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Contact Analyses for Anisotropic Half Space:
Effect of the Anisotropy on the Pressure
Distribution and Contact Area

Caroline Bagault, Daniel Nélias, Marie-Christine Baietto

Université de Lyon, CNRS, INSA-Lyon, LaMCoS UMRS5259, Villeurbanne, F69621 France

A contact model using semi-analytical methods, relying on elementary analytical solu-tions, has been developed. It is based on
numerical techniques adapted to contact mechanics, with strong potential for inelastic, inhomogeneous or anisotropic materials. Recent
developments aim to quantify displacements and stresses of an anisotropic mate-rial contacting both an isotropic or anisotropic
material. The influence of symmetry axes on the contact solution will be more specifically analyzed.

1 Introduction

Engineering problems are becoming more complicated when
trying to reduce the gap between the model and the actual applica-
tion. It means that less restrictive assumptions should be made, or
in other words more physics should be implemented in the model.
Among the challenges to succeed in it, the material properties
should be considered accurately. Supposing the material is iso-
tropic is not enough. For most composite and mono-crystal mate-
rials their compositions or the elaboration and manufacturing
processes imply that it exists one or two main directions or even a
general anisotropy. The influence of the anisotropy orientations
has to be taken into account to better predict the stress state in
order to optimize the service life of industrial components.

The Green’s functions of a point force applied in an isotropic
infinite space was first solved by Kelvin [1]. Boussinesq [2]
derived surface Green’s functions for a force normal to the free
surface, in isotropic solids. Then, Mindlin [3], by adding a com-
plementary part of the solution, reduced the Kelvin’s infinite
space functions to the half space Green’s functions. Ting and Lee
[4] developed an explicit expression of the Green’s functions in
terms of the Stroh eigenvalues [5,6], for an anisotropic infinite
space. Also using the Stroh formalism, Ting [7] obtained the ani-
sotropic Green’s functions of a point force in a half space in the
Fourier transformed domain. With inverse fast Fourier transforms,
solutions can be finally obtained in the physical domain. Pan and
Yuan studied the three-dimensional Green’s functions of point
forces in anisotropic bimaterials [8], in anisotropic trimaterials [9]
and also at the interface of an anisotropic bimaterial [10]. Ciavar-
ella et al. [11] presented a method for solving the 3D contact prob-
lem for anisotropic materials by using the standard Hertzian
solution. Li and Wang [12] worked also with the Hertzian solution
in order to analyze the contact problem for two anisotropic piezo-
electric bodies pressed together. Borodich [13] solved some con-
tact problems of anisotropic elastodynamics by applying his
method of integral characteristics of solutions to boundary-initial
value problems. Swanson [14] used the procedure outlined by
Willis [15], a numerical contour integration to determine the con-
tact area and the pressure distribution, combined with the Pagano
solution [16] to obtain detailed stress fields. Aizikovich et al. [17]
worked on the influence of the elastic properties variation along
the depth on the contact area and stresses. Gao and Pharr [18]
were interested on the effective moduli of elastically anisotropic

solids under normal and tangential contacts. In their books, Rand
and Rovenski [19] focused on the procedure of obtaining analyti-
cal solutions in anisotropic elasticity and Galin [20] dealt with
contact problems and got onto contact problems for an anisotropic
half-plane. Lin and Ovaert [21] studied the rough surface contact
for anisotropic materials in 2D. Then He and Ovaert [22] devel-
oped a 3D contact model between a rough rigid sphere and a
semi-infinite anisotropic elastic body, by applying the line integral
of Barnett-Lothe tensors [23] on oblique planes. More recently,
the anisotropic elastic layer was the subject of many articles.
Kahya et al. [24] worked on the plane receding contact problem,
Batra and Jiang [25] studied an analytical solution, and Argatov
[26] focused on the depth-sensing indentation. Brock and Geor-
giadis [27] presented a class of multiple-zone sliding contact prob-
lems, including frictional and thermal effects on an anisotropic
half space. Clements and Ang [28] solved some contact problems
for inhomogeneous anisotropic elastic materials. Another method,
the boundary element method, is used by Bldzquez et al. [29] for
generalized plane problems and by Rodriguez-Tembleque et al.
[30] in 3D to study contact problems in anisotropic solids.

In this paper, starting from three dimensional Green’s functions
for anisotropic bimaterials [8], these functions are derived for ani-
sotropic half space, as a sum of infinite space Green’s functions
and a complementary part, similar to the Mindlin’s superposition
method. The explicit expression of the Green’s functions for ani-
sotropic infinite space by Ting and Lee [4] are recalled and used
as starting point to express the half space anisotropic contribution.
The complementary part that should be added to account for the
free surface of the half-space is finally given.

Several methods can be used for contact simulation of aniso-
tropic materials. Semi-analytical methods have proven their effi-
ciency in contact mechanics and are developed here to account for
anisotropy of materials. The main advantage is here the small
computing time compared to the finite element (FE) method that
is however widely used for many contact problems. The contact
model with its specificities when at least one of the bodies in con-
tact behaves anisotropically will be first presented. Then, the influ-
ence of some parameters on the contact pressure distribution will
be studied. The effect of the anisotropy orientation on the contact
solution will be also investigated.

2 Contact Resolution

The semi-analytical method (SAM) consists of the summation
of elementary solutions known analytically. One of the difficulties
is the derivation or the identification of these elementary
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analytical solutions, such as the well-known Boussinesq and Cer-
ruti solutions in isotropic elasticity. The framework of the three-
dimensional problem is simplified here by assuming the contact
between one anisotropic elastic half space and a rigid body. The
contact area is small in comparison to the dimensions of bodies
justifying the assumption of half spaces. Each point of the surface
is assigned a value of the pressure corresponding to the total load
divided by the surface area. Analytical solutions giving the contri-
butions of normal and tangential loading assumed uniform over a
single rectangular element will be used. By summation the elastic
deflection at each point within and near the contact area will be
derived.

The elastic displacements are expressed by a double discrete
convolution product between influence coefficients and the pres-
sure or shear at the contact surface. The normal problem and the
tangential problem in partial slip are therefore solved. The solu-
tion is performed by minimizing the complementary energy, so
the contact pressure is constrained to be positive everywhere and
there is no interpenetration. An algorithm is developed based on
the conjugated gradient method (CGM). To accelerate the calcula-
tion, the fast Fourier transforms (FFT) are used to perform the
double convolution product between the pressure and the influ-
ence coefficient matrix, at each iteration of the CGM. Once the
contact problem solved, the strains in the half space are
calculated.

The semi-analytical contact solver is based on the pioneering
work of Jacq et al. [31] for elastic-plastic contacts. The solver has
since been developed and improved in several ways. Boucly et al.
[32] and Chen et al. [33] introduced thermal aspects. Fulleringer
and Nelias [34] focused on the influence of a cuboid of uniform
plastic strain in a half space, on the normal and tangential dis-
placements of surface points, and derived the corresponding
Green’s functions in an analytical form. Then Leroux et al. [35]
and Zhou et al. [36] studied the effects of the presence of inhomo-
geneous inclusions within a half-space, both on the contact pres-
sure distribution and the subsurface stress field. Discrete
convolution (DC) and 3D FFT have been since then widely used
in the contact solvers. Leroux and Nelias [37] worked also on the
stick-slip problem for a sphere in contact with a flat half-space
containing unidirectional cylindrical fibers. Gallego et al. [38]
proposed an algorithm based on the conjugate gradient method to
account for the coupling between normal and tangential effects,
which is required for frictional contact problems between elasti-
cally dissimilar materials. The same group of researchers also
improved the contact algorithm in several ways so that it becomes
affordable to simulate wear for 3D contact problems, cycle after
cycle [39—41]. Note that SAM could be also linked with the FE
method and used as a zoom on the contact to account for the effect
of roughness or simulate wear [42]. More recently Chaise and
Nelias [43] improved the numerical model to account for kine-
matic and isotropic hardening and analyzed the problem of a roll-
ing load versus indentation. They also proposed a method to
predict the coefficient of restitution when an elastic or rigid sphere
is impacting an elastic-plastic half-space [44].

3 Anisotropic Influence Coefficients

Anisotropic materials are defined by the elastic stiffness tensor
Cijur, which satisfies the full symmetry Cijy = Cjiy = Cryjj. These
materials can be divided into several parts, cubic, orthotropic, and
anisotropic. Depending on the family classes of materials, three,
nine or twenty one parameters are necessary for defining com-
pletely the elastic tensor. Note that in this work the main direc-
tions or axes of symmetry are not necessarily the same than those
of the contact ones. In such a situation a base change has to be car-
ried out. The elastic stiffness tensor links stresses to strains with
this following relation:

0jj = Cijuén- (1

The influence coefficients, which link the loading to the displace-
ments or to the strains, for an anisotropic material, are obtained
with the Green’s functions. The calculation of the displacements u
and the stresses ¢ anywhere in the material is made in two stages.
An infinite part [4] determines these elements for the anisotropic
infinite space and a complementary part [8] is used to limit them

to the half space,
{ u = Uoo + Ucomp )

0=0xt+ Ocomp

These complementary functions can be described explicitly in the
Fourier domain, whereas it is more complicated to obtain their
formulation in the physical domain due to the general anisotropy
of the material. They are therefore obtained in the physical do-
main by applying the inverse Fourier transform to the explicit for-
mulas of the Fourier domain. In this paper, intermediate results
are not all presented for conciseness.

A concentrated force f = (f1,/2,/3) is applied at the origin of
the reference frame, which is located on the surface of the aniso-
tropic elastic half space (x3 > 0). In the absence of body forces,
the equations of equilibrium in terms of displacements u; are writ-
ten as Cjjux; = 0. Three matrices 3 x 3 are defined with the ten-
sor Cjj; and the vectors n and m, which form a right handed triad
with the position vector x. Q, R, and T are the double projections
of the elastic stiffness tensor,

rcos 0sin ¢

X=| rsinfOsin¢ 3)
rcos ¢

R = Cijrsnjm,

Qir = Cijisnjn, Ty = Cijpsmimy “4)

Six distinct eigenvalues p are obtained by calculating the roots of
det(T'(p)) = det(Q +p(R+R") + p*T) =0 (5)
The roots are three pairs of conjugate complex numbers
pi=o+if;, p;>0 (j=123) (6)
with o; and [3 ; real coefficients.

The complex eigenvectors a, Eq. (7), are not trivial solutions.
The eigenvectors b are derived by Eq. (8)

[0 +p(R+R") +p’Tla=0 )
1
bz@“ﬂﬁﬂz—;@+¢@a ®)
If pj, a;, and b; (j = 1, 2, ..., 6) are the eigenvalues and the associ-

ated eigenvectors, it is defined that

Im(p;)) >0 (j=123)
Pi+3 =DPj, @3 =a;, biz=b; )
A =[aj,ay,a3], B = [by,by,b3]
By supposing that the eigenvalues are distinct and the eigenvec-
tors satisfy the normalization relation

bi aj + aj b; = ; (10)
with d;; the Kronecker J, then the Green’s functions are obtained
by superposing the six eigensolutions. The calculated displace-
ments and stresses are real. The determination of the roots’ sextic

equation from which the complex eigenvectors are derived is
made numerically.



T is the adjoint of I" such that

T(p)T(p) = det(T(p))I (11
The adjoint matrix lA"(p) is a polynomial of degree four in p
4 -~
L(p) =) p'T" (12)
n=0

with T the real matrices which are independent of p. The infi-
nite part of the displacement can be written as [4]

| D SN
> af T (13)

" = 4zr det(T) g

The real coefficients g, are defined by

1 o } . }
2B, 8,85 {Re{(pl — ) (p1 — p3) + ... Om
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Pi 7’ Paps
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0,1,2
for n =

(14)
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where 0,, = 1if n =2 and §,, =0 if n # 2. ¢, has two alterna-
tive expressions. The infinite part of the stresses is deduced from

ij = Cijkstks
(15)

1
= Ecijks(uk‘s + Ms,k)

To calculate the complementary part of the displacements and the
stresses, a vector ¢ is needed

¢=Da (16)
The matrix D is defined by
D(1,j) = Ciijanty + pCiyjs
D(2,)) = Crojany + pCiajs an
D(3,)) = Cxjung + pCaja
with j = 1,2,3 and 7 = (cos 0, sin 0, O)T
and
cj+3 =Ci(j=123), C=lcr,c2,03] (18)
A matrix G is determined by
G=B'B (19)

The traction vector 7 on the plane x3 = constant and the in-plane
stress vector § are deduced from

= (013,023,033) = (Ci3isitks, Costslins, Caseslhics) (20)
5 = (611,012, 02) = (Ciigsttks, Crousthe,s, CooksU,s) (21)
Assuming x3 # 0, the displacements are reduced to [8]
o q VI, 1]
(X1, %2, X3) = o (X1,%2,X3) tiz AGATdO|f  (22)
0

where the matrix G, is defined by

YU _poxy — (x1 cos 0 + xp sin 0) ’
Similarly, the Green’s stresses can be written as
1 21 _ R
(X1, X2, X3) = Tog (X1, X2, X3) + — J BGA"dO|f
47'(2 0
e (24)
5, x2,43) = S (1,22, 23) +— J CGATd0|f
47'[2 0
with the matrix G, as
(G);
(Gt),:,' - ! (25)

[—Pxs — (x1 cos 0 4 x, sin 0)]

If the studied point is at the surface of the anisotropic half-space
(x3 = 0), the formulation is slightly different because of a singu-
larity in the complementary part. The Green’s displacements then
become

i - 1
u(X],X27O) = MOO('XHX%O) _4_7U
1 (™ AGAT P .
8 {EL me'H[AGA ]Hzen:n/z}f
(26)

by using the Cauchy principal value for calculating the integral.
Green'’s stresses, where the integral is defined by the Hadamard fi-
nite part, can be derived as

#l - 1
t(Xth’ 0) = ZOO(x17x27 0) + m
1(* BGAT d[BGAT| =
- i X
X bid «L 0052(9 _ 00) F1 40 ‘():()(._R/Z }f
27
S 0) = 5o 0) + !
S(X1, X2, = S0l X1, X2, e
1> cGAT _d[CGAT] .
8 {EL cos?(0 — Op) o Fi d0 ‘9:6017[/2 }f
(28)

4 Application

4.1 Validation for an Isotropic Case. The first validation is
a comparison between the results obtained using the anisotropic
model when dealing with an isotropic half space submitted to an
Hertzian loading and the analytical solution given in Egs. (29) and
(30). Assuming a rigid indenter, with a spherical tip of radius
Rindenter» In contact with an isotropic half space, the Hertz pressure
Pherz and the Hertz contact radius aper, can be written as

» 3P (29)
Hertz = 55
e 2nal%lenz
1/3
a _ 3PRindenter(l - Vszolid) A (30)
Hertz 4E o ‘

E and v are the Young’s modulus and the Poisson’s ratio of the
isotropic half space, respectively, P represents the load. The mate-
rial is assumed cubic, almost isotropic, because isotropic materials
lead to double roots which create singularities. The Coulomb’s
modulus is equal to the isotropic Coulomb’s modulus plus 0.7%.
Two meshes are studied, the first one 47 x 47 x 25 elements (the



Table 1 The influence of the mesh and the model on the CPU
time

Element number in the contact area 23 x 23 71 x 71
Mesh 47 x 47 x 25 95 x 95 x 50
CPU isotropic model 15s 1 min49 s
CPU anisotropic model 2 min 37 s 20 min 25 s

P/Pyer; iN the plane x=0

12F T T T T r : T
Hertz solution
= = = S5AM
1L (== SAM, refined mesh | |
5
08+ 1
™
:
T
a 06f 1
=
a
0.4+ 1
02t 1

Y/ayenz

Fig. 1 Pressure profile for an isotropic case

Fig. 2 Finite element model with a detailed view of the contact
area

two first numbers refer to the directions parallel to the surface and
the third one to the depth) with 23 x 23 elements within the
contact area, and the second one, a refined mesh 95 x 95 x 50 ele-
ments, with 71 x 71 elements within the contact area. Note that
for contact problems it is usually admitted that 10 points are usu-
ally sufficient to accurately describe a specific wavelength.

The gap between the Hertz solution and the numerical solution
is 0.6%, and between the standard mesh and refined mesh is 1.6%,
for the pressure. The (anisotropic) numerical solution tends
towards the (isotropic) analytical solution for isotropic properties.

The difference between computing time with isotropic and
anisotropic models stems from the calculation of the influence

Table2 Number and type of elements in the FE model

Area Type Quantity
Sphere C3D10 22276
Contact area of the half space C3D20 54000
The area closest to the contact area C3D4 49656
The largest area C3D8R 22942
Edges of the half space CIN3D8 3448
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Fig.3 Pressure profile for an orthotropic material

Table 3 Elastic parameters of studied materials

Figs. 3(a), 6, 8

Figs. 9, 10 (for 0 = 0 deg) Figs. 3(b), 4,5,7 Figs. 11, 12
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Fig. 4 Influence of E; on the contact pressure
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Fig.5 Influence of E; on the contact area

coefficients, whose calculation is more complex and lengthy for
the latter model. Note that the influence coefficients should be
computed only once for a given anisotropic material, and stored to
be used for further simulations. By using a finite element model,
presented afterwards, results for an anisotropic half space are
obtained with a CPU time of 144 h on the same class of the perso-
nal computer (Intel® Core™ Duo CPU T9600 @ 2.80 GHz 1.59
GHz, 3.48 Go RAM). According to Table 1 and Fig. 1, the stand-
ard mesh is a good compromise, it gives accurate results in a rea-
sonable computing time. It will be used in the following parts.

4.2 Validation for an Anisotropic Case. A finite element
model has been developed with the commercial FE package Aba-
qus (version 6.9), in order to validate the anisotropic semi-
analytical method.

An isotropic sphere, with Young’s modulus 10° times larger
than the half space Young’s modulus and identical Poisson’s ratio,
is in contact with a semi-infinite half space. The mesh is shown in
Fig. 2 and described in Table 2. It includes semi-infinite elements
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Fig. 6 Influence of E; on the contact pressure
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Fig. 7 Influence of E; on the maximum pressure

CIN3D8 on the edges of the body, and quadratic elements with 20
nodes and 27 integration points (C3D20) in the contact area. In
order to respect the Hertz conditions, the sphere radius is 30 times
larger than the contact radius. To optimize the computation time,
properties of symmetry along the direction 1 are used.

The first step consists of validating the FE mesh though a com-
parison of the contact solution obtained for a Hertzian loading.
The error for the pressure distribution (i.e., on the maximum pres-
sure and the contact radius) is smaller than 0.4%.

Then, two anisotropic cases are studied. The half space is consid-
ered orthotropic, with the same Poisson’s ratio and the same Cou-
lomb’s modulus. For the first case, the Young’s modulus along
direction 3 (the depth) is twice as large as the Young’s modulus in
directions 1 and 2. The FE and SAM pressure distributions are plot-
ted in Fig. 3(a). The error for the maximal value is lower than 0.2%.
For the second case, the Young’s modulus along direction 1 (on the
surface) is twice as large as those in directions 2 and 3. A difference
of 2.2% for the maximum pressure is observed in Fig. 3(b).

4.3 Parametric Studies. The influence of the properties of
an elastic anisotropic half space which is in contact with a rigid
indenter, with a spherical tip, is studied here. The contact parame-
ters, i.e., the contact area and the pressure distribution, will be
more specifically investigated. The depth corresponds to direction
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3, which means that the surface is defined by directions 1 and 2.
In these examples, materials are orthotropic, with the same Pois-
son’s ratio and the same Coulomb’s modulus. The material data
used in the numerical simulations are synthetized in Table 3.

The influence of E; and E3 on the contact pressure distribution
is shown in Figs. 4-6. It is observed that a change of the Young’s
modulus along a direction parallel to the surface (E; here) has a
moderate effect (Fig. 4). The maximum contact pressure is
increased by 3% when E; is doubled. Moreover it can be observed
that the contact area is no more circular (Fig. 5). The effect of the
Young’s modulus along the depth (£3) is more pronounced, an
increase of 32% of the maximum contact pressure and decrease of
the contact radius by 11% when the Young’s modulus is increased
by a factor 2 (Fig. 6). Figures 7 and 8 summarize the influence
of the Young’s modulus on the maximum pressure. A slight modi-
fication of E; around Ejsopic does not have a significant effect,
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conversely to E3 that does have a pronounced effect. Neverthe-
less, a monotonic increase of the maximum contact pressure is
observed when E; increases (see Fig. 7). The maximum pressure
drops quickly when E3 decreases (see Fig. 8).

The effect of the material’s orientation relative to the contact is
shown in Fig. 9. Here the Young’s modulus of the material
in direction 3 is equal to E3 =3 Ejgqopic, but the material
main direction is different from that of the contact. When the
orientation angle 0,, around the 1-axis increases up to 90°, the nu-
merical solution converges progressively to the solution where
E3 = Ejotropic and Ey = 3 Ejsropic- This is confirmed in Fig. 10,
where the maximum pressure is plotted versus the angle, for dif-
ferent ratios between E3 and Ejsoropic. Hence, the method is valid
whatever the orientation angle compared to the surface.

In Figs. 11 and 12, the influence of the Poisson’s ratio v and the
Coulomb’s modulus G are observed more precisely. The studied
material is cubic. Dividing (multiplying) by 2 the Poisson’s ratio
increases by 6% (decreases by 14%) the contact radius. In terms
of contact area it corresponds to an increase of 12% or a decrease
of 30% for the contact area, respectively. A modification of the
Coulomb’s modulus by a factor 2 changes the contact radius by
6% if G > Gisotropic 01 11% if G<Gisotropic. Therefore v and G
have a significant influence.

Finally it is also interesting to have a look on the effect of the
anisotropy on the normal load versus displacement response, as
monitored during an indentation test. It is confirmed in Fig. 13
that a change of the Young’s modulus along a direction parallel to
the surface hardly affects the load-displacement curve. Conversely
one may observe a very significant modification of the indentation
curve when the Young’s modulus along the direction correspond-
ing to depth is varying, see Fig. 14. Note that the use of the equiv-
alent Young’s modulus as proposed by Swanson [14] does not
allow us to reproduce these indentation curves.

5 Conclusions

A semi-analytical method has been developed for the contact
problem of anisotropic elastic materials. The model has been vali-
dated by comparison with the Hertz solution for isotropic materi-
als and by comparison with a FE model for anisotropic materials.
It is found that the stiffness along the normal to the contact has a
strong influence on the contact solution in terms of pressure distri-
bution and contact size; an increase in E3 leads to a higher maxi-
mum contact pressure and a smaller contact radius. Conversely a
change of the Young’s modulus along a direction parallel to the
surface (plane (1, 2)) does not significantly affect the contact pres-
sure distribution but the contact area is no more circular. The per-
formance of the method is highlighted by analyzing the effect of
the orientation of the material main directions compared to the
surface normal.
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Nomenclature
Axerz, = Hertzian contact radius
a;, b;, c; = eigenvectors associated with p;
A, B, C = matrices of the eigenvectors
Ciju = elastic stiffness tensor
Young’s modulus
E; = Young’s modulus in direction i
G = Coulomb’s modulus
M = conjugate of M
M~ = inverse of M
MT = transpose of M
v = Poisson’s ratio
P = contact pressure distribution
PHer; = maximum Hertzian pressure
i = eigenvalues
O, R, T = double projections of the elastic stiffness tensor

o]
Il

=
\

r, 0, ¢ = spherical coordinates of the studied point
0 = stress tensor
§' = in-plane stress vector
f = traction vector
0,, = orientation angle of the material
il = displacement vector
Ucomp = relative to the complementary part

U~ = relative to the infinite part
uy s = partial derivative of u; by x,
x; = Cartesian coordinates of the studied point
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