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Abstract

In this paper, we present the Au”Y-calculus which at the typed level cor-
responds to the full classical propositional natural deduction system. Church-
Rosser property of this system is proved using the standardization and the
finiteness developments theorem. We define also the leftmost reduction and
prove that it is a winning strategy.

1 Introduction

The Au”V-calculus is an extension of the Au-calculus associated by the Curry-
Howard correspondence to the full classical natural deduction system, it was intro-
duced by P. De Groote [7]. In the Au”V-calculus as in any other abstract reduction
system, termination, confluence and standardization appear among the principal
properties. The question of termination, of course for the typed Ap"V-calculus, was
studied by many authors [4], [7], [12] and [13], however the proof of strong normal-
ization in [7] based on the CPS-transaltion did not work, correction for this proof
was given in [9].

Confluence is a very important property, it guarantees the uniqueness of the
normal form (if it exists) independently of the strategy of reduction, i.e, if we are
allowed to write terms which necessarily do not finish under reduction, one expects
at least that the possible result is independent of the strategy of reduction. There
are different methods to prove the confluence property: parallel reduction, com-
plete development, finiteness developments and standardization... For a strongly
normalizable term rewriting system, one needs only to check the local confluence
which suffices when combinated with Newman lemma.

Standardization is classical and a very convenient tool, the issue is the order in
which the reduction steps are performed. In a standard reduction, this is done from
left to right. According to the standardization theorem, any sequence of reductions
can be transformed into a standard one. We find in current literature various
equivalent definitions of this notion. In our work, we adopt the one given by R.
David and W. Py [5] and [16], it is very convenient and has the advantage that we
do not need to formalize the notion of residus “descendant” of a redex.

The presence of the permutative reduction of the form “((¢ [x.u,y.v]) €) reduces
to (¢t [z.(u €),y.(v €)])” has certain consequences not only on the termination of
the system, but also on the standardization and the confluence, since the resulting
rewriting system is not orthogonal. Therefore the treatment of these two notions is
not trivial at all. Intuitively standard reduction contract redexes from external to
internal and from left to right. However there is more freedom in the presence of per-
mutative reductions, a permutative redex of the form ((pa.t [z.u,y.v]) [r.p,s.q]) €
may permute to (pa.t [x.(u [r.p, s.q]),y.(v [r.p, s.q])]) € and to
(pa.t [x.u,y.v]) [r.(p €),s.(q €)] and both possiblities as well as the embedded u-
redex should be treated equivalently. We can not favour one over the other and
consider for example, the classical one as external or the leftmost one. That would



be also the same thing for the two permutatives redexes.

In this work we use a definition “& la David” which captures this intuitive no-
tion of standardization, when restricted to the A-calculus (resp the Ap-calculus)
corresponds exactly to the one given in [5] (resp [16]). As an application of this
definition, we prove that leftmost reduction in a sense which we determinate later
is a gaining strategy.

The finiteness developments theorem says that: if we mark a set R of redex
occurences in a given term t and reduce only the marked redex occurences and redex
occurences which descend from marked redex occurences, the reduction process
always terminates. If we reduce every marked redex occurence, then the order
in which such reductions are performed does not matter, R uniquely determines
a term wu to which ¢ is reduced under any complete reduction of marked redex
occurences. In addition, if we mark another set R’ of redex occurences in t and
follow this set through a complete R-reduction, the redex occurences from R’ may
be transformed by substitution or copied. However, it does not matter in what way
we perform a complete R-reduction, the set of redex occurences in v which descend
from R’ is again uniquely determined. This theorem has important consequences
like the confluence property. The proof for this theorem is difficult and required a
standardization theorem, this is what we establish in the major part of this work.

This paper is presented as follows. Section 2 is an introduction to the typed
Ap*V-calculus. Section 3, contains some useful technical results, in order to well
define, head and leftmost reduction. In Section 4, we define the standard reductions
and prove the standardization theorem. In Section 5, we introduce a marked version
of AuV-calculus, to keep traces of the residu of redexes and prove the finiteness
developments theorem. We close this section by the main theorem of this paper,
i.e, the confluence property.

2 Notations and definitions
Definition 2.1 We use notations inspired by the paper [2].

1. Types are formulas of propositional logic built from an infinite set of proposi-
tional variables and the constant 1, using the connectors —, A and V.

2. Let X and A be two disjoint infinite alphabets for distinguishing the A-variables
and p-variables respectively. We code deductions by using a set of terms T
which extends the A-terms and is given by the following grammars:

T = X|AXT|(T & (T, T) | T |woT | pAT | (A T)
£ = T|7T1|7T2|[X.T,X.7—]

An element of the set € is said to be an E-term. An E-term in the form (T &)
or (A T) is called an application.

3. The meaning of the new constructors is given by the typing rules below where
T (resp A) is a context, i.e, a set of declarations of the form x : A (resp a : A)
where x is a A-variable (resp a is a p-variable) and A is a formula.

Nz:A l—a::A;Aam

z:AFt: B;A N 'Fu:A— B;A FI—U:A;A_>
F'FXxt:A— BA ' L'k (uw):B;A ©




T'Fu:A A FI"U:B;A/\‘
I'F (u,v): ANB; A ’

't:ANB;A | THt:AANB;A
Lt m): A A ¢ DH( m):B;A ¢

Pt A A V1 'tt:B;A V2
IF'bwit: AVB;AY Thwit:AVBA'Y

'tt: AvVB;A Tz:Abu:C;A F,y:BI—v:C’;AV
I'F(t [zu,yv]): C;A ¢

F'Et:A;Aa: A 1. F'kt: L;Aa: A
IF'k(at): L;Aa:A""  Tkopat: A A a

4. The cut-elimination procedure corresponds to the reduction rules given below.
They are those we need to obtain the subformula property.

(a) Logical reduction rules:
o (A\x.u v)b>gulx:=v]
o ((t1,t2) i), t;
o (wit [z1.u1,x0.Uu2])>p Uilz; := 1]
(b) Permutative reduction rule:
o ((t [z1.u1,m2.u2]) €)bs (t [21.(u1 €), T2.(uz €)])
(c¢) Classical reduction rule:
o (pa.t ), patla:=* ¢
where tla :=* €] is obtained from t by replacing inductively each
subterm in the form (a v) by (a (v €)).

5. Let € and &' be E-terms. The notation > &' means that € reduces to &' by
using one step of the reduction rules given above. Similarly, € >* ¢’ means
that € reduces to €' by using some steps of the reduction rules given above.
The length of the sequence reductions € >* &' is the number of the one step >
reduction.

!

6. Let € and €' be E-terms and r a redex of €. The notation £ >" &' means that €

reduces to €' by reducing the redex r.

7. An E-term € is said to be normal iff it has no redexes.

3 Characterization of the \y/V-terms

In this section we develop some results already present in [4]. The presence of the
critical pairs for the standardization, and the fact that a Au”V-term can have more
than one head, unlike the A-calculus or the Ap-calculus, need such results before
defining the notion of standardization, head or leftmost reductions.

Definition 3.1 1. A term t is said to be simple if it is a variable or an appli-
cation.

2. Let H = {*1,...,%n, ...} be an infinite set of holes. The set of general contexts
C is given by the following grammar:



C:=H | xx.C | {C,C) |wiC |wol |ua.C

We consider only general contexts with different holes, i.e, if *;,...,%;, are
the holes of a general context C, then, *;, # x;, for each p # q.

3. Let C be a general context with holes *;,,...,*; and f a bijection from N to N,
then, the general context f(C) is the context C with the holes (i, .-y ¥ f(in)
i.e, f(C) is the general context C just with a different enumeration of its
holes. Let C,C’ be two general contexts. We said that C is equivalent to C'
and denote this by C ~ C’, if there exists a bijection f from N to N such that
C’ = f(C). Thus, if C' =~ C, then C and C' have the same number of holes.

4. A context is an equivalent class for the previous equivalent relation. Then we
can always suppose that the n holes of a context are *1,...,%, in this given
order.

5. If C is a context with holes #1, ...,%, and t1,...,t, are terms, then C[t1, ..., ty]
is the term obtained by replacing each *; by t;. The free variables of t; can be
captured in the term Clty, ..., ty,].

Lemma 3.1 1. Let tq,...,tn,th, ..., th, be simple terms and C,C’ two contexts.
If Clty, ..., tn] = C'[t}, ..., )], then C = C'.

2. FEach term t can be uniquely written as Clty, ..., t,], where C is a context and
t1, ...ty are simple terms.

3. Let t = Clt1,...,tiy ..., tp] be a term and v a redex of t;. If to" t', then t; b"
Cilt},....th,) and t' = C'[ty, . tiz1, th, oyt tit1, ..., ty] where C' = Clx; :=
Ci.
Proof (1) By induction on C. (2) By induction on ¢. (3) By induction on C. O
Definition 3.2 Let &€ = e;...€,, a sequence of E-terms.

1. The length of € is defined by lg(&) = n.

2. The sequence is said to be nice iff €, is the only E-term which can be in the
form [x.u,y.v].

3. The sequence € is said to be normal iff each &; is normal.

4. We write & > & iff &€ = €1...64...€n, and & = ey...€}...e, where g; > &} for
1< <n.

Lemma 3.2 (and definition) Let t be a simple term.

1. The term t can be uniquely written as one of the figures below.

2. A head of t (denoted as hd(t)) is a set of subterms of t, it is defined by the
figures below.

3. In the cases (1), (2), (3), (4) and (5) (resp. (6)) the sequence & (resp. €&) can
be empty. In the cases (5) and (6) if €€ is not nice, then & = ¥ [y.u, 2.v]&;3.



/ hd (1)

0 T x
1 (au)é a
2| ((Arwe)e) Az e)
8| ((ur,u2) €) €) ((u1,u2) €)
4 ((wiu €) &) (wiu g)
(na.ue) or
5 ((na.u €) €) any permutative redex in the form

((pau 7ly.v, zwl) ;)
x, if the sequence €€ is nice,
6 ((xe) &) else, any permutative redex in the form
((z Tly.u, z.v]) ;)
Proof By induction on the simple term ¢. We have either ¢ is a variable, either
t = (au) or t = (u &). Therefore we will examine the form of u.

- If u is not a simple term, then u = Az.v, u = {uy, us), u = w;v or U = pa.v.
All these forms give us that ¢ is respectively in the case (2), (3), (4) or (5).

- If u is a simple term, then induction hypothesis concludes.

The uniqueness is clear. (I

Remark 3.1 1. Observe that simple terms of the form ((x€) &) and ((na.ue) &)
can have more than one head. hd(t) is a non-deterministic function to sub-
terms of t.

2. Terms of the form (Ax.u €), ((u1,uz) €) and (w;v €) are not always redexes, for
example (Az.u m;), (wiv u), ((u,v)[x,p.y,q]), ... and obuviously they can not
be typed. Therefore hd(t) in the cases (2), (3) and (4) is not always a redez.
This is why, in the rest our proofs such cases are not considered, not because
these terms are not typed but because there is no redex to reduce (if there are,
they are in the subterms, and inductions hypotheses allowed to conclude).

The lemma 3.2 allows the Au*V-term to be characterized in the following corol-
lary, this characterization is useful for the standardization theorem section.

Corollary 3.1 Any term can be written in the one of the following forms (av)& or
(t &), where t = x, Ax.u, (u1,us), wu or pa.u and € is a finite sequence of E-terms
possibly empty.

Proof Direct consequence of the lemma 3.2. O

4 Standardization theorem

The standardization theorem is a useful result stating that if ¢ >* ¢/, then there is
a sequence of reductions from ¢ to t' “standard” in the sense that contractions are
made from left to right, possibly with some jumps in between.

Intuitively the standard reduction contracts redexes from the external to the
internal and from left to right. For A-calculus, a standard reduction from the term
(Az.uv)ey...e, either starts by reducing the head redex (Az.uv), else this one will
never be converted after performing u,v or the arguments ¢;, i.e, from external to
internal. An other characteristic, standard reduction from the term ((z u)v) has to
reduce firstly in » and then in v, in this given order from left to right, this last notion
is not captured by our definition given bellow since we consider that reduction in u
and v are independent of each other.



One of the main consequences of standardization is that normal forms, if ex-
isting, can be reached by leftmost sequence reduction.This will be a simple conse-
quence since standard reduction is defined such a way that leftmost reduction is
just a particular standard one (definition of leftmost reduction is presented in next
section).

The following definition of a standard sequence of reductions is somehow a gen-
eralization of those given by R. David and W. Py in [5] and [16], in the sense that
if we restrict our definition to the A or the Ap-calculus, it captures exactly their
definitions .

Definition 4.1 1. Let w = 7lx.p, y.qles where T and § are possibly empty. We
define a new reduction relation = by: w > Tlx.(pe),y.(q€)]5. As usual =*
denotes the reflexive and transitive closure of .

2. Lete, € be two E-terms such that e>ey>...>e, =&'. We denote k(ep*e’) =
(n,c) where ¢ stands for the complexity of € (n is the length of the reduction
ep*e’). We say that this sequence reduction is standard and we write € %, €' iff
it 1s obtained as follows. This definition is given by induction on the ordered
lexicographic pair (n,c). We use simultaneously the following abreviations:

E=¢€1..en DY, & =€l...€), means that €; >, €} for each 1 < i < n.
(C)) If e = (A\zwé), then e’ = (Ax/ &) with uvt, v and Evk, &
(Ch) Ife = (pawwé), then &’ = (pa.u’ &) with uvi, v’ and £v%, &
(Cr) If e = ((u1,ue) &), then (g' = (u}, ub) &) with u; >%, v} and Evk, .
(CL) If e = (wiu &), then & = (w; w'&") with uvi, v and Epk, &.
(V\) Ife=(x &), thene' = (z &) with gv%, &.
(V) If e = (au), then &’ = (au’) with uvi, u'.
[ ]

Ife = (t&), wheret is a simple term in the form (Ax.uv) (resp. ({uy,us) m;),
(pa.w€), (wiu [x1.v1,22.02)), x, a ), we denote by r its possible reductom
u[z := ] (resp. g, pa.ula =" €|, v;lz; :=ul).

(=) Eithere > (ré) vk, &,

(>s) Either e > (t&') vk, & withé = &.

(=n) Either e > (pa.we') vk, € with e = &', and this only if t = (pa.u €).

(>w) Ore v (wué) bk, & with [x1.v1,22.02)8 = &, and this only if t =

(wiu [x1.01, T2.02)).

o I[fe=m;, thene' = ;.

o [fe=|zi.u1,x0.us], then ' = [x1.4), zo.ub] with u; >F, u’.
’ 1 2 st %

Remark 4.1 1. In the rules Cy,...,C, the sequence £ is possibly empty and
this corresponds to the cases where € is not a simple term.

2. Given a \p™V-term of the form (t&) standard reduction strategies can start
with various permutations using the rule =5 (>, = according to the form of
t) until either we obtain a nice sequence and then reducing the possible head
redex by the rule = or start performing subterms of the arguments using the
rules Vy, V,, or the rules Cj, ..., C,,.

Lemma 4.1 Assume that € b%, €'

*

1. If v ok, V', then elx :=v] bl €'z :=].

2. If e p¥, €, then ela :=* €] bk, 'la =" €].



Proof  Ouly the second assertion will be treated. By induction on (e b%, £’). We
give just the case where the substitution intervenes. If ¢ = (a u), then & = (a v/
where u >¥, v/, thus, e[a :=* €] = (a (u[a :=* €] €)) and €'[a :=* €] = (a (V[a :=
€'] €¢)). By induction hypothesis, we have ula :=* €] b¥, u'[a :=* €], then, by
definition, (a (u[a :=* €| €)) b% (a (u'[a :=* €] €)).

~—

*

Theorem 4.1 (Standardization theorem) Ife p* &, then e b%, €.

Proof By induction on the length of the reduction € >* &’ it suffices to prove the
following lemma. O

* / 1" * "
Lemma 4.2 Ifev}, ' >, then epy, 7.

Proof By induction on k(e ') = (n,c). We examine how ep¥, ¢’ following the
different forms of €.

— The cases where ¢ is not a simple term are direct consequences of the induction
hypothesis (decreasing of c).

— If ¢ is a simple term, we will examine some cases, the others are similar or
more simpler.

(Cy) Let e = (Az.wé) i, Az &) =¢ > &’ with up?, v and %, & (here
of course £ is not empty since ¢ is simple). We distinguish three cases:
- Ife” = Az &) (resp. (Ax.w’ €")), where v’ > u” (resp. & > &),
then the induction hypothesis concludes.
- If e’ = (W']x := '] €l...€]), then & = ves...€,, where v ¥, v/, g; DY, €]
and & = v'ely...el,. Therefore, by the lemma 4.1,
u[z = vk u [x = '], thus (u[z := v] eg...en) b%, (W]z = 0] &)...e0).
Finally, by the rule (=), we have € > (u[x := v]e3...65,)
> (u'[x := '] €l...el) is a standard sequence of reductions.
- The last case is &’ = (Az.v/ é”) where &' > &". Therefore g=
€1...[Y.p, 2.ql€i...en DI 1. [y.p, 2.¢']€}...€], and then &”
el y.(' €)), z.(¢ €))]...€],. We have [ (pel) z.(qe)]| >
[y.(p' €}), z.(¢" €})], hence the rule (>=4) allows to conclude:
> (Az.wer...[y.(pei), z.(g€i)].en) D5y
Az ey Jy.(p' ), z.(¢' €)]...el,) = €.
) an ») are similar to the previous case.
(Cy) » (Cx) and (C,) are similar to the previ
(VA) Let € = (z&), thene = (z&) bk, & = (z&') > (x&’) =¢”, and
- Either & = e1...65...6,, D, €l..€heh, =& > el..ell...e], = &’ hence,
by induction hypothesis, ; %, €/. Therefore, we have £ »%, &’ and
e=(ze) vk (z&")=¢".
- Oré=c¢y..[y.p 2.qlg...€ n > el yp, 2. el e, =& -
*//

e1--[y-(p'€7), 2.(' €))]..e, =¢
We have [y.(pe;),z (qez) [ .(p'€}),z.(¢' €})], therefore, by the

] >
rule (=5), (&) > (ze1-..[y. (pé?z) (qei)l-en) v
(xel..ly.(p e)), z.(¢ €))]...el,) = (x&") is a standard sequence of re-
ductions.

(V) is a direct consequence of the induction hypothesis (decreasing of c).

(=) ,(>s), (>,) and (>) are direct consequences of the application of the

induction hypothesis (decreasing of n).
]



Remark 4.2 1. In [10], F. Joachimski and R. Matthes presented the AJ-calculus
which is an extension of the A-calculus by a generalized application that gives
rise to permutative reductions, the resulting rewriting system is not orthogonal
(this is also the case of the Au™Y -calculus). The definition of the standard-
ization established here produced exactly the same treatment of the logical and
the classical reductions (>g, >r,, >p and ©,,) like that of B-reduction in [10],
this means that to avoid difficulties relative to u-reduction, we need to treat
it similarly as B-reduction. The AJ-calculus has served us as a model for
studying our A\u™Y-calculus. In fact, concerning the standardization, the re-
striction of the A\u™Y -calculus to the Ap-one can serve as a model for the study
of the rewriting system with permutative and structural reductions, as well as
the AJ-calculus serves as a minimal model for the study of term rewriting
systems with permutation.

2. In the definition 4.1, we can be “more restrictive”, by this we mean that, we
have a strong standardization theorem when replacing the rules =5 and >,

by:

(>=x) e = (Azwv)d) > (Azwv)é) o, (Azd'v)E") = & with u %, v/,
vl v and g - & = gk, @

(=x) & = ((ur,ug) m) &) > (((ur,ug) mi) &) o5, (((u, up) mi) ") = & with
u; D, uh and & = & =* & pk, &

(>p) € = (wiu[r1.v1, T2.02]) &) > (Wiu &) b, (wiu' ") =&’ with u vk, v and

[1’1.’01,1’2.1}2]6_ - g =* g D:t g".

This can be explained by the fact that:

e For the rules =) and >, there are no interactions between v, w; and &
via permutative reductions.

e For the rule »p, even there are interactions between [x1.v1,x2.v2] and
€ wvia permutative reductions, after a >p-reduction we will always get
(v; &) [z := u] = (vi[x; = u] €) since x; is not free in €.

Contrary to the case ¢ = ((pa.u[z.p,y.q)) [k, s.l]€) in which there are more
complications. Suppose that we give the priority to the classical redezx, i.e, if
it is not converted in the beginning then it will be never performed, thus the
lemma 4.2 does not hold for this sequence of reductions:

e > ((pa.ulz.p,y.q)) [r-(ke),s.(le)])

> (paulz.(plr.(ke),s.(Le)]),y.(q[r-(ke),s.(Le)])])

>3 (na.u(z.p',y.q']) =€ v paufa =" [zp' y.ql]] =",

where (p[r.(ke),s.(le)]) % o' and (q[r-(ke),s.(l€)]) v% ¢, for the simple
reason which is: we do not know how these two standard sequence reductions
are made (p[r.(ke),s.(le)]) vk, o' and (¢[r.(ke),s.(Le)]) >k ¢ (it depends on
p and q). To resolve this problem we have to consider the rule >,,.

3. In the rest of this paper, we consider only typed terms, although the results
that we prove here (normalisation of the leftmost reduction and the finiteness
developments theorem) do not use neither the strong normalization theorem
(hard to prove in this context) nor the confluence property (which is here a
consequence the finiteness developements theorem). Untyped terms will not
be considered for reasons of ease of reading. Note that techniques that we
develop here allow to prove our results for all the calculus, but this requires
modifications of some definitions (the head of a term, the head normal form,
...) and the treatment of more cases in proofs.



5 Head and leftmost reductions

In the A-calculus, the leftmost reduction of a term consists in reducing its lefmost
redex. Despite its laziness, this reduction has the advantage that is a winning
strategy. By this, we means that: if a term ¢ is normalizable, then leftmost reduction
of t always reaches its normal form. In the Ap”V-calculus, a term can have more
than one head, the thing which prevents us from defining the leftmost reduction in
the sameway as in A-calculus. Therefore, we start this section by introducing the
notion of head reduction (which is also different from the one of the A-calculus).
This allows, first, to define the leftmost reduction as an iteration of head reduction.
Then, to prove that a sequence of leftmost reductions is a standard one. Finally, to
prove that the definition of the leftmost reduction which we give, provides a gaining
strategy too.

Definition 5.1 1. Let Clty, ..., t,] as in (2) of the lemma 3.1. A one step head
reduction of a simple term t consists in reducing a head redex if any. We
denote t >pg t' if t is reduced to t' by a head reduction. A one step head
reduction of a term Clty,...,t,] corresponds to a one step head reduction of
one of the simple terms t; (1 < i < n). We denote by v}, the reflexive and
transitive closure of bpq.

2. A simple head normal form is a simple term in the form (x €) where € is a
nice sequence, or in the form (a u), the elements of the sequence £ (resp u)
are called the arguments of the head variable x (resp a). The sequence £ is
a nice one, and these are the only cases where we cannot reduce in the head,
because there is no head since the arguments of the sequence cannot interacte
between them via permutative reductions. A head normal form is a term in
the form Clty, ..., t,] where all the t; are simple head normal forms.

Remark 5.1 Observe that there is no unicity of “the” head normal form.
Take the simple term t = ((z [y.u, z.v]) [r.p, s.q€), then

tohg (@[y-((u[rp,s.q)) e), z.((v]rp,s.ql)e)]) = t,

tory ([0l (pe),s.(19)]), 2.0 [r.(pe), 5.(a2))]) = b,

and both of t1 and to are head normal froms.

Definition 5.2 A leftmost reduction of a term t consists to apply a head reduction
on t until its head normal form Clty,...,t,] (if it exists) and reiterate it on the
arguments of t;. We denote t>5 ' if t is reduced to t' by a leftmost reduction. When
an argument of a head variable is an E-term in the form [x.u,y.v], the reduction
consists simply to reduce in u and v. If tv5 t', then we denote k(t >3 t') = (n,c)
where n stands for the length of the reduction t >} t' and c the complexity of t.

The following theorem says that every sequence of leftmost reductions is a stan-
dard one.

Theorem 5.1 Ift >3 t', then this sequence of reductions is a standard one.

Proof By induction on s(t >3 t').

- The cases where t is not a simple term are direct consequences of the induction
hypothesis. For example, if t = Az.u, then ¢ = Az.u’ where un} u'. Therefore,
by induction hypothesis (decreasing of the complexity c), u >} v’ is a standard
sequence reductions, thus Az.u >} Az.v' is a standard one too.

- The cases where t is a simple term:



o If t = (pa.ue)é, then either t ppg (paufa =* €]&) b} t' or ¢t >pg
((na.we)7) 5 t' where e2 = eF. Therefore, by induction hypothesis
(decreasing of the length lg), (pa.ufa :=* €] &) b5 t' and ((pa.we)7) >3 t/
are two standard sequence reductions, thus, by definition, both of ¢ >4
(na.ula :=* €] &) 3 ¢ and t bpg ((na.ue) F) > ¢ are standard sequence
reductions too.

e The other cases are similar to the previous.
|

This theorem gives another way to define a leftmost reduction similarly to the
definition of the standard reduction. The following definition (theorem) can be
easily proven to be “equivalent” to the one given above.

Theorem 5.2 (definition) Let ¢, &' be two E-terms (resp. £ and & two finite
sequences of E-terms) such that e b* ' (resp. Ev* &). We say that e >} &' (resp.
gy &) iff it is obtained as follows. This definition is given by induction on the
ordered lexicographic pair k(e >* €') = (n,c) (resp. k(Ep* &) = (n,c)) where n is
the length of the reduction e >* €' (resp. £v* &) and ¢ stands for the complexity of
e (resp. €).

1. epj €

o Ife = Az.u, then &’ = Az with uny v'.
o Ife = pawu, then & = paw’ with uv; u'.
o Ife = (u,v), then e’ = (v, V') with uv; v’ and v} v'.
o Ife =wju, then &' = w;u’ with up; u'.
o Ife = (au), then &' = (au’) with uv) u’ .
o Ife=(x&), thene' = (x&) with >} €.
o Ife = ((Ax.uv)é), then e vy (ulz :=v]&) >} €.
o Ife=((pa.ue)é), then

— FEither € > (pa.ula :=* €] &) >} €.

— Orev((paub)s)v; e’ withe > 6.
o Ife = (((u1,u2) m)€), thene > (u; &) >y €,
o Ife = ((wiu [x1.v1,22.09]) €), then e > (v;[z; :=u]&) b} €.
o Ife=my, thene' =m,.

/

o Ife = [x1.u1,x2.u2], then €' = [z1.u), za.ub] with u; >} ul.

2. évré
e If ¢ is not nice, then € = 5 >} €.
o Blse £ =¢y...6p, then & = ¢}...e], with &;>] ; for each 1 <i <n.

We have b7 and b5 are the same reduction.
l L

6 Finiteness of developments

In the A-calculus, the finiteness developments theorem stipulates that: for a given
term t and a subset R of redexes of ¢, if we reduce only redexes which belong to R
or their residus, then any sequence of reductions terminates. Based on this theorem
and the local confluence of S-reduction, R. David [5] gave a short proof of the
confluence theorem of g-reduction. The notion of residus of redex is enough clear

10



in A-calculus, roughly speaking a residu of redex is a redex which is not created,
thus if at the beginning in the term ¢ we mark each redex which belongs to R, then
we can reduce only these marked redexes. Of course when such redex is copied or
transformed by some substitutions, we consider that the new redex is not a created
one since it keeps its mark. The same idea will be developed in the next paragraph.
First, let us take an example to illustrate this.

Example 6.1 Let t = ((pa.w [y.p,z.q])e) and R = {t,(na.w [y.p,z.q])}, then
> (pa.u ly.(pe), z.(ge)]) =t1 and t > (pa.ula :=* [y.p, z.q]] €) = ta. Observe that
if we want to obtain a commun redectum from ti1 and to, we have to reduce some
redexes in t1 and to. Implicitely these redexes are the residus of redexes in R, they
must not be seen as created redexes. The same term t but where the redezes in R
are marked gives t = ((La.u |y.p, z.q])€).
> (fla.w y.(pe),z.(ge)]) > pia.ufa =" |y.(pe), z.(q€)]]
t> (pa.ula =" [y.p, z.q]]e)> pa.ula =" [y.p, z.q] el>* pa.ula =" [y.(pe), z.(q¢€)]]
We mark the commutative (resp classical) redex t (resp. (pa.u [y.p,z.q])) in this
way: [,] (resp. p) become |, | (resp. ). The commun redecum is the term (without

marks) pa.ula =" [y.(pe), z.(g€)]].

. *

Therefore for the purpose of this section, we introduce a marked version of the
ApNV-calculus.

6.1 The marked terms

Definition 6.1 1. We extend the syntaz of the A\u™Y-calculus by adding new
symbols X\, i, <., .>,Q; and | ., . |. These symbols are called marks. The
sets T and E of marked terms are defined by the following grammars:

T=T|AX.TT)|(<T,T> =) | (T [X.T,X.T)) |
(Q,T |X.T,X.T])| (TE) | ia.T

E:=&|T| [X.T,X.T|

2. The reduction rule » of E consists in the union of the following reduction
rules. The meaning of these new reductions is to capture the definition of the
finiteness developments, where we reduce only redexes at the beginning or only
their residus (which will be exactly the marked redezes).

o (\z.t u) »gtfz =]

<t1,l2 > 71'1) >t

t [z1.u1, T2.us]) »p wifx; = 1]

(
(
(€
(Ut |z1.u1, z2.us]) o uifz; =t
(
(
(

)
(Qit [z1.u1, 72.u2]) €) B A (Rt [21.(u1 €), 72.(u2 €)])
(t [w1.u1,22.u2]) €) B (t [71.(u1 €),22.(u2 €)])

pa.te) », patla:=* ¢

We denote by »* the reflexive and transitive closure of ».

3. Lett €T andr a redex of t, we define 7 the marked redex obtained by making
r as follows:

o Ifr=(Az.uv), then 7 = (\z.u v)
° If?“ = (<t1,t2> 7Ti), then 7 = (< ti,t0 > 7T'i)

11



o Ifr = (wiu [r1.u1, T2.uz]), then 7 = (Qu [z1.u1, x2.uz])
o Ifr=((ulxi.uy,ze.us)) €), then ¥ = ((u |x1.u1,22.uz]) €)
o Ifr=(uate), then = (fa.t €)
We denote red(t) the set of all redexes of t. Let R be a subset of red(t), we

define tr the marked term obtained from t by marking each redex of t which
belongs to R. We said that tg is the R-corresponding marked term to t.

4. Let € € E, we define the E-term € by induction on €:

Ife €&, thene =¢

If e = (\w.uv), then & = ()\x 0 0)

If e = (< t1,ty > m;), then & = ({f1, 1) ;)

If e = (Qt [z.u,y.v]) or ( it |, yv)), then & = (wit (.1, y.9])
Ife=(te), then &= (L ¢

If € = fia.u, then € = pa.d

If e = |zu,y.v], then & = [x.1,y.7]

The operation™ quite simply consists in projecting any marked term in the set
&, i.e, to consider any marked term as any other term without marks.

Example 6.2 Let t = ((na.u[z.p,y.q))e), R = {(pa.ulz.p,y.q)}, S ={t}, K C
red(p), L C red(u) Ured(e) and T' = {(pa.u[2.p,y.q]), t}, then

tr = ((pa.ulr.p,y.q))e), ts = (pa-u |z.p,y.q])e), ix = ((na.ulzpx,y.q)e),

tr = ((pa-tg [2.p,y.q)) ér) and ir = ((Aau [2.p,y.q])e).

Remark 6.1 1. Let t be a term and R C red(t). It is clear that ER =t.

2. When there is only one given set R of redexes of a given term t, we use the
abusive notation t to denote the R-corresponding marked term to t.

3. Observe that terms in the forms A\x.t, < ti,ta > and Q;t are not elements of
E. Marks can only occur as marks of redexes except in terms of the form pa.t
and the form (t |z.u,y.v]). It follows that a »-normal form never contains
any marks except fi or |., .|.

4. It is also clear that any term is a w-normal marked term (since » consists
only in reducing marked redezes).

The following lemma shows that the set of marked terms is closed under substi-
tutions and reductions.

Lemma 6.1 1. Ift,u,e € E, then t[x := u],t[a :=* €] € E.
2. IfteE andtw* ', thent' € E.

3. Iftie,e e E, t > t/, e » & and e »* €, then e[z = t] »* e[z = t] and
ela =" €] »* gla :=* €.
Proof Easy. O

12



6.2 Finiteness developments theorem
Definition 6.2 Lett be a term and R a subset of red(t).

1. A sequence of reductions t =ty » t1 » ty B ... is called R-development of t.
It is denoted by t »* t' if it finishes with the marked term t'. We denote it
also by t b5, t (t =to bR 11 PR t2...DR T).

2. The term t is said to be R-strongly normalizable iff there are no infinite R-
developments of t, i.e, all the R-developments are finite.

Remark 6.2 Ift is a term and R a set of some redexes of t, then note that >g
and » reduction are the same, any infinite sequence of » reductions starting from
t corresponds to an infinite sequence of >% reductions starting from t. Thus one
can be able to identify them, this fact will be implicitly used in the next paragraph,
where >r and » are confused.

Lemma 6.2 Let e, ¢,€ be E-terms and R a set of redexes of € and € such that
epy e If edy €, then, ela =" €| b}, €'la :=* ¢].
Proof By induction on €. g

Definition 6.3 Let &€ = ¢ ..., be a finite sequence of E-terms.

1. A semi-permutative redex of £ is any initial segment in the form ¥lx.p,y.qle;,
where (2 < i< m) and T is possibly empty.

2. A set of redexes of € is the union of sets of redexes of each €; and any possible
semi-permutative redex of £.

Lemma 6.3 Let t be a term, 4 = uy...u, a finite sequence of terms and & =
€1...€m @ finite sequence of E-terms. Let also 0 = [(z; = w)i<i<n;(a; =*
€j)i<j<m] and R be a set of redexes of t, 4 and . If t, u and & are R-strongly
normalizable, then to is R-strongly normalizable.

Proof First, let t = (u€) as in the corollary 3.1. We prove this by induction on
the ordered lexicographic pair (Ig(&), c) where lg(&) is the number of E-terms of &
and ¢ denotes the complexity of ¢. For the simplicity and the clearness of the proof,
we prefer to avoid using marked terms.

1. The cases where ¢ is not simple are direct consequences of induction hypothesis
(decreasing of c).

2. The case t = (x;€): to = (u;€0), by induction hypothesis (u; and éo) are
R-strongly normalizable, we have to examine two cases according to &:

(a) If €is a nice sequence: since we can not reduce the possible created redex
(u; €o0) and for the previous reasons, to is R-strongly normalizable.

(b) If €is not a nice bequence € = €1...€,_2[x.p, y.q|€;...€k, let’s denote €0 by
€ = €\...€;_o[x.p',y.q'|€;...€;. Suppose that there exists a sequence of in-
finite R-reductions, startmg from to as follows: (u; €] ... _,)[z.p’,y.4']€]
oY (u; €f ...e;-’_Q)[xp yy-q"€] e bR (] €] ..€]_y)[ (p” e”) y.(¢" e”)]...e;c’
=t'ph ...

By the standardization theorem, to %, ¢', and this standard reductions

is in the form:

(1€} €] )8, yalfonc), PR (1€ s )b €),0(0 )]ty

/

i
(u} 6/1/ .‘.e;’ )z (" €),y.(¢" 2’)] ek 7t/ >% ....This means that
(ui € € _o)[x.(p" €),y.(¢" €})]...e >R, since we can not reduce the
possible created redexes (p’ €’ ) and (¢" €}), thus we have a contradiction
with induction hypothesis (decreasing of lg(€) from k to k — 1).

13



3. The case t = (pua.u €) €, let’s denote uo, e and € by respectively by «’, ¢ and
€, which are by induction hypothesis R-strongly normalizable. Therefore, if a
sequence of infinite R-reductions exists, it will be in one of the two following
forms:

(a)

(b)

Either (pa.u’ €) € vy (pau” €') & >p (paula:=* "l &) =t' vy ...,
by the standardization theorem, to >*, t' in following sequence:

(pa €) € pr (nav[a:=* €] &)y (pau'la:="€"]€") =t b} ..
hence (pa.u'[a :=* €] &) >% ... and this gives a contradiction with the
induction hypothesis (decreasing of lg(€) from k to k — 1).

Or €€ is not a nice sequence, and we conclude as in the case 2.b of head

variable x.
O

Theorem 6.1 Let t be a term and R C red(t), then t is R-strongly normalizable.

Proof

The proof is similar to the one of the previous lemma. Let ¢ = (u&) as

in the corollary 3.1. We prove this by induction on the ordered lexicographic pair
(1g(8), c) where ¢ denotes the complexity of t.

1. The cases where t is not simple are direct consequences of induction hypothesis
(decreasing of c).

2. The case t = (z &)

(a)
(b)

If € = &;...6,, is nice, then, by induction hypothesis, each ¢; is R-strongly
normalizable. Therefore t too.

Else t = (ze1...6j-2)[y.p, 2.qJ€j...6m. Suppose that there exists a se-
quence of infinite R-reductions starting from ¢, then, by induction hy-
pothesis, none of €; contains infinite R-reduction. Therefore
t=(zer...€j-2)[y.p, 2.ql€j..em PR (wE...8 o) [yp, 2.4€}...er, PR
(xey.e o)y.(p'e}), 2.(¢ €))]..er,, = 1) >R ... By the standardization
theorem ¢ >3, t/, this standard reduction is in the form

t=(xzer...6j_2)[y.p, 2.qlej..6m PR (Te1..85-2)[y.(PE)), 2.(q€j)]...€m

bk (vel..e)_o)[y.(p'€)), 2.(¢ €})]...€},- This means that
(xer..ej—2)[y.(pej), 2.(g€5)]...€m > ..., since we can not reduce the pos-
sible created redexes (pej) or (ge;), this gives a contradiction with the

induction hypothesis (decreasing of lg(€), from m to m — 1).

3. The case t = (pa.ue)é, this gives by induction hypothesis and the standard-
ization theorem two possibilities to the form of the sequence of the R-infinite
reductions:

(a)

t = (pa.ue)ey..e;mbr (paufa =" eler) e9..6p b (pau'[a =" '] €]) €5...

>%.... This means that (ua.u[a :=* €] e1) €2...6, >5.... By the lemma 6.3,
ula :=* €] is R-strongly normalizable, therefore this gives a condradiction
with the induction hypothesis (decreasing of lg(¢), from m to m — 1).

t = (pa.ue)er...[x.p,y.qlej...em Pr (paue) er...[z.(pej), y.(¢€j)]..Em
>k (pa.u'e) el [z.(p'€}),y.(¢" €})]...er, >k ... This means that
(na.we)er...[z.(pe;),y.(ge;)]...em P .... By a similar argument as the
previous, this gives a contradiction.

(|
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Theorem 6.2 (Confluence of >g) Let t,t1,ts be terms and R C red(t).
1. Iftorty and t>Rta, then there exists t3 such that t >} t3 and to b} ts.

2. If t>R t1 and t o} ta, then there exists ts such that ty by t3 and ty >} ts.
Proof

1. By induction on the complexity of t. Let us check the following cases, the
other cases are simple consequences of the induction hypothesis. In this proof
we only mark the redexes which will be reduced.

-t = (zrer)es... [ru, s.v] |Y.p,2.q] €j...6m,
t1 = (zer)ea... (v |y.p,2.q]),s.(v \y.p,2.q])] €j...6m
and to = (ze1)ea... [1u, s.v] |y.(pej), 2.(ge5) ] ...€m.-
Therefore check that
ts = (xer)ea... [r.(u [y.(pejy), 2.(q€5)]), s.(v |y.(pej), z.(qej)]) ] ...em
is the commun marked redectum obtained of course by R-reductions.

— t = ((na.u [z.r,y.5]) €€).

- It ty = ((pa [z, y.s]) €€) and to = (paw [a :=* [x.r,y.s]] €€),
then, by the lemma 6.2, we take t3 = (pa.v’ [a :=* [z.1,y.5]] €&).

- It t; = (pa [z, y.s]) €€) and to = ((pawulz.(r €),y.(s €)]) &),
then we take t3 = ((pa.u’ [x.(r €),y.(s €)]) ).

- If t1 = (pawfa =" [x.r,y.5]] €€) and t2 = (pa.u[z.(r €),y.(s €)]) €),
then, both of the commutative and the classical redexes are marked
redexes in t = ((ha.u |z.r,y.5]) €),
hence ¢, = (fia.u[a :=* |x.7,y.5]] €&)
>r (ga.ufa :=* |x.r,y.s]| €] &) bR (Ra.ula :=* |z.(re),y.(s€)]]E) =
ts, and ty = ((fa.w |2.(r €),y.(s€)])E)pR

(fa.ula :=* |z.(r €),y.(s €)]] €) = t3. It is obvious that t3 = (pa.ufa :=

[.(r €),y.(s €)]]€) is the commun redectum.

2. This is a direct consequence of (1), theorem 6.1 and Newman lemma.
O

Lemma 6.4 Ift[>* t/, then t = tg D:’ed(to) t1 D:ed(tl) to D:ed(tz) D:ed(tn) th+1 = t.
Proof Easy. (|

red

Remark 6.3 [t is easy to see that if u D:ed(u) v>F (u) W5 then v D:ed(v) w.

Now the main result of this paper can be easily established.

Theorem 6.3 (Confluence of >) Lett,ty,to be terms such that t>*¢1 and t>*ta,
then there exists t3 such that t1 >* t3 and t1 >* t3.

Proof This is a direct consequence of lemma 6.4 and theorem 6.2.
O

One of the consequences of the standardization theorem is that the normal form
if it exists, it can be reached by the leftmost reduction.

Theorem 6.4 Ift' is the normal form of t, then t >} t'.

Proof Since t b* ¢/, then there exists a standard reduction from ¢t to t/, i.e,
t>*, t'. We process by induction on k(¢ >%, t') = (n,c). The cases where ¢ is not a
simple term are direct consequences of induction hypothesis (decreasing of ¢). Let
us examine the two following cases:

15
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—t=(z8)

- If £=¢€;...e, is nice, then t' = (&) where & = ¢}...e, and each ¢; >* &}
normal. Therefore the induction hypothesis concludes.

- Else t = ((x7[y.p.2.q))e;k) and the standard reduction is in the form
t = ((x7)[y.p-z.qleik) > (x7)[y.(pe;)-2.(qe;)])k) %, t'. Therefore by
induction hypothesis (decreasing of n), we have that
((z)ly.(pei).z.(qe)))k) bf T _

Thus t = ((z7)[y.p.2.qle:k) > ((x7)[y.(pes).z.(ge:)))k) > .

-t = ((pa.we)€), then the standard reduction from ¢ to the normal form ¢
is in the following forms: Either ¢ = ((na.ue)&) > ((pa.ue)¥) i, ¢ or t =
((pawe) &) > (ua.ufa :=* €] &) bk, . Therefore, by induction hypothesis,
(decreasing of n) we have that ((pa.ue) 7) >} t' and (pa.ufa :=* €] &) > ¢, hence
t = ((nauwe)é) > (pa.we)7) oy t' and ((pa.ue) &) > (pa.uja :=* €| &) vy .

]
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