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Abstract

We study the existence and uniqueness of a weak solutions to (F) Oru +
(—=A)*u + h(t,u) = 0 in (0,00) x RY, with initial condition u(0, ) = v in RY,
where N > 2, the operator (—A)® is the fractional Laplacian with « € (0,1), v
is a bounded Radon measure and h : (0,00) x R — R is a continuous function
satisfying a subcritical integrability condition.

In particular, if h(t,u) = t°uP with 3> —1 and 0 < p < ppi=1+ &Nﬂg),
we prove that there exists a unique solution uy to (F) with v = kdy, where d
is the Dirac mass at the origin. We obtain that ux — oo in (0,00) x RY as
k — oo for p € (0,1] and the limit of uy exists as k — oo when 1 < p < p,,
we denote it by us. When 1 + Q%i;rf) = pj" < p < Pj, Uoo is the minimal
self-similar solution of (F')s Opu+ (—A)%u +tPuP = 0 in (0,00) x RY with the
initial condition u(0,-) = 0 in R\ {0} and it is satisfies 1o (0, 2) = 0 for = # 0.
While if 1 < p < p3*, then uss = Up where U), is the maximal solution of the
differential equation 3’ + t%y? =0 on R, ..
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1 Introduction

Let h : (0,00) x R — R be a continuous function and Qs = (0,00) x RY with
N > 2. The first object of this paper is to consider existence and uniqueness of
weak solutions to fractional heat equations

Ou+ (—A)*u~+h(t,u) =0 in Qo

u(0,-) =v in RV, 1)

where v belongs to the space M’ (RY) of bounded Radon measures in RY and (—A)*
(0 < a < 1) is the fractional Laplacian defined by

(—A)%u(t,z) = lim (—A)%u(t, x),

e—0t
where, for € > 0,

u(t, ) —u(t, z)
’Z — x\N+20‘ XE("%. - Z‘)dZ

(-a)u(t.) = [

]RN
and

Xell) =
(r) 1 if r>e

{0 if rel0,¢,

In a pioneering work, Brezis and Friedman [5] have studied semilinear the heat
equation with measure as initial data

Ou — Au+uP =0 in Qo,

u(0,) =kdp in RV,



where k£ > 0 and dg is the Dirac mass at the origin. They proved that if 1 < p <
(N +2)/N, then for every k > 0 there exists a unique solution uy to (1.2). When
p > (N +2)/N, problem (1.2) has no solution and even more, they proved that no
nontrivial solution of the above equation vanishing on R\ {0} at ¢t = 0 exists. When
l<p<1l+ %, Brezis, Peletier and Terman used a dynamical system technique in
[6] to prove the existence of a very singular solution us to

ou—Au+uP =0 in Qu, (1.3)

vanishing at t = 0 on RY \ {0}. This function u, is self-similar, i.e. expressed under
the form

sty ) =t 7T f (%) , (1.4)

and f is uniquely determined by the following conditions
I+ (%Jr%n) f+55f=f"=0 on Ry
f>0 and fis smooth on R (1.5)
2
f(0)=0 and lim, e n»—1f(n) =0.
Furthermore it satisfies
) = et N1 = O(la|2)} as g — oo

for some ¢; > 0. Later on, Kamin and Peletier in [22] proved that the sequence of
weak solutions uy converges to the very singular solution ug as k — co. After that,
Marcus and Véron in [26] studied the equation in the framework of the initial trace
theory. They pointed out the role of the very singular solution of (1.3) in the study
of the singular set of the initial trace, showing in particular that it is the unique
positive solution of (1.3) satisfying

lim | w(t,x)dx = oo Ve >0, B = B.(0), (1.6)
t—0 B.
and
lim [ u(t,x)dx =0 VK c RN\ {0}, K compact. (1.7)
t—0 K

If one replaces u? by tAuP with p € (1,1 + 2(1—;6)), these results were extended by

Marcus and Véron (5 > 0) [26] and then Al Sayed and Véron (8 > —1) [2] . The
initial data problem with measure and general absorption term

Ou— Au+ h(t,z,u) =0 in (0,T) x €,
u=20 in (0,7) x 09, (1.8)
u(0,-) =v in Q,



in a bounded domain € is a domain in R", has been studied by Marcus and Véron
in [26] in the framework of the initial trace theory. They proved that the following
general integrability condition on h

0 <| h(t,z,r) |< h(t)f(|r]) V(z,t,7) € A xRy xR

T

/ h(t)flot2)t2dt < oo Yo >0 (1.9)
0

either h(t) = t* with o > 0 or f is convex.

in order the problem has a unique solution for any bounded measure In the particular
case where h(t,z,r) = tf|u[P~ 1w, is fulfilled if 1 < p < 1+ W) and 8 > —1, and
the very singular solution exists in this range of values.

Motivated by a growing number of applications in physics and by important links
on the theory of Lévy process, semilinear fractional equations has been attracted
much interest in last few years, (see e.g. [7, 8,9, 11, 13, 16, 17, 18]). Recently, in [14]
we obtained the existence and uniqueness of weak solution to semilinear fractional
elliptic equation

(=A)*u+ f(u)=v in €,

1.10
u=0 1in Q° ( )

when v is Radon measure and f satisfies a subcritical integrability condition.

One purpose of this paper is to study the existence and uniqueness problem of
solutions to semilinear fractional heat equation (1.1) in a measure framework. We
first make precise the notion of weak solution of (1.1) that we will use in this note.

Definition 1.1 We say that u is a weak solution of (1.1), if for any T > 0, u €
Ll(QT); h(t’u) € Ll(QT) and

/ (u(t, z) [0 (t, z) + (—A)*E(t, )] + h(t,w)é(t, z)) dedt

— [ oo~ [ T ¥ e Vo,
RN RN

(1.11)

where Qr = (0,T) x RN and Yor is a space of functions & : [0,T] x RY — R
satisfying

(@) €Iy @r) + Nl Lo @r) + 1106l Lo (@r) + [(=2)¥E][ Lo (@r) < +00

(i1) fort e (0,T), there exist M > 0 and ey > 0 such that for all € € (0, €],
[(=A)&&(E, ')HLOO(RN) <M.

Before stating our main theorems, we introduce the subcritical integrability con-
dition for the nonlinearity h, that is,



(H) (i) The function h : (0,00) x R — R is continuous and for any ¢ € (0,00),
h(t,0) =0 and h(t,71) > h(t,re) if 71 > ro.

(7i) There exist 8 > —1 and a continuous, nondecreasing function g : Ry —
R4 such that

|a(t,r)| < Pg(lr)) V(7)€ (0,00) x R

and oo
/ g(s)s 7 Phds < +o0, (1.12)
1
where 2a(1 1 B)
a(l +
=14+ ——"". 1.1
Pp=1+—% (1.13)

We denote by H, : (0,00) x RY x RV — R, the heat kernel for (—A)® in
(0,00) x RN, by H,[v] the associated heat potential of v € 9MM*(RY), defined by

Holt)(t.) = [ Holt.r.0)dv(y)

and by H[u] the Duhamel operator defined for (¢,7) € Q7 and any u € LY(Q7) b

(¢, x) /H [(t — s,x)ds —/ H,(t — s,z,y)u(s,y)dyds.
Q¢

Now we state our first theorem as follows.

Theorem 1.1 Assume that v € MP(RYN) and the function h satisfies (H). Then
problem (1.1) admits a unique weak solution u, such that

Ho[v] — Halh(, Hav4])] < uy < Hy[v] — Holh(, —Hua[v-])] in Qe, (1.14)

where vy and v_ are respectively the posiltive and negative part in the Jordan de-
composition of v. Furthermore,

(1) if v is nonnegative, S0 is Uy ;

(13) the mapping: v — u, is increasing and stable in the sense that if {v,} is a
sequence of positive bounded Radon measures converging to v in the weak sense
of measures, then {u,,} converges to wu, locally uniformly in Qu.



According to Theorem 1.1, there exists a unique positive weak solution uy to

Opu + (—A)%u + thuP = 0 in Qoo
(1.15)
u(0,-) = kdp in RN

where 3 > —1, k > 0 and p € (0,pj). We observe that uj;, — oo in (0,00) x RY as
k — oo for p € (0, 1], see Proposition 4.2 for details. Our next interest of this paper
is to study the limit of uy as k — oo for p € (1, p’g), which exists since {uy}x are an

. . . 148\ p—1 ,— 2
increasing sequence of functions, bounded by <pTl) t »—1, and we set

Uso = kl;r& up  in Qoo (1.16)
Actually, us and {uy}y are classical solutions to equation
du+ (—A)u+tPu? =0 in Qu, (1.17)
see Proposition 4.3 for details.

Definition 1.2 (i) A solution u of (1.17) is called a self-similar solution if

1+

u(t,z) =t »-1 u(l,t*ix) (t,z) € Qoo-

I

(ii) A solution u of (1.17) is called a very singular solution if it vanishes on RN\ {0}

att =0 and
u(t,0)

150+ Do (t,0)

where Ty, := H[dg] is the fundamental solution of

= —|—QO,

O+ (—A)Pu=0 in Qu,

1.18
u(0,-) =y in RN, (1.18)

We remark that for p € (1,p’[§), a self-similar solution u of (1.17) is also a very
singular solution, since
N
lim Ty (t,0)t20 = cq, (1.19)
t—0t
for some ¢ > 0. For any self-similar solution u of (1.17), v(n) = u(l,tfix) with
n= t~3ax is a solution of the self-similar equation

1 1+ 8
A% — —Vu-n—
(=A)% = 5-Vv-1 p—

+vP =0 in RY. (1.20)



1

Since (;%f) "' is a constant nonzero solution of (1.20), the function

1
1 p=1 148
Up(t) := <ﬂ> Tt >0 (1.21)
p—1
is a flat self-similar solution of (1.17). It is actually the maximal solution of the
ODE 3/ + tPy? = 0 defined on R,. Our next goal in this paper is to study non-flat
self-similar solutions of (1.17).

Theorem 1.2 Assume that § > —1, us is defined by (1.16) and

P <p<Dps

where p}}* =1+ % Then us is a very singular self-similar solution of (1.17)

in Qoo. Moreover, there exists c3 > 1 such that
—1
c csIn(2 4 |z
3 <us(l,z) < 3In(2 + |2])

—_— — e RV, 1.22
1+ [z[VF2e = =1+ gV F20 z (1.22)

When p5" < p < pj with 5 > —1, we observe that u and U), are self-similar
solutions of (1.17) and u« is non-flat. Now we are ready to consider the uniqueness
of non-flat self-similar solution of (1.17) with decay at infinity, precisely, we study
the uniqueness of self-similar solution to

Ou+ (—A)u+tPuP =0 in Qo
(1.23)

We remark if u is self-similar, then the assumption limy|_,o u(1,7) = 0 is equiv-
alent to lim, o u(t,z) = 0 for any £ > 0. Finally, we state the properties of us
when 1 < p < pg* as follows.

Theorem 1.3 (i) Assume 1 < p < pj" and us is defined by (1.16). Then us = Uy
where U, is given by (1.21).

(i1) Assume p = p* and ues is defined by (1.16). Then ux is a self-similar solution
of (1.17) such that

_ NA42a
C4t 2a

Uoo(t, ) > (t,z) € (0,1) x RN, (1.24)

- 1+ ‘t—ﬁx‘NwLQa

for some ¢4 > 0.



We note that Theorem 1.3 indicates that there is no self-similar solution of (1.17)
with initial data «(0,-) = 0 in RY \ {0}, since us is the least self-similar solution.
In Theorem 1.3 part (i7), we do not know if the self-similar solution is flat or not.
From the above theorems, we have the following result.

Theorem 1.4 (i) Assume p" < p < pj. Then problem (1.20) admils a minimal
positive solution v satisfying

, 20(148)
lim |n| =T wvee(n) = 0. (1.25)
| —o00
Furthermore
-1
In(2
s < @l@EhD g gy (1.26)

1+ ¥z = so(n) < 1+ [y N+2e

(ii) Assume 1 < p < ps - Then problem (1.20) admits no positive solution satisfying
(1.25).

The question of uniqueness of the very singular solution in the case pg* <p< pg
remains an open problem.

This paper is organized as follows. In Section 2 we introduce some properties of
Marcinkiewicz spaces and Kato’s type inequality for non-homogeneous problem. In
Section 3 we prove Theorem 1.1. Section 4 is devoted to investigate the properties
of solutions to (1.15). In Section 5 we give the proof of Theorem 1.2 and Theorem
1.3. Finally, we prove Theorem 1.4.

2 Linear estimates

2.1 The Marcinkiewicz spaces

We recall the definition and basic properties of the Marcinkiewicz spaces.

Definition 2.1 Let © C RNt be an open domain and p be a positive Borel measure
in®. Fork>1,k =k/(k—1) and u € L}, (0,du), we set

loc
o
lullpre(@,d) = inf {c € [0,00] : / luldp < ¢ (/ d,u) : , VE C © E Borel set,}
E E
(2.1)
and
MO, djr) = {u € Li(0,du) : [ullareo ) < 0} (2.2)



M*(©,du) is called the Marcinkiewicz space of exponent s or weak L* space
and |[|.||arx(@,dy) 18 @ quasi-norm. The following property holds.

Proposition 2.1 [3, 1] Assume that 1 < ¢ < k < o0 and u € L}, (©,dw). Then
there exists cg > 0 dependent of q, K such that

1—q/k
/WWWQMWW@W(/wQ |
E E

for any Borel set £ of ©.

Remark 2.1 If Q in RY is a smooth domain, we denote by HS : (0,00) x Q x Q —
R, the heat kernel for (—A)® and, if v € 9M(Q), by H[v] the corresponding heat
potential of v defined by

$ — Q X vV .
HWM@—L%@JM@)

When Q = RY, by Fourier transform, it is easy clear that

1

H,(t,z,y) = W

/ e @=u) =t ge = Ho (L, 2 — y,0).
RN

Furthermore ||H(t,.,0)|| 1 is independent of ¢ with 1. This implies
IHE ] (t, Mze < ¥z V1 <p<oo, Vve LP(RY). (2.3)

Since H[v](t + s,.) = HE[H[V](s,.)](t,.) for all £, s > 0 (semigroup property) and
v > 0= H[V|(t,.) > 0 the semigroup {H[](¢,.)}s>0 is sub-Markovian. Further-
more, since in L?(RY) the operator (—A)® is symmetric, the above semigroup is
analytic in LP(R™) for all 1 < p < oo: if 1 < p < 00 it follows from a general result
of Sten [31]) and for p = 1 it is a consequence of regularity result from frctional
powers of operators theory (see e.g. [23]). For 1 < p < oo generator A, of the
semigroup in LP(RY) is the operator —(—A)% with domain

D(A,) :={v € LP(RY) : (=A)*v € LP(RV)}. (2.4)
and D(A,) is dense since it contains C§°(RY). If p = oo, the natural space is the

space Co(R™) of continuous functions in RY tending to 0 at infinity. The domain
of the corresponding operator A, is

D(Ag,) == {v € Co(RY) : (=A)*v € Cu(RM)}. (2.5)

This operator is densely defined in Co(R™). In order to avoid confusion, C.(RY)
(resp. CX(RY)) denotes the space of continuous (resp C™) functions in RY with
compact support. It is a dense subset of Co(R™Y).



Proposition 2.2 For any g > —1 and T > 0, there exists ¢c5 > 0 dependent of
N, o, 3 such that for v € MY (Q),

Q
217 g sty < 511 e (2.6)

where p is defined by (1.13) and Q% =(0,T) x Q.

In order to prove this proposition, we introduce some notations. For A > 0 and
y € Q, let us denote

AL (y) = {(t,z) € QF : H(t,x,y) > \} and m{(y) = / t7dudt.
Ax(y)

We also set AH)?N = A, and mg\l = my.

Lemma 2.1 There exists ¢z > 0 such that for any X > 1,

1 (), (2.7)

ctAT N

Ax(y) € (0, A"~ x B
where By.(y) is the ball with radius v and center y in RY.

Proof. We observe that H,(t,z,y) = tfﬁfa(l,(x - y)tfi), where T, is the
fundamental solution of (1.18). From [12], there exists cg > 0 such that

Cs
Ia(1,2) < W
This implies in particular
K
CS 2c
Hy(t,z,y) < - N2 (2.8)
1+ (t_%\x - y\)
On the one hand, for (¢,x) € Ax(y), we have that
720 To(1,0) >t 2aTo(1, (z — y)t 2a) > A,
which implies
20 o
t < T2 (1,00A"~. (2.9)

On the other hand, letting r = |z — y|,

cst _N _1
" >+ 2l (1 —y)t 2a) >\
t1+%_|_,rN+2a - Oé( 7('%' y) ) 9

10



then 1
r < (cgtA\™1)Frza, (2.10)

for some cg > 0. O

Proof of Proposition 2.2. By Lemma 2.1, there exists ¢ig > 0 such that

_1_22(+8)
ma(y) < clpA TN .
Clearly
Hg(t’ x? y) S Ha(t? x? y)’ (2'11)
then for any Borel set £ C Q¥ and y € (), we have
/Hg(t,x,y)tﬁdxdt < A/ tPdadt + Ho(t, z,y)t? ddt
E E Ax(y)
and
+00 +oo
[ Hattydede =~ [ sami(o) = xm@) + [ ma(wds
Ax(y) A A
< 010)\*2 Ean +01o/ e P
A
< e AT M(JIVW),

where c11 = ¢ (1 + W]\;B)) As a consequence, it follows

2a(143)

(
/ H(t, z, y)tPdadt < )\/ tPdrdt + cp =" N .
E E
N
Taking A = ([, t?dxdt)” ¥20%7) | we obtain

2a(1+8)

/ HY(t, z,y)tP dedt < (1 + 1)(/ tPdxdt) N+200+5) | (2.12)
E E

Since, by Fubini’s theorem,
[ i adnd = [ [ B0yl dede
E EJQ

= [ [ HagPdsdran)],
QJE

11



together with (2.12), it yields

2a(1+8)
[ R0 st < e+ Dy [ )
B E
Thus,

IV, 2e000) < (en + Dlwllons o)

1 P Nl B etV
M'"TTN T (QD,tBdxdt)

which ends the proof.

2.2 The non-homogeneous problem

N+2a(1+5)

The following proposition is the Kato’s type estimate which is essential tool to prove

the uniqueness of solutions to (1.1). For T > 0, we denote Q7 = (0,7T) x RY.

Proposition 2.3 Assume p € L'(Q7) and v € LY(RN). Then there exists a unique

weak solution u to the problem

ou+ (—A)*u=p in Qr,
uw(0,-)=v in RY,

and there exists c¢19 > 0 such that

/ |u|dmdt§clg/ |,u|dxdt—{—012/ lv|dx.
T Qr RN

Moreover, for any § € Yo, £ >0, we have

/ |u| (=0 + (—A)“f)dmdt%—/ |u(T, x)|E(T, x)dx

T RN

§/ fsign(u),udxdt—l—/ £(0,x)|v|dx,
T RN
and

| w0+ (-ayededt+ [ (o)l a)s

T

< [ esigns(wpdade + [ ¢(0. )i
Qr RN

12

(2.13)

(2.14)

(2.15)

(2.16)



In order to prove Proposition 2.3, we introduce the following notations. We say
that u : Q7 — R is in C77 (Qr) for o,0" € (0,1) if

jult, ) — uls,)|
]y = 1l (@) + 5P < oo

Qr It —sl”+ ]z —y|”
and u € C’;:O’QQ—FUI(QT) if
= ’ — @ ’
HUHCS:U’QQ'H’/(QT) . HUHLOO(QT) + Hatuucff (Qr) + H( A) UHCZ;’ (Qr) < H-00.

Lemma 2.2 Let u € CHQr) N L¥(Qr), v € L¥(RY) and u be a solution of
problem (2.13), then there exists o € (0,1) such that u € Ctl,IU’ZO‘JrO in (Tp, T) x RN
for any Ty € (0,T). In particular, if HD2V||L00(RN) + ||(—A)QV‘|C;—Q(RN) < oo, then

ue L7 (Qr).

Proof. Step 1. When |[D?v|| gy + [(=A)*V]|ga-a gy < o0, it follows directly
by [8, (A.1)] that u € C}F7** 7 (Qr).

Step 2. When v € L®(RY), we use [9, Theorem 6.1] to obtain that u € Ct%’J(QT)
for some o > 0. For any Ty € (0,7), let  : [0,7] — [0,1] be a C? functions such
that n = 0 in [0, %] and 7 = 1 in [Ty, 7] and v = nu in Q7. Then we obtain that
for t € [22, 7] and » € RY,

O + (=AY = nu + 1 (t)u,

where nu+n'(t)u € C’tf_;’a(QT) and v(0,-) = 0in R, Then we apply the argument in
Step 1 to obtain that v € C;IU’2°‘+J(QT). Therefore, u is C;’;LU’MJ“’ in (Tp, T) x RV,
The proof is complete. O

Lemma 2.3 (i) Let p € CYQ7) N L>®(Q7) and v € CYRN) N L=RY), then
. . . . 1+0,2a40

problem (2.13) admits a unique solution u and for some o € (0,1), u is Ct; ot

in (Ty, T) x RN for any Ty € (0,T).

(ii) Let p € CH(Qr) N L>(Q7) N LY (Qr), v € CLRN) N L=¥(RN) N LY(RY) and u

be the solution of (2.13), then u € LY(Qr), is Cii0’2a+a in (Ty, T) x RN for any

Ty € (0,T) and for any & € Yo 1,

/ w(t, 2) =04 (1 7) + (= A) (L, @) dudt
, (2.17)

:/Q w(t, x)&(t, x)dedt + (0, z)vdx — (T, z)u(T, x)dx.

§ §
RN RN

13



(iii) Let p € CH(Qr) N L>®(Q7) and v € C*(RN) N L®(RYN), then problem

—Ou+ (=A)*u=p in Qr,

uw(T,)=v in RN (2.18)

admits a unique solution u € Ctl,:a’za+0(QT) for some o € (0,1). Moreover, if
p € CHQr)NL®(Qr)NLY(Qr) and v € CHRN)NL®RV)NLYRY), thenu € Yo 1.

Proof. (i) By [9, Theorem 2.6, Theorem 6.1}, there exists a unique viscosity solution
u € Ct%’o(QT) with o > 0 to problem (2.13), and then it follows by Lemma 2.2 that
u is C’;:O,’za+0l in (Ty,T) x RY for any Tj) € (0,T) and some ¢’ € (0, min{%,c}).
Then w is a classical solution of (2.13).

(ii) We claim that v € LY(Qr) and u(t,-) € LY(RY) for t € (0,T). By Duhamel
formula, we have

lult, Morgy) < / (/ Ha<t—s,x,y>|u<s,y>|dyds)dm
RN Q¢
+/ / Hy(t,z,y)|v(y)|dydx
RN JRN
< Nlzr o + 7]y

and -
1wl (@) :/0 [ty Mo wwydt < T([|pllpyQpy + VI L @yy)-

In the sequel we denote by H,, the operator of L'(Qr) defined for all (x,t) € Q7 by

(x,t) / Ho [ (x,t — s)ds —/ Hy(t — s, z,y)u(s,y)dyds. (2.19)
Q1

We claim that [|(=A)gu(t, )| o mny is uniformly bounded with respect to e € (0, ).
Since u(t,-) € C?**t7(RY) for some ¢ € (0,min{2 — 2a,1}), then for z € RV and
y € B1(0), |u(x +y) + u(z —y) — 2u(x)| < ||lu(t, -)||Cga+o(RN)|y|2°‘+(’. Thus,

lu(z +y) — u(z)|
—A)2u(t,- o@Ny < sup / d
Il Jeu(t, )L (RN) LeRN [ RN\ B, (0) |y|N+2a

1 / o +y) +u(z —y) ~ 2u(@)]
B1(0)\B(0)

+2 |y|N+2a

IN

a1 vy + / 17N dylult, | aeso v,
B1(0)

1
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Next we claim that

E(—A)2udzrdt = / u(—A)&Edxdt VE €Y. (2.20)
Qr T

Indeed, using the fact that for any ¢t > 0 there holds

ult, 2) — ult, ©)IE(E,
/]RN /RN 2 Z|Nfg]a ( x)Xe(ISC — 2|)dzdx
u(t, £(t,
/RN /RN 2 x|N+;]a t.2) Xe(|z — 2|)dzdx,

then we have

E(t,x)(—A)u(t, x)dx

RN
_ __/RN/RN [ x(‘ivﬂlﬁ(t,x) N (u(t,x’i:z;(‘fv,igig(t, D] o — sldsds
/RN/]RN —ut xﬁ‘[if(jﬁzi) §(t,x)]xe(’x — z|)dzdzx.
Similarly,

o u(t, z) — u(t, z)][§(t, z) — §(t, =)
/RNu(t,l“)( A)E(t, o) /]RN/RN Iz — 2| N2 Xe(|x — z|)dzdzx.

Then (2.20) holds. Since u is CHU 2% in (Tp, T) x RY for any Ty € (0,T) and
€ belongs to Yo 7, (—A)%E(t, ) — (— )O‘g(t, ) and (—A)%u(t, ) — (—A)%u(t,
€ — 0in RY and (—A)%E(t, ), (—A)%u(t,) € L°RYN) and &(t,-),u(t, ) € LY(RN),

€

then it follows by the Dominated Convergence Theorem that
e—0t JRN RN

and

lim (—A)gg(t,x)u(t,m)dx:/ (=A)YE(t, x)u(t, z)d.

e—0t JrN RN

Combining this with (2.20), and letting e — 0T, we have

(t,x)(—A)u(t, z)dr = /RN(—A)af(t,x)u(t,x)dx,

RN

integrating over [0,7] and by (2.13), we conclude that (2.17) holds.
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(7i1) End of the proof. Let u be the solution of problem (2.13) and
w(t,z) =u(T —t,x) (t,z) €[0,T] x RY.

Then w is a solution of (2.18) and for some o € (0,1), w is C;;O’QajLU(QT). On the
contrary, if w is a solution of (2.18), then u(t,z) = w(T —t,z) for (t,x) € [0,T] x RN
is a solution of (2.13), then the uniqueness holds since the solution of (2.13) is unique.

Since u € C;;LU’QQJFU(QT), then (—A)%u(t,-) € CZ and then (—A)%u(t, ) is bounded,

€

which implies u € Y, 7. ]

Proof of Proposition 2.3. Uniqueness. Let v be a weak solution of

v+ (—A)*v =0 in Qr,

(2.21)
v(0,-) =0 in RV,
We claim that v =0 a.e. in Q.
In fact, let w be a Borel subset of Q7 and 7, , be the solution of
-+ (—A)*u=(_, in Qp,

uw(T,")=0 in RY,
where ¢, : Qr — [0, 1] is a function C!(Qr) such that
(o — Xo in L®(Qr) asn — oo.

Then 7, , € Yo r by Lemma 2.3, and

/ v(pdadt = 0.
T

Passing to the limit when n — oo, we derive
/ vdzdt = 0.
w

Ezistence and estimate (2.15). For § > 0, we define an even convex function ¢s by

-5 i =9
o5() =3, | (2.23)

This implies v = 0 a.e. in Q.

Then for any ¢,s € R, |¢5(t)| < 1, ¢s(t) — [t] and ¢f(t) — sign(t) when § — 0.
Moreover,

¢s(s) — ds(t) = P5(t)(s — ). (2.24)

16



Let {ftn}, {vn} be two sequences of functions in C2(Qr), CZ(RY), respectively,
such that

lim |, — pldzdt =0, hm |y, — v|dx = 0.

We denote by w,, the corresponding solution to (2.13) where p,v are replaced by
n, Vn, respectively. By Lemma 2.2 and Lemma 2.3(ii), u, € C;:UQ%LJ(QT) N
LY(Qr) and then we use Lemma 2.3 in [14] and Lemma 2.3 (ii) to obtain that for
any 0 > 0and { € Yo7, £ >0,

o5 (up)[—0kE + (—A)¥¢]dxdt + / (T, 2)ps(un (T, z))dx
Qr RN

9 §[8t¢5(un) + (_A)a¢5(un)]dxdt + fRN 5(07 x)¢5(”n)dx

€65 ) Ortn + (=) udodt + [ €(0.2)05(0,)da
Qr

§¢5(un)undxdt+/ £(0,2)ps(vy)d.
Qr

Letting § — 0T, we obtain

/ [un |[—0e + (—A)*E]dxdt + /RN (T, z)|un (T, x)|dx ( |
T 2.25

< {sign(un)undacdt—i—/ £(0,2)|vp |dx.
Qr RN

Let nx be the solution of
—Btu + (—A)au = Sk in QT7
(2.26)
uw(T,")=0 in RV
where ¢, : Qr — [0,1] is a CF function such that ¢ = 1 in (0,7) x By(0). From the
proof of Lemma 2.3, (¢, x) := n (T — t, z) satisfies with (¢, x) = (T — t, z)
&gu + (—A)O‘u =<k in QT’
uw(0,-) =0 in RV,

By Lemma 2.2, 7, € C;:U’2Q+J(QT) with some o € (0, 1) and

s—t)
0 < ilt,a) < /‘/ dyds
RN1+ys—t 2= (y —m)yN+2a

CS/ /]RN 1_|_|Z|N+2a
c13(T

17
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Taking £ = ny in (2.25), we derive that

/ [Un|X (0,1)x By, (0)dTdt < C13T/
Qr

Then, letting £ — oo, we have

|pon |dzdt + ClgT/ |vp|dx.
RN

T

/ |t |dzdt < ClgT/ \,un]dxdt—i—clgT/ |y |dx. (2.27)
T Qr RN

Similarly,
/ [y, — Uy |dx < ClgT/ |t — fom |dxdt + ClgT/ Uy, — v |d. (2.28)
T Qr RN

Therefore, {u,}, is a Cauchy sequence in L'(Qr) and its limit u is a weak solution
of (2.13). Letting n — oo, (2.15) and (2.14) follow by (2.25) and (2.27), respectively.
The proof of (2.16) is similar. O

3 Proof of Theorem 1.1

If h(t,.) is monotone nondecreasing, for any A > 0, I + Ah(t,.) is an homeorphism
of R and the inverse function Jy(¢,.) = (I + Ah(t,.))"! is a contraction. We define
the Yosida approximation by

o I— J)\(t7)

The function hy(t,.) is monotone nondecreasing, vanishes at 0 as h does it and it is
%—Lipschitz continuous. Furthermore

h)\(t7 ) (31)

rha(t,r) Trh(t,r) asA—0 Vr € R, (3.2)

see [4, Chap 2, Prop. 2.6] and . If u is a real valued function we will denote by howu
and h) o u respectively the functions (¢,z) — h(t,u(t,z)) and (¢,z) — hy(t, u(t,z))

Lemma 3.1 Assume h satisfy (H)-(i), A > 0 and ¢ € LY(RY). Then there eists
a unique solution ug of

ou+ (—A)*u+hyou=0 in Q,

uw(0,-) =¢ in RN, (3.3)

Moreover

Ha[¢] = Halhy o Hald+])] < up < Ha[¢] — Halhr o (=Halo-])] n Qr, (34)
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where ¢+ = max{0, ¢} and

ug(t,.) —uy(t, ) < ¢ =l V1 <p<oo. (3.5)

(1) up >0 if ¢ >0 in Q;
(1) the mapping ¢ — ug is increasing.

Proof. Existence is a consequence of the Cauchy-Lipschitz-Picard theorem (see [10,
Chap 4]): we write (3.3) under the integral form v = T [u] = Hy[¢] — Halhy o ul, ie.

¢
Tll(t,.) = Hald](t,.) - /O Ha[h o ul(t — s, .)ds (3.6)
The space C([0,00); L'(RY) endowed with the norm
Jeollepr = sup {e |w(t, )| : t > 0},

(k > A1) is a Banach space. Since u ~ hy(t,u) is %—Lipschitz continuous the
mapping 7T is A—%Q—Lipschitz continuous in X,,. Thus it admits a unique fixed point
ug which is an integral solution of (3.3).

wg(t,) = Haldl(t,.) — /0 Ho [ 0 ug)(t — 5,.)ds. (3.7)

The semigroup {Ho[.](t,.) };>0 is analytic in L'(R”) since generated by the fractional
power of a closed operator. It follows from the classical regularity theory for analytic
semigroups as it exposed in [21, Sec 6] that that u, is a strong solution of (3.3).
Since it is continuous, it is also a weak solution in the sense that

/ (ug[—0pE + (—A)*E] + Ehy o uy) dudt

= 5(05 ,I)gb(ﬂ?)dﬂ? - g(Ta $)U¢(T, 'I)dx v£ S Ya,T-
RN RN
(3.8)

If 1,09 € L'(RY) and ug, are the corresponding solutions of (3.3), it follows from
the positivity of H, that
1
(s = ug, )+ < (Hallr 0 gy = haoug, )+ < THal(ug, — ug,)+]-
Therefore

H(u¢>2(t7 ) — Ug, (t7 '))+HLP < %/0 H(u¢>2 (t - 8) — Ug, (t - S))-F”Lpd‘s?
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and by Gronwall inequality

(g (8) = o () 4120 < X 11(82 = 61) 10
This implies (i) and (ii). As a consequence,
—Haolo-] < —ug_ <ugp <ug, <Hyloy]
and thus
hy o (=Ha[p-]) < hyo(—ug_) < hyoug < hyoug, < hyoHylpy].
Jointly with (3.7) it yields (3.4). O

Notation. In the sequel, if n € L*(Q,) and 7 > T, we denote by &, , the solution
of
_8t§77 + (_A)agn =n in Qr
&(r,.) =0
If n > 0, then &, - > 0; if n € CEP(RN ), then n € Yo -5 if p, = n(3), where n € N,
and 7 € C§°(RNT1) is nonnegative, 0 < < 1, with value 1 on B; and 0 on B,
then &, » T 7—1tasn — oo.

(3.9)

In the next lemma we prove that we can replace hy by h.

Lemma 3.2 Assume h satisfy (H)-(i) and ¢ € L*(RN). Then there exists a unique
solution uy € C([0,00); LY(RYN) of
ou+ (=A)u+hou=0 in Qu,
(3.10)
U(O, ) =¢ in RN7

Moreover inequality (3.5) and statements (i) and (i) in Lemma 3.1 hold.

Proof. We denote by u) 4 the solution of (3.3).

Step 1- A priori estimate. Let ¢ > 0. If we take £ =&, - in (3.8) and let n — oo,
we derive

/ (ung + (T —t)hy ouy ) dedt + (1 — T)/

ung(T,.)de =71 | ¢(x)dx. (3.11)
T RN RN

For 0 < A < X we set w = uyg — uy,g. It follows from (2.16) and inequality
hy ouy g < hyowuy g, that for any nonnegative £ in Y, 7,

/ (w+[—8t£ + (—A)af] + 5 (h)\ (e] u>\,¢ — h>\ o U)\/7¢) Sigl’lJr(W)) dxdt

T

S / w4 (h)\/ (¢] UA/7¢ — h)\ o UA/7¢) diﬂdt — g(T, IE)’U)+(T, iE)d.’E,
T RN
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Since hy(t,.) is nondeacreasing, we derive

/ Wi [—0 + (—A)*€dwdt <O VEE Yar, £>0.

T

If n € C°(RMT1) is nonnegative, than &, € Yo r, & > 0 and

/ wqndzdt = 0.
T

This implies uy ¢ < uy 4.

Step 2- Truncation. We replace ¢ by ¢,, = inf{¢,n} for n € N, and denote by uy 4,
the corresponding solution of (3.3). By Step 1, the sequence {uy ¢, } x>0 is decreasing
and it converges to some nonnegative ug, when A | 0. Therefore hyouy ¢, — houg,
a.e. in Q. It follows from (3.11) and Fatou’s lemma that

/ (s, + (7 — ) o ug, ) dadt + (v — T)/

Qr RN

ug, (., T)dx =1 RN(;Sn(x)dx. (3.12)

Since 0 < uy ¢, < n, then 0 < hyouyg, < houyg, < h(n) by (3.5). If EC Qr is
a Borel set,

/hA ouy g, drdt < h(n) | E|.
E

By Vitali convergence theorem hy ouy 4, — houg, in LY(Qr). Therefore, we can
let A — 0 in identity (3.8) and conclude that ug, is a weak solution of (3.10) with
initial data ¢,.

Step 3- Exzistence with ¢ bounded. 1f ¢ = ¢ —¢_ € LY(RN), set ¢, = inf{p,,n}
and ¢, = inf{¢p_,n}. We denote by ux ¢, ., s, ., Ur—¢_, and u_y_  the corre-
sponding solutions of (3.3) and (3.10). Then

UN=¢—n S UArn—0—n = UAbin
which implies (3.13)
hy o UN—¢_ < hyo UN by n—¢_m < hyo UN by
Estimate (3.11) is valid under the form

/ (uxm,n + (1 —t)hyo u,\,mm) dzdt
) (3.14)

+ (17 — T)/RNUA@“"(.,T)dx = T/RN¢+,n(x)dx.
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and

/ (u%—m,n + (T —t)hyo U,\,_¢,’n) dzdt
) (3.15)

+ + (1 — T)/ u,\,,qs_m(.,T)dx =7 ¢—n(x)dz.
RN RN

Since hy ouy e, , and hyowuy _4_ , are bounded in L'(Qr) independently of A and
n, hxouye, ,—¢_, endows the same property. Since

u>‘7¢+,n_¢*,n = Ha[¢+7n - ¢77n] - %a[h)\ © u)\7¢+,n_¢7,n]

it follows from [21, Sec 6] that wy 4, ,—¢_, remains bounded in the interpolation
space Vi := LY(0,T; D(A1)(RN)) N W*1(0,T; L*(RY)) for any s € (0,1) where
D(A;) is defined in (2.4). Although a bounded subset K of Y7 is not a relatively
compact subset of L'(Qr), for any ball B C RV, the set of restriction to B of
functions belonging to K is relatively compact in L*((0,T) x B). Thus, there exists
a subsequence {\} such that {uy, ¢, ,—¢_,} converges a.e. to some function U,.
Furthermore {hAk o u)%m’n,d)_’n} converges a.e. to h o U,. Since the sequences

{Un =6 P> LA G m P Aes 1PN, OUN, —_ F 2, and {hy, oun, 6, , }, are convergent
in L'(Qr) they are uniformly integrable. Because of (3.13) the same property is
shared by the two sequences {ux, ¢, ,—¢_., tr, and {hx, our, 6, . —6_ ., }r,. Letting
Ar to 0 in the identity

t
Unbi -t (b ) = Halbpn — 0 n](t,.) — /0 Halhy, 0 x4 n—¢_ ) (t —5,.)ds.

(3.16)
yields

t
Unt:) = Halon — 0-0)(t,) = [(Ealbo Ut —s,0ds. (317)
0
This implies that U, is an integral solution, thus a weak solution of (3.10) with
initial data ¢4, — ¢—, = sgn(¢)inf{n, |¢|} and then U, = ug,.
Step 4- Ezistence with ¢ € L'(RY). By Kato’s inequality (2.15) we obtain,
/Q (lugy, = ug,, (=0t + (=A)%€) +{|h oug, — houy,[) dedt
T

+ [ uonT.0) o (Pl ) < [ €02k~ dmlde,
RN RN
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for m,k € N, and { € Yo 7, £ > 0. Taking § = &, - as in (3.9) and letting n — oo
yields

/Q<|u¢k—u¢m|+<7—t>|hou¢k—hou¢m|>dxdt
T

+ (7 — T)/ lug, (T,.) — ug,, (T, .)|dx < 7'/ |k — dm|d,
RN RN
(3.18)
Since {¢m,} is a Cauchy sequence in L'(RY), {uy,, } and {howuy, } are also Cauchy
sequences in C(0,T; L*(RY)) and L*(Qr) respectively. Set U = limy,_oo tg,,, then
it satisfies

/ (U[=0§ + (—A)*¢] + Eh o U) dadt

= £(0,7)p(x)dr — T, x)U(T, x)dx VEeYqr.

RN RN
(3.19)
and it is also an integral solution of (3.10). Thus u, € C([0,00); L (RY).

Finally, we end the proof with uniqueness which is a consequence of the inequality
below

/(|U—U’|+(T—t)|hoU—hoU'|)dxdt
’ (3.20)

— ) — ! . d _ /d
Hr=T)[ U@ - T < [ o= ol

valid for two solutions U and U’ of problem (3.10) with respective initial data ¢ and
¢, the proof of which is the same as the one of (3.18). Notice also that statement
(i) and (ii) as well as inequality (3.5) follows by the above approximations. O

Remark 3.1 By the same method it can be proved that for any p € (1,00) and
¢ € LP(RY) (resp. ¢ € Co(RY)) there exists a unique solution uy, € C|0, 00; LP(RY))
(resp. ug € C[0,00; Co(RYN))) solution of (3.10). Purthermore (5.5) holds.

Proof of Theorem 1.1. Euxistence for v > 0. We consider a sequence of nonneg-
ative functions {v,,}, C C2(R") such that v, — v as n — oo in the weak sense of
bounded measures, i.e.

lim Cvpdz = [ Cdv V¢ e CRY) N L®(RY). (3.21)

n— o0 RN RN

It follows from the Banach-Steinhaus theorem that ||v[|ons g~y is bounded inde-
pendently of n and we assume that [[vp|lgpo@eny < 2[[V[|lgppyy. By Lemma 3.1,
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we denote by u,, the corresponding solution of (3.10) initial data v,,. Then wu, is
nonnegative and satisfies that

0 <wy, =Hay[vn]) —Halhouy,| <Hplvn] in Q. (3.22)
Jointly with (2.6) it implies
ol gy < €5 ey (323
We have also the following estimates from (2.8) and (3.12)
Uy, (t,2) < Halva(t, @) < 2est™ % [Vllgpeyy  V(t,x) € Qr. (3.24)

and

/ (uy, + (1 —t)howu,,)drdt + (T — T)/

T RN

uy, (., T)dx = T/Nyn(x)dx
* (3.25)
< QT“V“mb(RN).

As in the proof of Lemma 3.2-Step 3, using the regularizing properties of the semi-
group Ha[.](?) (see [21, Sec 6]) infert that there exists a subsequence {uy,, } which
converges a.e. in Qr to some function U and {h o Uy, } converges a.e. to hoU.

For x> 0, we denote S, = {(t,2) € Qr : |un, (t,2)] > x} and w(k) = [ tPdadt.
Then for any Borel set £ C Qr

//hou,, dmdt<// hou,,n dxdt—l—// how,, dxdt
E Eﬁ{uyn <k} ENSyx .
//ﬁma+//t%mMMMt
/1)// tﬁdxdt—/ g(s)dw(s)
E K

00 M
/ g(s)dw(s) = ]V}im g(s)dw(s).

where
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By (2.1) and (3.23), w(s) < ci4s P, thus
M s=M M
- [ atate) = = [t |+ [l

S=K

M *
< g(R)w(r) — g(M)w(M) + 14 / sPhdg(s)

*

Since limps_oo M P5g(M) = 0 by (1.12) and [14, Lemma 4.1] and w(s) < cius 5,
we derive g(k)w(k) < c1ak P8g(k) and then

- [ oteto) < p— |5 s

The above quantity on the right-hand side tends to 0 when x — oco. The conclusion
follows: for any € > 0 there exists £ > 0 such that

o
/ s~ Phg(s)ds <
p5+1 K

€
2
and there exists § > 0 such that

/ tPdadt < § = g(n)/ tBdxdt < <.
E E 2

This means that {hy, oy, } is uniformly integrable in LY(Qr) and by Vitali con-
vergence theorem hy, 0wy, — hoU in LY(Qr) . Letting nj, — oo in the identity

Uy, (t,.) = Ha[vn,)( / Halh o uy, (s, )|(t —s,.)ds
for some ¢ > 0 such that u,, (t,.) = U(t,.) a.e. in RV yields
Ult,) = /IHI hoU(s, )t — s, .)ds.

This is valid for almost all + > 0 and implies that U € C(0,T; L*(RY)), up to a
modification on a set of ¢ > 0 with zero measure. Moreover

/ (uk (=0 + (=A)€) + €h o uk) dzdt

- S(O,x)ynkdx - / ank (T,w)g(T,x)dx
RN RN
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where £ € Y, 7 is arbitrary. Thus, using the continuity of ¢ — U(t,.) in L*(RY), we
derive

/ (U(=0£ + (—A)*) + Eho U) dadt

(O,x)du(x)—/ U(T,z)&(T, x)dx.

RN

§
RN
From this infers that U is a weak solution of (1.1).

Euistence for general v. For v € MP(RY), a sequence {v,,} in CZ(RY) converge to
v in the weak sense of bounded measures. Because of the monotonicity of h(t, -)

—Ha[|vn]] < U]y, | < Uy, S Upy,| < Ha[|vn]-

Then by above analysis, the sequence {h o u_,, )} and {howuy,, )} are relatively
compact in LY(QE) for any T' > 0 and ball B and (3.23) holds for {u,, }. Therefore
{u,,} is relatively locally compact in L'(QZ) and there exist some subsequence
{uy,, } and U € LY(Qr) such that

uyk—>U:>houynk—>hoU as k— oo ae. in Q.

n

As in the previous case it implies that U is a weak solution of (1.1) and also an
integral solution.

Uniqueness. Let uy,us be two weak solutions of (1.1) with the same initial v and
w = up — uy. Then

Ow~+ (—A)*w =houy —hou; in Q.
Since houg — houy € LY(Qr), then by (2.15), for £ € Yo7, € > 0, we have that

/ [w|[—04€ + (—A)E|dzdt + / (T, 2)|€(T, ) dadt

T RN

+/ (h oug — howuy)sign(w)édxdt < 0.
T

This impies w = 0 by monotonicity.

Statements (i) and (i) and inequality (1.14) follows from the fact that the same
relations holds for u,, by Lemma 3.2.

Stability is proved by the same approach that existence. If {v,} converges to v in
the weak sense of measures, then ||, |lgpw is bounded independently of n. Since the
distribution function of how,, depends only on the supremum of ||v,||gns, this set of
functions is uniformly integrable in Q7. This, combined with local compactness of
the set {u,, } in L'(Qr), implies the convergence of a subsequence (Up,, » houy,, ) to
(uy, h owuy,) where u, is the solution of (1.1). Because of uniqueness, all converging
subsequence have the same limit which imply the convergence of the whole sequence
and stability. O
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4 Dirac mass as initial data

In this section, we study the properties of solutions to (1.1) when h(t,r) = t?rP with
B>—-land 0<p< pj; and the initial data is v = koo with k > 0.

Proposition 4.1 Assume 0 < p < pj and wy, is the solution of (1.15), then there

exists ci5 > 0 such that

lim ¢2aup(t,0) = ci5k. (4.1)
t—0t

Proof. By (1.14) it follows that
ug(t,0) < kHy[do](t,0) = kT4 (¢,0) t>0. (4.2)
We claim that there exists cjg > 0 independent of k£ such that
wp(t,0) > kTa(t,0) — c1gkPt 2P 148 ¢ € (0,1/2). (4.3)
Indeed, from (1.14), it infers that
uk(t,0) > kL' (t,0) — KPW (t,0) te(0,1/2),

where

W(t,x) = /0 Ha[sﬁ(Hg[éo]](t —s,x)ds (t,z) € Quo-

For t € (0,1/4), there exists ¢17,c18 > 0 such that

_N _N p
W(t,0)§617/t/ 1) o - dyds
0 JRN 1+ ((t—s) 2afy[)N T2 \ 1+ (s 2a[y[)V+2e

- /t / §8=3aPdzds
<y
(N+2a)p
0 JRN <1 n ((t—Ts)ﬁ,Z‘) ) (1 + |2[NV+20)

1
<017t5+1]2v5/ / drdZ
- (N+2a)
0 JRN <1 + (L&) o ’Z’(N—I—ZOé)p) (1 + |Z|N+2a)

Np
< oyt

Combining (1.19) and —%p +1+3> —%, we obtain that

lim ¢2a W (t,0) = 0.

t—0t

Therefore, (4.1) holds. U

In what follows we consider the limit of the solution {ug} of (1.15) as k — oo
for p € (0,1].
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Proposition 4.2 Assume 0 < p <1 and that uy, is the solution of (1.15), then

Im up, =00 in Quo.
k—o0

Proof. We observe that H,[d] and H, [t® (H,[d0])P] are positive in (0, 00) x RN, By
(1.14), for p € (0,1) and (t,x) € (0,00) x RV, we have that

up > kHgy[d] — KXW — kh_)ngouk = 00.

For p = 1, it is obvious that uj = ku; and u; > 0 in (0,00) x RY, then

Im up =00 in Qoo
k—00

The proof is complete. O
Now we deal with the range p € (1, pg)

Lemma 4.1 Assume 1 < p < pj and that uy is the solution of (1.15). Then for
any k > 0,
0<u, <U, in Q, (4.4)

where U, is given by (1.21).

Proof. Let {f,x} be a sequence of nonnegative functions in C}(R™) which con-
verges to kdp as n — oco. We denote by u, j the corresponding solution of (1.17)
with initial data by f, x.

We claim that
upr < U, in Q, (4.5)
where, we recall it, U, is the maximal solution of the ODE ¢ + tPyP = 0 on R.
Indeed this implies (4.4).
Step 1. We claim that
lim wy,k(t,z) =0 vt > 0. (4.6)

|z| =00
From [12, 16], there exists cg > 0 such that for any z,y € R and ¢ € (0, 00),

_N
Cgt 2a

1+ (| — y|t~2a )N+20

0<Ta(t,z—y) <
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Then for |z| > 1,

OSHa[fn,k](t7x) S Cgt_%/ fn,k(y)l
RY 1+ (fo — ylt= 2 )V 2e

fok(z — ztﬁ)
RN 1+|Z|N+2a

1 1
— 2t2a — zt2a

~ / fop(2 - Vasy [ k(@ - ) 4, 7
RN\By 1+ |2V By 1+ [|z|N2

where R = %]w\fi and Bp = {z € RY : |z| < R}. Tt is obvious that

C8

|z — ztil > |z| — ]z\ti > |z|/2  for all z € Bp.

Then
1
fnk(x_Zt%) 1
——————"dz < sup fui(y) ———dz
b LTV by I [ T TR
1
< su - dz
- |y\>1\; Fnl) /]RN 1+ [z|NH2e
)
= (16 Sup fn,k(y)
ly|> 12l
and

1
/ Tnile — b)) o / Wil ) pza _ st
< — N dz < s = ,
RM\By 1+ [2[N T2 RN\By 1+ [z|N T2 |z |2

for some c¢1g > 0 independent of ,t and R. Since f, € C3(RYN), we have that

lim sup fur(y) =0

|z|—o00 Jz]
|y‘27

and then for any ¢t > 0, 0 < u,, ,(t,z) < Hy[fnx](t,2) = 0 as |z| = oco.

Step 2. We claim that (4.5) holds. By contradiction, if (4.5) is not verified, there
exists (to, zo) € (0,00) x RY such that

(Up - un,k)(t07 1’0) = (t,m)ef(r)l,icg)xRN(Up - un,k)(ta 1’) < O,

since Up(t) > 0 = limy_o0 unk(t,7) for any ¢t € (0,00), Up(0) = 00 > fyr(x) =
un (0, 2) for x € RN and limy_ oo Up(t) = limy_yo0 up i(t,x) = 0 for = € RYN. Then
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0 (Up — up i) (to, o) = 0. Moreover since

(Up — tn ) (to, x0) = min{U,(to) — un k(to,z) : € RV}
= Uy(to) — max{u, x(to, ) : * € RV}
and
un,k(to’xo) = max{un,k(thx) HEES RN} = (_A)aun,k(thxO) >0

and
0 = 94(Up — i) (to, 70) — (—A)“up i (to, 70) + tgUP (to) — tou? | (to, o) < 0,

which is impossible. Thus (4.5) holds. O

Proposition 4.3 (i) Assume 0 < p < pj and that uy is the solution of (1.15).
Then uy, is a classical solution of (1.17).

(it) Assume 1 < p < pj and that u is defined by (1.16). Then us is a classical
solution of (1.17).

Proof. (i) Since uy, < kH,[d], it infers that uy is bounded in (7Tp, 00) x RY for Ty >
0. Let {gnx} be a sequence of nonnegative functions in C3(R™) which converges to
kéy as n — oo and wu,, j the corresponding solution of (1.17) with initial data g, .
Then Hy[gn 1) — kHa[o] as n — oo uniformly in [T, 00) x RY for any Ty > 0 and
by the Comparison Principle, there exists c19 > 1 such that

0 < uni(t,z) < kHalgns] < crokHaldo] in [T, 00) x RY
and there exists o € (0,1) such that {u, } are uniformly bounded with respect to

n in C’t%’a((To,oo) x RY) with Ty > 0. Therefore, by the Arzela-Ascoli theorem,

Up, | converges to uy in Cﬁ_g’a ((Ty, 00) x RY) with ¢’ € (0,0) and then uy is a
viscosity solution of (1.17) in (Tp,00) x RY. By estimate (A.1) in [8], uy is in
C;;CH’ 20097 (T, 00) x RN and wy, is a classical solution of (1.17) in (Tp, 00) x RY.

(i) The proof is the same as part (i), just replacing u, < kHq[0o] by teo < Up. O

5 Self-similar and very singular solutions

By Theorem 1.1 and (4.4), we see that {uy} is an increasing sequence of nonnegative
functions bounded from above by U,. Then for p € (1, p’g), there exists uy =
limy,_, oo ug, which is a classical solution of (1.17) by Proposition 4.3 (ii) and satisfies

Uso <Up N Qoo (5.1)

30



Proposition 5.1 Assume 1 <p < p’g, then uoo s a self-similar solution of (1.17).

Proof. For A > 0, we set

2a(143)

Ta[u](t,z) = X »=1 u(A\?%t, \x) (t,x) € Q-
It is straightforward to verify that Ty[u] is the solution of

Opu + (—A)*u + tPuP = 0 in Qo
20‘(1“@8) —_N

5.2
u(0,.) = A kdo in RV, (5:2)

Because of uniqueness, T)\[ug] = ¢ 2a(148) v Letting k — oo and using the conti-
kX -1

nuity of u — T)[u|, we have that
lim Th\[ug] = Th[uco] = too
k—o0

which implies that u is a self-similar solution (1.17). O

Let us denote
Uso(2) = ueo(1, 2), zeRY

and we observe that U is a classical solution of (1.20). It is obvious that the

constant (HB )P=T is a constant positive solution of the self-similar equation (1.20).
We observe that N < w <N+2awhenl+% <p<1+M

We prove below this fundamental result that us, is the minimal self similar
solution.

Proposition 5.2 Assume that 1 <p <1+ (HB) and @ is a positive self-similar
solution of (1.23). Then us < .

Proof. For any r > 0, we have that

_1+8 1
/ u(t,z)de = t »1 a(1,t™ 20 z)dx
»(0) By(0)
8
- t_;+_l+_ a(1,2)dz

L ©

1+6
> 1+3a /
B;1(0)

— 400 ast— 0T,
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where last inequality holds for t € (0,72%]. Let {e,} be a sequence positive decreasing
numbers converging to 0 as n — oco. For €, and k > 0, there exists ¢, > 0 such

that
/ Wty x)de = k.
Be,, (0)

We observe that for any fixed k, ¢, — 0 as n — oo since lim,, ;o €, = 0. Let
no : RN — [0,1] be a C? function such that suppny C B2(0), o = 1 in B1(0) and
nn(z) = no(e;'x) for € RY. Choosing {f,.x} be a sequence of C? functions such
that

0< fop(@) < mu(@)i(tng,z)  VoeRY

and
fnge — kdp as n— oo.
Let u, ; be the solution of (1.1) with initial data f, 5, then
Up i (t,2) < ultyp+t, ) V(t,z) € Qoo

and by uniqueness of wuy, lim,, o0 Uy = ug, where wuy, is the solution of (1.1) with
initial data kdg. Then for any k, we have up < @ in Qoo, which implies that

Uso < U INn Qoo

O
20(1+8) 2a(1+8)
5.1 Thecase 1+ 55~ <p<l+=—Fx—
We define the function wy by
_ 148 1
wy(t,x) = Xt P~ Tw(t™ 2a|x|) (t,x) € Qoo, (5.3)
where w(s) = ﬂfﬁfil

Lemma 5.1 Assume 1+ 2%}55) <p<l+ QQ(}VJFB), then there exists Ag > 0 such

that for X\ > Ag,

Awy(t, ) + (—A)*wy(t, z) + 7wl (t,x) > 0 Y(t,z) € Q. (5.4)
Proof. By direct computation, we have

Al _l+8_ A 81
Orun(t.a) =~ 20 2L o) — S (1 )



1
a d 1+»3_1

(—A)%wa(tw) = AT p (= A)%w(t 2 z),
which implies
dwy(t, z) + (—A) 2wy (¢, z) + tPul (¢, 2)
1 1+5

SV [(—A)aw(s) - %w'(s)s — pjw(s) + )\plwp(s)} ,

(5.5)

1
where s = |z| with z = ¢t72a 2. Next, for s > 0, we have

! w'(s)s 1 +/8w(5) = [N+2a sV 1+6 _ 52(64'52)_1} (s)

2 p—1 200 1+sN+2 p—1  aln(e+ s2)

. . N+2a . .
Since NQLO?O‘ > ;—FT[;, limg o0 ﬁsﬁ = 1 and limg_ ., m = 0, there exists
Ry > 0 and o¢ > 0 such that

1 1
_%w,(s)s - p—i_ffw(s) > oow(s) Vs > Ry. (5.6)

For |z| > 2, and using the definition of the fractional Laplacian, we have

nle + |z + g|? nle + |z — g|? n(e + |z|? Y
—<—A>“w<'2'>‘1AN<I(+|+y|) In(e + |2 — %) 21<+||>> j

2 L+ [z 4+ gV+2e T 14 [z — g|NF2e 14 |z|N+2a

_nle) [ L),

2|Z|2a RN |y|N+2a
(5.7)
where
L) = L+ M2 In(e+[2Ple: +y/*)
L+ [z|N+2efe, +y|NFT20  n(e + [2[?)
Lt M2 Infe+[2Ple. —yl)
L4 [z[N42afe, —y[N+20 In(e+[22)

and e, = |—j|

We claim that there exists cog > 0 such that

z(y) €20
dy < . (5.8)
/B%(—eauB%(ez) [y V+2e T = (|2 2|V
In fact, for y € Bi(—e,), there exists co; > 0 such that
2

1+ [z|V T2 In(e + |z[%e. — y|?)
1+ [z[N+2a]e, —y|NF2a In(e + |2[?)

<cn
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and then

1
L(y) [} e b
dy < wpn r dr + co9
/B (—e.) Y[V H2e o L+ (|zr)N+2 In(e + [2]?)

1(—
2

[eS) tN_ll t2
< N / BT 4 e
w(lz)[z[Y Jo 142
€23
S N
w(lz])]zY
where cg2,c23 > 0 and the last inequality holds since w(|z|)|z|Y — 0 as |z| — oo.

Thus,

I.(y) / I.(y) 23
dy = A/ B
/B%(ez) |y |V +2 By (—e2) |y|N+2e w(|z])] 2] Y

We claim that there exists coq > 0 such that

IL.(y)
dy S Co4. 5.9
/B%(O) |y| V2 (5:9)

Indeed, since the function I, is C2 in Bi1(0), I.(0) = 0 and I,(y) = I.(—y), then
2
VI,(0) = 0 and there exists ¢34 > 0 such that

ID’L(y)| < c2s ¥y € B1(0).

Then we have
L(y) < sy Vy € B1(0),

which implies

IL(y) ly|?
dy < 025/ dy < co4.
/B (o) ly|V+2e B, (0) Y[V

1
2

(S

We claim that there exists cog > 0 such that

1.(y)
dy S C26, 5.10
/A |y N2 (5.10)

where A = RN \ (B1(0) U Bi(e,) U Bi(—e)). In fact, for y € A, we observe that
2 2 2
there exists ca7 > 0 such that I,(y) < co7 and

Iz(y) / Ca7
dy S T INLoA S €28,
/A |y| N2 RV\B4 (0) |y[ V2
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for some cyg > 0. Therefore, by (5.5)-(5.10), there exists ca9 > 0 such that

@ C29
(=A)%w(|z]) > RPN 2| > 2. (5.11)

By (5.6) and (5.11), there exists Ry > Ry + 2 such that for |z| > Ry,

(=a) wll=) = g (=Dla] = Lz > coull) - T
— (e (o0 - 2

> 0.
When |z| < Ry, it is clear that there exists c3p > 0 such that
14+p

(=A)%w(|z]) — %W'(IZI)IZI — ool = —eso.

Then there exists Ag > 0 such that for A > Ag,

1 1+ _
(=A)*w(|z]) = gw'([2D)] = pffw(\d) +AP T P(j2)) 20 VzeRY, (5.12)
which, together with (5.5), implies that (5.4) holds. O
Next we prove that us is not a trivial flat solution when 1 + % <p< pZ}.

Lemma 5.2 Assume 1+ 2%}55) <p<l+ L]\;rﬁ)

Uso 1S given in (1.16). Then

, that wyp, is given in (5.3) and

Uoo (t, ) < wp, (L, x) V(t,z) € Qoo (5.13)

Moreover,
}ir% Uso(t, ) =0 uniformly on BS Ye > 0. (5.14)
—

Proof. Let us denote

_ koIn(e +r?)

fo(r) = T Vr>0 and f,x(®) =kn" fo(n|z|) vz eRY,

where .

> ln(e—{—r2) N—1
ko = —_— 7 d
0 |:WN/(; 1+TN+204T T
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Then for any n € C.(RY), we have that

x

Tim /R e =k Tim /R folleby (2) de = kn(0).

Let t,, = n~2 and then

1
~ B n(e 4 (¢, 2o |x])? 20048) In(e + (n|z|)?
WAy (tn,®) = Aotn " ( ,(J V) pgn %
1+ (tn 2(1‘.%.’)]\74—204
Ao 20048
= —On p—1 NanO(n]m\)
ko
A0~M,N
> A nN fo(nlz]) = fok, (@),
) _20048) _2a(14B)
where 7 < n and ki = A »T . We see that ki = Agn »-1 — 00 as

7. — 00, since &jﬁ) — N > 0. Let uy, j, be the solution of (1.17) with initial data
frk,- By Lemma 5.1, wp, (- + tp,-) is a super-solution of (1.17) with initial data
wpy (tn, ), that is, for (t,2) € Qeo,

Owp(t + tn, ) + (—A) WA (t + b, @) + (t+ 1) W (¢ + ty, x) > 0.
By the Comparison Principle,
Un ks (6, 2) < wp,(t+tp, ) V(t,z) € Qoo,
for any 1 < n. Letting n — oo infers
ug, (t, ) < wa,(t, x) V(t,z) € Qoos (5.15)

where wuy. is the solution of (1.17) with kjdp initial data. Thus (5.13) is obtained
by letting 7 — oco. Finally (5.14) follows by the fact that

lim wp,(t,z) =0 Yz e RN\ {0},

t—0t

which completes the proof. O

Lemma 5.3 Assume 1 <p < p’g, then there exists c31 > 0 such that

_ 1+
c1t r-1

@

Uso(t, ) > Y(t,z) € (0,1) x RY. (5.16)

T 14 |t—ix|N+2a
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Proof. We divide the proof into two steps.
Step 1. Let 0p =1+ B — £ (p—1) > 0, n(t) = 2 — ¢ for t > 0 and denote

Ue(t, x) = En(t)ra(t’ x)’

where I'y is the fundamental solution of (1.17). In this step we prove that there
exists €y > 0 such that
Ug, > v, in (0,1) x RY, (5.17)

where ko = 2¢p and uy, is the solution of (1.17) with initial data kodp. Indeed,
Owe(t,z) = en/ ()To(t, z) + en(t) 0, T o (t, 1)

and
(=A)%e(t, ) = en(t)(=A)*Ta(t, z),

Let I‘l(fix) =T.(1, fix), then there exists g > 0 such that for any € < ¢y and
(t,xz) € (0,1) x RN, we have that
Dve(t, ) + (—=A) % (t, ) + tAvP(t, x)

— e ()t T (¢ 3w ) + Py (L) 2P PTE (3w )

< —eogt 2 TITOOT (t 20 z) + PPt 2w P TP (t7 2 z) < 0,

the last inequality holds since —% — 1409 =—2p+ B and I'; is bounded. In

2c
particular, there holds
Ovey (t, ) + (—A) %0, (t, ) + tﬁvfo (t,z) <0 V(t,z) € (0,1) x RV, (5.18)

Let f,(7) = ve, (tn, ¥) with ¢, = n=2%. Since lim,_,o+ 1(t) = 2, then we have that
fn — 2€00p as n — oo in the weak sense of measures. There exists Ny > 0 such that
tn € (0, %) for n > Ny. Let w, be the solution of (1.17) with initial data f,,, then it
infers that

Wy (t,x) > Ve (t +tn,x)  (t,z) € (0,1 —t,) x RV,

Because uy, is uniquely defined, there holds
Wy — Up, A8 N —» 00 in (0,1) x RY
and

Hm ve, (t + tn, T) = v, (t, ) V(t,z) € (0,1) x RY,

n—oo

which imply (5.17).
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Step 2. We claim that (5.16) holds. Since
Ve (t,7) > ot 2Ty (t2ez) () € (0,1) x RV,

then, along with the relation T)[ug] = u 20048 ,, we observe that for any A > 0,
kX p—1T

A P
= A (020 2
u M,N(tvx) - P uko( t, 1‘)
ko\ p—1
2a(148)
> A T, (A )
2a(148) N 1
> A »1 NiTmD (7).
1 1
20(1+8) N _1+8 N 148
Let o=\ »1 N,tQ:(QQ)ﬁ 7T and T, = o2 »-T, then

0<t,<T,—0 as p— oc.

For (t,x) € (t,,T,) x R, we have that

1+
Ukyo(t, ) > eqot 2Ty (t 20 x) > %Ot*pflrl(t*ix),

I

then

148
Uso(t, ) > %tiﬁrl(f%x) V(t,x) € (ty, T,) x RV,
which implies (5.16)and completes the proof. O

Proof of Theorem 1.2. It follows from Proposition 5.1 and Lemma 5.2 that .
is a nontrivial self-similar solution of (1.17) and (1.22) follows by (5.13), (5.16) and

In(e + |t7i:n|2) <2In(2+ |t7i3§|), which ends the proof. O

We have actually a stronger result which is a consequence of Theorem 1.4-(i)
proved in next section:

Corollary 5.1 Assume 1+ % <p<l+ &NJF@ Then
either

U>Usp N Qoo (5.19)
or

U=Uso I Qoo (5.20)
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2a(1+5)
5.2 The case 1 <p <1+ =F5~

Forl<p<1+ Z%i;(f ), it follows from Lemma 5.3 that
lm ue(t, ) = 00 vz e RY. (5.21)
t—0+

Proof of Theorem 1.3 (i). Let fo € C.(R") be a nonnegative function such that

suppfo C B1(0) and max fo=1.
x€B1(0)

Denote
Fag(@) = kn® fo(n’ (x — 20)),

where k£ < n” with 7 = %(M—N—Qa) > 0,0 =% and 29 € RY. Since

fak(x) <07 for x € Bi(xo), fZ(:c) =0 for z € Bf(x) and

2a(14-53) ~_N—2a

c3gn P71
(2 + || )V H2e

Veo (tny ) > Vx € Bi(xp),

where t,, = n72%. Then there exists Ny > 0 such that for any n > Ny,
k(@) <vey(tn, ) Va € By(xo).

Since nN fo(n?(x — x0)) — €410z, as n — oo in weak sense of measures, for some
cq1 > 0.

Let wy, j;, be the solution of (1.17) with initial data f, s, then
Wy, (0,2) = fr1(2) < v (tn, ) < Uoo(tn, ) vz € RY.

Therefore, by the Comparison Principle

Wy (1, 2) < Uso(t + th, ) V(t,z) € Qoo-
We observe that

klggo[nlgr;o Wy (t, )] = uso(t, x — x0) V(t, ) € Qoo-

Thus, we derive that

Uso(t, 2 — 20) < Uso(t, ) V(t,x) € Qoo (5.22)

Then us(t,© — x9) = uso(t,x) for all (¢,2) € Qu, which implies that us is inde-
pendent of . Combining (5.1) and (5.16), implies that

Uso = <ﬂ> o f%.
p—1



The proof is complete. O

In the case of p =1+ 2%(}:2_5 ), it derive from Lemma 5.3 that
i
c P c
liminf ue (¢, 2) > lim 0 = ;02 vz € RY.
t—0+ =0t 1 4 |t—5x|N+2a |:U| +2a

Proof of Theorem 1.3 (ii). We note that us is a self-similar solution of (1.17).
Moreover, we derive (1.24) by (5.16), which ends the proof. O

5.3 The self-similar equation
In this section we prove Theorem 1.4.
148
Proof of (i) We set voo(n) = tP~Tus(1,7). Then relations (1.25) and (1.26) hold
from Lemmas 5.2 and 5.3. Assume ¢ is another positive solution of (1.20). Then

_ 1B
(t,z) — t »1 17(1?7%3:) is a positive self-similar solution of (1.23). By Proposition
5.2 it is larger than us.. Thus vy < 0. Assume now that there exists 7y € RN such
that v (n0) = 0(n). and set w = ¥ — voo. Then

(=A)%w(io) = lim(=A)dw(n)

_ w(no) — w(n)
- 7 — 1o |N+20
e~ Bg(no) n 7o
<0
Since Vw(ny) we reach a contradiction. O

Proof of (ii) It is a consequence of the equality

1
148\ 7T
uoo:Up<:>Uoo:<p?/f>p

Open problem We conjecture that in the case 1+ % <p<l+ &]\fﬁ),vm is

the unique positive solution of the self-similar equation satisfying (1.25). One step
could be to prove that any positive solution v satisfying (1.25) satisfies, for some
K>1,

o< Kvs  in RV, (5.23)
We also conjecture that v, satisfies the following asymptotic behavior
|7N72a

Voo(1) = CNp.asn as |n| — oo. (5.24)
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Thus if any positive solution © endows the same property, the conclusion (and the
uniqueness) follows.
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