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Abstract

We study the Merton problem of optimal consumption-investment for the case of two
investors sharing a final wealth. The typical example would be a husband and wife sharing a
portfolio looking to optimize the expected utility of consumption and final wealth. Each agent
has different utility function and discount factor. An explicit formulation for the optimal
consumptions and portfolio can be obtained in the case of a complete market. The problem
is shown to be equivalent to maximizing three different utilities separately with separate
initial wealths. We study a numerical example where the market price of risk is assumed to
be mean reverting, and provide insights on the influence of risk aversion or discount rates on
the initial optimal allocation.

1 Introduction

In the portfolio optimization literature, the single agent framework constitutes the main prob-
lem. However, several financial problems involve many agents, e.g., when a household manages
a shared portfolio. One can also think of the situation of a portfolio manager working for a pool
of clients. The question raised here is thus: how do separate agents consume ressources out
of a common financial portfolio? Economic theory answers the question, at least partially, by
introducing social welfare and a common (utility) function to model the aggregated preferences
of several heterogeneous agents, see for example [1]. In the present paper, we investigate the
specific form of Utilitarian social welfare function composed of the linear combination of indi-
vidual discounted utility functions. That form is of particuliar importance for its simplicity, but
also because it involves the well-known notions of risk-aversion and individual discount factor
(preference for the present).

Imagine the following initial situation. Two agents, having utility functions U; and U for
consumption ¢! and ¢? respectively and discount rates $'(t) and (%(t), share a self-financed
portfolio X; over a period [0, 7] with 7" > 0 finite. They also share a third utility function Us
of terminal wealth X7 discounted with rate 33(¢). The goal of the couple is then to maximize
at time 0 the sum of the three expected discounted utilities from consumption and wealth over



[0,T] i.e., the quantity
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This expression can be obviously generalized to any linear combination of a number n € N of
utility functions for consuming agents.
When the total initial wealth X is given, the portfolio management problem brings up the
question of wealth allocation among participants in order to contempt them, additionally to the
one of optimal consumption-portfolio strategy for each of them. This initial allocation problem
is a one-time static problem at time ¢ = 0. It is of fundamental importance to notice that if the
criterion is updated at a later date ¢ > 0, the solution changes and does not correspond to the
wealth obtained by the allocation at date 0 and subsequent optimal portfolio strategies. This
means that the problem lacks a time-consistency property, see [2]. Indeed, the problem with
two agents can easily be reduced to a one agent problem by considering the utility function

¢ t
U(s,t,C):= sup [exp <—/ ,Bl(s)d,s) Ui(ch) + exp <—/ /BQ(S)d8> U2(02)} .
cl4c2=C s s
It is foreseeable that the optimal behavior of the agent will depend on the initial date s, and
therefore be given up at a later date without any commitment device. This is why we reduce
ourselves to the problem of initial allocation at date 0, and suppose that this action commits
our two agents on the interval [0,7]. In a future companion paper, we solve the couple problem
without commitment in a time-consistent manner, by the use of sub game perfect strategies as
in [2].
Coming back to (1.1), we actually show that the above problem can be divided in three separate
problems involving only one agent at a time. Thus, in a sense, the only real decision on the
part of the investor takes place at t = 0 with the determination of the initial wealth allocated to
each agent. Once the initial allocation is provided, the further evolution of interesting quantities
(consumptions and wealth) follows well known solutions provided by [5].
In order to illustrate the allocation solution, we provide a numerical application with closed form
solutions in the framework of [11], i.e., with power utilities and mean reverting market price of
risk. We naturally focus on the comparison between the two consuming agents initial wealth as a
function of risk aversion and discount rates. We find interesting insights for portfolio managers.
As the agent’s initial wealth increases, an increasing proportion of the wealth is allocated to
finance the portfolio. Furthermore, the less risk averse consumer allocates more money for
future consumption for sufficiently large values of the initial wealth. The effects of risk aversion
on the allocations are also intuitive. As agents become less risk averse, the allocated fraction of
initial wealth increases.
The article is organized as follows: Section 2 introduces the model, admissibility conditions and
discusses complete market properties. In Section 3, we introduce the total value function and
the three separated sub-problems. We provide their solution by relying on duality methods.
The proof of these results are provided in Section 4. The numerical application is discussed in
Section 5.



2 Market model and super-martingale property of portfolios

2.1 Complete market and specification of agents

We place ourselves in a complete financial market with d tradable risky assets with prices driven
by Wiener processes, and a riskless asset. This framework has been considered by Kartzas and
al. [5] for a single investor and semi-explicit solutions are provided using a martingale approach.
Six [10] considered the special case of a single investor with two different power utilities: one for
consumption and one for final wealth. We show that the same method applies in our context
without difficulty.

We consider a filtered probability space (2, F,P) with standard d-dimensional Brownian motion
W oi= (Wi)icpon) = (thv""Wtd)fe[o,T]' The filtration (F)icp,r] is the augmentation under
P of the natural filtration of W. We consider a complete market composed of d + 1 assets
(S9,...,S8% which are continuously traded on [0,7] and evolve according to the differential
equations dSp = r(t)SPdt for t € [0, T] with SJ = s¢, and

d
dSi = S | bi(t)dt + Y oi(t)aWi |, 0<t<T (2.1)
j=1

with (S§,...,89) = (s1,...,84) € (0,00)%. Let us assume that the SDE (2.1) has a unique
strong solution. The interest rate process (r(t)):ejo,r) i3 adapted and bounded, uniformly in
(t,w) € [0,T] x Q. Throughout this paper, we replace all asset prices by the discounted asset
prices. The discount factor using the risk-free rate is

Dy := exp (— /0 tr(u)du) . (2.2)

For a generic process Y;, we introduce the notation f/t := Y;D(t) to denote its discounted
counterpart. The vector of mean rates of excess return b(t) := (bi(t)... bd(t))tTe[O,T] and the
diffusion matrix o(t) := (04;(t))1<i j<d,tejo,r) are assumed to be adapted and bounded, uniformly
in (t,w) € [0,T] x Q. We introduce the covariance matrix a(t) = o(t)o” (t) and assume that for
some ¢ > 0, (Ta(t,w)¢ > ¢||¢||?, for any (¢,w) € [0,T] x Q and any ¢ € R%

Definition 2.1. We introduce the following objects:

1. A portfolio strategy © = {n(t) = (m1(t),...,7q(t))"} is an adapted, R?*-valued process
where m;(w) € L*([0,T]) for P-almost every w € Q and i =1,...,d.

2. A consumption process is given by (C%,cf)te[o,ﬂ, an adapted process with mon-negative
values such that C(w) := c'(w) + c?(w) is in L1([0,T]) for P-almost every w € Q.

3. The wealth process X = (X¢)ejo,m s uniquely defined as

1

D \F t ' (s)b(s) — s)ds + i’ (s)o(s)D(s ,
Xt_D(t)( +/0(( (5)b(s) = Cs)) D(s)ds + 7 (s)o(s) D( )dWs)> (2.3)
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or equivalently by the discounted process
~ t ~
X, = (x n / ((ﬁT(s)b(s) - cs)) ds + ﬁT(s)a(s)dWS>> . (2.4)
0

Each agent i is endowed with a utility function U; and a discount rate 3 with corresponding

discount factor .
B} := exp (—/ B’(s)ds) . (2.5)
0

The discount rates are assumed to be adapted and bounded for all ¢ uniformly P-almost surely.
We assume the following for the utility functions:

Assumption 2.2. Fori = 1,2,3, we assume that U; is a strictly increasing, strictly concave
real-valued function in C?([0,c]) such that U!" is non decreasing, U;(0) > —oo and U!(c0) = 0.
U/ is defined from [0,00) onto [0,U/(0)].

Note that we allow for U;(0) = —oo or U/(0) = co. This framework encompasses a large class of
functions, including CARA and HARA utility functions.
2.2 Super-martingale property of admissible portfolios

The completeness of the market in the sense of [4] implies the existence of a unique P-equivalent
martingale measure IP. Define the price of risk process 6(t) := o(t)~L(b(t) —r(t)1), for t € [0, 7).
Next, introduce the Radon Nikodym derivative of P w.r.t. P,

d ¢ t
Z(1) :—exp{—;/o 0¢(3)de—;/0 He(s)y\?ds}  forte0,T). (2.6)

We can define E the expectation operator under If’i Under some integrability conditions on 6,
Wy =W, + fg f(s)ds is a Brownian motion under PP (see [9]). Thus

X + /0 Cyds =z + /0 71 (s)o(s)dW (s) . (2.7)

We now introduce the key concept of admissibility.

Definition 2.3. A triplet (1, c', c?) of strategy and consumption processes is said to be admissible
for the initial endowment x > 0 if the wealth process X satisfies Xy > 0 for [0,T] P-a.s. We call
A(z) the class of admissible processes (m,ct, c?) for initial wealth x.

For any (m,c!,c?) € A(x), the left-hand side of (2.7) is non negative and the right-hand side
is a local martingale under P. It follows that the left-hand side, and hence also X, is a non



negative super-martingale under P. Now, if 7 := T'Ainf{0 < t < T, X (t) = 0}, then X; = 0 for
all t € [1p,T] on {79 > —oo}. The super martingale property in (2.7) yields

T
E [XT +/ Ctdt] <zx. (2.8)
0
This property allows to express admissibility of strategies and consumptions respectively in a
different manner.

Definition 2.4. We define

o C(x) (resp. D(z)) the class of consumption processes (c',c?) which satisfy
~ T ~
E [/ Ctdt} <z (resp. =x); (2.9)
0

o L(x) (resp. M(x)) the class of non negative random variables L on (Q, Fr,P) which satisfy

E[L] <z (resp. =x) ; (2.10)

o P(x) the class of portfolio strategies w such that (m,0,0) € A(x).

Remark 2.5. Since X7 >0 and Cy > 0 , for all t € [0,T], (m,c',c?) € A(x) implies (c',c?) €
C(z), and X7 € L(x) implies inequality conditions (2.9) and (2.10) which turn out to be also
sufficient for admissibility. Moreover, according to (2.7), the set P(x) corresponds to strategies
such that Xt belongs to M(x).

We shall show that C'(x) consists of exactly those “reasonable” consumption processes, for which
the couple of investors, starting out with wealth x at time 0, is able to construct a portfolio that
avoids debt (i.e., negative wealth) on [0, 7] P-almost surely.

Proposition 2.6. For every given (¢!, c?) € C(x), there erists a portfolio strategy @ such that
(m,ct,c?) € A(x).

Proof Let [ := fOT Cydt, and define the non-negative process (Nt)eejo,r) by

T t
Ny sz'—EI-i-E[/ éstIt:| = <x+mt_/ C’Sd8>
t 0

where m; := E[I|F;] — EI is a P-martingale. Note that N; > 0 because of (2.9). By the
martingale representation theorem [9], we can find an adapted process ¢(t) € L2(R? x [0,T)
with values in R% P-a.s., so that

d t o
my :Z/ ¢;(s)dW?  for all t € [0,T].
j=1"0

By taking 7(t) = (D(t)o’ (t))"'¢(t), we then get that X; = N; and the consumption process
(¢!, c?) correspond to the wealth process X;. O



Remark 2.7. The wealth process X corresponding to any (c*,c?) € D(x), is given by
~ T ~
t

In particular, X7 = 0 P-a.s.

Proposition 2.8. For every L € L(z), there exists a trio (m,c',c?) € A(z) with corresponding
wealth process X, for which Xp = L P-a.s.

Proof Define the non negative process n by

mwD; = E [im} - (x - IF:[E]) (1 - ;) (2.12)
= x+m—pt,
where Ll o e E[i}
my = {L\]—}} ~B[I] and pi= T2 (2.13)

Obviously, np = z and np = L P-a.s. Furthermore (2.10) implies that 1, > 0. We can obtain a
stochastic integral representation of the form (2.13) for the P-martingale m. Then (2.12) is cast
in the form (2.13) once we take 7 as in Proposition 2.6, Cy = p/Dy, for t € [0,T] and X; = n;.
Therefore X = L. O

Corollary 2.9. For any given L € L(x), there exists a portfolio strateqgy m € P(x) with corre-
sponding wealth process

X, =E[L|F], for te[0,T). (2.14)
This corollary shows that the extreme elements of L(z) are attainable by strategies that mandate
zero consumption.
3 The portfolio management problem

Recall that the discount function for agent i is given by (2.5). For a given x > 0, we define the
value function at z by

V(z) :=sup {J(m;w,cl,cz) C(m et ?) e fl(x)} ) (3.1)

where

T
Hasm,cl ) = B | [ (BIOE) + BV dt + BRU(X)
0

and

T
A(z) = {(71', c,®) e Alx): E [/0 (BLU (cf) + BIU, (¢2))dt + B%Ug(XT)] < oo} :
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The expectation .J is well defined for every pair (7, c!,c?) € A(z). The total initial endowment
of the couple is z. We can easily see that A(z) = A(z) if U;(0) > —oo for i = 1,2, 3. We consider
three problems that are sub-problems to the one above related to each term in the expression
of the functional J. For a given x1 > 0, we define the value function

Vi(z1) = sup {Ji(z1;m,c',c?) : (¢!, c?) € Ay(a1)} (3.2)
where
T
Ji(zy;m, et )= E [/ BtlUl(ctl)dt]
0

and

T
Ai(xy) := {(TF,CI,CQ) cA(r): E [/ BtlUl_(c%)dt] < oo} .
0

The expectation J; is well defined for every pair (7, c!,c?) € Aj(x1). The value functions Va, V3
and the sets As, A3 are defined similarly in an obvious manner.
We now turn to several definitions to describe the solution to (3.1) and (3.2). Let I; := (U})™!
be the inverse functions of the marginal utilities for ¢ = 1,2, 3. Because U] : [0, 0] — [0, U;(0)]
is strictly decreasing, it has a strictly decreasing inverse I; : [0, U/(0)] — [0, c0]. We extend I; to
be a continuous function on the entirety of [0, co] by setting I;(y) = 0 for U/(0) < y < oo, and
note that

Ui(Li(y)) = Ui(e) + yLi(y) — ye, for (y,c) € (0,00) x [0,00) . (3.3)

Recall that the process Z; is given by (2.6). Define for i = 1,2,3 the state price process
corresponding to the discount factor B?,

. .
. : 7,
G = ZiDrexp( [ Bu)du) =
0 Bt
We introduce also the following functions:
Hily,t) = E [ / Dumyc;)dum] for i=1,2, (3.4
t
and }
Hi(y,t) .= E [DrIs(y()| 7] - (3.5)

We will abuse notation by often writing H;(y) := Hi(y,0). We now make the following assump-
tions.

Assumption 3.1. Fori=1,2,3, we have H;(y) < oo, for all y € (0,00).

Assumption 3.2. For all y € (0,00), we have that

T T
E[/O BE|U1<Il<ycz>>|dt+/O BE|Us(Iz(y¢P))|dt + B|Us(I3(y¢3))|| < oo .



Lemma 3.3. For i = 1,2,3, H; is a continuous function, strictly decreasing on (0,00) with

Hi(0) = 0o and H;(oco) =0

The proof of Lemma 3.3 is done in [5]. Define the function H on [0,00) by H = H1 + Ha + Hs.
We call ; := H; ' : [0,00] — [0,00] for i = 1,2,3 the inverse of the function ;. Moreover
V:i=H"1:]0,00] = [0,00].

Definition 3.4. Define for a1, as,as > 0 the consumption processes

and the following wealth processes

T
XMa)) = E [/ ci(al)DSds]:t] =Hi(Vi(ar1),t),
~ tT
Xf(ag) = [ [/t C?(ag)DstJ:t] = Hg(yg(CLQ),t) 5
X3(as) = E[I3(V3(a3)¢P)DrlFi] = Ha(Vs(as),t) -

The portfolios corresponding to each agent are given by the triplet (mw!(ay), m2(az), ®3(a3))
which is found using Proposition 2.6. Finally, by linearity we are able to define the total
portfolio 7r and total wealth process X by

w(ay,az,a3) ;== wt(ar) + w3 (az) + 7 (a3) , (3.6)
X(al, as, a3) = Xl(al) + X2(a2) + X3(CL3) . (3.7)

Theorem 3.5. Consider a couple endowed initially with wealth x > 0. Then,

V(z) = Vi(z) :=sup {Vl(al) + Va(az) + Va(as) : (a1,a2,a3) € Ri’_;al + a4+ a3 = x}
= Vi(z1) 4+ Va(za) + Va(xs)

where the initial allocation x; is given by
zi = Mi(V(z)) - (3.8)

The optimal consumption processes are given by cl(x1), c®(x2). The optimal wealth processes
corresponding to each agent are given by (X(x1), X2(x2), X3(x3)) and the optimal portfolio
processes by (wl(x1), w2 (xs), w3(23)). The total portfolio process is (w1, 2, 23) and the total
wealth process is X (x1,x2,x3).



4 Proofs

In this section we provide the proof of Theorem 3.5. For this purpose, we introduce the solution
for each sub-problem.

Proposition 4.1 (Consumption problem). Leta; € Ry. Then Vi(a1) = Ji(a1; 71 (a1), et (a1),0)
where ¢ is defined in Definition 3.4 and w* follows from Proposition 2.6.

Remark 4.2. The same result holds for problem Va in an obvious manner. Since (m,c',c?) €
Ai(ay) implies that (m,ct + c2,0) € Ay(ar),

Ji(ay;m, b, ?) < Ji(ap;m, et 4 ¢2,0).

Thus, since Uy is an increasing function, the functional Jy is mazimized when ¢> = 0. The
reciprocal holds for Js.

Proof We take
c D(al) ,

E [/OTB;'U(”)dt] Ui(¢YE [/OTBg'dt] <.

Notice that ¢ € D(a;) and since E [f(;[ Dtcidt] = H;(Vi(a;)) = a;, & € D(a;). Inequality (3.3)
implies that for any ¢! € C(a;) and ¢ € [0,T],

Ui(et) > Ui(c}) + Yi(ai)¢ieh = Yi(ai)iep , P —ass.

so that

Therefore,

e[ [ mur@a] < 5] [ B (Ui + nieaced - viaed) o

IA

E UOT B} (U7 (&) + yl(al)@ct)] 0 .

Consider the measure on [0, 7] x Q2 defined by dv'(t,w) = BidtP(dw) . For any other consumption
process ¢ € D(a;), we have

// Hdy! >// Ui(ch)dv® —I—// i(a;) tCtdI/—// et %
[OT]XQ [0,T]x$2 OT]XQ [0,T]x

By using the fact that ¢!, ¢! € D(a;),

T T
EU BéUi(ci)dt]ZE[/ B;'Ui(ci)dt], i=1,2.
0 0



Proposition 4.3 (Final wealth problem). Let ag € Ry. Then
Va(a3) = J3(az; w3(as3),0,0) . (4.1)
The corresponding final wealth is given by
X7 (az) = I3(Vs(az)¢3) € M(az) - (4.2)

Proof 1. First, we show that the strategy m3(a3) € P(a3) and that the generated portfolio
process X 3(a3) belongs to M (a3). According to (4.2), we have

E [X}(a3)] = E [I3(V3(a3)¢r)] = Ha(Vs(as)) = a3 -
Considering the constant final wealth b := a3/E[D7] € D(a3), we get
Us(X¥(a3)) > Us(b) + Va(a3)(F X7 (az) — Vs(az)(3b P — aus.
Therefore,
E [BU; (X3(a9))] < E [B} (Us (6) + Ya(ag) (b)) < o

2. Let’s show that the optimal strategy requires zero consumption. Let (7, c!, c?) € A(ag) with
wealth process X be given. Define the random variable

b if E[X7]=0

Since X1 € A(as), E[DrX7| < az. Then B € M(a3) and B > X P-a.s. From Proposition
2.8 and Corollary 2.9, there exists a portfolio 7 € P(a3) with corresponding terminal wealth
X7 = B > Xt P-a.s. Thus (#,0,0) € Az(a3) and J3(as, 7, c', c?) < J3(as, 7,0,0).
3. To obtain (4.1), it suffices to proceed as in Proposition 4.1:

E [B}Us(X%(23))] > E [Bf (Us(X1) + V3(23)(3 (X3 (23) — X1))] > E [BFUs(X1)] -

O
Having the solution to sub-problems, we turn to the solution of problem (3.1). We start with a
preliminary lemma.

Lemma 4.4. For y > 0, define

T
i) = B[ e (43)
T
Gaty) = B| [ BUAnsci)t] (4.4
Gs(y) = E[BiUs(I3(y¢p))] - (4.5)
Then
Gi(y) =yHily) i=1,2,3 (4.6)
and V; € C%((0,00)) with
V() =Yi(z) i=1,2,3, 2>0. (4.7)

10



Proof According to Assumption 3.2, we can take derivatives under the expectation and integral
signs to obtain

G'(y)

T T
E /0 B (yCH U (1 (b)) dt = B / BIGHyC T (ych e

0
T
= E/O yG I (v )dt = yH' (y) -
Therefore,

Vi(x) = %Gl(yl(g;)) =Y{(2)G1(N1(x)) = V(@) (2)H1 (V1 (2)) = D1 () -

The other derivatives are computed in the same manner. O
Proposition 4.5. For xz > 0,
V(z) = Vi(x) := max {Vi(a1) + Va(az) + Va(as)|ai,as, a3 € [0,00);a1 + az +ag =x} . (4.8)

Proof For x > 0, we are given an arbitrary triplet (r, ¢!, ¢) € A(x) with corresponding wealth
process X;. Recall that

a;:=E [fOT Btlc%dt} , ay:=F [fOT ch%dt} and a3 :=E [B3Xr] .
By the super martingale property, a := a; 4+ a2 + a3 < x and by Propositions 4.1 and 4.3,

E [BtlUl(c%)dt] < Ji(ar;mt(a), e (a1),0) = Vi(a1),
E [BtQUQ(C%)dt] S J2<a2;7r2(a2),0,62(a2)) = Vg(ag),

E [B}Us(X7)| < J3(as; w3(as),0,0) = Va(as).
Adding the three terms, we get
Vi(ar) + Va(oa) + Va(az) = J(am, €M ar), €(a2)) > J(a; m, e, c2)
Taking the supremum over a; + az + az < z and over (m, ¢!, ?) € A(z), we get
)

V(z) < sup{Vi(a1)+ Va(az) + V3(a3) : a1,a2,a3 € [0,00);a1 + az + a3z < z}

= sup {Vi(a1) + Va(az) + V3(a3) : a1,as,a3 € [0,00);a1 + ag + a3 = v} = Vi(2)

from the non-decreasing characteristic of V; for ¢ = 1,2,3. Furthermore, by continuity of the
function (a1, as,as) — Vi(a1) + Va(az) + V(as), the supremum above is attained at a point
(z1,x2,x3) and

V(z) < Vi(z) = Vi(z1) + Va(ze) + Va(x3) = J(x;71'(:61,:62,xg),cl(xl),cz(xg)) <V(x).

The processes X1, X2 and X3 are nonnegative, so X is nonnegative. X is clearly in fl(m)
We conclude by saying that the x; are found by using the envelope theorem: V{(z1) = Vj(x2) =
V4 (z3). Equivalently by (4.7),

Vi(x1) = Va(w2) = V3(z3) =y,
ie., z; = H;(y) = Hi(Y(x)). This concludes the proof of Theorem 3.5. O
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5 CRRA utilities and mean reverting market price of risk

5.1 Configuration of the market

In this section, we provide an explicit model of the previously studied framework. The three
agents share a common initial wealth x and have CRRA type utilities
x’Yi

Ui(z) = > fori=1,2,3.

Here 1 —; € (0,00) is the risk aversion of agent . Notice that U; satisfy Assumptions 2.2, and
1

I;(x) = z7i~'. Each agent has his own constant discount rate p;.
Next take d = 1 as in Wachter [11] (the extension to multiple stocks is straightforward). The
asset price follows a geometrical Brownian motion. In order to isolate the effects of time variation
on expected returns, the risk-free rate is assumed to be constant and equal to 7 > 0 but this
assumption can be relaxed. We fix the volatility o := 011 € (0,00) for (2.1), but we do not
specify the drift by € R. Instead, we model the price of risk 6 by

db; = —Ng(0; — 0)dt — ogdW, , t>0,

where (\g,09,0) € (0,00)3. We assume W = W1, so that the stock price S} and the state
variable 6, are perfectly negatively correlated. These assumptions are like those in [6], except
that the latter allows for imperfect correlation, and thus incomplete markets.

The body of academic literature on long term mean reversion is more tractable than that on
short term mean reversion. A comprehensive study on the existence of mean reversion in Equity
Prices has been done in [7]. The primary case for the existence of long term mean reversion was
made in two papers published in 1988, one by [8], the other by [3]. In summary, these papers
conclude that for period lengths between 3 and 5 years, long term mean reversion was present
in stock market returns between 1926 and 1985.

5.2 Explicit formulas

The goal of the computation is to provide the initial repartition z1, 9, x3 such that x1+xo+x3 =
x. According to Theorem 3.5, the optimal allocation is given by z; = H;(Y(z)). Denoting
y := Y(x) = Vi(z;), the theorem gives also the optimal consumption

1
{ cr(e) = L) =exp(pt)Z)n (1
2 7 -
Ci

(w2) = I(y¢?) = (yexp(pat)Zy) 72T

where Z; is the state density process defined by (2.6), and the optimal total wealth process is
given by

T
X, =E [/ Dy(ct + )| Fe| +E [DrIs(yG)|F] , t>0.
t
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The process Y; := (yZ;D;)~" satisfies the SDE
dY; = Yy(r¢ + 02)dt + Yi0,dW; , t >0 .

1
The the optimal consumption for first agent can be expressed as ¢} = I1(y¢}) = (Y; DB} )T
and his/her wealth process by

[T 1 r —
th = E |:/ C§d8|]:t:| = ?E [/ Zs(}/vstB;)17V1 ]:t:|
t t t

r o1 _(r+py)s
— YE |:/ Ys1—~/1 er(s—t)e ey ’]’—t:|
t

1 T (r+p1)(s=t)
- ) rtpe1)(s=t)
_ }/il 71/ er(s ) jp— fl<t,8,9t>d8
t

Yt 7,0 ::E[e <71/702d8+ n /THdW>9:0}
f ( T ) Xp 2(1_,_}/1) . S 1_,_}/1 . S S ’ t

We can obviously define the same quantities for the second agent. The process

t t
fr(t,7,60;) exp (2(1717)/ 02ds + 1 717 / HSdWS) ,0<t< 1,
— i) Jo -7 Jo

where

is a P-martingale for a given 7 < T. Given that f!(.,7,.) is C1?, it follows by Feynman-Kac
formula that

fl—)\g(O—G)f1+Ugfl+< o, )92f1=o. (5.1)
¢ O 27 T\ 21 —y1) " 2(1 — )2

As in [11] we search for f! of the form
2
fl(t7 T, 0) = €Xp (Al (ta T)% + A2 (ta 7—)9 + AS(ta T))) :
The terminal condition implies that in the latter expression, Ay (7,7) = As(1,7) = As(7,7) = 0.

In the sequel, we omit 7 in the notation of A;, j = 1,2, 3. Plugging the expression of f* in (5.1),
we get

14’1(21092 + AY(1)0 + Ay(t) + Mo (0 — 0) (AL (£)0 + As(t))
+"23 (A1(t) + (A1 (1) + As(1))?) + ﬁ‘ﬁ =0.

We obtain a second-order polynomial in §. Since the equation holds for any 8, we separate the
coefficients in 62,6 and constant. We then shall have

AL (t) — 20 A1 (t) + 03 A1 (t)? + oz =0
AL(t) + Xa(0A1(t) — A2(t)) + 02 A1(t)Az(t) = 0 (5.2)
0

Ay (t) + MfAs(t) + (A (t) + As(t)?) =

13



Suppose that a C! function A;(t),t € [0, 7] has been found. Then Aj is given by a linear ODE,
which finally allows to retrieve As:

As(t) = /tT N0 Aa(u) + ?(Al(u) + As(u)?)du .

We therefore seek for a solution A;(¢) first. According to the first equation, we define the
determinant )
1
A= %
(-
and
%

im = 2 for b:= =
T b 21 b2 4 YR

This is the biggest v for which A’ > 0. We then have three cases to consider.

o If A >0, ie., vi < Vim, Vi # 0, then there are two distinct roots to the characteristic
polynomial of the first ODE of (5.2), given by my := (\g = VA')/03. A general solution
A1 (t) shall verify

1 T da, dA,
T —t= 5 — y Vt S T.
og(m——my) Jy Ar—my A —m_

It follows that Ay(t)
m — m—
exp (0F(m— —my)(r— 1)) = [ L=

m_ Aq(t) — my
and finally on [0, 7]
m4y —m—

y €XP (2 (m_ —mg)(T—t)) =1~

e If A’ =0, we have a double root m := A\g/o3. As above,

’ 1 /T dA; 1 /1 1
T—t = — —_— = =] .
o3 )y (A1—m)?2 o3 \m m—A(t)

As long as 7 < 1/ )y, there is a solution on [0, 7] given by

N1 —t)

A(t) = .
1®) Ug)\g(T —t) — ag

o If A’ <0, then

M\2 A
0 0

14



Taking y(t) := (02 A1(t) — Xg)/V—A/, we get

arctan(y(t)) — arctan (- \2%) Y oy

so that
Aoy V=4O
V_A') o2

o
9
This equation does not always have a continuous solution on [0, 7].

A(t) = (y<t> T

Having study the existence and the form of solution A;(t), we assume that we have computed
explicitly the solution to (5.2) and the function f;. The precedent calculations apply for agents
1 and 2. Let Ay, Ao, As; be the functions corresponding to agent i (there is a dependence on
7vi). The initial allocations are:

1

_1 _1
r1y = y“’l_l fOT exp (All(O)Q%/Q + A21(0)90 + A31(0) +r7 — w) dr =: y”l—lsl

1-m
_1 _1
Ty = yr2-1 foT exp <A12(0)9(2)/2 + A22(0)0y + A32(0) + r7 — %) dr =:y72-1lsy
1 1
r3 = yB-lexp (rT — 7(r1—~__[)$3)T> =:y¥-ls3
(5.3)

We choose y = Y(z) uniquely such that x; + x2 + x3 = . Notice that

Viw) € Lgﬁgg (/s 71) max ((0/(s1+ 52 +sg))%—1)] .

-1
Define the density function p;(6,t,7) := H;(0:, 7 (fo H;(6,s ds) for i = 1,2 where
62 ;
H;(0,7) := exp <A1i(0, 7)5 + A2;(0,7)0 + Az (0, 7) + 17 — (7”1+_p’y)7> )
The portfolio strategies 7} are thus determined by
1 p—r o9 Tt
Po= - O, t,7)(A11 (7)0s + Aoy (7))d
T 1_,yl 0.2 (1 —’71)0'/ pl( ty 77-)( 11(7-) t+ 21(7—)) T
1 e —r o’ -
;o= —~ Or,t,7)(A1a(T)0s + Ago(r))dr - 5.4
T 1 _l,yQ 0.2 (1 . 72)0_ A p2( ty 77-)( 12(7-) t + 22(7—)) T ( )
3 _ B —T 09 Aon(T — Ao (T —
4 1—~; o2 = 73)0( 13(T — )0y + Aas( t))

Together, equations of (5.4) and (3.6) solve the couple of investors optimal consumption and
portfolio choice problem. The economic consequences of these equations are explored in the
next subsection. We continue here to explore the analytical results.
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Proposition 5.1. Assume that 6; > 0. If v; < 0, it follows that

T—t
Ali(T — t)gt + Agi(T — t) S / pi(et, t, T)(Ali(T)et + AQi(T))dT S 0 .
0

On the other hand if ~v; > 0,

T—t
0< / st 7Y (Ans ()01 + Aoi(7))dr < Avs(T — £)0, + Asy(T — 1) .
0

Proof These inequalities follow from the monotonicity of Ay; and As;. ]

Proposition 5.2. Assume that 0; > 0. If v; < 0, i = 1,2, the consumption satisfaction propor-
tion (CSP) defined by (x1 + x2)/x is decreasing in 6. On the other hand if v; > 0, i = 1,2, CSP
is increasing in 0.

Remark 5.3. It is interesting to see that during favourably market conditions, i.e., 0 is increas-
ing, the agents behave differently according to their risk aversion. Thus, if they are more risk
averse they will use a higher fraction of the initial wealth to finance investment; else if they are
less risk averse they will use a higher fraction of the initial wealth to finance consumption.

Proof From direct computations one gets

@ yﬁ ds1 + yﬁ L%Z
L1
do _%yﬂ -1 _|_ 1 yvz Y217 -|- 1i373yV3 1
Moreover L
d(nben) A oy T
de x de x x (1 —~3)x
Thus, by (5.3) and Proposition 5.1 the claims yield. O

Proposition 5.4. Let us define the relative risk-aversion for the couple as R(z) :== —xV"(x)/V'(x),
with V' of (3.1). Assume that y1 < 2 < 3. Then with Hi,Ha, Hz of (3.4), (3.5)
)

| - Hs(1) a1
Jim R(r) = (1= )37 o Hs(1)

Remark 5.5. It is interesting enough to point out that for small initial wealth or high initial
wealth the couple risk aversion is driven by one of the agents. Thus, the less risk averse agent
determines the couple utility for little initial wealth. This is in accordance with risk seeking
agents behaviour when the latter are poor.

Proof Recall that V(z) = G(Y(x)) and V'(x) = Y(z). Thus V"(z) = V'(z) = T/l(y) (with
y:=Y(x)) and R(x) = _a:))j(’ia;:) = st()) In light of

and lim R(z) = (1 —3)
z—0

H(y) =y H1(1) +yo2 T Ha(1) +yos T Hs(1)
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it follows that . ) )
oy H (1) +y 2T Ho (1) + y s TH3(1)

L1 (1) L, (1) L 3(1)
ym-t 1i71 +y 1137+ng ' 1373

R(x)

whence the claim. O

5.3 Numerical results

For the numerical applications, following [11], we have chosen the following fixed parameters for
the market

(y,7, 09, Ao, 0) = (3,0.048,0.0655,0.2712, 0.9456) .

We first plot the fraction of initial wealth for each agent as a function of total wealth z in figure
1. In this situation, we assume that discount rates p; are all equal to 0.01, but that risk aversions
differ and are given by (v1,72,73) = (=9, -3, —2).

fraction of wealth i to total variable wealth at t=0

0.9 T T T N ) —

x1/x
x2lx
X3/x —
consumption satisfaction proportion

T T t
0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000
total wealth x

Figure 1: Fraction of Initial Wealth as a function of total wealth for 7' = 1.

We see from the plot that the fraction of initial wealth allocated to each of the agents is
monotonous in wealth and it is higher for the less risk averse agent. Moreover, as the agents’
initial wealth increases, initial wealth allocation for financing investment increases. The model
with one agent only also mentions this fact, see [10].

Next we explore the effect of varying risk aversion. In figure 2, we vary ~y; while holding ~s, 3
constant. As expected, when agent 1 becomes more risk-averse his/her initial wealth allocation
decreases and the initial wealth allocation for financing investment increases.

In figure 3, we vary 73 and fix 71 and o to fall below the range of 3. The initial wealth
allocation for financing investment increases in ~s.

17



fraction of wealth i to total wealth at t=0 with variable v,

Figure 2: Fraction of Initial Wealth as a function of risk aversion vy, for v; < ~s.

In figure 4 we observe the effect on the initial wealth allocation of the market price of risk 6.
Here (7v1,72,73) = (=9, —3, —2). The findings are in accordance with Proposition 5.2.
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Fraction of wealth i to total wealth at t=0 with variable 6

Figure 4: Fraction of Initial Wealth as a function of total wealth for variable 6.
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