
HAL Id: hal-00938370
https://hal.science/hal-00938370

Submitted on 15 Jan 2019

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Contact analyses for anisotropic half-space coated with
an anisotropic layer: effect of the anisotropy on the

pressure distribution and contact area
Caroline Bagault, Daniel Nelias, Marie-Christine Baietto, Timothy C Ovaert

To cite this version:
Caroline Bagault, Daniel Nelias, Marie-Christine Baietto, Timothy C Ovaert. Contact analyses for
anisotropic half-space coated with an anisotropic layer: effect of the anisotropy on the pressure dis-
tribution and contact area. International Journal of Solids and Structures, 2013, 50 (5), pp.743-754.
�10.1016/j.ijsolstr.2012.11.002�. �hal-00938370�

https://hal.science/hal-00938370
https://hal.archives-ouvertes.fr


International Journal of Solids and Structures 50 (2013) 743–754
Contents lists available at SciVerse ScienceDirect

International Journal of Solids and Structures

journal homepage: www.elsevier .com/locate / i jsols t r
Contact analyses for anisotropic half-space coated with an anisotropic layer:
Effect of the anisotropy on the pressure distribution and contact area

C. Bagault a, D. Nélias a,⇑, M.C. Baietto a, T.C. Ovaert b

a Université de Lyon, CNRS INSA-Lyon, LaMCoS UMR5259, F69621, France
b Department of Aerospace and Mechanical Engineering, University of Notre Dame, Notre Dame, IN 46556, United States

a r t i c l e i n f o
Article history:
Received 24 July 2012
Received in revised form 29 October 2012
Available online 27 November 2012

Keywords:
Contact
Anisotropic
Coating
Analytical solutions
Green function
Half space
Three-dimensional elasticity solution
0020-7683/$ - see front matter � 2012 Elsevier Ltd. A
http://dx.doi.org/10.1016/j.ijsolstr.2012.11.002

⇑ Corresponding author. Tel.: +33 4 72 43 84 90; fa
E-mail address: daniel.nelias@insa-lyon.fr (D. Néli
a b s t r a c t

A contact model using semi analytical methods, relying on elementary analytical solutions, has been
developed. It is based on numerical techniques adapted to contact mechanics, with strong potential for
inelastic, inhomogeneous or anisotropic materials. Recent developments aim to quantify displacements
and stresses of a layered anisotropic elastic half space which is in contact with a rigid sphere. The
influence of material properties and layer thickness on the contact problem solution will be more
specifically analyzed.

� 2012 Elsevier Ltd. All rights reserved.
1. Introduction (1997) developed an explicit expression of the Green’s functions
Engineering problems are becoming more complicated when
trying to reduce the gap between the model and the actual appli-
cation. It means that less restrictive assumptions should be made,
or in other words more physics should be implemented in the
model. Among the challenges to succeed in it, the material proper-
ties should be considered accurately. Supposing the material is
isotropic is not enough. For most composite and mono-crystal
materials their compositions or the elaboration and manufacturing
processes imply that it exists one or two main directions or even a
general anisotropy. Moreover, coatings are often used to prevent or
control wear. Coatings do not have, generally, the same properties
than the substrate and may have various thicknesses. The influence
of the anisotropy orientations (in the coating and in the substrate)
has to be taken into account to better predict the distribution of the
contact pressure and the subsurface stress-field in order to
optimize the service life of industrial components.

The Green’s functions of a point force applied in an isotropic
infinite space was first solved by Kelvin (1848). Boussinesq
(1885) derived surface Green’s functions for a force normal to
the free surface, in isotropic solids. Then, Mindlin (1936), by adding
a complementary part of the solution, reduced the Kelvin’s infinite
space functions to the half space Green’s functions. Ting and Lee
ll rights reserved.
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as).
in terms of the Stroh eigenvalues (Stroh, 1958; Stroh, 1962), for
an anisotropic infinite space. Also using the Stroh formalism, Ting
(1996) obtained the anisotropic Green’s functions of a point force
in a half space in the Fourier transformed domain. With inverse
fast Fourier transforms, solutions can be finally obtained in the
physical domain. The three dimensional Green’s functions of point
forces were studied in anisotropic bimaterials (Pan and Yuan,
2000), in anisotropic trimaterials (Yang and Pan, 2002) and also
at the interface of an anisotropic bimaterial (Pan and Yang,
2003). Ciavarella et al. (2001) presented a method for solving 3D
contact problem for anisotropic materials by using the standard
Hertzian solution. Li and Wang (2006) worked also with the Hertzian
solution in order to analyze the contact problem for two aniso-
tropic piezoelectric bodies pressed together. Borodich (2000)
solved some contact problems of anisotropic elastodynamics by
applying his method of integral characteristics of solutions to
boundary-initial value problems. Swanson (2004) used the proce-
dure outlined by Willis (1966), a numerical contour integration
to determine the contact area and the pressure distribution, com-
bined with the Pagano solution (Pagano, 1970) to obtain detailed
stress fields. Gao and Pharr (2007) were interested by the effective
moduli of elastically anisotropic solids under normal and tangen-
tial contacts. In their books, Rand and Rovenskii (2005) focused
on the procedure of obtaining analytical solutions in anisotropic
elasticity and Galin (2008) dealt with contact problems and got
onto contact problems for an anisotropic half plane. Lin and Ovaert
(2004) studied the rough surface contact for anisotropic materials
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in 2D. Then He and Ovaert (2008) developed a 3D contact model
between a rough rigid sphere and a semi-infinite anisotropic elas-
tic body, by applying the line integral of Barnett–Lothe tensors
(Barnett and Lothe, 1975) on oblique planes. Another method,
the Boundary Element Method, is used by Blázquez et al. (2006)
for generalized plane problems and by Rodriguez-Tembleque
et al. (2011) in 3D to study contact problems in anisotropic solids.

The contact in the layered materials is also an important and
interesting subject. Meijers (1968) dealed with the contact prob-
lem of a rigid cylinder on an elastic layer. King (1987), King and
O’Sullivan (1987), and O’Sullivan and King (1988) looked into the
sliding contact on a layered elastic half space. Plumet and
Dubourg (1998) investigated the sliding contact between 3D
deformable body and multilayered elastic half space. Aizikovich
et al. (2002) worked on analytical solutions for a non homoge-
neous half space. More recently, the anisotropic elastic layer was
the subject of many articles. The rigid indenter contact was stud-
ied by Batra and Jiang (2008a) with an anisotropic linear elastic
layer bonded to a rigid substrate and by Kulchytsky-Zhyhailo
and Rogowski (2010) with a layered elastic half space. Kahya
et al. (2007) worked on the plane receding contact problem, Batra
and Jiang (2008b) studied an analytical solution and Argatov
(2011) focused on the depth-sensing indentation. Brock and
Georgiadis (2007) presented a class of multiple-zone sliding con-
tact problems, including frictional and thermal effects on an aniso-
tropic half space. Clements and Ang (2009) solved some contact
problems for inhomogeneous anisotropic elastic materials and
presented contact solution between 3D deformable bodies loaded
normally and tangentially against graded layers bonded to hetero-
geneous substrates.

In a previous study, Bagault et al. (2012) analyzed the effect of
anisotropy on the pressure distribution and contact area, when an
anisotropic half space is in contact with a rigid sphere. They re-
duced the formulation given by Pan and Yuan (2000) for an aniso-
tropic bimaterial to the case of an anisotropic half space. A
parametric study showed that the stiffness along the normal to
the contact has a strong influence on the contact solution in terms
of pressure distribution and contact size, whereas a change of the
Young’s modulus along a direction parallel to the surface does
not significantly affect the contact pressure distribution but the
contact area is no more circular. The performance of the method
is highlighted by analyzing the effect of the orientation of the
material main direction compared to the surface normal.

In this paper, starting from three dimensional Green’s functions
(Yang and Pan, 2002) in anisotropic trimaterials, these functions
are derived for layered anisotropic half space, as a sum of infinite
space Green’s functions and a complementary part, similarly to
the Mindlin’s superposition method. The Green’s functions for
anisotropic infinite space have an explicit expression, given by Ting
and Lee (1997), whereas the complementary part needs to be inte-
grated numerically.

Several methods can be used for contact simulation of anisotropic
materials. Semi analytical methods have proven their efficiency in con-
tact mechanics and are developed here to account for anisotropy of
materials. The main advantage is here the small computing time com-
pared to the finite element (FE) method that is however widely used for
many contact problems. The contact model between an anisotropic
substrate with an anisotropic coating and a rigid sphere will be first
presented. Then, the influence of some parameters, as the material
properties or the thickness of the layer, on the contact pressure dis-
tribution and the contact area shape will be studied.

2. Solution of the contact problem

The semi analytical method (SAM) consists in the summation of
elementary solutions known analytically. One of the difficulties is
the derivation or the identification of these elementary analytical
solutions, such as the well known Boussinesq and Cerruti solu-
tions in isotropic elasticity. The framework of the three dimen-
sional problem is simplified here by assuming the contact
between one layered anisotropic elastic half space and a rigid
body. The contact area is small in comparison to the dimensions
of bodies justifying the assumption of half spaces. Each point of
the surface is assigned a value of the pressure corresponding to
the total load divided by the surface area. Analytical solutions
giving the contributions of normal and tangential loading as-
sumed uniform over a single rectangular element will be used.
By summation the elastic deflection at each point within and near
the contact area will be derived.

The elastic displacements are expressed by a double discrete
convolution product between influence coefficients and the pres-
sure or shear at the contact surface. The normal problem and the
tangential problem in partial slip are therefore solved. The solution
is performed by minimizing the complementary energy, so the
contact pressure is constrained to be positive everywhere and
there is no interpenetration. An algorithm is developed based on
the conjugated gradient method (CGM). To accelerate the calcula-
tion, the fast Fourier transforms (FFT) are used to perform the dou-
ble convolution product between the pressure and the influence
coefficient matrix, at each iteration of the CGM.

Once the contact problem solved, the strains in the coating and
in the substrate are calculated.

The semi analytical contact solver is based on the pioneering
work of Jacq et al. (2002) for elastic–plastic contacts. The solver
has since been developed and improved in several ways. Boucly
et al. (2005) and Chen and Wang, 2008 introduced thermal aspects.
Fulleringer and Nélias (2010) focused on the influence of a cuboid
of uniform plastic strain in a half space, on the normal and tangen-
tial displacements of surface points, and derived the corresponding
Green’s functions in an analytical form. Then Leroux et al. (2010)
and Zhou et al. (2011) studied the effects of the presence of inho-
mogeneous inclusions within a half-space, both on the contact
pressure distribution and the subsurface stress field. Discrete con-
volution (DC) and 3D FFT have been since then widely used in the
contact solvers. Leroux and Nélias (2011) worked also on the
stick–slip problem for a sphere in contact with a flat half-space
containing unidirectional cylindrical fibers. Gallego et al. (2010b)
proposed an algorithm based on the conjugate gradient method
(CGM) to account for the coupling between normal and tangential
effects, which is required for frictional contact problems between
elastically dissimilar materials. The same group of researchers also
improved the contact algorithm in several ways so that it becomes
affordable to simulate wear for 3D contact problems, cycle after cy-
cle (Nélias et al., 2006; Gallego et al., 2006; Gallego and Nélias,
2007). Note that SAM could be also linked with the FE method
and used as a zoom on the contact to account for the effect of
roughness or simulate wear (Gallego et al., 2010a). More recently
Chaise and Nélias (2011) improved the numerical model to ac-
count for kinematic and isotropic hardening and analyzed the
problem of a rolling load versus indentation. They also proposed
a method to predict the coefficient of restitution when an elastic
or rigid sphere is impacting an elastic–plastic half-space (Chaise
et al., 2011).

3. Influence coefficients for anisotropic layered half space

In the absence of body forces, the equations of equilibrium in
terms of displacements uk are written as Cijkluk;lj ¼ 0. Three matri-
ces 3� 3 are defined with the elastic stiffness tensor Cijkl and the
vectors n and m, which form a right handed triad with the position
vector x ¼ ðx1; x2; x3ÞT . Q ;R and T are the double projections of the
elastic stiffness tensor.
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Q ik ¼ Cijksnjns; Rik ¼ Cijksnjms; Tik ¼ Cijksmjms: ð1Þ

½Q þ piðRþ RTÞ þ p2
i T�ai ¼ 0: ð2Þ

The superscript T denotes transpose of a vector or matrix. Six
pairs of eigenvalues pi and eigenvectors ai are obtained by solving
Eq. (2). Only three pairs of them are independent (A ¼ ða1; a2; a3Þ
and pi with ImðpiÞ > 0 and i ¼ 1;2;3), the three others are their
complex conjugates (A and pi). Matrices B ¼ ðb1; b2; b3Þ and
C ¼ ðc1; c2; c3Þ are related to the matrix A by

bi ¼ �
1
pi
ðQ þ piRÞai; ð3Þ

with the normalization relation bT
i aj þ aT

i bj ¼ dij, and

ci ¼ Diai; with
Dkji ¼ C1kjana þ piC1kj3 for k ¼ 1;2;
D3ji ¼ C22jana þ piC22j3:

ð4Þ

dij is the Kronecker delta. The matrix C is different from the fourth-
rank elastic stiffness tensor Cijkl, which is always written in its com-
ponent form in the text. The two matrices M and N are defined by
the following expressions.

M ¼ BA�1
; N ¼ CA�1

: ð5Þ

The fundamental solution, also called Green’s functions, are de-
noted by u�jiðxÞ for the displacement and r�jkiðxÞ for the stress. The
concentrated force f, a vector, is applied at the origin of the reference
frame, which is located on the surface of the anisotropic coating
(x3 P 0). The direction of the force is indicated by the last subscript
i. Solutions at field point x due to a point force can be written as

ujðxÞ ¼ u�jiðxÞfi; rjkðxÞ ¼ r�jkiðxÞfi: ð6Þ

While u is a vector and r a tensor of second rank, u� is a tensor of
the second rank and r� is a tensor of the third rank.

The boundary conditions, at the interface x3 ¼ ZC , require that
the displacement and the traction vector, t ¼ rð0;0;1ÞT , are contin-
uous. Therefore the six stress components are divided in two parts:
t� the traction (out-of-plane stress) vector and s� the in-plane
stress vector. The fundamental stress solutions can be expressed
with the derivatives of displacement, taken with respect to the
field point x, as

t� � ðr�13i;r
�
23i;r

�
33iÞ ¼ ðC13klu�ki;l;C23klu�ki;l;C33klu�ki;lÞ;

s� � ðr�11i;r
�
12i;r

�
22iÞ ¼ ðC11klu�ki;l;C12klu�ki;l;C22klu�ki;lÞ:

ð7Þ

The Green’s functions in Fourier transformed domain (denoted
by the tilde) can be written in the following series forms,

~u�mðx1; x2; x3Þ ¼ ~u�ð1Þm ðx1; x2; x3Þ þ
X1
n¼1

~u�ðnÞm ðx1; x2; x3Þ;

~t�mðx1; x2; x3Þ ¼ ~t�ð1Þm ðx1; x2; x3Þ þ
X1
n¼1

~t�ðnÞm ðx1; x2; x3Þ;

~s�mðx1; x2; x3Þ ¼ ~s�ð1Þm ðx1; x2; x3Þ þ
X1
n¼1

~s�ðnÞm ðx1; x2; x3Þ:

ð8Þ

The subscript m defined the material in which the studied point is, 0
for the coating or 2 for the substrate. The infinite part of the displace-
ment and the stress need to be carry out only for the coating, where
the concentrated force is applied. In the substrate, this part is equal to
zero, as no force is applied. u�ð1Þ0 , t�ð1Þ0 , s�ð1Þ0 are obtained by Ting and
Lee (1997) and the complementary parts by Yang and Pan (2002).

The displacement in the coating, when 0 < x3 < ZC , is decom-
posed in two parts.
~u�ðNÞ0 ðx3Þ ¼ ~u�ðNÞ01 ðx3Þ þ ~u�ðNÞ02 ðx3Þ with

~u�ðNÞ01 ðx3Þ ¼ A0he�ip0gx3 iA�1
0 ~u�ðNÞ01 ð0Þ and

~u�ðNÞ02 ðx3Þ ¼ A0he�ip0gðx3�ZC ÞiA�1
0 ~u�ðNÞ02 ðZCÞ:

ð9Þ

According to the value of the order N, first order N ¼ 1 or supe-
rior order N ¼ 2;3; . . . ;1, the displacements in x3 ¼ 0 and x3 ¼ ZC

have different expressions.

~u�ð1Þ01 ð0Þ ¼ �M�1
0 M0~u�ð1Þ0 ð0Þ;

~u�ðNÞ01 ð0Þ ¼ �M�1
0 M0~u�ðN�1Þ

02 ð0Þ:
ð10Þ

~u�ð1Þ02 ðZCÞ ¼ ðM2 �M0Þ�1ðM0 �M2Þ~u�ð1Þ0 ðZCÞ;
~u�ðNÞ02 ðZCÞ ¼ ðM2 �M0Þ�1ðM0 �M2Þ~u�ðN�1Þ

01 ðZCÞ:
ð11Þ

The infinite part of displacement for x3 ¼ 0 and x3 ¼ ZC can be
written explicitly as

~u�ð1Þ0 ð0Þ ¼ A0he�ip0g0iA�1
0 ðM0 �M0Þ�1

;

~u�ð1Þ0 ðZCÞ ¼ A0he�ip0gZC iA�1
0 ðM0 �M0Þ�1

:
ð12Þ

The stresses are also expressed in two parts and derived ex-
pressly from the displacement.

~t�ðNÞ0 ðx3Þ ¼ ~t�ðNÞ01 ðx3Þ þ ~t�ðNÞ02 ðx3Þ ¼ �igM0~u�ðNÞ01 ðx3Þ � igM0~u�ðNÞ02 ðx3Þ;
~s�ðNÞ0 ðx3Þ ¼ ~s�ðNÞ01 ðx3Þ þ ~s�ðNÞ02 ðx3Þ ¼ �igN0~u�ðNÞ01 ðx3Þ � igN0~u�ðNÞ02 ðx3Þ:

ð13Þ

When x3 > ZC , the studied point is in the substrate. The
displacement can be expressed as

~u�ðNÞ2 ðx3Þ ¼ A2he�ip2gðx3�ZC ÞiA�1
2 ~u�ðNÞ2 ðZCÞ; ð14Þ

with, depending on the order N

~u�ð1Þ2 ðZCÞ ¼ ðM2 �M0Þ�1ðM0 �M0Þ~u�ð1Þ0 ðZCÞ;
~u�ðNÞ2 ðZCÞ ¼ ðM2 �M0Þ�1ðM0 �M0Þ~u�ðN�1Þ

01 ðZCÞ:
ð15Þ

The formulation for the stress is

~t�ðNÞ2 ðx3Þ ¼ �igM2~u�ðNÞ2 ðx3Þ;
~s�ðNÞ2 ðx3Þ ¼ �igN2~u�ðNÞ2 ðx3Þ:

ð16Þ

The transformed displacement, traction and in-plane stress
tensors can be written as a sum of terms with each term having
the following form

~u� ¼ ~u�ð1Þ þ
X

N

ig�1JNþ1he�irNgiJN � � � he�irngiJn � � � he�ir0giJ0;

~t� ¼ ~t�ð1Þ þ
X

N

JNþ1he�irNgiJN � � � he�irngiJn � � � he�ir0giJ0;

~s� ¼ ~s�ð1Þ þ
X

N

JNþ1he�irNgiJN � � � he�irngiJn � � � he�ir0giJ0:

ð17Þ

~u�;~t� and ~s� do not share necessarily the same vectors rn and tensors
Jn, see Tables 1–3.

By inserting expressions in Eq. (17) into the inverse-transform
operator, the displacement u�, the stresses t� and s� are obtained.
The in-plane stress s� has a similar expression than the traction
stress t�.

u� ¼ u�ð1Þ þ
X

N

1

ð2pÞ2
Z 1

0

Z 2p

0
g~u�ðNÞeiyaðXa�xaÞdgdh

¼ u�ð1Þ þ
X

N

1

ð2pÞ2
Z 1

0

Z 2p

0
iJNþ1he�irNgiJN � � � he�irngiJn � � �

he�ir0giJ0eiyaðXa�xaÞdgdh ð18Þ

and



Table 2
Coefficients for ~u�02.

N ¼ 1 Jð1Þ2 ¼ A0 rð1Þ1 ¼ p0ðx3 � ZCÞ
Jð1Þ1 ¼ A�1

0 ðM2 �M0Þ�1ðM0 �M2ÞA0 rð1Þ0 ¼ p0ZC

Jð1Þ0 ¼ A�1
0 ðM0 �M0Þ�1

N ¼ 2 Jð2Þ3 ¼ A0 rð2Þ2 ¼ p0ðx3 � ZCÞ
Jð2Þ2 ¼ A�1

0 ðM2 �M0Þ�1ðM0 �M2ÞA0 rð2Þ1 ¼ p0ZC

Jð2Þ1 ¼ A�1
0 ð�M�1

0 M0ÞA0 rð2Þ0 ¼ 0

Jð2Þ0 ¼ A�1
0 ðM0 �M0Þ�1

N ¼ 3 Jð3Þ4 ¼ A0 rð3Þ3 ¼ p0ðx3 � ZCÞ
Jð3Þ3 ¼ A�1

0 ðM2 �M0Þ�1ðM0 �M2ÞA0 rð3Þ2 ¼ p0ZC

Jð3Þ2 ¼ A�1
0 ð�M�1

0 M0ÞA0 rð3Þ1 ¼ �p0ZC

Jð3Þ1 ¼ A�1
0 ðM2 �M0Þ�1ðM0 �M2ÞA0 rð3Þ0 ¼ p0ZC

Jð3Þ0 ¼ A�1
0 ðM0 �M0Þ�1

Table 3
Coefficients for ~u�2.

N ¼ 1 Jð1Þ2 ¼ A2 rð1Þ1 ¼ p2ðx3 � ZCÞ
Jð1Þ1 ¼ A�1

2 ðM2 �M0Þ�1ðM0 �M0ÞA0 rð1Þ0 ¼ p0ZC

Jð1Þ0 ¼ A�1
0 ðM0 �M0Þ�1

N ¼ 2 Jð2Þ3 ¼ A2 rð2Þ2 ¼ p2ðx3 � ZCÞ
Jð2Þ2 ¼ A�1

2 ðM2 �M0Þ�1ðM0 �M0ÞA0 rð2Þ1 ¼ p0ZC

Jð2Þ1 ¼ A�1
0 ð�M�1

0 M0ÞA0 rð2Þ0 ¼ 0

Jð2Þ0 ¼ A�1
0 ðM0 �M0Þ�1

N ¼ 3 Jð3Þ4 ¼ A2 rð3Þ3 ¼ p2ðx3 � ZCÞ
Jð3Þ3 ¼ A�1

2 ðM2 �M0Þ�1ðM0 �M0ÞA0 rð3Þ2 ¼ p0ZC

Jð3Þ2 ¼ A�1
0 ð�M�1

0 M0ÞA0 rð3Þ1 ¼ �p0ZC

Jð3Þ1 ¼ A�1
0 ðM2 �M0Þ�1ðM0 �M2ÞA0 rð3Þ0 ¼ p0ZC

Jð3Þ0 ¼ A�1
0 ðM0 �M0Þ�1

Table 4
Coefficients GðNÞji and sðNÞ .

N ¼ 1 Gð1Þji ¼ ðJjk2
Þð1Þ2 ðJk2 k1

Þð1Þ1 ðJk1 iÞ
ð1Þ
0

sð1Þ ¼ ðrk2
Þð1Þ1 þ ðrk1

Þð1Þ0 þ x1 cos hþ x2 sin h

N ¼ 2 Gð2Þji ¼ ðJjk3
Þð2Þ3 ðJk3 k2

Þð2Þ2 ðJk2k1
Þð2Þ1 ðJk1 iÞ

ð2Þ
0

sð2Þ ¼ ðrk3
Þð2Þ2 þ ðrk2

Þð2Þ1 þ ðrk1
Þð2Þ0 þ x1 cos hþ x2 sin h

N ¼ 3 Gð3Þji ¼ ðJjk4
Þð3Þ4 ðJk4 k3

Þð3Þ3 ðJk3k2
Þð3Þ2 ðJk2 k1

Þð3Þ1 ðJk1 iÞ
ð3Þ
0

sð3Þ ¼ ðrk4
Þð3Þ3 þ ðrk3

Þð3Þ2 þ ðrk2
Þð3Þ1 þ ðrk1

Þð3Þ0 þ x1 cos hþ x2 sin h

Table 1
Coefficients for ~u�01.

N ¼ 1 Jð1Þ2 ¼ A0 rð1Þ1 ¼ p0x3

Jð1Þ1 ¼ A�1
0 ð�M�1

0 M0ÞA0 rð1Þ0 ¼ 0

Jð1Þ0 ¼ A�1
0 ðM0 �M0Þ�1

N ¼ 2 Jð2Þ3 ¼ A0 rð2Þ2 ¼ p0x3

Jð2Þ2 ¼ A�1
0 ð�M�1

0 M0ÞA0 rð2Þ1 ¼ �p0ZC

Jð2Þ1 ¼ A�1
0 ðM2 �M0Þ�1ðM0 �M2ÞA0 rð2Þ0 ¼ p0ZC

Jð2Þ0 ¼ A�1
0 ðM0 �M0Þ�1

N ¼ 3 Jð3Þ4 ¼ A0 rð3Þ3 ¼ p0x3

Jð3Þ3 ¼ A�1
0 ð�M�1

0 M0ÞA0 rð3Þ2 ¼ �p0ZC

Jð3Þ2 ¼ A�1
0 ðM2 �M0Þ�1ðM0 �M2ÞA0 rð3Þ1 ¼ p0ZC

Jð3Þ1 ¼ A�1
0 ð�M�1

0 M0ÞA0 rð3Þ0 ¼ 0

Jð3Þ0 ¼ A�1
0 ðM0 �M0Þ�1
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t� ¼ t�ð1Þ þ
X

N

1

ð2pÞ2
Z 1

0

Z 2p

0
g~t�ðNÞeiyaðXa�xaÞdgdh

¼ t�ð1Þ þ
X

N

1

ð2pÞ2
Z 1

0

Z 2p

0
gJNþ1he�irNgiJN � � � he�irngiJn � � �

he�ir0giJ0eiyaðXa�xaÞdgdh: ð19Þ
Jn and rn are functions of h but independent of g. As shown in Eq.
(17), the transformed displacement and stress are written as the
multiplication of a series of exponential functions of g and a factor
of g. The double integrals are reducible to a 1D integral by carrying
out the integral in g. The reduced integrals are given by

u�ji ¼ u�ð1Þji þ
X

N

1

ð2pÞ2
Z 2p

0
GðNÞji

1
sðNÞ
þ idðsðNÞÞ

� �
dh; ð20Þ

t�ji ¼ t�ð1Þji þ
X

N

1

ð2pÞ2
Z 2p

0
GðNÞji � 1

sðNÞ2
þ id0ðsðNÞÞ

� �
dh; ð21Þ

where dðkÞ is the Dirac delta, and the prime indicates the first deriv-
ative with respect to h, with

GðNÞji ¼ ðJjkNþ1
ÞNþ1ðJkNþ1kN

ÞN � � � ðJknþ1kn
Þn � � � ðJk1 iÞ0;

sðNÞ ¼ ðrkNþ1
ÞN þ � � � ðrknþ1

Þn þ � � � ðrk1
Þ0 þ x1 cos hþ x2 sin h:

ð22Þ

Here, for the contact between a rigid sphere and an anisotropic
substrate with a coating, the order N will be limited to N ¼ 3,
which gives a good approximation (Table 4). Yang and Pan
(2002) studied the error for different orders and for this case, the
order N ¼ 4 does not provide any further significant contribution.
This was also numerically verified using the present model. The
calculation details are addressed in Appendix A.
4. Application to a layered anisotropic sphere on flat contact

4.1. Validation for an isotropic substrate with an isotropic coating

The first validation is a comparison between the results ob-
tained using the layered anisotropic model when dealing with a
layered isotropic half space submitted to an Hertzian loading and
the results by O’Sullivan and King (1988). Assuming a rigid inden-
ter, with a spherical tip of radius Rindenter , in contact with an isotro-
pic half space, the Hertz pressure PHertz and the Hertz contact radius
aHertz can be written as

PHertz ¼
3P

2pa2
Hertz

; ð23Þ

aHertz ¼
3PRindenterð1� m2

solidÞ
4Esolid

� �ð1=3Þ

: ð24Þ

ES, EC and mS, mC are the Young’s modulus and the Poisson’s ratio
of the isotropic substrate and the isotropic coating, respectively. P
represents the load. As in O’Sullivan and King (1988), the indenter
radius, Rindenter , was taken to be 10 times the coating thickness.
Materials are assumed cubic, almost isotropic, because isotropic
materials lead to double roots which create singularities. The
Coulomb’s modulus is equal to the isotropic Coulomb’s modulus
more or less 1%.
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The gap between the O’Sullivan solutions and the numerical
solutions for the pressure are inferior to 4%, except for the case
EC ¼ 0:25ES where the difference reaches 6%, see Fig. 1. It can be
concluded that the (anisotropic) numerical solution tends towards
the (isotropic) analytical solution for isotropic properties, as
expected.
Table 5
Number and type of elements in the FE model.

Area Type Quantity

Sphere C3D10 22276
X1 C3D20 54000
X2 C3D4 49656
X3 C3D8R 22942
X4 CIN3D8 3448

Fig. 2. Finite element model with a detailed view of the contact area.
4.2. Validation for an anisotropic half space

A finite element model has been developed with the commer-
cial FE package Abaqus (version 6.9), in order to validate the aniso-
tropic semi analytical method; a ball on plane contact is
considered.

An isotropic sphere, with Young’s modulus 106 times larger
than the half space Young’s modulus and identical Poisson’s ratio,
is in contact with a semi infinite half space. The mesh is shown in
Fig. 2 and described in Table 5. It includes semi infinite elements
CIN3D8 on the edges of the body to mimic nil displacements like
those obtained within the half space assumption, and quadratic
elements with 20 nodes and 27 integration points (C3D20) in the
contact area. In order to respect the Hertz conditions, the sphere
radius is 30 times larger than the contact radius. To optimize the
computation time, properties of symmetry along the direction 1
are used. Nil displacements are imposed at the bottom of the body.

The first step consists in validating the FE mesh through a com-
parison of the contact solution obtained for an hertzian loading.
The error for the pressure distribution (i.e. on the maximum pres-
sure and the contact radius) is smaller than 0.4%.

Then, an anisotropic case is studied. The half space is considered
orthotropic, with the same Poisson’s ratio and the same Coulomb’s
modulus. The Young’s modulus along direction 3 (the depth) is
twice larger than the Young’s modulus in directions 1 and 2. In
the numerical solution, the coating and the substrate are composed
with the same material. The FE and SAM pressure distributions are
plotted in Fig. 3. The error for the maximum value of the pressure
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Fig. 1. Pressure profile for
is lower than 0.2%. A very good agreement is obtained for this case
between SAM and FE results.

4.3. Parametric studies

An elastic anisotropic half space with an anisotropic coating is
in contact with a rigid indenter, with a spherical tip. The influence
.8 1.2 1.6
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layered isotropic case.
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Fig. 3. Dimensionless pressure profile for orthotropic material.

Fig. 4. Coordinate systems.
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of the material’s properties are studied here. The contact parame-
ters, i.e. the contact area and the pressure distribution, will be
more specifically investigated. The depth corresponds to direction
3, which means that the surface is defined by directions 1 and 2.
But the material main directions can be different from that of the
contact by the angle hm (see Fig. 4). ðx; y; zÞ corresponds to the
contact reference axes and ð1;2;3Þ to the material main direction
system. The subscript C represents the coating and S the substrate.

In the first part, materials for the coating are orthotropic and the
substrate is cubic, with the same Poisson’s ratio and the same
Coulomb’s modulus. The Coulomb’s modulus is slightly modified
relative to an isotropic material, in order to avoid singularities. In
the second part, roles are reversed, the coating is cubic, almost iso-
tropic, and materials which defined the substrate are orthotropic.
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Anisotropic materials are defined by the elastic stiffness tensor
Cijkl, which satisfies the full symmetry Cijkl ¼ Cjikl ¼ Cklij. The materi-
als used here are isotropic, cubic (with G ¼ Gisotropic � 1%) or ortho-
tropic. Depending on these families of materials, two, three or nine
parameters are necessary for defining completely the elastic tensor.

4.3.1. An anisotropic coating on an isotropic substrate
The influence of EC1 and EC3 on the contact pressure distribution

is analyzed for EC1=ES and EC3=ES ratios ranging from 0.25 to 6 (or
8). Results are plotted in Figs. 5–7. The coating thickness is equal
to the half of the Hertz radius, ZC ¼ 0:5aHertz. It is observed that a
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Fig. 7. Influence of EC3 on the contact press
change of the coating Young’s modulus along a direction parallel
to the surface (EC1 here) has a limited influence (Fig. 5) on the max-
imum contact pressure with an increase by 2% when EC1 is doubled
(and by 6.8% when EC1 is multiplied by 6), but has a more
pronounced effect on the shape of the contact area. From circular
it becomes elliptical (Fig. 6).

The effect of the Young’s modulus in the coating along the depth
(EC3) is more pronounced: increase of 14% of the maximum contact
pressure and decrease of the contact radius by 8% when the
Young’s modulus is increased by a factor 2 (Fig. 7).

The effect of the material’s orientation in the coating relative to
the contact can be observed in Fig. 8. The material main directions
are different from that of the contact. The maximum pressure is
plotted versus the angle, for different ratios between EC3 and ES.
When the orientation angle hm around the 1-axis increases up to
90�, the numerical solution converges progressively to the solution
where the Young’s modulus along the depth is equal to the one of
the substrate and the one in the surface is different. So the influ-
ence of small angles is important because of the effect of the
anisotropy along the depth, whereas when the angle increases,
the influence decreases since the effect of the Young’s modulus
along a direction parallel to the surface is moderate. Hence, the
method is valid whatever the orientation angle compared to the
surface.

Figs. 9 and 10 show the effect of the coating thickness on the
contact pressure distribution. In the first one (Fig. 9), the Young’s
Modulus of the coating in direction 3 is equal to EC3 ¼ 2ES. The case
ZC ¼ 0aHertz corresponds to a half space without coating (an isotro-
pic half space) and the case ZC ¼ 1aHertz to the half space composed
only with the coating (an orthotropic half space). When the thick-
ness of the coating increases, the influence of the coating becomes
predominant relative to the influence of the substrate as already
observed for isotropic layered bodies (Kulchytsky-Zhyhailo and
Rogowski, 2010). As EC3 > ES, the maximum contact pressure in-
creases with the coating thickness. In the second figure (Fig. 10),
the normalized maximum pressure versus the coating thickness
is plotted for different EC3=ES ratios, when the coating is orthotro-
pic (Fig. 10(a)), or different EC=ES ratios, when the coating is cubic
0 0.5 1 1.5 2

aHertz

the plane x=0

 EC3=0.25 ES
 EC3=0.50 ES
 EC3= ES
 EC3=2.0 ES
 EC3=4.0 ES
 EC3=8.0 ES

ure (isotropic substrate, ZC ¼ 0:5aHertz).



0 10 20 30 40 50 60 70 80 90
0.8

0.9

1

1.1

1.2

1.3

1.4

1.5

θm

P m
ax

/P
m

ax
 is

ot
ro

pi
c

 EC3=0.5 ES
 EC3=0.75 ES
 EC3= ES
 EC3=1.5 ES
 EC3=2.0 ES
 EC3=3.0 ES
 EC3=5.0 ES

Fig. 8. Influence of the material’s orientation on the maximum pressure (isotropic substrate, ZC ¼ 0:5aHertz).

−2 −1.5 −1 −0.5 0 0.5 1 1.5 2
0

0.5

1

1.5

y/aHertz

p/
p H

er
tz

p/pHertz in the plane x=0

 ZC=0. aHertz
 ZC=0.2 aHertz
 ZC=0.5 aHertz
 ZC=1. aHertz
 ZC=1.5 aHertz
 ZC= ∞ aHertz

Fig. 9. Influence of ZC on the contact pressure (isotropic substrate, EC3 ¼ 2ES).

750 C. Bagault et al. / International Journal of Solids and Structures 50 (2013) 743–754
almost isotropic (Fig. 10(b)). The maximum pressure increases
quickly for small values of ZC then from ZC ¼ aHertz the curve tends
slowly to an horizontal asymptote. When the coating is isotropic,
the asymptote corresponds to ðEC=ESÞ2=3. For the case of an ortho-
tropic coating, the asymptote is different but its determination will
require further investigations.

4.3.2. An isotropic coating on an anisotropic substrate
The influence of ES1 and ES3, the Young’s modulus of the sub-

strate, on the contact pressure distribution is investigated here
and results summarized in Figs. 11 and 12. The coating thickness
is equal to the half of the Hertz radius, ZC ¼ 0:5aHertz. It can be first
observed that the effect of ES1 is limited. When ES1 is doubled, the
maximum pressure increases by 0.7% only. If it is multiplied by 8,
the maximum pressure is raised by 3%. Conversely the effect of the
Young’s modulus of the substrate along the depth, ES3, is more pro-
nounced. The maximum pressure is 13% higher when ES3 is twice
than ES1 ¼ ES2. In addition the profile pressure is more rounded
when the coating is anisotropic, whereas it is rather domed for
the case of an isotropic coating.
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Fig. 13 shows the effect of the thickness of an isotropic coating
on an anisotropic substrate on the pressure distribution. The
Young’s modulus of the substrate along direction 3 is twice the
one of the coating, ES3 ¼ 2EC . When the thickness of the coating in-
creases, the layered half space tends to behave as an isotropic half
space. Since here EC < ES3, one may observe a decrease of the
maximum contact pressure with the coating thickness. It can be
also observed that from ZC > 2aHertz, the difference between the
maximum pressure of the isotropic half space and the layered half
space is less than 1%, the coating erases the anisotropy effect of the
substrate.

It can be concluded that, for a normal and frictionless contact,
the anisotropy along the direction normal to the interface has a
strong influence on the contact solution, whether is located the
anisotropy, in the coating or in the substrate. Conversely a change
of the Young’s modulus along a direction parallel to the surface
has a limited effect on the maximum contact pressure, however
it affects the shape of the contact area that is no longer circular
but becomes elliptical. The thickness of the coating changes also
the pressure distribution. However this effect vanishes when
the coating thickness is higher than the contact radius. Therefore
the elastic properties, the direction of anisotropy and the
thickness of the coating have to be carefully chosen – and chosen
together in a complementary manner – to efficiently protect the
substrate.
5. Conclusion

A semi analytical method has been developed for the contact
problem of anisotropic elastic materials with an anisotropic coat-
ing, by using Green’s functions. The model has been validated by
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comparison with the results of O’Sullivan for isotropic materials
with an isotropic coating and by comparison with a FE model for
anisotropic half spaces.

A parametric study has been performed for anisotropic coating
on an isotropic substrate and for the reversed case, anisotropic
substrate with an isotropic coating. It is found that the stiffness
along the normal to the contact, in the coating or in the substrate,
has a strong influence on the contact solution in terms of pressure
distribution and contact size; an increase in E3, leads to a higher
maximum contact pressure and a smaller contact radius.
Conversely a change of the Young’s modulus along a direction par-
allel to the surface (plane (1,2)) does not significantly affect the
contact pressure distribution, however the contact area is no more
circular. The performance of the method is highlighted by analyz-
ing the effect of the orientation of the coating main directions com-
pared to the surface normal. The pressure profile is different, more
or less domed, if the anisotropy affects the coating or the substrate.
Finally it should be emphasized that, when the coating thickness
exceeds the contact radius, the effect of the substrate anisotropy
vanishes quickly.
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Appendix A

As discussed in the text, for the case of the contact between a
rigid sphere and an anisotropic substrate with a coating, the order
N will be limited to N ¼ 3.

For 0 < x3 < ZC , Eqs. (20) and (21) are reduced to

~u�ð1Þ01 ðx3Þ ¼ ig�1A0he�ip0gx3 iA�1
0 ð�M�1

0 M0Þ~u�ð1Þ0 ð0Þ

¼ ig�1A0he�ip0gx3 iA�1
0 ð�M�1

0 M0ÞA0he�ip0g0i

� A�1
0 ðM0 �M0Þ�1

;

~u�ð1Þ02 ðx3Þ ¼ ig�1A0he�ip0gðx3�ZC ÞiA�1
0 ðM2 �M0Þ�1

� ðM0 �M2Þ~u�ð1Þ0 ðZCÞ

¼ ig�1A0he�ip0gðx3�ZC ÞiA�1
0 ðM2 �M0Þ�1

� ðM0 �M2ÞA0he�ip0gZC iA�1
0 ðM0 �M0Þ�1

:

ðA:1Þ

~u�ð2Þ01 ðx3Þ ¼ ig�1A0he�ip0gx3 iA�1
0 ð�M�1

0 M0Þ~u�ð1Þ02 ð0Þ

¼ ig�1A0he�ip0gx3 iA�1
0 ð�M�1

0 M0ÞA0he�ip0gð�ZC Þi

� A�1
0 ðM2 �M0Þ�1ðM0 �M2ÞA0he�ip0gZC i

� A�1
0 ðM0 �M0Þ�1

;

~u�ð2Þ02 ðx3Þ ¼ ig�1A0he�ip0gðx3�ZC ÞiA�1
0 ðM2 �M0Þ�1

� ðM0 �M2Þ~u�ð1Þ01 ðZCÞ

¼ ig�1A0he�ip0gðx3�ZC ÞiA�1
0 ðM2 �M0Þ�1ðM0 �M2Þ

� A0he�ip0gZC iA�1
0 ð�M�1

0 M0ÞA0he�ip0g0i

� A�1
0 ðM0 �M0Þ�1:

ðA:2Þ
~u�ð3Þ01 ðx3Þ ¼ ig�1A0he�ip0gx3 iA�1
0 ð�M�1

0 M0Þ~u�ð2Þ02 ð0Þ
¼ ig�1A0he�ip0gx3 iA�1

0 ð�M�1
0 M0ÞA0he�ip0gð�ZC Þi

� A�1
0 ðM2 �M0Þ�1ðM0 �M2ÞA0he�ip0gZC iA�1

0

� ð�M�1
0 M0ÞA0he�ip0g0iA�1

0 ðM0 �M0Þ�1
;

~u�ð3Þ02 ðx3Þ ¼ ig�1A0he�ip0gðx3�ZC ÞiA�1
0

� ðM2 �M0Þ�1ðM0 �M2Þ~u�ð2Þ01 ðZCÞ
¼ ig�1A0he�ip0gðx3�ZC ÞiA�1

0 ðM2 �M0Þ�1ðM0 �M2ÞA0

� he�ip0gZC iA�1
0 ð�M�1

0 M0ÞA0he�ip0gð�ZC ÞiA�1
0 ðM2 �M0Þ�1

� ðM0 �M2ÞA0he�ip0gZC iA�1
0 ðM0 �M0Þ�1

: ðA:3Þ

~t�ðNÞ01 ðx3Þ ¼ �igM0~u�ðNÞ01 ðx3Þ;
~s�ðNÞ01 ðx3Þ ¼ �igN0~u�ðNÞ01 ðx3Þ:

ðA:4Þ

~t�ðNÞ02 ðx3Þ ¼ �igM0~u�ðNÞ02 ðx3Þ;
~s�ðNÞ02 ðx3Þ ¼ �igN0~u�ðNÞ02 ðx3Þ:

ðA:5Þ

For x3 > ZC , Eqs. (20) and (21) give

~u�ð1Þ2 ðx3Þ ¼ ig�1A2he�ip2gðx3�ZC ÞiA�1
2 ~u�ð1Þ2 ðZCÞ

¼ ig�1A2he�ip2gðx3�ZC ÞiA�1
2 ðM2 �M0Þ�1ðM0

�M0ÞA0he�ip0gZC iA�1
0 ðM0 �M0Þ�1

; ðA:6Þ

~u�ð2Þ2 ðx3Þ ¼ ig�1A2he�ip2gðx3�ZC ÞiA�1
2 ~u�ð2Þ2 ðZCÞ

¼ ig�1A2he�ip2gðx3�ZC ÞiA�1
2 ðM2 �M0Þ�1ðM0 �M0ÞA0he�ip0gZC i

� A�1
0 ð�M�1

0 M0ÞA0he�ip0g0iA�1
0 ðM0 �M0Þ�1

; ðA:7Þ

~u�ð3Þ2 ðx3Þ¼ ig�1A2he�ip2gðx3�ZC ÞiA�1
2 ~u�ð3Þ2 ðZCÞ

¼ ig�1A2he�ip2gðx3�ZC ÞiA�1
2 ðM2�M0Þ�1

�ðM0�M0ÞA0he�ip0gZC iA�1
0 ð�M�1

0 M0ÞA0he�ip0gð�ZC ÞiA�1
0

�ðM2�M0Þ�1ðM0�M2ÞA0he�ip0gZC iA�1
0 ðM0�M0Þ�1

: ðA:8Þ

~t�ðNÞ2 ðx3Þ ¼ �igM2~u�ðNÞ2 ðx3Þ;
~s�ðNÞ2 ðx3Þ ¼ �igN2~u�ðNÞ2 ðx3Þ:

ðA:9Þ
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