N
N

N

HAL

open science

AN IMPROVED APPROXIMATION FOR
ASSESSING THE STATISTICAL SIGNIFICANCE OF
MOLECULAR SEQUENCE FEATURES

Sabine Mercier, Dominique Cellier, Francois Charlot

» To cite this version:

Sabine Mercier, Dominique Cellier, Francois Charlot. AN IMPROVED APPROXIMATION FOR
ASSESSING THE STATISTICAL SIGNIFICANCE OF MOLECULAR SEQUENCE FEATURES.

Journal of Applied Probability, 2003, 40, pp.427-441. hal-00937529

HAL Id: hal-00937529
https://hal.science/hal-00937529

Submitted on 28 Jan 2014

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-00937529
https://hal.archives-ouvertes.fr

Applied Probability Trust (18 April 2003)

AN IMPROVED APPROXIMATION FOR ASSESSING THE
STATISTICAL SIGNIFICANCE OF MOLECULAR SEQUENCE
FEATURES

MERCIER, S.,* University of Toulouse IT

CELLIER, D., CHARLOT, D.,** University of Rouen

Abstract

Using random walk theory, we first establish explicitly the exact distribution
of the maximal partial sum of a sequence of independent and identically dis-
tributed random variables. This result allows us to obtain a new approximation
of the distribution of the local score of one sequence. This approximation
improves the one given par Karlin et al., which can be deduced from this new
formula. We obtain a more accurate asymptotic expression with additional
terms. Examples of application are given.
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1. Introduction

Molecular sequence analysis has become an important tool in molecular biology. Deter-
mining what is likely or unlikely to occur by chance may help in identifying interesting
patterns in sequences. Let A;...A, be an observed sequence (DNA, protein, ...) from a
finite alphabet (nucleotides or amino acids). Let o be a scoring function taking values
in Z. Scoring assignments for nucleotides or amino acids may arise from a variety of

considerations like biochemical categorization, physical properties, or association with
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secondary structures. The local score of the sequence A;...A4,, according to the scoring

scheme o is defined as follows:

H,, corresponds to a segment of the sequence with maximal aggregate score. The local
score has been already studied many times using a random model when successive
letters of a sequence are generated independently and with an identical distribution,
or with a Markov chain model. For surveys of this subject, see [21] and [10]. Arratia
and Waterman [3], proved that for sequences of length n, as n — 400, there exists
a transition phase : when the average score is positive, there is a “linear growth”
of the local score in n, H, = O(n); and when the average score is negative, it is
called the logarithmic case, H,, = O(Ilnn). See also [22], [15] and [8] for studies of the
logarithmic domain. Arratia, Gordon and Waterman [2], studied approximations of
the distribution of counts of matches in the best matching segment of specified length
when comparing two long sequences of independent and identically distributed (i.i.d.)
letters. The key tools are large deviations inequality and the Chen-Stein method of

Poisson approximation, [1].

Karlin and Altschul [13] and Karlin and Dembo [14] presented for the first time a result
on the distribution of the local score for one sequence when the average score per letter
is non positive. That is for a sequence X = (X;);>1 of independent and identically
distributed random variables with E[X;1] < 0 and H,, = maxi<i<j<n (Z-I]c:z Xk>, they

proved that

PlH, < 04 0] "R exp (Ko )

where A and K* depend only on the parameters of the model of the sequence. Karlin
et al. [9], generalized formula (1) to gap-less alignment of two sequences.

The work of Karlin et al. [14] stands on two steps : they first established an approxi-
mation for the distribution of the maximal partial sum M = maxg>o(X1 + ... + Xk),
using renewal theory and the work of Iglehart [12]. This last approximation is then
used to obtain the result (1) on the distribution of the local score H,,. But it is an usual

result that the distribution of M is the unique stationary distribution of a Windley
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process W defined as follows:
Wn = (Wn—l + Xn)+ 5

see for example [5] (Chapter 3), or [11]. This distribution has never been explicitly
given and so can’t have been directly used to deduce a result for the distribution of

the local score H,,.

In this article, we are interested in theoretical and explicit formula to assess the
statistical significance of sequence analysis. Using the random walk theory, we establish
(see Proposition 1) the exact distribution of the maximum of the partial sums of a
sequence of independent and identically distributed random variables when the average
score per letter is non positive. We don’t have found this result in the litterature ;
maybe it is due to the fact that our particular case (biological sequence analysis,
sequences comparison) is not a very interesting problem for the specialists of waiting
file. Some works seem to be very similar, see [5] (Chapter 3), or Wald [20], but they
focus on stopping time identities or first passage time probability and don’t go further
for the distribution of the maximal partial sums. The explicit distribution of M in
Proposition 1, allows us to obtain a more precised approximation for the distribution
of the local score of one sequence. This result improves the one given par Karlin et
al., [13], [14]: we obtain additional terms which give us a more accurate asymptotic

expression.

Daudin and Mercier [19], give a theoretical method to calculate directly the exact
distribution of the local score H,, of an i.i.d. sequence in linear or logarithmic domain:
using Markov chain theory, the distribution of H, is given by a power of a matrix. This
work does not stand on the study of the partial sum and is independent of the sign of
E[X;]. The method is simple and largely usable but does not give the explicit formula
of the distribution. It is a very practical method to obtain the statistical significance of
local score of short sequences, but the computation for very long sequences can become
more fastidious. This work must be put together in a complementary way with the
asymptotic result of this article to study the statistical problem of sequence analysis

for both long or short sequences.
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This article is organized as follows. Section 2 deals with the distribution of the
maximum partial sums and an approximation of the distribution of the local score.
These results are proved in Section 3. Several examples are developed in Section 4 for

scoring functions with non positive drift (see (2)). We give a conclusion in Section 5.

2. Notations and results

The following notations will be used. Let X = (X;);en be a sequence of independent
and identically distributed random variables from the alphabet A = {+u,...,—v}.
Let p; = P[Xo = 4] for ¢ = 0,1,...,u, and ¢; = P[Xo = —j] for j = 1,...,v, with
2i=o

modelizes o(A;). We suppose

Wit ijl,m,v g; = 1. The sequence X corresponds to the score sequence: X;

.....

E[XO]:Zi-pi—Zj-qj<O, (2)

so we are in the logarithmic domain. For all £ € N*, we denote Sy = Zle X, the
partial sums associated to the sequence X and we set Sop = 0. Let M = sup;~, Sk be

the maximal partial sum.
For a real z, |z| = max{k € Z : k < x} will denote the integer part of x.

For part of our work, we are going to adopt the same blueprint than Karlin et al.; that
is, in order to get results on the local score distribution, we are first going to work on

the distribution of M.

Let P be the polynomial
P(x)=> pi-a" "+ (po—1)-a"+ ) q;-a"t (3)
i=1 j=1

of degree u +v. We have P(x) = z% - (E[z~X° —1]).
Proposition 1. (Distribution for the maximal partial sums.)

1. The sum of multiplicities of the roots with modulus stricly smaller than 1 is equal

to u, and equal to v for the ones with modulus equal or more than 1.
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2. The polynomial P defined in (3) has only two real positive roots that are of simple
multiplicity: 1 and R with 0 < R < 1. For any other root R; of P such that
|R;| < 1, we have |R;| < R.

3. The probability of M 1is as follows
= PM =K =36-R, (4)
i

with R; the real roots and C; the complex roots of P with modulus smaller than 1.
Letting p = P[Xo > 0], the (vi) (and the (6;), drj, 01; implicitly) are computed
with the following linear equations systems:

v k

Tk :Z(%‘ "yk+j)+2(pi'7k7i) (1<k<u-1)

j=1 i=0

and

Z’Ykzl-

k>0

The method we use to prove this result is also totally different from the way Karlin

et al. established their approximation on the distribution of M. Our method stands
on Markov chains and random walk theory and brings additional terms that allow us
to confirm their approximation, see [14] and also [16]. We then apply our result to the
distribution of the local score. Let us define T} as the stopping time of the first non
positive partial sum. We denote by S~ = Sp; the first non positive partial sum and
w = E[T1]. Wald’s identity gives us p = E[S™]/E[Xo]. The negative drift of X;, (cf

(2)) assures that p is finite.

Theorem 2.1. (New approximation for local score distribution.) Let

J

H, = max E X
1<i<j<n \ £
=1

We have the following asymptotic distribution

1 K]
LI e adl B WNC R
P[Hng S +:c] [1 Z;Aa o ] , (5)

with
A =In(1/R), pi = |Ri|,I's = In(p:)/In(R) ,
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A((j) _ (_1)an(w) for R # R and ,1 for R ,

an(@) = [0 0] |
5i'}ﬁ _g—
Ki:m'(l_E[RiS D,

R; and §; being defined in Proposition 1.

The term in the sum corresponding to the root R (see Proposition 1 Point 2) is the
main term due to the fact that |R| is the greatest modulus smaller than 1 among the
roots of P. Considering only this root corresponds to the result of Karlin et al., and

we have A = In(1/R). This will be shown in Section 5.

3. Proofs

3.1. Proposition

3.1.1. Point 1 of Proposition 1 Point 1 can be deduced from [5]. As it is written in [5],
Wald [20] has worked on the problem of computing the first passage time probability
of a random walk. He suggested an approach using the following martingale f (x) =

E[zX°]. We have : P(z) =z - (f(1/z) —1).
3.1.2. Point 2 of Proposition 1 Let f be the following function defined on R\ {0} by:
f(a) = Blz=%].

We have the following equivalence: z is a root of P < z is solution of f(x) = 1.
The function f is strictly convex. We also have f(1) = 1, f(1) = —E[Xo] > 0 and

lim,_, f(x) = 4+00. So there exists a unique root R in ]0,1].

3.1.3. Point 8 of Proposition 1 As we have already said in the introduction, it is an
usual result that the distribution of M is the unique stationary distribution of the

Markov chain W, a Windley process, defined as follows

Wy =Wu1+ X))t .

See for example [6], [4] and [5].
The equations given in Proposition 1 come from the translation of this result. Let

¥ = () pen be the distribution of M and 7 = (m;;) the probability transition

i,jEN
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of W. Due to the distribution of the X;, and with p = P[Xy > 0] = > 1, p;, the

probability 7 is given by

To0 = P[XOSO]:ZQjJrPO,
i=1
Toi = DPi (Vi=1,...,u),
o = Y. @ (V1<Ek<w),
j=k

Thie—j = ¢  (VI<j<w) (Vk>j),
Mg kt+i = Di (VE>1) (Vi=0,..,u),

Ty = 0 else.

The stationarity of the distribution v brings us ym = ~, with ym = (3, .y ViTir ) ren-

Thus, v satisfies

Y0

Yk

Vi

<
<

Z%‘ Y|+ ZQj+po 70, (6)
j=1

k=1 | \j=k
v k

Z(Qj ets) + Z(pi Vi) (1<k<u-1), (7)

Jj=1 i=0

Z(Qj “Yetj) + Z(pi CYk—i) (k > u). (8)

Jj=1 i=0

From the equation (8), we deduce that (), is a linear combination of sequences

(BY)k>0)

where R; are the distinct roots of the polynomial defined in (3), with module less than

1. As v is a probability, we only consider roots with a modulus smaller than 1.

Point 3. of Proposition 1 is then proved.

The conditions for the ¢; and (dz,, d7,) are deduced from the equations (6) and (7) and

the fact that >, v, = 1. We can show that (6) is a combination of the u — 1 equalities

of (7), so we correctly have u equations to solve the wu coefficients of the interesting

roots of P.
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3.2. Proof of Theorem 1

3.2.1. Notations Using Proposition 1, we are going to establish an approximation for
the distribution of the local score H,,. Let Ty be the successive decreasing excursions
of the process {Si}: To = 0 and Ti41 = inf{i > T} : S; — S7,, < 0}. According to the

negative drift, the independence and the identical distribution of the X;, we have
(Zk)ps0 = (Si = Sty T <0 < Tit1) k0

that are independent and identically distributed. Let’s define as well

Q=Q1 = max Sk and Q;= max (Sk—Sr).

0<k<Ty T, <k<T;41

The @; are i.i.d. random variables. We have

VYm >0 Hp = max Q; . (10)

1<i<m
As in [14], the determination of the distribution of Hr,, is obtained in two steps: we
first establish the distribution of @)1 according to the one of M, and then we use the
result on @ to get the distribution of Hr,,. The second step is easy due to (10) and
to the fact that the (Q;), are i.i.d. We have

PlHr, <da = P[ max Qi <d

m = .
1=1,....m

= PMVi=1,...m Q; <ada

= (PlQr<a)™. (11)
With the notations of Theorem 1 and S~ = Sy, the first non positive partial sum, we
have
Lemma 1.
PIQ > a] “X° Y KR} where K; = iR (1-E[R;° ). (12)
- 7 (1 7 Rz) )

Proof
Let F(y) denote the distribution of the maximum @ = maxo<ip<r, St and G(y) the
one of M: F(y) = P|Q <], G(y) = P[M < y]. To prove Lemma 1, we employ the
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method of Karlin et al. [14]. For y > 0, let 0, = inf{k, S, < 0 or Sy > y} be another
stopping time. We have

1-G(y) PM >y,S,, >y]+ PM >y,S,, <0

= P[S,, >y|+P[M>y,S,, <0].

By definition, we have {S,, >y} = {Q1 > y}. Thus

1-Gy) =1-F(y)+ P[M >y,S,, <0],

and

PM >y,S,, <0] ZP[M >y,Sy, = —2] = ZP[r]?%{Sk >y, Sy, = —2]

z>1 z>1
— Y Pl S S, >yt 5, =
z>1 ‘
k
= Do Plmax 30 Xi>y+z5,, =2
z>1 Ti=oy+1

k
= P X; - P[S, =—
> [%gg ; i >y+z] P[S,, = —2]

z>1

= ZP[M>y+z]-P[SUy = —7]

= Y PIM>y+2]-P[S,, =—2Q<y|.
Thus
P[Q>y]=PIM >y~ [1-Gly+2)] PlSs, = —2,Q<y] . (13)

z>1

It follows from Proposition 1 that
P[M > y] = ZO@L‘RE—; with «; = 6; - Rl/(l — Rl) .
i

So

P[Q > y] :ZO%R?*Z (Z%wa) P[S,, = —2,Q <y] .

z>1 Q

Using the following equality

P[Sffy:7ZaQ§y]:P[S_:7ZaQ§y]a
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we get that
PQ>y] = > iRl (1 > RiP[ST =-2,Q< y]>
= ZaiRﬁ/ - (1 - ZRZ(P[S’ =—z]—P[ST=-2,Q > y]))
Za RY(1— E[R; %))
+ZazRy (ZRZ z,Q>y]) _
(14)
Let

ZazRy (Z RiP[S™ = —2,Q > y]) (15)

z>1

and o = maxi<i<m |0;]. We get

']’( ) Ry+1
< maRY - R* = ma - .
PG> SR 2 -7
So
o L) _

y—+oo P[Q > y]

Then
PlQ>y "~° > KR!, (16)
with K; = o - (1 — E[R;57]) = fl‘;—];" -(1-EB[R75)).

Lemma 1 is proved. O

3.2.2. Distribution of Hy In this subsection, we will control P[Q < [52 + z|]. Let
an(z) = ['52 + 2]. From (14), we have

lnn

PlQ > | Z KR 4 T(n) (17)

with
Inn

T(n) =T(=-+)), (18)
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where 7 is defined in (15).

Using the notations of Theorem 1 and Lemma 1, we get

1 - Kid it oo KiRH
[Q>Lnn+Jn+wZ#"j‘”17. (19)

n

Thus
Inn

P> 52 +2]]=0(-) (20)

We need to control ’j'(n) as well. We have

Tn) =Y alt?"™ - [ S RIPQ > an(a), §™ = —]

z>1

Then, with I'; = In |R;|/In R = —In|R;|/ A,

T < > (1R RIPIQ > an(w), S~ = ~2]

% z>1
= 3 [l 0PI > au@). 57 = )
i z>1

< 3 [ S P > au@). 57 = )

7 z>1

For all i, we have

> P PIQ > an(@), 57 = =2 £ 3R PIQ > an(@)] = PIQ > an(@)] - 7o -

z>1 z>1

Thus, we obtain that

~ R Inn "Gy pi®
O Sy P L B
=1
_ mCR™ PQ> [ 4]
- 1-R n ’

using also the fact that the I'; > 1 and I'y = 1 in relation with R.
Let 3 € RT\{0}. We have

mCR*t1 _ Inn
5 PR > [ +all

B.T(n)| <
[n”-T(n)| < 3
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Applying the estimate of P[Q > Lh’T" + ] which is provided by (19), we get

1 n—-+4oo _
WTIPIQ > B 4 a)] "R KR IR

Then, for 8 < 2, we have lim,_, nﬁ’j'(n) = 0. The next result is also proved,

V0o<B<2) T(n)=o—=). (21)

Let N, = sup{i € N: T; < n} denote the number of decreasing excursions in Sj...S,.
By the law of large number we have

N, 1
lim — =~ as, (22)
n—+oo nN M

where p = E[T}]. One must not forget that H,, is increasing with n and we get
P[Hry, ., <a] < P[H, <a] < P[Hr,, <a].
Let € > 0. Using (22), we obtain

P[Hry, <a] = P[Hpy, <a; n(1/p—e) <Ny <n(l/p+e)]
+P[Hry, < a; | No/n—1/p|> €
< P[HTLnu/u—e)J <a]+ P[| No/n—1/pu|> €

= (PR <a)"™" ™ 4o(1) .

A similar computation yields

P[HTNn+1 < a] = P[HTNW-H < a; n(l/,u - 6) < Nn < n(l/,u + 6)]

+P[HTN7,,+1 <a | Nn/n - 1/M |> 6]

> P[HTLn(l/M-e)JJrl <a; n(l/p—e€) <N, <n(l/p+e)
= PH7,, )0+ < 0]

~PlHr, as | Nu/n—1/p|> d

(1/p+e) ] =

= P[HTL" 1 S a] — 0(1)

(1/pto))+
= (P[Q < a))"t/rHlt o)
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So we have
(P[Q < A)"/rHIH _o(1) < PIH, < 2] < (P[Q < )" 40(1) . (23)

Let z = |In(n)/A + z]. We get
In(n)
A

Gn(e) —o(l) < P[Hn < | +z]] < Dn(e) +0(1)

a(n ln(1/pte)] +1
with G, (€) = (P[Q < Ll (A ) 4 xJ])

n(n [n(1/p—e)]
and D, (€) = (P[Q < Ll g\ ) +zx ])

Then, for all e > 0
Gul—o(l)  _ PH, <™ +a] _  Du(e)+o(1)
Kapr\etl = iAot Rl N A
(-ms)T (-mEe)T (-nRE)

where A = Afli). In order to prove

)

) P[H < ln(" + 2]
lim =1,
n—-+o0o ( K Ap ) !
it suffices to show
D 1
lim lim n(€) + o(1) =1, (24)

e—0n—-4oo K pr ﬁ+1
(1 -2 5
and a similar expression for G, (€). (17), (20) and (21) give (24).

4. Applications

4.1. The most amphoteric segments

Amphoteric amino acids (mixed charge) can be positively or negatively charged de-
pending on the medium they are. For high-scoring mixed charge segment, we use the
scoring scheme given by Karlin et al., [13]: o = 2 for Aspartate (D), Glutamate (E),
Lysine (K), Arginine (R) and I'Histidine (H); o = —1 for the others. Let p = P[X( = 2]
be the probability to get the five amino acids cited previously. Xe have E[X] = 3p—1.
The probability transition of the Markov chain W is given by

(Vk>0)  mhrs2 = P,
(nggl) Tk,0 = 1-p,
(Vk > ].) Thkk—1 — 1-p
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So the invariant measure satisfies

1-p
Y= =, N=01-p) 7,

and for (k>2) v =0-=p) Yet1+D Vk—2 -

The polynomial P is Plx] = (1 — p) - % — 22 + p, and the two roots different from 1

are real.
v/ p4d—3
0<R:er B p)<1, (25)
2(1-p)
p—/p(4—3p)
and — 1< R =—>"— "2 <0 26
2(1-p) (26)
We have
(VaeN) P[M=a]=6-[R*""" —R"] | (27)
1-3
with § — —L=3P) (28)
Vp(4—3p)
The scoring function is such that S~ = —1. So Lemma 1 brings
PlQ>a] “~° Ky - R*+ Ky - R, (29)
with K; =6R*>>0 and Ky=-6R*>0. (30)

Example 4.1. The distribution of the local score is approximated by the formula

P [ Inn ] n—toco {1 B K, R® B

a1
(—1)% (). Kap®

HHSTJr:E - n nt

: (31)

where p = [R'|, T = In(p)/In(R), an(z) = [ + x|, p = 1/(1 — 3p), and with R, R/,
K1, K, 0 given in (25), (26), (28) and (30).

Let’s deduce Karlin’s formula from this result. We deduce of Example 4.1 with a =
o
K 1Rz]ﬁ+1

n

5 exp (——1R“) ,
i

1 n—-—4oo
P[Hn<M+x} 1



New approzimation for the local score distribution 15

and we want to compare the two constants, K;/u and K*, (cf (1)), in order to verify

that the two results are compatible. We have, see [13] and [14]

1 —
P[Hn§%+x]n ¥ exp (—K* e M), (32)
with
(1= ) e B
E[Xo : eAXU]
Using A = In(1/R) and the fact that R is a root of P, we get

o (1-R)R(1-3p)> (1-RR*(1-3p)? (1— R)R*(1—3p)?
(/R -(1-pR  2p-(1-pR 3p — R? ’

K* =

Our method gives

oR?

. 2
Kifp="="= _SR2E[X,] = 6R2(1 — 3p) = L_3DE

V(A =3p)

Using (25), It is now easy to show that K* = K1 /p.

Our approximation deals with two terms. Taking into account only the main one allows
us to obtain by a different way the result of Karlin et al. Numerical investigations

indicate that our approximation is better, see [18].

4.2. The most hydrophobic segments

A scoring scheme quite consistent with the Kyte-Doolittle scale of hydrophobicity, (see
[17]), takesoc =2for I, L, V; o =1for F, M, A, C;0=0for G,S, Y, W, T,P; 0 = -1
for N, Q, H, D, E; 0 = -2 for K, R.

This example of scoring function is proposed in [15] and [14] (Example 3). The

polynomial is

P(z) = ga* + 1z’ + (po — 1)2* + pax + p1

Let p = Plo > 0]. Ouly two roots are in | — 1,+1[, noted R and R/, such that
0 < |R'| < R < 1. The distribution of the maximum M is given by

(Vk<2) po-Ye—2+D1 - Ye—1+D0 Y+ a1 Yet1 +q2 Vhy2 = Tk (33)

[po+(1=p)-v+1-p)1n+tae 2=, (34)



16 MERCIER,CELLIER,CHARLOT

P1-Yo+Po-v1+4qr-Yv2+Gq-73="71, (35)
The recurrent equation (33) brings us

P[M = k| =y, = 01 RF 4+ (—1)*6,R'™* | (36)
with Ry = R and Ry = —R’ the two roots of P(z) satisfying |R;| < 1 for ¢ = 1, 2.

Injecting (36) in (34) and (35) brings the same relation:

R
R
Using the fact that Zkzo v, = 1, we have also

01 <02 .

5, 5
-k 1+

Then we get with

(1-R)(1+R')
- RI+R)+R(Q1-R)’

51:RIT, 62:RT.

We define II; = P[S™ = —i], i = 1,2. Considering the work of Asmussen [5] (Chapter
3), there is a much more elegant way to get the distribution of S~ using the v roots

noted z; of P(z) with modulus superior or equal to 1:
(P(2) =0, |2i] > 1) = B(z)"* ] =1. (37)

Using Asmussen (see Prop. 3.15, [5]), we have exactly 2 roots of P(x) with |R;| < 1
and two roots z; with |z;| > 1. Let’s note R3 = 1 and R4 the last root of P(x) with
|R4| > 1. The equation (37) gives

1= 1II; +1I,
1= I -Ry+1y- R} .

So we get I} = (1 + R4)/R4 G]O, 1[, and E[S_] = (1 — R4)/R4
This method has the advantage to be generalized to any scoring function taking value
in {-v, ...,0, 1, 2, ...,4u}, whith {-1, —2, ...,—v} the possible value of S~. The

equation (37) gives a linear system of v equations to get the (II; = P[S™ = —i])1<i<y.
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We have then
. E[Si] Ry —1
K E[Xo] Ra-2(p2—q2)+p1 —a1]

Example 4.2. An approximation of the distribution of H,, is

4
an (@) KQRIQ: w

Inn oo K, R®
~ 1 — —
nF

3 — (=1

; (38)

with K1 = 1R, K3 = 2R, R, R, §;, p given above, and A= —InR, ' =InR'/In R

and ap(z) = | B2 + 2.

Karlin et al. in [14] (example 3) give

(1 _ Hlef/\ _ H2672/\)2E[X0]2

B = TP @ DER e X0

The two different approximations for the hydrophobic example have been numerically
tested and compared with empirical distribution of the local score or with the distri-

bution given by Daudin and Mercier [19], see Figure 1.

5. Conclusion

Proposition 1 deals with the maximal partial sum of a random walk. An approximation
of its distribution has been obtained previously using the renewal theory, see [14]. We
give explicitly in this paper the exact distribution using classical results of Markov

Chain Theory.

The application of this result to the distribution of the local score allows us to get a
better approximation of this distribution. Theoretical formulas seems not so easy to
manipulate, but applications are practical and simple. This approximation allows us
to confirm and improve numerically the result of Karlin et al. [13].

Some work remains to deal with the alignment scoring problem of two sequences but
we think that our result can be easily generalized to the case of Markovian dependent

sites.
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