a Hamiltonian action. The dimension of the symplectic cohomology space of the Galilean
group (the quotient of the space of symplectic one-cocycles by the space of symplectic one-
coboundaries) is equal to 1. The cohomology class of the symplectic cocycle associated to a
momentum map of the action of the Galilean group on the space of motions of the system is
interpreted as the fotal mass of the system.
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4.4.13 Other properties of the momentum map

The momentum map has several other very remarkable properties. Michael Atiyah [8], Victor
Guillemin and Shlomo Sternberg [24, 25] have shown that the image of the momentum map of
a Hamiltonian action of a torus on a compact symplectic manifold is a convex polytope. Frances
Kirwan [36] adapted this result when the torus is replaced by any compact Lie group. Thomas
Delzant [16] has shown that the convex polytope which is the image of a Hamiltonian action of
a torus on a compact symplectic manifold determines this manifold.

4.5 Actions of a Lie group on its cotangent bundle

In this section G is a Lie group, G is its Lie algebra and G* is the dual space of G. The Liouville
one-form on 7*G is denoted by 1.

The group composition law m : G x G — G, m(g,h) = gh, can be seen as an action of G on itself
either on the left, or on the right. For each g € G we will denote by Ly : G - Gand R, : G — G
the diffeomorphisms

Lo(h) =gh, Ry(h)=hg, hegG.

called, respectively, the left translation and the right translation of G by g.

Definitions 4.5.1. The canonical lifts to the tangent bundle TG of the actions of G on itself by
left translations (respectively, by right translations) are, repectively, the maps L: G X TG — TG
andR:TGxG— TG

L(g,v)=TL¢(v), R(v,g)=TR,(v), g€G, veTG.

The canonical lifts to the cotangent bundle 7*G of the actions of G on itself by left translations
(respectively, by right translations) are, respectively, the maps L: GXT*G — T*Gand R: T*G X
G—->T'G

L(g,&) = (TLy 1) (E), R(E.g)=(TR, 1) (), geG, EeT'G.

We have denoted by (TLg—l)T and (TRg—l)T the transposes of the vector bundles morphisms
TL,-1 and TR,-1, respectively.

Proposition 4.5.2. The canonical lifts to the tangent bundle and to the cotangent bundle of the
actions of the Lie group G on itself by left translations (respectively, by right translations) are
actions on the left (respectively, on the right) of G on its tangent bundle and on its cotangent
bundle, which project onto the actions of G on itself by left translations (respectively, by right
translations). It means that forallg € Gandv € TG

76(L(g,v)) = Le(t6(v)), 16(R(v,8)) =R (T6(v)),
and that for all g € G and & € T*G
16 (L(g,§)) = Lg(n6(8)),  m(R(E,8)) = Re(m6(E)).

Proof. Tt is an easy verification that the properties of actions are indeed satisfied by the maps L,
R, L and R, which is left to the reader. O
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Theorem 4.5.3. The canonical lifts to the cotangent bundle Land R of the actions of the Lie
group G on itself by translations on the left and on the right are two Hamiltonian actions of G
on the symplectic manifold (T*G,dng). The maps J*: T*G — G* and JR : T*G — G* defined,
foreach & € T*G, by

JHE)=R(E,m6(8)7"), JR(E)=L(n(8)".8)

are momentum maps for the actions LandR, respectively.

Moreover, the map J- is constant on each orbit of the action R, the map JR is constant on
each orbit of the action L and for each & € T*G each of the tangent spaces at & to the orbits
L(G,&) and ﬁ(ﬁ,G) is the symplectic orthogonal of the other. The maps J* : T*G — G* and
JR:T*G — G* are Poisson maps when T*G is equipped with the Poisson structure associated
to its canonical symplectic structure and when G* is equipped, respectively, with its canonical
Poisson structure (3.4.2) and with the opposite of its canonical Poisson structure.

Proof. For each X € G, let Xé and Xg be the fundamental vector fields on G associated to X for
the actions of G on itself, respectively by left and by right translations. Similarly, let X%*G and

Xﬁ*G be the fundamental vector fields on T*G associated to X for the actions L and R of G on
T*G defined in 4.5.1. The reduced flows of X and of X% are the maps

X" (1,9) = exp(1X)g, @ (1,g) =gexp(tX), (E€R, geG.

Therefore
XL(g):TRg(X)v XR(g):TLg(X>7 gGG,

and we see that the fundamental vector fields X%* cand X R*G on T*G are the canonical lifts to the
cotangent bundle of the vector fields Xé and Xg on the Lie group G. Proposition 2.4.11 proves
that X%*G and XR, ¢ are Hamiltonian vector fields which admit as Hamiltonians, respectively, the
maps

(&) = (&.x6(n6())), IEE) = (&.xE(r6(8)), &€TG.

Replacing Xé and Xg by their expressions given above and using the definitions of Rand L, we
easily get the stated expressions for J- and JR. These expressions prove that J~ is constant on
each orbit of the action R, and that J® is constant on each orbit of the action L.

The actions L and R being free, each of their orbits is a smooth submanifold of 7*G of di-
mension dimG. The ranks of the maps J- and JR are everywhere equal to dimG since their
restrictions to each fibre of 7*G is a diffeomorphism of that fibre onto G*. Therefore, for each
EeTG,

kerTJb = T: (R(E,G)), kerTeJ® =T (L(£,G)).

Corollary 4.4.8 proves that for each £ € T*G each of the two vector subspaces of T (T*G):

T: (L(G,£)) and T:(R(&,G))

is the symplectic orthogonal of the other.

Finally, the fact that J* and J® are Poisson maps when G is equipped with its canonical Poisson
structure or its opposite is an easy consequence of Proposition 3.3.7. L

In [44], Chapter IV, Section 4, we proposed a generalization of Proposition 4.5.3 taking into
account a symplectic cocycle 6 : G — G* in which the action L : G x T*G — T*G remained
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unchanged while the action R:T*G x G — T*G was modified. Below we propose a more gen-
eral and more symmetrical generalization. The symplectic form on 7*G will be the sum of its
canonical symplectic form dng and of the pull-back by the canonical projection 75 : T*G — G
of a suitable closed two-form on G, deduced from 6. The actions L:GxT*G— T*G and
R:T*G x G — T*G will be modified in the following way: for each g € G, the map Zg TG —
T*G will be composed with a translation in the fibres of 7*G, determined by addition of a right-
invariant one-form on G depending of the element g € G, deduced from 6; similarly, the map
1/2\ : T*G — T*G will be composed with a translation in the fibres of 7*G, determined by addi-
tion of a left-invariant one-form on G depending of the element g € G, deduced from 6. As the
reader will see, it is possible to modify the action L and to keep R unchanged, or to modify the
action R and to keep L unchanged; in the first case, the momentum map JL T*G — G* remains
unchanged, while JR . T*G — G* must be modified; in the second case, itis JX : T*G — G* which
remains unchanged while J- : T*G — G* must be modified. It is even possible to simultaneously
modify both the actions L and R; then we get a pair of actions of G on T*G depending on two
real parameters.

Theorem 4.5.4. Let G be a Lie group, 0 : G — G§* be a symplectic cocycle of G, ® =T,0 : § — §*
be the associated symplectic cocycle of its Lie algebra G, and ©® : §x G — R be the skew-
symmetric bilinear form ©(X,Y) = (©(X),Y). Let ©1 and O be the differential two-forms on

G, respectively left-invariant and right-invariant, whose value at the neutral element is ©. The
differential two-form on T*G

oG = dng + m5(ALOL — AzO) ,

where Ay, and A are real constants and where Mg is the Liouville form on T*G, is a symplectic
form on T*G. The formulae, in which g € G, & € T*G,

D" (.8) = Lg(&) + ARR () (0(8))
DR(§,g) = Re(E) + ALz (0(7"))

define two Hamiltonian actions ®* : G x T*G — T*G and ®% : T*G x G — T*G of G on the
symplectic manifold (T*G, wr+g), respectively on the left and on the right. The maps JEAL
T*G — §* and J®* . T*G — G* defined, for each & € T*G, by

JEA(E) (ﬂG(é))—l(ﬁHhe(ﬂG(g))’
IE =L ()b ((70(8) )

~

R

are momentum maps for the actions ® and X, respectively.

Moreover, the map JLAL i constant on each orbit of the action ®X, the map IR s constant
on each orbit of the action ® and for each & € T*G each of the tangent spaces at & to the orbits
®L(G, &) and PR(E,G) is the symplectic orthogonal of the other (with respect to the symplectic
form @r+g). The maps J=* : T*G — G* and J®* : T*G — G* are Poisson maps when T*G
is equipped with the Poisson structure associated to the symplectic form o+ and when G* is

equipped, respectively, with its canonical Poisson structure modified by the cocycle (Ar, + ),R)é
(3.4.3)

11,8} g s20(8) = (€, [47(0),48(0)] ) — (e + An)B(dF(£), dg(0)

and with the opposite of this Poisson structure.
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Proof. The sum of the canonical symplectic form on 7*G with the pull-back of any closed two-
form on G always is nondegenerate, therefore symplectic. So @r+¢ is symplectic. For g and
he G, & € T*G, let us calculate

(g, @ (h.E)) —@"(gh,&) and PF(PF(&,8).h) —@F(E,gh).
We get

L (8, @ (1,)) — B (gh, €) = AeRyumy(e) (Ad 1 (0(1)) +0(g) — O(gh)
=0
since O is a one-cocycle. The map @’ is therefore an action on the left of G on 7*G. Similarly
DR (DR (E,g),h) — R (&, gh) = ALy 210 (Adj O™ +0(h™)

~o(n'g ™))
=0

for the same reason. The map ®F is therefore an action on the right of G on T*G.

Let X € G and £ = T*G. By calculating the derivative with respect to 7 of ®"(exp(rX),&)
and of ®F (& exp(rX)), then setting r = 0, we get the following expressions for the fundamental
vector fields on T*G associated to the actions & and ®X:

Xpigh (&) = XfoG (&) + ART Ry ) O(X)
XFeH(E) = Xe6() = AT Ly 2)0(X),

the vector fields X%, ; and XR. ; being, as in the proof of 4.5.3, the canonical lifts to T*G of the
fundamental vector fields X© and X® on G, for the actions of G on itself by translations on the
left and on the right, respectively. Using these expressions, we easily check that

. A A . A A
i(Xpdore=—dy™, iXpd)ore=—diy™*,

which means that the actions ®* and ®R are Hamiltonian and have, respectively, JEAL and JRAr
as momentum maps.

The facts that JR*# is constant on each orbit of ®% and that J&* is constant on each orbit of
®R directly follow from the expressions of ®F, ®X, JEAL and JRAR,

Finally, let X and Y € §. When considered as linear functions on G*, their Poisson bracket for
the Poisson structure on G* for which J&~ is a Poisson map is easily determined by calculating
the Poisson bracket {J-M o X, JE oY) = {J}L(’}LL,J;’}LL}, for the Poisson structure on 7*G asso-
ciated to the symplectic form wr+g. This calculation fully determines the Poisson structure on §*
for which JLA is a Poisson map, and proves that it is indeed the canonical Poisson structure on
T*G modified by the symplectic cocycle (A7 + Ag)®, in the sense of 3.4.3. A similar calculation
shows that J®% is a Poisson map when G* is equipped with the opposite Poisson structure. [

Proposition 4.5.5. Under the assumptions and with the notations of 4.5.4, the momentum map
JEAL TG — G* s equivariant when G acts on the left on T*G by the action ®* and on G* by
the action

(8:0) = Ad 1 (§)+0(s), (8,5)€GXS".

Similarly, the momentum map JRAR TG — G* s equivariant when G acts on the right on T*G
by the action ®X and on G* by the action

(C.8) = Adg($)+6(s7"), (£.8) €9 %G
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Proof. Letg € G and & € T*G. Using the expressions of J-* and of &, we obtain

T (DM (g,8)) = Ady 1 (J4(8)) + (AL + Ar)6(8)
TR (DR (&, 0)) = Ady (JFM(£)) + (A +Ar)B(g ),

which proves that JEM and JRAR are equivariant with respect to the indicated actions, respec-
tively on the left and on the right, of G on 7*G and on G*. U

5 Reduction of Hamiltonian systems with symmetries

Very early, many scientists (Lagrange, Jacobi, Poincaré, ...) used first integrals to facilitate the
determination of integral curves of Hamiltonian systems. It was observed that the knowledge
of one real-valued first integral often allows the reduction by two units of the dimension of the
phase space in which solutions are searched for.

J. Sniatycki and W. Tulczyjew [59] and, when first integrals come from the momentum map
of a Lie group action, K. Meyer [53], J. Marsden and A. Weinstein [52], developed a geometric
presentation of this reduction procedure, widely known now under the name ‘“Marsden-Weinstein
reduction”.

Another way in which symmetries of a Hamiltonian system can be used to facilitate the deter-
mination of its integral curves was discovered around 1750 by Leonard Euler (1707-1783) when
he derived the equations of motion of a rigid body around a fixed point. In a short Note published
in 1901 [57], Henri Poincaré formalized and generalized this reduction procedure, often called
today, rather improperly, “Lagrangian reduction” while the equations obtained by its application
are called the “Euler-Poincaré equations” [11, 12].

We present in the following sections these two reduction procedures.

5.1 The Marsden-Weinstein reduction procedure

Theorem 5.1.1. Let (M, ®) be a connected symplectic manifold on which a Lie group G acts by
a Hamiltonian action ®, with a momentum map J : M — G*. Let & € J(M) C G* be a possible
value of J. The subset G¢ of elements g € G such that @, (J71&)) =77 Y(&) is a closed Lie
subgroup of G.

Ifin addition £ is a weakly regular value of J in the sense of Bott [10], J~'(E) is a submanifold
of M on which Gg acts, by the action P restricted to G¢ and to J ~1(&), in such a way that all
orbits are of the same dimension. For each x € J~'(E) the kernel of the two-form induced by ®
on J~Y(&) is the space tangent at this point to its Ge-orbit. Let Mg = J! (§)/Gg be the set of
all these orbits. When Mg has a smooth manifold structure for which the canonical projection
me o J -1 &) — Mg is a submersion, there exists on Mg a unique symplectic form @ such that
ngco; is the two-form induced on J~'(§) by ®. The symplectic manifold (Mg, @) is called
the reduced symplectic manifold (in the sense of Marsden an Weinstein) for the value & of the
momentum map.

Proof. Proposition 4.4.9 shows that there exists an affine action a of G on G* for which the
momentum map J is equivariant. The subset G¢ of G is therefore the isotropy subgroup of & for
the action a, which proves that it is indeed a closed subgroup of G. A well known theorem due
to Elie Cartan allows us to state that Gg is a Lie subgroup of G.
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When & is a weakly regular value of J, J~! (&) is a submanifold of M and, for each x € J=1 (),
the tangent space at x to this submanifold is ker 7,/ (it is the definition of a weakly regular value
in the sense of Bott). Let N = J'(£) and let iy : N — M be the canonical injection. For all
x € N, the vector spaces kerT,J all are of the same dimension dimN, and dim(7.J(T,M)) =
dimM — dimN. Corollary 4.4.8 shows that T,.J (T:M) is the annihilator of G,. Therefore for
all x € N the isotropy subalgebras G, are of the same dimension dimG —dimM +dimN. The
Gg-orbits of all points x € N are all of the same dimension dim G¢ — dim Gy.

Corollary 4.4.8 also shows that orth(ker 7,J) = orth(T,N) = T;(®(G,x)). Therefore, for each
XEN,
ker(iy®)(x) = TN North(T,N) = TN N T (P(G,x)) = To (P (G, x)) -

It is indeed the space tangent at this point to its Gg-orbit. When Mg = N/G¢ has a smooth
manifold structure such that the canonical projection 7z : N — M¢ is a submersion, for each
x € N the kernel of 7,7 is ker(iy,@)(x), and the existence on Mg of a symplectic form @g such
that Jt%k(a)g) = iy easily follows. O

Proposition 5.1.2. The assumptions made here are the strongest of those made in Theorem
5.1.1: the set J1(&)/ G¢ has a smooth manifold structure such that the canonical projection
e J &)/ Ge is a submersion. Let H : M — R be a smooth Hamiltonian, invariant under the
action P. There exists an unique smooth function Hg : Mg — R such that Hg o g is equal to the
restricton of H to J~'(§). Each integral curve t — @(t) of the Hamiltonian vector field Xy which
meets J~1(E) is entirely contained in J~' (&), and in the reduced symplectic manifold (Me, 0x)
the parametrized curve t — Tg o ©(t) is an integral curve of XH, -

Proof. As in the proof of Theorem 5.1.1, we set N = J~ (&) and denote by iy : N — M the
canonical injection. Let wy = iy®. Since H is invariant under the action ®, it keeps a constant
value on each orbit of Gg contained in N, so there exists on Mé: an unique function Hé such that
Hg ome = Hoiy. The projection g being a surjective submersion, He is smooth. Noether’s
theorem (4.4.5) proves that the momentum map J remains constant on each integral curve of the
Hamiltonian vector field Xg. So if one of these integral curves meets N it is entirely contained in
N, and we see that the Hamiltonian vector field Xy is tangent to N. We have, for each x € N,

7t (1(3% (Xa () ) (7 (x))) = (X () (1 0(x)) = —d (i H) ()
= —7'[%k (dHé) (x) = 7'[«'%k (i(XH5 )(1)5) (x) .

Since 7 is a submersion and @¢ a non-degenerate two-form, this implies that for each x € N,

T me (Xu(x)) = XH, (71:5 (x)). The restriction of Xy to N and X, are therefore two vector fields
compatible with respect to the map g : N — M, which implies the stated result. U

Remark 5.1.3. Theorem 5.1.1 and Proposition 5.1.2 still hold when instead of the Lie group
action ® we have an action ¢ of a finite-dimensional Lie algebra. The proof of the fact that the
Gg-orbits in J ~1(&) all are of the same dimension can easily be adapted to prove that for all

x € J71(&), the vector spaces {@(X)(x);X € G ¢ } all are of the same dimension and determine a
foliation of J~!(&). We have then only to replace the G¢-orbits by the leaves of this foliation.

5.1.4 Use of the Marsden-Weinstein reduction procedure

Theorem 5.1.1 and Proposition 5.1.2 are used to determine the integral curves of the Hamiltonian
vector field Xy contained in J~! (&) in two steps:
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* their projections on M are first determined: they are integral curves of the Hamiltonian
vector field XH, this step is often much easier than the full determination of the integral
curves of Xy, since the dimension of the reduced symplectic manifold M is smaller than
the dimension of M

* then these curves themselves are determined; this second step, called reconstruction, in-
volves the resolution of a differential equation on the Lie group G¢.

Many scientists (T. Ratiu, R. Cushman, J. Sniatycki, L. Bates, J.-P. Ortega, ...) generalized
this reduction procedure in several ways: when M is a Poisson manifold instead of a symplectic
manifold, when & is not a weakly regular value of J, ... The reader will find more results on
the subject in the recent book Momentum maps and Hamiltonian reduction by J.-P. Ortega and
T.S. Ratiu [56].

Reduced symplectic manifolds occur in many applications other than the determination of inte-
gral curves of Hamiltonian systems. The reader will find such applications in the book Symplectic
techniques in Physics by V. Guillemin and S. Sternberg [26] and in the papers on the phase space
of a particle in a Yang-Mills field [62, 65]).

5.2 The Euler-Poincaré equation

In his Note [57], Henri Poincaré writes the equations of motion of a Lagrangian mechanical sys-
tem when a finite-dimensional Lie algebra acts on its configuration space by a locally transitive
action. Below we adapt his results to the Hamiltonian formalism.

Proposition 5.2.1. Let G be a finite-dimensional Lie algebra which acts, by an action ¢ : G —
AY(N), on a smooth manifold N. The action @ is assumed to be locally transitive, which means
that for each x € N, {@(X)(x);X € §} = T,N. Let ¢ : § — A'(T*N) be the Hamiltonian action
of G on (T*N,dny) which associates, to each X € G, the canonical lift to T*N of the vector field
©(X) on N (4.3.6), and let J : T*N — G* be the the momentum map of ¢ given by the formula
(4.4.4)
(J(8).X)=i(e(X))nn(§), X€G,E€T'N.

Let H: T*N — R be a smooth Hamiltonian, which comes from a hyper-regular Lagrangian
L: TN — R (hyper-regular means that the associated Legendre map L : TN — T*Nis a diffeo-
morphism). Let W : I — T*N be an integral curve of the Hamiltonian vector field Xy defined on
an open interval I and 'V : I — G be a smooth parametrized curve in G which satisfies, for each

tel,

V(1)) (myoy(t)) = M~ (1)

The curve Joy : I — G*, obtained by composition with J of the integral curve Y of the Hamilto-
nian vector field Xy, satisfies the differential equation in G*

(% —adém) (o)) =J(diL (v o (o), V(1))). 2)

We have denoted by L : N x G — R the map
(5,X) > L(x.X) = L(p(X)(x), xEN,X €S,

and by diL: N x G — T*N the partial differential of L with respect to its first variable.

Equation (2) is called the Euler-Poincaré equation, while Equation (1) is called the compati-
bility condition.
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Proof. Foreach & € T*N and each X € G

(J(&),X) = o(X)(mn(&)),
therefore

(S ow).x) =5 (v, 00) (o w)).

Let (x!,...,x") be local coordinates on N, and (x',...,x", p1,...,p,) be the associated local
coordinates on 7*N. The smooth curves ¥ and 7y o W can be expressed as

t— ('(t),@(t)) and 1 ((r)), (1<i<n),
SO we can write

(S@oyi)x)=2 (Zl a(1) (p(X)) (v <t>,...,y”<r>>> .

We have denoted by (¢@(X ))i(xl ,---,X") the value of the i-th component of the vector field ¢(X),
expressed as a function of the local coordinates x' (1 <i <n).

The compatibility condition (1) becomes

k
dydt(l) _ ((P(V(t))>k(yl(t),...,yn(t)).

In what follows we write y' for y'(r), @; for @j(t), (v) for (y'(z),...,y"(t)) and (y,®) for
(1), (6), 1 (1) B (r)). We have

(50ov0).x) = ¥ T (000) )

i=1

(i,k)=(1,1)

By using the local expression of the bracket of vector fields

o). 0] @ = 3 (pv0)) oo 20XV

k=1

. 2(o(v®))
kzl<<p<x>)"<x>< axk>

and taking into account the fact that, ¢ being a Lie algebras homomorphism,

we get

n ; ; n ) (p(V(t)) ( )
+2 (X)) (y)<d$+2a7k ( axi> y>-



The first term in the right hand side can be written

(v0.0([v).X])) = (Tow.[V().X]) = (ady(, (Vo W) X).

For all (x,X) € N x G we have

L(x.X) = L(p(X)(x)).
For any point x € N and any vector w € TyN, there exists a smooth curve s — z(s) in N such

d _
that z(0) = x and da(s) }SZO: w. We easily obtain <d1L(x, V(t)),w> by taking the derivative of

_ ds
L(x(s),V(t)) with respect to s (f remaining fixed), then making s = 0. We obtain

Lo o

k
JdL(x,v) & JL(x,v) 8(¢(V(I))> (x))

Let us set x = 7y o y(t), w = @(X) (my o y(t)). We observe that

<d1Z(7rNo w(t),V(1)), (X) (zy o l;/(t))> - <J<d1Z(7tNo w(r),va))) ,x> .

Now we take into account the well known relations which exist between the partial derivatives
of the Lagrangian and of the Hamiltonian expressed in local coordinates
JL(x,v)  JdH(x,p) dw@; JdL(x,v) -
oxi —ox  dr gk

and we obtain

n

(Lo v, v(0)).x) = ¥ (00x)0)

i=1

(dw,- . z":wkf?(fp("(f))Y(y)) |

I ox!

Since X can be any element in G, the Euler-Poincaré equation follows. L

Remark 5.2.2. The assumptions made by Poincaré in [57] are less restrictive than those made
in 5.2.1: he uses the Lagrangian formalism for a smooth Lagrangian L : TN — R which is not
assumed to be hyper-regular. The associated Legendre map £ : TN — T*N still exists as a smooth
map (it is the vertical differential of L, see for example [19]), but may not be a diffeomorphism.
Of course the momentum map J : T*N — G* still exists and can be used, together with the
Legendre map, to express Poincaré’s results intrinsically [51], independently of any choice of
local coordinates. Poincaré proves that if a smooth parametrized curve ¥ : [tp,#;] — N is an

extremal of the action functional
f dy(t))
1 :/ Ll —%)dt
(7) i ( 5

for infinitesimal variations of ¥ with fixed end points, and if V : [fg, 7] — G is a smooth parametrized
curve which satisfies, for each 7 € [tg,#;], the compatibility condition

o (v (1)) (1) = 2 1)



dy(z)

the parametrized curve t — Jo Lo —dr satisfies the Euler-Poincaré equation

(% —ad{‘,(t)) (JoLodZ;—(tt)) :J<d1Z(}/(t),V(t))>. (2)

The Euler-Poincaré equation can be written under a slightly different form in which, instead
of the Legendre map £ : TN — T*N, the partial differential doL : N x § — G* of the map L :
N x G — R with respect to its second variable is used. We have indeed, forallxe Nand X € G,

oL (x,X) = Jo L(@(X)(x)),
which allows to write the Euler-Poincaré equation under the form

(% - ad;(t)) (RL(0),V(0)) =7 (L (¥0),V (1)) ) (3)

5.2.3 Use of the Euler-Poincaré equation for reduction

Poincaré observes in his Note [57] that the Euler-Poincaré equation can be useful mainly when
its right hand side vanishes and when it reduces to an autonomous differential equation on G*
for the parametrized curve ¢ — J o y(r). We will see in Section 6.4 that the first condition is
satisfied when the Hamiltonian system under consideration describes the motion of a rigid body
around a fixed point in the absence of external forces (Euler-Poinsot problem). The second
condition generally is not satisfied, since the Euler-Poincaré equation involves the parametrized
curve t — V(t) in G, whose dependence on J o y(t) is complicated.

This simplification occurs when there exists a smooth function 4 : §* — R such that
H=hol,

which implies that H is constant on each level set of J. Then it can be shown that the Euler-
Poincaré equation becomes the Hamilton equation on §* for the Hamiltonian % and its canonical
Poisson structure.

If we assume that the manifold N is a Lie group G and that the action @ : G — A!(G) of its Lie
algebra is the action associated to the action of G on itself by translations on the left (respectively,
on the right), @ is the Lie algebra action associated to the canonical lift to 7*G of the canonical
action of G on itself by translations on the left (respectively, on the right). The conditions under
which the Euler-Poincaré equation can be used for reduction are exactly the same as those under
which the Marsden-Weinstein reduction method can be applied, but for the canonical lift to 7*G
of the action of G on itself by translations on the right (respectively, on the left). Moreover,
applications of these two reduction methods lead to essentially the same equations: the only
difference is that the Euler-Poincaré reduction method leads to a differential equation on G*,
while the Marsden-Weinstein reduction method leads, for each value of the momentum map, to
the same differential equation restricted to a coadjoint orbit of G*. The reader will find the proof
of these assertions in [48, 51].

6 Examples of Hamiltonian dynamical systems

We present in this section three classical examples of Hamiltonian dynamical systems in which
the previously discussed concepts (symmetry groups, momentum maps and first integrals, reduc-
tion methods) are illustrated. The configuration space of the first system (the spherical pendulum)
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is a sphere embedded in physical space; each point of the sphere is a possible position of a ma-
terial point which moves on that sphere. The third example (the Kepler problem) deals with the
motion of a material point in the acceleration field created by an attracting centre; the configu-
ration space is the physical space minus one point (the attractive centre). In the second example
(the motion of a rigid body around a fixed point) the configuration space is a little more compli-
cated: it is the set of all maps which send the material body onto one of its possible positions in
space.

6.1 The mathematical description of space and time

The framework in which the motions of material bodies occur is the physical space-time. It will
be mathematically described here as it is usually done in classical (non-relativistic) Mechanics.
In a Galilean reference frame, once units of length and of time are chosen, the physical space and
the physical time are mathematically described by affine Euclidean spaces E and T, respectively
three-dimensional and one-dimensional. We will consider E and T as oriented: T has a natural
orientation (towards the future), while by convention, an arbitrary orientation of E is chosen. The
choice of a particular element of 7" as origin will allow us to identify 7" with the real line R.

In the three examples treated below there exists a privileged element of E (the centre of the
sphere, the fixed point and the attractive centre, respectively in the first, second and third exam-
ples) which will be taken as origin. The space E will therefore be considered as an Euclidean
three-dimensional vector space. For the same reason the abstract space S of material points used
in the second example will be considered too as an Euclidean three-dimensional vector space.

In our three examples, the configuration space of the system will be denoted by N: therefore in
the first example N is the sphere embedded in E centered on the origin on which the material point
is moving; in the third example N = E\{O}, where O is the attractive centre; and we will see that
in the second example, N = Isom(S, E) is the space of orientation preserving linear isometries
of an abstract three-dimensional Euclidean vector space S (the space of material points) onto the
physical space E.

6.2 Vector calculus in a three-dimensional oriented Euclidean vector space

The group SO(E) of orientation preserving linear isometries of E, isomorphic to SO(3), acts on
the space E, and so does its Lie algebra so(E), isomorphic to so(3), by the associated action.
The Euclidean vector space E being three-dimensional and oriented, there exists an isomorphism
of so(E) onto the space E itself widely used in elementary vector calculus, in which an element
X € so(E), which is a linear map E — E represented, in some orthonormal positively oriented

basis (e 1, e 2, e 3) of E, by the skew-symmetric 3 x 3-matrix

0O —c b
c 0 —a
-b a 0

- = = =
is identified with the vector X =ae |+ b e+ c e 3. With this identification, the bracket in
50_(>El> in otlf;r words the map (X,Y) — [X,Y] =X oY —Y oX, corresponds to the vector product

(X,Y )~ X x Y. Expressed in terms of the vector product, the Jacobi identity becomes

e T S S S S S
XX(YXZ)+Y X(ZxX)+Z x(XxY)=0. (1)
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Let us recall another very useful formula which expresses, in terms of the scalar and vector
products, the ad-invariance of the pairing between so(E) and its dual by means of the scalar

T S
product. For any triple (u#, v,w) € E X E X E, we have

)- (2)

s = U T N
The map (u, v,w)+— u.(v x w) is therefore a skew-symmetric trilinear form on E some-

times called the mixed product.

. . . . . - = - = .
The dual E* of E will be identified with E, with the scalar product (u , v ) — u . v as pairing

by duality. The tangent and cotangent bundles 7TE and T*E will therefore both be identified with
E x E, the canonical projections 7g : TE — E and g : T*E — E both being the projection of

E x E onto its first factor. The Lie algebra action of 50(5> ) on E associates, to each X € so(E) =

_>
E, the vector field Xg on E whose value at an element x € E is

Xp(x)=(x, X x x). (3)

Since we have identified so(E) with E, its dual space so(E)* is identified with E*, which we
have identified with E by means of the scalar product. Therefore so(E)* too will be identified
with E.

The canonical lift to the cotangent bundle of the action of SO(E) on E is a Hamiltonian action
(4.3.6) whose momentum map Jg : T*E = E x E — s0(E)* = E can easily be expressed in

tfims_> of the vector product. Indeed the map Jg must satisfy, for each X € so(E) = E and each
(x,p)eT'E=EXE,

Je(X, 20 X) = (X, ) Xe () = p

the last equality being obtained by using the above formula (2). We therefore see that

- = = =
Je(x,p)=xxp. (4)

Expressed in terms of the vector product, the adjoint and coadjoint actions become

- = = T T S S
ady Y =X x Y, ad*?éz—XxézéxX, (5)

- = —
where X and Y € s0(E)=FE and & €s0(E)*=E.
Of course all the above properties hold for the three-dimensional Euclidean oriented vector

space S of material points which is used in the second example, for the group SO(S) of its linear
orientation preserving isometries and for its Lie algebra so(S).

6.3 The spherical pendulum
6.3.1 Mathematical description of the problem

Let us consider a heavy material point of mass m constrained, by an ideal constraint, on the
surface of a sphere N of centre O and radius R embedded in the physical space E. Since the
action of SO(E) on E maps N onto itself, SO(E) acts on N on the left, and so does its Lie algebra
s0(E) by the associated action, which is locally (and globally) transitive. The configuration space
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— . L T ) . :
X E_> which satisfy x . x = R“ and its tangent bundle T'N is the subset
v

N is the set of vectors

c
.=
of TE = E X E of pairs ( x

) of vectors which satisfy

Y

=, ==
x.x =R, x.v =0.

%
We assume that the material point is submitted to a constant acceleration field g (which, in
most applications, will be the vertical gravity field directed downwards). The Lagrangian of the
system is

— = 2 -
L(x,v)zw+mg.x
The Legendre map £ : TN — T*N is expressed as
- = — = I
L(x,v)=(x,p) withp=mv.
The Hamiltonian of the system is therefore
- = el o=
H(x,p)=""~~-mg.x

The momentum map Jg of the canonical lift to the cotangent bundle of the Lie algebra action ¢,
expressed in terms of the vector product, is given by Formula (4) in Section 6.2.

6.3.2 The Euler-Poincaré equation

- e e S P ,
The map ¢ : N X 5_0>(E) iTﬁ deﬁ_lged by ¢( x, X )= Xy(x ), expressed, in terms of the vector
product, is ¢(x , X ) = (x,X x x ). Using Formula (2) of 6.2, we easily obtain the expression
of L=Lo@:Nxs0(E)—R:

2 ¥ 2
- — = mR —n (X.x) - =

The partial differentals of L with respect to its first and second variables are

— — - (_>}))2 P
di(x,X):(x,m(g—(X.x)X—I— ak 2 £~ x)),
— == - = =
bL(x,X)=m(R*X —(X.x)x).

Lett+— )@ be a smooth curve in N, parametrized by the time ¢, solution of the Euler-Lagrange
equation for the Lagrangian L. The compatibility condition (1) of 5.2.2 becomes, for a smooth

map 7 — V(t) in so(E),

dx(r) —

S0 _ )5,
and the Euler-Poincaré equation (3) of 5.2.2 is

5 (B () =V () =) x ¢

This equation can easily be obtained by much more elementary methods: it expresses the fact
that the time derivative of the angular momentum at the origin is equal to the moment at that
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point of the gravity force (since the moment at the origin of the constraint force which binds the
material point to the surface of the sphere vanishes).

The Euler-Poincaré equation allows a reduction of the problem if and only if its right hand side
vanishes, which occurs if and only if ¢ = 0. When that condition is satisfied, it can be written

as ; dxm
’"5<m><7>:0’

which implies that the material point moves on a great circle of the sphere N, in the plane through

' dx(r . :
its centre orthogonal to the constant vector )@ X d—(t Using the conservation of energy H, we

%
see that || v (7)|| remains constant during the motion.

6.3.3 Reduction by the use of first integrals

Equation (4) of Section 6.2 shows that the map

- = = = —
X

. —
J(x,p)=xxp, with(x,p

,p)ET'N=NXE,

_>
is a momentum map for the canonical lift to 7*N of the action of SO(E) on N. When g # 0
that action does not leave invariant the Hamiltonian H, but its restriction to the subgroup G;
of rotations around the vertical line through the centre of the sphere N does leave H invariant.
The Lie algebra of G and its dual being identified with R, the momentum map of this restricted

action 18 NN SN

Ji(x,p)=eg(x xp)

— - =
where e g is the unit vector such that g = g e ¢, with g > 0. The only singular value of J; is 0.
- = =
It is reached when the three vectors x, p and e, lie in the same vertical plane. Therefore, for

any & # 0, J;'(¢) is a three-dimensional submanifold of 7*N which does not contain 7"~ N U

Reg

T*R_> N and which remains invariant under the action of G. The set of orbits of this action is the
“Reg

Marsden-Weinstein reduced symplectic manifold for the value { of the momentum map. On this
two-dimensional reduced symplectic manifold all the integral curves of the Hamiltonian vector
field associated to the reduced Hamiltonian H are periodic.

6.4 The motion of a rigid body around a fixed point
6.4.1 Mathematical description of the problem

We consider the motion of a rigid body containing at least three non-aligned material points.
A configuration of the body in space is mathematically represented by an affine, isometric and
orientation preserving map defined on an abstract Euclidean three-dimensional oriented affine
space S (called the space of material points), with values in E, the three-dimensional Euclidean
oriented affine space which mathematically describes the physical space. When the configuration
of the body is represented by the map x : § — E, the position in space of the material point of the
body represented by z € S is x(z).

We assume that one geometric point of the rigid body is constrained, by an ideal constraint, to
keep a fixed position in the physical space. By using this fixed point as origin, both for § and for
E, we can now consider these spaces as vector spaces. Each configuration of the body in space
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is therefore represented by a linear isometry. The set N of all possible configurations of the
material body in space is therefore Isom(S, E), the set of linear orientation-preserving isometries
of S onto E.

The Lie groups SO(S) and SO(E) of linear orientation-preserving isometries, respectively of
S and of E, both isomorphic to SO(3), act on N, respectively on the left and on the right, by the
two commuting actions g5 and g

q)S(xugS) = X0gs, (I)E(gEax) =gEOX, gEE€ SO(E>7 8s € SO(‘S>7 xXEN.

The values at x € N of the fundamental vector fields on N associated to X € so(S) and Y € so(E)

e d(xoexp(sX))

ds

The Lie algebra actions ¢s : 50(S) — A!(N) and @ : so(E) — A'(N) associated to the Lie group
actions dg and Pf are, respectively, the maps

d(exp(sY)ox)

YN(X) - ds s=0 '

XN(X) =

s=0 ’

os(X)=Xn, @p(Y)=Yy, Xe€so(S), Yeso(E).

One should be careful with signs: since ®g is an action of SO(S) on the right, the bracket of
elements in the Lie algebra so(S) for which g is a Lie algebras homomorphism is the bracket
of left-invariant vector fields on the Lie group SO(S); similarly, since @ is an action of SO(E)
on the left, the bracket of elements in the Lie algebra so(E) for which @g is a Lie algebras
homomorphism is the bracket of right-invariant vector fields on the Lie group SO(E).

Let @5 : N x s0(S) — TN and @ : N x s0(E) — TN be the vector bundles isomorphisms

Ps(x, X) = ps(X)(x),  Pe(x,Y) = @e(Y)(x).

Let Qg : TN — s0(S) and Qf : TN — so(E) be the vector bundles maps (so(S) and so(E) being
considered as trivial vector bundles over a base reduced to a singleton)

'Q'S(V) = Tlso(s) © ¢§1<V)7 -Q'E(V) = Tlso(E) © ‘7551(")7 veTN,

where Tgo(5) 0 N X 50(S) — 50(S) and 7og) : N X s0(E) — s0(E) are the projections of these
two products on their respective second factor.

A motion of the rigid body during a time interval [t,#] is mathematically described by a
smooth parametrized curve Y : [fo,#;] — N. In his beautiful paper [3], Vladimir Arnold clearly

dy(t dy(t dy(t
explained the physical meaning, for each ¢ € [r,1;], of }c/1<t ), Qg ( il )) and Qp (ﬂ) :

dr dr

dy(t
. —’}(ll(t ) € Ty»)N is the value, at time 7, of the frue angular velocity of the body,

dy(r
(4

is the value, at time ¢, of the angular velocity of the body seen by an observer

bound to the moving body and moving with it,

dy(t)

* and Qf <T) is the value, at time ¢, of the angular velocity of the body seen by an

observer bound to the Galilean reference frame in which the motion is studied and at rest
with respect to that reference frame.
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The following comments may be useful to explain Arnold’s assertions. To shorten the nota-
dy(z
tions, let us state, for some time ¢ € [to,#;], x = y(t) E N, v = ) € I,N, X = Qg(v) € s0(S)

dr
and Y = Qg(v) € so(E). We have
¢S(X7X> = QBE(S,Y) =V.
Let z € S be some material point of the moving body. Its position at time 7 is x(z) € E and its

dy(t)

d
velocity is o (7(1)(z)) € Ty()E. It depends only of v = o TN, not of the whole curve 7.

We can therefore replace y by the parametrized curve s — exp(sY) ox, since we have

d(exp(sY) ox)
ds

Therefore the velocity at time ¢ of the material point z € S is

d(exp(sY) ox(z))
ds

=Yg (x(z)) = ()@,7 ><x(7§) €TE=EXE,

where we have denoted by Yz the fundamental vector field on E associated to Y € so(E)for the
action @, and used Formula (3) of Section 6.2. This proves that the fundamental vector field Yz
is the velocity field of the rigid body as it appears in space E at time ¢, and explains why Arnold
calls Y the angular velocity of the body seen by an observer bound to the Galilean frame in which
the motion is studied.

Since dy(r) _ d(xoexp(sX))
dt ds

d(xoexp(sX)(z)) ’

s =0
fundamental vector field Yz, i.e. of the velocity field of the moving body in space E at time ¢, is
the vector field on S whose value at z € S is

d(exp(sX)(z))
ds

s=0

K the value at x(z) € E of the fundamental vector field Yg is
§=

also given by . The pull-back x*(Yg) by the isomorphism x : § — E of the

- =
Ong(z)z(z,X X
§=

X (Ye)(2) = ) eTS=5x5s,

where we have again used Formula (3) of Section 6.2. The pull-back x*(Yg) of the velocity
field of the moving body in space E at time ¢, by the isomorphism x : § — E, is therefore the
fundamental vector field Xg associated to X € so(S), for the action ®g. That explains why Arnold
calls X the angular velocity of the body seen by an observer bound to the moving body.

The above observations prove that for any x € N and v € TN,

x(Qs(v)) = Qe (v), (1)

the arrows over Qg(v) € s0(S) and Qg(v) € so(E) indicating that they are here considered as
vectors in S and in E, respectively.

When the true angular velocity of the body is v € TN, its kinetic energy is

T(v) = %I(QS(V%QS(V)) 7

where 1 : 50(S) x s0(S) — R is a symmetric, positive definite bilinear form which describes the
inertia properties of the body. The assumed rigidity of the body is mathematically described by
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the fact that the bilinear form I does not depend on time, nor on the configuration 7y (v) of the
body. Let us set, for each pair (v,w) of vectors in TN such that Ty (v) = v (w),

T(v,w) = El(Qs(v),Qs(W)) , so we can write T(v) = T(v,v).

The symmetric bilinear form T is a Riemannian metric on the manifold N. Let us consider the
effects on T of the canonical lifts to TN of the actions @z and ®g on the manifold N. For each gg
in SO(E), gs € SO(S), we denote by ®g,, : N — N and by Pg,, : N — N the diffeomorphisms

Do, (x) = Pe(ge,x) =grox, Pgei(x) = Pg(x,85) =x0gs, xEN.

For each v € TN, with 7y (v) = x € N, we have of course

Ps(x, Qs(v)) =v.

Since the actions ®g and &g commute we have, for any gg € SO(E), vE€ TN, t € R and x =
‘L'N(V> €N,

Dy (gE,xo exp (tQS(v))> = groxoexp(tQs(v)) = P (gE oX,exp (tQS(v))> :
By taking the derivative with respect to ¢, then setting t = 0, we get

Tq)EgE(V) = fﬁs(gE OX, Q‘S(V)) ’

which means that
Qs (T, (v)) = s(v).

The Riemannian metric T therefore satisfies, for each gz € SO(E) and each pair (v, w) of vectors
in TN which satisfy Ty (v) = v (w),

T(T®p g, (v), T®pg, (W) = T(v,w).

This result means that the Riemannian metric T remains invariant under the canonical lift to TN
of the action .
A similar calculation, in which gr € SO(E) is replaced by gg € SO(S), proves that, for each
ve TN,
QS(T(DSgS<V)) = Adg§1 (Qs(\/)) N

so we have, for v and w € TN satisfying v (v) = ty(w),

~ 1
T(T D5 (v), TPsgs (W) = S1(Ad 1 0Qs(v), Adyor 0Qg(w))

For a general rigid body, the kinetic energy T and the Riemannian metric T do not remain in-
variant under the canonical lift to TN of the action 5. However, let us define an action on the
left of Gy on the vector space of bilinear forms forms on s0(S) by setting, for each such bilinear
form B and each gg € Gg

(gs.B)(Xs,Ys) = B(Adggl (Xs), Ad (Ys)), XsandYs € so(S).

We see that the kinetic energy T and the Riemannian metric T remain invariant under the action
of an element g5 € Gy if and only if gg.I =, i.e. if and only if gg is an element of the isotropy
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subgroup if I for the above defined action of Gy on the space of bilinear forms on so(S). This
happens, for example, when the body has a symmetry axis, the isotropy subgroup of / being the
group of rotations around that axis.

When the configuration of the body is x € N, its potential energy is

Ux) = —(Px(d)),

_)
where a € § is the vector whose origin is the fixed point Og and extremity the centre of mass
of the body, and P € E* is the gravity force. Since E is identified with its dual_l;?*, the pairing

by duality being the scalar product, P can be seen as a fixed vertical vector P € E directed
downwards, equal to the weight of the body (product of its mass with the gravity acceleration),
and the potential energy can be written

Ulx) = — P x(a) = —x ' (P).d,

' — — —
where we have written x(a) for x(a ) and x~!(P) for x~!( P) to stress the fact that they are
vectors, elements of E and of S, respectively. We also used the fact that the transpose x” : E* — S*
of the orthogonal linear map x : § — E is expressed, when § and E are identified with their dual
spaces by means of the scalar product, asx~' : E — S.

— —
When either a =0 or P = 0 the potential energy vanishes, therefore remains invariant under

— —
the actions @ of Gg and ®g of G on the manifold N. When both a # 0 and P # 0, the above
formulae show that the potential energy remains invariant by the action of an element gg € SO(Q

if and only if gg (P) = P, which means if and only if gg is an element of the isotropy group of P
for the natural action of Gg on E. This isotropy subgroup is the group of rotations of E around
the vertical straight line through the fixed point. Simlilarly, thgotential energy remains invariant

by the action of an element gg € SO(EQ if and only if gs(a) = a, which means if and only if gg is

an element of the isotropy group of a for the natural action of Gg on S. This isotropy subgroup
is the group of rotations of § around the straight line which joins the fixed point and the centre of
mass of the body.

The motion of the rigid body can be mathematically described by a Lagrangian system whose
Lagrangian L : TN — R is given, for v € TN, by
_ - _ — 1 =
L(v) =T(v,v)+ P.ty(v)(a) = T(v,v)+ (tw(v))  (P).a .

We denote by T’ : TN — T*N the map determined by the equality, in which v and w € TN satisfy
TN(V) = TN(W), _ _
<']I‘b(v),w> =T(v,w).

The Legendre map £ : TN — T*N determined by the Lagrangian L is
L=2T.

Its linearity and the positive definiteness of / ensure that it is a vector bundles isomorphism. The
motion of the rigid body can therefore be described by a Hamiltonian system whose Hamiltonian
H:T*N — Ris given, for p € T*N, by

1 — . —

H(p) = %<p, (1)1 (p)) - P .1w(p)(a) = 2 (P (T) "' (p)) = (an(p)) ' (P). a
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6.4.2 The Hamiltonian in terms of momentum maps
Let x € N be fixed. The maps

Qg = Qg TN —s0(S) and Qpy=Qp |, i TN — s0(E)

‘TN

are vector spaces isomorphisms. Their transpose
QL :50(8)* = T/N and QL :so(E)* = T'N

are too vector spaces isomorphisms. Their inverses are closely linked to the momentum maps
Js: T*N — s0(S)* and Jg : T*N — so(E)* of the canonical lifts to 7*N of the actions Py of Gg
and @ of G, respectively, on the manifold N. We have indeed, for any x € N,

As above, let x € E be fixed and let v and w € T,N. The Legendre map £ : TN — T*N satisfies

Js

(L)) = 5 T (@s(v+5w), 250+ 5w) |,

—I(Qs( ), Qs(w))
= (I 0 Qs(v),Qs(w))
—<QSononS >

where I’ : 50(S) — s0(S)* is the map defined by
(I’(Xs),Ys) =1(Xs,Ys), Xsand Ys € s0(S).

So we can write

L ‘TXN: ngolonS ‘TXN’

which shows that the momentum map Jg composed with the Legendre map £ has the very simple

expression
Jso L =10Qg.

The momentum map Jg composed with £ has a slightly more complicated expression, valid for
eachx € N,
Jgo L ’TN: (ng)fl oﬂgxolb 0 Qg

Let I* : s0(S)* x s0(S)* — R be the symmetric, positive definite bilinear form on G*

r(Em) =1()1(E).(") " (m) = (&.(") () = (n, ()" (&))-

The above expression of Jgo £ and the bilinear form /™ allow us to write the Hamiltonian H as

1. SRR I G i
H(p) = 31" (Js(p).Js(p)) —an(p) "' (P).a, peT'N.

Although the kinetic energy remains invariant under the canonical lift to 7*N of the action ®g,
the expression of H in terms of the other momentum map Jg is too complicated to be useful.
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6.4.3 The Euler-Poincaré equation

We use the vector bundles isomorphism @g : N x s0(S) — TN to derive the Euler-Poincaré equa-
tion. The map L = Lo @g: N X 50(S) — R is

1 —
L(x,X) = EI(X,X)—I— P x(a), X e€so(S),xeN.

Its partial differential d,L with respect to its second variable is
dL(x,X)=I"(X) €s0(S)" =S.

A calculation similar to those of Section 6.4.2 leads to the following expression of Jg composed
with the partial differential of L with respect to its first variable:

— — 1 ?
Jsod|L(x,X)= a xx (P)€so(S)"=S.

Let ¢t — x(¢) be a smooth curve in N solution of the Euler-Lagrange equation for the Lagrangian
L, and t — X(¢) a smooth curve in s0(S) which satisfies the compatibility condition (1) of 5.2.2

dx(z)

S = (0, X (1) 1)

The Euler-Poincaré equation (3) of 5.2.2, satisfied by the smooth curve ¢ — (x(t),X (¢)) in N x
s0(S), is

d * b - —1
(& —adx(t)) (1 (X(t))) —d xx1(P).
Using the expression of ad* given by Formula (4) of 6.2, we can write the Euler-Poincaré equa-

tion as
%ﬁ(x@))—ﬂ(xu)) < X(1) = a x P(1), (2)

——
where we have set PS(I; = x(t)~!(P). The physical meaning of the quantities which appear in

this equation is the following: )(Ttg is the angular velocity, /° (X (t)) the angular momentum and

Ps(t ) the weight of the moving body, all three a time ¢ and seen by an observer bound to the body,
therefore considered as vectors in S. We recognize the classical Euler equation for the motion of
a rigid body around a fixed point.
— — . .
Of course x(t) (Ps(t) = P is a constant vector in E, therefore

—
d(x(¢) (Ps(t bl
)ty (1) -

— —
The first term in the right hand side, (PS(t), is the value at P € E of the velocity field in E

of the moving body. Therefore

dx(1)
dr

S

Therefore we have

@:_X(w—l(mx?) — X (1) x As(1).

dr
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since, by Formula (1) of 6.4.1, x(1) ™ (Qg (v)) = Qs(v) = X (¢). The compatibility condition and
the Euler-Poincaré equation (Equations (1) and (2) of this Section) have lead us to the differential

—>
equation on § x S, for the unknown parametrized curve ¢ — (X (t ,Ps(t) ,

Lb(x(t)) Ib x)ﬁ-ﬁ— a xﬁ
¢ 3)
dﬁ ﬁ .

When the right hand side of equation (2) vanishes, which occurs when the fixed point is the
centre of mass of the body (a = 0) or when there is no gravity field ( P = 0), the Euler-Poincaré
equation yields an important reduction, since the first equation of (3) becomes an autonomous

—
differential equation on the three-dimensional vector space S for the smooth curve 7 — I’ (X S(t)),
while the Euler-Lagrange equation or the Hamilton equation live on the six-dimensional mani-
folds TN or T*N, respectively. Under these assumptions, the study of all possible motions of the
rigid body is is known in Mechanics as the Euler-Poinsot problem. The reader will find in [14] a
very nice and thorough geometric presentation of the phase portrait of this problem.

When 3 # 0 and ? # 0, the first equation of (3) is no more autonomous: one has to solve
(3) on the six-dimensional vector space S x S. The use of the Euler-Poincaré equation does not
allow a reduction of the dimension of the phase space, but (3) may be easier to solve than the
Euler-Lagrange equation or the Hamilton equation, because it lives on a vector space instead of
on the tangent or cotangent bundle to a manifold.

6.4.4 Use of the Lie algebra of Euclidean displacements

As explained for example in Theorem 4.1 of [48] or in Proposition 13 and Example 14 of [51],
there exists a Hamiltonian action on 7*N of the semi-direct product Gg x S, (the group of Eu-
clidean displacements, generated by rotations and translations, of the Euclidean affine space
S) which extends the canonical lift to 7*N of the action ®g, such that the Hamiltonian H
can be expressed as composed of the momentum map of that action with a smooth function
h:so(S)* x §* — R. We briefly explain below the construction of that action.

_)
Foreach b €S, let f;> : N — R be the smooth function
- = T2
:<xT(P), b)= b.x'(P), xeN.
The map W : T*N x § — T*N defined by
— —
¥(p,b)=p—dfpomn(p), pET'N, b €S,

is a Hamiltonian action of S on the symplectic manifold (7*N,dny): the Lie algebra of S can

indeed be identified with S, the exponential map becoming the identity of S, and for each b €S,
the vector field on 7*N whose flow is the one-parameter group of transformations of 7*N

{p »—>p—tdf;>(7tN(p)) S R}

is Hamiltonian an admits as Hamiltonian the function
- —1 *
p—fpomn(p) == b.ny(p)" (P), peTN.
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This formula proves that W is a Hamiltonian action which admits

* * —1
Jy:T'N—S" =S, Ju(p)=mn(p) (P)

as a momentum map. Gluing together W with the canonical lift &DS of dg to the cotangent bundle,
we obtain a Hamiltonian action on the right = of the semi-direct product Gg X S on the symplectic
manifold (T*N,dny):

2(p.(g5. D)) = ¥(@s(p.gs). b)

with (Js,Jy) : T*N — s0(S)* x §* = § x § as a momentum map. The function /2 : s0(S)* x §* =

SxS§S—R
— = 1, — = ——
n.¢

)=5I(n,n)—-¢&n

is such that the Hamiltonian H : T*N — R can be written as H = ho (Jg,Jy), and Equation (3)
of Section 6.4.3 is the Hamilton equation on s0(S)* x §* = § x S (endowed with its canonical
Poisson structure) for the Hamiltonian /4. This result is in agreement with the fact that (Jg, Jy) is
an ad*-invariant Poisson map (4.4.11).

h(

6.4.5 Reduction by the use of first integrals

The effects on the kinetic and potential energies of the Hamiltonian actions @y and </I\>S were

discussed in Section 6.4.1. When a # 0 and P # 0, the Hamiltonian H remains invariant under
the restriction of the action ®f to the subgroup of rotations around the vertical axis through
the fixed point. The corresponding momentum map, which is the orthogonal projection of the
momentum map Jg on the vertical direction, is therefore a first integral. Another first integral
is the total energy, i.e. the Hamiltonian H itself. For a general rigid body, no other independent
first integrals are known. However, in two special cases of particular rigid bodies, there exists
another independent first integral.

The first case, known as the Euler-Lagrange problem in Mechanics, is when the straight line
which joins the fixed point and the centre of mass of the body is an axis of symmetry for the
inertia properties of the body. The Hamiltonian H remains then invariant under the restriction of
the action {I\Js to the subgroup of SO(S) of rotations around this straight line. The corresponding
momentum map is the orthogonal projection of the momentum map Jg on the direction of the
symmetry axis.

The second case, discovered by the Russian mathematican Sonya Kovalevskaya (1850-1891)
[41] is when two of the principal moments of inertia of the body are equal to twice the third
and when the centre of mass of the body lies in the plane of the two equal moments of inertia.
The explanation of the existence, in this very special case, of an additional integral is much
more complicated than that of the existence of an additional integral for the Euler-Lagrange
problem, and involves mathematical tools which are not discussed in the present paper. The
reader is referred to the book by Michele Audin [6] for a discussion of these tools and to the
beautiful other book by the same author [7] for a very moving presentation of the life of Sonya
Kovalevskaya.

— —
When a =0or P =0 (the Euler-Poinsot problem) the Hamiltonian H remains invariant under
the action @ of the full group SO(E), so the corresponding momentum map Jg is (as already
seen in Section 6.4.3) a (vector valued) first integral.
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6.5 The Kepler problem
6.5.1 Mathematical description of the problem

We consider the motion in space of a material point of mass m submitted to the gravitational

field created by an attractive centre O. Taking O as origin allows us to consider E as a vector

Euclidean three-dimensional oriented space. The configuration space, i.e. the set of all possible

positions of the material point, is N = E\{O}. The tangent bundle 7N and the co_t>ar§ent bundle

T*N will b_)oth be identified with N x E. An element of Ti)\f ii therefore a pair ( x , v_)) €cEXE

satisfying x # 0. Similarly an element of T*N is a pair ( x , p ) € E X E satisfying x # 0.
The kinetic energy T : TN = N x E — R and the potential energy U : N — R are

- = 1 - = mk
T()Cav)zin’l||"||27 U(x):ﬂ-
X

The Lagrangian L: TN = N x E — R of the Kepler problem is therefore

N mk
L(X,V)—§m||v||2+ﬂ
X

The Legendre map L : TN =N XE - T*N=N X E is

— = — =
p

-
L(x,v)=(x,p), withp=mv.

The Kepler problem can therefore be mathematically formulated as a Hamiltonian dynamical
system on T*N = N x E, with the Hamiltonian

HZ, p) = pIP - 2
X =— — :
T PR

The natural action ®g of SO(E) on E leaves invariant N = E\{O}, therefore is an action of
SO(E) on N. With the identifications of TN and T*N with N x E which we have made, the
canonical lifts @ and ®f of that action to the tangent and cotangent bundles, respectively, are
expressed as

. = — — — —
v)), Pe(ge,(x,p)) = (ge(x),8e(p)).

Since the norm of a vector in E remains invariant under the action ®g, the Lagrangian L and the
Hamiltonian H remain invariant under the actions @ and ®, respectively. The action P is
Hamiltonian, and we know (Formula (4) of 6.2) that its momentum map Jg : T*N =N X E —
s0(E)*=E is

)7gE(

e
Je(x,p)=xxp.

The map Jg is the angular momentum of the moving material point with respect to the attractive

centre. Noether’s theorem (4.4.5) shows that it is a first integral of the Kepler problem. Another

first integral of the Kepler problem is the total energy H, as shown by 3.3.4.

6.5.2 The Euler-Poincaré equation

The Lie group SO(E) does not act transitively on N by the action ®g, since the orbits of this
action are spheres centered on O. However, extending this action by homotheties of strictly
positive ratio, we obtain a transitive action on N of the direct product SO(E) x |0, +-oo]

— — —
e ((ge,r), x ) =rge(x), gr €SO(E), r€]0, 4o, x €N.
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Let W : s0(E) x R — A!(N) be the assomated actlon of the Lie algebra so(E) x R. The map

N — =
VE :Nx (s0(E) xR) = TN, yg( x (X A)) = I//E(X A)( x ), can be written, with the identi-
fications of s0(E) with E and of TN with N x E,

(X, (X.0) = (F. X x 2 +47%).

The function L = Lo Y is therefore

- = = I = = 1 == mk
L(x.(X,2)) = gm|| x P(I X | +2%) = 5m(X . x)*+

x|
C . — - . . . - . .
Iti> partial differentials dL and d,L with respect to its first variable x and to its second variable
(X, A) are, with the identifications of E* and (so(E) x R)* with, respectively, E and E x R,
- = = - mk \— o i e
diL(x,(X,2)) = (m(HXHZﬂL/lZ)—ﬁj) —m(X.x)X,

x|l
- —
X.x)

The canonical lift ‘/I\’E of W to the cotangent bundle is a Hamiltonian action, whose momentum
map (Jg,Kg) : T*N — so(E)* x R has Jg as first component. Its second component is

- = ==
Kp(x,p)=x.p.

N = = e
dzL(x ,(X,?L)) = (m|| X ||2X —m( x,m| x ||27L).

Lett+— )B be a smooth curve in N, parametrized by the time ¢, solution of the Euler-Lagrange
equation for the Lagrangian L. The compatibility condition (1) of 5.2.2, for a smooth map

t (x(*tﬁ,l(t)) in s0(E) x R, can be written as

d’é_?zﬁxxa +A(0x(1). (1)

This equation does not involve the component of )@ parallel to )@ , since the vector product of
this component with )@ vanishes.
The Euler-Poincaré equation (3) of 5.2.2 has now two components, on so(E)* and on R*

identified, respectively, with E and with R. With the above expressions of d{L, d,L, Jg and Kg,
we obtain for its first component

< (mmnz <B—@B)>

I x |12

= m ({1} 20} J3(e)  3(0) = (32} 32 a5 () =0,

where we have used Formula (4) of 6.2. Its second component is

d mlx (P = m | ()12 = A2 *3*3 2 mk
- (mlx(1} ) (Mu I )HH kT

The vector m is the sum of two components X (¢ ) orthogonal to x(TS and X, (¢ ) parallel to x(TS .

Since . . X*S*S
X1l =X (1) - #7

()12
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the two components of the Euler-Poincaré equation become

S IEIPx ) = 0

i (REP) = (LK 22) WP 2

The first equation expresses the fact that Jg is a first integral of the Kepler problem, since we

R = 70 x 5 e (70,0

Similarly, the second equation can be written

¢ (a7) - ||ﬁ||2 o

I ]

which is a direct consequence of Hamilton’s equations for the Hamiltonian H of the Kepler
problem.

Neither the Euler-Poincaré equation nor the compatibility condition involve the component

Xo( ti of )TS parallel to )ﬂ This illustrates the fact that the system made by these equations in
underdetermined when the dimension of the Lie algebra which acts on the configuration space is
strictly larger than the dimension of this space.

6.5.3 Hamilton’s method of solving the Kepler problem

The Hamiltonian H of the Kepler problem remains invariant under the canonical lift to 7*N of
the action of SO(E). Noether’s theorem (4.4.5) shows that the corresponding momentum map Jg
is a first integral. Of course the total energy, i.e. the Hamiltonian H, is too a first integral (3.3.4).
Following the method due to Hamilton [29], we explain below how the three Kepler laws can
easily be deduced from the first integrals Jg and H.

Let us assume that at a particular time #, x (t(); and p( toi are not collinear. The vector Q =
JE j,p*ﬁ = *3 X p?; does not depend on ¢ since Jg is a first integral, and is # 0 since
for t = 19, x(¢) and p(¢) are not collinear. We choose an orthonormal positively oriented basis
(ex, ey, e;) of E such that Q = Qe , with Q > 0. The vectors );S and ﬂ remain for all times
in the two- dlmensmnal vector subspace F spanned by (ey, ey ). Let 6(¢) be the polar angle made

by x( *3 with ex We have

B (1) cosB(r) s + (1) sinB(r) ey

os6
do(r) . —
p < d( r(t)%sm@(t)) ex
r(t do(r) —
< o +r(t) o G(I)) ey
B do(r
N dr
Therefore 40
mr*~—— = Q = Constant .

dt
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Q
This is the second Kepler law, also called law of areas, since m is the area swept by the straight

m
line segment joining the moving material point to the attractive centre during an unit time. Since
t — 0(t) is a strictly increasing function whose derivative never vanishes, we can take 6 instead
of time ¢ as independent variable. Using Hamilton’s equation (or Newton’s equation), we can
write

%
dp(0) dp(@) di  mr(0)2 [ mk m2k - =
0  dar do  Q _r(6)3’@ =g (cosOertsinbey).

_>
This ordinary differential equation for the unknown p (6), which no more involves x(6 ;, can be
readily integrated:
— m*k . = - =
p(0)= E(—sm@ex +cosBey)+ ¢,

. . . . — - = .
where ¢ is a (vector) integrating constant. We will choose e, such that ¢ = cey, where cis a
numeric constant which satisfy ¢ > 0.

V\gth O as origin let us draw two vectors in the plane xOy, ge first one (constant) being equal

to ¢, and the second one (which varies with 0) equal to p. The end point of that second

vector moves on a circle whose centre is the end point of the vector equal to ¢, and whose
2

radius is R = . The part of this circle swept by the end point of this second vector is (up

to multiplication by m) the hodograph of the Kepler problem. A short calculation leads to the
following very simple relation between the energy H of a motion, the radius R of its hodograph
and the distance ¢ from the attracting centre O to the centre of the hodograph:

2mH = > — R?.
The right-hand side ¢> — R? is the power' of O with respect to the hodograph.

%
We also obtain r = || x || as a function of 6

(0) Q? A A Q? . Qc

r(0) = = wi =—, = ——.
m2k+Qccos® 1+€cosh’ m2k’ m2k

It is the polar equation of a conic section with O as focus point and € as eccentricity. This conic

section (or, when € > 1, the arc of this conic swept by the moving material point) is the orbit in

E of the moving material point. This result is the first Kepler law.

The modulus Q of the angular momentum, the total energy H and the eccentricity € satisfy
2Q°H

m3k?

This formula shows that the orbit in E of the moving material point is an ellipse (0 < & < 1) if
H <0, aparabola (¢ = 1) if E =0 and a connected component of a hyperbola (¢ > 1) if H > 0.

When H < 0, the orbit in E of the moving point is an ellipse and its motion is periodic. The
period T is easily obtained by writing that the area swept in a time T by the straight line segment
which joins the moving point to the attractive centre is the area A delimited by the orbit:

T 2mA B 2mma*\/1 — €2
S Q Q

e2—1=

— —
'Tn plane Euclidean geometry, the power of a point O with respect to a circle € is the real number OA.OB, where
A and B are the two intersection points of € with a straight line D through O. That number does not depend on D

%
and is equal to ||OC||> — R?, where C is the centre and R the radius of C.
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where a is the length of the half major axis of the orbit. By using the formula

Q? — m%kar\/1 — €2

we obtain

We conclude that the square of the period is proportional to the third power of the length of the
half major axis. This result is the third Kepler law.

Hamilton’s method of solving the Kepler problem is much easier than the Marsd_)en—Weinstein
reduction procedure, to which it is only very loosely related. A non-zero vector € is a regular
value of Jg, so J*I(a) is a smooth three-dimensional submanifold of 7*N: it is the set of
pairs of vectors ( x, p ) € F x F such that ;) X ;) = 3, where F is the two-dimensional vector

subspace of E orthogonal to Q. This submanifold remains invariant under the action on T*N
of the one-dimensional subgroup of SO(E), isomorphic to the circle S I of rotations around the

straight line through O parallel to . The reduced Marsden-Weinstein symplectic manifold is
the set of orbits of this action. It is isomorphic to the open half-plane {(r,1) € R?;r > 0}, and

%
the projection of J ’l(fi) onto the reduced symplectic manifold is the map (x, p) — (r,4),
withr=| x ||, A = x . p. The reduced symplectic form and Hamiltonian are, respectively,

m(Q>+ A% mk
Q:—dﬂ,/\dr HH:T_T
Instead of using this reduced symplectic manifold and this reduced Hamiltgr;ian, Hamilton’s
method uses a clever choice of independent and dependent variables on J; ! (Q) which leads to
%
aE easy to solve autonomous differential equation for p as a function of the polar angle 8 of

x . It is successful essentially because the hodograph of the Kepler problem is a circle (or, when
H > 0, a part of a circle).

6.5.4 The eccentricity vector

_)
There exists still another vector valued first integral € of the Kepler problem called the ec-
centricity vector, discovered by Jakob Hermann (1678—-1753) three centuries ago [9, 31], often
improperly called the Laplace vector or the Ruge-Lenz vector, whose expression is

— - = = = - =

o +pquP»_OpH_1 )7_px%

- — 2 - 2 2 :
| x| mk mk X mk

For each motion of the moving material point, the eccentricity vector ? is a dimensionless vector
parallel to the straight line segment which joins the attractive centre O to the perihelion of the
orbit (i.e. the point of the orbit which is the nearest to the attractive centre), of length numerically
equal to the eccentricity € of the orbit. When the orbit is a circle, the perihelion is undetermined

_>
and € = 0. We briefly explain below the group theoretical origin of the eccentricity vector. A
more detailed explanation can be found for example in [50]. Many other interesting results about
the Kepler problem can be found in the excellent books [13, 27 14, 20, 23].

Motions ¢ — ( ‘ﬁ,ﬂ of the Kepler problem in which x( t and m are parallel are not
defined for all values of the time 7: the curves drawn in E by the vectors )T%j and p () both
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are supported by the same straigh line through the attractive centre O, so the motion finishes,
or begins, at a finite time, when x(¢) reaches 0, i.e. when the moving point collides with the

_)
attractive centre or is expelled by it. When ¢ tends towards that final (or initial) instant, || p (¢)||
tends towards +oo. This fact complicates the study of the global topological properties of the set
of all possible motions of the Kepler problem.

For any motion ¢ — ()B ,p?ﬁ), the curves drawn in E by the vector_s) )@ and @ _flre, re-

spectively, the orbit and the hodograph of the motion. The exchange (x, p)~— (p, x ) is an
anti-symplectic map, which allows us, at the price of a change of sign of the symplectic form,

to consider the curve drawn by p(z) as the orbit of some Hamiltonian dynamical system and the
curve drawn by x(7) as the corresponding hodograph. This remark offers a way of studying the

global properties of the set of all possible motions: for a motion ¢ (x(‘tg , p(ti) which starts
or ends at finite instant by a collision with the attractive centre or an ejection by that point, the

curve drawn by p(z i, now considered as an orbit rather than a hodograph, goes to infininy when
t tends towards this limit instant. By a inverse stereographic projection, E can be mapped on
a three-dimensional sphere Q minus a point (the pole of the stereographic projection), and the

curve drawn by p(t) is mapped onto a curve which tends towards the pole P of the stereographic
projection. The canonical prolongation of the inverse stereographic projection to the cotangent
bundles allows us to map the phase space of the Kepler problem onto the open subset of 7*Q
complementary to the fibre 75 Q over the pole of the stereographic projection. On 7*Q, motions
which reach 7 Q can be prolongated and no more appear as starting, or ending, at a finite instant
of time. This idea, due to Fock [21] who applied it to the study of the hydrogen atom in quantum
mechanics, was used by Moser [55] for the regularization of the Kepler problem for negative
values of the Hamioltonian H. Gyorgyi [28] used a similar idea. Since the inverse stereographic

projection maps circles onto circles, the image of p(¢) draws a circle on the three-dimensional
sphere Q and, for a particular value of the total energy H, this circle is a great circle, i.e. a
geodesic of Q. Gyorgyi [28] proved that the cylindrical projection onto E of these great circles
are ellipses centered on O whose eccentricity is the same as those of the orbits drawn on E by

the corresponding vector )@ The group SO(4) acts on the three-dimensional sphere Q and, by
the canonical lift to the cotangent bundle, on 7*Q by a Hamiltonian action. The transformed
Hamiltonian is not really invariant under that action and some more work (a reparametriza_ti>0n

of time) is still needed, but finally Noether’s theorem can be used. The eccentricity vector € is
(modulo the identification of the phase space of the Kepler problem with an open subset of 7*Q)
the momentum map of that action, which explains why it is a first integral.

For motions with a positive value of the total energy, there exists a similar construction in
which instead of a three-dimensional sphere, Q is a two-sheeted revolution three-dimensional

_>
hyperboloid. The symmetry group is the Lorentz group SO(3, 1); the eccentricity vector € still
is the momentum map of its action on 7*Q [54, 2]. For a motion with a zero value of H, the

circle drawn in E by the vector p(r) contains the attractive centre O, so an inversion with O
as pole transforms this circle into a straight line, i.e. a geodesic of E. The symmetry group is
then the group of Euclidean displacements in E (generated by rotations and translations); the
eccentricity vector ? still is the momentum map of its action on T*E.

Ligon ans Schaaf [47] used these results to construct a global symplectic diffeomorphism of
the phase space of the Kepler problem (for negative values of H) onto an open subset of the
cotangent bundle to a three-dimensional sphere. Gyorgyi had done that earlier [28] but it seems

that his work was not known by mathematicians. Later several other authors pursued these
studies [15, 30].
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Souriau [61] used a totally different approach. He built the regularized manifold of motions
of the Kepler problem in a single step, for all values of the energy, by successive derivations of
the equations of motion and analytic prolongation, calculated its symplectic form and directly
determined its symmetry groups. The eccentricity vector appears again as a momentum map for
the Hamiltonian actions of these groups.
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