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THE LARGEST EIGENVALUES OF FINITE RANK
DEFORMATION OF LARGE WIGNER MATRICES:
CONVERGENCE AND NONUNIVERSALITY OF THE
FLUCTUATIONS

By MIREILLE CAPITAINE, CATHERINE DONATI-MARTIN
AND DELPHINE FERAL

Institut de Mathématiques de Toulouse, Université Paris 6
and Instituts de Mathématiques de Toulouse et de Bordeauz

In this paper, we investigate the asymptotic spectrum of com-
plex or real Deformed Wigner matrices (My)n defined by My =
WN/\/N—&— AN where Wy is an N x N Hermitian (resp., symmet-
ric) Wigner matrix whose entries have a symmetric law satisfying
a Poincaré inequality. The matrix Ay is Hermitian (resp., symmet-
ric) and deterministic with all but finitely many eigenvalues equal to
zero. We first show that, as soon as the first largest or last smallest
eigenvalues of Ay are sufficiently far from zero, the corresponding
eigenvalues of My almost surely exit the limiting semicircle compact
support as the size N becomes large. The corresponding limits are
universal in the sense that they only involve the variance of the en-
tries of Wx. On the other hand, when Ay is diagonal with a sole
simple nonnull eigenvalue large enough, we prove that the fluctua-
tions of the largest eigenvalue are not universal and vary with the
particular distribution of the entries of Wiy.

1. Introduction. This paper lies in the lineage of recent works studying
the influence of some perturbations on the asymptotic spectrum of classical
random matrix models. Such questions come from statistics (cf. [20]) and
appeared in the framework of empirical covariance matrices, also called non-
white Wishart matrices or spiked population models, considered by Baik,
Ben Arous and Péché [8] and by Baik and Silverstein [9]. The work [8] deals
with random sample covariance matrices (Sy)y defined by
1
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where Yy is a p X N complex matrix whose sample column vectors are i.i.d.,
centered, Gaussian and of covariance matrix a deterministic Hermitian ma-
trix 3, having all but finitely many eigenvalues equal to 1. Besides, the size
of the samples N and the size of the population p = py are assumed of
the same order (as N — co). The authors of [8] first noticed that, as in the
classical case (known as the Wishart model) where X, = I, is the identity
matrix, the global limiting behavior of the spectrum of Sy is not affected
by the matrix 3,. Thus, the limiting spectral measure is the well-known
Marchenko—Pastur law. On the other hand, they pointed out a phase tran-
sition phenomenon for the fluctuations of the largest eigenvalue according
to the value of the largest eigenvalue(s) of ¥,,. The approach of [8] does not
extend to the real Gaussian setting and the whole analogue of their result
is still an open question. Nevertheless, Paul was able to establish in [25] the
Gaussian fluctuations of the largest eigenvalue of the real Gaussian matrix
Sn when the largest eigenvalue of ¥, is simple and sufficiently larger than
1. More recently, Baik and Silverstein investigated in [9] the almost sure
limiting behavior of the extremal eigenvalues of complex or real nonneces-
sarily Gaussian matrices. Under assumptions on the first four moments of
the entries of Yy, they showed in particular that when exactly k eigenvalues
of ¥, are far from 1, the k first eigenvalues of Sy are almost surely out-
side the limiting Marchenko—Pastur support. Fluctuations of the eigenvalues
that jump are universal and have been recently found by Bai and Yao in [6]
(we refer the reader to [6] for the precise restrictions made on the definition
of the covariance matrix 3,). Note that the problem of the fluctuations in
the very general setting of [9] is still open.

Our purpose here is to investigate the asymptotic behavior of the first
extremal eigenvalues of some complex or real Deformed Wigner matrices.
These models can be seen as the additive analogue of the spiked population
models and are defined by a sequence (My)n given by

b
VN

where Wy is a Wigner matrix such that the common distribution of its
entries satisfies some technical conditions [given in (i) below] and Ay is a
deterministic matrix of finite rank. We establish the analogue of the main
result of [9], namely that, once Ay has exactly & (fixed) eigenvalues far
enough from zero, the k first eigenvalues of My jump almost surely out-
side the limiting semicircle support. This result is universal (as the one of
[9]) since the corresponding limits only involve the variance of the entries of
Wr. On the other hand, at the level of the fluctuations, we exhibit a striking
phenomenon in the particular case where Ay is diagonal with a sole simple
nonnull eigenvalue large enough. Indeed, we find that in this case, the fluctu-
ations of the largest eigenvalue of M are not universal and strongly depend

(1.2) My = Wy +An = XN + An,
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on the particular law of the entries of Wiy . More precisely, we prove that
the limiting distribution of the (properly rescaled) largest eigenvalue of My
is the convolution of the distribution of the entries of Wy with a Gaussian
law. In particular, if the entries of Wiy are not Gaussian, the fluctuations of
the largest eigenvalue of My are not Gaussian.

In the following section, we first give the precise definition of the De-
formed Wigner matrices (1.2) considered in this paper and we recall the
known results on their asymptotic spectrum. Then, we present our results
and sketch the proofs. We also outline the organization of the paper.

2. Model and results. Throughout this paper, we consider complex or
real Deformed Wigner matrices (My )y of the form (1.2) where the matrices
Wy and Ay are defined as follows:

(i) Wy isan N x N Wigner Hermitian (resp., symmetric) matrix such that
the N2 random variables (Wx)ii, V2Re(Wn)ij)i<i, V2Im((Wn)ij)i<j
[resp., the N(N + 1)/2 random variables %(WN)ii, (Wn)ij, @ < j] are
independent identically distributed with a symmetric distribution p of
variance o2 and satisfying a Poincaré inequality (see Section 3).

(ii) Ap is a deterministic Hermitian (resp., symmetric) matrix of fixed finite
rank 7 and built from a family of J fixed real numbers 6; > --- > 0; in-
dependent of N with some jg such that 6;, = 0. We assume that the non-
null eigenvalues 6; of Ay are of fixed multiplicity k; (with >, k; =1),
that is, Ay is similar to the diagonal matrix

_DN:diag<91,...,91,...79]’017...70,....7079j0+17...,...,9J7...>.
k1 k]’o—l -r k]'0+1 kg

(2.1)

Before going into the details of the results, we want to point out that the
condition made on p (namely that p satisfies a Poincaré inequality) is just
a technical condition: we conjecture that our results still hold under weaker
assumptions (see Remark 2.1 below). Nevertheless, a lot of measures satisfy a
Poincaré inequality (we refer the reader to [12] for a characterization of such
measures on R; see also [1]). For instance, consider u(dx) = exp(—|z|*)dx
with o > 1.

Furthermore, note that this condition implies that p has moments of any
order (cf. Corollary 3.2 and Proposition 1.10 in [22]).

Let us now introduce some notations. When the entries of Wy are further
assumed to be Gaussian, that is, in the complex (resp., real) setting when
W is of the so-called GUE (resp., GOE), we will write Wﬁ instead of Wy.

Then X§ := W§/v/N will be said to be of the GU(O)E(N, %) and we will
let M{ =X + Ay be the corresponding Deformed GU(O)E model.
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In the following, given an arbitrary Hermitian matrix B of order IV, we
will denote by A1 (B) >--- > An(B) its N ordered eigenvalues and by up =
% ZZ]\L 10x,(B) its empirical measure. Spect(B) will denote the spectrum of
B. For notational convenience, we will also set A\g(B) = +00 and Ay 41(B) =
—00.

The Deformed Wigner model is built in such a way that the Wigner
theorem is still satisfied. Thus, as in the classical Wigner model (Ay =0),
the spectral measure (ups, ) converges a.s. toward the semicircle law s,
whose density is given by

dptse 1
(2.2) T (2) = V402 — 2?1_g590) (2).

dx 2mo?

This result follows from Lemma 2.2 of [2]. Note that it only relies on the
two first moment assumptions on the entries of Wy and the fact that the
Ap’s are of finite rank.

On the other hand, the asymptotic behavior of the extremal eigenvalues
may be affected by the perturbation Ay. Recently, Péché studied in [26] the
Deformed GUE under a finite rank perturbation Ay defined by (ii). Follow-
ing the method of [8], she highlighted the effects of the nonnull eigenvalues
of Ay at the level of the fluctuations of the largest eigenvalue of Mﬁ To
explain this in more detail, let us recall that when Ax =0, it was established
in [33] that as N — oo,

(2.3) o INBON(XS) - 20) 55 B,

where Fy is the well-known GUE Tracy-Widom distribution (see [33] for
the precise definition). Dealing with the Deformed GUE Mﬁ, it appears
that this result is modified as soon as the first largest eigenvalue(s) of Ay is
(are) quite far from zero. In the particular case of a rank-1 perturbation Ay
having a fixed nonnull eigenvalue 6 > 0, [26] proved that the fluctuations of
the largest eigenvalue of M are still given by (2.3) when 6 is small enough
and precisely when 6 < . The limiting law is changed when 6 = ¢. As soon as
0 > o, [26] established that the largest eigenvalue \;(M§) fluctuates around

2

(2.4) po="0+ %

(which is > 20 since 6 > o) as

(2.5) VN(A(ME) — pg) 53 N (0,03),
where

(2.6) op=(0/0)\V0? — o2

Similar results are conjectured for the Deformed GOE but Péché emphasized
that her approach fails in the real framework. Indeed, it is based on the
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explicit Fredholm determinantal representation for the distribution of the
largest eigenvalue(s) that is specific to the complex setting. Nevertheless,
Maida [23] obtained a large deviation principle for the largest eigenvalue of
the Deformed GOE Mﬁ under a rank-1 deformation Ay ; from this result she
could deduce the almost sure limit with respect to the nonnull eigenvalue of
Ap. Thus, under a rank-1 perturbation Ay such that Dy = diag(6,0,...,0)
where 6 > 0, [23] showed that

(2.7) MMS) 2 pg  if0>0
and
(2.8) MMG) 220 if6<o.

Note that the approach of [23] extends with minor modifications to the
Deformed GUE. Following the investigations of [9] in the context of general
spiked population models, one can conjecture that such a phenomenon holds
in a more general and nonnecessarily Gaussian setting. The first result of our
paper, namely the following Theorem 2.1, is related to this question. Before
being more explicit, let us recall that when Ay =0, the whole spectrum of
the rescaled complex or real Wigner matrix Xy = Wy/ VN belongs almost
surely to the semicircle support [—20,20] as N goes to infinity and that (cf.
[7] or Theorem 2.12 in [2])

(2.9) M(Xy) 2520 and Ayv(Xy) 25 —20.

Note that this last result holds true in a more general setting than the
one considered here (see [7] for details) and in particular only requires the
finiteness of the fourth moment of the law u. Moreover, one can readily
extend the previous limits to the first extremal eigenvalues of Xy, that is,

for any fixed k> 1,  M(Xn) 2320 and Ay _p(Xn) 25 —20.
(2.10)
Here, we prove that, under the assumptions (i)—(ii), (2.10) fails when some
of the 6;’s are sufficiently far from zero: as soon as some of the first largest
(resp., last smallest) nonnull eigenvalues 6; of Ay are taken strictly larger
than o (resp., strictly smaller than —o), the same part of the spectrum of
My almost surely exits the semicircle support [—2¢,20] as N — oo and the
new limits are the py,’s defined by

J2

0
Observe that pp, is > 20 (resp., < —20) when ¢; > o (resp., < —0) (and
po; = £20 if 0; = o).

Here is the precise formulation of our result. For definiteness, we set ki +
"'+'I€j71 =0 lszl

(2.11) po, = 0; +
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THEOREM 2.1.  Let Jy, (resp., J_,) be the number of j’s such that
0; >0 (resp., 0; < —0o).

(a) V1<j<Ji6,V1<i<ky, )\k1+...+kj71+i(MN) — pe; a.S.

(B) ki, +1(Mn) — 20 a.s.

(C) Ak1+"'+k‘]7‘]—a (MN) — —20 a.s.

d) Vj>J—J ,+1,¥V1<i< kj7)‘k‘1+~~~+kj_1+i(MN) — Po; .S.

REMARK 2.1.  Following [9], one can expect that this theorem holds
true in a more general setting than the one considered here, namely one
that would only require four first moment conditions on the law p of the
Wigner entries. As we will explain in the following, the assumption that p
satisfies a Poincaré inequality is actually fundamental in our reasoning since
we will need several variance estimates.

This theorem will be proved in Section 4. The second part of this work
is devoted to the study of the particular rank-1 diagonal deformation Ay =
diag(0,0,...,0) such that 8 > 0. We investigate the fluctuations of the largest
eigenvalue of any real or complex Deformed model My satisfying (i) around
its limit pg. We obtain the following result.

THEOREM 2.2.  Let Ay = diag(0,0,...,0) with 6 > o. Define
t (my —30* t ot
2.12 = = Z_Z
(2.12) 0 4( 62 >+292—a2’
where t =4 (resp., t =2) when Wy is real (resp., complex) and my =
[a*dp(z). Then

2

1
213 VE(1- ) ) - ) S A0, )

Note that when my = 30% as in the Gaussian case, the variance of the
limiting distribution of v'N (A (Mny) — pg) is equal to o3 (resp., 203) in the
complex (resp., real) setting [with oy given by (2.6)].

REMARK 2.2. Since p is symmetric, it readily follows from Theorem 2.2
that when Ax =diag(6,0,...,0) and # < —o, the smallest eigenvalue of My

fluctuates as V(L — 2/62)~ Ay (My) — pg) —= 1% N(0, vp).

In particular, one derives the analogue of (2.5) for the Deformed GOE:
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THEOREM 2.3.  Let Ay be an arbitrary deterministic symmetric matriz
of rank 1 having a nonnull eigenvalue 6 such that 8 > o. Then the largest
etgenvalue of the Deformed GOFE fluctuates as

(2.14) VN(AM(ME) = pg) =55 N (0,209).

Obviously, thanks to the orthogonal invariance of the GOE, this result is
a direct consequence of Theorem 2.2.

It is worth noticing that, according to the Cramér—Lévy theorem (cf. [14],
Theorem 1, page 525), the limiting distribution (2.13) is not Gaussian if yu is
not Gaussian. Thus, (2.13) depends on the particular law p of the entries of
the Wigner matrix Wy which implies the nonuniversality of the fluctuations
of the largest eigenvalue of rank-1 diagonal deformation of symmetric or
Hermitian Wigner matrices (as conjectured in Remark 1.7 of [16]).

The latter also shows that in the non-Gaussian setting, the fluctuations
of the largest eigenvalue depend, not only on the spectrum of the deforma-
tion Ap, but also on the particular definition of the matrix Ay. Indeed,
in collaboration with S. Péché, the third author of the present article has
recently stated in [16] the universality of the fluctuations of some Deformed
Wigner models under a full deformation Ay defined by (Ay)i; = 6/N for all
1 <i,5 <N (see also [17]). Before giving some details on this work, we have
to specify that [16] considered Deformed models such that the entries of
the Wigner matrix Wy have sub-Gaussian moments. Nevertheless, thanks
to the analysis made in [27], one can observe that the assumptions of [16]
can be reduced and that it is, for example, sufficient to assume that the
Wi ;’s have moments of any order. Thus, the conclusions of [16] apply to
the setting considered in our paper. The main result of [16] establishes the
universality of the fluctuations of the largest eigenvalue of the complex De-
formed model My associated to a full deformation Ay and for any value
of the parameter #. In particular, when 6 > o, it is proved therein the uni-
versality of the Gaussian fluctuations (2.5). The approach of [16] is mainly
based on a combinatorial method inspired by the work [31] (which handles
the non-Deformed Wigner model) and some results of [26] on the Deformed
GUE. The combinatorial arguments of [16] also work (with minor modifi-
cations) in the real framework and yield the universality of the fluctuations
if 6 < o. In the case where # > o which is of particular interest here, the
analysis made in [16] reduces the universality problem in the real setting to
the knowledge of the particular Deformed GOE model (this remark is also
valid in the case where 6 = o). Here, we will prove the needed results on the
Deformed GOE which, thanks to the analysis of [16] and [27], allow us to
claim the following universality.

THEOREM 2.4. Let Ay be a full perturbation given by (An)i; =60/N for
all (i,7). Assume that 6 > o. Let W be an arbitrary real Wigner matriz
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with the underlying measure p being symmetric with a variance o and such
that [ |z|?dp(x) < +o0 for any q in N.

Then the largest eigenvalue of the Deformed model My has the Gaussian
fluctuations (2.14).

REMARK 2.3. To be complete, let us notice that the previous result still
holds when we allow the distribution v of the diagonal entries of Wy to
be different from p provided that v is symmetric and has moments of any
order.

The fundamental tool of this paper is the Stieltjes transform. For z € C\R,
we denote the resolvent of the matrix My by

GN(Z) = (ZIN — ]\4]\[)_1

and the Stieltjes transform of the expectation of the empirical measure of
the eigenvalues of My by

gn(2) =E(trn(Gn(2))),

where try is the normalized trace. We also denote by
9o(2) =E((z = 5)7")

the Stieltjes transform! of a variable s with semicircular distribution fie.

Theorem 2.1 is the analogue of the main statement of [9] established
in the context of general spiked population models. The conclusion of [9]
requires numerous results obtained previously by Silverstein and co-authors
in [30], [3] and [4] (a summary of all this literature can be found in [2],
pages 671-675). From very clever and tedious manipulations of some Stieltjes
transforms and the use of the matricial representation (1.1), these works
highlight a very close link between the spectra of the Wishart matrices and
the covariance matrix (for quite general covariance matrix which includes
the spiked population model). Our approach mimics the one of [9]. Thus,
using the fact that the Deformed Wigner model is the additive analogue of
the spiked population model, several arguments can be quite easily adapted
here (this point has been explained in Chapter 4 of the Ph.D. thesis [15]).
Actually, the main point in the proof consists in establishing that for any
€ >0, almost surely,

(2.15) Spect(My) C KZ(01,...,07)
for all N large, where we have defined
Kg(gl,...,gj) :KU(Hl,...,HJ) + (—5,5)

'Note that in some papers to which we make reference, the Stieltjes transform is defined
with the opposite sign.
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and
Ko‘(ela"'veJ) = {pQJ;"';pQJ_J70+1} U [_20720] U{p9J+d;"';p91}-

This point is the analogue of the main result of [3]. The analysis of [3]
is based on technical and numerous considerations of Stieltjes transforms
strongly related to the Wishart context and that cannot be directly trans-
posed here. Our approach to prove such an inclusion of the spectrum of My
is very different from the one of [3]. Indeed, we use the methods developed
by Haagerup and Thorbjgrnsen in [18], by Schultz [29] and by the two first
authors of the present article [13]. The key point of this approach is to obtain
a precise estimation at any point z € C\ R of the following type:

(2.16) ()~ w(2) + L) =03 ):
where L, is the Stieltjes transform of a distribution A, with compact sup-
port in K;(01,...,07). Indeed such an estimation allows us through the
inverse Stieltjes transform and some variance estimates to deduce that a.s.,
tr (Legeo,,...0,) (Mn)) = O(N~*/3). Thus the number of eigenvalues of My
in °K2(6y,...,0;) is almost surely an O(N~/3) and since for each N this
number has to be an integer, we deduce that it is actually equal to zero as
N goes to infinity.

Dealing with the particular diagonal perturbation Ay = diag(6,0,...,0)
such that 6 > o, we obtain the fluctuations of the largest eigenvalue A\;(My)
(Theorem 2.2) by an approach close to the one of [25] and the ideas of [11].
The reasoning relies on the writing of the rescaled variable v N (A (My) — pg)
in terms of the resolvent of a non-Deformed Wigner matrix. Then, to com-
plete the analysis of [16] and justify Theorem 2.4, we focus on the particular
Deformed GOE model and improve the previous convergence at the level of
Laplace transform.

The paper is organized as follows. In Section 3, we introduce preliminary
lemmas which will be of basic use later on. Section 4 is devoted to the proof
of Theorem 2.1. We first establish an equation (called master equation or

master inequality) satisfied by gy up to some correction of order ﬁ (see

Section 4.1). Then we explain how this master equation gives rise to an
estimation of type (2.16) and thus to the inclusion (2.15) of the spectrum of
My in K5(01,...,07) (see Sections 4.2 and 4.3). In Section 4.4, we use this
inclusion to relate the asymptotic spectra of Ay and My and then deduce
Theorem 2.1. Section 5 deals with the fluctuations results. The proof of
Theorem 2.2 is given in Section 5.2; Theorem 2.4 is justified in Section 5.3.
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3. Basic lemmas. We assume that the distribution p of the entries of the
Wigner matrix Wy satisfies a Poincaré inequality: there exists a positive
constant C' such that for any C! function f:R — C such that f and f’ are
in L?(p),

v(f) SC/\f’IQdM,
with V(f) = E(|f — E(f)]?).

Let Tr denote the classical trace.

For any matrix M, define |M|s = (Tr(M*M))'/? the Hilbert-Schmidt
norm. Let U: (My(C)sa) — RN [resp., U: (My(C),) — RNWV+1/2] be the
canonical isomorphism which maps an Hermitian (resp., symmetric) matrix
M to the real parts and the imaginary parts of its entries (resp., to the
entries) (M);j,1 < j.

LEMMA 3.1. Let My be the complex (resp., real) Wigner Deformed ma-
triz introduced in Section 2. For any C' function f : RN (resp., RN(NH)/Q) —
C such that f and the gradient NV (f) are both polynomially bounded,

(3.1) VIF o (M) < SE(IVIS 0 ¥(M)] )

PROOF. According to Lemma 3.2 in [13],
C
(3.2) VIf o ¥(Xn)] < TE{IVIf o U(Xn)]II3}

Note that even if the result in [13] is stated in the Hermitian case, the proof
is valid and the result still holds in the symmetric case. Now (3.1) follows
putting g(zi;;1 < j) = f(xij + (An)ijii < j) in (3.2) and noticing that the
(An)i; are uniformly bounded in ¢, j,N. [

This lemma will be useful to estimate many variances. Now, we recall
some useful properties of the resolvent (see [13, 21]).

LEMMA 3.2.  For an N x N Hermitian or symmetric matriz M, for any
z € C\ Spect(M), we denote by G(z) := (zIy — M)~ the resolvent of M.
Let z€¢ C\ R.

Q) |G| <|Sm(2)]~! where || - || denotes the operator norm.
(i) |G(2)ij| <|Sm(2)|7! for alli,j=1,...,N.
(iii) For p>2,
| N
N D 1GE)P < (ISm(2) P

i,j=1
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(iv) The derivative with respect to M of the resolvent G(z) satisfies
Gy (2) - B=G(2)BG(2) for any matriz B.
(v) Let z € C such that |z| > || M]|; we have

1
G| £ —————.
16N = LT

PROOF. We just mention that (v) comes readily noticing that the eigen-

values of the normal matrix G(z) are the ﬁ_(M), i=1,...,N. O

We will also need the following estimations on the Stieltjes transform g,
of the semicircular distribution .

LEMMA 3.3. ¢, is analytic on C\ [-20,20] and
(i) Vze{z€C:Qm(z)#0},

(3.3) 02g%(2) — 29, (2) + 1 =0,

(3.4) 190(2)] < [Sm(=) ",

(35) 9021 < |2 +02|%m<z>r1,

(3.6) 9,z |—\ [ >\<\%m<z>|2,
(3.7 fora>0, 0 R, agg(z)—z+9‘<‘%m(z)| !

(ii) Vze {z € C:|z| > 20},

(3.8) 190 (2)| < |2 i 20"
(3.9) 95 (2 I—‘/ 72 o )‘<(\Z|—120)
(3.10) 190 () 7" < 2] + |z\0; 20"

ProoOF. For (3.3), we refer the reader to Section 3.1 of [2]. Equation
(3.7) is a consequence of Im(g,(2))SIm(z) < 0. Other inequalities derive
from (3.3) and the definition of g,. O
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4. Almost sure convergence of the first extremal eigenvalues. Sections
4.1, 4.2 and 4.3 below describe the different steps of the proof of the inclusion
(2.15). We choose to develop the case of the complex Deformed Wigner
model and just to point out some differences with the real model case (at
the end of Section 4.3) since the approach would be basically the same. In
these sections, we will often refer the reader to the paper [13] where the
authors deal with several independent non-Deformed Wigner matrices. The
reader needs to fix r=1, m=1, ag =0, a1 =0 and to change the notation
A=z, GNy =gn, G =g, in [13] in order to use the different proofs we refer to
in the present framework. We shall denote by Py any polynomial of degree k
with positive coefficients and by C', K any constants; Py, C, K can depend
on the fixed eigenvalues of Ay and may vary from line to line. We also adopt
the following convention to simplify the writing: we sometimes state in the
proofs below that a quantity An(z), z€ C\ R is O(N~P), p=1,2. This
means precisely that

An(2)] < (el + 10y 2T

for some k£ and some [ and we give the precise majoration in the statements
of the theorems or propositions.

Section 4.4 explains how to deduce Theorem 2.1 from the inclusion (2.15).

The goal of Sections 4.1 and 4.2 is to establish Proposition 4.4 below
which is fundamental in the proof of the inclusion (2.15). Before describing
rigorously the different ideas of these two sections, let us help the reader’s
intuition by a heuristic understanding of the approach. Assume that we
can establish that gy (z) satisfied the rough quadratic equation (also called
master inequality):

0293 (2) — zgn(2) + 1+ %Ea(z) =0 <%>
Then, for any suitable z, divided by gn(z) the last approximation would
provide us an estimation of Ay (z) —z where Ay (2) = z5(gn(2)) with z,(g) =
é + 02g being the inverse function of g, (see Lemma 4.4 below). Then,
intuitively, a Taylor expansion of g, between Ay (z) and z would lead to an
estimation of the type

9 (2) = 0 (2) = = (00(2) 4 () B () + o(%)

This intuitive process may throw light on the expression (4.20) of L,(2) in
Proposition 4.4 below.
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4.1. The master equation.

4.1.1. A first master inequality. In order to obtain a master equation
for gn(z), we first consider the Gaussian case, that is, Xy = Xﬁ is dis-
tributed as the GUE(N, ?/N) distribution.?

Let us recall the integration by parts formula for the Gaussian distribu-
tion.

LEMMA 4.1.  Let ® be a complez-valued C* function on (My(C)s,) and
Xy ~GUE(N,02/N ). Then,

(41) E[¢/(Xx) - H] = 5El6(Xx) Tx(Xx H)

for any Hermitian matriz H, or by linearity for H = Ej, 1 < j,k < N where
Ejx, 1 <j,k <N is the canonical basis of the complex space of N x N
matrices.

We apply the above lemma to the function ®(Xy) = (Gn(2))ij = ((2In —
Xn —AN)"1)ij, 2€ C\R, 1<4,j < N. In order to simplify the notation,
we write (GN(Z))ij = GZ] We obtain, for H = Eij7

N
E((GHG)i;) = —ElGy; Te(XnH)],

N
E(GuGjj) = ;E[Gij(XN)ji]'

Now, we consider the normalized sum # Zij of the previous identities to
obtain

1
E((tryG)?) = EE(trN(GXN)).
Then, since
GXy = (Z—XN—AN)_I(XN—FAN—ZIN—AN-I-ZIN) =—In—GAN+2G,
we obtain the following master equation:
1
E((tryG)?) + ﬁ(—zE(trNG) +1+E(tryGAN)) =0.

Now, it is well known (see [13, 18] and Lemma 3.1) that
ClSm(z)|
N2

Thus, in the case where Xy = Xﬁ we obtain:

Var(try (G)) <

2Throughout this section, we will drop the subscript G in the interest of clarity.
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ProOPOSITION 4.1.  The Stieltjes transform gn satisfies the following in-
equality:
|[Sm(z)|
N2
Note that since Ay is of finite rank, E(Tr(Gn(2)An)) < C where C is a
constant independent of N (depending on the eigenvalues of An and z).

(42) |02 (2) — 203(2) + 1+ LE(T(Gn (2)An))| <O

We now explain how to obtain the corresponding (4.2) in the Wigner case.
Since the computations are the same as in [13]® and [21],* we just give some
hints of the proof.

STEP 1. The integration by parts formula for the Gaussian distribution
is replaced by the following tool:

LEMMA 4.2.  Let & be a real-valued random variable such that E(|£[PT2) <
o0o. Let ¢ be a function from R to C such that the first p+ 1 derivatives are
continuous and bounded. Then,

(4.3) E(€6(€)) = "R (€)) + ¢

where kq are the cumulants of &, |e| < C'sup, |pP+HD (1) [E(|€]PH?), C depends
on p only.

We apply this lemma with the function ¢(§) given, as before, by ¢(§) = Gi;
and & is now one of the variables Re((Xn)r1), Sm((Xn)xi). Note that, since
the above random variables are symmetric, only the odd derivatives in (4.3)
give a nonnull term. Moreover, as we are concerned by estimation of order
ﬁ of gn, we only need to consider (4.3) up to the third derivative (see [13]).
The computation of the first derivative will provide the same term as in the
Gaussian case.

STEP 2. Study of the third derivative.

We refer to [13] or [21] for a detailed study of the third derivative. Using
some bounds on Gy (see Lemma 3.2), we can prove that the only term aris-
ing from the third derivative in the master equation, giving a contribution

of order %, is
N 2
1 1
~E [(N ZG@ :
k=1

3This paper treats the case of several independent non-Deformed Wigner matrices.
4The authors considered a non-Deformed Wigner matrix in the symmetric real setting.
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In conclusion, the first master equation in the Wigner case reads as follows:

THEOREM 4.1. For z€ C\ R, gn(z) satisfies

o2gn(2)* — zgn(2) + 1+ %E[TI‘(GN(Z)AN)]

(4.4)
N

2
(%Z(cjv(z))zk)

k=1

1 Ky
——FE
+N 2

where Ky 1s the fourth cumulant of the distribution p.
4.1.2. Estimation of |gn — g»|. Since

1 & ’
E [(N Z(GN(Z))zk>

k=1

[E[Te(Gn(2)AN)]| V < Py(|Sm(2)| ),

Theorem 4.1 implies that for any z € C\ R,

Ps(|Sm(z)| !
(4.5) lo2gn (2)? — zgn(2) +1] < w.

To estimate |gn — go| from (3.3) and (4.5), we follow the method initiated
in [18] and [29]. We do not develop it here since it follows exactly the lines
of Section 3.4 in [13] but we briefly recall the main arguments and results
which will be useful later on. We define the open connected set

Bs(|Sm(2)|™) - 1
O = {Z € C.am(z) >0, "I (@ 9m(a)| 4 l) < gy
For any z in C such that Sm(z) > 0, we set
(4.6) AN(Z) = UZQN(Z) + .
g (2)

One can prove that for any z in O:

* gn(2) #0 and

(4.7) !

_ A 1Sm(2)| 7!+ |2)):
] <2 )

e from (4.5) and (4.7),
Pe(|Sm(2)|™)

(4.8) [An(2) — 2] < ~ 2(a%|Sm(2)| ! +z)
and
(4.9) Sm(An(2) > ST g,



16 M. CAPITAINE, C. DONATI-MARTIN AND D. FERAL

e writing (3.3) at the point Ay (z), we easily get that

(4.10) gn(2) = go(AN(2))

on the nonempty open subset O% = {z € O, Sm(z) > v/20} and then on
O’y by the principle of uniqueness of continuation.

Using
|98 (2) = 90 ()| = [E[(z = ) (An(2) = 5) " (An(2) = 2)]|
< Sm(z) - Sm(An(2)) - [An(2) — 2,

this allows us to get an estimation of |[gn(2) — go(2)] on O and then to
deduce:

PROPOSITION 4.2. For any z € C such that Sm(z) >0,

Py(|Sm(=) ™)

(4.11) lgn (2) — 95 (2)| < (2] + K) N

4.1.3. Study of the additional term E[Tr(AnGn(z))]. From now on and
until the end of Section 4.1, we denote by 71, ...,7, the nonnull eigenvalues
of Ay (v; = 6; for some j # jo) in order to simplify the writing. Let Uy :=U
be a unitary matrix such that Ay = U*AU where A is the diagonal matrix
with entries A; =5, 1 <r;A; =0, ¢ >r. We set

(4.12) hy(z) :=E[Tr(AnGn(z Zyk Z pA o]
h,j=1

Our aim is to express hn(z) in terms of the Stieltjes transform gy (z) for
N large, using the integration by parts formula. Note that since we want
an estimation of order O(N~2) in the master inequality (4.4), we only need
an estimation of hy(z) of order O(N~!). As in the previous subsection, we
first write the equation in the Gaussian case and then study the additional
term (third derivative) in the Wigner case.

(a) Gaussian case. Apply (4.1) to ®(Xy)=Gj and H = E;; to get

E[G;:Gy) = NE[G]Z(XN)Z’L]

and
al 1
N ZE G]zGll] E[(GXN)JZ]
Expressing GX v in terms of GAy, we obtain
(4.13) Iji = UQE[G]'Z"CI"N(G)] + 51']' — ZE[G]'Z‘] + E[(GAN)]Z] =0.
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Now, we consider the sum E UL Uil k=1,...,r fixed and we denote
Em U UG = (UGU*)kk Then, we have the following equality, us-
ing that U is unitary:

UZE[aktrN(G)] 1-— ZE ozk + Z kUk] GAN)ji] =0.

Now,
Z 2 U E(GAN) i) = E[(UGANU™) ]
=E[(UGU*AUU*) 4]
= E[(UGU")kx] = veE[og].
Therefore,

o’Elagtrn (G)] + 1+ (7 — 2)E[ay] = 0.
Since ay, is bounded and Var(try(G)) = O(N~2), we obtain

(4.14) Elog](o%gn(2) + e — 2) + 1= O(%)

Then using (4.11) we deduce that E[ay] (029, (2) + vk —2) +1=0O(N~1!) and
using (3.7):

Yk 1
(4.15) nykE o) ;Z_O_2ga(z)_% +O<N>.

(b) The general Wigner case. We shall prove that (4.14) still holds. We
now rely on Lemma 4.2 to obtain the analogue of (4.13):

Jij = O'QE[G]'Z"EI‘NG] + 52‘]’ - ZE[GJ'Z']

(4.16) +E[(GAN);i) 6NQZE i)

-o(w)

The term A; ;; is a fixed linear combination of the third derivative of ® := G,
with respect to Re(X )y (i-e., in the direction e; = Ey + Ej;) and Sm/(X )
[i.e., in the direction f; :=+/—1(E; — Ej;)]. We do not need to write the
exact form of this term since we just want to show that this term will give
a contribution of order O(N~!) in the equation for hx(2). Let us write the
derivative in the direction e;;:

E[(GeyGeyGeyG) ;i
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which is the sum of eight terms of the form
(4.17) IE[Gjld Gi2i3Gi4i5Gisl]>

where if ioq41 =1 (resp., [), then izq o =1 (resp., i), ¢=0,1,2.

LEMMA 4.3. Let 1 <k <r fized; then

N
(4.18) Z iwUkj~ Z E[A; 1]
1:1

i,7=1

< C[Sm(z)[™

for a numerical constant C'.

PROOF. F(N) is the sum of eight terms corresponding to (4.17). Let us
write, for example, the term corresponding to i1 =1, 13 =1, i5 =1:

—Z Ui E[G:G1iGuGy) =E —Z (UG)ki GGG

1,5,

9

1 *
K v Z U (UG (GTGPGT) 4

where the superscript T denotes the transpose of the matrix and GP is the
diagonal matrix with entries Gy;. From the bounds |Gy (2)| < |Sm(z)| 7!
and ||U]| =1, we get the bound given in the lemma.

We give the majoration for the term corresponding to i1 =1, i5 =1, i5 =:

Z ik UrsEl Jlel Z UG) lezl

1,9,

Its absolute value is bounded by E[+ D il |Gil\ 31|Sm(z)|~! and thanks to
Lemma 3.2 by |Sm(2)|~%. The other terms are treated in the same way. [

As in the Gaussian case, we now consider the sum ), ; UiUkjJji- From
Lemma 4.3 and the bound (usmg the Cauchy—Schwarz mequahty)

Z‘ Uk]|<N

1,7=1

we still get (4.14) and thus (4.15). More precisely, we proved:

PROPOSITION 4.3.  For any z € C such that Sm(z) >0,

B r Vi Pu(ISm(2)[™Y)
E[Tr(AnG(2) ;Z_Uzga(z)_% =TN

(K +[2]).
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4.1.4. Convergence of E[(+ Eszl G2.)%]. We now study the last term
in the master inequality of Theorem 4.1. For the non-Deformed Wigner
matrices, it is shown in [21] that

1 & ’
{(vEe)

Moreover, Proposition 3.2 in [13], in the more general setting of several
independent Wigner matrices, gives an estimate of |Ry(z) — gi(2)|. The
above convergence holds true in the Deformed case. We just give some hints
of the proof of the estimate of |Rx(2) — g2(2)| since the computations are
almost the same as in the non-Deformed case. Let us set

Ry (z)

4
Njoo ga(z)‘

N
=N > G
k=1
We start from the resolvent identity
N
2 =1+ Y (Mn)uG
I=1

=1 +Z An leungZ XN)Gik
=1

and
N

1
zdn(z ZGk;k + = Z ANG)enGrk + > (XN)uGuw G-
k=1

For the last term, we apply an integration by parts formula (Lemma 4.2) to

obtain (see [13, 21])
N
=0’k [(% Z Gkk) dN(Z) + O <%> .
k=1

It remains to see that the additional term due to Ay is of order O(N1):

N
1
E [N k;l(XN)lelkak

and

N
> (ANG)rrGrr| <
k=1

(Zm) Sl



20 M. CAPITAINE, C. DONATI-MARTIN AND D. FERAL

We thus obtain (again with the help of a variance estimate)

“Bldy (9] = v (2) + 0w (2 Blay ()] + O ).

Then using (4.11) and since dy(z) is bounded we deduce that

Bl ()] = gn(2) + 0 (L] + O 37 )

Thus [using (3.7)]

Bl = 22~ vo( 1) o L = e

2z —02g, N ) N—ooz—02g,(2)

Now, using some variance estimate,

Bl ()] = (Bl ()7 + O ) =a8) +O( 37 )

We can now give our final master inequality for gy (z) following our previous
estimates:

THEOREM 4.2. For z € C such that Sm(z) >0, gn(z) satisfies

1

o*gn(2) = zgn () + 1+ —Ea(z)‘ < Pu(Smz)| ™)

N2

N (12] + K),

where Ey(z) =3 1, Z_UQQZW + %g5(2), K4 is the fourth cumulant of

the distribution p.

Note that E;(z) can be written in terms of the distinct eigenvalues 6; of
Apn as

J
9j KR4
A= EE AL T
Let us set
(4.20) Lo(2) = go(2) 'E((2 = 8) ) Ey(2),

where s is a centered semicircular random variable with variance o2.

4.2. Estimation of |g»(2) — gn(2) + +Lo(2)|.  The method is roughly the
same as the one described in Section 3.6 in [13]. Nevertheless we choose to
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develop it here for the reader’s convenience. We have for any z in O),, by
using (4.6) and (4.10),

9o(2) — (=) + Lo ()

= [00(2) ~ 8 (Ax () + Lo ()

=|E [(z —5) Y AN (2) - s)fl(AN(z) —z)+ %gg(z)_l(z — 5)_2Ea(z)] ‘

IN

E [(z —s) Y AN (2) - 8)71 (AN(z) —z+ %ga(z)_lEa(zQ} ‘
+E[(z—s) H{(z—9) " = (An(2) - 8)_1}\]%@0(2)71%(2)\

An(z) —z+ lEa(z)ga(Z)il

< 2|3m(2)| N

Sm(z)]~t
N wmw) — (2] + K),

where we made use of the estimates (3.5), (4.9), Vz € C\ R,

Ve eR <|Sm(z)|7},

Z—X

(4.21)
|Eq(2)] < Pa(|Sm(2)]7")  [using (3.7)].

Let us write

Anl2) =2+ 5500(2)”

z) o*gi(2) = 29 (2) + 1+ E"T(Z)>
EoG)N (0
W@“)<u>%u»

We get from Theorem 4.2, (4.7), (4.11), (4.21), (3.5),

$Pis(Sm(2)| ™)

< (js] + KPR

‘AN(,Z) —z+ NEU(Z)QU(@_1

Finally, using also (4.8), we get for any z in O),,

s Pz (ISm(2)[7h)
N2 ’

0o(2) — an(2) + 3 Lo(2)| < (J2] + K)
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Now, for z ¢ O),, such that Im(z) > 0,
Cx —1
1 <o UCTENTD o) 4 o2 gm(a) 1) 9m() !
By(Sm(2))
o)),

< (|2 + K)
We get
4o(z) — N (2) + 1 Lo (2)| < Lo (2) = gn()] + o1 Lo o)

By(|Sm(2)[)

< (|2l + K) !
Sm(z -1

|1+ 10 PR 4 LS m G+ 1)
<(|z| + K)2P17(‘%]7\7;2(z)|—1).

Thus, for any z such that Sm(z) > 0,

Sm(z)| !
ga(z)_gN(Z)-i-iLa(z) g(‘z|+K)3P17(| N2( )| )

(4.22) ~

Let us denote for a while gy = g]‘?,N and L, = L?N . Note that we get exactly
the same estimation (4.22) dealing with —Apy instead of Ax. Hence since

9o(2) = —go(—2), g;[ (z) = —gf/v(—z) (using the symmetry assumption
on u) and L;4N(z) = LN (—2), it readily follows that (4.22) is also valid
for any z such that \sm( ) < 0. In conclusion:

PROPOSITION 4.4. For any z € C\ R,

s Pz (ISm(2)[7h)
N2 '

(123)  |go(z) — ow(2) + 3 Lo(2)]| < (I2] + K)

4.3. The spectrum of Mpy. The following step now consists of deducing
Proposition 4.6 from Proposition 4.4 (from which we will easily deduce the
appropriate inclusion of the spectrum of My ). Since this transition is based
on the inverse Stieltjes transform, we start with establishing the fundamental
Proposition 4.5 below concerning the nature of L,. To this aim, it will be
relevant to rewrite L, as

(4.24)  Ly(2) =go(z ) Xga (Zk; e j 7= -1—% 4(,2)).
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We recall that J,, (resp., J_) denotes the number of j’s such that 6; > o
(resp., §; < —o). As in the Introduction, we define

2
o
which is > 20 (resp., < —20) when 0; > o (resp., < —o).
PROPOSITION 4.5. L, is the Stieltjes transform of a distribution A, with
compact support

Ko‘(ela ceey 9]) = {pQJ; ce ;pHJ_J70+1} U [_207 20] U {pQJer Yo ;p@l}-
The proof relies on the following characterization already used in [29].

THEOREM 4.3 [32].

o Let A be a distribution on R with compact support. Define the Stieltjes
transform of A, [:C\ R — C by

-a(=L)

Then 1 is analytic in C\R and has an analytic continuation to C\supp(A).

Moreover:

(c1) U(z) =0 as |z]| — oo,

(co) there exist a constant C' >0, an n € N and a compact set K C R
containing supp(A) such that for any z € C\ R,

|1(z)| < Cmax{dist(z, K) ", 1},
(c3) for any ¢ € C*°(R,R) with compact support

A((b):—— lim \sm/gi) l(x+1y)d

T y—07t

e Conversely, if K is a compact subset of R and if |: C\ K — C is an analytic
function satisfying (c1) and (ca) above, then | is the Stieltjes transform of
a compactly supported distribution A on R. Moreover, supp(A) is ezxactly
the set of singular points of | in K.

The following properties of the Stieltjes transform g, will be useful for
showing that L, fulfills the previous conditions.

LEMMA 4.4. g, is analytic and invertible on C\ [—20,20] and its in-
verse z, satisfied

2(9) = é +02g Vg € go(C\ [-20,20]).
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(a) The complement of the support of u, is characterized as follows:

x€R\ [-20,20] <= dgeR" such that >0 and x = 2,(9g).

g
(b) Given xz € R\ [-20,20] and 6 € R such that || > o, one has
1 o?
=0 <= x=0+—:=py.
9o () o7

This lemma can be easily proved using, for example, the explicit expres-
sion of g, [derived from (3.3)], namely for all z € R\ [—20,20],

9o () = == (1 — \/1 — 402/a?),

20

PROOF OF PROPOSITION 4.5. Using (4.24), one readily sees that the set
of singular points of L, is [-20,20]U{zx € R\ [-20,20], %—l(x) € Spect(An)}.
Hence [using point (b) of Lemma 4.4] the set of singular points of L, is
exactly K,(61,...,07).

Now, we are going to show that L, satisfies (¢;) and (c2) of Theorem 4.3.
We have obviously that

|2 = 0?90 (2) = 0] > ||z = 0;] = 0" go (2)I-

Now, let a > 0 such that a > 20 and for any j=1,...,J, a—|0;] > af—za
For any z € C such that |z| > a,

0.2

|2 =051 2 |o] = 1651 > —

and according to (3.8)

2 0.2

2
< .
795 (2)] < |z| =20 — a—20

Thus we get that for z € C such that |z| > a,

0_2

2
2= 02g0(2) = 5] 2 |2l - 165 — — .

Using also (3.8)-(3.10), we get readily that for |z| > a,

0'2 1
Lo (2)] < <\Z| + 2] — 20) (|2] — 20)2

! I il
: (Z 2T 16,1~ (02/(a —20)) " 2(z] ~20)" )°

J=1
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Then, it is clear that |L,(z)| — 0 when |z| — +o00 and (c1) is satisfied.
Now we follow the approach of [29] (Lemma 5.5) to prove (c2). Denote by
& the convex envelope of K;(01,...,05) and define the interval

K :={z eR;dist(x,&) <1}
= [min{z € K,(01,...,05)} — Iymax{z € K,(61,...,05)} +1]
and
D={zeC;0<dist(z,K) <1}.

e Let ze DNC\ R with Re(z) € K. We have dist(z,K) = |Sm(z)| < 1.
Using the upper bounds (3.4), (3.5), (3.6) and (3.7), we easily deduce
that there exists some constant C such that for any z € D NC\ R with
Re(z) € K,

|Lo(2)] < CO|%m(z)\77 = Cpdist(z, K)77 = Cp max(dist(z, K)77; 1).

e Let z€ DNC\ R with Re(z) ¢ K. Then dist(z, K,(01,...,65)) > 1. Since
L, is bounded on compact subsets of C\ K, (01,...,0), we easily deduce
that there exists some constant C such that for any z € D with Re(z) ¢
K,

Lo (2)| < Cy < Cy dist(z, K) ™7 = Cy max(dist(z, K) 73 1).

e Since |L,(%)| — 0 when |z| = +00, L, is bounded on C\ D. Thus, there
exists some constant Cy such that for any z € C\ D,

|Ly(2)] < Cy = Cymax(dist(z, K)~7;1).

Hence (c2) is satisfied with C'= max(Cp,C1,C2) and n =7 and Proposition
4.5 follows from Theorem 4.3. [

We are now in position to deduce the following proposition from the
estimate (4.23).

PrOPOSITION 4.6.  For any smooth function ¢ with compact support,

429 Eln(e000)]) = [ pdine+ 50000) +0( 377 )

Consequently, for ¢ smooth, constant outside a compact set and such that
supp(go) N KU(Hla s 79J) =,

(4.26) trv(o(My)) =O(N™43)  as.
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PrOOF. Using the inverse Stieltjes transform, we get, respectively, that,
for any ¢ in C*°(R,R) with compact support,
As(p) 1

Blern ()] = [ o= =57 == tim Sm [ pla)re +iy)do.

where 7y = g5 (2) — gn(2) + % Lo (2) satisfies, according to Proposition 4.4,

for any z € C\ R,
1 —
v (2)] < 55z (1] + ) Pe(|Sm(2) 1),

where o =3 and k =17.
We refer the reader to the Appendix of [13] where it is proved using the
ideas of [18] that

lim sup <C < +oo,

y—0t

/ o(2)h(x + iy) da
R

when h is an analytic function on C\ R which satisfies
[A(2)] < (2] + K)* Pe(|Sm(2) 7))

Dealing with h(z) = N2rx(z), we deduce that

lim sup
y—07+

p(@)rn(z+iy) de| < ——
J v
and then (4.25).

Following the proof of Lemma 5.6 in [29], one can show that A,(1) =0.
Then, the rest of the proof of (4.26) sticks to the proof of Lemma 6.3 in [18]
(using Lemma 3.1). O

Following [18] (Theorem 6.4), we set K = K, (61,...,05) +(=5,5), F =
{t e R;dist(t, K,(61,...,05)) > e} and take ¢ € C*°(R,R) such that 0 < ¢ <
1, ¢(t) =0 for t € K and ¢(t) =1 for t € F. Then according to (4.26),
try(o(My)) = O(N~4/3) as. Since ¢ > 1p, it follows that try(1p(My)) =
O(N~*3) as. and thus the number of eigenvalues of My in F is almost
surely an O(N~1/3) as N goes to infinity. Since for each N this number has
to be an integer we deduce that the number of eigenvalues of My in F' is
zero almost surely as N goes to infinity. The fundamental inclusion (2.15)

follows, namely, for any € > 0, almost surely
Spect(My) C Ky (61,...,05) + (—¢,¢),

when N goes to infinity.
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Such a method can be carried out in the case of Wigner real symmetric

matrices; then the approximate master equation is the following [compare
with (4.4)]:

2
o2gn(2)% — zgn (2 )—i—l—i—iEE[( ZGkk )

+E(try[ANGn(2)]) = O< 1 )

02 2
+ NE(U"NGN(Z) )

N2

Note that the additional term %E(trNG ~(2)?) already appears in the non-
Deformed GOE case in [29]. One can establish in a similar way the analogue
of (4.11) and then, following the proof of Corollary 3.3 in [29], deduce that

B(traGy () =E((z - )2 +0( 3 ).

where s is a centered semicircular variable with variance 0. Hence by similar
arguments as in the complex case, one gets the master equation

o’gn(2)” — zgn(z) + 1+ iEa(z) =0 <L>

N N2
where
Z k; b + ) HE((2 - 5)7).
T2 —0%g,(2)—0; 2
J=L3#jo
It can be proved that L, (2) := g,(2) 'E((z — 5)"2)E,(z) is the Stieltjes
transform of a distribution A, with compact support K,(61,...,05), too.

The last arguments hold likewise in the real symmetric case.
Hence we have established:

THEOREM 4.4.  Let (My)n be any real or complex Deformed model
satisfying (1) and (ii) in Section 2. Let Ji, (resp., J_5) be the number of j’s
such that 0; > o (resp., 0; < —c ). Then for any ¢ >0, almost surely, there
18 no eigenvalue of My in

(_OO»PGJ - 6) U (p9J +€>99J_1 - 6) Uy (pQJ_J70_+1 +€>_20 - 6)
(4.27)
U(20’+6,ng+a —€)U---U(pg, + € po, —€) U (pg, + €,+00),

when N s large enough.

REMARK 4.1.  Assoon as € > 0 is small enough, the union (4.27) is made
of nonempty disjoint intervals.
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4.4. The almost sure convergence result. As announced in the Introduction,
Theorem 2.1 is the analogue of the main statement of [9] established for gen-
eral spiked population models (1.1). The previous Theorem 4.4 is the main
step of the proof since now, we can adapt the arguments needed for the
conclusion of [9] viewing the Deformed Wigner model (1.2) as the additive
analogue of the spiked population model (1.1).

Let us consider one of the positive eigenvalues 0; of the Ax’s. We recall
that this implies that Ag, 1.4k, ,1i(An) = 0; for all 1 <i <k;. We want to
show that if §; > o (i.e., with our notation, if j € {1,...,J,,}), the corre-
sponding eigenvalues of My almost surely jump above the right endpoint
20 of the semicircle support as

VI<i<k; Akytthj g +i(MN) — po; a.8.,
whereas the rest of the asymptotic spectrum of My lies below 20 with
)\k1+...+kJ+d+1(MN) — 20 a.s.

Analogous results hold for the negative eigenvalues ; [see points (c) and (d)
of Theorem 2.1]. To describe the phenomenon, one can say that, when N
is large enough, the (first extremal) eigenvalues of My can be viewed as a
“smoothed” deformation of the (first extremal) eigenvalues of Ay . According
to the analysis made in the previous section [Lemma 4.4(b)], we already know
that the limits py, are related to the 6;’s through the Stieltjes transform g,-.
More precisely, one has

for all j such that |0;] > o, L . 0;.
9o (po;)
Our main purpose now is to establish the asymptotic link between the spec-
tra of the matrices My = Xy + Ay and Ap.

Intuitively, this link seems rather natural when o is close to zero. In-
deed, when N goes to infinity, since the spectrum of Xy is concentrated in
[—20,20] [recall (2.9)], the spectrum of My should be close to the one of
Ap as soon as o will be close to zero (in other words, the spectrum of My
is, viewed as a deformation of the one of Ay, continuous in ¢ in a neighbor-
hood of zero). Thus given an interval [a,b] C °K,(01,...,0), the result of
Theorem 4.4 saying that [a, b] does not contain eigenvalues of My should be
improved: it should correspond to [a,b] some interval I close to [a,b], lying
outside the spectrum of Ay and such that the number of eigenvalues of My
in one side of [a,b] is equal to the one of Ay in the corresponding side of I.
Following [4], we will say that there is exact separation of eigenvalues of the
matrices Ay and My.

In the following section, we justify that the exact separation phenomenon
occurs regardless of the size of o. The proof of Theorem 2.1 will then follow
from some suitable choices of [a,b] (see Section 4.4.2).




LARGEST EIGENVALUES OF DEFORMED WIGNER MATRICES 29

4.4.1. Exact separation of eigenvalues. According to the previous dis-
cussion, we need to refine the analysis made on g, in order to identify and
understand the link between intervals in ©K, (61, ...,07) and the complement
of the spectrum of the Ax’s. We also need to understand the dependence
on o. This is the aim of the following important Lemma 4.5.

As before, we denote (recall Lemma 4.4) by z, the inverse function of g,
which is given by

1
25(9) = g +02g.

Using Lemma 4.4, one readily sees that the set K, (61,...,0;) can be char-
acterized as follows:
(4.28) x€°Ky(01,...,0;) <= FgeqG, such that z = z,(g),

where

(4.29) Gy = {g eR*,

1 1

—| >0 and — ¢ Spect(A }
>0 and L ¢ Spect(ay)
Obviously, one has g = g, (x) if x € °K,(01,...,07).

LEMMA 4.5.  Let [a,b] be a compact set contained in “K,(01,...,07).
Then:
() [1s, 1] € (Spect(Ax))".
(ii) For all 0 <& < o, the interval [25(g9o(a)), 25(95(b))] is contained in
°Ks(b1,...,05) and z5(95 (b)) — 25(gs(a)) > b —a.

Proor. The function 1/g, being increasing, (i) readily follows from
(4.28).

Noticing that G, C G5 for all 6 < o implies (recall also that g, decreases
on [a,b]) that [g,(b),g,(a)] C Gs. Relation (4.28) combined with the fact
that the function z; is decreasing on [g,(b), g, (a)] leads to

26 (905(a)), 25 (95(b))] € K5 (61, ...,07)
and the first part of (ii) is stated. Now, we have
la(6) = Z&(ga(b)) - Z&(ga(a))
T 52 —a-(a
OREON (90 (0) = go(a)).

Since g, decreases on [a,b], we have ¢,(b) — g»(a) <0 and thus [, is decreas-
ing on RT. Then the last point of (ii) follows since l,(c) =b—a. [

The exact separation result can now be stated. Let [a,b] be an interval
contained in °K,(6y,...,0;). By Theorem 4.4, [a,b] is outside the spectrum
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of My. Moreover, from Lemma 4.5(i), there corresponds an interval I =
[a',0'] outside the spectrum of Ay, that is, there is iy € {0,..., N} such
that
1 , 1
(4.30) )\iN-I—l(AN) <——:=a and M\ (An) >
9o (a)

a and a’ (resp., b and V') are linked as follows:

/ o?
a=py =a —l—? (resp., b= py).

We claim that [a,b] splits the eigenvalues of My exactly as I splits the
spectrum of Apy. In other words:

THEOREM 4.5.  With iy satisfying (4.30), one has
(4.31)  PA\iy+1(My) <a and \jy (Mpy) > b, for all large N]=1.

This result is the analogue of the main statement of [4] (cf. Theorem 1.2
of [4]) established in the spiked population setting (and in fact for quite
general sample covariance matrices). Its proof is quite technical and is in-
spired by the work [4]. It mainly relies on results on eigenvalues of the
rescaled Wigner matrix Xy combined with the following classical result
(due to Weyl).

LEMMA 4.6 (cf. Theorem 4.3.7 of [19]). Let B and C be two N x N
Hermitian matrices. For any pair of integers j, k such that 1 < j k<N and
j+Ek<N+1, we have

Aj+k—1(B + C) < Aj(B) + Ae(C).

For any pair of integers j,k such that 1 <j k<N and j+k>N+1, we
have

Aj(B) 4+ A(C) < Ajyr—n (B + C).

REMARK 4.2. Note that this lemma is the additive analogue of Lemma
1.1 of [4] needed for the investigations of the spiked population model.

In particular, Lemma 4.6 gives that \;+1(Mpy) < Aiy+1(An) + M1 (Xn)
and A;, (Mny) > Xiy (An)+An (X ). Besides, as both A\ (Xy) and —An(Xn)
tend toward 20 as N — oo [this is (2.9)], the statement of Theorem 4.5 can
be quite easily derived when o is close enough to zero. To handle the gen-
eral case, the key idea is that one can reduce to the previous situation by
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introducing some parameters. More precisely, given L >0 and k > 0, we will
introduce the Wigner matrix

Wil =Wy //1+k/L
and let
MEE = Ay + WL VR

be the Deformed Wigner matrix of parameter

Jk7L:U/\/1—|—k‘/L.

The proof will be organized as follows. On the one hand, as oy, ;, — 0 when
k — oo (for any fixed L > 0), we will readily prove that exact separation
occurs for the matrices Ay and M]{,(’L as soon as K is large enough. On the
other hand, we will show that exact separation also occurs for the eigen-
values of My = MJ(\);L and Mfé’L choosing L large enough. This latter point
will be established by induction on k; the underlying idea is that when the
parameter L is large, the matrices Mf;L and M]]f,H’L are close to each other
and hence split their spectrum in a similar way.

PROOF OF THEOREM 4.5. With our choice of [a,b] and the very defini-
tion of the spectrum of the Ay’s, one can consider € > 0 small enough such

that, for all large IV,
1 1
Niva1 (AN <———¢ and Ninv (AN >—— +¢€.
wrtlAn) < 275 AN > )

Given L >0 and k > 0 (their size will be determined later), we define
ak,L = ZUk,L (gU(a)) and bk‘,L = ZUk,L (gU(b))7

where we recall that z,, , (9) =1/g9+ U,%,Lg. Note that for all L > 0, one has
ap,;, = a and by 1, = b.

We first choose the size of L as follows. We take Ly large enough such
that for all L > Lg,

(4.32) max((0?/L)(|go(a)| + g0 (0)]);80/L) < (b — a) /4.

From the very definition of the aj 1’s and by 1’s, one can easily see that
b1, — ak,r, > b — a [using the last point of (ii) in Lemma 4.5] and that this
choice of Lg ensures that, for all L > Ly and for all £ > 0,

(4.33) |ak+1,L—ak7L|<(b—a)/4 and ‘bk+1,L_bk,L‘<(b_a)/4'

Now, we fix L such that L > Ly and we write ap = ax,r, by = by, and
Ok = Ok,L-
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We first show that there exists K large enough such that, for all k> K|

there is exact separation of the eigenvalues of the matrices Ay and M]]f;L,

that is,
(4.34) PNy o1 (M) < ay and Ay (Mp") > by, for all large N]=1.

Lemma 4.6 first gives that
1

J1+k/L

Ain i1 (My") <ap — € — otgo(a) + M(Xy)  ifiy< N

and
1

V1+k/L

Furthermore, according to (2.9), the two first extremal eigenvalues of Xy
are such that almost surely and for all N large enough,

0< max(—)\N(XN),)\l(XN)) < 3o.

Ain (MEEY > by + € — 029, (b) + Anv(Xy)  ifin > 0.

Thus for all k, almost surely, at least for N large enough (N does not depend
on k),

1
DN e

As o), — 0 when k — +00, there is K large enough such that for all k£ > K,

x max(—An(Xn), A\ (Xn)) < 3og.

max(|30y — a,%gg(a)\, |30 + J;%gg(b)\) <é

and then, almost surely, for all NV large enough

(4.35) Niy1 (MM <ap  ifiy <N
and
(4.36) Aiy (MEFY> by if iy > 0.

Since Ani1(MEY) = =Mo(ME") = —00, (4.35) [resp., (4.36)] is obviously
satisfied if iy = N (resp., iy = 0). Thus, we have established that for any
iy €{0,..., N} satisfying (4.30), (4.34) holds for all £ > K. In particular,

(4.37) Phiy 1 (ME") < ag and Ay (M) > by for all large N] =1.

Now, we shall show that with probability 1: for N large, [ax,bx| and [a, b]

split the eigenvalues of, respectively, M]I\f and My having equal amount of
eigenvalues to the left sides of the intervals. To this aim, we will proceed by

induction on k and establish that, for all k£ >0, [ak,bx] and [a,b] split the



LARGEST EIGENVALUES OF DEFORMED WIGNER MATRICES 33

eigenvalues of MJ]&L and My (recall that My = M]%’L) in exactly the same
way. To begin, let us consider for all k> 0, the set

Ex = {no eigenvalues of M]]f,’L in [ag, b, for all large N'}.

By Lemma 4.5(ii) and Theorem 4.4, we know that P(E;) =1 for all k. In
particular, from the fact that P(Eg) =1, one has for all w € Ey and for all
large N,

Jjn(w) €{0,..., N} such that A;, )11(My) < a and A;j ) (My) > b.
(4.38)
Extending the random variable jn by setting, for instance, jy := —1 on “Ey,
we want to show that for all k,

(4.39) P[Ajye1(ME") < ap and \jy (ME) > by, for all large N] = 1.

This can be done by induction calling, one more time, on Lemma 4.6. By
(4.38), this is true for k= 0. Now, let us assume that (4.39) holds true. One
has

1 1
Mk;—i—l,L _ Mk,L < B )X
N N\t GrD/L JitkL) Y
so, by Lemma 4.6,
k+1,L k,L
M1 (METE) <Xt (MGE) + (=2 (X)) /L.

But, for N large enough, 0 < —An(Xy) <30 a.s., so by the condition (4.32)
on L,

Nyt 1 (METYEY < ag 4 (b—a) /4 = ag..

Similarly, one can show that
as. Ay (Mt > by — (b—a) /4= by,
By (4.33), one readily observes that ax — a1 =ax — a1+ (b—a)/4 >0
and similarly that by — br4+1 < 0. This implies that
[, br] C a1, b ]-
As P(Ex11) =1, we deduce that with probability 1,
)\jNH(M]]f[H’L) <agpr and  Ajy (Mjlf;rl’L) > b1 for all N large.

As a consequence, (4.39) holds for all £ > 0 and in particular for k = K.
Comparing this with (4.37), we deduce that jy =iy a.s. and

PAiy+1(Mn) <a and A (Mpy) > b for all large N|=1.
This ends the proof of Theorem 4.5. [J

Now, we are in position to prove the main Theorem 2.1.
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4.4.2. Proof of Theorem 2.1. Our reasoning is close to the last Section
4 of [9]. It is enough to establish parts (a) and (b) since the assertions (c)
and (d) can then be deduced by taking —My instead of Mpy.

The proof of (a) is mainly based on successive applications of Theorem
4.5. Fix an integer 1 < j < Ji,, and let us consider for € > 0, the interval
[a,b] = [pg; + €, pg,_, — €] which is included in the union (4.27) (at least for €
small enough). We define K1y =ky + -+ k;_1). We also take 0y := 400
and recall the conventions that A\g(My) = M(An) = +o0 and Ky = 0. Since
1/9+(pe, ) = Oy for k=3 —1 and j and since the function 1/g, is continuous
and increasing on [a, b], the compact interval [a, b] satisfies (4.30) with iy =
K;_1. Hence by Theorem 4.5, one has

PAk;_(MN) > po;,_, — € and Ak, _,41(Mpn) < py; + ¢, for N large] = 1.
Similar arguments imply that for all j € {1,...,J;, — 1},
PAk,(MN) > pg, — € and Ak, +1(Mn) < pg,,, + ¢, for N large] = 1.
As a result, we deduce that for all 1 <j<J,;, —1,

Plpg, — e < Ak, (MN) <+ <Ak, 41 (Mn) < pg, +€
(4.40)
for N large] = 1.

So, letting € go to zero, we obtain (a) for each integer j of {1,...,J 1, —1}.
Let us now quickly consider the case where j = J,,. Note first that, from
the preceding discussion, we still have (for e small enough)

IP)[)\KJ+O.—1+1(MN) < o, t+E for N large] =1.

Then, using the fact that 1/g, increases continuously on |20, +oo[ with 1/
9o (|20, +0[) =]o, +00][, one can show that once € > 0 is small enough, the
compact set [a,b] = [20 + €, py Ty T €] satisfies the assumptions of Theorem
4.5 with iy = K ;. This leads to

IP’[)\KJ+G (My) > Py, —¢€and )\KJ+G+1(MN) <20 +¢, for N large] = 1.

Letting € — 0, we deduce that (4.40) holds for j = J;, and the asser-
tion (a) is established. For point (b), the preceding analysis gives that
lim sup y /\KJ+U+1(MN) <20 a.s. and it remains to prove that

limNinf)\KJHH(MN) > 20 a.s.

This inequality follows from the fact that the spectral measure of My con-
verges a.s. toward the semicircle law . which is compactly supported in
[—~20,20]. This completes the proof of Theorem 2.1.
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5. Fluctuations. The (complex or real) Wigner matricial models under
consideration are the same as previously [i.e., defined by (i) in Section 2] but
now we assume that the perturbation Ay is diagonal: Ay = diag(6,0,...,0)
with unique nonnull eigenvalue 6 > o. According to the previous section, the
a.s. convergence of \j(Mpy) toward py is universal in the sense that it does
not depend on pu.

In the first part of this section, we will show that the fluctuations of
A1 (My) around this universal limit are not universal any more. Indeed,
we are going to prove that v/ N(1 — 2/6%2)" (A1 (My) — pg) converges in
distribution toward the convolution of y and a Gaussian distribution. Hence,
the limiting distribution clearly varies with p and in particular cannot be
Gaussian unless p is Gaussian.

In the second part of this section, we will sharpen the analysis of the
particular Deformed GOE model and explain how this gives Theorem 2.4.

5.1. Basic tools. We start with the following results which will be of
basic use later on. Note that in the following, a complex random variable x
will be said to be standardized if E(z) =0 and E(|z|?) = 1.

THEOREM 5.1 (Lemma 2.7 [3]). Let B = (b;;) be an N x N Hermitian
matriz and Yy be a vector of size N which contains i.i.d. standardized entries
with bounded fourth moment. Then there is a constant K >0 such that

E|Y3BYy — Tr B|? < K Tr(BB*).

THEOREM 5.2 (cf. [6] or Appendix by J. Baik and J. Silverstein). Let
B = (bij) be a N x N random Hermitian matriz and YN = (y1,...,yn) be an
independent vector of size N which contains i.i.d. standardized entries with
bounded fourth moment and such that E(y?) =0 if y1 is complex. Assume
that:

(i) there exists a constant a >0 (not depending on N ) such that ||B|| <
a}
(ii) % Tr B% converges in probability to a number as,

(i) + Zf\;1 b2 converges in probability to a number a3.

Then the random variable (1/v/N)(Y3%BYx —Tr B) converges in distribution
to a Gaussian variable with mean zero and variance

(Ely1|* =1 —t/2)ai + (t/2)as,

where t =4 when yp is real and is 2 when y1 s complez.

ProOF. This result is in fact a particular case of a more general result
of [6] (Theorems 7.1 and 7.2) which follows from the method of moments.
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We give an alternative elegant proof by J. Baik and J. Silverstein in the
Appendix of the present paper. [

THEOREM 5.3 (Theorem 1.1in [5]). Let f be an analytic function on an
open set of the complex plane including [—20,20]. If the entries of a general
Wigner matric W = (Wn)ij)1<i<j<n satisfy the conditions:

o forij, E(|(Wy)i|*) = const,
e for anyn>0, limy_ 100 774% Zi,jE“(WN)U‘41{\(WN)ij\2n\/N}] =0,

then the random variable N(trN(f(ﬁWN)) — [ fduse) converges in distri-

bution toward a Gaussian variable.

In our setting, u satisfies a Poincaré inequality and thus, as already no-
ticed in Section 2, p satisfies [ |z|?9du(z) < +oo for any ¢ in N. Hence,
the general Wigner matrices we consider obviously satisfy the conditions of
Theorem 5.3. Nevertheless, in the following study of fluctuations, we do not
use the Poincaré inequality; thus one can expect that Theorem 2.2 is still
valid under assumptions on the only four first moments of p provided one
can prove the a.s. convergence of \j(Mpy) toward py under these weaker
assumptions.

5.2. Proof of Theorem 2.2. The approach is the same for the complex
and real settings and is close to the one of [25] and the ideas of [11]. Let

M, ~N—1 be the N —1x N — 1 matrix obtained from My removing the first row
and the first column. Thus, /N/(N — 1)M\N_1 is a non-Deformed Wigner
matrix associated with the measure p. We denote by )\1(]\/4\ N—1) [resp.,
A N,l(]\/j ~—1)] the largest (resp., lowest) eigenvalue of M, N_1-

Let 0 < d < (pg — 20)/4. Let us define the event

Oy = {M(My_1) <20 + 6 Av_1(My_1) > —20 — 5\ (My) > pg — 6}

According to (2.9) and Theorem 2.1, imy_, 4o P(Qx) = 1. Thus, it is suffi-
cient to restrict ourselves to the event 2 in order to study the convergence
in distribution of vVN(1 —02/6%)~ (A (My) — pg).

Let V = Y(vy,...,vy) be an eigenvector corresponding to A; (My). Define
the following vectors in CV~1:

‘7: t(”Qv"'a“N)

and

M.y ="((My)a1,...,(My)n1) = C(WN)2ts- -, W) N1).

1
N
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Then,

(Wn)n <k
Ovy + vy + MLV = M (Mpy)vy,
MyV =M(My)V = Y R Mt S

M.wl + ]/\ZN,H/} =)\ (MN)‘/}

On Qpn, A\ (My) is not an eigenvalue of M\N_l and one can write the eigen-
equations using the resolvent G(Aj(My)) := (A (Myn)In_1 — My_1)~! as
follows:

(5.1) V =uG(M(My))M.,
W, e A .
(5.2) )\1(MN)’U1 = 6Ovy + %’Ul + UlM_lG()\l(MN))M.l.
Since v; is obviously nonequal to zero, one gets from (5.2)
WN)11 | v A y
5.3 MMy) =0+ —F—+ M GM(My))M..
( ) 1( N) \/N 1 ( 1( N)) 1

Moreover, on {2 N, po is not an elgenvalue of M, N—1 (recall that pg > 20) and
the resolvent G(pg) == (poIn_1 — My 1)1 is well defined, too. Thus, (5.3)
is equivalent to

~ . o 5 2 y
S0 015 Glpo) L~ T+ DL GO (M) ~ G

Using G(A(My)) —G(pg) = — (M1 (M) — po)G(pe) G(A1(My)) and go(pg) =
1/6, one gets (on Q)

M(My)—pg=

L M G(po) My — 0295 (po)

— MM (M) = po)G(po)(G(pg) — (A (M) — po)G (po)
x G\ (Mn)))]M.;.

Finally, defining fy(z) := ﬁh 2|<20+5, We can easily deduce from the pre-
vious equality the following identity on Qy:

{14 en+01(N) + 8 (N)IWN A (My) — po)

_1dN+\/ _153

(5.4)
=(Wn)u +
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where
ey = o*trn 1 [f§ (My 1)),
dn = M{Mﬁé(%ﬂ”@v_l||§20+5M-1 - U2trN—lé(p0)1||]\/4\N_1||§20+5}>
01(N) = —(M (M) = pg) M3 [Glpo)?G (M (M) M lay,
S2(N) = M [G(pg) M.y — o?try_1[G

2
1||7V[\N—1||§20+5] (p‘g)lllﬁz\r—1|l§2a+5] ’

53(N) = a2m{tm1<fa<m1>> - [ 1 dusc}.

First
161(N)] < M (M) — pol VL1121 G (o) 211G (A1 (M) | 1y

N

1 1

< _§ Wa)i1l? x |A(My) = pel,
_(pe_20_25)(p9_20_5)2Nj:2‘( N)31| ‘1( N) PG‘

[using Lemma 3.2(v)]. By the law of large numbers + Z;VZQ [(Wn)j1]? con-

verges a.s. toward o2 and according to Theorem 2.1, | A1 (My) — pg| converges

a.s. to zero. Hence 01(N) converges obviously in probability toward zero.
Now, since fp is analytic on an open set including [—20,20], we deduce

from Theorem 5.3 the convergence in probability of d3(N) toward zero and
2 [ f2 o?
of ey toward o [ fg dpse = %= -

According to Theorem 5.1 and using Lemma 3.2(v),

E(|62(N)[?) <

E(trn (G (00) L 57, <2045 )

N -1
K ~ 4
< N — 1E(||G(P6)H 1||1T4\N71||§20+5)
K 1

< .
T N-—1(pp—20—0)*

The convergence in probability of d2(N) toward zero readily follows by
Chebyshev inequality.

Let us check that G(pg)
5.2.

1|| M1 ||<20+6 satisfies the conditions of Theorem

(1) ‘|G(p9)1||]/\4\N—1”§20'+5|| < pnga/—\é by Lemma 3.2(v).

(ii) As already noticed, try_1 f3(My_1) converges in probability toward
[ f# dpise. Since on the event {||[My_1|| <20 + §}, with limiting probability
L, terl[G(pa):l”M\N_ll'SZUJFJP coincides with try_1f3(Mn_1), it also con-
verges in probability toward [ f2 duse.
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(iii) It is proved in Proposition 3.1 in [13] that for any z € C such that
Sm(z) >0, Zf\i_ll([@(z)]”)Q converges in probability toward g2(z). The
same result holds for 1~ Ef\;l([@(z)]“)Ql
any a > 0,

(=5

([ Mn 1| <2046° For any € > 0 and

)

N—-1
(‘ LS G0l — (Cloo + 10 1 canss

(

€
P( |92 (po) — g2(po +ic)| > 3):

N-1

2
-1 ||MN <2046 — 95 (P0)
1= 1

[

>§>
>§>

N-1

2 2 -
1 2 (Cleo+i0)i) Vg, <oy = 9500 +i0)
1=1

Since

~

{(G(p)]ia)? — (G (o0 + i)Yy 17, 1<2oss
= [G(po) — Glpo +ic)]usGlpo) + Glpo + i)l 57, <2045

= ialG(po)G(ps + ic)ii[Gpe) + Clpo + i)l 571 <opiss
we get by using Lemma 3.2(v)
(G o0)? = (Gl + 100 51, s S g5
Similarly, we get that
2a
(po —20)3

Thus, choosing « such that m < 5, we readily deduce the conver-

95 (po) — g2 (po +ia)| <

gence in probability of
N-1

N 1 ||MN 1]/<2040
z:l

toward g2 (pg).

Since Gloo)l57, _, <2045
Theorem 5.2 that dy converges in distribution toward a Gaussian law with

mean zero and variance
4
1 t 1
1—-1¢/2
)-1-0) gt gt |

e

and M.; are independent, we can deduce from
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where ¢t =4 in the real setting and £ =2 in the complex one. Note that one
readily verifies that vy satisfies (2.12) in Section 2.

Let 0 < e < 1. Since d1(N) + d2(IV) converges in probability toward zero,
the probability of the event

(5.5) On = Qn N{[61(N) + 62(N)| < €}

tends to 1. Now, since ¢y > 0 we have the following identity on Q N:

0}

with uy :=14 en + 61(N) + 92(N) converging in distribution toward (1 —
02/6%)~1. Moreover, since (Wy)11 and dy are independent, (Wx)i1 +
VN/(N —1)dy + /N/(N —1)d3(N) converges in distribution toward the
convolution of wand a Gau551an distribution A (0,vp).
Finally, we can conclude that v N(1 —¢2/6%)" (A (My) — pg) converges
in distribution toward p x N (0,vp).

(5.6) \/N()\l(MN)—PG):i{(WN)H-F 1dN+

5.3. Proof of Theorem 2.4. As before, 6 is assumed to be > ¢. In The-
orem 2.4, we consider the real Deformed models and claim that the full
deformation Ay defined by (An);j = 0/N exhibits universality of the Gaus-
sian fluctuations of the largest eigenvalue around py. As already stated, the
analogue of this result holds in the complex setting. This is one of the con-
clusions of the work [16] which also partly solves the real case (we recall
to the reader that all the results of [16] readily extend to the framework of
Theorem 2.4 calling on [27]). In order to explain this more precisely, let us
summarize the main arguments developed by [16] in the complex setting.
First, it is shown that the universality of the fluctuations follows from the
universality of limits of expectations of traces of suitable high powers of any
Deformed Wigner matrices (the powers are of the order of v/N). Second
(this is the main part of the work [16]), to handle such expectations, the
authors perform a combinatorial method inspired by [31] and then deduce
that in the large limit N — oo, the previous expectations behave as in the
Gaussian case. The last step of the analysis calls on the investigations of
[26] on the Deformed GUE which allow to identify the value of these limits.

Actually, the combinatorial arguments also work in the real setting (see
in particular Section 2 in [16]) and reduce the universality problem to the
knowledge of the Deformed GOE. Thus, to get the result of Theorem 2.4, it
suffices to prove (using the orthogonal invariance of the GOE) the following
limit.

ProrosiTIiON 5.1.  Call Ly the Laplace transform of the law N(O,Qag).
Let Mﬁ be the Deformed GOFE with An = diag(0,0,...,0) and 0 > 0.
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For any t in [0, pg|,

(5.7) W E[Tr(M /o) ™) = Lo(2t/po)-

The starting point of our computations is the following result which states
that the previous expectation only involves (as N — 0o) the rescaled largest
eigenvalue of the Deformed GOE

&7 = VN (ME) = po).
LEMMA 5.1. For any t >0,

(5.8)  E[T(ME/po)™™] = Elexp(2t€F /po) L eg < /o] (L +0(1)).

This formula does not appear explicitly in [16] but all the arguments
needed for its justification can be found in it (actually one can show that
the formula holds for any Deformed Wigner model My satisfying the as-
sumptions of Theorem 2.4). We will not give the proof and refer the reader
to Section 2 in [16].

Hence, to derive Proposition 5.1, it remains to show the next lemma on

e
LEMMA 5.2.  For any t in [0,2],

(5.9) hj{an[eXP(tﬁG)l\gngUG] = Ly(1).

PrOOF. Observe first that it is enough to show that

(5.10) lim E[exp(t67) g < ni/o g, ] = Lo (0),

where the event €2y was defined above by (5.5) choosing § > 0 smaller than

min{%;% pgl—x dpse(z)}. Indeed, by the Cauchy-Schwarz inequality,

(Elexp(t67)Lieaie oo Ly, )7 < Elexp(2666)1eg < pue] x P(0).

The previous right-hand side is negligible as N — oo since the probability
vanishes and the expectation is bounded since [16] proved that the left-hand
side of (5.8) is bounded, too.

The occurrence of the event 1y allows to make use of the relevant repre-
sentation (5.6) of £ obtained in the previous Section 5.2:

o1 o = {ov [T+ s a0 |
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Second, by Fubini’s theorem one can check that
E[exp(tfﬁ)lmﬂgm/(ﬁlﬁ]\,]
(5.12)
— [ Bl > 2h iy {(6F) < N o
R

By Theorem 2.2,
(5.13)  PHtel >2}nQun{|¢F| < NYEY — PN > ],
N—+o00

where A is a centered Gaussian variable with variance 203. We want to
deduce (5.10) from (5.12) and (5.13) by the dominated convergence theorem.
Thus, we are going to prove that there exists a function h such that for N
large enough and for any =z,

P{#¢f = 2} N Qn N {167 < NYOY < h(a)

with [, e”h(z)dr < 4o00. Note that for x <0, the result is obvious setting
h(z)=1. Let  be nonnegative. We shall improve the general analysis made
in the previous Section 5.2 thanks to the particular Gaussian setting con-
sidered here. For all N large enough,

P{tef > 2} 0 Qw N {lF] < N6

<P[(W]€)11>x(1325)}+1{)[ N dG>$<1—€>}

N-1"7 3t

+]P’[\/E5§(N)Z :v(13; 6)}

= I (@) + TP (2) + TP ().

J](\})(a:) = JM(z) does not depend on N and we have Jz e* JW (z) dx =
Elexp(:2L (W)11)] < +o00. Besides, one can easily see that the choice of

0 insures that J](\?) () =0. By the Chebyshev inequality, we have

I (@) < exp(—6z(1 — ) /3DE(E),
where £ = £'E” with
. -
&' =Elexp(6VN M.?G(pe)lnﬂg,l||g2a+5M-Ci")|Msz"'71]7

E" = exp|—60>V Ntry_; (@(09)1”1\7]{;‘71 ||§2a+5)]’

Using the Gaussian assumptions (see [28], pages 90-91), one has

2

~

~1/2
g
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N-1
=[] -120°8;/VN)"/?
=1

for large enough N, where the 3;’s are the eigenvalues of G (pg)l

IMG_, 1 <20+5°
Note that 0 < 3; < 3—15 so that the last identities make sense, for instance, for
1634. Hence,
(V-1
In&'e" < Z{ In(1 —12026;/v/N) —12025; /v/N}.
=1
Let a > 1; usmg that for any y in [0,1 — ] we have —In(1 —y) —y < ay?.
So, as 3; < 35, we get that for N > 16045 21— 2{))*2,
1220%
1 5/5// < «
BEE =82

Thus, there is some constant C,, ;5 such that £'E"” <, ;s and
Jﬁ’ (@) < Cagsexp(—22(1 ) /1).

Now, for 0 <t<2(1—¢), [;"exp(a — 2z(1 —€)/t)dzx < co. The proof is
complete. [

APPENDIX: BY J. BAIK AND J. SILVERSTEIN

This Appendix presents the proof by J. Baik and J. Silverstein of the
CLT (given by Theorem 5.2) needed in the previous section for the proof of
Theorem 2.2. Their proof is based on a writing of the expression

(A1) (1/VN)(Y3%BYy — Tr B)
as a sum of martingale differences, and uses the following CLT.
THEOREM A.1 (Theorem 35.12 of [10]). For each N, let Zn1,...,ZNry

be a real martingale difference sequence with respect to the increasing o-field
{Fn;} having second moments. If, as N — oo,

TN
P
(A.2) > B(Z3j|Fnjo1) — 07,
j=1
where v? is a positive constant, and for each € >0,
TN
(A.3) D E(ZR112y,15¢) = 0,

J=1
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then

ZZNj i>./\/.(0,112).

j=1

PROOF OF THEOREM 5.2. First, one can write (A.1) as a sum of mar-
tingale differences:

(1/VN)(Y3BYy — Tr B)

N
:(1/\/N)Z<(|yz bll+ylzy]b2] "‘yzzyy Z])

=1 j<i j>i

N N
1/\/— Z( |yz — )b —I—@Z‘Zyjbij +yi2gjbji) = ZZZ-,
i=1

J<i 7<t i=1

where

ZZ:ZNZ:(l/\/N) <(\yz - bzz"i'yzzyjblj +yZZyJ ZJ)

Jj<i 7<i

Let Fn, (resp., Fn,) be the o-field generated by yi,...,y; and B (resp.,
by B). Let also E;(-) denote conditional expectation with respect to Fn ;. It
is clear that Z; is measurable with respect to Fy; and satisfies E;_1(Z;) = 0.
We will show the conditions of Theorem A.1 are met.
To verify the Lindeberg condition (A.3), we need to show this property is
closed under addition. This will follow from the following fact. For random
variables X7, X5, and positive e,

(A4) E(1X1+ Xo*11x, 4 x5020) < 4E(IX111)x, 13¢/2) + E( X211 xy5c/2))-
Indeed, we have
E(1 X111 x4 x05¢) SE(X121(x05¢/2) + E(X1 21130 <2, X0 3¢ /2))
E(| X121 (x, 2¢/2)) + (€/4)P(|X2] > €/2)
E(1 X171 (x,3¢/2) + E(1X2*1(1x503¢/2))-

The same bound starting with X5 leads to (A.4).
Write Z; = X + X4, with X} = (1/v/N)(|yi|?> — 1)bi;. Then for e > 0,

IN

IN

N
> E(XT L i 50) < a’B((5 = D11, 122115 Fefay) = 0
=1

as N — oo, by the dominated convergence theorem.
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We have
Zyj i —E(‘yl‘ Z|bw‘4> +2E<Z‘bw1‘ |bm‘2>
j<u 1<

§ 2 2

+ E (‘y bZ]le]2>

<Ejy|'E {maxw?)jj(BQ)ﬁ] L 2+ ElRPE(B))
J

< a'[Elyi|* +2 + Ely;[’],
where the sum Y is over {ji < i,ja <1i,j1 # ja}. Therefore E|Xi|* = o(N 1)

*
so that for any € > 0,

N N

D E(X5 P xisg) < (1/€) Y EIX5' =0 as N — oo,
i=1 =1

Thus, by (A.5), (A.6) and (A.4), {Z;} satisfies (A.3).
Now, we shall verify condition (A.2). We have

N

> EiaZ

=1 N )
= (1/N) Z{(E|y1\4 — 1)b7; + Egji (Z yjbij>

i=1 j<i

(A7)

2
+Eyi (Z?/ﬂ_’z‘j> + 2B (|y1 [*70)bis > ysbi

j<i j<i
+ 2B (g1 *y1)bi > 75bij + 2 (Z yjbij> > yjbij}~
j<i j<i j<i

Let Br denote the strictly lower triangular part of B. We have

[1/N Zbuzyj ”] =0

i<t

and using Cauchy—Schwarz,

E|(1/N) anZyj ij

=1 7<t

2
=E|(1/N) Zy]ZbubU

1>7
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= (1/N*)E <ZanbUZb“b)

=1 1> 1>

= (1/N)E (Z biibﬁ(BLBz)@)

i

- ) 1/2
<E <m?Xbii> (1/N) (ZKBLBZ)@\Q) ]

2
=E <maxbii> (1/N)Tr((BLB,§)2)1/2]

<E :<mZax bii>2(1/\/ﬁ)\|BL||2} .

We apply the following bound (due to Mathias; see [24]): || BL|| < v | Bl
where vy = O(In N), and the bound || B|| < a to conclude that

(1/N) Zb“Zy]bU Lo

j<t

Then (recall that Ey? =0 when y; is complex), (A.7) can be written as

ZE 722 = 1/N)Z

=1

" () ()

7<t j<i

(Elyr[* — 1)b5;

+op(1)

2

= (1/N) Y _(E[ga|* = 1)bF; + t(1/N)Y3 B BLYw + op(1),
i=1
where t =4 when y; is real, and is 2 when y; is complex.
Besides, from Lemma 2.7 in [3] (recalled in Theorem 5.1) we have
E|(1/N)(Y5 B BLYn — Te(BEBL))[” < (1/N*)E(Tr(B}, B1)?)

41n4N
—0

< KE| B

as N — oo. So, as

TrBiBr =Y |by[* = (1/2) (Tr32 - Zb?i>7

Jj<i
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(A.8) implies that condition (A.2) holds with
v? = (Ely[* — 1~ t/2)a] + (t/2)as.

Thus, by Theorem A.1, we deduce that (1/v/'N)(YyBYy — Tr B) converges
in distribution to a Gaussian variable with mean zero and variance v2. [
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