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Abstract

We consider a Schrodinger operator with a Hermitian 2x2 matrix-valued
potential which is lattice periodic and can be diagonalized smoothly on
the whole R™. In the case of potential taking its minimum only on the
lattice, we prove that the well-known semiclassical asymptotic of first band
spectrum for a scalar potential remains valid for our model.
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1 Introduction

Schrodinger operators with periodic matrix-valued potentials appear in many
models in physics. Such models have been used recently to describe the motion
of an atom in optical fields ([Col, [Co-Dal, [Da-al]), see also [Ca-Yu|. The aim
of this paper is to investigate their spectral properties using semiclassical anal-
ysis. We focus on the first spectral band and assume that the potential has a
non degenerate minimum. The Schrodinger operators with a non-Abelian gauge
potential are Hamiltonian operators on L*(R"™; C™) of the following form :

H" = p230 (Dy I — Ap)* +V + hQ + h*R = P"(x,hD) . (1.1)
The classical symbol of P"(x, hD), P"(x,€), for (z,&) € R™ x R", is given by

PMx,&) =Y {(&] — hAw(x))* + ih*0,, Ax(2)} + V(2) + hQ(x) + W’ R(x) ,
k=1

(1.2)
I is the identity m x m matrix, V, (), R and the A; are hermitian m X m matrix
with smooth coefficients and I' periodic:

A = (ari5(@)h<ijem: V= (vi(2))1<ij<m»
Q = (¢ij(¥))1<ijem, B = (rij(®))1<ij<m,
Qkij, Vij, Gij, Tij € C>(R"; C),

Ak ji = Qkijs Vji = Vij, Gji = Qijs Tji = Tij
ki (T — ) = ag5(x), vij(x — ) = v (),
Gij(r —7) = qij(x) and ryj(x —v) = rij(z) Vy el )

(1.3)

I' is a lattice of R", T = {Z myBr; my € 2},

k=1
B1, B2y -, B € R™ form a basis, det(Sy, fa, ..., Bn) # 0.
We use the notation D = (D,,,...,D,,) where D, = —i0,,, k =1...n,
so D? = —A is the Laplacian operator on L*(R").
The dual basis {57,..., 5%} of the reciprocal lattice I'*, is the basis of R™
defined by the relations

By Be=2mdy : T*={>_ muBy my € L}.
k=1

The fundamental cell, the Wigner-Seitz cell,

11
22

W = {> aibi; o €l — =, 5}
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will be identified with the n-dimensional torus T" = R"/T" and the dual cell, the
Brillouin zone, is defined by

n - * 1 1
B" = {> 60k 0 €] — 5 5l
s

We will identify L?*(T"; C™) with T periodic functions of L? (R™;C™) provided
with the norm of L2(W";C™). In the same way the Sobolev space Wk (T"; C™),
with k € N, may be identified with T periodic functions of W[ _(R"; C™) provided
with the norm of W*(Wn; C™).

By Floquet theory, (see [Ea] or [Re-Si] ), we have

D
H" = / H"do
Bn

with H"? the partial differential operator Py, (z, h(D — 6)) on L*(T";C™).
The ellipticity of Py(z, h(D — 0)) implies that the spectrum of H™? is discrete

sp(H™) = {\/% j e N}, AP < A0 < <N <N < (1.4)

each )\?’0 is an eigenvalue of finite multiplicity and each eigenvalue is repeated
according to its multiplicity.

1
(Whenm=1and V=Q=R=A4,=0, (

VT
of L*(T™) which is composed of eigenfunctions of h?(D — 6)?).
The Floquet theory guarantees that

sp(H") = U sp(H"?) = U : (1.5)

OB

™) er+ is the Hilbert basis

where b denotes the j-th band b = {)\he 6 € B"}.

In the sequel hy will be a non negatlve small constant, h will be in |0, ko[, and
any non negative constant which doesn’t depend on h will invariably be denoted
by C.

2 Preliminary: the artificial gauge model

We will be interested in the model of artificial gauge considered in [Col, [Co-Da)]
and [Da-al]

m=2,V=vl+W, A,=Q=R=0, Vk, } (2.1)

W =w.o, with w = (w1, w2, ws), v and the w; are in C*°(R™; R),

we denote o = (01, 09, 03), where the o; are the Pauli matrices.

3



Let us remark that
V=vl+W, W=wo W?*=|w]l. (2.2)

In the sequel we will assume that

Lﬂ)io . . } (2.3)

|w(z)| has a unique non degenerate minimum on T".

Due to the invariance of the Laplacian by translation and by the action of
O(n), we can assume, up to a composition by a translation of the potentials, that

v(y) — Jw(y)] < v(x) — |w( )|, Ve € R*\T" and Vy € T,

o(@) — Jw(e |—E0+ZTk:Uk+O 2[*), as [z = 0, (24)
(Tk > 0, \V/k‘)
There exists U € U(2), (a unitary 2 x 2 matrix), such that
* _ | v~ |w‘ 0
UVU—V—{ . v+\w|}' (2.5)

As |w| never vanishes, U = U(x) can be chosen smooth and I' periodic:
U= ( it ) e C(T"U(2));
U21  U22
1
2¢/|w|(Jw| — Re((w; + iwsy)e))
1

(w1 + iwy — € (w3 + |wl)),

for example uy; = (w3 — |w| + € (wy — iws)),

Uzl = 2\/\w|(|w\ — Re(wy + iws)e=))

2 2
S _ wy + ws | T
Uiy = Ust, uze = —upy and 6 = x( 2|w|2 3)—>

2
where x(t) is a smooth function on the real line, 0 < x(t) <1,

x(t) =1 when |t| < 1/4 and x(¢) = 0 when [t| > 1/2. So
= (a,B,p).0 +idog, with (a, 8, p,0) € C*(T";S%); (2.6)

0 is the 2 x 2 identity matrix and S* is the unit sphere of R*.
When w; + iwy # 0 or when ws < 0, one can choose U such that § = 0 by

. wy %)
taking («, 8, p) = (— )y AV |w] —ws).
V2w V|wl—ws |w] —ws

Firstly let us expand the formula of the operator

H" = U*H"U = h*D*1 + U*VU = 2ih* Y~ [(U*0,,U) Dy, — h2U*02 U]

k=1



which can be rewritten as

H"=U*H"U = h*Y (D] — A)* +V + I*R, (2.7)

k=1

where Ay, =iU*0,, U :

A = [(0z, v, O, B, O, p) N (v, B, )+ (00, a—0y, 0, 00y, f— 0y, 0, 005, p—p0y, 0)].0
(2.8)

and

R:zn:{(U*%U)Q+(5’mkU*)-(5’mkU)} : (2.9)

So we can assume that H" is of the form (1.1) with m = 2, @=0, Ay and R
given by (2.8) and (2.9), with U defined by (2.6), and V =V a diagonal matrix
given by (2.5).

Theorem 2.1 Under the above assumptions, the first bands b?, j=12,..., of
H" are concentrated around the value hp; + Ey 3 = 1,2,..., in the sense that,
there exist No > 1 and hg > 0 such that

distance(hp; + Eo, b)) < Ch*, Vj < Ny and Vh, 0 < h < hy,

where p; = Z(ij + )7, jr € N, the (pg)een+ is the increasing sequence of the

k=1
n

etgenvalues of the harmonic oscillator —A + Z Ty
k=1

3 Proof of Theorem 2.1

Proof. According to the above discussion, we can assume that

h h h 11\~ 12\

with

Pli(z,hD) = h*(D — a_n(2))* + v(z) — [w(z)] + h*ru(2) )

Ph(z,hD) = h*(D + a_11(2))* + v(z) + |w(z)| + h*res(z)

P1h2(l‘, hD) = —h2(l_712( ) (D + a. 11(l‘)) — h2&_712(l‘).(D — (l_711($))
*|>Z'h2d’i1)((l_712( )) + h27"12( )

Pl (z,hD) = —h%a_s1(x)(D — a_11(z)) — h*a_o1(x).(D + a_11(x))
+ih*div(a o1 (x)) + hPro(x).

(3.2)




(D = (Dml, nga ey Da:n) and a,.ﬂ‘j(l‘) = (al,ij(x), (lgﬂj(l‘), e ,an,ij(x)) )
(We used that a 90 = —a_11).

Let us denote by H ﬁ’e and HSQ’Q the operators associated with
Pl (z,h(D —0)) and Ph(z,h(D —0)) on L*(T™; C).

Then, if ¢y = min |w(x)| and ¢; = max ||R(z)]|,
sp(HIM"Y € [Ey — h%cy,+oo[ and  sp(Hy') € [Ey — h2e; + 2¢o, +00].
To prove the theorem it is then enough to prove the proposition below.

Proposition 3.1 Let us consider a constant ¢, 0 < ¢ < ¢o. Then there exists
Co > 0 such that, for any E" €] — oo, Ey + 2¢[, we have

E" € sp(H"?) = distance(E", sp(HJ5’) < Cyh? }

3.3
E" e sp(H®) = distance(E", sp(H™?)) < Coh?. (3:3)

Proof. For such E", (ng’g — E")~! exists and, thanks to semiclassical pseudod-
ifferential calculus of [Ro| (see also [Di-Sj| ), for hg > 0 small, if 0 < h < hy then
|(Has” = ")l z2geny + [1(D = 0)(Hys" — E") | 2ceny

| (H = BN UR(D — 0) oy + 1A(D — O)(HLY — E") " h(D — 0) | 2oy < C,
and then

1Pl (e, (D — 6)) (Has” — E") "' P5y (2, h(D — 6))|| 2omy < H°C.

So if E" € sp(H™?), then u" = (u},ub) # (0,0) is an eigenfunction of H™?
associated with E" iff
HPul + Pl (x, h(D — 0))ul = EMul }

3.4
b = —(H5 — E') Pl (a, h(D — 6))u! (3:4)

In fact E" €] — 0o, By + ¢[ will be an eigenvalue of H"? iff there exists
ul in the Sobolev space W?(T";C), |u}||r2(rn) # 0, such that

Hi"ui — Ply(w, h(D — 0))(Hy' — E"I)7' P}y (2, h(D — 6))u} = B"uf

then we get the first part of Proposition 3.1.
If E" is an eigenvalue of H. {11’9 satisfying the assumption of Proposition 3.1,

and u an associated eigenfunction, then with
u = (ul, —(HE? — EM)"'Ph (2, h(D — ))u), one has

(™ — BRI oo
— | Pl A(D — B))(HL — B") Pl A(D — 0))ul st
< W2ClluM||p2genic)

we get the second part of Proposition 3.1.

Theorem 2.1 follows from Proposition 3.1 and [Si-1], [Si-2], [He-Sj-1] and
[He-Sj-2] results, (see also [He]), which guarantee that the sequence of eigenvalues
of HYY ) (N(HY)) ens satisfies VN > 1, Fhg > 0, Cy > 0 s.t. Yh, 0 < h < hyg
and Vj < Ny,  |N(H) = (hph + Ep)| < Coh?0
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4 Asymptotic of the first band

For any real Lipschitz I' periodic function ¢, and for any u € W?(T"; C?), we
have the identity

Re (< Pz, h(D = 6))u | €*/"u > p2qn.c2)) =
}jmn 00T — A a2z o (1)
+ < (V = |Vo[2I + h2R)u| e/t > 2(Tnic2) -

This identity enables us to apply the method used in [He-Sj-1], (see also [He] and
[Ou]). We define the Agmon [Ag] distance on R™

1ﬁ/’¢v 0= Bol 4(0)ldt (4.2)

the inf is taken among paths such that v(0) = y and (1) =

For common properties of the Agmon distance, one can see for example [Hi-Si].
We will use that, for any fixed y € R", the function d(y,x) is a Lipschitz

function on R™ and |V,d(y, z)|* < v(z) — |w(z)| — Ep almost everywhere on R™.
Using that the zeros of v(x) — w(x) — Ey are the elements of I' and are non

degenerate, we get that the real function dy(x) = d(0, z) satisfies, (see [He-Sj-1]),

\Vdy(2)]* = v(x) — |w(z)| — Ey in a neighbourhood of 0.

We summarize the properties of the Agmon distance we will need:

Z) HRO > 0 s.t. do(l’) (BQ(RQ))
ii) | Vdo(z)* = v(z) — |w(z)| — Eo , Vo € Bo(Ro) (4.3)
iii) |Vdo(x)]* < v(x) — |w(z)| - Eo '
w) |Vdr(z)]? < v(z) - w(z)| — Ey

where do(z) = d(0,x), Bo(r) ={z € R™; do(z) < r}

and dr(z) =d([',z) = Iurjlel%} d(w, ).

The least Agmon distance in I is
So = inf do(Br) = inf  d(w,p). (4.4)

1<k<n pw, (w,p)€l?

The Agmon distance on T", d*"(.,.), is defined by its '-periodic extension on
(R")?
&7 (y,2) = min d(y, 2 + ).
we

Then

S n
70 =sup{r > 0 s.t. {x € T* d""(x¢,x) < r} is simply connected} ,  (4.5)



where zg is the single point in T" such that v(xg) — |w(zg)| = Ep. The I'-periodic
function on R™, dp(z) is the one corresponding to the extension of d*" (z¢, x).

If M9 is an eigenvalue of H™? and if u™? is an associated eigenfunction, then
by (4.1) one gets as in the scalar case considered in [He-Sj-1]) and [He-Sj-2],

> 12Dy, = 0T = Ar)e® " a2 .2,
k=1

- f [‘7 B |v¢|21 + th - )\hﬂl]‘f'uhﬂ | 62¢/huh70 >L2(T”;C2)
=< [V - |V¢‘2[ + h'2R - )\hﬂ[]iuhﬂ ‘ €2¢/huh’6 >L2(']T";(C2)7

(4.6)

so, when ¢(x) = d™" (g, z), necessarily M — Ey + O(h?) > 0,
and if h/C < M — Ey < hC, then v is localized in energy near zg, for any
n €0, 1], 3C, > 0 such that

Zh2H<(D:vk — O — Ak)endm(xo’m)/huh’eH%Q(Tn;@)
k=1

n 4.7
(1= ?) < (0 — ] — B)uh? | e o/ 5 (4.7)

< hC, f{meT”; d™ (z0,2)<v/hC} " (2)|*dz.

Let 2 C T" an open and simply connected set with smooth boundary satis-
fying, for some n, 0 <n < Sy/2,

n S - T
{oeT d™ (@) < 2} € Q C {z e T d(w0,2) < So/2}  (48)
Let HE be the selfadjoint operator on L?(2; C?) associated with P"(z, hD) with
Dirichlet boundary condition. We denote by (\;(H%)) en+ the increasing sequence
of eigenvalues of H{. Using the method of [He-Sj-1], we get easily the following
results

Theorem 4.1 For any n, 0 < n < Sy/2, there exist hg > 0 and Ny > 1 such
that, if 0 < h < hy and j < Ny, then

VO eB", 0 < N(H)) — A0 < Qe (Somm/h) (4.9)

so the length of the band b? satisfies |b?| < Ce~(So=m)/(2h)
For the first band, we have the following improvement

bl < Ce=So=m/h, (4.10)

Sketch of the proof.

As Q is simply connected and the one form fdzx is closed, there exists a smooth
real function 1(x) on Q such that e~ P (z, hD)e™o®) = P'(x, h(D—0)) : the
Dirichlet operators on Q, HJ and H.’ associated to P"(z, hD) and P"(z, h(D —
0)) are gauge equivalent, so they have the same spectrum.
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Therefore the min-max principle says that
h,0 h.6 h.0
0 < A(HG") = AP = N(HE) — A7
But the exponential decay of the eigenfunction go?’g(:p) associated with )\?’0, given
by (4.7) implies that
I(P"(a, h(D = 6)) = A7 )xe (1) || 22y < Cem S0/,

for some € > 0, and for a smooth cut-off function y supported in Q and x(z) =1
if d™" (zo,7) < (Sp—n+e€)/2.

So dist(mce()\?’g, sp(HRE)) < CeSomn+e)/(2h)
This achieves the proof of (4.9).

Let us denote E™?, (respectively E™), the first eigenvalue A (respectively
M (HE)), and ™9 (z), (respectively ¢™(z)), the associated normalized eigenfunc-

tions. Let x be a cut-off function satisfying the same properties as before. Then
P"(x, (D—=0)) (e~ x(2)p" M (x)) = M (HG)e " Dx ()" (z) + e rg(x)
with, thanks to the same identity as (4.7) for Dirichlet problem on €2,

_So=n
H’T’gHLz(Tn;CQ) < (Ce 2n .
The same argument used in [He-Sj-1], (see also [He]), gives this estimate
|EM0 — EP— <l o™ > a2y | < CemSom/h,
As 1, =< Tg | "% >r2(mnyc2) does not depend on 6, so

VO e B, |EM — BN — g < Cem(Somm/h

this estimate ends the proof of (4.10) OJ
As for the tunnel effect in [He-Sj-1] and [Si-2], we have an accuracy estimate
for the first band, like the scalar case in [Si-3] and in [Ou] (see also [He]).

Theorem 4.2 There exists hg > 0 such that, if 0 < h < hg then
bl < Ce=50/h,

Sketch of the proof. Instead of comparing H™? with an operator defined in a
subset of T", we have to work on the universal cover R™ of T".

We take 2 C R™ an open and simply connected set with smooth boundary
satisfying, for some 19, 0 < n9 < m < So/2,

Bo((So 4 m0)/2) € @ C Bo((So +m)/2). (4.11)
So §2 contains the Wigner set W”, more precisely

W*c QcC2W" and QNI ={0}.
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We let also denote HE the Dirichlet operator on L?(£2; C?) associated with
P"z,hD), and E% its first eigenvalue. The associated eigenfunction is also de-
noted by ().

In the same way as to get (4.7), we have

S WDy I — Ag)eo @22, 0 < BC / ") Pdr,  (4.12)
k=1 Bo(VRC)

then the Poincaré estimate gives
/eZdO(x)/h|g0h’Q(:U)|2d:c < h_lC/ " () P dex. (4.13)
Q Bo(\/ﬁC)
Let x a smooth cut-off function satisfying
x(z) = 1if do(x) < (So+m0)/2 and x(z) = 0if = ¢ Q.

Then the function

() =D eI (r — w)p" (@ — w)

wel’

is ['-periodic and satisfies

(P"(z,h(D — 0)) — E&)"?(x) = 7™ and } (4.14)
Il 2 qwnicey < CemCotml CW|EhO| 2 gy, co)
and
< T’h’e | gOh’G >L2(W";(C2) =
S @ [ (P kD)) - ) e — p)da
w,pel’y "
with I'g = {0, £/, ..., £06,} and
[P"(x,hD); x| = —ZhQiZ@;kx(kaI — Ay) — h*AxI.
k=1
So
1
s <" " > 2oy | < Ce=%/h, (4.15)
" ”L2(Wn;tc2)

The proof comes easily from (4.12) and (4.13) as in [Ou] or in [He].
Using the same argument of [He-Sj-1] as in the proof of (4.10), we get that

|ER _ Eh o) < Ce*(SOwL??O)/h)’ (4.16)
1

with 7% =
||S0h’6||%2(wn;<c2)
Theorem 4.2 follows from (4.15) and (4.16) OJ

hO | _ho
<r ‘QO >L2(Wn;((:2) .
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5 B.K.W. method for the Dirichlet ground state

Let Q be an open set satisfying (4.8). more precisely 2 C R™ an open, bounded
and simply connected set with smooth boundary satisfying, for some
np and 19, 0 < my <19 < Sp/2,

50—7)1
2 }

Theorem 5.1 The first eigenvalue E™ = \{(HL) of the Dirichlet operator HY
admits an asymptotic expansion of the form

00
QZ E hjej,
=0

and if So — m is small enough, the associated eigenfunction ™ has also an
asymptotic expansion of the form

{z € R"; dy(x) < }CQcC{reR"; dy(x) <

So — T2
5 (5.1)

=N ) e WS (fy =0).
j=0

As usual

€y = E(] s €1 = 1T1, € = T11<0) + Z ‘ak,11<0>|2 s (52)
and ¢ is the real function satisfying the eikonal equation

Vo(@)]* = v(z) — [w(z)| — Eo, (5-3)

equal to d(zx) in a neighbourhood of 0.
(r11 and the a1 are defined by (1.1) and (1.3). Ey and 7 are defined by (2.2)

and (2.4)).
Proof. When the gauge potential matrix is identified with the one form

its curvature form appears to be the related magnetic field B =dA+ AN A :
B= Y (0 Au(2)=0p,Aj(@))dasndag + Y (Aj(x) Ag(a)—Ag(2) Aj(2))daAday.

1<j<k<n 1<j<k<n

For our purpose, only the vector magnetic potential a_;; is significant. We will
work with Coulomb vector gauge a5 :

div(a_11( Z@;kak 11 =0. (5.4)

11



It is feasible thanks to the existence of a smooth real and I'" periodic function
Y(z) such that AY(x) = div(a 11(x)).

Let O be any open set of R" (or one can take also @ = T"). Conjugation of
P"(z,hD) by the unitary operator .J, on L*(O;C?) :

e 0
Jw = ( 0 e—iw )7 (55)

leads to changing a_1; () for a_;(x) — Vib(x) and a_o () for e2¥@q 5 (x); the
new a_ss(x) is equal to minus the new a_i1(x), and the new a_;2(z) remains the
conjugate of the new a_o(x). So by (2.8) we have

a1 =pVa—aVi+iVp—pVi -V,
a1 = e2¥[(pVB — BVp+ dVa —aVi) +i(aVp — pVa + 6V — BVI)]
.99 =—011, a12=70 21
Ay = div(fVa —aV [+ 0Vp — pVo)
(5.6)
Let us write

e~ /" PM(x, hD)(e " ) = Wy(z) fu + EWi(z, D) fy + B*Wa(z, D)fy  (5.7)

with

Wo(z) = V(z) — |[Vé(x) T

Wi(z, D) = AGI + 20y 05, ¢(Dy, 1 — Ay)

k=1
Wa(z, D) = (Dy, I — Ap)® + R(x).
k=1
So
( Ap—2iVe.(iV +a.11) —2iV .0 51
Wl(x’ D) - ( —22’V¢>.a,721 Agb - 2ZV¢(ZV - a_,n)
and
Wy(z, D) = (iV +an)® +ru (1V +a 1)@ +a.(iV —a 1) + 712
2 a 21.(iV 4+ a_11) + (iV 4+ a 11).a 01 + 11 (1V — CL.,H)2 + 799

[e.e]
We look for an eigenvalue E" ~ Z h €
=0
and an associated eigenfunction fj ~ Z;io h f;, so

e?M(PMx, hD) — E"I)(e /" f,) ~ Zh]/@]

12



ko(z) = (Wo(z) — eol) fo(x)
k1(z) = (Wi(z, D) — erl) fo(z) + (Wo(z) — eol) f1(z)
ra(z) = ( z(w,D)—ezI)fo( )+ (Wilz, D) — exl) fi(z) + (Wo(z) — eol) fo(z)
Kkj(r) = —ejfolz) — Z L eiefe(z) + (Walx, D) — eal) fj—2(x)
+ (Wi(z, D) — elf)fg 1(z) + (Wolz) — eol) fi(z), (7 >2).

We recall that f; = ( ,fj’) and we want that x;(z) =0, Vj.
1) Term of order 0
— V() + v(x) — Jw(x)| — eo) fy" (2)
A =0 & (| 0
s () { (~[V0(x)[? + v() + (@] — eo) fy ()
choosing ¢ satisfying (5.3), then
eo = Fy and —|Vo(z)]* + v(x) + |w(z)| — eg = 2|w(z)| > 0 implies that

0
0,

fo(x) =0, e=~FEy and Wy(z)— el = ( 8 2|w0(:v)| ) . (5.8)

2) Term of order 1.
The components of x1(z) = (k] (z), k] (7)) become

ki () = (Ag(z) — ey — 2ia 11 (). Vo (2)) fy" (2) + 2V (x).V f ()
Ky (2) = 2w(@)|fi (z) = 2i(a.x(2).Vé(@))fi (z),

As |Vé(x)| has a simple zero at zy = 0, the equation k] (z) = 0 can be solved

only when e; = Ag(0). In this case there exists a unique function f;(x) such
that f,7(0) = 1 and ki (z) = 0. We can conclude that the study of the term of
order 1 leads to

A¢(0),
2v¢>< ).V (@) = [er — Ad(x) + 2ia, 11 (). V()] fif (x), } (5.9)
fr (@) = i (Vola )a.,m(:c))fo+ ().

3) Term of order 2.
The components of ky(z) = (kg (2), k5 (7)) become

Ky (2) = ((1IV +a, 1)’ + +ru(z) —e) fi (x) )
+(Ad(x) — e — 2ia 11(2).Vo(x)) fi7 (x) + 2V(x). Vi (2)
—2i(a 21 (). Vo(r))fi (z) (5.10)

Ky () = 2lw(x)|fy () — 2i(a 21 (2).Vo(x)) f (2)
+2Vo(2). V[ (2) + 2ia 11 (2).Vo(x) fi (x) + 2ia o (2).V i (2)
+i(div(a_ o (x)) ff () + ror(z) fof (x) )

The unknown function f;"(z) must give k3 (z) = 0 in (5.10). This equation, with
the initial condition f;"(0) = 0, can be solved only if

€y = (ZV + 0,.711)2]06’_(0) + T11(0).
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(We used that fif (0) = 1). So ks = 0 implies
€y — (ZV + a,711)2f5r(0) + 7’11(0) ,

2Vo(2). Vi (x) = —(Ad(x) — e1 — 2ia_11(x).Vo(x)) fi (x)
—((V +a.1)* + ex — r(x)) fo (2) + 2i(a.12(2). Vo(x)) fi (z)

fy(z) = 2|w(m)\[22(a 21(2).Vo(2)) fif (z) = 2V (2).V fi (x) — 2i(a 11 (x).Vo(x)) fi ()
—2ia_91(x).V fi (x) —i(div(a.21(2)) fo (2) = ra1(2) fo (2)] -

4) Term of order j> 2.
We assume that e, for £ = 0, 1,...,j—1, the functions f;"(z) for { = 0,1,...,j—2,
and the one f;_(z ) are well-known, f,(0) =0 when 0 < ¢ < j — 1.

The equation x} = 0 becomes
2Vo(x). Vi (z) + (Ad(x )—61 — 2ia.11(2).Vé(x)) £, (z) = )
2i(a.21 (7). Vo() +Ze] off (@ (5.11)
—((iV+an)?—e+ r11<:c) )fth(x)
—(r12(z) + idiv(amn) ) f_o(x) — 201V f;_5(2) J

This equation has a unique solution f;,(x) such that f;~,(0) = 0 iff

¢j = ((iV+a.1)’ + r11(0) ) f;25(0) +712(0)) £;-5(0) }
—22’(1.721(0)-V)f]:2(0) - Eé;g ej%f;«)) :

The equation k; = 0 gives

(5.12)

L X
2w (w)

(=20 (). V£, (2) + (er — 2ia (). Vo(x)) [ (x) + 2ia_n (z ).v¢(:c‘)j_1(:c)

+(ea—(IV—a.11)°) [} o(x)—idiv(a o1 () [} o (x)=2ia o1 (). V [} 5 (2)+>  ejoefy ()]

5) End of the proof.
Let x(x) be a cut-off function equal to 1 in a neighbourhood of 0 and supported
in Q. Then taking x(z)f;(z) instead of f;(x), we get a function "% satisfying
Dirichlet boundary condition and Theorem 5.1. The self-adjointness of the related
operator ensures that the computed sequence (e;) is real [J

fi(x) =

6 Sharp asymptotic for the width of the first
band

Returning to the proof of Theorem 4.2, we have to study carefully the 7%¢ defined
n (4.16), using the method of [He-Sj-1] performed in [He| and [Ou].

14



Using (4.14)—(4.16), we have

7_h,0: Z ( ZGw(pw+pw)+ sz(pI+pw)> ’ (6].)
wng
with If = {B1,.... B}
1 i}
P = h,0 / ([P"(z, hD); X)"*) (2 — w).(x"*) (x)dx
HSO ”L2 Wn;C2) wWn
dp, = ! P"(z, hD); X" (). (xo™?) d
and p, = 755 ([P"(w, hD); x]¢"*) (). (xp" ) (2 + w)dz .
”90 HL?(Wn ;C2) Wwn

We get from the formula of [P"(x, hD); x] and from the estimate (4.13) that

= g, (X =T ) T+ (62

”90 ’GHL?(Wn;(C?

+ O(he%/M)
and

- h? . RO () (v o) (2 w)da e—S0/h
= e TV 4 e + O,

Theorem 6.1 Under the assumption of Theorem 4.2, if for anyw € {54, ..., +6,}
such that the Agmon distance in R™ between 0 and w is the least one, (i.e.
d(0,w) = Sy), there exists one or a finite number of minimal geodesics joining 0
and w, then there exists ng > 0 and hg > 0 such that

b = noh'2e=5/ (1 4 O(hY/?)) |, Vh €)0, hy|.

Sketch of the proof. Following the proof of splitting in [He-Sj-1] and [He], in (6.2)
we can change W" into W™ N O, where O is any neighbourhood of the minimal
geodesics between 0 and the %0y, such that d(z) = d(0,z) € C°°(O). In this case
the B.K.W. method is valid in W* N O. If ¢/ ., is the B.K.W. approximation
of ™% in W" N O, then, thanks to (4.1), for any py > 0 there exists C,, such
that

hz [(Day I — Ak) X0(<P . SO%.K.W.)H%?(Wn;(C?)
k=1

d(z)/h

e xo (0" = O ke w ) I[E2mczy < HPChy (6.3)

where Y is a cut-off function supported in W” N O and equal to 1 in a neighbor-
hood of the minimal geodesics between 0 and the £3;. We have assumed that

||S0h’Q||L2(W";<C2) = 1 and then ||XO¢%.K.W.)||%2(Wn;C2) — 1= O(h?) for any p > 0.
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As (6.2) remains valid if we change ¢™ into Yo%, the estimate (6.3) allows
also to change ™ into xop’s x w - As a consequence, Theorem 6.1 follows easily,
if in W*N O, x(z) = x1(d(z)) for a decreasing function y; on [0, 4o0] with
compact support, equal to 1 in a neighborhood of 0. In this case (6.2) becomes

1, (2-n)/2

T = X
172
(27T)1/2 Hk 17 /

Po =

(6.4)

/ano X (d(z—w))xa(d(@))|Vd(z—w) ] fif (z—w) fif (z)e” @M N4y 4 O(he /M)

and
h(2 n)

] 5 X
(27T)1/2Hk 17 /

| M@ V()i (@) 1§ (e 0 g 4 O(he "),
WrNO

We remind that for any y in a minimal geodesic joining 0 to £0, if y # 0 and
y # £Py, then the function d(z) + d(x F ), when it is restricted to any hyper-
surface orthogonal to the geodesic through y, has a non degenerate minimum 95
at ylJ

Pu =
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