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Abstract  

Second-order nonlinear optical diffraction by standing acoustic waves in a crystalline plate is 

theoretically investigated. A detailed analysis of the polarization state of the second-harmonic 

light diffracted by both longitudinal and transversal acoustic waves is carried out. It is shown 

that longitudinal standing acoustic waves only allow p-polarized nonlinear optical diffraction, 

irrespective of the incoming state of polarization, whereas transversal standing acoustic waves 

allow all possible combinations of incoming and diffracted polarization states. Numerical 

estimates of the relative intensities of nonlinearly diffracted radiation peaks are made for a GaAs 

plate. 

Keywords: Quadratic optical nonlinearity; Modulated structures; Nonlinear optical diffraction; 

Standing acoustic waves. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



1. Introduction 

The phenomenon of optical diffraction from periodically modulated structures (e.g., diffraction 

gratings) is well known in classical optics [1] and is widely used for a broad range of optical 

devices [2]. If in addition such a medium exhibits nonlinear optical properties, observation of 

nonlinear optical diffraction (NOD), i.e., diffraction at higher harmonics of the incident 

frequency, is possible provided certain conditions are fulfilled. In media with a quadratic optical 

nonlinearity, NOD is thus expected to be observed at a frequency double that of the incident 

electromagnetic wave (EMW).  The first theoretical and experimental investigation of quadratic 

NOD was made in a periodically poled ferroelectric NH4Cl crystal, where the modulation period 

was comparable with the wavelengths of the second harmonic EMWs generated from the 

periodic structure [3]. Further theoretical and experimental studies of NOD were carried out in 

such modulated structures as ordered magnetic domain arrays [4–7] and photonic crystals [8–

13]. One of the possible ways to modulate the nonlinear polarization in a crystalline medium is 

to excite a standing acoustic wave characterized by a periodically distributed displacement field 

in the sample with spatially localized nodes and antinodes. In linear optics, a similar 

phenomenon is well known as light diffraction by ultrasound waves [1, 14]. In the case of NOD, 

the nonlinear polarization of the medium will be modulated by the deformations of the crystal 

through a nonlinear photoelastic interaction. Such a situation was discussed in the frame of 

acoustically-induced optical second harmonic generation (SHG) due to the interaction between 

optical waves and a travelling acoustic wave in a crystal [15]. Some theoretical aspects of 

nonlinear photoelastic interaction were discussed by several groups [16 - 18]. The effect of 

acoustically-induced optical SHG was also observed in GaAs films in the infrared region where 

this material is transparent [19]. Later, strain-induced three-photon effects such as optical SHG 

in strained crystals and hyper-Rayleigh light scattering by dislocation deformation were 

theoretically investigated [20], as well as SHG due to misfit strain and misfit dislocations at film-

substrate interfaces [21]. Similarly, experimental observations of strain-induced SHG were 

reported in silicon wafers [22] and the influence of strain on SHG in Co0.25Pd0.75 films on a PZT 

substrate [23], in bismuth-substituted iron garnet films [24], as well as in bulk silicon [25, 26] 

were discussed. 

In this paper, we theoretically investigate NOD induced by standing longitudinal and 

transversal acoustical waves in a crystalline plate. This situation differs from the aforementioned 

works [15–19] insofar as it does not require the same phase matching conditions to be fulfilled. 

The paper is organized as follows. In Section 2 we describe strain-induced nonlinear polarization 

on the basis of the photoelastic interaction, and Section 3 introduces the mechanical strain 

originating in standing acoustic waves in a crystalline film. Section 4 is devoted to the analysis 



of second-order NOD by both longitudinal and transversal standing acoustic waves in such a 

film and presents and discusses the results of numerical simulations carried out in the case of a 

GaAs film.  

 

2. Strain-induced nonlinear polarization 

In the dipole approximation the quadratic nonlinear optical polarization vector PNL(2ω) can 

be written in a Cartesian referential as [27]: 
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where ( )ωE  is the electric field of the incident EMW at frequency ω , (2)
ijkχ  is the quadratic 

nonlinear optical susceptibility (NOS) tensor of the medium, and 0ε  is the vacuum permittivity. 

When a spatial modulation of the optical properties of the medium takes place – e.g., due to the 

presence of a standing acoustic wave – the NOS tensor can be expressed as:  
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where (2,0)
ijkχ  is the nonlinear optical susceptibility tensor in the absence of modulation, ijklmp  is 

the nonlinear photoelastic tensor and lmu  is the strain tensor. In the linear approximation, the 

latter is symmetric, i.e. lm mlu u= . The tensor pijklm was first introduced in Ref. [15] for the 

description of acoustically-induced optical SHG. From Eq. (2) it follows that the symmetry 

properties of the nonlinear photoelastic tensor ijklmp  derive from those of both the NOS tensor 

(2)
ijkχ  and the strain tensor lmu . Thus the symmetry of the strain tensor imply that 

ijklm ikjlm ijkml ikjmlp p p p= = = , which strongly reduces the number of independent components of 

the NOS tensor (2)
ijkχ . In addition, that tensor has non-zero components in non-centrosymmetric 

crystals only, i.e., in media without inversion center [27]. 

The second-harmonic electric field E2ω (r,t) emitted from a non-magnetic medium is a 

solution of the quadratic nonlinear wave equation which, in SI units, writes [27]: 
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where 2n ω  is the refractive index of the medium at the second harmonic frequency, c  is the 

velocity of light in vacuum, and 0µ  is the vacuum permeability. Taking the  Fourier transform of 

Eq. (3) with respect to time and using the slowly varying envelope approximation, where 

2 (2 , ) (2 , )ω ⋅∇ ω ∆ ω≫k E r E r , leads to the following reduced form [27, 28]: 
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Here (2 , )ωE r  and  NL (2 , )ωP r  are the temporal Fourier transforms of the electric field at the 

second harmonic frequency and the corresponding nonlinear polarization, and 22 ω ω= −q k k  is 

the phase-mismatch vector, while ωk  and 2ωk  are the wave vectors of the fundamental and 

second harmonic EMWs, respectively. The solution of wave equation (4) in the plane-wave 

approximation can then be expressed as [27, 28]: 
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The integral is taken over the interaction volume V, i.e., in the irradiated region where the 

electric field of the incident EMW is non-zero. 

 

3. Strain induced by standing acoustic waves 

We now consider a non-centrosymmetric thin crystalline film whose surfaces are 

perpendicular to the y-axis of a (xyz) Cartesian referential (Fig. 1). In what follows, calculations 

will be made for a GaAs film, whose zinc blende crystal structure (with a 43mor Td point group 

symmetry) is indeed non-centrosymmetric. We suppose the system to be continuous with respect 

to its elastic properties. The form of standing acoustic waves in a bulk elastic medium can be 

deduced from the following system of equations of motion [29]: 
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where ρ  and ijklc  are the density of the crystal and the elastic stiffness tensor, respectively, and 

the summation convention over repeated indices is assumed. For cubic crystals without inversion 

center, only three components of the ijklc  tensor are independent [29]: 

 
11 xxxx yyyy zzzzc c c c≡ = = , 12 xxyy yyzz zzxxc c c c≡ = = , 44 xyxy yzyz zxzxc c c c≡ = = . (7) 

The same symmetry rules hold for the zinc blende structure. Consequently, Eq. (6) reduces 

to the following system: 
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The acoustic waves generated within the crystal are assumed to propagate along the z-axis of 

the referential (Fig. 1), which is also the four-fold [001] axis of the crystal. Thus the mechanical 

displacement vector u is function of the sole z spatial coordinate and of time t. Hence, Eqs. (8) 

simplify to the following set of wave equations: 

 
2 22 2 2 2

44 44 112 2 2 2 2 2
, ,y yx x z z

u uu u u u
c c c

t z t z t z

∂ ∂∂ ∂ ∂ ∂ρ = ρ = ρ =
∂ ∂ ∂ ∂ ∂ ∂

. (9) 

It can be seen from Eqs. (9) that in such a crystal an acoustic wave excited along the z-axis 

actually consists of two components propagating independently with different phase velocities. 

The displacement ( , )zu z t  associated to the first component is parallel to the direction of 

excitation and propagates with the velocity 1 2
11[ ]Lv c= ρ  – this component is a so-called 

longitudinal wave (L-wave). The displacement ( , ), ( , )x yu z t u z t    associated to the second 

component is perpendicular to the direction of excitation and propagates with a phase velocity 

1 2
44[ ]Tv c= ρ  – that component is a transverse wave (T-wave). Thus the overall general 

expression for the displacement vector, ( , ) ( , ) ( , )L Tz t z t z t= +u u u , writes as the sum of a 

longitudinal and a transverse part, each of which satisfies the wave equation with the appropriate 

velocity. 

One possible solution of Eqs. (9) in the bulk of the crystal is a standing acoustic wave that 

results from the interference between two traveling waves propagating in opposite directions – as 

is bound to happen in a crystal plate whose extension along the z-axis is finite. The displacement 

vector for the bulk standing acoustic wave can then be written as: 
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Here [0,0, ]L zA=A  and [ , ,0]T x yA A=A  are the amplitudes of the longitudinal and 

transverse acoustic standing waves, respectively, and ,
,

L T
L T

z

v

L

π
Ω = ,  are their frequencies, where 

Lz is the length of the crystal along the z-axis. For standing waves, there is no propagation of the 

mechanical energy along that axis, i.e., the amplitudes of the displacement vector vary with 

position z and time t but their extrema are stationary. Values of z obeying the conditions 

( ), ,( ) 1 2 ,L T L Tz v m mπΩ = + ∈ℕ , denote the nodes of the vibration, i.e., points in the crystal 

where the vibration is zero for all values of t, whereas the amplitudes of the vibration are 



maximal at any time t at its antinodes, for which , ,( ) ,L T L Tz v m mπΩ = ∈ℕ . As usual with 

standing waves, the distance between successive nodes or antinodes is equal to half the 

wavelength of the exciting acoustic wave (Fig. 1). 

In practice, such transversal and longitudinal acoustical waves can be excited in thin films 

and plates with piezoelectric transducers, as thoroughly described for instance in Ref. [14]. It is 

also possible to use optical methods to excite both travelling and standing acoustical waves in 

bulk materials as well as in thin films and multilayers [30]. 

 

4. Nonlinear diffraction by standing acoustic waves 

The plane of incidence of light is taken to be the (yz)-plane. The wave vectors of the second-

harmonic EMWs diffracted from the crystal must satisfy the nonlinear Bragg condition 

2
,2 ,L TN Nω ω= + ∈k k Q ℤ  for three-wave interaction, where LQ  and TQ  are the wave vectors 

of the longitudinal and transverse standing acoustic waves, respectively [3, 4 – 6, 8, 9]. 

Alternatively, that vectorial equality can be decomposed in two scalar conditions for in-plane 

and out-of-plane wave vector components, respectively:  
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Here angles φω  and ( )
2φ
N
ω  refer to the directions of the incident and N-th order diffracted 

EMWs, respectively (Fig. 1), and 
1/22

11( ) /L LQ c = Ω ρ   and 
1/22

44( ) /T TQ c = Ω ρ   are the 

wavenumbers of the L- and T-standing acoustic waves in the crystal. From Eq. (11a) one can 

derive the maximum number of diffraction orders that can be observed in each case:  
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In Eq. (12) ,L TΛ  are the wavelengths of L- and T- standing acoustic waves, respectively, 2ωλ  

is the wavelength in vacuum of the diffracted EMW at frequency 2ω , and nω  and n2ω  are the 

refractive indexes of the crystal at the fundamental and second harmonic frequencies. Figure 2 

shows the dependence of ,
max
L TN  as functions of the incidence angle φω  for various values 

(250 MHz, 500 MHz, and 1 GHz) of the acoustic wave frequencies ,
, 2

L T
L T

z

v
F

L
= . Calculations are 

made for GaAs at the CO2 laser wavelength 10.6ωλ = µm. 

The efficiency of NOD induced by standing acoustic waves strongly depends on the 

polarization state of light. For a given phase-mismatch vector in the crystal, the electric fields 



, (2 , )s p ωE q  of second-harmonic s- and p-polarized EMWs are phenomenologically related to 

those at the fundamental frequency through the second-order NOS tensor as follows:  
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The components of that tensor depend on those of both the nonlinear photoelastic tensor and 

the deformation tensor of the crystal in the spatial frequency domain, hence they differ 

depending on the nature of the standing acoustic wave responsible for nonlinear diffraction. 

Taking into account the symmetries of GaAs (Td point group), they are, for L-acoustic waves: 
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and for T-acoustic waves: 
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 The components of the strain tensor in the frequency domain that appear in 

Eqs. (14) - (15) are obtained by Fourier transform from their counterparts in real space, with: 

 ( )1
( ) ( )exp ( ) ( )⊥= ⋅ =∫ �lm lm lm

V

u u i d I q I q
V

q r q r r , (16a)
   

where integration in Eq. (16a) is taken over the irradiated volume, q
�
 and q⊥  are the longitudinal 

and transversal components of wave vector q , and I( q
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In Eq. (16b), integral I( q
�
) is evaluated over the film thickness H, sinc( ) sin( )x x x≡ , and  

[ ]2 2 22 cos( ) cos( )q n nω ω ω ω ω= π λ ϕ − ϕ
�

. In Eq. (16c), integral I lm( q⊥ ) is calculated over the 

cross-section of the irradiating spot of radius R at the film surface, whose points are referred to 

by their polar coordinates ρ and φ in the (xz)-plane, 1( )J x  is the first-order Bessel function of the 

first kind, and [ ]2 2 22 sin( ) sin( )q n n⊥ ω ω ω ω ω= π λ ϕ − ϕ . For the sake of clarity, the order of 

diffraction N, upon which the angle of diffraction at 2ω depends, was not explicitly mentioned in 

Eqs. (16) and in the expressions of q
�  and q⊥ . 

From Eqs. (14) - (15), it appears that L-acoustic waves can only give rise to p-polarized 

nonlinear diffraction, whatever the state of polarization of the incoming beam, whereas T-

acoustic waves allow all four types (s → s, s → p, p → s, and p → p ) of nonlinear diffraction 

processes. In order to estimate the relative intensities of the second-harmonic diffracted beams in 

each configuration, one can introduce nonlinear diffraction efficiencies ,
NODDα ββ  defined as 
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ω
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where (2 )I ω and ( )I ω  are the intensities of the diffracted and incident beams. Again, the order 

of diffraction N has been omitted in Eq. (17).  

Figure 3 depicts the angular dependencies of the diffraction efficiencies ,
NODDα ββ  for L- and 

T- standing acoustic waves for the first order of nonlinear diffraction (N = 1), calculated using 

Eqs. (14) – (15) and the numerical values of the nonlinear photoelastic tensor components of 

GaAs taken from Ref. [18], for the following combinations of polarization state of incident and 

diffracted second-harmonic EMWs: ( ) (2 )s pω → ω , ( ) (2 )p pω → ω , ( ) (2 )s sω → ω  and 

( ) (2 )p sω → ω . In accordance with Eqs. (14), (15) and (17), only the first two combinations 

yield any NOD for L-acoustic waves, whereas all four are possible with T-acoustic waves. As 

can be seen on Fig. 3, the maximal efficiency of the NOD process should be observed for a p-

polarized incident EMW in the case of diffraction by L-acoustic waves. Similarly, the diffraction 

of s-polarized EMWs by T-acoustic waves is less efficient than that of p-polarized EMWs. 

Conversely, the results shown on the example of GaAs at 10.6 µm suggest a potential use of 



NOD for the determination of the components of the nonlinear photoelastic tensor  of that crystal 

— and of any crystal with similar symmetries — as a function of wavelength. With that 

application in mind, the approach developed in this paper can thus serve as a guide for the choice 

of the best combination of polarization states and angles of both the incident and the diffracted 

fields. 

 

5. Conclusions 

In this paper, we proposed a full theoretical analysis of second-order nonlinear optical 

diffraction due to the interaction of electromagnetic waves with both longitudinal and transverse 

standing acoustic waves in a GaAs crystal. We showed that this effect strongly depends on the 

polarization state of light. In particular, longitudinal standing acoustic waves only allow p-

polarized nonlinear optical diffraction, whatever the incoming state of polarization, whereas 

transversal standing acoustic waves allow all possible polarization combinations of incoming and 

diffracted polarization states. A potential application of nonlinear optical diffraction from 

standing acoustic waves in crystals is the determination of the non-zero components of their 

nonlinear photoelastic tensor. 
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Figure captions for the manuscript  “Nonlinear Optical Diffraction by Standing Acoustic Waves 

in a GaAs film” by N.A. Shevchenko et al.  

 

Fig. 1. Schematic of nonlinear acousto-optical diffraction by standing acoustic waves in the 

transmission geometry. 

 

Fig. 2. Dependence of the maximum number of observable diffraction orders upon incidence 

angle ωϕ  for NOD due to standing L-acoustic waves (a) and T-acoustic waves (b) at various 

acoustic frequencies. 

 

Fig. 3. Angular dependencies of the diffraction efficiency of the first order of NOD induced by a 

standing acoustic wave in GaAs for the following geometries: (a) and (b) represent NOD by a 

standing L-acoustic wave for the ( ) (2 )s pω → ω  and ( ) (2 )p pω → ω  diffractions, respectively; 

(c), (d), (e) and (f) correspond to NOD by a standing T-acoustic wave for the ( ) (2 )s sω → ω  , 

( ) (2 )s pω → ω  ,  ( ) (2 )p sω → ω , and ( ) (2 )p pω → ω  diffractions, respectively.  

In all cases, the standing wave frequency is FL,T = 250 MHz, the intensity of the acoustic wave is 

equal to 30 W/cm2, the diameter of the laser spot is 400 µm, and the thickness of the crystalline 

film is 0.5 mm. 

 

 




















