N
N

N

HAL

open science

Decomposition theorem and Riesz basis for
axisymmetric potentials in the right half-plane
Slah Chaabi, Stephane Rigat

» To cite this version:

Slah Chaabi, Stephane Rigat. Decomposition theorem and Riesz basis for axisymmetric potentials in
the right half-plane. European Journal of Mathematics, 2015, 1 (3), pp.582-640. 10.1007/s40879-015-

0053-5 . hal-00940237v2

HAL Id: hal-00940237
https://hal.science/hal-00940237v2
Submitted on 8 Mar 2016

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-00940237v2
https://hal.archives-ouvertes.fr

DECOMPOSITION THEOREM AND RIESZ BASIS FOR
AXISYMMETRIC POTENTIALS IN THE RIGHT
HALF-PLANE.

SLAH CHAABI, STEPHANE RIGAT

ABSTRACT. The Weinstein equation with complex coefficients is the
equation governing generalized axisymmetric potentials (GASP) which
can be written as Ly, [u] = Au+ (m/x) 0,u = 0, where m € C. We gen-
eralize results known for m € R to m € C. We give explicit expressions
of fundamental solutions for Weinstein operators and their estimates
near singularities, then we prove a Green’s formula for GASP in the
right half-plane HT for Re m < 1. We establish a new decomposition
theorem for the GASP in any annular domains for m € C, which is in
fact a generalization of the Bocher’s decomposition theorem. In par-
ticular, using bipolar coordinates, we prove for annuli that a family of
solutions for GASP equation in terms of associated Legendre functions
of first and second kind is complete. For m € C, we show that this
family is even a Riesz basis in some non-concentric circular annuli.

1. INTRODUCTION

In this article, we study the Weinstein differential operator

m 0
Ly, =2z "div(z™V:)=A+ ——
" div (2™V) + .

with m € C, well-defined on the right half-plane Ht = {(z,y) € R?, = >
0} = {# € C, Rez > 0} with the convention 2 = exp(mlInz). This
class of operators is also called operators governing axisymmetric potentials,
they have been studied quite intensively in cases m € N or m € R in
[56, 55, 54, 57, 58, 59, 62, 61, 60, 64, 63, 65, 66, 67, 68, 51, 52, 53, 33, 15, 16,
17, 37, 38, 39, 21, 23, 22, 11, 12, 13, 10, 29, 30, 31, 32, 41]. In this paper,
we focus exclusively on case m € C and some results for integer values of m

Date: June 16, 2015.

2010 Mathematics Subject Classification. 35B07, 33E05, 35J15, 35E05, 42C15.

Key words and phrases. Axially symmetric solutions, Fundamental solutions, Riesz
Basis, Elliptic functions and integrals.

Originally considered by the Central European Journal of Mathematics but withdrawn
due to imposition of publishing fees and resubmitted to the European Journal of Mathe-
matics.

Acknowledgements. Both of the authors wish to thank Laurent Baratchart and Alexan-
der Borichev for very useful discussions and remarks on a preliminary version of this paper.

1



2 S. CHAABI, S. RIGAT

is recalled. The Weinstein equation is written as follows
Lyu = 0. (1.1)

The main reason for which we consider the case m € C is that, if we com-
plexify the coordinates by writing z = = + iy, (1.1) can be rewritten

0*u  m/2 [Ou Ou —0
020z z+7% -

— +
0z 0z
which is a particular case of the equation

0%u a Ju 6 Ou

0202 z+z02 z~|—§£20

considered with «, 5 € C in [49] (equation (5.7), page 20).

Equation (1.1) also appears in physics in the study of the behavior of plasma
in a tokamak. The role of tokamak, which has a toroidal geometry, is to con-
trol location of the plasma in its chamber by applying magnetic fields on its
boundary. It is possible to assume that plasma is axially symmetric what
reduces this problem to a plane section in HT, where the magnetic flux in
the vacuum between the plasma and the circular boundary of the cham-
ber satisfies a second-order elliptic nonlinear partial differential equation,
the so-called Grad—Shafranov equation, which reduces to the homogeneous
equation (1.1) with m = —1.

Yy

boundary offhe plasma

Note that in this instance, (1.1) takes place in an annular domain rather
than in a simply connected domain (see [8, 46, 9]). And this motivates the
Decomposition Theorem 5.8.

In the sequel, the sense in which the solutions are studied will be specified.
We will also look at solutions to the equation in the sense of distributions

Lyu= 5(m7y),

where d(, ) denotes the Dirac mass at (z,y) € HT.
A. Weinstein was the first to introduce this class of operators in 1948 in [54],
he studied the case where m € N*.
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He also established the link between the axisymmetric potentials for m € N*
and the harmonic functions on R™12, that we will recall in the proposition
2.4.

In [58, 59, 19], Weinstein and Diaz-Weinstein established the correspondence
principle that we will recall between axisymmetric potentials corresponding
to m and those corresponding to 2 —m (proposition 2.3). They deduced an
expression of a fundamental solution (where the singular point is taken on
the y- axis) for m € R and they made a link between the Weinstein equation
and Tricomi equations and their fundamental solutions.

Moreover, still in [49], Vekua gave means to express fundamental solutions
of elliptic equations with analytic coefficients by using the Riemann func-
tions, introduced in the past (see eg [28]) in the real hyperbolic context, he
generalized to elliptic equations through the complex operators 9, et 05 in
[49]. In heuristic words, in the same way that we can say a harmonic func-
tion is the real part of a holomorphic function, or the sum of a holomorphic
and an anti-holomorphic function, Vekua expressed the fact that solutions
of elliptic equations, and therefore especially GASP, are written as a sum
of two functionals, one applied to an arbitrary holomorphic function and
the other one applied to an anti-holomorphic functiun also arbitrary. These
functionals can be writen explicitly in terms of Riemann function, which are
obtained by using the hypergeometric functions ([49]) or using fractional
derivations ([15]). In [34], Henrici gave a very interesting introduction to
the work of Vekua.

More recently, by using the work of Vekua in [44], Savina gave a series
representation of fundamental solutions for the operator Lu = Au + adyu +
bOyu + cu and she studied the convergence of thess series. She gave an
application to Helmholtz equation.

In [31], Gilbert studied the non-homogeneous Weinstein equation m > 0, he
gave an integral formula for this class of equations, in particular, an explicit
solution is given when the second member depends only of one variable.
Some Dirichlet problems can be found in [41] in [27] in special geometry
("geometry with separable variable”).

Even if some results presented in this paper are known for real values of m,
we make a totally self-contained presentation with elementary technics not
usually used in the previous quoted papers. For instance, usual arguments
involving estimates of hypergeometric integrals are replaced by arguments
using Lebesgue dominated convergence theorem. The main result is a de-
composition theorem for axisymmetric potentials which is new also for real
values of m. We obtain a Liouville-type result for the solutions of Weinstein
equation on HT, the interesting side of this result is the fact that there is
a lost of strict ellipticity of the Weinstein operator on the boundary of H*.
An application of the decomposition theorem is given by showing that an
explicit family of axisymmetric potentials constructed with the introduction
of bipolar coordinates is a Riesz basis in some annuli.
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The plan of the paper will be the following. It should be useful for the reader
to keep this plan in mind while reading the paper.

First, in section 2, we recall the notion and interest of fundamental solutions
to linear partial differential operators with non constant coefficients.

There is connection between fundamental solutions to L,, and fundamental
solutions to L7,, where L} denotes the formal adjoint of L,, (defined in the
first section). The connection is a consequence of proposition 2.1.

Weinstein Principle, stated in [59] (Proposition 2.3) is valid whatever m is
real and complex. This is just a straightforward computation, and it makes
connection between L,, and Lo_,, for every m € C.

Proposition 2.4, valid only if m € N, is fundamental in the sense that we
can compute a fundamental solution of L,, just by knowing the usual fun-
damental solution of the Laplacian in R"*2.

These computations are done for m € N first, and for m € Z in section 3.

The extension to the case where m € C becomes natural in section 4 (because
the same formulas remain still valid, whatever m € Z or m € C).
Moreover, the behavior of these fundamental solutions near their singulari-
ties are given in proposition 4.2 in a very elementary way, and theorem 4.4
uses these estimates to show the extension of this formula from m € Z to
m € C.

Section 5 is a preparation section to the Decomposition Theorem. For this,
we modify the fundamental solutions built above in order to get fundamental
solutions which are vanishing on the boundary of H™.

Proposition 5.2 shows that if u is solution to L,,u = 0 which is vanishing on
the boundary of H™, then v = 0 on H". We emphasize the fact that, even
if this proposition looks obvious, it is not because of the lost of ellipticity
of L, on the boundary of H". We can also note that Proposition 5.2 is a
consequence of the maximum principle for pseudo-analytic functions given in
a very recent paper by Chalendar-Partington ([14]) for more general o than
2. But in their situation, there is an assumption on o, which corresponds
in our case by asumming |m| > 1.

The proof of proposition 5.2, is then quite long, but not difficult : this is
just done by careful estimates of fundamental solutions in some parts of H*.
Then everything is in place to prove the Decomposition Theorem 5.8 in the
same way than Bocher’s decomposition theorem in [4].

We end this section 5 by giving a Poisson formula in H* (proposition 5.9).

In section 6, we consider the case where the annular domain is a kind of
annulus. We introduce the very classical (in physics) bipolar coordinates
(c¢f. [40]). In these coordinates, the GASP Equation has a different form
(theorem 6.1) and the method of separation of variables gives a basis of
solutions in disks and complements of disks in H' (theorem 6.2).

It is moreover shown in section 7 that this forms a Riesz Basis.
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2. NOTATIONS AND PRELIMINARIES

Throughout the following, H* = {(z,y) € R?, = > 0} will denote the right
half-plane. All scalar functions will be complex valued. If €2 is an open set of
R™ with n € N*, D(Q) will designate the space of C*° functions compactly
supported on 2 and the support of an arbitrary function f defined on 2 is
supp [ := {z € Q, f(x) # 0}.

Let K be a compact set of Q, Dg () is the set of functions ¢ € D(£2) such
that supp ¢ C K.

The partial derivatives of a differentiable function u on an open set 2 C R"”
will be denoted 2% or d,,u, or sometimes u,, with i € [1,n] (for a < b € N,

ox;
[a,b] denotes the set of all integers between a and b).
If o =(au,...,a,) € N” is a multi-index, we will denote

af
Y,

- « [eY
DT dron

with || = a1 + -+ + ay,.

It is assumed that the reader is familiar with the terminology of distributions
and we refer to [35].

Let L be a linear differential operator on (2,

L= Z o, 0%
|| <N

where N € N, the previous summation is performed on the multi-indices «
of length |a| < N, a, are C*°(2) functions.
By definition, if T" is a distribution, LT will be the distribution : LT =

Z‘MSN aaao‘T.
L* will designate the adjoint operator of L in the sense of distributions,
namely if T is a distribution,

T =Y (-1 (aaT).
la|<N
It is noticed that if f, g € D(£2), we have
(Lf,g)=(fL"g).

Let a € Q and L be a differential operator on Q. A fundamental solution of
L on Q at a € ) is a distribution T, such that

LT, = 5(17

where the previous equality is taken in the sense of distributions on {2.
This equality can be rewritten

Vp € D(Q)7 @(a) = <LTaa 90> = <Ta7L*90> :

In particular, if a € © and if T, is a fundamental solution of L* at a on (2
and if g € D(Q) is such that g = L(p) with ¢ € D(Q), then

Va € Q, pla) = (Ty, 9) .
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Indeed, we have

VaeQ,  g(a) = (0a,p) = (LT, 0) = (Ta, Lip) = (Tu g) -
These fundamental solutions is therefore a good tool for solving Ly = g on
D(Q) if g € D(9).
If m € N*, the Laplacian in R™ will be denoted A,,, or A when m = 2. For
m € C, Ly, denotes the Weinstein operator : ¥(x,y) € HT,

Lyu(z,y) = Au(z,y) + %%(:p, y), where wue C*(HT).

The following notation will be sometimes used : if f(x,y) = (fi(x,y), fo(x,y))
is a C'' vector function on an open set of R? and C? valued, then

. ofv | 0fs
d === 4 ==

v (f)=5 -+ dy
Similarly, if f : R? — C is a C! scalar function on an open set of R? and C
valued, then

of of
Vi=|,%].
/ <ax’ay>

With these notations, the operator L,, can be written as follows : if u €
C%(HT), then

Lyu(z,y) = 2~ "div(z"Vu)(z,y).
It is clear from the Schwarz rule that if u is a function defined on a connected
open set of H such that div(cVu) = 0 where o : HY — C* is a C! function,
then there is a function v which satisfies the well-known generalized Cauchy-
Riemann system of equations :

o _ o
or U@y
o0 _ ou
8y708x

and v satisfies the conjugate equation div(1Vv) = 0 (see for exemple [7]).
This observation justifies the fact that we call L_,,, with m € C the conjugate
operator of L,.
L%, denotes adjoint operator of L,, : for all u € C?(HT) and for all (x,y) €
H,

0 (mu(x m Ou m
(o) = Suen) o1 (") = At G )+ By uton)
This definition is given on H™T but it is easily transposed to the case of an
open set Q) of HT.
In the case where the functions involved do not depend only of z and y, we
will write Ly, 4, instead of L,,, which means that the partial derivatives are
related to the variables x and y, and all other variables are considered to be
fixed.
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If w € D(H"), we define S,,,u € D(HT) by

(Smu)(x,y) = 27" u(z, y).
If w € D(H"), we define Du € D(H™T) by

(Du)(a,y) = 9(a,).

These operators satisfy the following proposition :

Proposition 2.1. S, conjugates L}, and L,, D conjugates L*,, and Ly,
which means that

SmLy, = LinSm, L*,,D=DLy,.
Proof. Straightforward computations, whatever m is real or complex. O

Remark 2.2. (1) Let m € C, Sy, and Ly, Sy, are auto-adjoints opera-
tors, ie. Sy = Sk, and Ly Sy = (L Sm)*.
(2) There is a result, which generalizes the first point of this remark
about the conjugation of operators L,, and L7,.
Let 0 : Q — C be a C' function which does not vanish, the
operator defined on C?(2) by : for u € C?(£2),

PUU(IL’, y) =

.
Sy (o) Vuta )

where § is an open set of R2.
Then
Py =div (JV (—)) .
o

Indeed, if u,v € D(Q), then we have by using the derivation in the
sense of distributions,

1 .
(Pyu,v) :/Qa(a:,y)dlv (o(z,y)Vu(z,y))v(z,y) dedy

:/QO'VU'V<:_) dxdy

= [ (o9 (2))

= <u7 P;”)
We define S, the operator such that for u € C%(Q),
Seu)(x,y) = ——u(x,y).
(Sr)(a.y) = ~o—su(z.)

Thus, Sy conjugates P, and P}, where P} = div (JV (5)) because,
in an obviously way, we have Sy Py = PySy.



8 S. CHAABI, S. RIGAT

If m is a positive integer, we introduce the operator T, : u — v defined as
follows :
for a function u defined on an open set Q of H™, the function v is defined

on {z € R™*2, (\/l'% 44 a2 Tme2) € Q) by

0@ Tmgn) = w23 2 ).

The two following propositions can be found in Weinstein work ([59]) in the
case m € R and they will be useful in the sequel (the (short) proofs are
just direct computations, and the proof is the same whatever m is real or
complex):

Proposition 2.3. (Weinstein principle [59]) Let Q be a relatively com-
pact open set of HT, if u: Q — C is C2, then for all m € C,

Lou= xl_mLQ,m[xm_lu] )

Proposition 2.4. ([54]) Let Q be a relatively compact open set of H'. For
u € C%(Q)and if m € N, then Apio(Tru) = T (Lyu).

The two previous propositions will allow us to calculate fundamental solu-
tions for L,, and L}, with m € N in a first step, and thereafter, for m € Z.
Finally, estimates of these expressions will show that the expressions ob-
tained actually provide fundamental solutions of L,, and L}, for m € C.

3. INTEGRAL EXPRESSIONS OF FUNDAMENTAL SOLUTIONS FOR INTEGER

VALUES OF m.

We recall the definition of the Dirac mass in a point : if (x,y) € R?, O(ay)
is the distribution defined by

Vo € DR?), Sy @) = ¢(2,9)-
Let m be a positive integer.

Proposition 3.1. (partially in [19, 53, 54]) Let m € N*. For (z,y) € H"
and (§,n) € HT,

_g & sin™16d6
27 Jo=0 [(x — €)2 + dagsin® () + (y —m)2]""?

is a fundamental solution on HT for the operator L:ngn at the fized point

Em(xa y? g? n) =

(x,y) € H', which means that in the sense of distributions, we have H* :

L:n,&,nEm(x7 Y, 57 77) = 6(x,y) (57 77)
Moreover, if (§,n) € H' is fived, then in the sense of distributions on HT,
we have

Lz yEm (z,y,&,m) = 6(5,7}) (z,9),

which means that Ey, is a fundamental solution on H' of the operator Ly, 4,
at the fized point (£,m) € HT.
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Proof. Let m € N*. We recall that
1

mwm o™

E(x)=— r € R™H2
is a fundamental solution for the Laplacian on R™%2 4. e. that in the sense
of distributions, A,,+2F = dp, where wy,12 is the area of the unit sphere

R™*2, Thus, for all v € D(R™2),
1 dmdry...dTmao
(trotms) == [ Aa(r) : e
MWm+2 Jrerm+2 ((r1 = t1)? + -+ (Timt2 — tnt2)?)
where 7 = (71, ..., Tim42).

Applying this relation to the function v = T,,,u where v € D(H") and due
to the proposition 2.4, we have for all (z,y) € HT,

L 2404 72n Em d€ - - - d,
w(zy) = 1 /Rm+2 ((( u)(\/§1 Ty, 15 Emt2) €1 - d§ma

2
M W42 G-+ &8+ + 4+ Ema— 9)2)m/
We will simplify this integral expression. For this, we will consider the
following hyper-spherical coordinates :

§1 = §costh
&9 = Esin by cos Oy

Em—1=E&sinfy -+ -sinf,,_ocosb,,_1
En =Esinfy - - -sinb,,_1 cosb,,

§m+1 = §Sin 91 s sin@m

where ¢ = \/g% €., >0, 0, € |-m, 7w and O1,...,60,, 1 € ]0, 7]

The absolute value of the determinant of the Jacobian matrix defined by
this system of coordinates is

€™ sinp,—1 sin? 0,9 - n™ e,

Then we have for all (z,y) € HT,

w(z, y) / / D Em(e.y.E)dedy  (3.1)
=—00 JE=0

with
Sin 6,1 sin%6,,_o---sin™ 10, db; ...do,,

Em l“»y,gaﬁ :_/ /
( ) MWm+2 Jo,,——7 J1,...0pm_1=0 (52 —2x€cosby + 22 + (y — n)z)m/2

Since I := faﬂ . fem 1= _o8infy, 1 sin 20,9 -sin™ 205 d0 . ..d0O_1d0,
is the area of the unit sphere on R™ because

wm—/ 1da—/ / Sin By,_o sin? O,,_3 - 0" 20, dbs...d0wm_1,
Sm m 1=—7 91 m 2=0
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E,, can be written as :

Em(:l:a y? g? n) =

_wpf™ /7r sin™ 1 6 do
MWmt2 Jo—o (€2 — 20€ cos O + 22 + (y — n)2)™/?

m

Using the fact that w,, = FQEFZ), we get
2

Em(%?/,faﬁ) = -

& /7r sin™ 16 df
21 Jo=o ((x — &)2 + 4w€sin? (§) + (y - T})2)m/2
and we have proved moreover thanks to (3.1) that
:mngm(xv v,§, n) = 6(m,y) (55 77)
Moreover, since for all (z,y) € HT and for all (¢,7) € H, we have

Em($ay7£777) = (§>_ Em(§777,-1',y)

and thanks to the Proposition 2.1, S, conjugates L}, and L,,, we have in
the sense of distributions

Lm,m,yEm($7yafvn) - Lm,w,y <<z> Em(faﬁa%i’J)) - <Z> L:n,x7yEm(£anam7y)a

then

2\ "™
Lm,x,yEm(l'ayagv 77) = (€> 6(5771) (:n,y) = 6(5777)’

and this completes the proof.
O

For m € Z \ N, the previous proposition and the Weinstein principle gives
us the following proposition :

Proposition 3.2. (partially in [19, 53, 54]) Let m € Z \ N*. For (z,y) €

m—1
Em(xyy’fvn) = <i> EQ*m(xvyvfan)

B Exl—m /” sin'=™ 6 df
- . -z
2 Jo—o [(m — £)2 + 4x¢ sin® (g) +(y— 17)2} 2
is a fundamental solution on HT for the operator L* at the fixzed point

m,&,n
(x,y) € H' and it is also a fundamental solution on H* of the operator

L.z at the fized point (£,n) € HY.
Proof. We have for all m € N*, u € D(H") and (z,y) € HT,

u(z,y) = / (Lontt) By (2, , €, ) dé i,
(&mn)eHt
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and by the Weinstein principle (proposition 2.3), we have
ueg) = [ €L €0 Bl . €m) dd
Denoting v(z,y) = 2™ 'u(z,y), we obtain
ez, y) = | €T (Lammv) Bi(, y, &) d€dn,

H+

then, for all m’ € Z\ N*, v € D(H") and (z,y) € HT, putting m =2 — m/,
we have

m/—1
U(.’B,y) = /]HH (Lmlv) <i> E2*Tﬂ’(£7y>£7n) dfdﬁ

The proof of the second point is totally similar. ([

4. FUNDAMENTAL SOLUTIONS FOR THE WEINSTEIN EQUATION WITH
COMPLEX COEFFICIENTS

In this section, we will generalize the result obtained in the previous section
for m € Z to m € C.
More precisely, if Re m > 1, then

_Sm/” sin™ 1 0 df
27 Jo—o (& — €)? + 4agsin® (§) + (y — )2/
is suitable, and if Re m < 1, then
Exl—m /7r sint =™ 0 df
0

E,, =

Ep=—

2 =0 [(z — £)? 4 4x¢ sin? (g) + (y —n)?] 3

is suitable.
Note that, in the above formulae, by convention, if o # 0 is a real number
and p is a complex number, then

ot :=exp(plna).

Note also that, in preceding equations, integrals are convergent in Lebesgue
sense.
In the sequel, E,, will always designate the corresponding formula (depend-
ing of Rem >1or Rem < 1).
Proposition 4.1. For m € C and (¢£,7n) € HY fized, we have

V(z,y) €H\{(&M}  LimayBm(z,y,6,m) = 0.
and for (z,y) € H' fived, we have

(& m) € BT\ {(z,9)} menEm(@,y,§,m) = 0.
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Proof. For convenience in the calculations, it should be denoted

1

fm($7y7£7n76>: .

[(x — €)%+ 4a¢sin? () + (y — n)?]
To prove the first equality of the proposition, it suffices to show that

s
/ Ly f(x,y,€,m,0)sin™ 1 0df = 0.
0=0
Let’s compute the derivatives of the function f,, :

m 2(z — &) +4¢sin® §

™.
2

O frm = 2 [(@— ) + datsin? () + (y — )25 7 (= —m(z — {cos0) fri2)
and
—m
Ooetm = (@ ep + a3 + (AT
m (m (2(x — &) + 4¢sin? §)?
2 ( 2 " 1) (& — €)? + 4z sin® (§) + (y —m)? 2+
and
—m
Ol = e daean® (0) 1+ (5 AET

m m 2y —m)?
2zt (2= &) +dagsin® () + (y —m)? 57

We then have

—2m
Af,, = _
! [(z — &)2 + 4x€sin® (§) + (y_n)2]5+1+
+@ (@ + ) (Q(x - f) + 4£ sin? %)2 + (Q(y _ 77))2
2 \2 [(z — 5)2 + 4x€ sin? (g) + (y — 77)2]%+2'
However

(2(93 — €) + 4¢sin® z> 2+(2(y —n))? =4 [(:p — &% 4 4at sin® <2> + (y — 77)2] —4£%sin? 6

then

m2

[(x — €)2 + 4w€sin? (§) + (y —n)?2] 2 T
m(m + 2)&% sin’ 6
[(x — €)2? + 4w€sin? (§) + (y — )22 T2

Afm =

Noting that

8fm+2
00

€ sin 6
[(x — €)2? + 4x€sin? (§) + (y — )22 27

=—(m+2)
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we have
af m-+2
00

Afp = mzfm+2 + m§ sin @
x

and by integration by parts, we have :

Afy, sin™ 1 0do = m? / frmsosin™ 1t 0 do+m=> O+ sin™ 6 df
6=0 6=0 T Jo=o O
. m (x — &cos ) friosin™ 60 db
T Jo=0

™
= g, sin™ g de,
T Jo=0
and the result is deduced in the case Re m > 1. The proof is totally
similar if Re m < 1. The second equality of the proposition can be deduced
immediately of the fact that S,, conjugates L}, and L,, (see proposition

2.1). O

In the sequel, we will denote

P = (2 &+ (y—n) and k= "o

The following proposition gives the behavior of these functions near their
singularity. And it will be useful to show that they are indeed fundamental
solutions for m € C and not only for integer values of m. In particular, we
show that the behavior of the fundamental solutions is close to the behavior
of fundamental solutions for the Laplacian. This fact is well known for ellip-
tic operators. But we emphasize here that in the proof of this proposition,
the estimates of elliptic integrals are totally elementary estimates (using the
dominated convergence theorem) and here we do not use estimates arising
from classical estimates of hypergeometric functions. From those integral
expressions, we deduce the following estimations :

Proposition 4.2. Let m € C. For (z,y) € H" fized,

1
E..(z,y,¢&, ~ —1In/(z— &2+ (y —n)?
@yem  ~ o Ve =82+ @y—n)

Proof. We start with Re m > 1.
In this case, we have :

Sm/7r sin™ 1 6 db
21 Jo=o [(w — €)2 + 4a& sin® (8) + (y — )]

_ 1 <£>m/7r sin™ 1 6 df
©2r\d)  Joo (14 ksin2 §)m/2’

Note that when d — 0, k — +oc.
We have the following proposition :

Em(xay7§7n) = - 2
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Proposition 4.3. When k — 400 and m € C,

& sin™ 1 6deo gm—1
D2 OV 2 gt 2 R
9=0 (1 + ksin 5)’”/ k—+oco k™M

Proof. Putting u = sin g, this integral is equal to

om /1 u™ (1 — u2)m74du 2m /1 u™ (1 — uQ)MTﬂdu
0 0

(1 + ku2)m/2 ~ gm/2 (L 4 u2ym/2

However

1,m—1(q _ ,2\22 1 m—1 1 m—1
/ w1 —u®) 2 du_/ " du _/ u (1—(1—u2)m2_2)du
0 o ( o (

(%+u2)m/2 %+u2)m/2 %+u2)m/2

and by monotone convergence, we obtain

1 m—1 — L (] —q2 m==
— - (1 -u?) 22)du:—/ (=)= 4,
k=400 Jo (uZ)m/ 0

The change of variable u = ﬁsbt gives us
1 m—14 argsh vk
/ L, / th™ 1t dt
0 (E 4 u2)m/2 0

Since th™ !¢ tends to 1 when t — 400, we deduce that when k — +oo

argsh vk argsh vk 1
/ th™ lat ~ / dt = argsh Vk ~ =Ink.
0 k—+oo 0 k—+o00 2
The proof is completed. O
Due to Proposition 4.3, we have
1 szym2m! 1
E 'y Y9 S N_7<*) Ink ~ —Ind.
(@Y, &) as0+ 2m\d) gm2 MV aloron
The case Re m < 1 is analogous.
O
Now, we can prove the main result of this section,
Theorem 4.4. Let m € C. For (x,y) € H" and (¢,n) € HT,
m ™ aom—1 0 de
Bunla,y, ) = - if Rem > 1

% =0 [(x _ 5)2 + 4zt sin2 (g) 4 (y _ n)Q]m/Q

m—1
and Ep(x,y,&,n) = (i) Ey_m(z,y,6,m)

gajl_m ﬂ Sinl_meda .
- Rem <1
o /920 [(z — €)? + 4a¢sin® (&) + (y - 77)2}1* if Re m

vf3
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is a fundamental solution on HT for L:n@n at the fized point (x,y) € HT,

which means that in the sense of distributions on H™:

L:nvfﬂiEm (IL‘, Y, &, 77) = 6(&0,3/) (57 77)
Moreover, if (£,m) € HT is fived, then in the sense of distributions on H* :

Lm,x,yEm(l‘v y,§,m) = 6(5,77) (z,9),

which means that Ey, is a fundamental solution on H' of Ly, 5., at the fized
point (&,n) € HT.

Proof. Let m € C and v € D(H'). Let (z,y) € H" and € > 0 such that
D((z,y),e) C Htwhere D((x,y),¢) is the disk of center (z,y) and of radius
E.
We put

L= / Lun(0)(€,7) Enn(,y, €, m)dédy =
HH\D((z,y),¢)

- / (Lo () (€, 1) Eon (21, ,€, 1) — (€, m) L (o) (2., €, 1)) did
HHA\D((z,y),¢)

because L}, (E,,) = 0 on H" \ D((z,y),€). An elementary calculation gives
us

L (w) Ep—uL, (E) = 0 ((aguwm — (0B + ?uEm)

+0y ((Ogu) Er — w(0n Epy)) -

We will recall the Green formula in the framework that will be useful to us
here.

Recall. Let Q be an open set of R?> whose boundary is piecewise C'-
differentiable.

By denoting 7 the outer unit normal vector to 0S) and ds the arc length
element on OS) (positively oriented), if X = (X1,X2) : Q — C? is a C!
vector field, then

/divX(x,y)dxdy—/ X(z,y) - 7i(x,y)ds
Q o0

With this reminder applied to the open set Q = U \ D((z,y),e) where U is
a regular open set of HT containing the support of u, we have

m
I. = —/ te[0,2n] <<(6§U)Em —u(0¢Em) + §UEm> cost+

(&¢,m)=(z,y)+e(cost,sint)

+ ((0yu) Em — u(8,Eyy)) sin t) edt
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Proposition 4.2 shows that

m .
/ o2 [[(ﬁgu) + gu] cost + (Oyu)sint| Ep, edt o 0

(&,m)=(z,y)+e(cos t,sint)

because lim._,gelne = 0. Then, if we want to prove that lim._,g I exists,
we have to prove the existence of

;1_{% te[0,27] u ((0¢En) cost + (0yEp) sint) e dt,
(&,m)=(z,y)+e(cos t,sin t)

and this limit will be equal to the limit of I..
Now, we assume that Re m > 1.
We denote J. the integral in the previous expression. A computation gives

-1 T s om—1
m m sin 0do
JE:_Z/ [0,27] uﬁm / ; 7zE costdt +
s tef0,27 . 9
(&,m)=(z,y)+e(cos t,sint) < 0 (1 + ksin 5)
Js,l
m g g sin™~ 10 dp 9
+o- u e“dt+
27 / te[0,27] m+2 / . 9 p\m/2+1
(&,m)=(w,y)+e(cos ,sin t) < 0 (1 4 ksin 5)
J6,2
Lm gm (™ 2zsin® §sin™ 0 do .
9 u € CoS
27‘(’ t€[0,27) €m+2 .. 920 m/2+1
(&,m)=(z,y)+e(cos t,sint) 0 (1 + k Sin 5)
JE,S

where k = %.
£

We have the following propositions :
Proposition 4.5. When k — 400 and m € C
/7r sin? § sin™ 1 0 df 2m=1
0

~ Tlnk
—0 (1 + ksin? £)m/2H1 kojoo 5 H1

Proof. We put u = sin g, this integral is equal to

2

om Lym+l(1 — UQ)MTizdu i Lym+1(1 — u2)™ 2 du
0 (1+ku2)m/2+1 T m/2+1 0 (% +u2)m/2+1

However

1, m+l] _ .2y %2 1 m+1 1 m+1 _
/ w1 —wu®) 2 du_/ u T du :_/ u (1—(1—u2)72)du
0 o ( 0 (L

(% + u2)m/2+1 %+U2)m/2+1 L +u2)m/2+1

1 m—+1 e 1 1—(1— 2\ =
—>—/ “(1—(1—u2)22)du:—/ A=) > 4
k=400 Jo (uz)m/2+1 0 u
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1

The change of variable u = —=sht gives us

vk
L mHl gy argsh vk -
o (5 +u2)™ 0
Since th™ "¢ tends to 1 when t — +oo0, it follows that when k — 400
argsh vk argsh vk 1
/ th™Hdt  ~ / dt = argsh Vk ~ —=Ink.
0 k—+oco 0 k—-+o0 2

The proposition is well proven.

Proposition 4.6. When k — 400 and m € C
/7T sin™ 1 g df 2m
o=0 (1 + ksin? §)m/2+1 k—too mk

Proof. Putting as previously u = sin g, this integral is equal to

om /1 u™ (1 fu2)m772du 2m /1 um_1(17u2)m772du
0 0

(1+ku2)m/2+1 = fem /241 (%+u2)m/2+1

However

Lom=1(1 _ o2 L_Qd 1 m—1g4 1 m—1 B

/ . 1( Qum>/242r1 u/ 1 - 2 ml/62+1 = / “ m/24+1 (1*(1fu2)72)du
o (5 +u?) o (x+u?) 0 (L4u2)

We first estimate the right hand side of this equality :

1 m—1 1 m—1

U —2 U m — 2
m(l—(l—u2)2)du—/ — ( u2> du

/0 (L +u?) /2+1 0 (L +u2) /2+1 2

1 uml < m— 2 _2
= 1-— uz—(l—u2)2> du
/O (% +u2)m/2+1 2

1 m—1
—9 _
— al <1_m u2—(1—u2)22> du

k—+o0 Jo (u2)m/2+1 2
1] —m=2,2 (1 —2)"5"
_ / g v —dow) g, (%)
0 u
As seen in the proof of Proposition 4.5, we have
_ 2 1 m+1 _ 2
mn / Y du o~ Tk (%)
2 0 (% 4 u2)7+1 k=400 4

Through (*) and (**), one obtains :

2 m — 2

1 um—l 5
Y 1-(1-w)"F)du ~ In k.
/0 (i+u2)m/2+1( ( ) hotoo 4
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1
vk

1 m—1 argsh vk 3, m—1
U du th t ko,
/0 W)m/zﬂ—kfo g dt = —th (argsh VE).

The change of variable u = —=sht gives us

It follows that when k — +oo,

/1 u™ L k
0 (F+u?)m/2H1 k—toom’

We thus obtain

/1 u™ (1 — u2)mTi2du k
0 (£ + )2t kstoom’

And

/7r sin™ 1 6d6 2m
9—0 (1 + K sin? g)m/ZJrl k—+00 mk 2

and this completes the proof.

Let us return to the proof of Theorem 4.4.

The Proposition 4.3 shows that

m xmfl 2m71

~Y —_—— U7
e—0+ 21 tef0,27] em  fm/2
(&,m)=(z,y)+e(cost,sint)

m .
~ +—-=clne (/ u(:p+5cost,y+5s1nt)costdt>
e—0+ 27z t€[0,27]

(¢,m)=(x,y)+e(cos t,sint)
which tends to 0.
The Proposition 4.5 shows that
m xm m—1
(22)

3 ~ = u
% es0+ 21 te[0,27] em+2
(&,m)=(z,y)+e(cos t,sint)

(Ink)ecostdt

Js,l

/2 (Ink)ecostdt

m .
~ ——-=c¢lne (/ u(x+€cost,y+5smt)costdt)
e—0+ 4dnx te[0,2n]

(&,m)=(z,y)+e(cos t,sint)
which tends to O.
Finally, the proposition 4.6 shows that

m ™ 2m

e—0+ 27 te[0,2n] em+2 4, m /2
(¢,m)=(z,y)+e(cos t,sint)

Jeo 2dt

5 o (z +ccost,y +esint)dt — u(z,y)

~ u(x + € cos €sin ulx,y).

e—0+ 27 te[0,27] Y S0t Y
(&,m)=(z,y)+e(cos t,sin t) ?

So we have proved that for all m € C such that Re m > 0,

lim Lin(uw)(§,n)Em(z,y, &, n)dédn =
e=20+ JHH\D((z,y).¢)

- /H L)€ 1), )y = u(z )
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therefore that F,, is indeed a fundamental solution of L}, for all m € C with
Re m > 0.
Proof for m € C with Re m < 1 is completely similar.
We also have the dual assertions for fundamental solutions of L,, for all
m € C thanks to Proposition 2.1.

O

The following proposition is roughly a consequence of the previous theorem.
It is of course a very classical proposition : we juste recall very shortly the
proof.

Proposition 4.7. Let m € C and let Q) be a relatively compact open set of
H+ whose boundary is piecewise C'-differentiable.

Then, for (z,y) € Q and u € C*(Q), by denoting @i the outer unit normal
vector to O and ds the arc length element on O (positively oriented), we
have

ul(,y) = /Q Lo (u) By déd

- / [(8§U)Em — w(O¢Em) + %uEm  (0y) B — w(OyE) | - 7ids
o0
where u :=u(&,n) and By, := En(z,y,£,7).

Proof. Indeed, if u € C?(Q), we have for (z,y) € Q and £ > 0 such that
D((z,y),e) CQ:

/ Ly () Eyndé diy = / (L () B — Ly (B ) dé .
AN\D((z,y),e) A\D((z,y),e)

Thanks to the Green formula previously recalled, this last integral is equal
to

/ [(C%U)Em — w(O¢Em) + %uEm  (Oy) B — u(@nEm)] - i ds
o0

/ te[0,2n] (<(3§U)Em - u(aﬁEm) + mUEm> cost+

(&,m)=(z,y)+e(cost,sint) g
+ ((8yu) Epy — u(0yEyy)) sin t) edt,

and from what we saw in the previous proof, this last expression tends to
m
/ [(agu)Em ~ U(0eB) + Ui (Oy) B~ u(&,Em)] ds + u(z,y),
o0

when € — 0.
Due to integrability E,, near (z,y), we get

lim Ly (u)Epd€dny = / Ly, (u) EpdE dn,
e20Jo\D((z,y).¢) Q

and the proof of the proposition is complete. O
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5. LIOUVILLE-TYPE RESULT AND DECOMPOSITION THEOREM FOR THE
AXISYMMETRIC POTENTIALS

In the previous section, we have just seen that there are two different ex-
pressions of the fundamental solutions depending on the values of m. For
the rest, each of the expressions have different behaviors according to the
value of m. We will look at the two cases separately : Re m < 1 and Re
m > 1.

More specifically, we need fundamental solutions which vanish at the bound-
ary of H™, which means that it tend to zero on the y-axis and to zero at

infinity.
For Re m < 1, the formula
Exl—m [T sin' =™ df
Em(‘r?yugvn):_ D) . 2/0 1—m
T Jo=0 [(z — €)? + datsin® (§) + (y —n)?] ?

shows that E,, satisfies this property (En,(z,v, -, ) tends to 0 when x — 0+
and (2, y)[| — +00).
For Re m > 1, the expression
§m /W sin™ 1 6 db
27 Jo—o [(& — €)? + 4agsin® (§) + (y — n)?]™/2
no longer satisfies this property. Contrariwise,

Em(xa y7§7 77) - Em(_xv Y, f, 77)

is also a fundamental solution on H™, and satisfies this property.
Then, we will put
-ForRem < 1:

Em(.’l,‘, Y, 57 77) =

Fm(x,y,ﬁ,n) = Em(a:,y,ﬁ,n)
-ForRem>1:

Fm(fL', y7€777) = Em(x7y7£7n> - Em<_x’ y7§777)

We will need the following definition of convergence to the boundary of H™.

Definition. Let u : HT — R be a function defined on HT. We write

Iimu=20
OHt

if and only if
Ve > 0, N €N, Vn > N, V(x,y) € HT,

1
z<oorf(@y)lzn = |u@y)l<e
In other words, this amounts to considering that the boundary OH™ of H™

consists of y-axis points and points at infinity and to say that the concept
of punctual convergence to the boundary of HT is a uniform convergence.
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Indeed, we do not need the uniform convergence. More precisely, we have
the following proposition :

Proposition 5.1. Let u: HT — C. We have
limu=0
OH+t

if and only if

lim  wu(z,y) =0 and VyeR, limu=0.
()| —+o00 (0.y)

Proof. The direct implication is easy. Conversely, we assume

lim  wu(z,y) =0 and VYyeR, limu=0
ll(z.y)[| =00 (0,)
and we have to show limgy+ v = 0.
Let € > 0. There is A > 0 such that for all (§,n) € HT,

VE+nE> A = lu(&,n)| <e.

Similarly, for all y € R, there is oy €]0, 1] such that for all (§,n) € Ht

E+m—y?<a  =WuEnl<e
The interval [—A, A] is compact.
By the Lebesgue covering lemma, there is @ > 0 such that for all 3 €
[—A, A], the ball B(y/,a) is included in one of the balls B(y,ay) with y €
[—A, A
In particular, if (£,7) € H' is such that 0 < £ < a, then |u(£,n)| < e. This
completes the proof. O

The following proposition is a Liouville-type result for the axisymmetric
potentials in the right half-plane and this result is not immediate because
there is the loss of strict ellipticity of the Weinstein operator on the y-axis. In
[5] (see Theorem 7.1), we can found an interesting result on the description
of a class of non-strictly elliptic equations with unbounded coefficients.

Proposition 5.2. Let u € C?(H") such that Ly,u = 0 and émi u=0. Then
H
u=0 on HT.

Proof. For (£,n) € H' and N € N*  we define

_ 3 n
ox(em =avees (5 ) o (1)
where 6 and 0y are smooth functions on R, valued on [0, 1] and such that
01(t) = Lfor t > 1, 61(t) = 0 for t < 1, 65(t) = 1for t € [-1,1] and
O2(t) = 0 for t € R\ ]—1,1[. We assume that all derivatives of #; and 6

vanish at {—1, —%, %, 1}.
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If w € C?(H") satisfies L,u = 0, then u¢y € C*(H') and is compactly
supported on H*t. Throughout the following, we fix (z,y) € HT. For N
sufficiently large, thanks to Proposition 4.7 (true if E,, is replaced by Fy,),
we have

ue.9) = ) (o) = [ Db e

(because the function L,,(u¢y) is identically zero in a neighborhood of the
singularity of F,,), thus

u(e,y) = /H [Lon ()¢ + uLm(6) + 2V - VN Fn dédy
_ /H+ UL (ON) Frn — 2div (F, Véy)]dedn

_ / W[ Lon(6n) Fon — 2div (FVéy)]dedy
Dy1U---UDg

_ / UL (ON) Fon + 2V Fy - Véyldédn
DqU---UDg

where Dy, ..., Dg are the following domains (which depend of N) :

1 1 N N 1 N N
b= [ZNN] . [‘272]’ P2 = [N’J . [2’N]’
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n
N
D5 Dy Ds
N/2 |
T
28|, on =1 D
9
1
L
—NJ2 |-
Dy Dy Dy
-N
N/2
N
Figure : Domains D;
Since limgg+ u = 0, then
uy = sup u(€;m| — 0.
(ém)€D1U--UDg N—=+oo
We will estimate each integrals supported on D1, ..., Dg. For this, we need

the following lemmas which will give us estimates of each terms when N
tends to infinity. We recall that, if (ux)ny and (vy) N are complex sequences,
uy = O(vy) means that there exists a constant M such that, for every N
sufficiently large, |uy| < M|vn| ; uy = o(vy) means that for every € > 0,
for every N sufficiently large, |un| < eloy|.

Lemma 5.3. On D1, we have

oon|

o |
On Do U Dy, we have

sup % =0 and sup’(%\[':(’)<l>.

sup O(N) and sup ’8‘ = 0.

23

On D3, we have

sup 09N =0 <1> and sup ‘0¢N =

o€ N on
On D5 U Dg, we have
opn| oon| 1
sup ¥ =O(N) and sup 8‘—O<N>.

On Dg U Dy, we have

8¢N_ 1 8¢N_ i
wl-o(z) e wlS-o(5)

sup
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On Dy U Ds U Dg, we have
sup [L_m(¢n)| = O(N?).
On Dy U D3 U DygU Dg U D7, we have

1
sup Lm(6)] = 0 (72
Proof. *For (&,n) € Dy, ¢n(§,n) = 61(NE) and thus

OPN o IpN _
— M@’l

L_mon(&n) = N?0](NE) : (NY),

which give us

Do
23

9on =0, sup | L_m(én)| = O(N?)

sup
on D,

D1

=O(N),  sup
D1

since the derivatives of #; are bounded and for ({,7) € Dy, one gets £ > ﬁ

*For (£,1) € Da, ¢n(&,n) =62 (§) and thus

9N (o .\ _ 9N (o v Ly (0
1 n
which give us
dpN N ( 1) < 1 >
sup |——| =0, sup| —| =0 = |, sup |L_, =0 —

which give us

doN _ 1
o€ ‘O<N>’ P

* For (&,m) € Ds, ¢n(&,m) = 01(NE)b: (%) and thus

% =0, sup |L_p,(on)| = O <1>

su
P 87) D3 N 2

D3

OON (6. = Noh (N, (L

o v) o=

L e = VO ().
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Lowbx(&.n) = NOLNE)0: (3 )+ 3z (V)05 ()~ F oLV ()

which give us

dpN
ES

* So does same with Dg.

1
;;V -0 (N) , SBE|L_m(<Z5N)‘ = O(N2)-

sup = O(N), sup

*Fbr(ﬁﬂﬂEE[%,¢N(§Jﬁ::92(%>92(%)andthus
Sren =y (5)e(n) o Gren-yo(y)n(E),
ot = o () (3 () ) (5 (1)

which give us
1 1 1
—o(y). swl%=o(y).  swliomenl=0 ().

99N 1
* So does same with D7. Hence the lemma resulting.

sup

k3

O

We now estimate the following quantities for i € {1, ..., 8} :
[ Baldan, [ (ocEaldean et [ j0,F]dsan

Lemma 5.4. For Re m < 1, we have :
-fori=1:

1 OF,, (1
/Di\Fmdsdn—()(NQ), /D e dEdn—O(N>-

- fori=2,4:

OF,,
/uw%mzow%, / — "\ dédn = O(N).

on
-fori=3:
[ (Badgan=o ), | O] gty = 0 ().
D; D, | 0§
- fori=5,8:

1 OF,, (1
/D |Fmd5dn=0<N2>, /D i dsdn—0<N>,
or,, 1
—— | dédn =0 .
Ai% < < )
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- fori=6,7:
_ 2 8Fm _
/Di|Fm|d5dn—0(N), /D oL dédn = O ().
oF,,
—— | dédn = .
| || dsin =00

Proof. For Re m < 1, we have
Extmm /7r sinl=™ 0 do
27 Jo=o [(x — €)2 + da€sin? (&) + (y —m)2] %
therefore there is a constant C; such that for all (£,7) € H', we have
@13
@= &2+ -y 7

Fm(&yn) = -

[Fm (&, m)| < (5.1)

Similarly, we have

oOF, F, ¢&'™m (m—2) /7r (¢ — z) + 22 sin? & sin! =™ 0 dO
0

875_5 27

=0 [(:J: — €)2 + 4asin? (g) + (y — 77)2]2_% ’

and as before, as

MES [Ov 77]3 [(5 — x) — Sin2 g] Sinl_m ’ 9_m < ’(f - .CC) + 2z SiHQQg Rem
(€7 angsin? () + =2 T (0 ey v ()
— & — zcos O] . Eta .

(@=2+m-v?) (-2 +m-y2) ~
there exists a constant Co such that for all N large enough and for all
(&,m) € HY, we have

ohal S (2
(@—e?+m-v?| 7 (@-9+@m-v?) °
(5.2)
Finally, as
OF,, Exlmm [ sint=™ @
Zmo_(o— - g
an ( m)(n—y) 2w /9:0 [(m _ 5)2 + 4z sin? (g) + (y — 7])2]2_7

there exists a constant Cs such that for all N large enough and for all
(&,m) € HY, we have

’8Fm ‘ < Csg (5.3)

an
Using these inequalities, we estimate integrals of these functions on the
domains D;.

= p—y[FRem’
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On D1 .

: Inequality (5.1) give us
=x =3 d¢ d
[ 1waldgan =0 [T [T L&
D, fiﬁ =-4

Y -2+ -y

2 =3 dn 2
—oam? " = O(1/N?).
=3 [@—- g+ m-y?
Then, thanks to (5.2), we have

9 geay— oy [ [ : e
E3 /SQ%V /—5 [z =€+ (n—y)z]l_T
+ e te) Rem | 4€AN
(@& +m-w2) *
— O(1/N) /;_i an

o + O(L/N?) = O(L/N).
[(z = %)+ -y? 2
On D5 : due to inequality (5.1), we have

foren-on [ [ g
/ / |777 2 T Rem Gedn = (NQ)/ dn

R
N |y — g Rem

1
-0 N2 _ O(NRem+1)
( ) (N_y)l Rem (%_y)l—Rem
Then, thanks to (5.3), we have
N
OF,, 2 [N 3
—— | dédn =0 / / ——————d&dn
/D 15 O fy )y e
= O(N? / e = O(NRe™
(N9 | s r—yprem — OV

On Dj : due to inequality (5.1), we have

/D | B |dedn = O(1 /gN/ § dedn

N

__ Rem
2 +(77_y)2]1 2

/ /év fdgdn

1—Rem
- 2+ m—y)?] 2

2
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Then, thanks to (5.2), we have

Ol sty —oq) [ [ [ —
. /5215/”:15 (-2 +o-v2]

; SR -
(2= 9"+ -v?)
5 dn 3 7 dn
:(’)(N) Rem +O(N ) Rem
s s T
= O(N) + O(N?) / 3 v (o= Nd;_Rem
n=—x%

= O(N) + O(NRe™) = O(N).

this case is analogous to the case Ds.

On D4 .
On Ds : due to inequality (5.1), we have
déd
[ Bagan = o0 / / “" e
v = (n— y)] 2
dn
1/N? / . —
HI/N) =i (n—y)?-Rem
— O(1/N?) SR — O(1/N3Fem)
(N _ y)lfRem (% _ y)l—Rem
Then, thanks to (5.2), we have
-1 'r]_N
O gean— oy [ !
85 =L Jp=X 2 2 l_ReTm
W [(fc—f) +(n—y)}
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=% [n=N 1
- O(l)/ / 17Rem
3 1 2

= s | [ -4+ - )]

The estimate (5.3) gives

J,
On Dg : due to (5.1), we have
Mooy §d€dn
Fpldédn = O(1 Rom
/Dﬁ it =01 )/EEV /’75 (=82 + -y~ =

2
= O(N? / —_
( ) 77:% (n_y)27Rem

OF,, N (=N ¢dedy 1
9m | ged :(91/ / :0<>
an n (1) 1 Jon Jp—yPRem N2

z

— O(Nl-i-Rem)‘

- oY) -
(N —y)l=Rem (N _p)i1-Rem
Then, thanks to (5.2), we have

O dean o [ [ —
hfoclsn=enfy Ly (e m-w?y T

2 Rem dgd,r]

—ow /jNN /nng’N {(?7 - y)IQ‘Rem IRC g—(f/)j‘izem} e

— O(N) + O(N?) /N il

77:% (7] _ y)4—Rem
The estimate (5.3) gives

/D o dfd”:O(l)/é_N /n_Nfdfdn =O(N2)/n_N i
6 i n

_ 4|3—R _ 2|3—R
on e= Jp=n p—yPiem —N [ —ylrRem

= O(N) + O(NRe™) = O(N).

= O(NRem),
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On D7 : this case is analogous to the case Dg.

On Dg : this case is analogous to the case Ds. U

Lemma 5.5. For Re m > 1, all estimations obtained on the Lemma 5.4 are
true.

Proof. For Re m > 1, we have

m U

I 1
Fm($7 yaf»ﬁ) ~ T or o sm 0 ([(l' _ 5)2 + 4x€ sin? g + (y - ﬁ)Q]mﬂ

! do
[(z + €)% — 4a&sin? § + (y — n)2|™/2 :

Since for all (§,7n) € H, we have

= ‘[w2+£2+2$50089—|—(y—n)z]mﬂ

9

m/2
(o+92 — dagsin? §+ (s =

then for all (§,n) € HT,

Rem

m/2
A U I R (e U To R X

and there is a constant C] such that for all (¢,7) € HT, we have
! ¢Rem
Ful < Gt (5.5)
(=8> +W—n?) 2
This inequality does not suffice to estimate integrals supported on D;. We
can improve inequality (5.5) as follows :
We rewrite F,, as

Fulavyn) = =5 | sin™ 10K, o9, €.0.0)a

where

1
K (z,y,&,n,0) =

[(z — €)% + 4at sin® § + (y — n)2]m/2

1
(& +€)? — 4z sin® § + (y —n)?]™/2
For (z,y) € HT fixed, 6 € [0, 7] fixed and € R fixed, we define the function
gm on [—1/N,1/N] with 1/N < x by

gm(§) =

1
[(x — &) + 4a¢ sin? g + (y — n)2]m/2'

This function is well defined because

(2 € dag sin? & +(y—n)? = 2 1€~ 20€ cos0-+(y—n)” > (a— €] +(y—n)?
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and this last term is larger than (z — 1/N)? > 0.

We have
thus
|€ — x| + 22
| K (2, y,€,m,0)] <26 sup |gp,| < 2|m¢ :
e [z — €)% + (y — )] +aRem

which implies that there exists a constant ¢} such that
gRe m+1

V(& n) €Dy, |Fal <4 (5.6)

1+1Rem”
[(az —O*+(m—y)?|
Similarly, we have
OF, mFn mem [T (6 —x) + 2z sin” §
= + sin™" " 6 57 o}
o0& 19 21 Jo—o [(z —&)? + 4w sin 5+ (y — 77)2]7Jr
(E+z) -2z sin? g
=) do.

@+ —dagsin? §+ (y—m)?)E
(5.7)

and as before,
(¢ — ) + 22sin? &) sin™ 1 @ (€ — 2) + 22 sin? g
((x =€) +dagsin® §+ (y =22 H | 7 {2 -2+ (y — )2 5" H
B |& — x cos b < §+w
- Rem — Rem
(=2 + -2 (@-*+ -2 ="
and thanks to (5.4) :
[(€ + z) — 22 sin? g] sin™"1 9 ’(f + ) — 2z sin? %
(2 +8)? = dagsin® G+ (y = )2 | 7 [(2— )2+ (y — )2 2!
|€ + x cos 0] §+x
2 Rem T = 2 218841
[(z =&+ (y —n)?’] > [(z =&+ (y —n)?] >
Those estimations, the formula (5.7) and the inequality (5.5) show that there
is a constant C such that large enough N and for all (§,7) € HT, we have

BFm éRem—l §Rem(€+x) ) '

——| <G +

% i ([(ﬂf—£)2+(y—?7)2]Re’é‘m [z = &%+ (y — )2 2"+
(5.8)

We can improve this inequality on Dy, for this, we need to use the inequality

(5.6) instead of (5.5) and we obtain that there is two constants C% and C%’

(which do not depend of N) such that for all (§,n) € Dy

% <C§’< gRem n gRem (¢ 4 1) )
9|7 P \[@w— 2+ (y—m*"" (@ -2+ (y—n)

Vo € [0, 7],

Vo € [0, 7],
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R
< C/// 5 em

Rem

[(x—&)2+ (y —n)?) 2

Finally,

OFm — mM—y)&™ [T . 1
o~ = /eosm 9<[<x—§) 2o dagsin® § 4 (y — )27

. ! )de.
[(z+€)2 — dagsin® § + (y — )22 !

Similarly, there is a constant C4 such that for all large enough N and for all
(&,m) € HY, we have

OFul _ o mowigem
o (@=€2+@—m? "
Thanks to those inequalities, we will estimate the integrals of those functions

on each domain D;.

(5.10)

On D; : due to (5.6), we have

=% =% fRem'dedT]
[Foldedn = O(1) :
J =00y Jos (=4 -yp]

1 Rem+2 1 Rem+2
) ()

— O(N) /;: gRem+lge — O(N)

2N

— O(l/NRem+1).
Then thanks to (5.9), we have
OFm v g ghemdgds
¥ d¢dn = O(1 )/ / T TRem”

T (@) + (- p)?

= O(N) /521 ghemde = O(1/NRe™).
€=

2N

On Dy : due to (5.5), we have

s Rem
/ | Fyldedn = O(1 /2 / 5 ddn
Dy =x =3 (z =2+ (y—n)?) 2

ou [*, [, |§Rf”fv‘jiil -0

because we integrate a bounded functlon (independently of N) on a domain
with measure controlled by O(N?).
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Then, the inequality (5.10) implies

OF| 0 T N I — yleRemdgdn
/D2 an | 0 O()/ /f;« 2+ (y—n)2)

:(’)(1)/]; /N fRemdfd’I? _ / NRemdfdn :O(N)
g:% .- |y_n‘Rem+1 % = 2 |Rem+1
On Ds : due to (5.5), we have
N
/ ’F ’dfdn_ /N /2 é—Remd&-dn
Rem
> e (-2 )
N
1) /N / gRemdgdn
Rem
=3 Jn= )2+ (y—n)?) *
N
em 2 dn
= O(N® “)/ = = O(N?).

=3 (= 5P+ -m?)
Then, thanks to (5.8), we have

efun-on [ [ (i e

5Rem<5+x) )
+ Rem dé—d
@62+ (gt )5
% d77
= O NRem Rem
( )/n—év[(w—]gv) 24 (y—m)? 2
O NRem+2 B d77 -
o )/n=—’¥ [z =52+ (y—m2 ="

=O(N)+ O(N) = O(N).
On D, : this case is analogous to the case Ds.

On Dj : due to (5.5), we have

% N fRemdde
m d d — O Rem
/D5'F e (1)/=;N/n=f; (w= &2+ (y—m»""
N
:(9(1/NR6’”+1)/ (T _C]@‘Rem O(1/N?Rem),
=2 2

Then, thanks to (5.8), we have

OF,, 5:% n=N SRem—l
dédn = Rem
06 Sn =00 )/:1 /77=12V ([(x—£)2+(y—n)212

2N
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e (€ + ) sed
(e -2+ <y—n>2]R%”+1> “

B 5:% n=N gRemfl {Rem(£+x)
- 0(1) Rem + Rem+2 dfdn
e=5k Jy=2 \ly —n ly — 1|
— O(l/NQRem_l).
With the inequality (5.10), we have

OFy, &=x =N I — yleRemdedn
d d _O Rem
/Ds g | 500 )y et

/ﬁ— /—N grendedn o) oremiy

‘y n’Rem—H

On Dg : due to (5.5), we have

/D Fnldedn =011 /»sNN/n ¥ ((w—¢ gReand% 2) %5

— O(]\[Rem-i-l)/T7 N (];[d;')Rem — O(N2)

Then, thanks to (5.8), we obtain

§&=N rn=N éRem—l
dédn = O(1
85 5 / / (96— )2+ (y — )"
gRem(&—i—l’) - ) d&dn
(@ =82+ -2 "
§=N rn=N gRemfl §Rem(€+$)>
=0 ded
O oy Jy (s s o
Ay
:% ‘y_n’Rem—ﬂ

=O(N) + O(NRem+2)/ = O(N).

Finally, the inequality (5.10) implies

aF E=N n=N ‘77 o y’fRemdfdn

99 d d _O Rem
/De on | ()/f 3 /n— (w=+ (- "
n=N dn

_ONRem+1/ —— =7 = O(N).
( ) =4y —nlftemHt )

2

On D7 : this case is analogous to the case Dg.

On Dyg : this case is analogous to the case Dj.
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In the following table, we summarize the results obtained on the previous
lemmas :

i [supp, 1Lowonl] Sy, [Fwldsdn [(9eon]. 10,68D)] [y, 19eFl | fp10,Ful |

1 O(N?) O(1/N?) (O(N),0) O(y) X
2 O(1/N?) O(N?) (0,0(%)) X O(N)
3 O(1/N?) O(N?) ((’)(%),0) O(N) X
4 O(1/N?) O(N?) (0,0(%)) X O(N)
5 O(N?) O(/N?) | (O(N),O(x)) | Ox) O(x2)
6 O(1/N?) O(N?) (0(%),0(%)) O(N) O(N)
7| O@/N?) OWN?) | (O(x),0(x) | ON) O(N)
8 O(N?) O@/N?) [ (O(N),O(x)) | O(x) O(xz)
We can easily check that for each i € {1, ..., 8}, the quantities

sup|Lm¢N|/ B, Sup|8£¢N|/ 0cF| and Sup|6n¢N|/ 10, Fl

stay bounded. Therefore,

u(z,y) = o(1)
when N — +o00. Thus
u=0
and this completes the proof of the Proposition 5.2. O

Lemma 5.6. Let uw € D(H') and let (x,y) € HT, we define

Ula) = [ u€cn)P(o.y. & mde

then lim U =0, and for ally € R, lim U = 0.
[l (@)l —+o0 0.y)
Moreover, U € C°°(H* \ suppu) and for all (z,y) € supp u, we have

Lz yU(x,y) =0.
Proof. When (&, n) is fixed, and since
Exlmm [ sin'="™ 6 df
Fm($7y7£777):_ 2 . 20 1—_m
T oo [0 92 agsind (3) + (y ]
0 and the first result of the

for Re m < 1, then F,,(z,y,&,1n) —

[l (@,y) | =400
lemma is shown.
Similarly, if Re m > 1,
Em T e 1
Fm(xvya"g?n):_T sim 10 . 2 /0 m
™ Jo=y (o — €2 +4egsin® (§) + (y — )
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1
- | a6
[(z 4 €)? — 4agsin® (§) + (y —n)?]

then F,(z,y,&,m) — 0 and the first result of the lemma is shown.

Il (z,y) | —-+o0
For the second result, it suffices to see, for Re m < 1, that
f.l‘lim /7r 1
F(x,y,¢&, ~ - sin"~ " 6 df
B S0 2@+ (A Jy

which implies the desired result.
Now, we assume that Re m > 1. Let (£,7n) be fixed in the support of wu,
which is a compact set of HT. In particular, there exist M > 0 and o > 0
which do not depend of u such that ||(§,7n)]] < M et £ > 2. Let y be in R.
By denotting for z € [—a, a],
() = 1 -
2

[(z — €)% + 4xgsin® (§) + (y — n)?]
By the mean value inequality, for x > 0 near 0, we have

’fm(x) - fm(o)| < xsup |fr/n‘

[0,0]
and
|fm(=7) = fm(0)] < x[sulf:n | fral-
then
3M + «
|fm(2) = fn(=2)| < 22 sup |fp,| < 2$\m|m~

[_a’a}
In particular,
sup  |Fn(z,y)| = O(x)

(&,m)Esuppu
yER

when x — 04. The second result is proved.
The last result can be deduced of the fact that if (z,y) # (£,7n) are both in
H™, then

Lm,x,yFm(xa Y, 57 77) =0.
U

Remark 5.7. If U € D(H"), then Ly, ,U = u, but this identity is not

H™),
necessary true if U & D(H'). In particular, we can not say that in the
Lemma 5.6, we have L,,U = u.

Now, we will prove a decomposition theorem for axisymmetric potentials,
it is interesting to compare the following theorem to known result in [6,
Theorem 2 section 4] (the fundamental difference is that in this work, the
conductivity is not extended in all domain by reflection through the bound-
ary 0f).
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Note that, due to our construction of the fundamental solutions, the proof
of this theorem is more and less the same than the proof of the decompo-

sition theorem, chapter 9, in [4]. Note that in our situation, the domain of
definition of our functions is H*, and not C.

Theorem 5.8. Let m € C. Let Q be an open set of HY and let K be a
compact set of Q. If u € C*(Q\ K) satisfies Lyyu =0 in Q\ K, then u has
a unique decomposition as follows :

U=v-+w,

where v € C?() satisfies Lyv = 0 in Q and w € C?*(HT \ K) satisfies
Lpw=0 i H"\ K with})}}%}wzo.

Proof. For E C C and p > 0, we define E, = {z € C, d(z,E) < p} (E, is a
neighborhood of F).

At first, we assume that  is a relatively compact open set of H™. We choose
p as small as K, and (09Q), are disjoint. There is a function ¢, € D(HT)

compactly supported on § \ K such that ¢, = 1 in a neighborhood of
Q\ (K, U (99),).

TS

P i
g;jQ \ {K, U (09),

Figure : ¢, =1 on the gray domain
For z =2 +iy € Q\ (K, U (09),), we denote
Fz(C) = Fm(l‘,y,&n) and LC = Lm,f,n for C:£+i77,

Thanks to Proposition 4.7, we have

u(z) = upp(z) = / F.(C) Le (uipy) () dedr

P

- / Fu(O) L () () dedn + / F.(O) L (i) (C)dédln
(092)p

Kp
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= 0p(2) + wp(2).

Then, the last result of Lemma 5.6 shows us that v, satisfies L,,v, = 0 on
Q\(09), and w,, satisfies Ly, w, = 0 on HT\ K,,. We also have limgg+ w, = 0.
Now, we assume that o < p. As previously, we obtain the decomposition
U = Vs + Wy on O\ (K, U (092),). We claim that v, = v, on Q\ (092), and
w, = w, on HT \ K,. To see this, note that if z € O\ (K, U (99),), then
V,(2) + wp(2) = ve(2) + we(2).

We will designate by (1) the Weinstein equation L,,u = 0. Thus w, — w,
satisfies (1) on HT \ K,, which is equal to v, — v, on Q\ (K, U (09Q),),
therefore v, — v, extends to a solution of (1) on Q\ (992),.

Finally, w, — w, extends to a solution of (1) on HT, and éiHHi w, — we = 0.

Due to Proposition 5.2, we have
Wy = W,

and then v, = v,.

For z € €, we can define v(z) = v,(2) for p as small as z € Q\ (99Q),.
Similarly, for z € H \ K, we put w(z) = w,(z) for small p. We have proved
the desired decomposition u = v + w.

Now, assume that 2 is an arbitrary domain of H* and let u be a solution
of Lyyu=0o0n Q\ K. We choose a € H' and R large enough so that K C
D(a, R) and D(a, R) be a relatively compact set of Ht. Let w = QND(a, R).
Note that K is a compact set of w which is a relatively compact open set
of Ht and u satisfies (1) on w \ K. Applying the results demonstrated for
relatively compact open sets, we obtain

u(z) = 0(z) + w(z)

for z € w\ K, where 0 satisfies (1) on w and w satisfies (1) on H \ K with
limgy+ w = 0. Note that V' = u — w satisfies (1) on Q \ K and V can be
extended into a solution of (1) in a neighborhood of K because V = o on w.
The sum v = V + w provides us a desired decomposition of .

As before, if we have another decomposition v = v + w with v € C?(Q),
Lyv =0 and with w € C?(H* \ K), L,w = 0 and limgg+ w = 0, then we
have V —v =w —w on Q\ K. The function w — w can be extended on H*
into a solution of Ly, (w—1w) = 0 on H" with limgg+ (w—w) = 0. Thanks to
Proposition 5.2, we obtain w = w, then V = v, which completes the proof
of the decomposition theorem. O

The following proposition is a Poisson formula for the axisymmetric poten-
tials in H™ :

Proposition 5.9. Let m € C be such that Re m < 1 and u : R — R be
a continuous and bounded function. Then there is a unique azisymmetric
potential U € C?(H') such that | (3,4 [|—+00 U(,y) = 0 and for ally € R,

Iim U = u(y).
i (y)
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Moreover, we have for all (z,y) € HT,

U(z,y) = mel_m/
n

oo

u(n) dn
——oo (224 (y —m)?)'”

l—m (7 1-m 1 2(1-%)
where Cpy = 52 [,_osin' " 0 df = 57— N

1 m

Proof. We define f(z,y) = W To show that U is a solution of
Y=
L,,U = 0, it suffices to prove that L,,f = 0 by differentiation under the

integral sign. We have

(I —m)ax™™ (2 —m)z? ™
Ouf = o i
e a- T @ra-nt
and
Ounf = — m(1 —m)z ™1 2-m)@B - 2m)rt=™ (2 —m)(4 — m)z3 ™
T @)Y @)t @0
and
b @oma @ m)d—m)(y =P
Y@y (22 4+ (y =) %
Then,
_ m(2 —m)xt—m B m(1 —m)z~"1
(@ +@—n?"7 @@+@y-—n?) "
and we deduce that L, f(x,y) = 0.
We have
o [ u(n) dn _Cm [T u(n) dn
U(z,y) = Cy /77:—00 @2+ (y —n)2) "% z /77:_00 (1+ (%)2)17%

By a change of variable t = Y-, we obtain
© wu(y —tx)dt
— o (142172

Thanks to the dominated convergence theorem, it suffices to show that

o0 dt 1—m [T
cm/ = 1med9/ LT
t=—00 (1+t2) T2 27 0= 0 1+t2 -5

To see this, according [1] (page 258), note that

[ oameee () - (1/(2)—(?3 |

where B is the Euler beta function and

U(I‘, y) = Cm

1—m

1
sin' =™ 0 df =
2T 0=0 2

m ) Lm0 %)

M 1—m (
2 B(l—-—,1—— .
277 2 2 L(2—m)
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Then, using the duplication formula for the I' function,
['(2z) = 7~ Y/2225710(2)T <z + ;)
and the recurrence formula I'(z 4+ 1) = 2I'(z), we obtain the desired result,
P/ () 1-m,, T (1=%)
r(r-2) 2 r(2-m)

The uniqueness follows from the proposition 5.2. So, we proved the propo-
sition. H

Remark 5.10. One may question the existence of such a reproducing for-
mula if Rem > 1. In fact, if m € N* and if u € C?*(H*) satisfies Ly, (u) = 0
on H*, then the function v defined on R™+2 by

_ 2 2
V(1. Tmy2) = U <\/a:1 + ~--+xm+1,xm+2>

is an harmonic function on (R™1), x R. In particular, if m > 2, the
Proposition 18 in [18], page 310 shows that v can be extended to an harmonic
function on R™T2, which tends to 0 at infinity. We then deduce that v = 0,
implying uw = 0. This shows that solving L,,(u) = 0 with u tending to 0
at infinity and with prescribed values of u on the y-axis is a problem which
does not make sense. In this case, the fact that there is no solution to this
Dirichlet problem is a consequence of the loss of ellipticity of L,, on the
boundary of H. Therefore, we do not deal with the case Rem > 1.

6. FOURIER-LEGENDRE DECOMPOSITION

First, we will introduce a specific system of coordinates named bipolar co-
ordinates (7,6) (see [40]) and numerical applications on extremal bounded
problems using this system of coordinates have been realized in [24, 25, 26].
Let a > 0. We suppose that there is a positive charge at A = (—a,0) and
a negative charge at B = (a,0) (the absolute values of the two charges are
identical). The potential generated by this charges at a point M is In (%—g)
(modulo a multiplicative constant).

y

M(z,y)
0
x

A(—a,0) 0] B(a,0)

Figure : Bipolar coordinates

By definition, the bipolar coordinates are

MA —
T = lnm and 60 =AMB.
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The bipolar coordinates are linked to the Cartesian coordinates by the fol-
lowing formulas :

ashrt asin @

z Y

T chr —cosf’ T chr —cosf

Let R > 0 and a = vV R? + o2, the disk of center (a,0) and of radius R is
defined in terms of bipolar coordinates by

2
TZTOZIII(;i—i— ‘aRz—l):argCh;
Moreover, the right half-plane is
H" = {(r,0) : 7 €0+ 0], 6 €[0,2x[}.

The level lines 7 = 7 are circles of center(a coth7p,0) and radii «/sh .
This implies that for all 7y, 71 such that 0 < 79 < 71, the set {(7,0), 7 > 79}
is a closed disk and the set {(7,6), 0 < 7 < 71} is the complement on H* of
the closed disk {r > 7 }.

T=-1/3 ":”/9?”

Figure : Level lines (with a = 1)
The following theorem is known for m = —1 by physicists ([3, 48, 45, 47,
36, 42]. We extend this result to complex values of m :
Theorem 6.1. Let u be a solution of Ly,u = 0 in an open set of HT and
putting
U (7,0) = sh mTilT(ChT — cos 0) "™ 2u(r, )
where by definition,

m— -1
sh TlT(ChT — cos 9)*7”/2 = exp (m Insh7 — % In(ch 7 — cos 0))

then

Z 7m Z 'm th - —2
o972 + 202 + co 7-87_ +

v, v, ov (1 (m — 1)2>
| vm = 0.
4 4sh“r
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Proof. We have
ou {l—cthosﬁ ou sh7sinf 8u]

dr  |(ch7 —cos0)2dz (chT —cosh)?dy
and
Ou —sh7sind 87u+ chrcosf —1 Ou
00 | (chT —cos0)20xr (chT —cosf)2dy|"
Thus, we obtain
ou 1 ou . 0u
9% o <(1 - ChTCOSQ)E - sh781n989> ,
and
0%u a? 0%u 0u
gu_ % l1-—ch 29% | sh2rsin? 922
R Ep——T: [( ch 7 cosf) 922 + sh“7sin 983/2

2
—2(1 — ch7cos G)ShTSineaag ]

oy
R S— sh7(cos®f 4 chrcosf — 2)@ + sin @ (Ch27' — 2+ cosfch) Ou
(chT — cos6)3 Ox dy
and
0%u a? 0%u 0%u
g Y h2%rsin?02 % 4 (chrcosd — 1) 2o
962  (cht — cosf)? [S TR Y e + (ehrcos )8y2

+2(1 — ch7cosf)shTsiné Ou
0xdy

e
(chT — cos )3
In particular, we have
Pu  0%u o? Pu  0%u
72 T 962 T (ch7 —cosh)? {axz + ayz] '
Therefore, we obtain

L o (ch7—cos€>2 (82u 9?u  m(1 —chtcosf) Ou m sin 6 6u>
m,x,y - - a_ 9 .

We put

ou ou
a2 ogu . Cn2 ou
[sh 7(2 — cos” 6 — cos HChT)ax +sinf(2 — ch*r — ch7cosf) &J

a 87‘2+W+ShT(ChT—COSQ)6T_ChT—COSH%
(chT — cos§)™/?
sh "z 7
and we calculate Ly, , 4u in terms of F(7,6). Denoting

_ m/2
() = (BT SRO
sh =2 7

u(r,0) =

U (7, 0)

we have )
ory, m sin @

00 2 chT—cosﬂrm
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and 2 N
587 = I(ch —cong)? (20080 T+ msin® 0 = 2)
then
687:” " (chr— clos 0)sht (ch*7 + (m = 1)ch7cos§ —m) rm
and
%1, 1

55 = e 52 [ch47- —2ch37 cos @ + (m — 1)%ch ?7 cos® 6+
ch7 —cos@)?sh*r

+2(m — 1)ch*7 + (4 — 2m?)ch 7 cos § + 2(m — 1) cos® § + m(m — 2)] ryp,.
The equation

Lipzyu=0
can be rewritten as

v, n O%v, n ov, 28rm n m 1 —ch7cosé n
m\orz T Tog2 ar \“ar " shr chr —cosd ™

+8vm 28rm B msin 6 .
0o 0o cht —cosf ™
0?ry,  0?ryy m(1 —chTcosf) Ory, msin@  Or,,
or 00 sh7(ch7 —cosf) 0r  ch7 —cosf 06
with
28rm m 1—chrcos th
Or  sh7 chT —cosf fm = Tm COUUT,
orm _ m sin 6 . —0
00 cht —cosf ™
and

0?rpy  0?ry, m(1 — chrcosf) 8rm_ msing  Orp, 1 (m —1)? .
Or2 002 shrt(cht —cosf) Or cht—cosh 00  \4 4sh 27 m

And this completes the proof. O

We seek vy, by separation of variables : vy, (7,6) = Ap(7) By (0). From the
equation satified by v, (see Theorem 6.1), we obtain
" / 2 "

A—m—kcothTA—erl—M = —%.

A A, 4 4sh?r B,
The term on the right depends only of § and the left one depends only of T,
thus we deduce that both are constant. Let n € C such that this constant
is equal to n?. We then have

1 —1)2
AZ,L—FCOthTA;n—F <4—(1}12T)—n2> Am:O,

Bl +n*B,, =0.
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By, is naturally a 2r—periodic function (because € represents an angle),
therefore n should necessarily be an integer.
To examine the equation satisfied by A,,, we carry out the following change
of function
Ap (1) = Cpp(ch 7).
Then, C), satisfies
2
sh27C” (cht) + 2chr C (ch7) + <1 —n? - (m_;)> Cyn(ch7) =0
4 4sh T
which can be rewritten as

(1—ch27)C” (ch7)—2ch 7 C! (ch T)+<n2 L WW) Cpn(ch7) = 0.

4 1 —ch?r
(LAH)
This equation is named Hyperbolic Associated Legendre equation.
Note that if we put z = ch7 and u(z) = Cy,,(ch7), then
2
(1— 22" — 224/ + |:V(V+1)— 1” 2:|u:0 (LA)
—z
where
1 q m—1
= _— a. = —G
v=n-j n 1 5

This equation is named Associated Legendre equation, and it can be reduced
to the Legendre equation if p =0 :

(1 — 22" — 224/ + v(v + 1)u = 0. (L)

Two independent solutions of (LA) are given in section 8 and denoted
P}(cht) and Q) (chT).

Starting from this investigation of solutions in the form of separate variables,
we can state the following theorem

Theorem 6.2. Let m € C. Let 0 < 19. Let u be a smooth solution of
Ly, u =0 on the disk T > 19 and let v be a smooth solution of L,v =0 on
H* \ {7 > 70} which is the complement on HT of the disk {T > 10} and
we assume that limgy+ v = 0. Then there are two sequences (ap)nez and
(bn)nez of 1?(Z) (which are even rapidly decreasing) such that :

m—1 —m m s
u = Z an@ %, (chT)sh 1TT(ChT —cos )z e

and

400 _1
v = Z annf% (chT)sh 17Tm7'(ch7' — cosf)ze™m.
n=—oo
The sequence (ay,) is unique. In addition, the convergence of the first series
is uniform on every compact set [Ty, o] of the disk T > 19 with 1o < 11 < To.
And the convergence of the second one is uniform on every compact set

[73,74] of the complement of the disk T > 19 on HT with 0 < 13 < 74 < 7.
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If Re m < 1, then the sequence (by) is unique.

Proof. Indeed, decomposing the function

m—1

0 — u(7o,0)(ch 7o — cos ) "™2sh "7 7

by Fourier series with respect to the variable 0, to yield the Fourier expansion
for u(7,-)
1— ™=
u(79,0) =sh 2 719(chty — cosf) 2 Z ane™,

n=—oo

where a,, € (?(Z) satisfies

1 2w

an (ch 7y — cos6)~"/?sh mT_lTo u(7p, 8)e " ds.

:%O

This function is a smooth function of the variable 6, therefore we deduce
that the sequence (ay,)y, is rapidly decreasing when |n| — +oo. The function

m—1
. o Q2 (chr)
&(T,Q)zsthT(chT—cosﬂ)? Z an—pt e'nd
n=-—00 Q _2 (Ch’i’())

D=

n

coincides with u on the circle 7 = 7.
Moreover, thanks to the Proposition 8.1, we have when |n| — 400,

3

O
Ml
o
=
2
~—~

sh

3

Q,”

n

Ll ISIE

(lnl(ro—7)

~

(ch 7o) sht

3
[

N|=

and this equivalence is uniform in all compact set [71, 72] with 0 < 79 < 71 <
.

It follows that the series of functions which defines @ is normally converging
on any compact sets [71, 7o) of the disk 7 > 7. So does same for deriva-
tives with respect to 7 and 6 (which are expressed also with the Associated
Legendre functions as mentioned in the section 8).

Particularly, the function # is well defined on the disk 7 > 7y and coincides
with u on the circle 7 = 7.

Due to the fact that the solution of an elliptic equation is uniquely deter-
mined by its boundary values (this follows from the maximum principle), we
deduce that @ the unique axisymmetric potential on the disk 7 > 7y which
coincides with u on the circle 7 = 7.

For v, the proof is completely similar.

Indeed, decomposing the function

m—1

0 — v(70,0)(ch 7o — cos 0) "™ ?sh “T 7
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by Fourier series with respect to the variable 6, to yield the Fourier expansion
for v(7o, -)

+oo
v(70,0) = sh 17Tmrg(ch 70— cos0) 2 Z bpe™?

n=—o0
where b, € (?(7Z) satisfies
1 2m
by, = Py (ch 7o — cos§) "/ ?sh "z 7'() v(70, 8)e " ds.
7r

This function is a smooth function of the variable 6, therefore we deduce
that the sequence (by,),, is rapidly decreasing when |n| — +o0o. The function

mfl

- L P 2 (chT)
0(1,0) =sh 2 7(chT —cosf)2 Z bn, 762"9

n=-—00 P _l (ChT())
2

‘ S
= l\.’)\»—‘

3

coincides with v on the circle 7 = 7.
Moreover, thanks to the Proposition 8.1, we have when |n| — +o0,

m—1

P 2 (chT) sh 0 il (r—70)
44444,NJ476
2 (ch 7o) sh7

P

3 3
Hl\)‘)—l

\»—“

2
and this equivalence is uniform in all compact set [71, 7o) with 0 < 71 < 19 <
T0.
It follows that the series of functions which defines v is normally converging
on any compact sets |71, 72| of the complementary of the disc 7 > 79. So
does same for derivatives with respect to 7 and 6.
Particularly, the function v is well defined on the complementary of the disk
T > 79 and coincides with v on the circle 7 = 7.
We will show that

lim v =0.
T—=0+
If Re m < 1, we have when n € N and thanks to the formula (8.1)
m—1
P N (chr) = 27 S /ﬂ(ch +sh7 cos#)"F2 " Lsin' =™ 0 do
T T T T
2 VAT (1-3) 0
then B
2 —
Tlg& Pn ! (cht)=0
and in addition, for n > 1 — Rozm, we have
L*I ™ Rem
P 2% (ch7)| < / (ch7 +shTcosf)" 2 ~tsin!~Remg g
= f\r(l—*)\ 0
Rem—1 h 1— l;e'm -
2 Rem
i )‘7/ (chr +sh7)" 2" Tsin~Rem g o < ¢
0

vall (-5
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thus

sup
n>1—R°Tm TG[O"%O]

by the Proposition 8.1, we obtain

—1 nz2-_
P N ch 7 —_—
Sy (ehmo) ~novoe T
So, we can deduce that lim,_,o 9 = 0.
It remains to prove the uniqueness of the previous decomposition where
Rem < 1. This will result in the next paragraph which will establish the
fact that the family

m—

nTo

[un

Qn 1 (chr) cht — cos§)™/2 .
A= Lj ( m—1 ) o = (@n)nez
Q 2 (chr)  sh= 7
2 ne”Z
"3, (chr)
P 2 (cht m/2
n—1i cht — cos@ .
B .= mf?l ( — ) 6zn9 — (bn)nGZ
P 2 (chmy) shozr
2 neZ

is a Riesz basis.

O

Corollary 6.3. The solution of the Dirichlet problem for L,u = 0 on

D((a,0), R) where u = ¢

u(r,0) = sh

where {T = 19} corresponds to the circle of center (a,

where
1 27
Cp = %
Similarly,

v(7,0) = sh i

is a solution of L,v
0D((a,0), R) where

1 2w

Cp = —
2

on 0D((a,0

1— ™=
"2 7(chT —cosf)2 Z Cn

n=—oo

l
m n—s
(chT — cosf)> E Cn m_?

), R) is given by

3
L

Q ?,(chT)
"3 einfd
m—1
Q, 2% (ch7p)
0) and radius R and

(ch 7 — cos @)™/ %sh mTflTo ¢(a+ Rcos s, Rsins)e™ " ds.

P 2 (chT)

(Ch 7’0)

= 0 on H" \ D((a,0), R), which is equal to ¢ on

(ch 7y — cos )™ %sh mT_lTo ¢(a + Rcos s, Rsins)e ™ ds.
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Moreover, if Rem < 1, then v satisfies limgp+ v = 0, and the function v
constructed above is the unique solution of the Dirichlet problem L,,v = 0
on H' \ D((a,0), R) which vanishes on OHT.

7. RIESZ BASIS

We will prove that the half part of the following family

[,

m—

Q 2,(chT)

"2 nez
is a basis of solutions on the disk 7 > 7 and the other half part is a basis
of solutions on 7 < 7y, which is the complement on H* of a some disk, with

0 < 19 < 71. This fact is known for m = —1, namely for u = 1. We extend
this result for complex values of m.

m—1
(chT —cos0)™2 [ cos(nf) Pnf% (ch)
sh ", sin(nh)

Let us recall the definition of a Riesz basis. (z,)nen is a quasi-orthogonal
or Riesz sequence of a Hilbert space X if there are two constants ¢, C' > 0
such that for all sequences (an)nez in £2, we have

2
622|an|2 < Zanxn < 022|an|2.
n n n

If the family (z,,)nez is complete, it is a Riesz basis. The matrix of scalar
product {(x;,x;)};; is named Gram matrix associated to {x;};.

To prove that {z;}; is a Riesz basis, a convenient characterization with the
Gram matrix is the following property :

Property ([43, p. 170]). A family {x;}; is a Riesz basis for a some Hilbert
space if {x;}; is complete on this Hilbert space and if the Gram matriz as-
sociated to {x;}; defines a bounded and invertible operator on £*(N).

Let A and B the two families of solutions of L,,[u] = 0, respectively inside
the disk 7 > 79 and outside the other one 7 > 7, with 0 < 79 <7y

m—

[un

anl (chr) cht — cos0)™/? .
A = 7n712 ( m—1 ) elng = (an>n€Z
anl (ch 7o) sh™z"r
2 neE”L
m—1
PTI (Ch 7') m/2
n—1 ch7 —cos6 -
B .= m—? ( — ) em& — (bn>n€Z
P 2 (chm) sh =27
n—3y nez

Let C the union of the two previous families :

C:= (cn)pez = (C2n = an et cony1 = bp),ey



DECOMPOSITION THEOREM AND RIESZ BASIS FOR AXISYMMETRIC POTENTIALS 49

The annulus defined in terms of bipolar coordinates {0 < 7 < 7 < 71} will
be denoted A. The space L?(9A) is equipped of the following inner product :
for f,g € L?(0A),

1 2 sh Rem—lTO
= — 0 0 dé
<fag> 27_(_ 0 f(T()? )9(7—0, )(ChTO—COSG)Rem
1 27 sh Rem—lT1
— 0 0 do.
+27T 0 (7, 6)g(m, )(ch 71 — cos )Rem

We have the following proposition :

Proposition 7.1. C is a Riesz basis in the Hilbert space L*(0A).

Proof. Indeed, in order to build the Gram matrix of C, we first calculate all
its scalar products. We obtain for all n € Z,

2

3
L

B an% (Ch T1>
<62n762n> =1+ T m—1
anl(ChTO)
2
m=1 2
P 2
- 1 (cho)
(cany1,cont1) = 1+ |—(——
Pn_Ql (Ch’Tl)
2
-1 —1
P 2, (chm) Q *,(chm)
(can, Cont1) = to + 2
ny C2n = m—1 m—1
P 2 (chm) Q *,(chm)

<62n+17 C2n> = <62n7 C2n+1>

In all other cases, the inner product is zero, the Gram matrix is diagonal by
blocks and each blocks is expressed as the 2 x 2 matrix :

m=1 2 m=1 m=1
Q, 2, (chm) P 2 (chm)) @ 2, (chm)
]‘ + m721 21 + Lj
Q,”1(chm) P 2 (chm) [ Q %1 (ch7o)
2 2 2
M, =
m—1 —1 m—1 2
P 21 (Ch’l‘o) Q 21 (Cth) P 21 (Ch’i‘o)
"3 4 ~3 14 |2
m—1 m—1 m—1
P2 (chm) |\ @2, (chm) P (chm)
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The Gram matrix G can be written as

My, 0 ..
0 M_1 O
: 0 M, 0
0 M_o 0
G = 0
M_,
. M,
and the determinant of M, is
m—1 m—1 2
Qn2l (Cth) P 2; (ChTo)
det(M,) = {1 — mfi LQI
Q (ChTo) P (Cth)

3

n—

L\.’)\»—i
w\»—t

Let’s show that M, is invertible. Suppose the contrary, if M,, is not invert-
ible, then det(M,,) = 0, which is equivalent to

m—1 m—1 m—1 m—1

"2, (ch Tl)PTl(ChTo) =Q 2, (chry)P 2 (chr).

- 2 T2

Q

n—

M\H
|

The previous equality can be written as follows

m—1 m—1
Qn2l(Ch7—0) P fl (ChTO) m 1
1 2 =0, with P _21 (chp), @ 2, (ch7) #0.
Q *,(chm) P 2% (chm) 2 S
2 2
Therefore, there is A € C\ {0} (which depends on m, n, 79 and 71) such that
Ll m—1
Qn l(ChTO) )\Pnfl (ChTo)
L*% A
Qn l(Cth) )\Pnfl (Cth)
2 2

Then, by the asymptotic of Associated Legendre functions (see Proposition
8.1 in the Annex), on the one hand, we have both

A~ ﬂ_eiﬂ'mT_l 6—27170
n—-+o0o
and on the other hand, we have
jpm=1 _
A ~ weT e 2117'17

n—-4o00

then it implies that 7y = 71, it is not possible.
We deduce that the matrix M, is invertible and this completes the proof. [J
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8. ANNEX : ASSOCIATED LEGENDRE FUNCTIONS OF FIRST AND SECOND
KIND

In this section, we provide the main formulas of integral representation for
the Associated Legendre function of the first and the second kind with z =
cht > 1 (see [2, 40, 50]) :

27Ysh "Hr
MN—p—v)I(rv+1
with Re v > —1 and Re(u +v) < 0.

Pl(chT) =

) / (ch7 + ch @)~ 1sh 219 dg
0

Phi(chr) = Z“Shl_“v' /7r (cht+ Sh;’ cos G)Htv
VL (5= 1) Jo sin“* 6
with Re p1 < 3.

2 shtr T ch [(V + l) «9]
L N 2
Fylchr) = WF(%—M)/Q (ch7—ch0)”+1/2d9

df (8.1)

with Re p < %

do

ey /r sh*rD(v+ pu+1 o0 sh 246
QUenr) = VT e ) [

20 T'(v—p+1)I'(p+1/2 ch 7 + shrch@)v+rt+l
with Re p > —%, Re(v —p+1) <0and Re(v+p+1) > 0.

T sh#r o0 e~ (vt3)0
B(chr) = | etm d
@y (ch7) \/;e I'(3-p) /T (chf — chr)nt1/2

2
with Re 41 < % et Re(u+v +1) > 0.

_”_lwsh “Hr / (chT + cos 0)* " Lsin® 1 9 df
F(V + 1) 0

with Re v > —1 and Re(u + v + 1) > 0 (see [50] pages 4, 5 and 6).
We have also the following relations satisfied by the Legendre functions (see
[50] page 6 and [2], formula 8.2.2)

Q"(chT) = ™2

P# - Plju—l'
o' () —mel™ cos(mv) P + sin[r (v + )| QY
Z) =
Sinfr (v — 1)
for v — u ¢ Z. (in particular for v =n — % with n € Z, we have

Qiu—l = Qﬁ
for all p € C),
T 1t Q@ = e TN — ok 1)L,
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MN'v—p+1) 2 i
pH 2 i o
NOETEY [ v - e sin(mp)QY |,

In addition, we have the Whipple formulas connecting the associated Le-
gendre functions of first and second kind (see [50] page 6)

1
Q"(chr) = emu\/;lwp : 2 (coth ),
2

Vshr -

P!(chT) = — \/7@ i (cothT).

We also have the recursion formulas (see [50] pages 6 et 7)

(v —p)cht P (cht) — (v + p) P! {(chT)

Pt =

Py (chr) = e =
(v—p+1)P)  (cht) = (2v+ 1)ch7 P!(chT) — (v + p)P)_ (chT).
(2% - 1)dP§‘z(z) = v+ —p+1)(2" = 1)V2P (z) — pzPl(2).

-0 ppe) - P )

All of these formulas are used to explicitly calculate the values of P}'(ch )
and Q% (ch7) for all 7 > 0 and (u,v) € C2,

If 1 and 7 are fixed, the following proposition collects the behavior of Asso-
ciated Legendre functions of the first and second kind when v = n — % with
n € Z and |n| — +o0.

Proposition 8.1. We fixr 7 >0 and p € C. Then if v =n — % with n € 7,
we have :

e7'/2
when v — 400, PH(ch7) ~ — i1/ 2eT?
(chr) V2rshrt
e—T/2
when v — —o0, PH(ch7) ~ e (v M2V

V2msht

when v — 400, Q" (cht) ~ e™He™T/? 2Ty
2sht
when v — —00, Qb(cht) ~ 6”“67/21 / ﬁ(—u)“ilﬂew.

These equivalences are locally uniform with respect to the variable T, that is
to say uniform on all interval [T, 7] with 0 < 19 < 7.

Proof. If v = n — § with n € N (see [50] page 48), we have

Fi(chr) = r(f/(i::i)l) 27r(1/:— Dshr ) b)) [1 0 (i)] :
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A straightforward application of the Stirling formula shows that when v —
+00

v —v v+1/2
(v+1) 21/ 2e B < v > o (v — p)e™
7

Fv—p+1) . 27 (v — M)V—u—‘rl/Qe—V—i-u T \y—

— (v — p)Pe P exp (— (1/ + ;) In (1 _ 5)) i

consequently,

2
TV Vu—l/Qeru’

1 -
T ke —_ S
V2mvsht e V2msh T
which gives us the first estimate.
The second one is obtained directly thanks to the relation P} = P" .
The third estimate follows directly from the formula (8.3) of [50] :

M -~ T u=1/2 imp —1(v+1/2)
Qb(chT) 1/2Sh7_1/ e'te

and the last estimation arises from the fact that for v =n — % with n € Z,
we have

P!(chT) ~VH

Qiy_l = Qﬁ
The locally uniform character of these equivalences come from explicits ex-
pressions of P}’ and Q) in terms of hypergeometric functions ([20], tables
pages 124-138) and estimations of these special functions (always locally
uniform with respect to their parameters ([50], pages 178-182). O
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