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Summary: From a technological point of view, reciprocalustures have the advantage of simplifying
considerably connections in the sense that memaersconnected only by pairs. This constructional
advantage has two main consequences: technolaginatrains are replaced by geometrical constraids a
bending moments are increased through the non ogewvee of members to nodes with multiple
connections. Geometrical constrains can be dealising form-finding methods such as dynamic reiaxat
algorithm. However resisting bending moments to gaiiffness is difficult without increasing the \ght of
the structure. For standard reticulated structuresymon strategies consist in introducing curvatoréhe
structure and/or modifying the structure into alledayer space structure. The proposed papemuss dh
attempt to apply these strategies to reciprocaiciires and to develop spherical domes with straktu
thickness. Several configurations will be invediggaand compared in term of geometrical feasibdgityl
structural performance.

Keywords: Spatial structures, structural morphology, formdfing, dynamic relaxation, linear elastic
behaviour.

1. INTRODUCTION

From a technological point of view, reciprocal stures have the advantage of simplifying considgrebnnections in
the sense that members are connected only by piis. constructional advantage has two main coresszps:

technological constrains are replaced by geomeétcigastrains and bending moments are increasedighrthe non
convergence of members at nodes with multiple conmes. Indeed it has been shown in [1] that thaprecal

structures are softer and generate higher strethses their conventional counterpart. In order teréase the
performances of reciprocal structures, it is preposere to investigate two basic strategies usegtficulated systems:
to introduce curvature and/or to increase the siratthickness. Various configurations of douldgdr systems will
thus be shown in this paper. In the following sattisimple configurations where structural thiclnissobtained by the
elements themselves (Vierendeel trusses or any sffaze trusses) will be examined. A simple contitn made of
ladder elements will be shown. Then, in the thedti®n, a solution for building a double layer proccal system with a
flat configuration is developed based on analyticalculations [2]. In the fourth section, a douldgrer dome

configuration is investigated. The form-finding tmedl using the dynamic relaxation algorithm [1] etailed and a
comparison of the structural behaviour with a semialyer configuration is made. Finally the authooaclude on the
potential of double layer reciprocal systems ahubtitate their feasibility on a prototype.

2. DOUBLE LAYER SYSTEMSWITH TRUSSELEMENTS

A possibility for creating double layer reciprocgistems is to use truss elements in standard dangde configuration
similar to those shown in [3, 4]. In the illust@is shown from figure 1 to 3, the truss is in fadfierendeel truss. A
simple fan is shown in figure 1. In this figureneocan see that the higher and the lower partadif #uss are laying
one the top of the other. As a consequence, tlssdsudo not stand vertically but slightly tiltedhisTtilt depends on the
height of the beam and on the diameter of the ai¢snesed for connections (which is here zero atater are simply
laying on each other reciprocally). It is importaist note that the configuration of figure 2 and &honly a
morphological purpose and that it does not atteimgtemonstrate the mechanical behaviour of suckttstres which
would need further investigations. Nevertheless, dtiucture is more than 10 m span and stand#-tvegght, which
already prove its potential for practical applioati

Moreover, it was demonstrated in [1] and [5] thaew loaded, the fan have a slight rotation in torshat generates a
moment in the weak axis of the members. Furthegstigation of the mechanical behaviour of suchcstings should
also consider using members made of spatial trusstsad of simple Vierendel trusses.



Fig. 3 : Elevation view of a dome with truss elemen

3. DOUBLE LAYER SYSTEMSWITH SLENDER MEMBERSFOR FLAT
CONFIGURATIONS

In the preceding section, the method proposed taimta “double layer” structure was to start fronsiagle layer
reciprocal structure and to replace slender menipeispace trusses. In the second method preseetedthe double
layer reciprocal system is obtained by transforamatf a standard double layer spatial structur similar way to the
transformations studied in [2,4,8]. There are sa&waay to compute practically the final configuaoatiof the reciprocal
system after the transformation: some analyticahouws have been developed by rotation of membef8]iand [8]

and also some numerical methods using geneticitdigof4] or dynamic relaxation [1]. This sectionlMibcus on the
analytical method while the next section will malez of the dynamic relaxation algorithm.

The analytical developments presented in the fatigueoncentrate on one specific configuration shawfigure 4 [6]

which consists in a two way space grid with squgmamids. When transformed into a reciprocal syst&e members
are rotated so that multiple connections disappear that members are only connected by pairs. Gerisg the
symmetries of the spatial structure, all the naaled all the fans are identical (excepting of codeses laying on the
perimeter of the spatial frame). The configuratigra typical fan after transformation is shown igufe 5. The green
line represents the members that are on the upger br lower layer and the red members representliiagonals
element that connect both layers in figure 4.
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Fig. 4 : Two way space grid with square pyramicuésg on square offset)

Fig. 5 : Plan and perspective view of a fan

The parameters of the model are: the length andgamgent length of the members of the upper (orrplager, those
of the diagonal members and the eccentricity ofdbenection (or the distance between the axis of tannected
members). There are thus 5 design parameters.tidiegy for determining analytically the valuestlvése parameters
is the same as in [2]:

- write that the direction of the eccentricity betwe®o members is perpendicular to each member,
- write that the distance between two members isléqube eccentricity,
- write that the distance between two contact panta member is equal to the engagement length.

- write geometric compatibility between upper anddoviand (which is equivalent to adjusting the dizgdength so
that upper and lower fans can effectively be cotetc

To ease calculations (which are detailed in [9])s isupposed that the relative engagement lenmgtle@uals and that
the eccentricity is constant. Under those condstianis found that, out-of five parameters, onptare independent:
the length of the upper (or lower) members andetteentricity. Neglecting homothetic configuratiotiss geometry of
the basic cell of the reciprocal system shown giurié 6 is thus entirely determined by the ratighef eccentricity and
the length of a member. Especially, the heighthef double layer system which is a key parametéh@imechanical
behaviour is given by that ratio: the higher thioraccentricity over length, the higher the ratisight over length.
Introducing some practical data by taking a meniegth of 100 cm with an eccentricity of 4 cm,stfound that the
necessary engagement length is close to 3.6 crtharfttight of the structure of 107 cm (see figyre 6

Fig. 6: Perspective view and plan view of a confégion with 5 fans



Extending this configuration over several fans, téeiprocal system shown in figure 7 is obtaingds lhigher and
denser than the initial configuration of figure As it is, the reciprocal structure is thus reldtvdifficult to build
(engagement length and eccentricity being of thmeesarder of magnitude) and also less efficient felommechanical
point of view as it uses more material for the dizgs which contribute very few to the overall fetiflss. The only
solution for improving the mechanical behavioutho$ double layer reciprocal system is thus to gigehe hypothesis
of equal relative engagement length of membersdiagbnals, so that the height becomes again apémikent design
parameter. This however add one more parameterdonglex non-linear analytical problem which idlatinder
investigation.

Fig. 7: Plane double layer reciprocal system witHahs

4. DOUBLE LAYER SYSTEMSWITH SLENDER MEMBERSFOR CURVED
CONFIGURATIONS

4.1. Form-finding of doublelayer grids

The configuration investigated in this sectionrispired by a scheme already illustrated by R. Bucktaer Fuller for
spatial structures that he had called “magnesiaméd geodesic dome” [7]. The idea is to connectsuwmerimposed
triangular grids with two different lengths (theder one been3 times longer than the other) as shown in figurétg:
nodes of the larger grid coincide with nodes ofshwller grid, so that a total number of twelve rhers converge at
these nodes which form the upper layer of the apagistems. The nodes of the smaller grid thatatccaincide with
nodes of the larger grid are connected directhihwiach others through an hexagonal mesh with nmdehich six
members converge. These nodes form the lower laf¢he spatial systems. The members connectingawer
hexagonal mesh to the upper triangular mesh indw@dransfer of shear forces between the two laygrese three
types of member (upper layer, lower layer and diadg) are visible on figure 8. The objective herénhus to transform
this flat grid in which multiple members converdenades into a double layer reciprocal system.

Upper layer
(triangular grid)
Diagonal members

Lower layer

(hexagonal grid)

Additional members

Fig. 8: Principle scheme of the double layer grid

In previous section, the system was extremely sytmenand the irregularities of the system at bouiedawere
neglected, so that an analytic solution for thegfaermation could be found. This time, symmetrigs more complex
and practical solutions for the interruption of ttpéd at boundary are desired. The transformatigo & reciprocal
system will thus be done numerically with a formefing method based on the dynamic relaxation algorivhich had
been described by the authors in [1]. The princgdléhis method relies on the introduction of aifious mechanical
problem where members initially converging at nodesbent to form a reciprocal system. The solutibthe problem



is a structure in equilibrium where the bendingrggeof all members has been dissipated and wherabaes are
straight. The fictitious mechanical properties dedined according to the designer needs as willlb&trated in next
paragraph. Then, as in the final configuration, iinera are straight, there is no need for catchinglyithe curvature.
Convergence speed is thus increased by using dise necessary number of nodes to describe the neméemetry,
which means only four nodes per member (one nodadct connection). Convergence is also improvethéyse of a
routine which has been added to the method presemtfl] and which consists in increasing gradudiig bending
stiffness of members and updating their refereangth as they straighten.

The geometrical parameters of the form-finding ¢stria a set of two configurations: a referencefigamation which

is stress free and used to evaluate at each tipetlst stresses in the members and an initial ganfiion from which
calculations are started. As by definition the mermbare straight, the reference configuration reduo a set of
reference lengths of the members. The referengghdor the members of the hexagonal grid is tligs100 cm with
an engagement length of 10 cm. That of the memiietise larger triangular grid is consequently o827cm while

their engagement lengths are the same and takehdo. Then, as the intermediate members connetttngpper and
lower grid will be used as spacers between theléwers, their length is fixed to 122.1 cm (100 enpiojection on the
grids planes and 70 cm vertically), so that atberform-finding, the structural height should bese to 70 cm.

At the external nodes located on the boundary ef dhd, the regularity of the reciprocal systemnicessarily
interrupted: the number of members converging deras different from nodes in the current parthef grid. To keep
a certain regularity for these external fans, s@djistments have been made by modifying locallyeghgagement
length of a member or by adding members with sugedths (see the locations of the modificationdigare 8). An

example of each adjustment is illustrated in fighaeand 9b. Figure 9a shows an external fan tohwhige members
are converging instead of the expected twelve ahdrevit is necessary to increase the engagemegthleri one

member to close the truncated dodecagon. Figursh®lws then an external fan in which a new memberhbeen
added. Initially five members (three members frdwm tipper layer and two interconnecting membersyege toward
this external node which would have a dodecagamah if located in the current part of the grid. ikte member with

the suited length is thus added to close the opérgpn respecting the geometry of the dodecagois ddnstruction
principle is applied to all incomplete hexagons aodlecagons of the grid of figure 8, so that iraltdi8 additional
members are introduced and 12 engagement lengttiiieco

"= Members of

Members of upper
=i S
- - - -
- “ \ - - / upper grid
\ 4\\

AN .
Y Connecting
members

Additional
/ member
Connecting

members Modified member

of upper grid

Fig. 9: Adjustment of external fans a) engagememgth b) additional member.

For the initial configuration, the choice of lengtis free provided that geometrical constraints satisfied, that
boundary conditions and connectivity of nodes aspected. The initial configuration is thus choteguide the form-
finding toward a solution that suits the designeeds. Here, the initial configuration is defineddsgjecting the grid of
figure 8 on a sphere with a 5 m radius and by bendhe members extremities to satisfy the recigregatem

connectivity with a constant eccentricity for atlinmexions of 4 cm. (see figure 10). To achieve ttsiasformation of
the initial grid into a reciprocal structure by lérg, it is necessary to define how the membetgllyi converging at
the same node will rely on each other in the redal structure. The transformation of each nodeharacterised by
two parameters that had been called in [3] thedditien and the style of the fan. Here the dispors#t of fans are
chosen so that, after transformation, fans of tveel layer form downward fans while fans of the epfayer form

upward fans (see zooms in figure 10). Both layerlwence be easily connected. Then, it had beenis¢ghthat, from

a mechanical point of view, alternating fans styilereases significantly the rotations of the famsl the bending
moments in the members. All fans are thus definig the same style: rightward.



Upward fan

AT
/}Yk&pvv“\-

Downward fan

[
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Fig. 10: Initial configuration with bent members

Finally the fictitious mechanical properties of thieembers are set, so that their bending stiffn@ssuch larger than
their axial stiffness, so that the lengths of meratere susceptible of finite variations. They camde adapt to the
various geometrical constraints and still stayighta(the out-of straightness after form-findingstd be less than 10
degree).

Given all these parameters, the result of the fingting or the final configuration is shown in figull. The two grids
(the lower hexagonal and the upper triangular)daytwo different pseudo-spheres with a radius atoéu® m. The
distance between the layers is of approximatelgiGas expected. During the form-finding, the lesgihthe members
have slightly changed. The members of the larger @orming the upper layer) have an average lerdth83.0 cm

with an engagement length around 10.5 cm. Thoseeofiexagonal grid have a length of 103.5 cm witlelagagement
length of 9.5 cm. Concerning the interconnectingniners, their length is also around 123 cm but theagagement
lengths vary depending on the layer of the extrgnaitound 6.0 cm in the upper layer and 17.5 cilénlower layer.

These lengths are slightly different at the exttarsiof the grid where the regularity of the schem@nly partly

conserved.
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Fig. 11: Final configuration of the double layeciprocal system

Considering the number of parameters entering onm-finding procedure (namely the geometry of memspéhe
disposition and style of the fans, the initial dgofation and the boundary conditions), the reaptadouble layer
structure shown in figure 11 is only one amongremity of possible structures. At this stage wherndy geometrical
issues have been discussed, the criterion for ampassuitable structure is constructability. Picdtexperiences from
previous realisations of regular polyhedra [2, 8lvér proved that engagement lengths larger thantithé&s the
eccentricity between members axes are sufficieintsiore feasibility and placing of connectors. Ais is here the case,
the reciprocal structure seems suitable. Furthémigation should thus be made relying on the meidad behaviour
which will be investigated in section 4c.

4.2. Form-finding of asingle layer equivalent grid

The equivalent single layer grid is obtained bysfarmation into a reciprocal structure of the deratiangular grid in
figure 8 with no additional members on the bounddhye geometrical parameters of the form-finding #rus the
following: an identical reference length of 100 enth an engagement length of 20 cm (twice highantpreviously
because the number of members converging at aiaddéce lower) and an eccentricity of 4 cm. Alhfahave upward
disposition and rightward style. The initial configtion of the grid is such that the nodes lay @plaerical dome with
a radius of 5 m. It must be here specified that time the position of all external nodes is fixetke previously the
fictitious mechanical properties of the members se€ so that their bending stiffness is much latgan their axial
stiffness; their lengths are thus adaptable. Thelref the form-finding is shown in figure 12.

In the final configuration of figure 12, the reajeal structure has a height of 1.94 m for a 7 nmsplaich corresponds
to a spherical dome with a radius of 4.1 m. Liketfee double layer structure, during the form-fimgli the lengths of
the members have changed and vary between 143 cmowh to 116.5 cm close to the supports. The emmgagt
lengths vary between 34.5cm at crown to 21.5 coseclto the supports. This dome structure is indbhjt



constructible and due to its double curved shapelldhprove good mechanical behaviour despite divelg large
engagement length.

Fig. 12: Equivalent single layer reciprocal struetu

4.3. Mechanical behaviour of thetwo configurations

During the form-finding step, fictitious mechanigadoperties had been used to find the geometryhefprevious
reciprocal systems. In the geometries shown inréidiD or 11, the members are straight but stret¢@dledgated) with
a prestress that is not physical. Before conduaimg mechanical analyses under external load,tftus necessary to
relieve the systems from inner axial stresses. Ehidone by setting every members lengths at thsir(reference
lengths) equal to their lengths in the final coafifion obtained by form finding. The removing bése stresses in the
single layer or double layer structure has no cgmsece on the geometry of the structure (or, moeeigely, the
changes in the form are smaller than the out-afgittness tolerated in the form-finding).

Then, for the study of the mechanical behavioualisgc mechanical and geometrical properties ateoduced.
Members are thus taken as steel circular hollowiarex with an external diameter of 40 mm and akiféss of 3 mm.
Boundary conditions consist in blocking the positicof nodes located on the periphery of both atrest For the
single layer dome, the boundary conditions are ttastical to those used for the form-finding. Foe double layer
structure, it is not easy to define precisely exdénodes considering the number of members togdhia periphery, so
that it was chosen to support the structure ormattditional members shown in figure 9 whose 6 degereedom
have been fixed.

Concerning external loads, two cases have beemstigaged: one symmetric uniformly distributed loatd one non-
symmetrical distributed load one half of the stawet To ease comparison between systems, theséulistl load have
been introduced via vertical point loads applieceath end of every member of the smaller grid (théans every
member of the single layer system and only theteshanembers of the double layer system). The iitieiod each
point load is 0.5 kN which corresponds approximatel 3.5 kN/mi (which is an acceptable density for a roof
structure).

From a numerical point of view, non-linear analyaes conducted using the same algorithm as fofdim-finding

(reproducing hence the methodology used in [1])nv@ogence is reached when the initial kinetic epesf) the

structure has been dissipated (practically wherctieent kinetic energy peak is bellow 1/1gF the initial/maximum
peak). It must here be noted, that the poor mestiiige form-finding has been slightly improved fbe accuracy of
results and that the density of the mesh has lefered to reach six nodes per member: one for eadhconnection,
one for each engagement connection and then twoniediate nodes. Mechanical behaviour is assebsedgh: the
overall stiffness of the structure (measured thhotlhg average and maximal displacement of the bbadits and the



rotation of the fans), the intensity of reactiomsl anner stresses in the members (essentially &odieés and bending
moments).

Table 1: Displacements of single and double lageiprocal systems.

Vertical Symmetric loading Dissymmetric
displ. loading
[in mm] Average| Maximu| Average| Average
m
Double 7.5 115 3.0 6.0
layer
Single layer 12 30 5.5 29
Fan Symmetric loading Dissymmetric
rotation loading
[in deg] Average| Maximu| Average| Maximu
m m
Double ~0.0 ~0.1 ~0.0 0.1
layer
Single layer 0.2 0.5 ~ 0.0 0.5

Table 1 shows the displacements under the two oadilt is first noticed that under both loadings tlisplacements
are low and would satisfy typical slope criteriam foofing structures: 1/260of the span is here equal to 35 mm. It is
also observed that, under dissymmetric loading,mia&imum displacements are of the same magnituaie timder
symmetric loading which denote very sane mechaiiedviour. Comparing both structures, it is reredrkhat the
displacements in the single layer structure arédrighan those of the double layer structure whisbesses that the
system has effectively a significant structuralghéi Moreover, it is remarked that fan rotation$igh are caused by
the presence of eccentric normal forces convergirtge fan) have very low magnitudes, especialithendouble layer
system. This difference between both systems shueilcklated to the fact that the single layer stimecworks mainly
as a membrane structure with forces that flow withie surface, whereas the double layer structomxswrather as a
thick plate where forces flow within the thicknexfsthe plate. That being said, the order of magi@taf the rotations
in the single layer dome are comparable to thosemkd in the dome of [1] (taking into account thet that here the
Young modulus is twice higher, one finds 1.2 dedrefl] and 0.5 here) which confirms that the iefhice of the fan
rotations on the general behaviour can be considese second order effect.

Table 2: Forces in single and double layer recigregstems.

Nimin Nimax M max Omin Omax

[kN] | [kN] | [kN. | [MPa | [MPa
m] ] ]

Symmetric loading

Double -6.0 4.3 0.57| -188 189
layer

Single layer| -7.2 2.2 0.71 -24% 228
Dissymmetric loading

Double -9.5 9.0 0.59| -194 199
layer

Single layer| -8.3 2.6 0.82 =277 269

Table 2 shows then extreme values of the effortih structures. As expected, it is observedtti@horizontal thrust
relatively to the vertical reaction is higher inetldome structure and that the inclination of th&ltoeaction is



approximately that the last member. This confirirat the single layer system carries load mainhhiwiits surface,
that its behaviour is dominated by membrane actidiese membrane actions correspond to normal farcehe
members of the reciprocal systems and, as thesesf@re not converging toward the same points, ¢thegte high
bending stresses. Their values however remains thaththe construction of the structure seems iémdly using a
steel grade of S355 or by slightly increasing tietia of the members.

The distributions of the normal forces under syninetnd dissymmetric loading can be seen respégtindigure 13a

and 13b (in which the left half of the structurethe loaded one). In both loading cases, the madmibf forces are
comparable. Under symmetric loading, all membeesimrcompression except a kind of tension ring Wwhogertakes
hoop forces above supports as would be the case spherical shell. Under dissymmetric loading, cagagion

dominates the loaded half of the structure whifecee complex distribution of tension and comprasssoobserved in
the other half.

Concerning the bending moments, their distributians shown in figure 14a and 14b. In both loadiages, it is
remarked that they develop mainly in the loadedsusnd that their magnitude decreases as the mewdetoser to
the support. However, it is noticed that, despiteveer total load under dissymmetric loading, thghlest value of the
bending moment is 15% higher than under symmetedihg. Once again, this is a phenomenon that easbberved
in continuous spherical shell in which dissymmelmiadings often generate higher stress than syrates.

The general behaviour of the double layer systequite different as it is globally dominated byhick shell behaviour
and bending effects. The loads which act perpetatido the surface are resisted through compressidhe upper
layer (which consists in a triangular grid) andsien in the lower layer with some compression asoitsists in an
hexagonal grid. This is illustrated in figure 15exb hot colours correspond to compression. Moredabte 2 shows
that compression forces are approximately of theesanagnitude in the double layer structure as énsihgle layer
dome but that tension forces are higher. This lsted to the fact that, this time, tension forcesnot correspond to
hoop action but to shear forces within the sheliclare logically higher at the supports. An anoiliestration of the
fact that the reciprocal system works effectivakela double layer thick shell can be found whemparing the
magnitude of forces and bending moments under syriomend dissymmetric loading. They are almost &gt

double layer system resists in the same way to lbaitings which typical from structures that cdogds by bending.

5. CONCLUSIONS

Different configurations of double layers reciprbsgstems where investigated in this paper. That fionfiguration

showed the potential of using spatial members ¢aterreciprocal configurations with structural kimess. The second
configuration then illustrated how planar doublgelareciprocal systems can be obtained by transftiom of standard
spatial grids. The results of analytical developteem a two ways square grid have been presentdever the too

restrictive hypotheses made for the analyticaluatons of the geometry leaded to engagement hetigit are quite
small compared to the diameter of the membersaontiake the construction difficult. Further devetgmt with more

design parameters are thus currently under progress

In the last chapter, two spatial configurationgediprocal systems have been investigated. Thedire is a double
layer dome based on the superposition of two trarggrids, the second one a single layer domedbase triangular
grid. A form-finding method for the definition ofegmetries compatible with reciprocal arrangemennefnbers has
been illustrated. Then a mechanical study of the stwuctures has been conducted. On the one hamdiouble layer
reciprocal structure works effectively like a sphstructure, like a thick plate in bending witlghibending stiffness
and low sensitivity to dissymmetric loading. On titeer hand, the single layer dome works like a #iell dominated
by membrane forces and is therefore more sensildessymmetric loading. However it was shown thathtstructures
are efficient and could satisfy standard desigredan for roofing structures.

Finally to illustrate the practical feasibility tie double layer reciprocal system, a prototypebdess built based on the
configuration of Figure 11. The structure is shawfigure 17, it has a span of almost 3 m. The mbdg was relatively
easy but the chosen members were to soft to reaflguct mechanical tests on this prototype.
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Fig. 13: Normal forces in the single layer domeeamal) symmetric b) dissymmetric loading
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Fig. 14: Bending moments in the single layer doméen a) symmetric b) dissymmetric loading



Fig. 15: Normal forces in

Fig. 16: Bending moments in the double layer stmgcta) symmetric b)dissymmetric loading
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Figure 17: Overview and details of the prototypelofible layer reciprocal system
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