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INTERNAL CONTROLLABILITY OF THE KORTEWEG-DE VRIES EQUATION ON
A BOUNDED DOMAIN

R. A. CAPISTRANO-FILHO, A. F. PAZOTO, AND L. ROSIER

ABSTRACT. This paper is concerned with the control properties of the Korteweg-de Vries (KdV) equation
posed on a bounded interval with a distributed control. When the control region is an arbitrary open
subdomain, we prove the null controllability of the KdV equation by means of a new Carleman inequality.
As a consequence, we obtain a regional controllability result, the state function being controlled on the left
part of the complement of the control region. Finally, when the control region is a neighborhood of the right
endpoint, an exact controllability result in a weighted L2-space is also established.

1. INTRODUCTION
The Korteweg—de Vries (KdV) equation can be written
Ug + Ugzz + Uz + vty = 0,

where u = u(t, x) is a real-valued function of two real variables ¢ and z, and u; = du/0t, etc. The equation
was first derived by Boussinesq [3] and Korteweg-de Vries [12] as a model for the propagation of water
waves along a channel. The equation furnishes also a very useful approximation model in nonlinear studies
whenever one wishes to include and balance a weak nonlinearity and weak dispersive effects. In particular,
the equation is now commonly accepted as a mathematical model for the unidirectional propagation of small
amplitude long waves in nonlinear dispersive systems.

The KdV equation has been intensively studied from various aspects of mathematics, including the
well-posedness, the existence and stability of solitary waves, the integrability, the long-time behavior, etc.
(see e.g. [11, 17]). The practical use of the KdV equation does not always involve the pure initial value
problem. In numerical studies, one is often interested in using a finite interval (instead of the whole line)
with three boundary conditions.

Here, we shall be concerned with the control properties of KdV, the control acting through a forcing
term f incorporated in the equation:

(1.1) Ut + Uy + Ugyr +uuy, = f, ¢t €1[0,T), €0, L], + b.c.

Our main purpose is to see whether one can force the solutions of (1.1) to have certain desired properties
by choosing an appropriate control input f. The focus here is on the controllability issue:

Given an initial state ug and a terminal state uy in a certain space, can one find an appropriate control
input f so that the equation (1.1) admits a solution u which equals ug at time t =0 and uy at time t =T %

If one can always find a control input f to guide the system described by (1.1) from any given initial
state ug to any given terminal state uj, then the system (1.1) is said to be ezactly controllable. If the system
can be driven, by means of a control f, from any state to the origin (i.e. u; = 0), then one says that system
(1.1) is null controllable.

The study of the controllability and stabilization of the KdV equation started with the works of Russell
and Zhang [24] for a system with periodic boundary conditions and an internal control. Since then, both the
controllability and the stabilization have been intensively studied. (We refer the reader to [23] for a survey
of the results up to 2009.) In particular, the exact boundary controllability of KdV on a finite domain was
investigated in e.g. [4, 5, 6, 8, 9, 19, 21, 27]. Most of those works were concerned with the following system

(1.2) Ut + Uy + Ugge + Uty =0 in (0,7) x (0, L),

' u(t,0) = g1(t), u(t, L) = g2(t), u.(t,L) = gs(t) in (0,7)
in which the boundary data g1, ga, g3 can be chosen as control inputs. System (1.2) was first studied by
Rosier [19] considering only the control input g3 (i.e. g1 = g2 = 0). It was shown in [19] that the exact
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controllability of the linearized system holds in L?(0, L) if, and only if, L does not belong to the following
countable set of critical lengths

(1.3) N = {%\/k2+kl+12 Tkl EN*}.

The analysis developed in [19] shows that when the linearized system is controllable, the same is true for
the nonlinear one. Note that the converse is false, as it was proved in [4, 5, 6] that the (nonlinear) KdV
equation is controllable even when L is a critical length. The existence of a discrete set of critical lengths
for which the exact controllability of the linearized equation fails was also noticed by Glass and Guerrero in
[9] when g5 is taken as control input (i.e. g1 = g3 = 0). Finally, it is worth mentioning the result by Rosier
[21] and Glass and Guerrero [8] for which g1 is taken as control input (i.e. g2 = g3 = 0). They proved that
system (1.2) is then null controllable, but not exactly controllable, because of the strong smoothing effect.

By contrast, the mathematical theory pertaining to the study of the internal controllability in a bounded
domain is considerably less advanced. As far as we know, the null controllability problem for system (1.1)
was only addressed in [8] when the control acts in a neighborhood of the left endpoint. On the other hand,
the exact controllability results in [13, 24] were obtained on a periodic domain.

The aim of this paper is to address the controllability issue for the KdV equation on a bounded domain
with a distributed control. Our first main result is a null controllability result valid for any localization of
the control region. Actually, a controllability to the trajectories is established:

Theorem 1.1. Let w = (Iy,lz) with 0 < I3 < Iy < L, and let T > 0. For g € L?(0,L), let u €
C°([0,T7; L*(0, L)) N L2(0,T; H'(0, L)) denote the solution of

Up + Uy + Uy + Upze =0 in (0,T) x (0, L),
(1.4) w(t,0) =u(t, L) = t,(t,L) =0 in (0,T),
(0, z) = Go(x) in (0,L).

Then there exists § > 0 such that for any ug € L?(0,L) satisfying ||uo — 110|\L2(07L) < 8, there exists f €
L2((0,T) x w) such that the solution u € C°([0,T]; L*(0, L)) N L*(0,T, H'(0,L)) of

Ut + Uy + Uy + Uggr = 1o f(E, 2) in (0,T) x (0, L),
(1.5) u(t,0) = u(t,L) = uy(t,L) =0 in (0,7T),
(0, 2) = up(x) in (0,L),

satisfies u(T,-) = u(T,-) in (0, L).

The null controllability is first established for a linearized system

ur + (&), + Ugze = Lo f in (0,7)x (0,L),
(1.6) u(t,0)=u(t,L)=uz (t,L)=0 in (0,7),
u (0,z) = up (x) in (0,L),

by following the classical duality approach (see [7, 14]), which reduces the null controllability of (1.6) to an
observability inequality for the solutions of the adjoint system. To prove the observability inequality, we
derive a new Carleman estimate with an internal observation in (0,7") x (I1,l2) and use some interpolation
arguments inspired by those in [8], where the authors derived a similar result when the control acts on a
neighborhood on the left endpoint (that is, I; = 0). The null controllability is extended to the nonlinear
system by applying Kakutani fixed-point theorem.

The second problem we address is related to the exact internal controllability of system (1.1). As far
as we know, the same problem was studied only in [13, 24] in a periodic domain T with a distributed control
of the form

Flat) = (Gh) () == g(a)(h(z. t) — / 9(w)h(y, t)dy),

where g € C*(T) was such that {g > 0} = w and [ g(z)dz = 1, and the function h was considered as a
new control input. Here, we shall consider the system

Up + Uy + Uy + Uggy = [ in (0,7) x (0, L),
(1.7) w(t,0) =u(t, L) = uy(¢,L) =0 in (0,7),
u(0,2) = up(x) in (0, L).

As the smoothing effect is different from those in a periodic domain, the results in this paper turn out
to be very different from those in [13, 24]. First, for a controllability result in L2(0, L), the control f has
to be taken in the space L?(0,T, H=%(0,L)). Actually, with any control f € L?(0,T,L?(0, L)), the solution
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of (1.7) starting from ug = 0 at ¢t = 0 would remain in H}(0, L) (see [8]). On the other hand, as for the
boundary control, the localization of the distributed control plays a role in the results.
When the control acts in a neighborhood of x = L, we obtain the exact controllability in the weighted

Sobolev space L2, 4. defined as
L—x
L 2
L2y, ={ue Lh,(0,L ;/ Jut@)
= dx {u loc( ) 0 L

d .
— r < 0o}

More precisely, we shall obtain the following result:

Theorem 1.2. Let T > 0, w = (I1,l2) = (L — v, L) where 0 < v < L. Then, there exists 6 > 0 such that for
any ug, uy € L?, g With
L—x
luol| 2 . <0 and lu1ll 2 <é
] d

— b
1
-z -z

one can find a control input f € L?(0,T; H=(0, L)) with supp(f) C (0,T) x w such that the solution u €
C°([0, L], L?(0, L)) N L*(0,T, H*(0, L)) of (1.7) satisfies u(T,.) = u1 in (0,L) and u € C°([0,T7], L* ).

Liizdz
Furthermore, f € L%Tit)dt(O,T, L?(0,L)).

Actually, we shall have to investigate the well-posedness of the linearization of (1.7) in the space

L? and the well-posedness of the (backward) adjoint system in the “dual space” L%L_I) 4z To do this,

ﬁdm
we shall follow some ideas borrowed from [10], where the well-posedness was investigated in the weighted

space LQLL 4z~ The needed observability inequality is obtained by the standard compactness-uniqueness

argument and some unique continuation property. The exact controllability is extended to the nonlinear
system by using the contraction mapping principle.

When the control is acting far from the endpoint = L, i.e. in some interval w = (l1,l2) with
0 < I3 <lz < L, then there is no chance to control exactly the state function on (lz, L) (see e.g. [21]).
However, it is possible to control the state function on (0,11), so that a “regional controllability” can be
established:

Theorem 1.3. Let T > 0 and w = (I1,l2) with 0 <1y <la < L. Pick any number 1} € (I1,13). Then there
exists a number § > 0 such that for any ug,us € L*(0, L) satisfying

l[wollz2(0,) < 9, llutllz2(0,2) < 6,

one can find a control f € L?(0,T,H-1(0,L)) with supp(f) C (0,T) x w such that the solution u €
C°([0,T7, L*(0, L)) N L2(0, T, H*(0, L)) of (1.7) satisfies

ui(z) if x€(0,0});
(1.8) u(T, ) = { 0 if x€(la,L).

The proof of Theorem 1.3 combines Theorem 1.1, a boundary controllability result from [19], and the
use of a cutt-off function. Note that the issue whether u may also be controlled in the interval (I1,13) is
open.

The paper is outlined as follows. In Section 2, we review some linear estimates from [8, 19] that will
be used thereafter. Section 3 is devoted to the proof of Theorems 1.1 and 1.3. It contains the proof of a new
Carleman estimate for the KdV equation with some internal observation (Proposition 3.1). In Section 4 we
prove the well-posedness of KdV in the weighted spaces L2, and L; 4. Dy using semigroup theory, and

derive Theorem 1.2.

2. LINEAR ESTIMATES

We review a series of estimates for the system

Ut + (§u>x + Ugga = f(t,SC) in (OvT) X (05 L)a
(2.1) w(t,0) =u(t,L) = uy(¢,L) =0 in (0,7),
u(0,2) = up(x) in (0,L)

and its adjoint system. Here f = f(¢,z) is a function which stands for the control of the system, and
& =¢(t,x) is a given function.
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3
g 3 with domain

92 Oz
D(A) = {w e H*(0,L); w(0) = w(L) =w,(L) =0} C L*(0, L)

2.1. The linearized KdV equation. It was noticed in [19] that the operator A =

is the infinitesimal generator of a strongly continuous semigroup of contractions in L?(0, L). More precisely,
the following result was established in [19].

Proposition 2.1. Let ug € L%(0,L), £ =1 and f = 0. There exists a unique (mild) solution u of (2.1) with

(2:2) ue O([0,T]; L*(0, L)) N L*(0, T, Hy (0, L)).
Moreover, there exist positive constants ¢ and co such that for all ug € L?(0, L)
(2.3) ||“HL2(07T;H1(0,L)) + [Jua (-, O)HLZ(O,T) < a ||“0||L2(07L) )
2 1 2 2
(2.4) [uollz20,n) < T lullz2(0,7:12(0,0)) + €2 1tz (- 0720, 7) -

If in addition ug € D(A), then (2.1) has a unique (classical) solution u in the class

(2.5) u € C([0,T); D(A) N CH([0,T]; L2(0, L)).

2.2. The modified KdV equation. We introduce a system related to the adjoint system to (2.1), namely
—vp — &V — Vpgw = f in (0,7) x (0, L),

(2.6) v(t,0) = v(t, L) = v,(t,0) =0 in (0,7),
o(T,2) =0 in (0, L),

for which we review some estimates borrowed from [8].

2.2.1. Energy Estimates. We introduce the following spaces
Xy = LQ(O,T; H_Q(O, L)), X = L2(O, T; Hg(O, L)),

(2.7) Xo:= L}0,T; H-1(0,1)), X, := LY(0,T: (H® n H2)(0, L)),
and
08 Yo i= L2((0,T) x (0, L)) N C°([0, T H-1(0, L)),

Yy = L2(0,T; H*(0,L)) n C°([0,T]; H3(0, L)).
The spaces X, X1, Xo, X1,Yo, and Y; are equipped with their natural norms. For instance, the spaces Yj
and Y7 are equipped with the norms
||w||y(, = ||w||L2((0,T)x(0,L)) + Hw”LOO(O,T;H*l(O,L))
and
lwlly, = llwllr2e0,7;84(0,)) + 1wl oo 0,712 (0, 1)) -
For 6 € [0, 1], we define the complex interpolation spaces (see [2] and [15])
Xo = (Xo, X1)jg, Xo = (Xo, X1)j) and Yy = (Y5, Y1)g).

Then,

(2.9) X4 =L*0,T; H*(0,L)), X4 =L"0,T;L*0,L))
and

(2.10) Y14 =L*(0,T; H'(0,L)) N C°([0,T]; L*(0, L)).
Furthermore,

(2.11) X172 = L*((0,T) x (0, L)), Xy = L'(0,T; Hy(0, L))
and

(2.12) Y12 = L*(0,T; H*(0,L)) N C°([0,T]; H'(0, L)).

Proposition 2.2. ([8, Section 2.2.2]) Let { € Y and f € Xiuf(% = L%(0,7; H=1(0,L))UL*(0,T; L?(0, L)).
Then the solution v of (2.6) belongs to Y1, and there exists some constant C' = C(||€]|y,) > 0 such that
4 1

(2.13) HU||L°°(O,T,L2(O,L)) + ||UHL2(0,T;H1(0,L)) + vz (- L)||L2(0,T) < C(||€||YI/4) HfHLZ(O,T;H*l(O,L))

and

(2.14) [Vl o 0,7, 2200, F 10l 20,7581 (0,)) T 10 (5 D)l 2o,y < C(||€||Y1/4) 120752200, -
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More can be said when £ = 0. Consider the following system

—Vt — VUggx = 9 in (Oa T) X (Oa L)a
(2.15) v(t,0) = v(t, L) = v,(t,0) =0 in (0,7),
o(T,2) =0 in (0,L).

Proposition 2.3. ([8, Section 2.3.1]. If g € X; U f(l, then v € Y7 and there exists a constant C > 0 such
that

(2.16) [vlly, + llve(, D)l g2 o,my < Cllgll x,
and
(2.17) [vlly, + llva(, Dl g o,my < Cllgllx, -

Proposition 2.4. ([8, Section 2.3.2]. If g € X;,o U Xl/g, then v € Y12, and there exists some constant
C > 0 such that

(2.18) 10lly, , + 102 D)l s o,y + 1022 (5 0l 20,7y + 022 (5 Dl 20,y < Cllglly,
and
(2.19) 10lly, ,, + 02 (s D)l ars o,y + 0w Ol 20,7y + vea (5 D)l 20y < Cllgllx, , -

3. NULL CONTROLLABILITY RESULTS

This section is devoted to the proof of Theorems 1.1 and 1.3.

3.1. Null controllability of a linearized equation. We first consider the system

ur + (Eu)y + Ugrew = Lo f(t, ) in (0,7) x (0, L),

(3.1) w(t,0) = u(t, L) = uy(¢,L) =0 in (0,7),
’LL(O,ZL') = ’LLO(ZL') in (OvL)v
where { = {(t,z) is a given function in V1, and w = (l1,l2) C (0,L). Our aim is to prove the null

controllability of (3.1). To this end, we shall establish an observability inequality for the corresponding
adjoint system

—vg — E(t, )V — Vg =0 in (0,7) x (0, L),
(3.2) v(t,0) = v(t, L) = v,(t,0) =0 in (0,7),
(T, z) = vr(x) in (0,L)

by using some Carleman inequality.

3.1.1. Carleman inequality with internal observation. Assume that w = (I1,l2) with
0<ili <la<L.

Pick any function v € C3([0, L]) with

(3.3) ¥ > 01in [0, L];

(3.4) ['] >0, ¥" <0, and 4’9" < 0in [0, L] \ w;

(3.5) ¥’ (0) < 0 and ¥'(L) > 0;

(3.6) min () = P(ls) < max P(z) =¢(h) =9(l2), max ¢(x) =¢(0) = ¢(L)
z€[ly,l2] z€[l1,l2] z€[0,L]

(37) $(0) < 30(0s),

for some I3 € (I1,12). A convenient function ¢ is defined on [0, L] \ w as

() = exd —2? —x+c  ifxel0,l],
)= —ex® + azx + co if x € [lg, L]

with €, a, ¢y, ¢z > 0 conveniently chosen. Note first that ¢(l1) = ¥(l2) and (0) = (L) if, and only if,
a = (L — 12)71(15 + ll — Elg — El? + ELB), C1 = C2 — €L3 +al.

Then a > 0, ¢; — ¢z > 0 and (3.4)-(3.5) hold provided that 0 < ¢ < 1. (3.3) and (3.7) hold for ¢ > 1. (3.6)
is easy to satisfy.
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Set
(3.8) p(t,z) = %
For f € L?(0,T; L*(0,L)) and qo € L*(0, L), let q denote the solution of the system
(3.9) @+ doae = f,  t€(0,T), 2€(0,L),
(3.10) q(t,0) =q(t, L) = g-(¢t, L) =0, t e (0,7),
(3.11) q(0,2) = qo(x), x € (0,L).

Then the following Carleman inequality holds.

Proposition 3.1. Pick any T > 0. There exist two constants C > 0 and so > 0 such that any f €
L?(0,T;L3(0,L)), any qo € L*(0, L) and any s > so, the solution q of (3.9)-(3.11) fulfills

(3.12)

T pL T
l/“jf bwhhzP+«sw>ﬂqzP+«sw>ﬂqrﬂe*%vdzdt+J/ (50l P+ (560)|4al?)e ™) oo+ (560 e 262 ot
0 0 0

T pL T
< C (/ / |f|2672599d1'dt +/ /[550|sz|2 + (5¢)3|qz|2 + (Scp)5|q|2]e2sgpdxdt>
0 /0 0 Jw

Actually, we shall need a Carleman estimate for (3.2) with the potential { € Y1. Let

@(tvx) = w(tv L— :C)
Corollary 3.2. Let & € Yi. Then there exist some positive constants 5o = 3So(T,||¢|ly,) and C =
4 T
C(T, |||y, ) such that for all s > 5o and all vy € L?(0, L), the solution v of (3.2) fulfills

T pL
(“@//bww+wmwﬂwm%%%w
0 0

T
: C/ /[5¢|vml2 +(59)°[va|* + (s¢)°[v[*Je™>*Pdudt.
0 Jw

Proof of Proposition 8.1. We first assume that qo € D(A) and that f € C([0,T]; D(A)), so that ¢ €
C([0,T); D(A)) N C([0,T]; L*(0, L)). This will be sufficient to legitimate the following computations. The
general case (qo € L2(0,L) and f € L2(0,T; L?(0,L))) follows by density. Indeed, if we set

p(t,z) ==/ p(t, lg)e_s‘p(t’lg')q(t, x)

then p solves (3.9)-(3.11) with go replaced by 0, and f replaced by

- 1
f =V QO(t, l3)eiskp(t7l3)f + (5%(@ 13)507% (ta l3) - S@t(ta l3) QO(t, l3>> efskp(t,lg)(b

so that (with different constants C')

T L
/0 /0 90|(Zm|2€72wd$dt < C||P||2L2(0,T,H2(0,L)) < C||f||%2(O,T,L2(O,L)) < C(||f||2L2(0,T,L2(0,L)) + ||QO||%2(0,L))-

Since
||‘I||2L2(0,T,H1(0,L)) < C(”f”%z(O,T,LQ(O,L)) + ||‘10||2L2(0,L))
we conclude that we can pass to the limit in each term in (3.12), if we take a sequence {(g@, f™)}n>0 in
D(A) x C([0,T],D(A)) such that ¢f — qo in L*(0,L) and f* — f in L?(0,T, L?(0, L)).
Assume from now on that ¢o € D(A) and that f € C([0,T];D(A)). Let g denote the solution of
(3.9)-(3.11), and let u = e~ %?q, w = e *?L(e*?u), where

(3.14) L=0,+092

Straightforward computations show that

(3.15) w = Mu = ut + Ugzs + 35Qalss + (35290926 + 38Quz) Uz + (5390;0’6 + 352g01g0m + s(pt + Prza))u.
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Let M; and M denote the (formal) self-adjoint and skew-adjoint parts of the operator M. We readily obtain
that

(3.16) Miu = 35(Patics + Paotiz) + (01 + Paa) + 5° 05 ]u,
(3.17) Meu = up+ Upgy + 352(90323uz + PrPralt).

On the other hand

(3.18) [lwl][* = |[Myul[? + || Maul|* + 2(Myu, Mau)

where (u,v) = fOTfOL wvdzdt and ||w||? = (w,w). From now on, for the sake of simplicity, we write [[ u (resp.

Il u‘ﬁ) instead of fOTfOL u(t, r)dxdt (resp. fOT u(t, x)‘fzodt). The proof of the Carleman inequality follows the
same pattern as in [16, 22]. The first step provides an exact computation of the scalar product (M;u, Mau),
whereas the second step gives the estimates obtained thanks to the (pseudoconvexity) conditions (3.3)-(3.7).

STEP 1. EXACT COMPUTATION OF THE SCALAR PRODUCT IN (3.18).

Write

2(Myu, Mau) = 2 //[s(got + Quza) + 8303 JuMou + 2// 35(Prtizr + Paatiy)Mou =: Iy + Is.
Let
(3.19) a = (@t + Praz) +5° 05

Using (3.17), we decompose I; into

I = // 20uug + // 20Ul gy + 352 // 2au(g0§uz + PrPralt).

Integrating by parts with respect to t or x, noticing that uj,—o = Ujp=r = Uz|p—r = 0, and that uj;—o =
up=p = 0 by (3.3), we obtain that

L = —//atu2+(3//ozmui—//ozIMUQf/aui‘é)7352//<piazu2
2 2 2 2 2L
- t TTT x x .
//(a + Quza + 387 Qo0 )u +3//a uz—/auz‘o

(3.20)

Next, we compute

Performing integrations by parts, we obtain successively

2 2 2 2 L
2//(90zum + Proliy)Upze = —3 // Przly, + // PazUy, + /((pzum — P3,Us + Q@mmumum)yo,
and

L
2//(%@% + Paatle) (P2Ug + PrPugu) = —3 // P2 PuaU2 + //[(wiwm)m — (Paply)alu® + /wiugﬂo-

Thus
(3.21) Iy = —9s // gomuiz + //[—2733<pi<pm + 3s(pzt + <p4z)]u§

L
4 / / 05 ((2 ma)en — (igha)al® + / Bs(peti2, — @sat? + 2pugtiytias) + 95 p5u2]|}

Gathering together (3.20)-(3.21), we infer that
2010, Maw) = [ [[-(@0+ a4 353 600) + 95 (020re)as — (paita )l
+ //[3041 - 275350%09696 + 35(pat + ‘P4z)]u92c —9s // ‘meuix

3.22 + 33<pzu2 + 953<p3 — 35Pppr — ul + 2003 Ugp gy L
T x x 0
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STEP 2. ESTIMATION OF EACH TERM IN (3.22).
The estimates are given in a series of claims.
CrLAIM 1. There exist some constants s; > 0 and C7 > 1 such that for all s > s1, we have

T

[+ e + 32200 + 953 0a)en — (ol = 7 [0 = [ [ (s

0 Jw
From (3.19), we see that the term in s° in the brackets reads
5,203 _ 5,4 _ 5 (@)
=352 (¢r)e = —957Qp s = —9s BT =17
We infer from (3.4) that for some k1 > 0 and all s > 0
—95°Patar 2 K1(50)° () € (0,7) x ([0, L] \ w).

On the other hand, we have for some ko > 0 and all s >0
’1253904 (t,l‘) € (OvT) X (OvL)v
ka(s9)® (t,x) € (0,T) x w.

loe| + |ovaa | + |953((50§sz)11 - (‘Pmsﬁim)z”

<
3s%phaa| <

Claim 1 follows then for all s > s; with s; large enough and some Cy > 1.
CLAIM 2. There exist some constants so > 0 and Cy > 1 such that for all s > s, we have

T
G2 [[Ba -2 b aston t el 2 051 [[se - [ [ ot
0 Jw
Indeed, the term in s? in the brackets is found to be
_1833()03()011 > H3(S(,0)3 (tax) € (OaT) X ([OaL] \w)
for some k3 > 0 and all s > 0, by (3.4). On the other hand, we have for some x4 > 0 and all s >0

65(pre + paz)] < Kasp® (t,x) € (0,T) x (0,L),
185°02 00| < Ralsp)® (t,2) € (0,T) x w.

Claim 2 follows for all s > so with sy large enough and some Cy > 1.
CrLAIM 3. There exist some constants s3 > 0 and C3 > 1 such that for all s > s3, we have

T
(3.24) —9s // @Zzuiz > 03—1 // sgouim — 03/ / sgouim.
0 Jw

Claim 3 is clear, for ¢” < 0 on [0, L] \ w.
CLAIM 4. There exist some constants s4 > 0 and C4 > 1 such that for all s > s4, we have

L
/[35(,0@1@z + (95° 03 — 350ran — QUL + 200 lialas] |

T
> copt / [(5002,) o + (592 ot + (%% 02) oo,
0
Since uz |,y = 0 and

[(95° 03 — 35000 — @)ul]js—0 = [(85°0] — s(pt + 4Praa) U2 jo0;
we obtain with (3.5) for s > s4 with s4 large enough,

L
[(95%0% — B5Paaa — a)uzl|y = ms5l(s0) ui]ja=0

and
3spuuzly > ko([spusy)ja=o + [spusse=1)
for some constant ks, kg > 0. Finally

Ko
|[25000Uztzz]z=0] < ?[S@U?mhx:o + H7[S(pui]‘z:0

for some constant k7 > 0. Since sp(t,0) < (s@)3(¢,0) for s > 1, Claim 4 follows.
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We infer from Claims 1, 2, 3, and 4 that for some positive constants sg, C and all s > sg
T
3:25) [ [0l + (o) ual 4 solusal?) + [ (5002 om0 + (5002 s + (5565
0

<c(f[uf+ | T/w [(5)lul? + (59)° o + 5tz

).
Replacing u by e~ *%q yields (3.12). a
Proof of Corollary 3.2. Note first that for £ € Yi and vy € L2(0,L), one can prove that (3.2) has a
unique solution v € Y% , by using the contraction mapping principle for the integral equation. Corollary
3.2 follows from Proposition 3.1 by taking qo(z) = vpr(L — z), q(t,x) = v(T — t,L — x), and f(t,z) =
—&(T —t, L — x)q,(t,x), assuming first that £ € Yin L*(Q) (so that f € L?(Q)). Indeed, with u = e~*¢¢,

w=e YLe*?u) = —£(T —t,L — x)(uz + spzu),

so that
T pL
/ |w|?dzdt < C// 1E(T —t, L — ) > (Jux|® + |speu|®)dzdt
0 Jo
T
< C/o [16(T — t)||2L2(0,L)(||Uw||2Loo(o,L) + ||3‘Pwu||%oc(o,L))dt
T pL 2
(3.26) < C||§||%oo(o,T,L2(o,L))/ / [ + uFy + g (u? + ul))da.
0o Jo (T —1)
Combining (3.25) with (3.26), picking s > 1, and replacing again u by e *?v(T — ¢, L — x) yields (3.13).
The result for £ € Y% follows by density. |

3.1.2. Internal observation. We go back to the adjoint system (3.2). Our next goal is to remove the terms
vz and v, from the r.h.s. of (3.13). In addition to the weight ¢(t,x) = ﬁw(L — ), we introduce the
functions

@) = -2 and (1) = o) — 0)

1
8T — 1) velo.L)

5 1 :
(8:27) ) = HT — 1) HT =) o, V) = 5 — 3y
where we used (3.6). By (3.7), we have
4

Lemma 3.3. Let 0 < [y <la < L, £ € Yi’ and So be as in Corollary 3.2. Then there ezists a constant
C = C(T, ||¢]]y,) > 0 such that for any s > 30 and any vy € L?(0, L), the solution v of (3.2) satisfies
I

T
(3_29) /Q{(s¢)5|v|2+(S¢)3|UI|2+S<,b|vm|2}e_2s¢d$df < Clslo/ es(6¢—8¢)¢31Hv(t’.)||i2(w) dt,
0

where Q@ = (0,T) x (0, L) and w = (I1,12) C (0, L).
Proof. We follow the same approach as in [8]. From (3.13) and (3.27)-(3.28), we first obtain

(3.30) / {$PQ°|v)? + $* B |vg|* + 5@|van|?} €72 Pdudt
Q

T
< C/ / {55<p5 []* + s33%|vg|? + s¢|vm|2} e 2%dpdt = C(Io + I + Iy).
0 Jw

Since ¢ and ¢ do not depend on z, we clearly have that

T
(3.31) L<s / G [o(t, )% dt
and

T
(3.32) B [ e ot ) .

Using interpolation in the Sobolev spaces H*(w) (s > 0), we obtain for some positive constants K1, Ko

3/8 5/8
(3.33) ot Mgy < K ol NS o ot I,
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and
3/4
(334) 06t Yz < Ko Nt ey Nt DS
Replacing (3.33) and (3.34) in (3.31) and (3.32), respectively, yields
’ ; 5/4
(3.35) L<cs / B ot [ ) 0t 3L dt
and
T . 3/2 1/2
(3.36) I, <Cs / B2 (e, Y2 ) ot 2, d.
Next, an application of Young inequality in (3.35) and (3.36) gives
T < 3a2 32 27 27
B0 [ etre it g R GF ot e, ot )1 di
o [" s(3¢—F ) G°L/5 2 o [T _asp .0 2
371 <t [ GBI oyt es [ e fult ) s
and
T 27 3/2 1/2
I < Cs / o200~ 3903906 % |lu(t, )32, 0t e, dt
T ) T R 2
(3.38) < Cust0 / OGN e+ s [ e BEE ol
for any € > 0. Note that
T 6 5 16 > T ~ <
339)  do+s® [ BB olr ) dt < 080 [ eI ot ) .

Gathering together (3.30) and (3.37)-(3.39), we obtain

(3.40) / {s°@°|v]* + $°@?|va]® + $@|vaa |’} > P dadt
Q

T T
<Ot [ O IAG fo(t, [ et 2572 [ e ol e .

It remains to estimate the integral term
T
—25¢ >—9 2
e =@ ot ) rs/s () dt-
0

Let vi(t, x) := 01(¢)v(t, x) with

W=

01(t) = exp(—s@)¢
Then vy satisfies the system

—V1t — Vigga = f1 1= £0105 — O11v in (0,7) x (0,L),
(3.41) v1(t,0) = v1(¢, L) = v1,(¢,0) =0 in (0,7),
v (T,2) =0 in (0, L).

Now, observe that, since v, (t,0) = 0, £ € L>(0,T, L2(0, L)) and |01;] < Cs@? exp(—s@), we have
T
£l Z2om oy < C||£||%°°(O,T,L2(O,L))/O ™ 2P |vz |7 o0 0,1t + 0/626_25¢32¢3|U|2d$dt

(3.42)

IN

C/ {2@°v* + s|va]® + s Huga|* } € %P dudt
Q

for some constant C' > 0 and all s > so. Moreover, by Proposition 2.4, v1 € Yj/5. Then, interpolating
between L2(0,T; H?(0,L)) and L>(0,T; H*(0, L)), we infer that v; € L*(0,T; H3/%(0, L)) and

(3.43) lvill zaco,rsmsrz0,0)) < C Wil zeqo.myx0,1)) -
Let va(t, x) := O2(t)v(t, x) with

5
_5.

2 = exp(—sP)@
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Then vq satisfies system (3.41) with f; replaced by
f2 = f@g@flvu — 92t9f1v1.
Observe that
102071 + |62:67 | < Cs.
On the other hand, since ¢ € L*(0,T;Hz(0,L)) and v, € L*(0,T;Hz(0,L)) by (3.43), we infer that
€v1, € L2(0,T; H'/3(0, L)) (the product of two functions in Hz (0, L) being in H3 (0, L)). Thus, we obtain
(3.44) HfZHm(o,T;Hl/s(o,L)) <Cs Hvl||L4(o,T;H3/2(0,L)) .
Interpolating between (2.16) and (2.18), we have that vo € L?(0,T; H'/3(0, L)) N L>°(0,T; H*/3(0, L))
with
(3'45) HUQ”L2(O,T;H7/3(0,L))ﬁL°°(O,T;H4/3(O,L)) <C Hf2||L2(0,T;H1/3(0,L)) :
Finally, let vs := 03(¢)v(t, z) with
03(t) = exp(—sp) 2.
Then v; satisfies system (3.41) with f; replaced by
f3 1= €0305 "vog — 03,05 o
Again
10305 | + 03005 | < Css.
Interpolating again between (2.16) and (2.18), we have that
(346) HUB||L2(0,T;H8/3(0,L))me(0,T;H5/3(0,L)) <C Hf3||L2(0,T;H2/3(0,L)) :

Since £ € Yi’ we have that £ € L3(0, T} H3 (0,L)). On the other hand, by (3.45),
vgr € L2(0,T; HY3(0, L)) N L>(0,T; H/3(0, L)).

It follows that ve, € L5(0,T, H3 (0,L)). Since H3 (0, L) is an algebra, we conclude that £vg, € L2(0, T, H3 (0,L)).
Therefore

(3.47) ||f3HL2(O,T;H2/3(O,L)) <Cs ||U2HLQ(O,T;H7/3(0,L))ﬁL°°(O,T;H4/3(O,L)) :

Thus we infer from (3.42)-(3.47) that for some constants Cy,Cy > 0 and all s > sg

IN

Crs* [ f1llZ2 0.7y % (0,1))

Cg/ {s8@%|0]* + 8°|va | 4 8% |vae|*} e >*Pdadt.
Q

2
[[vs ||L2(O,T;H8/3(O,L))

(3.48)

IN

Hence, replacing vs = exp(—s@)@~ 2v in (3.48) yields for some constant Cs > 0
(3.49) /OTGQS"BQEQ ||v(t, ~)||§18/3(w) dt < CgSQ/Q {(s¢)5|v|2 + (s@)?[vg|* + s@|vee[*} €725 dadt.
Then, picking € = 1/(4C3) in (3.40) results in
s P S ot < Cos® 655G (s, e
for all s > §y and some positive constant Cy = Cy(T, ||§||y% ). O

We are in a position to prove the null controllability of system (3.1).

Theorem 3.4. Let T' > 0. Then there exists 6 > 0 such that for any § € Y14 with [|€|[z20, 7,51 (0,)) <
and any ug € L?(0,L), one may find a control f € L*((0,T) x w) such that the solution u of (3.1) fulfills
u(T,-) =0.
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Proof. Scaling in (3.2) by v and (L — x)v, we obtain after some computations the estimate

||v||%°°(0,T,L2(O,L)) + 2||Uz||2L2(0,T,L2(0,L)) <C(L) (||”T||2L2(0,L) + ||§||2L2(0,T,H1(0,L))||Um||%2(0,T,L2(0,L)))
for some constant C'(L) > 0. It follows that if ||£|[12(0,7, a7 (0,2)) < 0 := 1/4/C(L), then we have

(3.50) ax, o120,y + 1vallZz 07,020,y < CENvr |20, 1)

Replacing v(t) by v(0) and vr by v(r) for T/3 < 7 < 2T/3 in (3.50), and integrating over T € (T/3,2T/3),
we obtain that

3C(L) [
(351) o0y < 252 [ 7 oo

3

Combining (3.51) with Lemma 3.3 for a fixed value of s > 3y, we derive the following observability inequality

L T
(3.52) /NmeM§a/nw»mmﬁ
0 0

where C, = C.(T,|¢]]y,,,) > 0. Using (3.52), we can deduce the existence of a function v € L*((0,T) x w)
as in Theorem 3.4 proceeding as follows.
On L%(0, L), we define the norm

vrlp = HU”L?((O,T)xw) )

where v is the solution of (3.2) associated with vr. The fact that || - || is a norm comes from (3.52) applied
n (¢,T) for 0 <t <T.
Let B denote the completion of L?(0, L) with respect to the above norm. We define a functional J on
B by

1 L
J(vr) = 5 |lorll +/O 0(0, )ug (x)da.

From (3.52) we infer that J is well defined and continuous on B. As it is strictly convex and coercive, it
admits a unique minimum vy, characterized by the Euler-Lagrange equation

T L
(3.53) / / v wdzdt —|—/ w(0, z)ug(z)dx = 0, Ywr € B,
0Jw 0

where w (resp. v*) denotes the solution of (3.2) associated with wr € B (resp. v} € B). Define f
€ L*((0,T) x w) by

(3.54) f = 1,0%,

and let u denote the solution of (3.1) associated with ug and f. Multiplying (3.1) by w(t, z) and integrating
by parts, we obtain for all wr € L?(0, L)

L L T
(3.55) / u(T, z)wpder = / uo(x)w(0, x)dx + / / v*wdzdt = 0,
0 0 0Juw

where the second equality follows from (3.53). Therefore u(7T,-) = 0. Finally, letting wy = v in (3.53) and
using (3.52), we obtain

T L
(3.56) /0/|f|2dxdt§0*/0 o () 2da.
O

3.2. Null controllability of the nonlinear equation. In this section we prove Theorem 1.1. This is done
by using a fixed-point argument.
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3.2.1. Proof of Theorem 1.1. Consider u and @ fulfilling system (1.5) and (1.4), respectively. Then ¢ =u—1a
satisfies

G+ G + (% +00)s + Qoo = Luf(Lr) 0 (0,T) x (0,L),
(3.57) q(t,0) = q(t, L) = q(t, L) = 0 in (0,T),
9(0,2) = qo(x) := uo(z) — to(x) in (0,L).
The objective is to find f such that the solution ¢ of (3.57) satisfies
q(T,-) =0.

Given € € Y1 and qo := ug — g € L?(0, L), we consider the control problem
(3.58) Gt + Gz + Q)2 + Gooe = 1o f(t,x)  in (0,T) x (0, L),
(3.59) q(t,0) = q(t, L) = q=(t, L) =0 in (0,7),

(3.60) q(0,2) = qo(x) in (0,L).

We can prove the following estimate

(3.61) lgllZ<(0r.200.2)) + 22l |Z20.7,020.0y) < CL)(I40l172 (0,19

+ €22 0.7, 11 0, 192122 0,722 0,0)) + 111 20,7 x0))

Let 6 = min(8,1/4/C(L)). We introduce the space
E :=C°([0,T}; L*(0, L)) N L*(0,T; H'(0, L)) N H'(0,T; H~2(0, L))
endowed with its natural norm

121l = 1zllva,u + Izl 0,752 (0,)-
We consider in L?((0,7") x (0, L)) the following set

B = {z €E; ||2llp <1 and [|2]|L2(0mm1 0.L)) < g}_

B is compact in L2((0,T) x (0, L)), by Aubin-Lions’ lemma. We will limit ourselves to controls f fulfilling
the condition

(3.62) 111 22((0,7) %) < Celldol 20,1
where C. := Ci(T, ||t]ly, , + 1). We associate with any z € B the set

T(z):={qe€ B; 3f € L*((0,T) x w) such that f satisfies (3.62) and
g solves (3.58)-(3.60) with £ = @ + % and ¢(T,-) = 0}.
Note that ||%]|z20,7,11(0,1)) < 6/2 for T < 1. By Theorem 3.4 and (3.61), we see that if l9ollr2(0,r) and T

are sufficiently small, then T'(z) is nonempty for all z € B. We shall use the following version of Kakutani
fixed point theorem (see e.g. [26, Theorem 9.B]):

Theorem 3.5. Let F be a locally convex space, let B C F and let T : B — 2B. Assume that

(1) B is a nonempty, compact, conver set;
(2) T(2) is a nonempty, closed, convex set for all z € B;
(3) The set-valued map T : B — 28 is upper-semicontinuous; i.e., for every closed subset A of F,
T-YA)={z€ B; T(2)NA+# @} is closed.
Then T has a fized point, i.e., there exists z € B such that z € T(z).
Let us check that Theorem 3.5 can be applied to T" and
F=L*((0,T) x (0, L)).

The convexity of B and T'(z) for all z € B is clear. Thus (1) is satisfied. For (2), it remains to check that
T(z) is closed in F for all z € B. Pick any z € B and a sequence {qk}keN in T'(z) which converges in F

towards some function ¢ € B. For each k, we can pick some control function f* € L2((0,T) x w) fulfilling
(3.62) such that (3.58)-(3.60) are satisfied with { = @ + % and ¢*(T,-) = 0. Extracting subsequences if
needed, we may assume that as k — oo

(3.63) f*—f  in L*((0,T) x w) weakly,

(3.64) ¢ —q inL*0,T;HY(0,L))NH*0,T; H %0, L)) weakly,
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By (3.64), the boundedness of ||qk||Loo(07T7L2(01L)) and Aubin-Lions’ lemma, {¢¥}xen is relatively compact
in C°([0,T], H~1(0, L)). Extracting a subsequence if needed, we may assume that

¢" — ¢ strongly in C°([0,T], H~1(0, L)).
In particular, ¢(0,z) = go(x) and ¢(T,z) = 0. On the other hand, we infer from (3.64) that
£ — &g in L*((0,T) x (0, L)) weakly.
Therefore, (£¢%). — (£q). in D'((0,T) x (0, L)). Finally, it is clear that
111720,y xw) < Cullaol 17200,y

and that ¢ satisfies (3.58) with £ = @+ 5 and ¢(7,-) = 0. Thus ¢ € T'(z) and T'(z) is closed. Now, let us
check (3). To prove that T is upper-semicontinuous, consider any closed subset A of F' and any sequence
{zk}keN in B such that

(3.65) 2P e T7YA), VEk>0,
and
(3.66) 2F 2 in F

for some z € B. We aim to prove that z € T=1(A). By (3.65), we can pick a sequence {qk}keN in B with
q® € T(z¥) N A for all k, and a sequence {fk}keN in L2((0,T) x w) such that
ok

af +ay + ((a+ 5 M+ @hoe = Lo fF(t,x) 0 (0,T) x (0, L),
(3.67) ( 0) = k(t, L)= ( L)=0 in (0,7),
q"(0,x) = qo(x) in (0,1),
(3.68) ¢ (T,z) =0, in (0,L),
and
(369) kaHiZ((O,T)Xw) <Ci HqOHiZ(O,L) :

From (3.69) and the fact that z*, ¢* € B, extracting subsequences if needed, we may assume that as k — oo,
fF=f in L2((0,T) x w) weakly,
7" —q in L2(0,T; H*(0, L)) N HY(0,T; H=2(0, L)) weakly,
7" —q in C°([0,T], H~1(0, L)) strongly,
" —q in F strongly,
28 = 2 in F strongly,
where f € L?((0,T) x w) and ¢ € B. Again, ¢(0,2) = qo(z) and ¢(T,z) = 0. We also see that (3.59) and
(3.62) are satisfied. It remains to check that

oz
(370) Gt + qu + ((u + §)Q)z + Quax = 1wf(t7x)'
Observe that the only nontrivial convergence in (3.67) is those of the nonlinear term (z*¢*),. Note first that

2*5¢¥ 20,7 02(0,1)) < ||zk||L°°(O,T,L2(O,L))||qk||L2(O,T,L°°(O,L)) <C,

so that, extracting a subsequence, one can assume that z*¢* — f weakly in L2((0,7) x (0,L)). To prove
that f = zq, it is sufficient to observe that for any ¢ € D(Q

// quktpdxdt—>// zqpdxdt,

for z* — 2z and ¢*¢ — qp in F. Thus
2Fgk = 2q in L2((0,T) x (0, L)) weakly.

It follows that (2%¢*), — (2q). in D'((0,T) x (0, L)). Therefore, (3.70) holds and ¢ € T'(z). On the other

hand, ¢ € A, since ¢* — ¢ in F and A is closed. We conclude that z € T71(A), and hence T~!(A) is closed.
I follows from Theorem 3.5 that there exists ¢ € B with ¢ € T(q), i.e. we have found a control

f € L*((0,T) x w) such that the solution of (3.57) satisfies ¢(T,-) = 0 in (0, L). The proof of Theorem 1.1

is complete. O
With Theorem 1.1 at hand, one can prove Theorem 1.3 about the regional controllability.
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3.3. Proof of Theorem 1.3. By Theorem 1.1, if § is small enough one can find a control input f €
L?(0,T/2,L*0, L)) with supp(f) C (0,7) x w such that the solution of (1.7) satisfies u(7/2,.) = 0 in
(0,L). Pick any number 1, € (I1,l2) with I5 ¢ N. (This is possible, the set N being discrete.) By
[19, Theorem 1.3], if & is small enough one can pick a function h € L?(T/2,T) such that the solution
y € CO([T/2,T7), L*(0,14)) N L*(T/2,T, H(0,14)) of the system

Yt + Yoz + Yo T YYo = 0 in (T/27T) X (07 l/2)7
y(t,0) = y(t,15) =0, y.(t,05)=nh(t) in (T/2,T),
y(T/2,2) =0 in (0,1%)

satisfies y(T, x) = uy(z) for 0 < x < 1},. We pick a function p € C°°([0, L]) such that
(2) = 1 if x <1f,
=00 ifes> il
and set for T/2 <t <T

_ [ p@y(te)  ifa <l
“(t’””)_{ 0 if 2> 1,

Note that, for T/2 <t < T, ut + Upge + Uz + v, = f with

Since ||y||i4(O,T,L4(O,l’2)) < C||y||2L<,O(O7T7L2(O,L))||y||2L2(07T7H1(07L))7 it is clear that f € L?(0,7, H=*(0, L)) with
supp(f) C (0,T) x (I1,12). Furthermore, u € C([0,T], L*(0, L)) N L2(0,T, H*(0, L)) solves (1.7) and satisfies
(1.8). 0

4. EXACT CONTROLLABILITY RESULTS
Pick any function p € C*°(0, L) with

0 if 0<z<L-—v,
px) =

(4.1) 1 if L-4<z<L,

for some v € (0, L).
This section is devoted to the investigation of the exact controllability of the system

Ut + Uy + Uy + Uzze = [ = (p(x)h), in (0,7) x (0, L),
(4.2) u(t,0) = u(t,L) = u,(t,L) =0 in (0,7),
u(0,2) = uo(x) in (0,L)

More precisely, we aim to find a control input h € L?(0,T;L*(0,L)) (actually, with (p(x)h(t,z)), in some
space of functions) to guide the system described by (4.2) in the time interval [0, 7] from any (small) given

initial state ug in L%, 4, to any (small) given terminal state ur in the same space. We first consider the
L—x

linearized system, and next proceed to the nonlinear one. The results involve some weighted Sobolev spaces.

4.1. The linear system. For any measurable function w : (0, L) — (0, 400) (not necessarily in L'(0, L)),
we introduce the weighted L?—space

L
Liywyar = {8 € Lioe(0, L); / u(z)*w(z)dz < oo}.
0

It is a Hilbert space when endowed with the scalar product

(ua /U)qu(x)dx

_ /OL w()o(@)w(x)dz.

We first prove the well-posedness of the linear system associated with (4.2), namely

Uy + U + Upgy = 0 in (0,7) x (0, L),
(4.3) w(t,0) =u(t,L) = uy(¢,L) =0 in (0,7),
(0, z) = up(x) in (0, L),

in both the spaces L2, and L?, 4 fOllowing [10] where the well-posedness was established in LQLL dz- We
L—x —x

need the following result.
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Theorem 4.1. (see [10]) Let W C V C H be three Hilbert spaces with continuous and dense embeddings.
Let a(v,w) be a bilinear form defined on V- x W that satisfies the following properties:
(i) (Continuity )

(4.4) a(v,w) < M|l|lv|lw||lw, YveV, YweW;
(i) (Coercivity)

(4.5) a(w,w) > mlw|[}, YweW;

Then for all f € V' (the dual space of V'), there exists v € V' such that
(4.6) a(v,w) = f(w), Yw e W.

If, in addition to (i) and (it), a(v,w) satisfies

(ii) (Regularity) for all g € H, any solution v € V of (4.6) with f(w) := (g, w)y belongs to W,

then (4.6) has a unique solution v € W. Let D(A) denote the set of those v € W when g ranges over H,
and set Av = —g. Then A is a mazimal dissipative operator, and hence it generates a continuous semigroup
of contractions (e'*);>o in H.

4.2. Well-posedness in L2 .

Theorem 4.2. Let Aiu = —Ugyy — Uy with domain
D(A1) = {u € H*(0,L) N Hy (0, L); uzzw € L34y, (L) =0} C L34,
Then Ay generates a strongly continuous semigroup in Lidl.
Proof. Let
H=12,, V=H}0,L), W={weHj0,L), wyy € L2:,,},

be endowed with the respective norms

lulle == [Vaull2 L), [0llv = llvzllz20,0),  Nwllw = llewzal|L20,L)-

Clearly, V C H with a continuous (dense) embedding between two Hilbert spaces. On the other hand, we
have that

(4.7) w2 < Cllawes|lre Y € W.

First, we note that we have for w € T := C*([0, L]) N H}(0,L) and p € R
L

L L L
0< / (Wgs +pw,)idr = / (waim—l—prwmwm +p2wg)dx = / $2wi$d$+(p2—p)/ wgd:c—l—pri(L).
0 0

0 0
Taking p = 1/2 results in

L L
(4.8) / widr < 4/ ?w? dx + 2L|w,(L)|*.
0 0

The estimate (4.8) is also true for any w € W, since T is dense in W. Let us prove (4.7) by contradiction.
If (4.7) is false, then there exists a sequence {w"},>0 in W such that

L= lwgllz = nllzwg,llz - Vo> 0.

Extracting subsequences, we may assume that

n

w" — w in Hy(0,L) weakly

zw?, — 0 in L*(0, L) strongly

and hence zw,, = 0, which gives w(z) = c12 + ¢o. Since w € H}(0, L), we infer that w = 0. Since w™ is
bounded in H?(L/2, L), extracting subsequences we may also assume that w?(L) converges in R. We infer
then from (4.8) that w™ is a Cauchy sequence in H}(0, L), so that

w™ — w in Hy(0, L) strongly,

and hence ||wg||zz = limy, o0 ||w?]|z2 = 1. This contradicts the fact that w = 0. The proof of (4.7) is
achieved.

Thus || - ||w is a norm in W, which is clearly a Hilbert space, and W C V with continuous (dense)
embedding. Let

L
a(v,w) = / Vg [(FW) g + zw]dz, veV, weW
0
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Let us check that (i), (ii), and (iii) in Theorem 4.1 hold. For v € V and w € W,
|a(v, w)| lvall 2 llzwes + 2w, + aw]| 2
[zl 2 ([lzwae || L2 + Cllws]|2)

Cllollvllwllw

IA NN

where we used Poincaré inequality and (4.7). This proves that the bilinear form a is well defined and
continuous on V' x W. For (ii), we first pick any w € T to obtain

L
a(w,w) / Wy (TWey + 2w, + zw)dx
0

3 L 2 1 L
= 5/0 widm+[m%]L—§/o w?dx

By Poincaré inequality

and hence ) .
3 L 9
> (= — — dx.
atw.w)> (5 - 55) [ wide
This shows the coercivity when L < /3. When L > 7r\/§, we have to consider, instead of a, the bilinear
form ay(v,w) := a(v,w) + A(v,w)y for A > 1. Indeed, we have by Cauchy-Schwarz inequality and Hardy
inequality
1 1

|lz2w|| 2|2 w][r
VL|wl| |z w2

ellwall7z + Cellwll%

llwllZ:

VAN VARV

and hence

3 ¢ C.
ax(w,w) = (= Sllully + (= )l

Therefore, if ¢ < 3 and A > C./2, then a) is a continuous bilinear form which is coercive.
Let us have a look at the regularity issue. For given g € H, let v € V be such that

ax(v,w) = (g,w)g  YweW,
i.e.

L L L
(4.9) /0 Vg (W) 3o + 2w)dx + /\/O v(x)w(z)rdr /0 g(z)w(z)xd.

Picking any w € D(0, L) results in

(4.10) (2(Vgze + Vs + A0),w)p D = (Tg, W)D’ D Yw € D(0, L),

and hence

(4.11) VUgga + Uz + AV =g in D'(0, L).

Since v € H}(0,L) and g € L?,,, we have that v € H3(g, L) for all € € (0, L) and vy, € L?,,. Picking any

w €T and € € (0, L), and scaling in (4.11) by zw yields

/ Ve ((2W) 2z + 2W)dT + [V22 (W) — v, (7W),]|E = / (9 — \v)zwdz.
Letting € — 0 and comparing with (4.9), we obtain
(4.12) —Lv,(L)w, (L) = lim (evga(e)w(e) — va(e)(w(e) + cws(e))).

2

Since Vzgr € L7 40,

we obtain successively for some constant C' > 0 and all € € (0, L)

L L
(4.13) [V (€) — Vo (L)) (/ £E|’Umm|2d$)%(/ 7 ldr)? < C|loge]
(4.14) lvz(e)] < C.

IN
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We infer from (4.13) that v € H?(0, L), and hence v € W. Furthermore, letting € — 0 in (4.12) and using
(4.13)-(4.14) yields v, (L) = 0, since wy(L) was arbitrary. We conclude that v € D(A;). Conversely, it is
clear that the operator A; — A maps D(A;) into H, and actually onto H from the above computations.
Hence A; — A generates a strongly semigroup of contractions in H. 0

4.3. Well-posedness in L(L R
Theorem 4.3. Let Ay = —Ugypy — Uy with domain

D(As) = {u € H*(0,L) N H}(0,L); Upps € Li%dx and ugz(L) =0} C L"%dx.

Then Ay generates a strongly continuous semigroup in L2 1 da

Proof. We will use Hille-Yosida theorem, and (partially) Theorem 4.1. Let

(4.15) H= L21 g V=Hue Hy(0,L), up € L*> + .}, W =H;(0,L),
(L—=)2

be endowed respectively with the norms

_1 —
(4.16) lullr = (L = 2)"2ullz,  lullv = [[(L =) uallrz,  lullw = [Jusall 2.

From [10], we know that V' endowed with || - ||y is a Hilbert space, and that

2
(4.17) [[(L — x)"2ul|g> < §||(L—ac)_1uz||L2 Yu eV,
and hence
Loops 2
(4.18) [lullgr < (/ —— P (2)dx)? < ZL3||ul|y Yu e V.
“Jo (L—x)* 3
Thus V C H with continuous embedding. From Poincaré inequality, we have that || - || is a norm on W

equivalent to the H?—norm. On the other hand, from Hardy inequality

L 2 L
(4.19) / (L“ﬁd:c < C/ vidx Yo € HY(0,L) with v(L) = 0,
0 0

— )
we have that
(4.20) [lvllv < Cllvllw Yv e W.

Thus W C V with continuous embedding. Tt is easily seen that D(0, L) is dense in H, V, and W. Let

L
w w
a(v,w) = /0 [UI(E)M —l—vzm]dac (v,w) eV x W.

Then
Wy w w
< 2 2 d
ol < 1 [ v SN = AN )dal
< lowelliell g2 e + 20 2 el 2 oo + 2 e (2l gl + )
< Clbli Il

by (4.17), (4.18), and (4.20). This shows that a is well defined and continuous. Let us look at the coercivity
of a. Pick any w € D(0, L). Then

L
alw,w) = wy ( Yoz 19 Yo 49 + )da
0 X

vV
| =
N

=
—
~

! &gw
&

[\v}
IS
=

|
N | =
S—

h
—
~

RES
8
S~—

[V}

QU

5
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where we used (4.17) for the last line. Note that, using Cauchy-Schwarz inequality and (4.17), we have that

w _1 _3
IIL—_wlliz < (L —2)"2w|p2|[(L — 2) " 2w]| 2
2L
< TIIwIIHIlelv
2 L 2
(4.21) < EIIwIIVJr@IwIIH-

If we pick ¢ € (0,1/3), we infer that for all w € D(0, L)

L 1 ¢
(422) a(w,w) + 7 llwllh = (5= 5wl = Cllf.

The result is also true for any w € W, by density. This shows that the continuous bilinear form
ax(v,w) = a(v,w) + A(v,w) g

is coercive for A > L/6. Let g € H be given. By Theorem 4.1, there is at least one solution v € V' of

(4.23) ax(v,w) = (g, w)u Yw e W.

Pick such a solution v € V, and let us prove that v € D(As). Picking any w € D(0, L) in (4.23) yields

(4.24) Vgza +Vz F AV =g in D'(0, L).

As g € L?(0,L) and v € H'(0,L), we have that vy, € L*(0,L), and v € H?(0,L). Pick finally w of
the form w(x) = 2?(L — z)*w(z), where w € C*([0, L)) is arbitrary chosen. Note that w € W and that
w/(L—=z) € H}(0,L)NC>([0, L]). Multiplying in (4.24) by w/(L —z) and integrating over (0, L), we obtain
after comparing with (4.23)
w

0=wlr—

)al§ = —va((22L — 32*)W + 2° (L — 2)W, ) |§ = va(L)L*W(L).

AswW(L) can be chosen arbitrarily, we conclude that v, (L) = 0. Using (4.19) twice, we infer that v, + v € H,
and hence vz = g — (v + Av) € H. Therefore v € D(Asz). Thus, for A > L/6 we have that Ay — A :
D(As2) — H is onto. Let us check that A; — X is also dissipative in H. Pick any w € D(As). Then we obtain
after some integrations by parts that

3 M w? Low? 1 [E w? w2 (0)
A B A W et dy — Y
(A2w, w) 2/0 L= 2) “3/0 L—2)" “2/0 T—22" " Tar

and
1 ¢ w2(0)
(Aow —dw,w)y < (5 = Sl = 7= <0
for e < 1/3 and A = L/(18¢). We conclude that A; — X is maximal dissipative for A > L/6, and thus it
generates a strongly continuous semigroup of contractions in H by Hille-Yosida theorem. O

A global Kato smoothing effect as in [10, 19] can as well be derived.

Proposition 4.4. Let H and V be as in (4.15)-(4.16), and let T > 0 be given. Then there exists some
constant C'= C(L,T) such that for any ug € H, the solution u(t) = e!*2uqy of (4.3) satisfies

(4.25) [[wl| oo 0,7,y + [wllL2(0,7,v) < Clluo||a-

Proof. We proceed as in [10]. First, we notice that D(As) is dense in H, so that it is sufficient to prove
the result when ug € D(Az). Note that the estimate ||u||po(0,r,z#) < Clluo||# is a consequence of classical
semigroup theory. Assume ug € D(Asg), so that u; = Asu in the classical sense. Taking the inner product in
H with u yields

L
(e ) = —a(u,w) < ~Cllulfy + 7 lull}

where we used (4.22). An integration over (0,7") completes the proof of the estimate of ||ul|L20,7,v)- O
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4.4. Non-homogeneous system. In this section we consider the nonhomogeneous system

(4.26) Ut + Uy + Ugzr = f(E,2) in (0,7) x (0, L),
(4.27) u(t,0) = u(t,L) = ugy(¢t,L) =0 in (0,7),
(4.28) u(0,2) = up in (0,L).

We need the prove the existence of a “reasonable” solution when solely f € L?(0,T, H=1(0, L)).
Proposition 4.5. Let ug € L2, and f € L*(0,T; H=*(0,L)). Then there exists a unique solution u €

rdx
C(0,7],L2,,)NL*(0,T,H'(0,L)) to (4.26)-(4.28). Furthermore, there is some constant C' > 0 such that
(4.29) [ullpoe 0,122, ) + llull20.1, 81 0,0)) < C(lJwollzz, + 1 fllL20.2,5-1(0,1)-

Proof. Assume first that ug € D(A4;) and f € C°([0,T],D(A1)) to legitimate the following computations.
Multiplying each term in (4.26) by zu and integrating over (0,7) x (0, L) where 0 < 7 < T yields

1 L 1 L 3 T rL 1 T rL T rL
(4.30) —/ x|u(7’,x)|2dac——/ x|u0(x)|2dac+—// |uz|2d$dt——// |u|2dacdt:// aufdrdt.
2Jo 2 Jo 2JoJo 2JoJo 0Jo

(- -)m-1,m3 denoting the duality pairing between H=1(0,L) and H}(0, L), we have that for all € > 0

T rL T T L T
(4.31) // xufdacdt:/ (fzu) - g < E// uidwdt—i—cg/ 1113 - dt.
0Jo 0 © = 2 JoJo 0

The last term in the Lh.s. of (4.30) is decomposed as

1 T rL 1 T \/E 1 T L
—// |u|?dxdt = —// |u|?dadt + = // |u|?dxdt =: I} + I>.
2JoJo 2JoJo 2Jo)yz

We claim that

T rL
(4.32) L < E// |ug|2dzdt,
2 0J0
1 T L
(4.33) L, < —// x|u|*dxdt.
2\/E 0J0

For (4.32), since u(0,t) = 0 we have that for (¢,z) € (0,7) x (0, /¢)

Ve ) Ve 1
|u(z, t)| < / |ug|de < e% (/ |ug|*dz) 2
0 0

va VE
/ lu|?dx < 5/ |, |2 da
0 0

which gives (4.32) after integrating over ¢t € (0,7). (4.33) is obvious.
Gathering together (4.30)-(4.33), we obtain

1 L 9 3 T L 9
= zlu(t, z)|*dr + (= —¢) |ug|“dadt
2 Jo 2 0o

1 L 1 T rL T
< = 2dr + ——= 2dxdt C/ Hoadt.
<3 [ elw@Pdst 5= [ [ sluPasdrc. [l

Letting ¢ = 1 and applying Gronwall’s lemma, we obtain

and hence

||u||%°°(0,T,LidI) + ||ur||%2(0,T,L2(O,L)) < C(T)(HUOHQLidz + ||f||2L2(O,T,H*1(O,L)))'

This gives (4.29) for ug € D(A;) and f € CY([0,T],D(A1)). A density argument allows us to construct
a solution u € C([0,77,L2,,) N L*(0,T, H' (0, L)) of (4.26)-(4.28) satisfying (4.29) for uo € L2, and f €

L?(0,T,H=1(0,L)). The uniqueness follows from classical semigroup theory. O

Our goal now is to obtain a similar result in the spaces H and V introduced in (4.15)-(4.16). To do
that, we limit ourselves to the situation when f = (p(x)h), with h € L2(0,T, L?(0, L)).

Proposition 4.6. Let ug € H and h € L*(0,T,L*(0, L)), and set f := (p(x)h),. Then there exists a unique
solution u € C([0,T), H)NL*(0,T,V) to (4.26)-(4.28). Furthermore, there is some constant C > 0 such that

(4.34) [l Lo 0,7, m) + ||l L20,7,vy < C(lluolla + 17l L20,7,22(0,1)))-
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Proof. Assume that ug € D(As) and h € C§°((0,T) x (0, L)), so that f € C*([0,T], H). Taking the inner
product of uy — Asu — f = 0 with v in H yields

(4.35) (ue,w)r = —a(u,u) + (f,u)m < =Clully + %EIIUII% + (f,w)m,

where we used (4.22). Then

ol = | [ (o), s

L
Ug u
= h

[ (g +

u

Cl|h]| 2 z
il (12

< bzl

dzx|

IN

u
||L2 + ||(L71‘)2||L2)

where we used (4.17) in the last line. Thus, we have that
o "ip2
|(f, wal < Sllully + ClIAllz

which, when combined with (4.35), gives after integration over (0,7) for 0 <7 < T

T T T L
u()|[ +C / ul dt < ol % + C"( / Jul 2t + / / (12 ddt).

An application of Gronwall’s lemma yields (4.34) for ug € D(Az) and h € C§°((0,T) x (0,L)). A density
argument allows us to construct a solution u € C([0,7T], H) N L?(0,T,V) of (4.26)-(4.28) satisfying (4.34)
for ugp € H and h € L?(0,T, L?(0,L)). The uniqueness follows from classical semigroup theory. O

4.5. Controllability of the linearized system. We turn our attention to the control properties of the
linear system

(4.37) u(t,0) =u(t,L) = u,(t,L) = 0,
(4.38) u(0,2) = wo(x).

Theorem 4.7. Let T >0, v € (0,L) and p(x) as in (4.1). Then there exists a continuous linear operator
I: LLd — L2(0,T,L?(0,L)) N L%T_t)dt(O,T,Hl(O,L)) such that for any uy € L?, 4w the solution u of
L—z % - 9%

(4.36)-(4.38) with ug = 0 and h = T'(u1) satisfies w(T,x) = ui(x) in (0, L).

Note that the forcing term f = (p(x)h), is actually a function in Lfot)dt(o, T, L*(0, L)) supported in
(0,7) x (L — v, L).

Proof. We use the Hilbert Uniqueness Method (see e.g. [14]). Introduce the adjoint system

(4.39) —Vf — VUgze —Vx = 0,
(4.40) v(t,0) = v(t, L) = v,(¢,0) = 0,
(4.41) o(T,z) = ovp(x).

If ug =0, vpr € D(0,L), and h € D((0,T) x (0,L)), then multiplying in (4.36) by v and integrating over
(0,T) x (0,L) gives

/OL u(T, z)vp(x)de = /OT/OL(p(x)h)ggdedt S /OT/OL p(x)hvydadt.

The usual change of variables t — L — z, t — T — ¢, combined with Proposition 4.5, gives

Nollz= oLz, )+ IvllL2rm10.0) < CllorlLz,

(L—x)dx —a)dz

By a limiting argument, we obtain that for all h € L?(0,T, L?(0, L)) and all vy € L%sz)dm,

<u(T, .), ’UT>L2

L

_ / (h, p(@)vy) p2dt,
0

2
1 g l—ayds
=




22 CAPISTRANO-FILHO, PAZOTO, AND ROSIER

where v and v denote the solutions of (4.36)-(4.38) and (4.39)-(4.41), respectively, and (,-) -

L
denotes the duality pairing between Li%m 4 ond L%L_Z) 4o+ We have to prove the following observability

2
1 g l—ayds
=

inequality

(4.42) ||uT||§2L < C// x)v, [2dzdt

or, equivalently, letting w(t,x) = v(T — ¢, L — x)

(4.43) ol < C / / (L — 2)w, [2dadt

where w solves

Wt + Wezy + Wy =0,

(4.44) w(t,0) = w(t, L) = wy (¢, L) =0,
w(0, z) = wo(x).

From [19], we know that for any ¢ € C*°([0,T] x [0, L])

// (01 + Qoo + 00)'2 d:cdt+/ @), z>dz/L< 20,2}

// Gow? d:cdt+/ (q;)(t 0)dt = 0.

We pick ¢(t,x) = (T — t)b(z), where b € C°°([0, L]) is nondecreasing and satisfies

[z if O<z<v/4,
b<$)_{1 if v/2<a<L.

This yields

L
||w0||izd < C(L, 1/)/ b(zx)wi (z)dx
(4.45) < C(T,L,v) / / w2dzdt + / / w?dxdt).
If the estimate
T r5
(4.46) lwolZ. < C / / w2dadt
xdx oJo
fails, then one can find a sequence {wj} C L2, such that
T (5
(4.47) L=|wyll3. >n lw?|?dxdt,
zdx o Jo x

where w™ denotes the solution of (4.44) with wp replaced by w{. By (4.29) and (4.47), {w"} is bounded
in L2(0,T, H'(0, L)), hence also in H'(0,T, H~2(0,L)) by (4.44). Extracting a subsequence, we have by
Aubin-Lions’ lemma that w™ converges strongly in L?(0,T, L2(0, L)). Thus, using (4.45) and (4.47), we see
that wo is a Cauchy sequence in Lz 42> and hence it converges strongly in this space. Let wo denote its limit
in L2, , and let w denote the corresponding solution of (4.44). Then

llwollr2, =1,

w" = w in L?(0, T, H'(0,L)).
But w? — 0 in L*(0,7, L%*(0,v/2)) by (4.47). Thus w, = 0 in (0,7) x (0,v/2), and hence w(t,z) = g(t)
(for some function g) in (0,7) x (0,v/2). Since w satisfies (4.44), we infer from w(t,0) = 0 that w = 0 in
(0,T) x (0,v/2), and also in (0,7") x (0, L) by Holmgren’s theorem. This would imply that w(0,x) = 0, in
contradiction with [|wol[z2 = 1. Therefore (4.46) is proved, and (4.43) follows at once.

We are in a position to apply H.U.M. Let A(vr) = (L —2)~'u(T),.) € L), where u solves (4.36)-

(4.38) with h = —p(2)v,. Then A L 1, — Lf; ), is clearly continuous. On the other hand, from
(4.42)

T
(Neror)ys, =@ ene s = [ @ e > Cllorlly,

(L—z)dz Tiodx (L—z)dz
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and it follows that the map vp — A(vr) is invertible in L, ;..

Define the map T : L2 g L?(0,T,L*(0, L)) by T'(u1) = h := —p(z)v,, where v is the solution
of (4.39)-(4.41) with vy = A‘l((L — x)"luy). T is continuous from L2 g, O L?(0,T,L?(0,L)), and the
solution u of (4.36)- (4 38) with ug = 0 and h = I'(uq) satisfies u(T,.) = u1 . To prove that I is also continuous

from L?,  into L(T a0, T, HY(0, L)), it is sufficient to prove the following estimate
L—x

z)dx

T
| @B (7 = at < Clorl,_

for the solutions of (4.39)-(4.41) or, alternatively, the estimate

T
(1.48) | ol e < s,
for the solutions of (4.44). By Proposition 4.5,
T
(4.49) | ol .yt < Cllunls,
This yields for wy € L?(0, L)
T
(4.50) | ollt o 0yt < Clhwol .
Assume now that wy € D(A4), and let ug = Awyg = —wWo pgy — Wo,e. Denote by w (resp. u) the solution of

(4.44) issuing from wyg (resp. ug). Then
AW = —Wype — wy = u € L*(0,T, HY(0, L)),

and we infer that w € L2(0,7, H*(0, L)). By interpolation, this gives that w € L2(0,T, H?(0, L)) if wy €
H}(0, L), with an estimate of the form

T
(451) | olfeo.cydt < Cluol iy

The different constants C' in (4.49)-(4.51) may be taken independent of T for 0 < T" < Ty. Thus, using
Fubini’s theorem, we obtain

T T prT T
| slte@Bnds = [ ([ loladsi < @ [ ool o, < s,
This completes the proof of (4.48) and of Theorem 4.7. O

4.6. Exact controllability of the nonlinear system. Our aim is to prove the local exact controllability
in L2 e of system (4.2). Note that the solutions of (4.2) can be written as
u =ur + uy + ug,

where up, is the solution of (4.3) with initial data ug € L? "1 g W is solution of

U1t+ulz+ulxxx: ( ( ) )I in (O;T)X(OaL)a
(4.52) u1(t,0) = uy(t, L) = uy (¢, L) =0 in (0,7),

u1(0,2) =0 in (0,L)
with h = h(t,z) € L?(0,T; L*(0, L)), and us is solution of

U2t + U2, 2 + U2, xxr = g(ta :C) in (O’ T) X (Oa L)’
(4.53) u2(t,0) = ug(t,L) = ug 5 (¢, L) =0 in (0,7),

uz(0,z) =0 in (0, L),

with g = g(t,2) = —uu,.

The following result is concerned with the solutions of the non-homogeneous system (4.53).
Proposition 4.8. (i) Let H and V be as in (4.15)-(4.16) If u,v € L*(0,T;V), then uwv, € L*(0,T; H).
Furthermore, the map

(u,v) € L*(0,T;V)?* = wv, € L*(0,T; H)
s continuous and there exists a constant ¢ > 0 such that

(4.54) ||UUZHL1(0,T;H) <c ||UHL2(0,T;V) HUHLZ(O,T;V) .
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(ii) For g € L1(0,T; H), the mild solution u of (4.53) given by Duhamel formula satisfies
uy € C([0,T]; H)NL*(0,T;V) =: G

and we have the estimate

(4.55) lluzll Lo 0,7, m) + |u2llLzo,mv) < CllgllLro,7,m)-

Proof. For u,v € V, we have

v
lwvallzz | <Ilullee || Zm===Ilr= < Cllullv]v]lv-

Tt d VL -z
This gives (i). For (ii), we first assume that g € C*([0,T], H), so that us € C1([0,T], H)NC®([0, T], D(A3)).
Taking the inner product of us; = Asus + g with ug in H yields

(4.56) (uze;u2)rr < =Cllually + C'lually; + (9, u2)n

where C, C’ denote some positive constants. Integrating over (0,7") and using the classical estimate

l[uz|lLe0,1,m) < CllgllLr(0,7,m)

coming from semigroup theory, we obtain (ii) when g € C*([0,T], H). The general case (g € L'(0,T, H))
follows by density. O

Let ©1(h) := u; and ©2(g) := ug, where u; (resp. us) denotes the solution of (4.52) (resp. (4.53)).
Then ©; : L?(0,T; L?(0,L)) — G and O2 : L'(0, T} L;dz) — G are well-defined continuous operators, by
Propositions 4.6 and 4.8. ’

Using Proposition 4.8 and the contraction mapping principle, one can prove as in [10, 18, 19] the
existence and uniqueness of a solution u € G of (4.2) when the initial data uo and the forcing term h are
small enough. As the proof is similar to those of Theorem 4.9, it will be omitted.

We are in a position to prove the main result of Section 4, namely the (local) exact controllability of
system (4.2).

Theorem 4.9. Let T > 0. Then there exists 6 > 0 such that for any ug, w1 € L*>, , satisfying
=

—dx

lwoll ;2 < 4, Jlul e < 6, one can find a control function h € L*(0,T;L*(0,L)) such that the
1_dx —

L—x L—x
solution uw € G of (4.2) satisfies u(T,-) = uy in (0,L).

As in the linear case, the forcing term f = (p(z)h), is actually a function in L%T_t)dt(O,T, L?(0,L))
supported in (0,7) x (L — v, L).

Proof. To prove this result, we apply the contraction mapping principle, following closely [19]. Let F denote
the nonlinear map

F:L*0,T;V) = G,
defined by
F(u) =up + 01 0T (ur —ur(T,-) + Oz(uu,)(T,-)) — Oz(uuy,),
where uy, is the solution of (4.3) with initial data ug € L*, , ,
in Theorem 4.7.

=
Remark that if u is a fixed point of F, then u is a solution of (4.2) with the control h = T'(up —
ur(T,-) + O2(uug) (T, -)), and it satisfies

©1 and O, are defined as above, and I is as

u(T, ) = urp,
as desired. In order to prove the existence of a fixed point of F, we apply the Banach fixed-point theorem
to the restriction of F to some closed ball B(0, R) in L*(0,T; V).
(i) F is contractive. Pick any u,u € B(0, R). Using (4.34) and (4.54)-(4.55), we deduce that for some
constant C, independent of u, %, and R, we have

(4.57) | F(u) — -F(ﬂ)”L?(o,T;v) <2CR|u— ﬂ”L?(o,T;V) :
Hence, F is contractive if R satisfies
1
4. —
(4.58) R < Yok

where C'is the constant in (4.57).
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(ii) F maps B(0, R) into itself. Using Proposition 4.4 and the continuity of the operators I', ©1, and ©2, we
infer the existence of a constant C’ > 0 such that for any v € B(0, R), we have

17 @) 20y < C'lluoll |+ lurle

L—x L—x

+ R?).
dax

Thus, taking R satisfying (4.58) and R < 1/(2C") and assuming that [uoll;> ~ and [jur||;> ~  aresmall

dx

dx

L—x L—x

enough, we obtain that the operator / maps B(0, R) into itself. Therefore the map F has a fixed point in
B(0, R) by the Banach fixed-point Theorem. The proof of Theorem 4.9 is complete. a
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