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Closing Aubry sets 11

A. Figalli* L. Rifford!
July 7, 2011

Abstract

Given a Tonelli Hamiltonian H : T*M — R of class C*, with k > 4, we prove the
following results: (1) Assume there is a critical viscosity subsolution which is of class C***
in an open neighborhood of a positive orbit of a recurrent point of the projected Aubry
set. Then, there exists a potential V : M — R of class C*~!, small in C? topology, for
which the Aubry set of the new Hamiltonian H + V is either an equilibrium point or a
periodic orbit. (2) For every e > 0 there exists a potential V' : M — R of class C* ™2
with ||[V||c1 < €, for which the Aubry set of the new Hamiltonian H + V is either an
equilibrium point or a periodic orbit. The latter result solves in the affirmative the Mané
density conjecture in C* topology.
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1 Introduction

In this paper, the sequel of [8], we continue our investigation on how to close trajectories in the
Aubry set by adding a small potential, as suggested by Mané (see [11, 8]). More precisely, in
[8] we proved the following: Let H : T*M — R be a Tonelli Hamiltonian of class C* (k > 2)
on a n-dimensional smooth compact Riemannian manifold without boundary M. Then we can
“close” the Aubry set in the following cases:

(1) Assume there exist a recurrent point of the projected Aubry set Z, and a critical viscosity
subsolution u, such that u is a C! critical solution in an open neighborhood of the positive
orbit of Z. Suppose further that u is “C? at z”. Then, for any ¢ > 0 there exists a potential
V : M — R of class C*, with ||V c2 < €, for which the Aubry set of the new Hamiltonian
H +V is either an equilibrium point or a periodic orbit.

(2) If M is two dimensional, the above result holds replacing “C" critical solution + C? at z”
by “C? critical subsolution”.

The aim of this paper is twofold: first of all, we want to extend (2) above to arbitrary
dimension (Theorem 1.1 below), and to prove such a result, new techniques and ideas (with
respect to the ones introduced in [8]) are needed. Then, as a by-product of these techniques,
we will show the validity of the Mafié density Conjecture in C! topology (Theorem 1.2 below).

For convenience of the reader, we will recall through the paper the main notation and as-
sumptions, referring to [8] for more details.

In the present paper, the space M will be a smooth compact Riemannian manifold without
boundary of dimension n > 2, and H : T*M — R a C* Tonelli Hamiltonian (with k > 2), that
is, a Hamiltonian of class C* satisfying the two following properties:

(H1) Superlinear growth: For every K > 0, there is a finite constant C*(K) such that

H(z,p) > K|pll. + C*(K)  V(z,p) € T"M.

(H2) Strict convexity: For every (z,p) € T*M, the second derivative along the fibers %;Ij
is positive definite.

(z,p)

We say that a continuous function u : M — R is a critical viscosity solution (resp. subsolution)
if u is a viscosity solution (resp. subsolution) of the critical Hamilton-Jacobi equation

H(z,du(z)) = c[H] VoeM, (1.1)



where c¢[H] denotes the critical value of H. Denoting by SS* the set of critical subsolutions
u: M — R of class C!, we recall that, thanks to the Fathi-Siconolfi Theorem [7] (see also [8,
Subsection 1.2]), the Aubry set can be seen as the nonempty compact subset of T*M defined
by

Ay = {(x,du(z)) |z € M st. H(z,du(z)) = c[H]}.

ueSS?!

Then the projected Aubry set A(H) can be defined for instance as 7* (fl(H)), where 7* : T*M —
M denotes the canonical projection map. We refer the reader to our first paper [8] or to the
monograph [5] for more details on Aubry-Mather theory.

As we said above, the aim of the present paper is to show that we can always close an Aubry
set in C? topology if there is a critical viscosity subsolution which is sufficiently regular in a
neighborhood of a positive orbit of a recurrent point of the projected Aubry set: Let x € A(H),
fix u : M — R a critical viscosity subsolution, and denote by O (z) its positive orbit in the
projected Aubry set, that is,

Ot (z) = {w* (6 (2, du())) | t > o}. (1.2)

A point € A(H) is called recurrent if there is a sequence of times {t;} tending to +oo as
k — oo such that

khllgo (o1 (z, du(z))) = x.

As explained in [8, Section 2], since z € A(M), both definitions of OF (z) and of recurrent point
do not depend on the choice of the subsolution w. From now on, given a potential V : M — R,
we denote by Hy the Hamiltonian Hy (z,p) := H(x,p) + V(z). The following result extends
[8, Theorem 2.4] to any dimension:

Theorem 1.1. Assume that dim M > 3. Let H : T*M — R be a Tonelli Hamiltonian of class
C* with k > 4, and fiz € > 0. Assume that there are a recurrent point ¥ € A(H), a critical
viscosity subsolution u: M — R, and an open neighborhood ¥V of OF (f) such that u is at least
CHk*+1 on V. Then there exists a potential V : M — R of class C*~1, with ||V||c> < €, such that
c[Hy] = c[H] and the Aubry set of Hy is either an equilibrium point or a periodic orbit.

As a by-product of our method, we show that we can always close Aubry sets in C'! topology:

Theorem 1.2. Let H : T*M — R be a Tonelli Hamiltonian of class C* with k > 4, and fix
€ > 0. Then there exists a potential V : M — R of class C*=2, with ||V||c1 < €, such that
c[Hy] = c[H] and the Aubry set of Hy is either an equilibrium point or a periodic orbit.

Let us point out that in both results above we need more regularity on H with respect to
the assumptions in [8]. This is due to the fact that here, to connect Hamiltonian trajectories,
we do a construction “by hand” where we explicitly define our connecting trajectory by taking
a convex combination of the original trajectories and a suitable time rescaling (see Proposition
2.1). With respect to the “control theory approach” used in [8], this construction has the
advantage of forcing the connecting trajectory to be “almost tangent” to the Aubry set, though
we still need the results of [8] to control the action, see Subsection 4.4.

By Theorem 1.1 above and the same argument as in [8, Section 7], we see that the Mané
Conjecture in C? topology for smooth Hamiltonians (of class C) is equivalent to the!:

Mané regularity Conjecture for viscosity subsolutions. For every Tonelli Hamiltonian
H : T*M — R of class C* there is a set D C C°°(M) which is dense in C?(M) (with respect
to the C? topology) such that the following holds: For every V' € D, there are a recurrent point

L Although the “Mafié regularity Conjecture for viscosity subsolutions” could be stated as in [8, Section 7]
using C* topologies, we prefer to state it with C° because the statement becomes simpler and nicer.



z € A(H), a critical viscosity subsolution u : M — R, and an open neighborhood V of OF (50)
such that u is of class C*° on V.

The paper is organized as follows: In Section 2, we refine [8, Propositions 3.1 and 4.1] by
proving that we can connect two Hamiltonian trajectories with small potential with a state
constraint on the connecting trajectory. In Section 3, we prove a refined version of the Mai
Lemma with constraints which is essential for the proof of Theorem 1.2. Then the proofs of
Theorems 1.1 and 1.2 are given in Sections 4 and 5, respectively.

2 A connection result with constraints

2.1 Statement of the result

Let n > 2 be fixed. We denote a point x € R" either as = (z1,...,2,) or in the form
x = (11,%), where & = (z2,...,2,) € R"" 1. Let H : R® x R"® — R be a Hamiltonian? of class
C*k, with k > 2, satisfying (H1), (H2), and the additional hypothesis

(H3) Uniform boundedness in the fibers: For every R > 0 we have

A*(R) = sup{H(:c,p) lpl < R} < +o0.

Note that, under these assumptions, the Hamiltonian H generates a flow ¢! which is of class
C*=! and complete (see [6, corollary 2.2]). Let 7 € (0,1) be fixed. We suppose that there exists
a solution

(z(-),p()) : [0,7] — R" xR"

of the Hamiltonian system

b1

{ab(t) = V,H(z(t),

S (5 (t), 5(1))
B = —V.H(2(0),p(0) 21)

~—

on [0, 7"] satisfying the following conditions:

(A1) 2° = (0,2°) := 2(0) = 0,, and Z(0) = ey;

(A2) 27 = (7,27) := 2(7) = (7,0n-1) and Z(T) = ey;
)

|Z(t) — e1| < 1/2 for any t € [0,7];

(A4) det (%ﬁéf (i*,ﬁ*)) + pj det (%Tfj(f,p*)) # 0 (where p™ := j(7)).
For every (z°,p°) € R™ x R™ satisfying H(z°,p°) = 0, we denote by

(X (109, P(-5 @) © [0,4+00) — B” x R”
the solution of the Hamiltonian system

{:’c(t) = V,H(x(t),p(t))
t

) = —VH(x(0),p(0) (2.2)

satisfying
z(0) =2 and p(0) =p°.

2Note that we identify T*(R™) with R” x R™. For that reason, throughout Section 2 the adjoint variable p
will always be seen as a vector in R"™.



Since the curve Z(-) is transverse to the hyperplane II7 := {x = (?,:ﬁ) € R"} at time T,
there is a neighborhood V° of (z° p° := p(0)) in R™ x R such that the Poincaré mapping
7 : VY0 — R with respect to the section II” is well-defined, that is, it is of class C*~1 and
satisfies

T(fo,ﬁo) =7 and X3 (T(mo,po); (:I:O,po)) =7 Y (mo,po) eV, (2.3)
Our aim is to show that, given (z* = (0,4'),p") and (2* = (0,2?),p?) such that H(z', p') =
H(z?,p?) = 0 which are both sufficiently close to (z°,5°), there exists a time T close to

7(z!,pl), together with a potential V : R™ — R of class C*~! whose support and C?>-norm are
controlled, such that the solution (z(-),p(+)) : [0,77] — R™ x R" of the Hamiltonian system

{s‘c(t) =y ((t), p(t) = V, H(x(t), p(t) 2.4
. ) =S ’ .

starting at (x(0),p(0)) = («!,p*) satisfies
(217, p(T7)) = (X (r(a®,p%); (2, p%)), P(r(a%, 5%): (%, 5%) ).
and z(-) is constrained inside a given “flat” set containing both curves
X( . (xl,pl)) : [O,T(zl,pl)] — R™ and X( . (xQ,pQ)) : [O,T(zQ,pQ)] — R™.

(Roughly speaking, z(-) will be a convex combination of X(~ ; (zl,pl)) and X( - (x2,p2)).)

We denote by L : R” xR™ — R the Lagrangian associated to H by Legendre-Fenchel duality,
and for every (z°,p%) € R® x R, T' > 0, and every C? potential V : R® — R, we denote by
Ay ((2°,p°); T) the action of the curve 7 : [0,7] — R™ defined as the projection (onto the x

variable) of the Hamiltonian trajectory ¢ — ¢V (20, p°) : [0,T] — R™ x R™, that is

T _ _ d _

ar (@) 1) = [ (7 () (7 (o)) ) a
0
T _ _ d _
= [ o (x () G (e (o @)
0 dt
-V (ﬂ'* ( f‘/ (:I:O,po))) dt,

where Ly = L — V is the Lagrangian associated to Hy := H 4 V. Moreover, we denote by

(Xv (5% "), Pv(+;(2°p")) : [0,7] = R" x R"

the solution to the Hamiltonian system (2.4) starting at (2°,p"). Finally, for every r > 0 we
set

C((ap")s (@) = {X (6 0% p") + (0. 9) [t € (0,7 "), lgl < v ), (25)
and for every z/ = (7,27),
A((2°,p"); (@, p%); 27 ) o= (P72 p°); (2°,9°)), 27 = X (7(2°,p%); (2%,9")) ) -

We also introduce the following sets, which measure how much our connecting trajectory leave
the “surface” spanned by the trajectories X(- ; (:I:l,pl)) and X(- ; (mQ,pQ)): given K1,n > 0 we

define
Rl((wl,pl); (z2,p2);K1) = R((wl,pl); (z2,p2);K1) ne, (2.6)



32((z2,p2);77) = B((zQ,p2);n) né&2, (2.7)
where
R((h0"): (@202 0) = | [X (5 @), X (12 (2, p%)] (2:8)
(t1,t2)eK

(here and in the sequel, [2!, 2] denotes the segment joining two points z!, 2% € R"),

K= {(tl,tQ) |62 —t'| < Ki(Ja® — 2| + |[p* = p*]), ¢/ € [0,7(27,p7)], j = 1,2}, (2.9)

B((xQ,p2);77) = U {szfX(t; (zl,pl))| Sn}, (2.10)

te[0,7(x2,p%)]

eh={a)ltefo,r/2, zert), &= {(L2)|te [7/2,7], 2RI (210
We are now ready to state our result.

Proposition 2.1. Let H : R x R” — R be a Hamiltonian of class C*, with k > 4, satisfying
(H1)-(H3), and let (z(-),p(+)) : [0,7] — R™ x R™ be a solution of (2.2) satisfying (A1)-(A4)
on both subintervals [0,?/2] and [7"/2,?], i.e., (A1)-(A4) hold both when we replace T by T/2,
and when replacing 0 by 7/2 (with obvious notation). Moreover, assume that H(z°,p°) = 0.

Then there are §,7,€ € (0,1) with BQ”((:EO,]SO),S) C VO, and K > 0, such that the fol-
lowing property holds: For every r € (0,77),6 S (O,E),a > 0, and every z' = (0,:?:1),302 =
(0, iQ),pl,pQ € R™ satisfying

|21, |22]. [p* = B°|. [p* — P°| < o, (2.12)
|zt —a2?],|p' — p?| <re, (2.13)
H(z',p') = H(2*,p?) =0, (2.14)
o] < 7%, (2.15)

there exist a time T > 0 and a potential V : R™ — R of class C*~1 such that:
(i) Supp(V) C C((:I:O,po);T(:EO,pO);T) R
(ii) [V]on < Ke;
(i) ’Tf —T(ml,pl)‘ < Kre;
(iv) oy (', pt) = o o o) (22, p%);

(v) Ay ((z',p'); TT) = A((a!, pt); 7(2t, ph)) + A (21, p); 72t p1); X (7(22,p%); (22, p?))) +

(vi) for every t € [0,T7],
Xv (& («',p"))
e R (et p)s (o257 ) U B2 (0252 K (102%9) = (@) + Do)



As we will see in the next subsection, the proof of Proposition 2.1 offers an alternative proof
for [8, Proposition 3.1] in the case of Hamiltonians of class at least C*. Before giving the proof,
we recall that the Lagrangian L : R” x R® — R associated with H by Legendre-Fenchel duality
has the same regularity as H and satisfies:

p=V,L(z,v) += v=V,H(zp) (2.16)

for all z,v,p € R™.

2.2 Proof of Proposition 2.1

First, let us forget about assertion (v). That is, we will first show how to connect two Hamilto-
nian trajectories by a potential of class C*~1 satisfying assertions (i)-(iv) and “to some extent”
(vi), and then we will take care of (v).

For every € R", denote by S(x) C R" the set of vectors p € R" such that H(x,p) = 0,
and define

A@) = {V,H(w,p) | p € S(@) }.
Then we define the function A, : R™\ {0} — R by
Ao (V) = mf{s >0sv e A(:c)} Vo e R\ {0},
so that by (2.16) we have
H (2, V,L(z, Az (v)v)) =0  Vz eR" veR"\{0}. (2.17)

Consider now the map B B
H: (z,0,\) —> H(ZE,VUL(%)\U))'

We observe that it is of class C*~!, and since by assumption H(z° p°) = 0 we have
H(z(t),z(t),1) = H (2(t), Vo L(Z(t), 2(t))) = H (z(t),p(t)) =0  Vte [0,7].
Moreover, by uniform convexity of L in the v variable and (A3),

%(f(t),f(t),l) = <VpH(f(t),]3(t)),%(f(t),f(t))f(t)>

= <g’c(t), %(m(t),ab(t))gb(t)> > 0.

Therefore, there exist }V an open neighborhood of the set
{@®,30)|te [0,7]} cR* xR
and a function A : V — (1/2,3/2) of class C*~! such that
H(z,v,\z,v)) =0 Y (x,v) € V.
By uniform convexity of the sets A(z) and by (2.17), we deduce
Az (V) = Az, v) V(z,v) € V.
Now, let us fix a smooth function ¢ : [0, 1] — [0, 1] satisfying

¢(s) =0 forsel0,1/3], ¢(s) =1 forse[2/3,1],



and fix W° c V° an open neighborhood of (5:0, ﬁo) such that
¢f (,V,L(z,p)) €V Vte [0,7(x,p)], ¥ (x,p) € W

Given z* = (0,2'),2% = (0,2?),p', p* € R" such that (z',p'), (z*,p?) € W° and H (z*,p') =
H(2?,p?) =0, we set

Tl = T(xl’pl)’ T2 ::T(‘T2’p2)a
ph(t) = X(t (") i 2() = X(t(2p?) .
{pl(t) = P(t;(zl,pl)) Vtelo,77] {p2(t) — P(t;(zg,p2>) Vit e[0,77].

Then we define a trajectory y(-) : [0,71] — R" of class C* which connects z'(0) to z*(?):

y(t) = <1 —¢ (%)) zt(t) + ¢ <%) z? (:—jt) vie [o,7']. (2.18)

We observe that, a priori, the above curve will not be the projection of a Hamiltonian trajec-
tory of (2.4) for some potential V. However, we can slightly modify it so that it becomes a
Hamiltonian trajectory of (2.4) for a suitable V' which will be constructed below.

To achieve this, let « : [0,7‘1} — [0, +00) be defined as

t 1 L
a(t) .:/O mds vte [0,7]. (2.19)

We observe that « is strictly increasing and of class C*. Let 6 : [O,Tf = a(Tl)] — [0,7‘1}
denote its inverse, which is of class C* as well, and satisfies

0(t) = Myoren (9(6(1))) vt e[0,T7].
Then, we define a new trajectory x(-) : [0, T/] — R™ of class C* connecting x'(0) to x2(72):
x(t) ==y(0())  Vte[o,TV). (2.20)

We claim that x(t) is the projection of a Hamiltonian trajectory of (2.4) for some potential V
satisfying (i)-(ii). Indeed, first of all we have

(t) = 00y (0(1)) = Ayocey) (§(0(1))3(0(t)) € A (y(6(1))) = A(a(t))  VEelo,T],
which means that the adjoint trajectory p(-) : [0, T] — R™ (of class C*~1) given by
p(t) = V,L(z(t),2(t))  Vte[0,T7],
satisfies
i(t) = V,H(z(t),p(t)), H(z(t),plt))=0 Vte[0,T7] (2.21)

We now define the function u : [0, 7] — R™ (of class C¥~2) by

u(t) = —p(t) — Vo H (x(t),p(t))
9?L , . 9*L . .
= (w0, 8(0) () — S5 (1), (1) - ()
fVIH(x(t),VUE(z(t),z(t))) (2.22)
By construction we have
@(t) = VpH(x(t),p(t))
{p(t) = VL H(a(t),p(1)) — ul), (2.23)



(.T(O),p(O)) = (xlapl))a (x(Tf)ap(Tf)) = ($2(T2)’p2(72))' (2'24)

As in the proof of [8, Proposition 3.1], we now want to show that assertion (iii) is satisfied,
and that we can construct a potential V' such that VV (z(t)) = u(t), and which satisfies both
assertions (i) and (ii). To this aim, we first compute the first derivative of u on [0, T7]:

37 37
u(t) = *—52251, (x(t), &(t)) - @(t) - @(t) — 2%@@),;@@)) L) - B (t)
92L ) ) 3L . ) )
~ 5oy ((t), &(1)) - &(t) — %Ex(t), (1)) - #(t) - i ()
_%(x(t),ﬁc(t)) 2@ () — %Til(x(t),vvi(w(t),:b(t))) a(t)

‘% (HU(t)aVvi(w(t),ﬂb(t))) {%(w(tm@) i (t) + %(x(ﬁ),j;(t)) 0

Now, let SO be the subset of WO defined by
SV = {(:I:O,po) e W’ |2 = (0,2%), H(2",p") = 0},

which we can assume to be an open submanifold of R?" of dimension 2n — 2 and of class C*.
Since H (and so also L) is of class C* with k > 4, it is easily checked that the mapping

Q: 8% x 8Y x [0,1] — R x R x R® x R"
((ml,pl),(xQ,p2),s) — (Tf,O(STf)—STl,u(sTf),a(sTf))

is of class C' (recall that T/ = a(r!), where 71 = 7(2!',p') and a was defined in (2.19)).
Therefore, since

Q((«°9%), (2°,9%),5) = (r(2°,9°),0,0,0) Vs e€0,1],V(a”,p°) € S,

(as in this case Ay (9(t)) = 1), there exists a constant K > 0 such that, for every pair
(zt,pY), (22,p?) € S, it holds

Tr = < [Q((=p"), (2%.9%),0) = Q((=",p), (",p"), 0)]
< K (2 =2+ p* - p']), (2.25)
and analogously
1
‘9(15) - %t‘ <K (|2* =2+ [p*—p']) Vte[o,T7], (2.26)
lellon < K (Ja* = 2|+ [p* = p']) - (2.27)

Furthermore, we notice that differentiating the second equality in (2.21) yields
(Vo H(2(t),p(t)),2(t)) + (VpH(z(t),pt),pt)) =0  Vte[0,T7],
which together with the first equality in (2.21) and with (2.22) gives
(u(®),i(t))y=0  Vte[0,T7]. (2.28)
We observe that inequality (2.25) proves assertion (iii), while (2.26) yields

x(t) € R((zl,pl); (xQ,pQ);K) Vte [O,Tf], (2.29)



that is the first part of (vi). Furthermore, inequality (2.27) is reminiscent of [8, Equation
(3.36)], while (2.28) corresponds [8, Equation (3.37)]. Hence, as in the proof of [8, Proposition
3.1] we can apply [8, Lemma 3.3] together with (2.23) and (2.24) to deduce the existence of
§,p,€ € (0,1) small, and a constant K > 0, such that for every pair (z!,p'), (22,p?) € S°
satisfying (2.12)-(2.14) there exist a time 7/ > 0 and a potential V : R® — R of class C*~!
such that assertions (i)-(iv) of Proposition 2.1 hold, and morever (2.29) is satisfied.

Now, it remains to control the action, and to achieve this we proceed as in the proof of [8,
Proposition 5.2]: first we divide the interval [0,7] into two subintervals [0,7/2] and [7/27].
Then we use the construction above on [0, 7/ 2} to connect

1,1 H 2,2
(@p")  to br e ) (27007)
on some time interval [O,Tlf | with Tlf ~ T/2, where 71/, denotes the Poincaré mapping with

respect to the hyperplane I17/2 := {z = (T/Q,:i) € R”}. As in [8, Proposition 3.1(v)] (see in
particular [8, Remark 3.4]), one can show that the action default is quadratic, that is,

‘Av((wl,pl);Tlf) — A, p")imiye(at,ph)
- A((zlapl);Tl/Q(zlapl);X(T1/2(125p2);(1‘27p2)))‘ (230)
_ _ 2 ~ 9
< K ¢z/2(12,p2)($2ap2) - ¢z/2(11,p1)($1ap1)‘ <K ‘(902’272) - (wlapl)|

for some uniform constant X > 0. Hence, up to choosing € sufficiently small so that Ke<1,
we can apply [8, Proposition 4.1] to connect

Qﬁq}zﬂ(z?,p?) (552,]72) to ¢ﬁm27p2)($2,p2),

and, at the same time, fit the action by an amount o + O (|(z2,p2) - (xl,pl)‘z) so that (v)

holds. We observe that [8, Equation (4.19)] shows that the potential V needed to achieve this
second step (which is constructed again using [8, Lemma 3.3]) satisfies the bound ||[VV]|e <

K (’ (22,p?) — (Jcl,pl)‘2 + |0|) . Thus, a simple Gronwall argument shows that this construction
produces a connecting trajectory Xy (-;(z*,p')) : [0,7] — R™ which satisfies (2.29) on the
first interval [0, Tlf ], and

Xy ( (ml,pl)) € BQ((x2,p2);K’ (‘(m2,p2) - (acl,pl)’2 + |0|)) vVt e [Tlf,Tf},

for some uniform constant K’ > 0.
This concludes the proof of Proposition 2.1.

2.3 A refined connecting result with constraints

Our aim is now to obtain a refined version of Proposition 2.1, where:
1) € € (0,1) is not necessarily small;

2) the support of V is still contained in a “cylinder” around the initial trajectory (see Propo-
sition 2.1(i)), but now the section of the cylinder is a given convex set which is not a ball.

Indeed, this refined version is a key step in the proof of Theorem 1.2.
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Given two points y1,y2 € R*"! and A > 0, we denote by Cylg‘ (yl;yg) C R™! the convex
set defined by

Oyl (i) = B”_l((l — $)y1 + sy2, A|y1 — y2|) (2.31)
s€[0,1]

= {y e R" ! |dist(y, [y1, y2]) < Ay — yzl},

where dist(~ [y, yg]) denotes the distance function to the segment [y1,y2]. Let II° denote the
hyperplane II° := {:c = (0, :i) € R”}. If o : R" — R is a function of class C*!, then for every
!, 22 € TI° and X > 0 small enough, we define the set Cyl[AOﬂ (z';2?) CR™ as

Cyl[)‘oﬂ (ml; x2)
= {X(t; (z,Via(z))) |z = (0,2) € 1%, & € Cyly (#*,2?), t € 0, 7(z, Vu(z))] }

(Recall that 7(-,-) denotes the Poincaré mapping with respect to I17, see (2.3).) Observe that
this definition of “cylinder” is slightly different from the one in (2.5). Indeed, in (2.5) we were
considering, for every time ¢ > 0, a (n—1)-dimensional ball around the trajectory X (¢; (z°, p%)).
Here, we take a (n — 1)-dimensional convex set around the segment [#1,2?] at time ¢ = 0 and
we let it flow. The reason for this choice is the following: since € will not be assumed to be
small (or equivalently, A will not be assumed to be large), the trajectories starting from the
two points 2! and 22 which we want to connect could exit from a cylinder like the one in (2.5).
Hence, the definition of Cyl[%ﬂ (acl; xQ) ensures that both trajectories (and also the connecting
one) will remain inside it.

Finally, given 2!, z? € IIY and A > 0 small enough, we also define an analogous version of C
as in (2.5):

z1+:c2 _ z1+z2 R

C[)(‘)ﬂ(zl;zQ) = {X (t;< 5 ,Vu( 5 >)>+(0,y)
1, .2 1, .2

te [0,7<‘"” ;”” Vi <“’” ;x ))},yecylg(:zl,ﬁ)}.

We are now ready to state our refinement of Proposition 2.1.

Proposition 2.2. Let H : R" x R” — R be a Hamiltonian of class C*, with k > 4, satisfying
(H1)-(H3), and let (Z(-),p(-)) : [0,7] — R™ x R™ be a solution of (2.2) satisfying (A1)-(A4) on
both subintervals [0,7/2] and [7/2,7]. LetU be an open neighborhood of the curve T := z([0, 7))
and @ : U — R be a function of class CY' such that

H(z,Vu(z)) <0 Vzel. (2.32)
Let M, A2, A3, Ay, A5 € (0,1) be such that

AM<A<A3< < )\5, (233)

and assume that for any x' = (0,500),302 = (0,502) e II° with ({0} X Cy135 (ﬁ:l;iQ)) C U, the

following inclusions hold:

Cyl[)(‘iﬂ (xl; x2) C C[)(‘fﬂ (zl; z2), (2.34)
C[)(‘f'ﬂ (zl;zQ) - Cyl[ko‘fﬂ (zl;zQ). (2.35)
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Then there are 8,7 € ( 1) and K > 0 such that the following property holds: For anyr € (0 7“)

and any z' = (O ) ( ) € II° satisfying
|, |22 < 6, (2.36)
|zt —2?| <, (2.37)
H(27(t), Va(a! (1)) =0 vie[o,7(a?,p)], =12 (2.38)
with

P =vVa(z?), 27(t) = X(t; (zj,pj)) Vit e [O,T(xj,Vﬁ(:cj))}, ji=1,2

there exist a time T > 0 and a potential V : R™ — R of class C*~1 such that:

(i) Supp(V) C Cyl[AO‘*T (zt2?);

(i) Ve < K;

(iir) |Vler < Kr;

(iv) |TT —7(z',ph)| < Kr;

(v) &5 (2',p') = 0% 12 o) (2%, 97);

(vi) for any T € [0,7], t € [0,7(x', p1)] and ty € [0,T7] such that

Xy (tv; (z',p")), X (t; (2", p")) 1T,

it holds: |ty —t| < K ‘:cl — :L'2‘ and

[ (@' pY):tv) =4 (" pY):1)

— <Vﬂ(X(t; (:I:l,pl))),Xv(tv;(xl,pl)) —X(t; (acl,pl))w < K|nc1 —x2‘ ;

(vid) by ((24,0): ) = 8(7 (9,0 (2 97) ) — ("),

Proof of Proposition 2.2. We proceed as in the proof of Proposition 2.1. First of all, we forget
about assertions (vi) and (vii). By the construction that we performed in the first part of the
proof of Proposition 2.1 (when we connected the two trajectories, without taking care of the
action), there are K;,6 > 0 such that, for any z', 2% € TI° and any p',p? € R™ with

@], &%, [p" = 2, [p* = p°] <& (2.39)
and
H(z',p') = H(2* p?) =0, (2.40)

there exist a time T/ > 0, a curve x(-) : [0, 7] — R" of class C*, and a function u : [0, 77] — R"”
of class C*~2, such that the following properties are satisfied (see the proof of Proposition 2.1,
up to Equation (2.29)):

(a) z(t) = X (t; (x*,p')), for every t € [0,6];

(b) z(t) = X (t; (22, p?)), for every t € [T — 6, T7];
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(c) u=0on [0,6] U [T/ —6,T/];

() [77 =71 < Ky ([2* =2t + |p* = p']);
(
(
(g) =(t) € R ((«*,p'); (v2,p?); K1) for every t € [0, T].

)

)
e) |[ull e < Ki (|22 =2t + [p? = p));
£) (u(t),#(t)) = 0, for every ¢ € [0, T4];
)

Fix 2! # 2? € 11V satisfying (2.36)-(2.37) for some r € (0,7) where 7 will be choosen later. Set

0 z1+z2 0 0 x2 — !
T =, p° = Va(x"), vi= 1

—T (2.41)

|2
Define the trajectories X°(-), X1(-), X2(*) : [0, +00) — R" by
X'(t):= X (t;(2",p")) Vt>0,i=0,1,2.

By the construction performed in the proof of Proposition 2.1, for |#? — 2| small enough there
exist a constant K2 > 0 (depending on the Lipschitz constant of V) and three functions
v, t1, 2 : [0, 7] — [0,1] such that

z(t) =v(O) X' (' ®) + (1 —v(@®)X2(2(t) Vte[0,T7]
and
[t2(t) — t'(t)| < Ka|2® —a'|  Vte[0,T7]. (2.42)

Now, for every i = 1,--- ,4, denote by N the norm on R"~! whose unit ball is given by

BY = {y e RN () < 1) = oy (—535)

with v defined in (2.41). Then

1 2
= <2,
§+)\i 1+2N —

and by (2.33)
NP < NY < N3 < NY.

Let us observe that the map t — XV(t) = XO(¢) - e is strictly increasing, so we can define the
C* function 6 by the relation
X?(0(s)) =s  Vs=>0.

By construction, there holds

z(t), X°(0(z1(t))) € 5 ® =110 + 2, (t)ey vt e [0, T7].
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Let t € [0,7/] be fixed. We have

N ((t) = X0 (01 (1)))
= M (X (@) + (- v >>X2<t2<t>) X001 (1)) )
= Ny (v X (') - X0 (0x )]
+(1-v(0) [X2(20) - X°(0<X%<t2<t>>>)}
Fu(O X (X (1 (1) ) (1= () X°(0CC32(1)))) — X°(0(1(1)))
v Ny (X1 (11 0) - X0 (0(X1 (1))
+(1— w() Mg (X?(t?(t» X0 20))) )
FA (v R0 (0K () + (1= w(0) X (BCXEE(1) - X0 (0(1(1))) ).

IN

Thanks to (2.34), both points X! (¢!(¢)) and X?2(¢3(t)) belong to C (x 2%), which implies

v(t) Ny (X (1) - X0 (00X} (1)) )
+ (1= p() N5 (X2(2(0) - X)) < | - 2|
Furthermore, we notice that
XO(0(x1(1))
= X0 (o(x3 ) + v (X (') - X2(EW)) )
= (X000) (X2EW)) + v(t) (V(X°00) (X221 ), X} (11 (1) — XF(E(1))
o[t @) - xzean|).
which gives
v(O)XO(0(XL (' () + (1 = v() X (0(XT (1)) — X°(0(21(1)))
v(t)] (X0 0 0) (X} (1)) — (X0 0 0) (XF(E(1))
—(V(X000) (X2(2(1)), X1 (8 () - X3((1)]
o[t @) - x32an|)

= of|xiarn - xzew)|).

Combining all such estimates together, thanks to (e), (2.42), and Gronwall’s Lemma, we obtain
the existence of a constant K3 such that

2

N (;i:(t) ~ X0 (9(:01(15)))) < |2t — 2| + Ksla' — 2", (2.43)

This means that, if » > 0 is sufficiently small, then
N (:E(t) - XO(H(zl(t)))) < |at =22,
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that is,
x(t) € C[i‘f:ﬂ (z';2%) vVt e [0,T].

By (2.35), this gives
A 1. 2
x(t) € Cylig' (z';2?) Vte[0,T].
Define the function I' : [0,7] x R"™! — R" by

't2) == (g) +(0,2)  V(t,2) € [0,7] xR, (2.44)

where z(-) is the trajectory associated to the control u (see (a)-(g) above). Since z1(0) =0
and x1(Tf) = 7, we can easily check that T' is a C* diffeomorphism from [O,ﬂ x R™1 onto
[0,7] x R"~!. Let fi > 0 be small enough so that

(14 3a)N3 < N7,
and let A be a norm in R"~!, which is smooth on R"~!\ {0}, and such that
(L+3a)Ny < (1+20)N <Ny on R" '\ {0}.

By (2.43), if 7 > 0 is small enough, then
F([O,T’] X Bﬁ(zl,zz‘) C Cipty(ahs2®) C Cyliy (2!, 2). (2.45)

The following lemma is a simplified version of [8, Lemma 3.3] for general norms. For sake of
completeness, its proof is given in Appendix B.

Lemma 2.3. Let N : R"™1 — R be a norm which is smooth on R*~1\ {0}, fiz 7,d,r € (0,1)
with 3r < d < T, and let v = (171, .. .,f)n) : [O,ﬂ — R™ be a function of class C*=2 with k > 2
satisfying

(t) = 0, Vte[0,0]U [T —0,7] (2.46)
and
o(t)=0  Vte[0,7]. (2.47)

Then there exist a constant C' > 0, independent of v and v, and a function W : R™ — R of
class C*=1, such that the following properties hold:

(i) Supp(W) C [6/2,7 — 6/2] x BY s C R x R*;
(ii) [[Wler < C (8]0 + 10]lc) ;
(iii) [|Wlloz < C (38llo + [[0l]0o) ;
(iv) VW (t,0,-1) = 0(t) for every t € [0,7].

Define the function v = (171, e ,f)n) : [0, ﬂ — R” by

(t) :== (dT(t,0,-1))" <u (ﬂ)) vie [0,7]. (2.48)

7

The function @ is C*~2; in addition, thanks to (f) and (2.44), for every ¢ € [0, 7] we have

T
B =0 and ﬂi(t)ui(t—) Vi=2,...n.
T
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Hence, thanks to (c), ¥ satisfies both (2.46) and (2.47), so we can apply Lemma 2.3 and
obtain a function W : R® — R of class C*~1 satisfying assertions (i)-(iv) of Lemma 2.3 with
r = jijJz' — 22| € (0,1). Define the C*~1 potential V : R* — R by

Vo) { W(r(z) ifz er'([o,ﬂ X Bl o)
0 otherwise.

We leave the reader to check that, if 7 is small enough, then assertions (i)-(v) of Proposition
2.2 are satisfied.

Now it remains to show how control the action (assertion (vii)) and to show the bound in
(vi). We proceed as in the proof of Proposition 2.1: first, we divide the interval [0, ﬂ into two
subintervals [0,7/2] and [7/27]. Then, we use the construction above on [0,7/2] to connect

(:cl,pl) = (xl,Vﬂ(:El)) to (xl/Q,pl/Q) = ($1/2,Vﬂ($1/2)) = ¢£/2(I27p2)($2,p2).
on some time interval [0,7{] with T/ ~ 7/2, where 7 /2 denotes the Poincaré mapping with

respect to the hyperplane I17/2 := {:c = (%/2, :%) € R”}. As in [8, Proposition 3.1(v)] (see also
[8, Remark 3.4]), one can show that the action default is quadratic, see (2.30):

’AV((xlvpl);Tlf) — A((="p");miya(2t,ph)
- A((wl,pl);ﬁ/z(zl,pl);X(ﬁ/z(va,pQ);(z2,p2)))‘

2 -
K ¢g/2(m2,p2)(z2,p2) _ fbfm(ml,pl)(xl,pl)’ <K ‘($2,p2) _ (zl,pl)

IN

| 2

Now, thanks to assumptions (2.32) and (2.38), it is not difficult to check that
A (('Tlapl);Tl/Q(:Elapl); X(T1/2($25p2); ($25p2)))
= <v’a(ﬂ-* (¢7I——11/2(11,p1)(x17p1)))7x1/2 -t (¢7I——{/2(11,p1)(1‘15p1))>7
A", p"); 2@t ph)) = a(r (¢7I:I1/2(x17p1)($1)p1))) — a(a").

Moreover, since % is C»! on U, if K3 denotes a bound for the Lipschitz constant of Vi, we also
have

a(2) = A (G e 0"))
— (Va(a* (¢ o1y ' 21)) 22— 7 (¢£/2<zl,p1>($1apl))>‘
< Kala'? =708 o (@t P
Hence, combining the above estimates, we get
Av (@ p"):T]) = a(e'?) — (o) + O(|(«,9%) — (@' p")[)-
Furthermore, we observe that (2.38) implies
m(#*0) T Hv(zz 2) d (o fv2 2 _ (kg H 2 2\\\ _ ~(.1/2
L B e G (2 (6 62)) ) = 5 @l 0%87) — 507
Hence, for 7 sufficiently small, we can apply [8, Proposition 4.1] on [?/ 2, ﬂ to compensate any

default of action of the order O(|(2?,p?) — (2!, p")|?), so that (vii) holds.
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Finally, for any 7 € [0,7], t € [0,7(2!,p!)] and tv € [0,T7] such that
Xy (tvs (z',p)), X (t: («',p!)) €117,

thanks to [8, Remark 3.4, Equations (3.47)-(3.48)] and the C'l-regularity of @, the above
argument shows the validity of (vi), which concludes the proof. O

Remark 2.4. We supposed that assumptions (A1)-(A4) hold on both subintervals [0,7/2] and
[7/2,7]. If instead we fix 0 < 7y < Uy < 7 and assume that (A1)-(A4) hold on both subinter-
vals [0y, D), [2, 7], then there exist 6,7 € (0,1) and K > 0 such that the property stated in
Proposition 2.2 is satisfied with

Supp(V) € Cylg' o (a:2%) N Hpp, 7,

where Hp, 7 1= {z = (zl, 2) eR™| z € [, ﬂ} Indeed, arguing as above, we first construct a
potential supported on H, 5, to connect the trajectories, and then a potential supported on
Hz,,7] to compensate the action (of course, J,7, and K depend on both oy — 7y and 7 — 7).

3 A Mai Lemma with constraints

The aim of this section is to prove some refined versions of the Mai Lemma. Let us recall that
the classical Mai Lemma was introduced in [10] to give a new and simpler proof of the closing
lemma in C! topology (this consists in showing that, given a vector field X with a recurrent
point x, one can find a vector field Y close to X in C' topology which has a periodic orbit
containing x). In our case, we already used the classical Mai Lemma in [8] to “close” the Aubry
set, assuming the existence of a critical subsolution which is a C? critical solution in an open
neighborhood of a positive orbit of a recurrent point of the projected Aubry set. Here, since in
the statement of Theorem 1.1 we only assume to have a smooth subsolution, we have relevant
information on u only on the Aubry set. Hence, by using a Taylor development, we can still
get some information in directions “tangent” to the Aubry set, but we have no controls in the
orthogonal directions. For this reason, we need to prove a refined Mai Lemma where we connect
two points by remaining “almost tangent” to a given subspace, see Lemma 3.4 below.
For proving our refined Mai Lemma, it will be useful to first recall the classical result.

3.1 The classical Mai Lemma

Let {E;} be a countable family of ellipsoids in R¥, that is, a countable family of compact sets
in R¥ associated with a countable family of invertible linear mappings P; : R¥ — R* such that

E = {veR" | [P@) < P},

where ||P1H denotes the operator norm of P;. For every z € R*, r > 0 and i € N, we call
E;-ellipsoid centered at = with radius r the set defined by

Ei(z,7) = {errv lve E} - {z | |B(a’ — )| < T||R-||}.
We note that such an ellipsoid contains the open ball B(z,r). Given an integer N > 2, we call

1/N-kernel of E;(z,r) the ellipsoid E;(z,r/N). The Mai lemma can be stated as follows (see
also [8, Subsection 5.3, Figure 4])3:

3Note that in [8, Lemma D.1] we stated it in a slightly weaker form. However, in order to be able to prove
Lemmas 3.2 and 3.4, we need the full statement of [10, Theorem 2.1].
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Lemma 3.1 (Mai Lemma). Let N > 2 be an integer. There exist a real number p > 3 and an
integer nn > 2, which depend on the family {E;} and on N only, such that the following property
holds: For every finite ordered set X = {x1,...,x;} C R*, every x € R¥ and every § > 0
such that B(x,0/4) N X contains at least two points, there are two points x;,x; € X N B(x, pd)
(7 >1) and n points z1,. .., z, in B(z, pd) satisfying:

(1) z1 =4, 2n = x5
(ii) for anyi € {1,...,n— 1}, the point z;+1 belongs to the 1/N-kernel of E;(z;,r;), where r;
is the supremum of the radii r > 0 such that

Ei(z,7) N (aB(z, p8) U (X \ {a;, xl})) = 0.

The purpose of the next two subsections is to refine the construction of the points 21, .. ., 2,
and to show that, under additional assumption on X, these points can be chosen to belong to
a Lipschitz submanifold of R¥.

3.2 A first refined Mai Lemma

Our first goal is to provide a lower bound on the radii of the ellipsoids E;(z;,r;)’s. This will be
very important for the proof of Lemma 4.1, which is one of the key steps for proving Theorem
1.1.

Given an ellipsoid E; and a set X C R, we denote by dist;(-, X) the distance function to
the set X with respect to Fj;, that is

dist;(z, X) ::inf{r20|Ei(z,r)ﬂX7é(Z)} vz e RF, (3.1)

The following result is a slight improvement of Lemma 3.1:

Lemma 3.2. Let N > 2 be an integer. There exist a real number p > 3 and an integer n > 3,
which depend on the family {E;} and on N only, such that the following property holds: For

every finite ordered set X = {z1,...,2;} C R¥, every x € R¥, and every r > 0 such that
X N B(z,r) contains at least two points, there are 1 points z1,. .., z, in R and (n—1) positive
real numbers 71, ...,7y_1 satisfying:

(1) there exist j,l € {1,...,J}, with j >, such that z1 = x; and z, = x;;
(i) Vie {1,...,n—1}, Ei(2,7;) C B(z,pr);
(iii) Vi€ {1,....n—1}, E;(z,7) N (X \ {zj,2}) = 0;
(iv) Vie{l,...,n—1}, ziy1 € Ei(2,7/N);

() Yie{l,...,n—1}, 7 > dist; (2, X).

Observe that, while in the classical Mai Lemma 3.1 one has 1 > 2, in the statement above
7 > 3. Indeed, as we will show below, with a simple argument one can always count one of the
points twice so that n > 3. This is done because, for the application we have in mind, we would
otherwise need to distinguish between the case n =2 and n > 3

Proof. Let us apply Lemma 3.1 to the family {F;} and N: there exist p > 3 and an integer
1 > 2 such that assertions (i)-(ii) of Lemma 3.1 are satisfied. Set

pi=13p max{| AP |i=1,....n— 1},
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and let us show that we can choose positive numbers 7; (i = 1,...,17 — 1) so that assertions
(i)-(v) are satisfied. Let X = {x1,...,7;} be a finite ordered set in R¥, fix a point z € R,
and let 7 > 0 be such that X N B(x,r) contains at least two points. By construction of p and
7, there exist n points z1,...,2, in B(z,4pr) such that assertions (i)-(ii) of Lemma 3.1 are
satisfied. Now, for every ¢ = {1,...,n7 — 1} denote by r; the supremum of the radii r > 0 such
that E;(z;,7) N (0B(z, pr) U X) =0, that is

7y = dist; (25, 0B(z, pr) U X).

Note that

21 € By (21,21 — zi) E; (2,

C zl—x’—i—’zi—x’)
C E;(z,8pr)

C B (z,8prllP|I1PH)

C B (a,8pr||Pil[[|P7 ] + 4pr)
C Bz, 12or| B[ F7M]) -

Therefore, by definition of p and the fact that z; € X, we deduce that
E; (zi, r;) N aB(.T,ﬁT) = 0.

Two cases appear, depending whether r} is larger or smaller than r;, where

r; := dist; (zi, OB(x, pr)uU (X \ {21, Zn}))

is as in Lemma 3.1(ii).

Case I: 1} < r;. Set 7; := r;. Then, since p > p we necessarily have either z; € E; (zi,ri) or
zy € E; (zi,ri), so that 7; > dist;(z;, X).

Case II: v} > r;. Set 7; := r}. Then, by construction, the set E; (zi,ﬂ) N X is nonempty, and
we deduce as above that 7; > dist;(z;, X).

Finally, we notice that if the number 7 given by the Mai Lemma 3.1 is equal to 2, then we can
set n = 3, z3 := 29, and choose any radius 73 > 0 sufficiently small so that Es(z2,72)NX = {22}
and FEs(zq,72) C B(z, pr). O

3.3 A constrained Mai Lemma

As we explained above, we will need a version of the Mai Lemma where the sequence of points
Z1,...,%y “almost” lies inside a given vector subspace, which, roughly speaking, represents the
“tangent space” to a set A at a given point. More precisely, let A C R¥ be a compact set and
assume that the origin is a cluster point. We recall that the paratingent space of A at 0 is the
vector space defined as

i—oo [z — i

IIy(A) := Span {hm | | hrn T; = hm v =0,z €A, y; € A, xz7észz}

The aim of this subsection is twofold: first, in Lemma 3.3 we show that inside a small ball
B, around 0 the set A is contained inside a Lipschitz graph I'4 with respect to IIp(A), with a
Lipschitz constant going to 0 as 7 — 0. Then, in Lemma 3.4 we show that if the ordered set
of points X is contained inside A, then the sequence 21, ..., 2, provided by Mai Lemma can be
chosen to belong to I'4.

In the statement below, for simplicity of notation we set IT := II5(A). Let d be the dimension
of II, and denote by I+ the orthogonal space to II in R*. We denote by Projy; the orthogonal
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projection onto the space IT in R¥, and set H4 := Projy(A). Finally, for any r,v > 0 we define
the cylinder

Clr,v) == {(h,v) e x I | |h] <1 |u] < y}.

Lemma 3.3. There exist a radius 754 > 0 and a Lipschitz function ¥4 : 11N B, , — II* such
that the following properties hold:

(i) ANC(ra,ra) C graph(Va)|p, = {h+W4(h) | hellNB,,};
(i) h+ W4 (h) belongs to ANC(ra,ra) for every h € Hy N By, ;

(iii) For anyr € (0,r4), let La(r) > 0 denote the Lipschitz constant of U4 on 1IN B,. Then
1imwo LA(T) =0.

In particular, U 4(0) =0, U4 is differentiable at 0, and V¥ 4(0) = 0.

Proof. We claim that, if > 0 is sufficiently small, then there exists a function ¢ : HyNB, — I+
such that AN C(r,r) C graph(¢)|p,.. Moreover, 9 is Lipschitz on H4 N B,, and its Lipschitz
constant converges to 0 as r — 0.

To prove the claim, let {h} },{h}} C Ha be two sequences converging to 0, and for any [ € N
take vectors v}, v? € II* such that @} := hi + v}, 27 := h} + v} € A. We observe that

oz W-n de
1 20 . )
T — 1 2|2 1 2|2
LR Y TR O Y (T
where ¢; € IT and w; € II*+. Hence, since by definition of II any cluster point of — | | belongs

to II, we necessarily have that w; — 0 as [ — oo, or equivalently

lim _a 0 with  a;: ‘vl _ vl ‘
V. RCEC

Since the function s +— is strictly increasing, we deduce that a; — 0 as [ — oo.

Observe that by choosing h; = h? for all | € N, the above argument shows that, if r > 0 is
sufficiently small, then for every h € II with |h| < r there is at most one v = v(h) € II* such
that h +v € A. So, we can define a function ¢ : Ha N B, — I+ by 9(h) := v(h) for every

h € Hy N B,., and the fact that

W(hll) - w(h?)‘ ’Ul - Ul ’
T T

as | — oo

for any sequences {h;},{h?} C Ha converging to 0 proves that ¢ is Lipschitz on Ha N By,
with Lipschitz constant converging to 0 as 7 — 0. Consequently, there is 7 > 0 such that
¥ : Ha N By — Tt is Lipschitz and valued in By, which proves assertions (i) and (ii). To
conclude, it remains to extend the function 1 : H4 N By — II+ to a global Lipschitz function
W4 : 1IN By — I+ which satisfies (iii).

For every r € (0,7), let A(r) denote the Lipschitz constant of ¢ on H4 N B,., and recall that
A(r) = 0asr — 0. Let ¢1,...,1¥_q denote the coordinates of 1. For every r € (0,7), each
coordinate v; is a A(r)-Lipschitz function from H4 N B, onto R. For every j =1,...,k—d and
any integer | > 1, we define 1/1é- (I — II+ by

’L/Jé(l‘) = min{wj(y) +A27F) |y -zl [y € Han 32715} Va e P.
It is easily checked that the function ’L/Jé- is )\(27ZF)-LipSChitz on II for any j,!, and moreover

L=1;  on HaN Byiy. (3.2)
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Let {I;};>1 be the sequence of intervals in R defined by
Il = (2—l 17 21 l )

The family {I;} forms a locally finite covering of the open interval (0,7). Let {p;} be a smooth
approximation of unity in (0, ) associated with the covering {I;} such that

lpi(r)] < 02, (3:3)

for some constant C' > 0 independent of /. Finally, define the function ¥ = (\Ill, ceey \Ilk,d) :

) :Zpl+1(|x|)w§-($) VeellNnBr, j=1,...,k—d.

We claim that ¥4 :

satisfies |z| € (2 r

U atlsﬁes assumption (iii). Indeed, consider first a point € By which
—1F 2

1y, ) for some integer [ > 2. Then

pa(le) =0 Vg - LI}

so that by (3.2) we get

Uy (x) = pi(la) ¢ (@) + prer (J2) 0l (@) = (or(|2]) + prea (12])) ¥ (2) = ().
By the arbitrariness of x, this gives
U= on Ha N By (3.4)

In addition, if * € By N {27717 < |z| < 27%F) is a point at which all functions 1/1é- are
differentiable (since all functions 1/)5— are Lipschitz, by Rademacher’s Theorem almost every
point satisfies this assumption), then for any vector h € R? we have

(V). h) = pp(|2) (VS (@), B) + pres (J2]) (Vi (@), )

/ -1 / T l T
LA ()ule)

|| ||

Using (3.3) together with the fact that wl is A(27'7)-Lipschitz and satisifies 1/11( ) =1(0) =0,
we obtain

[VO,(2)] < ARV + A27) + 02N (2 ) 2] + 02N (270 [«
< ARV +A(27) + CrA(21F) + 207A(27TF)
< A2V (2 +307).

Hence, recalling that A(21~ L ) — 0 as | — oo, we conclude that ¥ 4 := U satisfies assertion (iii)
on B,,, with rg = 7“/4 O

We are now ready to prove our constrained version of the Mai Lemma. We assume that a
countable family of ellipsoids {£;} in R¥ is given, and that A C R¥ is a compact set having the
origin as a cluster point. If 74 > 0 and U4 : IIN B,., — I+ are given by the previous lemma,
we set

P = graph(Va) = {h+Wa(h) | h TN B, }.

Recall that L4 : [0,74) — [0, 400) denotes the Lipschitz constant of ¥ 4|p., and that L(r) — 0
as r — 0. The following constrained version of the Mai lemma holds:
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Lemma 3.4. Let N > 2 be an integer. There exist a real number p > 3, an integer n > 3,
and a radius 7 € (0,74), depending on the family {E;}, on N and on the function L4 only,
such that the following property holds: For every r € (0,7) and every finite ordered set Y =
{y1,...,y7} CR¥ such that Y C A and Y N B, contains at least two points, there are n points
U1y, 0y in R¥ and (n — 1) positive real numbers 1, ...,7y_1 satisfying:

(i) there exist j,l € {1,...,J}, with j > 1, such that j1 = y; and @, = yi;
(i) Vie{l,...,n}, 3 €TaN Bp;
(iii) Vie {1,...,n—1}, Ei(4;,7;) C Bpr;

(iv) Vie{l,....,n =1}, Ei(9:,7) 0 (Y \ {y;,w}) = 0;

(v) Vie{l,...,n—1}, §ir1 € Ei(§:,7/N);

(vi) Vie{l,...,n—1}, #; > dist;(9;,Y) /4.

Proof. For every i, let P; : RF — R* be the linear map associated to the ellipsoid E;, and let
P; : II — P;(II) be the restriction of P; to II. Since P; is invertible, P; is an invertible linear
map from IT ~ R? into P;(IT) ~ RY. Define the countable family of ellipsoids {E;} in IT ~ RY
by

Bii={neP||Pm)| <[P}
where le || denotes the operator norm of P;. Let us apply the refined Mai Lemma 3.2 in IT ~ R?

with the family {£;} and N := 4N. Then, there exist a real number g > 3 and an integer n > 3
such that all properties of Lemma 3.2 are satisfied. Set

pi= max{(2+ HPZ_IHHRH)E [i=1,...,m— 1}.

We want to show that if # € (0,74) is small enough, then assertions (i)-(vi) above hold.
Let Y = {y1,...,ys} be a finite set in R¥ such that Y C A, and Y N B, contains at least
two points for some r € (0,7), where # will be chosen later. For every j =1,...,J we set

xj = Projn(y;).

Then the set X = {x1,...,2;} is a finite subset of II such that X N (II N B,) contains at least
two points. Hence we can apply Lemma 3.2 to find n points z1,..., 2, € Il and (n — 1) positive
real numbers 7, ...,7,_1 satisfying:

(a) there exist j,0 € {1,...,J}, with j > [, such that z; = z; and 2z, = ay;
(b) Vie{l,...,n—1}, Ei(2,7) C Bp;

(c) Vie{l,...,n—1}, Ei(z,7) N (X \ {zj,z}) =0

(d) Yie{l,...,n—1}, zis1 € Ei(z,7:/(4N));

(e) Vie{l,...,n—1}, 7 > ﬁi(zi,X).

Here dist; : R? — R denotes the distance function with respect to E; (see (3.1)). Note that
property (b) implies
|zi], 7 < pr  Vi=1,...,n—1. (3.5)

For every i € {1,...,n} we set

AL
2| Bl

i =2z +Va(z) and 7 :=
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We now show that, with these choices, all assertions (i)-(vi) hold true.

First, if # is such that pr < pf < ra, then each §; belongs to I'4, so that (i) and (ii) are
satisfied. Moreover, taking 7 smaller if necessary, we can assume that W 4 is 1-Lipschitz on Bss.
Hence, if y € R* belongs to F; (3}1,72) for some ¢ € {1,...,n — 1}, using (3.5) we get

lyl < |y — 8| + 5|
< NBTHIP(y = 5:) | + 212l
< e

IN

(EAT- = _
S 1P+2r

IN

(17 1B+ 20) r <

so that also (iii) holds true.
Let us now prove (iv). We argue by contradiction and we assume that there exists a point
Ym, with m & {j,1}, which belongs to EZ(QZ,f’Z) for some ¢ € {1,...,n — 1}, that is,

|Piym = 90)| < 7ill 2l (3.6)
We now observe that the points ¢; and vy, can be written as
Ui = zi +Wa(zi) and  ym = zm + Y a(zm),

for some z;, xym € 11 satisfying

Therefore (3.6) gives

|Pi(xm = 2i)| = |Pi(zm — 2)]
Py(ym — 9i) — Pi(Wa(zm) — Talz))|

< Al Bl P YA () = Walzi)]
< AP+ IPIL() o — =]
< SR+ NRE @A) B | Pr(am — =)

which implies

— 7’1/

Pi(xy —z;)| < — p— Fill.
Pian =201 < sz gmimmee P

Consequently, if # > 0 is chosen sufficiently small so that
LA PP <1/3  Vi=1,...,n—1, (3.7)

then }]51- (zm — zz)| < (373—/4) ||PZH, which means that the set X\ {z;, z;} intersects the ellipsoid
E;(z;,37;/4), a contradiction to (c). This proves that if # is small enough, then assertion (iv)
is satisfied.

We now observe that, due (d) and the fact that ||P;|| < ||P;||, for every i =1,...,7—1 we
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have

|Pi(zit1 + Wal2ie1)) = Pi(2i + Va(2))|

|Pi (i1 = 90)]

< ’P(zl+1—zl’+‘ (W alzier) — Walz)]
= (59) 211 — ]

= Gl 1H}P(zz+1 =)
- (o7)|1P;

< (LR ).

Hence, by (3.7) we get
2 7
Pi(9iv1 — 0:)| < —= il Bl < =[5l
[Puiier =30)| < SR < IR
that is, the point ¢;4+1 belongs to the ellipsoid E; (gi, fZ/N) for every i = 1,...,n — 1, which

proves (V).
Finally, fix i € {1,...,7— 1} and choose x,, = Zy,(;) € X such that

d; := dist;(z;, X) = dist;(2;, x,) = inf {r >0|am € Ei(z,r)} )

Recall that §; = z; + U a(2;) and yp, := Ty + Y a(z,,) belong to Y. In addition

PG —ym)| = |Pi(zi+ Wa(z) =Pi(@m + Va(zm))]
< |P1(Z7, — xm)‘ + |H(\I/A 2;) — \IIA(xm))‘ (3.8)
< &i||Bi|| + L(p?) |1 Pl 20 — @
< dil| Bl + L(pP) 1P |95 — yom],
so that
(9 =ym| < [PTHI1P (G = ym)|
< BB+ 2RI = v ).

Hence, if # > 0 is small enough we get

&i|| P2
— L(pA)|| P12~

which combined with (3.7) and (3.8) gives

< 2d;|| P

|\Pi(9i — ym) | < dil|Pi|| + L(o7) | Pill] G — ym]| < Ji(l + 2L(ﬁf)||H|\"R_1")"R]‘ < 2di|| Bi|.
Thus by (e) we obtain

Pi(gi —y)| _ 24| B _ 2ri]| B

o }
dist; (9;,Y) < < <
(5:Y) 2] 2] 1]

= 47,

which yields (vi) and concludes the proof. O
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4 Proof of Theorem 1.1

4.1 Introduction

Let H and L be a Hamiltonian and its associated Lagrangian of class C*, with k > 4, and let
e € (0,1) be fixed. Without loss of generality, up to adding a constant to H we may assume
that ¢[H] = 0. We proceed as in the proof of [8, Theorems 2.1 and 2.4]: our goal is to find a
potential V : M — R of class C*~1 with ||V c2 < ¢, together with a C! function v : M — R
and a curve 7 : [0,7] — M with v(0) = v(T), such that the following properties are satisfied:

(P1) Hy(z,dv(z)) <0, Vae M;

(P2) [, Lv(+(),4(t)) dt = 0.

Indeed, as explained in [8, Subsection 5.1], these two properties imply that ¢(Hy ) = 0 and that
~([0,T1]) is contained in the projected Aubry set of Hy . Then, from this fact the statement of
the theorem follows immediately by choosing as a potential V' — W, where W : M — R is any
smooth function such that W =0 on I', W > 0 outside T, and ||W||c2 < € — ||V || c2-

As in the proof of [8, Theorems 2.1 and 2.4], we can assume that the Aubry set A(H) does
not contain an equilibrium point or a periodic orbit (otherwise the proof is almost trivial, see
[8, Subsection 5.1]), and we fix Z € A(H) as in the statement of Theorem 1.1. By assumption,
we know that there is a critical subsolution u : M — R and an open neighborhood V of O (Z)
such that u is at least C**1 on V. We set p := du(z) and define the curve ¥ : R — M by

() =" (qﬁf’ (56,13)) VteR.

4.2 A review on how to close the Aubry set

In this subsection we briefly recall the construction performed in the proof of [8, Theorem 2.1],
in particular the arguments in [8, Subsection 5.3].

Given € > 0 small, we fix a small neighborhood Uz C M of Z, and a smooth diffeomorphism
0z : Uz — B™(0,1), such that

0:(1) =0, and dbz(z)(7(0)) = e1.

Then, we choose a point §j = J(t) € A(H), with > 0, such that, after a smooth diffeomorphism
05 : Uy — B™(0,2), 05(y) = (7,0,—1) and all assumptions (Al)-(A4) of Subsection 2.1 are
satisfied at (7,0,-1)*. We denote by @ : B"(0,2) — R the C**! function given by @(z) :=
u(0;*(2)) for = € B"(0,2), and by H : B"(0,2) x R® — R the Hamiltonian of class C*
associated with the Hamiltonian H through #. Finally, we recall that II° is the hyperplane
passing through the origin which is orthogonal to the vector e; in R™, 119 := II° N B"(0,r) for
every r > 0, and II” := II° + ey, where 7 € (0,1) is small but fixed.

We now fix ¥ > 0 small enough, and we use the recurrence assumption on z to find a time
Ty > 0 such that 7 (¢% (z,du(x))) € 67" (II2). Then, we look at the set of points

W= {wo = 0z(7), w1 := Hj(ﬁ(tll)), e wy =0z (ﬁ(TF))} CI°NAC T ~R! (41)

(see [8, Equation (5.18)]) obtained by intersecting the curve

0,77 5t — F(t) := 7" (¢ (7, du(z)))

4As shown in [8, Subsection 5.2] such a point always exists, see also Subsection 5.2 below.
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with 07 (113 , ),

5.2]). We also consider the maps ®; : Hgi — Hg /2 corresponding to the i-th intersection

of the curve ¢t — 7* (d){{(@;l(w),du(@gl(w)))) with 9;1(1_12/2) (see [8, Equation (5.14)] and
thereafter). Under our assumptions here, all the maps ®; are C'. Hence, we define the ellipsoids
E; associated to P, = D®;(0,—1), and we apply the classical Mai Lemma 3.1 to X = W with
N ~ 1/e. In this way, we get a sequence of points Wi, ..., W, in Hgf connecting w; to w; (see
[8, Subsection 5.3, Properties (p5)-(p8)]), where p > 3 is fixed and depends on € but not on 7.

where 7 < § < 1 (more precisely, § € (0,1/4) is provided by [8, Proposition

Then, we use the flow map to send the points egl(wi) onto the “hyperplane” Sy := 95_1 (Hg/Q)
in the following way (see [8, Subsection 5.3, Figure 5]):

7 =05 (i), zi=P(E), = 05(Ri(din)),  F=P(F), (4.2)
where P is the Poincaré mapping from H?/Q to II7 (see [8, Lemma 5.1(ii)]).

Applying now [8, Proposition 5.2], we can find C-small potentials V;, supported inside some
suitable disjoints cylinders (see [8, Subsection 5.3, Property (p9)]®), which allow to connect z?
to Z; with a control on the action like in Proposition 2.1(v), for some small constants o; still to
be chosen. Then the closed curve 7 : [0,t¢] — M is obtained by concatenating v : [0,t,] — M
with 7o : [t tf] — M, where

Ya(t) := 7" (qﬁf{{n (9;1(22), du(@;l(zg)))) connects 9;1(22) to x,

while 7, is obtained as a concatenation of 21 — 1 pieces: for every i = 1,...,17 — 1, we use the
flow (¢, 2) P—>~7T* (¢ (2,du(z))) to connect 0; ' (z) to 0;'(Z;) on a time interval [£;, #; + T/],
while on [0,71] and on [t; + T/, t;41] (i = 1,...,m — 1) we just use the original flow (t,z) —
7 (¢ (2,du(z))) to send, respectively, 07 ' (1) onto 0; ' (2?) and 0" (%) onto 05" (29,). (See
[8, Subsection 5.3] for more detail.) Moreover, as shown in [8, Subsection 5.4], one can choose
the numbers o; so that

o3| < KalZ — zi|* < 2Kq|2) — 20 (4.3)
(here K5 := ||@||c2(B(0,2)), see [8, Equations (5.27) and (5.28)], and we used that P is 2-Lipschitz,
see [8, Lemma 5.1(ii)]), and

T
/0 Ly (3(t),4(t)) dt = 0

(which corresponds to property (P2) above).

Finally, using the characteristic theory for solutions to the Hamilton-Jacobi equation to-
gether with the estimates on the potential V', one can add another small potential, which
vanishes together with its gradient on 7, so that one is able to construct a C1>! critical viscosity
subsolution of Hy < 0 as in (P1) above, see [8, Subsection 5.5]. This concludes the argument
in the proof of [8, Theorem 2.1].

4.3 Preliminary step

The above construction works well for instance when we have a critical subsolution which is
a C? solution to the Hamilton-Jacobi equation in a neighborhood of the positive orbit O (i)
(see (1.2)), since we can control the action along all curves t — 7*(¢f (z, du(z))) in terms of
u when z is close to T (see [8, Paragraph 5.4]). However, since now we only have a smooth
critical subsolution, we want to apply a refined version of the strategy used in [8, Theorem 2.4]:
we define the nonnegative C*-potential V : V — R by

Vo(z) == —H (2, du(x)) Ve eV,

5This is the analogous of property (712) in Subsection 4.4 below.
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so that w is a solution of
H(z,du(z)) + Vo(z) =0  Vaze)l. (4.4)

As in the proof of [8, Theorem 2.4] (see [8, Subsection 6.1]), the idea is to use the argument
described in the previous subsection to find a small potential V. which allows to close the orbit
O™ (z) (since it belongs also to “the Aubry set of the Hamiltonian H + V;”%), and then to
replace Vo by another potential V4 : M — R, which has small C2-norm and such that “the
Aubry sets of H + Vy + V. and H + Vi + V. coincide” (see [8, Subsection 6.2]). In order to
be able to apply this strategy in the current situation and to construct such a potential V7,
we will need to refine the argument described above in order to obtain finer properties on the
“connecting” curve ;.

Let us recall that, by the proof of [8, Theorem 2.1] outlined above, fixed ¢ > 0 small, for
any small radius ¥ > 0 there exist an open set & = Uy C V, a potential V, : M — R of class C*,
a function v : M — R of class C1'1, and a closed curve 7 : [0,t¢] — M, such that v is obtained
concatening two curves

Yt [O,fn] — M and ~»: [fn,tf] — M,

and, moreover, all the following properties are satisfied (recall that ['; := ﬁ([O, f,]}) for some
suitable time ¢,, > 0, see the proof of [8, Theorem 2.1] and [8, Subsection 6.1] for more details):

71) Vel e < €/2.

Assume for a moment that Vj is defined everywhere on M. Then, as we explained above, this
implies that the closed curve v : [0,tf] — M belongs to A(H + Vj + V). However, although
V. is small in C?-norm, there is no reason for ||V0||Cz(v) to be small. This is why we have to
replace it with a potential V7 as described above. In [8, Subsections 6.2 and 6.3], the above
properties (71)-(77) were sufficient to construct such a V; when M is two dimensional, but in
this case they are not enough. Indeed, (77) tells us that ~; is close to a set T'y which we know to
be included in the projected Aubry set of H (since Z, and so the whole curve 7, are contained
in A(H)).

Since T is recurrent, in the two dimensional case this information allows to deduce that Vj is
very small, together with its derivative up to order 2, on 7 (see [8, Equation (6.2) and Remark
6.2]). Then, this fact together with the fact that Vj vanishes with its gradient on -, (since 2
in contained in A(H)) allows to replace Vj with a new potential V; as above.

Unfortunately, in higher dimension (77) is not enough: even if we know that ~y; is close to
a set I'; where 1} vanishes, this does not allow to get a control on all second derivatives, but
only in the directions which are “tangent” to the Aubry set. Hence, it is important that the
connecting curve y; “almost” belongs to such directions.

For this reason, in the next subsection we will use our “constrained” results proved in
Sections 2 and 3 to slightly modify the argument outlined in Subsection 4.2 and get a refined
version of property (7). Then, an improvement of [8, Lemma 6.1] (see Lemma 4.1 below) will
allow to conclude as in [8, Theorem 2.4].

SNote that, since Vj is well-defined only on V, the Hamiltonian H + Vj is not defined on M.
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4.4 Refinement of connecting trajectories

The goal of this subsection is to use Proposition 2.1 and Lemma 3.4 to slightly modify the
argument in the proof of [8, Theorem 2.1] and get a refined version of (77).
With the same notation as in Subsection 4.2, set

A= 0, (A(H) muj) A9 ¢ 1,
By assumption, the origin is a cluster point of A. As in Section 3.3, we define the paratingent
space to A at the origin as

IT :=TIp(A) = Span {Hm Ui Wi | lim v; = lim w; =0, v; € A, w; € A, vi#ini}.

The vector space II has dimension d > 1 and is contained in II° ~ I_R”_l. Hence, from Lemma
3.3 there exist a radius r4 > 0 and a Lipschitz function ¥4 : IIN B,, — It ¢ I such that,
if we denote by I' 4 the graph of W4, then

(pal) An{(h,v) eI x IO | || <7a,|v]|<ra} CTa.
(pa2) For any r € (0,74), the Lipschitz constant L4(r) of U 4|p, satisfies lim, g La(r) = 0.

Hence, if we first choose 74 < & (with J to be chosen below, and which will be given by
Proposition 2.1) and then 7 < r¢/p := min{ra,#}/p, with #,p as in the constrainted Mai
Lemma 3.4, since the set W defined in (4.1) is contained inside A we can apply Lemma 3.4 to
obtain that all points w1, ..., W, connecting w; = w; to W, = w; belong to the graph I'4.

As a consequence, if for r > 0 small we denote, respectively, by W(r) and Wa(r) the image
under the flow of ng and 'y N ng for 1 laps, that is”,

W(r) = {ﬂ* ((bf] (Ogl(w), du(@_{l(w)))) |w e ng, te [0, Tn(w)] } ,

Walr) = {m* (o (92" (w), du(67 (w)) ) ) w € T NTIG,, ¢ € [0,7,(w)] }
then, by to the construction of v outlined in Subsection 4.2 and (76),
(78) ~1(t) € Wa(F) for every t € [O,fl] U [fl + Tlf,fg] U...U [fn_l + Tnf_l,fn].
(79) For every t € [fn, tf],
Y2(t) € W(rg) = 72(t) € Wa(ro).
(Recall that g = min{ra,#}).

Let us recall that the points 2 and Z; are defined in (4.2). In particular, since 6% (w; ), 0% (w,) €

A(H), there holds:
(710) 05(27),05(20) € A(H).

As explained in Subsection 4.2, in the proof of [8, Theorem 2.1] the two states (27, Va(z{)) and
(Zi, Vﬂ(il)) are connected using [8, Proposition 5.2] for every ¢ = 1,...,n7 — 1. Here, we need
the connecting trajectories (seen in R™) to stay very close to the graph W, (7). To this aim,

"Here, according to the notations of the proof of Theorem [8, Theorem 2.1] (see in particular [8, Equation
(5.14)]), T, denotes the n-th Poincaré time mapping 7 : Hgn — (0, +00), i.e., 7(0) is the 7-th time when the

curve t — ¢f? (Z, du(z)) intersects the hyperplane 9?;_1 (I12,.) (recall that z = 65 *(0)), and

0
5/2

¢£{n(z)(z,du(z)) € 9;1 (Hg/2> vzeor! (H?ﬁ) .
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o(1z - 20 P)

Figure 1: By using Proposition 2.1, we can connect z? to Z; using a trajectory which almost belongs to
the “surface” spanned by the original trajectories, and then we compensated the action by remaining
in a O(‘é}? - z?‘Q)—neighborhood of the second trajectory.

since H + Vj is of class C* with k > 4, we can apply Proposition 2.1: for every i =1,...,n—1
we denote by ¢; : [ti, t; + Tif} — B™(0,2) the connecting trajectories of class C*~!provided by
Proposition 2.18, and we set

mn(t) =07 (ci(t))  Vte [iif+T]].
Thanks to Proposition 2.1(vi) and the bound on the constants o; provided by (4.3) we get:
(711) There exists a uniform constant K > 0 such that, for every i =1,...,n— 1,
e(t) e RIUBE  Vte [hi,ti+T/],

where R} and B? are defined as

3

RE = R( (20 du(=0)s (20, du(20)); K |20 20" ) n €',

B2 = B((E?,dﬁ(%?));K |20 - zg|2) ne2,
with R, B,E, €2 as in (2.6)-(2.11).

Moreover, for ¥ small enough, Proposition 2.1(i) gives that the C*Fl-potential V. : M — R
used to connect the trajectories satisfies:

(712) Supp(Ve 00, ") C U?;ll C" C W(ro), where
C' = C((z?, Va(zio));r(z?, Va(z?)),ﬂ-),

with #; € (0, p7) the radii provided by Lemma 3.4.

Recall now that N ~ 1/e. More precisely, we can choose N € (K/e, Ke +1) NN with K a
sufficiently large constant (see [8, Equation (5.16)]) so that, thanks to Lemma 3.4(v)-(vi), each
radius 7; satisfies:

(713) |20 — 20| < ;€ and #; > dist(z), Z)/8, where Z := {z =(0,%) € Hgf 10,1 (2) € A(H)}

P =

We also recall that, by construction of v; and ~,, there holds (see [8, Subsection 5.3, Claim 2]):

(#14) (32 ([Fast7]) U3 ([0,02]) U UL o ([Fs + T Bisa] ) ) 107 = 0 forall i = 1,y = 1.

8When applying Proposition 2.1 we get a potential V; of class C¥~1, so the Hamiltonian trajectories are of
class CF~1 as well.
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4.5 Modification of the potential V; and conclusion

In the previous subsection we found a potential V. and a closed curve 7 : [0,t¢] — M such
that (71)-(714) hold, and + is “contained in the projected Aubry set for H + V + V.7 (this is
a bit informal, since Vj is only defined on V). As we already said before, although V¢ is small
in C?-norm, there is no reason for H\/bH o) to be small. The idea is therefore the following:
first of all, by choosing 7 sufficiently small we can ensure that the curve -y is as close as we want
to A(H) (see (77)). Now, since Vy > 0 vanishes on A(H), we can ensure that both Vj and
VYV, are small in a neighborhood of v. Moreover, since V; attains its minimum on A(H), the
negative part of V2V; can also be made as small as we wish. The strategy is then to find a new
potential V; : M — R of class C*~! such that the following properties are satisfied:

(715) ||[Vi]| e < €/2.

(716) Vi(z) < Vo(z), for every z € V.

(717) Vi(x) <0, for every z € M \ V.

(718) Vi(v(t)) = Vo(v(t)), for every t € [0,ty].

Assuming that we are able to do this, Theorem 1.2 follows as in [8, Subsection 6.2]. Hence we
are left with the construction of V7, which we perform in the next subsection.

4.6 Construction of the potential V)

In this section, since the construction is already very involved, in order to avoid notational
complications which may obscure the ideas behind the construction of V;, we perform some
change of coordinates. Since H is of class at least C*, u of class at least C**1, and Vj is of class
C*, the flow map (t, z) — ¢ (z, du(z)) is of class C*~!. Hence, fixed a small radius 79 > 0, we
can construct a C*~1 diffeomorphism ® from W := {z |dist(z,T1) < ro} to (0,n) x BL~! C R",
depending on e and rg, so that we reduce to the following simplified situation®:

(71) 1 is a segment of the form
[y o= {(t,0,-1) [t € [0,n]}.

(72) W is a long thin cylinder along T'y, that is, W := (0,T) x B,,.

9The diffeomorphism ® has to:
- transform a finite number of integral curves into straight lines, see (7#1);

- for ¢ € [4,i+4 1/20], let the connecting trajectory from z) to Z; lie in the rectangle [¢,+ 1/20] X [v;, vi11],
see (4) (compare with (xi) above, where the trajectory lies in R;).
This can be done, for instance, by first straightening the trajectories of (¢, z) — ¢ (z,du(z)) with the inverse
of the flow map (which will be of class C*~1) and then modifying the connecting trajectory to make it lie in a
plane (though the construction is a bit tedious).

There is, however, a simple possible way to avoid this construction, which has as the only drawback the need
for H to be of class C* with k > 5, and to finally produce a potential of class C*~2, instead of C*~1 (which,
however, is irrelevant for the purpose of proving the Mafié conjecture in C'-topology). This amounts to repeat
the argument in Proposition 2.1 by:

- First, use a C* diffeomorphism ® to transform the integral trajectories starting from z! and z? into
straight segments.

- Then, connect the straigthened trajectories using the same formula as in the proof of Proposition 2.1 (i.e.,
considering a convex combination of them as in (2.18), and then reparameterizing the time as in (2.20)).

Observe however that, since ® is C*, the transformed Hamiltonian will only be C*k—1 (since the p-variable
transforms through d®), and so the potential provided by Proposition 2.1 will be only of class C*~2.
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(#3) The points 2?, z0 and Z; from the previous subsections are given by
z) = (i,v:), Z) = (i,vi41), Z = (i+1/10,vi11),
for some sequence vy, ..., v, € BZF_I c R 1,

(74) The set T'y := 71 ([O, f,]}) has the form

Iy =1y U ( U 1Ii) U ( U 101-),

where

Io:=1[0,1] x {v1}, I :=[i+1/10,i+ 1] x {vis1}, i=1,...,n—1,

Ci 1= ci(liyi +1/10]) < {(5,0) | s € [i,i +1/20], v € [vi,vi11] }
U ( U B ((vaiJrl)aK"UiJrl - Ui|2))7
s€li+1/20,i4+1/10]
where ¢; are the (constrained) connecting curves (which are of class C*~1).

(#5) For any r > 0 small, the set W, (r) has the form

Wa(r) = {(t,w) |weTla ﬂﬂgs, te [0,77]}.

(#6) 20,20 € S(F) N {Vp = 0} (thanks to (710)).

(#7) There exist radii 7; > 0 such that, foralli =1,...,n—1,
Bn_l(’l)i,Ti) C Bgf_l, r; > dlst(’U“Z)/8, |’UZ'+1 — ’Ui| < ;—;,

where Z := BJ'"' N {Vy = 0} (by (713), for € small enough).

(78) The curve -y, never intersects the set

Q= U( U 5 (s0)m))

=1 “s€li,i+1]
(as a consequence of (714)).

We further remark that, since the function g := Vg o ®~* is of class C*~! (with k — 1 > 3),
nonnegative, vanishes on I'y, it satisfies:

(79) For all (t,w) € W, there holds:
|g(t,w)| < K'lwl?,  |Vg(t,w)| < K'lw|, Hess g(t,w) > —K'|w|I,,
for some constant K’ > 0, which depends on ¢ but not on 7.

Moreover, by definition of II as the paratingent space of the projected Aubry set at Z in the
direction orthogonal to I';, thanks to (#5) above it is easily seen that the paratingent space of
A(H) at every point of z € I'; in the direction orthogonal T'; coincides with IT. Hence, since
V1, is at least C? and vanishes on the Aubry set, Hess ¢ vanishes in the directions of II along
'y, which gives
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#10) ||Hess g(t,w) || < K'|w| for all (t,w) € W.
\

As observed above, the diffeomorphism ® depends on e and 1y, which are small but fixed
constants. Hence, if now we are able to construct a compactly supported potential G : (0,7) X
B! — R which satisfies the analogous of (716)-(718) above and with a C?-norm as small as
we wish, then V; := G o ® will satisfy (715)-(718).

Now, if IT = R"~1, then (710) corresponds to [8, Equation (6.2)] with g in place of Vo and
w(r) = K'r. So, the construction of V; becomes the same as in the two dimensional case and
we easily conclude by [8, Lemma 6.1]. On the other hand, if dim(II) € {1,...,n — 2} then the
construction of ¥ relies on the following result, whose proof is postponed to Appendix A:

Lemma 4.1. Given n > 3, real numbers ro, K > 0, and an integer n > 3, consider the cylinder
C :=[0,n] x B;}O_l. Let g : C — R be a nonnegative function of class C* with 1 > 3, 11 C R"™! be
a vector space of dimensiond € {1,...,n—2}, I+ its orthogonal in R"~1. Let ¥ : HﬂBﬁo — It
be a Lipschitz function whose graph is denoted by T', and whose Lipschitz constant on 11 N BY
is denoted by L(r), for every r € (0,19). Assume that L(r) — 0 as r — 0, and there exists a

positive constant K such that

|Hess g(x)n|| < Kr Vo e[0,n] x B™ ! re(0,r) (4.5)
Hess g(x) > —Krl, Va e[0,n] x B™ Y r e (0,7). (4.6)
Define the set Z € Bf{;l as
Z .= {v eBX'NTg(s,v)=0 Vse [O,n]}.

Then, for every €', K' > 0 there exists a (small) radius r > 0 such that the following holds: For
every set of points vi,...,v, € R™ 1 such that

vi,v ECNZNBMT V2. vp—1 €T N BITY (4.7)
and every set of real numbers ri,...,rp—1 € (0,7) such that
B" v, r) € BPY, (4.8)
r; > dist(v;, Z) /8, (4.9)
|’Ui+1 — ’Ui‘ < Ti/32, (410)
and every set of C' curves {c1(+),...,cp—1(-)} with

a() : [i,i+1/10) — C
satisfying
|éi(s)| <K' Vse [i,i+1/10], (4.11)

ci(i) = (i,v:), ¢(i+1/10) = (i +1/10,vi41), (4.12)

and
Cii=c([ii+1/10)) € { (s,0) [ s € [i,i +1/20], v € [v5,v41] }

U( U B ((s,0041), Klois = wi|’)), (4.13)

s€(i+1/20,i41/10]

there exists a function G : C — R of class C* such that:
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(a) Supp (G) CC;

() IGllc2(c) < €5

(c) G(x) < g(x) for every x € C;

(d) G(z) = g(zx) for every x € S C C, with

S:10u< U IZ->U< U Ci>,

i=1,..m—1 i=1,..m—1
where Iy :=[0,1] x {v1} and I; := [i + 1/10,i+ 1) X {vi41} for everyi=1,...,n—1;

(e) G(z) =0 for every x € ([0,n] x Z) N (([0,n] xT) \ Q), with

0= U( U 5 ((s.0).)).

i=1 Nse[0,)

Let us remark that properties (¢) and (d) imply that VG = Vg on S, while (e) ensures that
G = g = 0 on 7, (compare with (77) above). Hence, by choosing ¢ in (b) sufficiently small
and defining V4 := G o ®, we obtain a potential which satisfies (715)-(718). This concludes the
proof of Theorem 1.1.

5 Proof of Theorem 1.2

As already explained at the end of [8, Section 2], the rough idea of choosing a time T > 1 such
that 7* (¢¥ (50, du(i))) is sufficiently close to Z, and then “closing” the trajectory in one step,
does not work if one want to use a potential which is small in C? topology. However, since now
we only want the C' norm of V to be small, we can use this strategy. Hence, as we will see, the
“connecting part” of the construction becomes much easier (in particular, we do not need to
use Mai Lemma). On the other hand, the construction of a critical subsolution becomes more
involved. Indeed, since now we do not control the C? norm of the potential V' that we use
to connect the orbit, the Hamilton-Jacobi equation associated to H + V may have conjugate
points along the connecting trajectory. In order to prevent this, we will add a second potential
which has the feature to make the characteristics fall apart, so that regularity of solutions to
the Hamilton-Jacobi equations propagates on some uniform time interval, see Lemma 5.5(vi).
Thanks to this result, we will be able to construct a global critical visocsity subsolution, which
will allow to conclude the proof.

5.1 Introduction

Let H : T*M — R be a Tonelli Hamiltonian of class C*, with k > 4, and let € € (0,1) be fixed.
Without loss of generality, up to adding a constant to H, we can assume that ¢[H] = 0. Let L
denote the Lagrangian associated to H. As in the proof of Theorem 1.1 (see Subsection 4.1 and
[8, Subsection 5.1]), it suffices to find a potential V : M — R of class C*~2 with ||[V||c1 < ¢, a
continuous function v : M — R, and a curve v : [0,T] — M with v(0) = v(T), such that the
following properties are satisfied:

(P1) v is a viscosity subsolution of Hy (z,dv(z)) =0 Vz € M.

(P2) [y Lv(+(t),4(t))dt = 0.
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From now on, we assume that the Aubry set fl(H ) does not contain an equilibrium point or a
periodic orbit, and we fix Z a recurrent point of the projected Aubry set'®. We also fix, thanks
to Bernard’s Theorem [2] (see also [8, Subsection 1.2]), a critical subsolution u : M — R of
class C11. Moreover, we set p := du(z) and define the curve ¥ : R — M by

3(t) =" (¢f (:E,ﬁ)) VteR.

5.2 Preliminary step

As in [8, Subsection 5.2], we claim that there is a time ¢ > 0 such that

Lo @)}, = @nl3).50) 20 o)

Indeed, arguing by contradiction and assuming that

one obtains

T
W(H(T)) - u@) = u(AT)) — u(3(0)) = /O (du(3(0),5(t)) dt < —co <0 YT >1,
which is absurd since Z is recurrent.

We now proceed as in the proof of [8, Theorem 2.1]. We set § := J(f) and fix 7 € (0, 1).
Note that 7 is a recurrent point of A(H), and there exist an open neighborhood Uy of § in M
with Z ¢ Uy, and a smooth diffeomorphism

97; . Z/lfg — B"(O, 2),

such that

05(9) = (7,0,-1) and (dfy(7),7(?)) = e1. (5.2)
Denote by II° the hyperplane passing through the origin which is orthogonal to the vector e;
in R” and set

0 :=r7e; +11I° M2:=1°NB"0,r), ] :=1II"NB"(re1,r) VreR, r>0. (53)

The Hamiltonian H : T*M — R is sent, via the smooth diffeomorphism 6y, onto a Hamiltonian
H of class C* on B"(0,2) x R", and the critical subsolution u : M — R is sent via §; onto the
C11 function @ : B"(0,2) — R,

u(z) == u(0;"(2)) Vz e B"(0,2),

Y

which is a C! subsolution of the Hamilton-Jacobi equation associated with H, that is,
H(z,Vu(z)) <0  Vze B"(0,2). (5.4)

We set

A= 0, (A(H) mug).

10Since the Aubry set is a compact invariant set which is invariant under the Lagrangian flow, it necessarily
contains recurrent points. Indeed, one can use for instance Zorn Lemma to find a minimal invariant subset, and
then minimality implies that all orbits are dense in such a subset.
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We observe that the Hamiltonian H can be seen as the restriction of a Hamiltonian H
defined on R™ x R™ satisfying (H1)-(H3). For every z° € II{, let us denote by

(Z(~;zo),Q(~;zo)) : [0,400) — R™ x R™

the solution of the Hamiltonian system

{ i

Vo (2(t).q(t))

on [0, +00) satisfying

2(0)=2° and ¢(0) = Va(z").

Observe that, by (5.1) and (5.2), Q(0,05(y)) = e1 and (A4) holds. Moreover, by taking
7 € (0,1/10) sufficiently small, we may assume that Z(¢;2°) belongs to B™(0,2) for every
29 €11Y and t € [0,57], and that the Hamiltonian trajectory

(20),00)) = (2(-300),Q(+:00) ) = (653t — T+ 7)), (do, 05470 ) "du(3(t — F+ 7)) )
6

)

7)
(5.
satisfies (A1)-(A4) over the time intervals [7,37/2] and [37/2, 27] (see (5.1)).
For every 0 < a < b, let us denote by H, y the vertical slice defined by

Hiap) = {Z = (#1,2) €R" |21 € [a,b]}-

Up to reducing again 7, we can also assume that the following holds!!:

Lemma 5.1. The following properties are satisfied:
(i) For every T € (0,57], the Poincaré time mapping T : H?/Q —R
Z(T:(2");2°) = n* (qﬁTHT(ZO)(zO, Va(zo))) eIy V20 eI,
is well-defined and of class C*~1;
(ii) for every T € (0,57, the Poincaré mapping P, defined by
P H(l)é2 — 17
z

—  P(2Y) = Z(Tf(zo);zo)
is 2-Lipschitz;

(iii) the following inclusion holds for every T € (0,57]:

{Z(t )| €My, t e [O,TT(zO)}} C [0,7] x B"1(0,_1,1/2);

(iv) the viscosity solution @y to the Dirichlet problem

H(z,Vig(z)) =0 in € B"(0,1) NHg 57,
o =1u on 119,
is of class CLL.

(5.7)

In the next section we state a series of lemmas which are crucial for the proof of Theorem
1.2. The proofs of some of them are postponed to Appendix C.

details about the method of characteristics.

M Property (iv) is a consequence of the results proved in [4]: it states that the solution of (5.7) obtained by
characteristics is locally of class C1>! (since @ is itself of class C1:1). We refer the reader to [3, 4, 13] for more
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5.3 Preparatory lemmas

Our first lemma follows from [1, Remarque 6.3.3]. It states that, given a finite set of points,
we can always find two of them which are “far enough” from the others. For the sake of
completeness, we provide its proof in Appendix C.1.

Lemma 5.2. Let r > 0 and Y be a finite set in R™ such that B,;1o N'Y contains at least

two points. Then, there are y1 # yo2 € Y such that the cylinder Cylé/3 (yl;yg) (see (2.31)) is
included in B, and does not intersect Y\ {yl, yg}.

As in Subsection 2.3, for every pair 2{ = (0,27),29 = (0,29) € H(lJ/8 and every A >
0,7 € (0,57], we define the cylinders Cylf\(m—f](z?;zg), C[/\QTT] (29;29) along the trajectories
Z(;29),Z(-;23) as

Cylf\ojf] (z?;zg) = {Z(t;zo) |20 =(0,29), 2% ¢ Cylg‘ (2?;58), te [O,TT(ZO)} }
and

Cio,z,) (213 23)

= {Z <t; <Z?J2rzg)> +(0,2)

where the convex set Cyl) (29;29) is defined as in (2.31). The proof of the following lemma is
given in Appendix C.2.

0 0
te {O,Tf <Zl ;22)] se Cylé(é?;ég)}, (5.8)

Lemma 5.3. Given 0 < A\ < Ay < A3 < Ay, if T € (0,1/10) is sufficiently small, then for
every pair 29 = (O, 2?),28 = (0, 2?) € 1_[(1)/8 the following inclusions hold:

O 7301 (21 28) © Cigiry g (2 28) © Cigir, (8 28) © Ol (<15 8).

Given a potential V : R™ — R of class at least C? and T > 0, we denote by
(ZV(~;ZO),Q‘7(~;ZO)) :[0,T] - R" x R”

the solution of the Hamiltonian system

i) = —V.Hy(=(1)q(t) (5.9)

starting from (2%, Vii(2?)). Moreover, we denote by Ay (2°;T') the action of the curve Zy (- 2%) :
[0,T] — R™, that is,

Ap(:%T) = /O : Ly (29 (62°), Zy (:2) ) dt

- [t e e

From Proposition 2.2 applied on [0, 27], and Remark 2.4 applied with , = 7 and 7, = 37/2,
we immediately get the following result:

Lemma 5.4. There are 6 € (0,1/8) and K > 0 such that the following property holds: For
every 29 = (0,2?),28 = (0,2?) € Hg N A, there are TT > 0 and a potential Vy : R* — R of
class C*=1 such that:
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(i) Supp (Vo) € Cylif%, (295 28) N Mz 0

() Vol < K[28 — =8

(i) %] < K

(iv) [TV = T ()] < K |0 - 28);

Hy _ 7 _
(v) qbf}/" (z?, Vu(z?)) = ¢%?(zg)(zS,Vu(zg));
(vi) for any T € [0,7], t € [0, T2-(29)] and ty, € [0,T7] such that Z(t;29), Zy, (ty,; =) € 7,
it holds: }t(/o — t| <K |z? — z8| and
_ 2
[, (5t5,) = A (031) = (Va(Z(6:20)), Zy, (b 20) = Z(620))| < K [0 = =8
(vii) ﬂ(ZVO (7'2.;(28),28)) =u(29) + Ay, (21, TY).
In particular, thanks to (i),
(viii) for every t € [0,TF — Toz(29) + T5:(29)],

Zy, (t; z?) € Cyl[l({%;] (z?; zg)

Unfortunately, though the above lemma is enough to connect trajectories, we will need a
strengthened version of that result which ensures that the viscosity solution constructed by
characteristics is of class C1'! in a neighborhood of the connecting trajectory (this fact will be
needed in Subsection 5.5 to construct a global critical viscosity subsolution). The proof of the
following result is given in Appendix C.3.

Supp (V)

== — L3

IR

f\
Sl

(/1
\

»

HO IIT/Z I—I’f HZ‘? Supp (‘71) . H4f
0..0
Cyljo, 7, (21:22)

Figure 2: By adding to Vi a non-positive potential Vi which vanishes together with his gradient along
the connecting trajectory Zy, (-;z(f), we can ensure that the characteristics associated to HVoJer do
not cross near Zy, (-;z?), so that the viscosity solution to the Dirichlet problem (5.10) is C%in a
uniform neighborhood of Zy, ( ; z?).
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Lemma 5.5. Taking 7 € (0,1/10) smaller if necessary, there ewist 6 € (0,0) (with & given by
Lemma 5.4) and K > 0 such that the following property holds: For every 2y = (0,2?),28 =
(0, 2?) € Hgﬂfl, let TT >0 and Vg : R™ — R be as in Lemma 5.4. Then there exists a potential
Vi:R*" >R of class C*k=2gych that:

(i) Supp (V1) C Cyl[lo/%?] (285 29) N Hiz 2,47

(it) Vi <0;
(iii) Vi(Zy, (t:2))) =0 and VVi(Zy, (t;20)) = 0 for every t € [0,57];
(i) |[Villon < K20 = 23;

(v) HVchz < K;

(vi) the viscosity solution @y, ,y, to the Dirichlet problem

H(z,Vuy, y,(2)) + Vo(2) + Vi(z) =0 in B"(0,1) N H[o 57, (5.10)
Uy, 4y, = U on IT5, ’
is of class CV' on Cyl[l({%?] (zlo; zg), with a CY1-norm bounded by K:

(vii) |tg, 17, (Zi, 47, (t:20)) — @(Zy, o7, (5 29)) | < f(‘z? — 281 for all t € [0,T7].

In particular, thanks to (i), (iii), and Lemma 5.4,
(viti) " (29, V() = 6 o (8, V(D))
(ie) 0(2(Ter (:9);28) ) = (=8) + Agyory (:7);
(z) for every t € [0,T7 — Tor (23) + T57 (29)],
Zyyyv, (6:2)) = Zy, (t27) € Cyl[lo/%ﬁ] (21;29).

5.4 Closing the Aubry set and the action

Let § > 0 be as in Lemma 5.4, and set
— p—1(10
Sy =07 (T15,5).

Let 7 € (0,6/2) be fixed, and set zg := 0, = 05(y(t—7)) € H2/12- Since y = (¥(f)) is recurrent,
there exists t > 0 such that

2= 0;(7(f -7 +1°)) €10}, ,.

From Lemma 5.1(i), the set of nonnegative times
T = {t e [0,°]|7(E—-T+1) € Sg}

is finite. Set

Thanks to Lemma 5.2, there are 2§ = (0,27),29 = (0,2}) e 1N A C Hg/Q NAand t1,te >0
with:
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Figure 3: Using Lemma 5.2, we can find two points 2, 29 € TI2 N A such that Cyls’® (29;23) < T2 is
disjoint from Y\ {2?, 28}

(pl) 2y =~(t—7+t1) and 29 =5(t — 7 + t2).

(p2) t1 >ty + 7.

(v3) Cyly/® (20:28) < 110 and Cyly/* (29 28) 0 (v \ {20, 28} ) = 0.

Note that the latter property, together with the definition of Cyl[)‘ojs - (zlo; zg), implies

(p4) for every t € T \ {t1,t2} and every s € [0,’]},; (9@('7(1?7 T+ t)))},
Hg(ﬁ(f— THt+ s)) ¢ Cyl[lo/f;s;] (21;29).

By Lemmas 5.4 and 5.5, there exist a time 77 > 0 and a potential V := Vi + V; : R — R of
class C*=2 such that:

(p5) Supp (‘7) C Cyl[lcy/,%?] (Z?Q Zg) N H['T’/QA'F]-

(P6) [IVller < K2} — 23]

(p7) |T — Tz (V)| < K29 — 29].
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(08) ¢7f (20, V(=) = 6% o) (8, Vu(29)).-
(P9) ’_V 1
(010) @(Z(Tor(29); 28) ) — a(=9) = Ay (20, Va(=0)); 7).

Define the C*~2 potential V : M — R by

(Zy (t;29)) — u(Zy (t; 29) ’ < K‘z — 29 for all ¢ € [0, T].

Viz) = { V(05(x)) ifzeld,

and the curve v : [O,T = (tl - (t2 + f)) 4 Tf} — M by
05" (Zy (t:29)) if t € [0,T7]
7()_{WytHTHTf) if t € [T4,T).

By construction and the fact that ¥ € A(H), it is easily checked that y(T') = v(0), ||V]cr < K,
and

/0 Ly (1(t),4(t)) dt = 0.

This solves the problem (P2) by choosing r small enough. It remains to construct a continuous
function v : M — R satisfying (P1).

5.5 Construction of a critical viscosity subsolution

The aim of this subsection is to modify the potential V' constructed above so that the action
of 7 is still zero, and we can find a critical viscosity subsolution of Hy (z,dv(x)) = 0, see (P1).

Recall that @ : B"(0,2) — R is a function of class C'! (obtained by looking at u in the
chart induced by 605) satisfying

H(z,Vu(z)) <0  Vze B"(0,2) (5.11)
(see Lemma 5.1(iv)), and that @y := Uy, v, : Cyl[lo/le (zl,zg) C B™(0,2) — R is a function of
class C11, with its C1''-norm bounded independently of 2¥ and 29, satisfying

ay =u  onlIl} (5.12)

and

H(z,Vuy(2)) + Vo(z) + Vi(z) =0  Vz € Cyl[lo/f%ﬁ] (215 29) (5.13)
(see Lemma 5.5). The idea is to “glue” these two functions together, to obtain a C'*!-function
@ which coincides with @ on B™(0,2) \ Cyll/4 ](z?; z9), and solves

Hy (2, Vi()) <0 on BY(0,2),

where W : B"(0,2) — R is a potential of class C*~!, small in C' topology, supported inside
C 1[10/ 47 (27,29), and which vanishes together with its gradient on the connecting trajectory
Zi (- ) Z 47, (+:20) (see Figure 4 below). If we are able to do so, then it suffices to define

{0 if x ¢ Uy
V(z) = { V(Gg(x)) + V_V(H,g(q;)) if x € Uy,



_Ju ifx Uy
VT al0(x)) i ey,

to obtain that both (P1) and (P2) are satisfied, which will conclude the proof of Theorem 1.2.

To perform the above construction, we first apply a change of coordinates of class C*~! so
that

(m1) Z(t;204) = 20 5 + tey for all z € B"(0,1), ¢ € 0,1], where 2 , := #

In particular, all cylinders C[i‘) 7. (z?; zg) have the form

Clooz (29 29) = [0,7] x Cyly (295 29)
see (5.8)). Moreover, since Viig is Lipschitz (see Lemma 5.1(iv)) an
5.8)). M ince Vi is Lipschi L 5.1(i d
Z2(t;20) =V H(Z(t:2)),Vao (Z2(1;2)))),  i=1,2,

using Gronwall’s Lemma and (1) we easily obtain the existence, a constant Ky > 0, such that,
if we denote by Z(t; 2}) the last (n — 1)-coordinates of Z(t;z}), then

|2(8:20)] < Ko|20 — 20| Vite[0,57],i=1,2 (5.14)

Moreover, since the connecting trajectory Zy (¢;29) is constructed by interpolating between
Z(t,2%) and Z(t,2Y) (up to a quadratic term), it is not difficult to check that there exists a
constant K, such that

(72) |ép(t;z?)| < K§|2) — 28] for all ¢ € [0,57].
We now assume that 7 is sufficiently small so that, using Lemma 5.3, we have
1/9 1/8 1/5 1/4
Cyl[o/js;] (z?; 25) C C[O/,TS?] (z?; 25) C C[O/,TS?] (21;25) C Cyl[o/jﬁ] (21;23). (5.15)
In particular, thanks to Lemma 5.4(viii) and (71), we have
(13) Zy(t;29) € C[lo/,%?] (29;29) for all ¢ € [0,57].

Furthermore, since Supp(VO) C Hir,27 and 29,28 € A, by (5.12), Lemma 5.4(i) and Lemma
5.5, the following holds:

(m4) a(Zy (t;27)) = Gy (Zy(t;2?)) and Va(Zy (t;27)) = Vay (Zy (8 21)) on o2 U Hiar 57)-

Moreover, the fact that Va(2) = Vi (2?) together with (p6) and a simple Gronwall argument
(see for instance [8, Lemma 5.5 and Equation (5.37)]) implies

|Z(t;2)) — Zy (t; 20)| + | Va(Z(t; 20)) — Vag (Zy (8 2))| < K20 — 23],
which combined with the Lipschitz regularity of Va and (p9), implies
(75) for all t € [0, T/],
|VE(Z‘7(t; zlo)) — Vg (Z(/(t; z?))‘ < K‘z? — zg|
All in all, (p9), (74), and (75), together with the C1:l-regularity of @ — @y on the set
1/5 0.,0 1/4 0.0
C[O%?] (z1,22) C Cyl[oyﬂ;](zl,zg),

(see (5.15)) imply the following important estimate:
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(76) there exists K > 0 such that
]a‘—/ — ﬁ’ < f(‘z? — 23‘2, ’Vﬂf, — Vﬂ’ < I_(‘zl — zQ‘ on C[lofsTS?](z?;zg).

Now, let © : B™(0,2) — [0, 1] be a smooth function such that

{ O(2) =O(z1) =1 if 2y € [7/2,47],
O(z)=0(z1) =0 if z; €]0,7/4] U[97/2,57],

and define u : C[lo{%;] (z?; 220) — R by

() == O(2)ap(2) + (1 - O())a(z) Yzl (2F:29).

Observe that  is of class C'! on the cylinder cl/ [0, T ](z?, 29).

Let us define the set I'; by
Ty = {Zy(t;2))|t € [0,57]},
and denote by dist(-,T'1) the distance function to the curve I';. The following result holds:

Lemma 5.6. There exists a constant K > 0 such that

Hy (2, Va(z)) <0 Vze 510/57 ](Z?v 23) N (Hpo,7/4) U Hior/2,57))

Hy (2, Vi(z)) < kdist(z, 1"1)2 Vze C[lofsTM] (21, 29) NHiz 4,072

Proof. Since V =0 on B"(0,2)\ Hr, 47, we have @ = @ on B"(0,2) N (H,7/4 UH[97/2,57) and
the first statement follows from (5.11).

Concerning the second part, observe that since @ = @y on Cl/5 (z?,zg) N Hiz/2,47), by
(5.13) we have

Hy (z, Vﬂ(z)) <0< f(dist(z,Fl)2 Vze€ 010/57 ](21,22) NHizrj2,47]-

Finally, since
Vi = 0Viy + (1 —0)Vu+ VO(uy — u),

and V =0 on B"(0,2)N (H[f/4ﬂ UH[4igf/2]), by (5.11), (5.13), and the convexity of H in the
q variable we get

Hy (2, Va(z))

IN

O(2)Hy (2, Vg (2)) + (1 — ©(2))H (2, Vi(z)) + K’ |up(2) — a(2)|

< K’ |UV —u(z ‘ Vze C[lo/g— ](z ,28) N (H[;—/47.,:/2] U H[47:797:/2]),

where K’ is a constant depending only on % and VO. Thanks to (7l), (73), (74), and the
Cl1regularity of both 4 and iy, we have

’a(/(z) — ﬂ(z)’ < Kdist(z, 1"1)2 Vz e Clo/sT ](z?, zg) N (H[f/4j/2] U H[4f79f/2]),

which concludes the proof. o
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We now consider ® : B"(0,2) — [0, 1] a smooth cut-off function such that

1 if 2.€ Cyly/™(29;29),
B(z) = D(2) =0 if 2¢ Cyly/O(29;29),

and satisfying

Ve| = |V:8| < Ko

Ko 2p| < B2
MEEE H (816

for some constant K¢ independent of 2{ and 2§. Then, we define

i(z) = B(2)a(2) + (1 - (2))alz) Yz eCyq (29529).

SuPp (Vo) 7 Supp (V1)
\?@VL\ AN Y
N
)~ - =
\ ~— \ NN
N \\\\x\\\\\\ \\\V’L\\\\k\ygé S \\\\

—

T

n° no”? Ir =, / o 972 5%

_ A —
u:uv u=u

Figure 4: The function 4 is obtained by interpolating (using a cut-off function) between @ (the critical

viscosity for H) and @y (the viscosity solution for Hy, ,y,) inside the cylinder C[IO/ ; ] (z?, zg) Since

Vi <0, the function % is a viscosity subsolution to Hy, v, (z, Vii(z)) < 0 outside Co T ] (z?, ). S

we can find a non-positive potential W, small in C" topology and supported inside C[o Tor] (2? 28)

such that Hy, v, 4w (2, Vii(z)) < 0 on the whole ball B"(0,2).

Observe that @& = % outside C[o I ](z?, 23). Moreover, thanks to (5.16), (76), and the fact
that both @ and @ are of class C'*! on Cl/ ](z?,zg) (with a uniform bound on their C'*!-

norm), also the function 4 is of class C': 1 on C[o I ](2?, 28), with a bound on its C*!-norm

independent of 2{ and zJ. Hence, similarly to Lemma 5.6 above, we can prove the following:

Lemma 5.7. There exists a constant K > 0 such that

Hy (z, Vﬂ(z)) <0 Vze 010/57 ](Z% Zg) N (H[O,T’/4] U H[Q‘T’/Q,S'f‘])a

Hy (z, Vﬁ(z)) < Kdist (z, F1)2 Vze C[lo{%;] (z?; zg) N Hz /4,97 /2)-

Before proving the above lemma, let us show how it allows to conclude the whole construction
and to obtain (P1). Let us define W : C[10/5T (27;29) — R a non-positive potential of class C*~1
such that

W(z) = fIA(dist(z,Fl)2 Vze C[10/67 (z?; zg) N Hz/a,97/2)5
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Supp(W) C Cyllo/E’T ](z?,ég) and ||W|ler < K"zl — z2’

for some universal constant &”. (Observe that dist(-,T) is of class C¥~1 on C[lo/T ](z?; 29),

for |z1 - 22} small enough.) Moreover, outside Cyl[0 T ](zl, ) it holds V =V, <0, W <0,
and 4 = 4. So we clearly have

Hy (2, Va(z)) <0 on B"(0,2).
Furthermore, W vanishes on I'y, and thanks to (p6)
[V + W< (K + K20 —29].
This concludes the construction by choosing ‘zl — zQ‘ sufficiently small.

Proof of Lemma 5.7. The first estimate is obvious, since &« = @& = @ on cl/e (23529) N

[0,75]
(o7 U Hior2,571)-
For the second one, we observe that by (73)

|20 — 29| < 72dist(z,T1) Vze C%{%?] (21,23) \6[10/1;5?] (2, 29).

Hence, since @ = @ on cl/ [0, T ](z?, 22) by Lemma 5.6 it suffices to prove

7 . > 1/5 1/7
Hy, v, (2, Vi(z)) < K|z — z2| Vze (C[o/,n }(zl,zQ) \Cig 1 / (zl,zQ)) N Hiz /4,072
As in the proof of Lemma 5.6 we observe that
Vi=®Viu+ (1 —®)Va+ VO(u — a).

Moreover, by the convexity of H in the ¢ variable, Lemma 5.6, (5.11), Lemma 5.4(i), and
Lemma 5.5(iii)-(v), for every z € (C[O/T ](21,22) \C[0 Tor] (29, 22)) N Hiz/4,97/2) We have

Hy (2,®(2)Vi(z) + (1 - ®(2))Viu(z)) < @(2)Hy(z,Vi(z)) + (1 — ®(2))Hy (2, Vi(z))
< ®(z)Kdist (z,F1)2 + (1= @(2))Vi(2)
< Kdist(z,Ty)%

Hence, we need to estimate
|Hy (2, Vi(z)) — Hy (2, 2(2)Vi(z) + (1 — ©(2))Vi(z))|

< |a(z) — alz \‘— 2, Vi(2)) - VO(2)| + K"|Vo(2)[*|a(z) — al(z)]”

on (C[lo{% (zl ; zQ) \C10/7T5 (z?, zz)) N'H|z /4,97 /2], where the constant K" depends only on 5 OH

Now, thanks to (76) and (5.16), we have
’V(I)ﬁa — a|2 < (K¢f()2 ’ — 2:2} on C[lo/,%f] (z?; zg) \C[lo/,%?] (z?; zg)
Concerning the term
|i(z) — u(2)| ‘8_(] (z,Vi(z)) - VO(2)],

by (76) it suffices to prove that % (z, Vﬁ(z)) - V@ is bounded by a constant independent of 2!
and z9.
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Let us observe that

Bq (2006.2), Vag (20, 4) ) = Zo (6, ),
which by (72), (5.16), and the fact that ® depends only on 2, implies
'8H

N < K(Ke  Vaz tel0,57].

(Zo(t.28), Va(Zy (1. )) ) - VO(2)

Moreover, by (76)
oH A oH i
‘a—q(Zv(t,zé),Vu(Zv(t,zé))) - a—q(ZV(t,zé),Vu(Zv(t,zé)))‘ < K70~ 29,

so by the C1! regularity of @ we get

oH X oH _
a—q(z, Vi(z)) — e (Z(/(t, z0), Vu(Zy (¢, zé))) ‘ < K29 — 29
for all z € C[lo/;r?] (29,29) and t € [0,57], such that Zy (t, z{) = 2. Hence, combing all together
we obtain
oH - / 0_ .0 / 1/5 0 .0
a—q(z, Vu(z)) VO | < KgKg + K1|z1 - 22| < KyKs + Ky on C[O,TE] (21,22),
which concludes the proof. O

A  Proof of Lemma 4.1

The idea of the proof is the following: thanks to (4.5), (4.9), and using a Taylor expansion,
we get |g| < L(r;)r? and |Vg| < L(r;)r; on C;. Hence we can apply [8, Lemma 3.3] to find a
function f; such that || fillcz < L(r;) and f; = g,V f; = Vg on C;. Finally, subtracting to f;
the function Kodist(-,C;)?, with Ko > 1 and using a partition of unity argument, thanks to
(4.6) we can construct a function G' with small C?-norm and such that G < g everywhere. We
now perform the construction in details.

Define the curves Dy,---,Dy,_1 as

D; = ([i-2/3,¢+2/3}xB:0—1) n (Ii_luciuli), P=1 -1,

and let {¢);}i=1,... n—1 : C — [0,1] be a family of smooth functions satisfying the following
properties:

(A) for every i =1,--- ,n—1, Supp (¢s) C ([i —2/3,i+2/3] x R"~!)NC;

(B) S api(x) = 1, for every x € C.
Let r > 0 be a small number to be fixed later. For every i = 1,...,n7— 1 we define the function

®; : [-2/3,2/3] x R"~! — R™ (of class C'~1) by

(i+t,v+y) if ¢<0
Q;(t,y) =14 c(i+t)+(0,y) if 0<¢t<1/10
(i +t,vi41 + y) it t> 1/10,

for every (t,y) € [2/3,i+ 2/3] x R*~!. Thanks to (4.8)-(4.13), ®; is a diffeomorphism of class
C'=1 from [-2/3,2/3] x R" L into [i —2/3,i+2/3] x R"~lwhich satisfies the following properties
for r > 0 small enough:
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- ©; ([-2/3,2/3] x {0,-1}) =
- H(biHCZ < K', with K’ independent of both r and i;

- ®;([2/3,2/3] x B"71(0,7;/2)) C Q;, where Q; is defined by

Q,; = LJB(SUZ Z)

s€[0,n]

Let us define the functions g; : [-2/3,2/3] x B /21 — R™ (of class C'7!) as

9i(t,y) == (Yig) o ®;(t,0n—1) V(t,y) € [-2/3,2/3] x Bn/gl
Thanks to (4.9), there exists v € Z such that r; > |v; —vZ|/8. Hence, using a Taylor expansion
we obtain
|Vg(s, ;i + (1 - ANvf) — AHess g(s,07) (v; — vZZ)|
= |Vg(s, i + (1 — Mv?) — Vg(s,vf) — AHess g(s,v7) (vi — v7 )| < K" X2 |v; — 03’2 (A1)
for every s € [0,n] and X € [0, 1] where K" is any constant greater than | g c2.
By (4.7) and definition of vZ, both v; and vZ belong to By ' NT. So, there are h;, hZ € B,

such that
v =h; +U(h;) and o = hZ + U(hZ).

Then, thanks to (4.5), recalling the definition of L(r) and K" we deduce that

|Hess g(s,v7) (vi —v7)| [Hess g(s,v7) [(hi — h7) + (¥ (ki) — ¥(h7))]]

’Hess g(s,v7 ) (hi — h¥) + Hess g(s,v7) (¥ (h;) — \I/(hzz))‘
‘Hess g(s,v; ) (R )’Jr‘Hess 9(s,07) (¥ (k) — ¥(hD))|
2Kr|h; — h7 | + K| U (h;) — ¥ (h7)]
2Kr|h; — h7| + K"L(2r)|h; — b7 |

(2Kr + K"L(2r)) |vi — vf

ik

VAN VAN VAN VAN

Hence, combining the above estimate with (A.1) and recalling that the points v; belong to
B~ we obtain

|Vg(s, dvi + (1= Mv?)| < (2Kr+ K"L(2r)) |v; — o7 |A+ K" |v; — .Z|2)\2
(2Kr+ K"L(2r ‘vif v; |>\+2K”T‘vi—viz‘)\2

A

for every s € [0 n], A € [0, 1].
Since g(s,vZ) = 0, integrating the above inequality on [0, 1] yields, for s € [0, 7],

1
g(s,v;) = / (Vg(s,)\vi +(1— )\)Uiz),vi — )N < K" (r + L(QT))}vi - viZIQ,
0

for some uniform constant K" > 0. Finally, taking K" larger if necessary, by definition of v
and the fact that %(Vg) (5,0,—1) = 0 we finally get

lg(s, vi)] < K"(r + L(2r))r}
[Vg(s,v;)| < K"(r+ L(2r))r; Vs e|[0,n]. (A.2)
‘%(Vg)(s,vi)‘ < K'"r
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(Recall that g € C' with [ > 3.) Combining this estimate with (4.10), (4.12), and (4.13), we
easily deduce the existence of a constant K > 0 such that, for every i =1,....,n— 1,

|9:(,05-1) | < K(r + L(2r))r}
Vgi(t,0n-1)| < K(r + L(2r))r; Vte[-2/3,2/3]. (A.3)
2(Vgi)(t,0n_1)| < K'r

The following result follows immediately from [8, Lemma 3.3] applied with 9(t) = Vf(t —
2/3,0,—1) and 7 = 4/3:

Lemma A.1. Let 6,p € (0,1) with 3p < § < 4/3, and let f : [-2/3,2/3] x B)~' — R be a
compactly supported function of class C™, with m > 2, satisfying

Viy)=0n  V(ty) € ([-2/3.-2/3+ 8] x {01 }) U (12/3 — 6,2/3] x {0,1}) . (A4)

Then there exist a universal constant K depending only on the dimension, and a function
F:R™ - R of class C™, such that the following properties hold:

(i) Supp(F) C [~2/3+6/2,2/3 - 6/2] x By +;

(i0) |Fllcz < K (17 0n0)l o + 3IVFC 00l + [ BTN 0ol )
(iii) VF(t,0n-1) = Vf(t,0n_1) for every t € [-2/3,2/3].

Applying the above lemma to f = g; fori =1,...,7 — 1 and using (A.3) yields a function
G : R" — R of class C'~! satisfying:

(C) Supp(Gi) C [~2/3+6/2,2/3 = 6/2] x B} 3;
(D) [Gille2 < K (r + L(2r));
(E) VG; (t,()n,l) =Vg; (t,Onfl) for every t € [—2/3,2/3].
Hence, thanks to (A)-(E) above, it is easily seen that the function Gy : C — R defined by
n—1
Go(z) = ZGi (®; (z)) Vezel

=1

is of class C!~! and satisfies (a), (b), (d), and (e) in the statement of the lemma for  sufficiently
small. However, assertion (c) does not necessary hold. To enforce it, fix u : [0,400) — [0,1] a
smooth function satisfying

wu(r) =1 forre|0,1], w(r)y =0 forr>2,

and replace in the above formula each G; by G; : R” — R, with

Gi(t) = (A1) (Gute.n) - MO+ LEWE) Vi) € R

T

where M := (K + K), with K as in (4.6) and K as in (D) above. We leave it to the reader to
check that

G(z) == 3 Gi (@ () Vzel

i=1

satisfies all assumptions (a)-(e) for r > 0 small enough.
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B Proof of Lemma 2.3

Let ¢ : R — [0,1] be an even function of class C* satisfying the following properties:
(a) ¢(s) =1 for s €[0,1/3];
(b) &(s) =0 for s > 2/3;
(©) [¢/(5)],16"(s)] < 10 for any s € [0, +00).

Extend the function ¥ on R by 9(t) := 0 for t < 0 and ¢t > 7, and define the function W :
[0,7] x R"™! — R by

W(t, 2):=¢ (@) i /OZi Vip1(t+s)ds

Since @ is C*=2, A is smooth on R~ \ {0}, and ¢ is smooth and equal 1 on [0,1/3], it is easy
to check that W is of class C*~1. Then, since N is positively 1-homogeneous, assertions (i)-(iv)
follow as in the proof of [8, Lemma 3.3]. We leave the details to the interested reader.

V(t,2) € [0,7] x R"L.

C Proofs of Lemmas 5.2, 5.3, 5.5, 5.6

C.1 Proof of Lemma 5.2
We claim that there are y; # y2 € Y N B, such that the following properties are satisfied:
(1) B(y1,3ly1 — y2|) C By;

(2) for every y € Y N B(y1,3|y1 — y2|/2) and every y' € Y\ {y}, there holds

|y1 —y2|
—yl > 2=
Yl 5

/

|y

To prove the claim, we define the set A CY x Y as

A= {(y,y') € (YNB,) x (YNB,)|B(y,3ly—¢/|) C By and y 7ey'}.

Since B,;12 N'Y contains at least two points, A is nonempty. Moreover, since Y is finite, A is
finite too. Therefore, there are (y1,y2) € A such that

lyi =yl <ly—y'|  V(yy)eA. (C.1)

Since (y1,y2) € A, the points y1, y2 are distinct, contained in Y N B, and satisfy assertion (1)
of the claim.

To show that (2) is satisfied, we argue by contradiction. Let y € Y N B(y1,3|y1 — y2|/2)
and ¥y’ € Y\ {y} be such that |y —y'| < |y1 —y2|/2. Thanks to (1) we have |y1|+3|y1 —y2| < r.
Hence

3 —
ly1 — 2| <7

iyl < ol + 2 <,

3ly1 — Y2 Y1 — Y2
Iy'|§|y|+|y’—y|§(|y1|+| 5 |)+(| 5 | < |+ 2y — ol <,
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B(y.3ly—y'|) € B(0, |yl + 3y — /')

3lyr — 3lyr —
CB(O, (|y1|+ |y12 y2|) +( |y12 y2|)> :B(o, |yl|—|—3|y1—y2|) C B;.

This shows that (y,y’) belongs to A, which contradicts the definition of (y1,y2) and proves the
claim.

It remains to check that the pair yp,y- satisfies the two properties given in the statement of
Lemma 5.2, namely

Cyly®(y1;92) € Br  and  Cyl* (yi;90) N (Y \ {y1,92}) = 0.

The inclusion follows from Cylé/3 (y1:y2) C B(y1,3ly1 — y2|) together with (1). For the second
property, by elementary geometry we have

_ _ 3 _
Cyl(l)/s(yl;m) C B(y1,|y1 —y2|) UB <y27 M) cB (yb M) .

Hence, if by contradiction y € Cylcl,/3 (yl;yg) N (Y \ {yl,yg}), then (C.1) implies that y ¢
B(yl, lyr — y2|), while (2) applied with ¢y’ =y gives y ¢ B(yg, lyr — y2|/2), absurd.
C.2 Proof of Lemma 5.3

Let us first consider the following general setting: let A/ be a Lipschitz norm on R”, and let
Y (t,y) denote the flow map of a Lipschitz vector field W:

{ Y =w(y),
Y(Oa y) =Y.

Then, differentiating in time N(Y(t, y2) — Y (¢, yl)) and using Gronwall’s lemma, we get
e MN(y2 —y1) SN(Y(ty2) = Y(ty)) <e™N(ya—y1)  Vt=0, (C2)

where M = M (N, W) depends only on the Lipschitz constant of N and W. Now, the proof of
the lemma follows easily.
Indeed, let us show for instance the inclusion

Cyligr,, 1 (1528) C oo (21:28) (C.3)

(the other inclusion being analogous).
As in the proof of Proposition 2.2, let N'* denote the norm associated with 2z, 29 and \;:

i v v 29 — 20
BN .= Cyl (——; —) , =2 7l
! Yo 272 Y |29 — 29|

Observe that the Lipschitz constant of N is independent of 2¥, 28. Moreover, since A\; < g,
there exists p > 0 such that
(1+ N2 <N? (C.4)

Now, the inclusion (C.3) is equivalent to show
N? (Z(t, z) — Z(t, 2?72)) <1 Vz=(0,2), with V' (2% = 2{,) <1,t€[0,T5:]. (C.5)
where we set 20, := (2 + 29)/2. Then, since Z(t,z) is an integral curve of the Lipschitz

vector field z — V,H(z, Viig(z)), (C.5) follows immediately from (C.4) and (C.2), by choosing
7 sufficiently small (the smallness being independent of 2{ and 29).
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C.3 Proof of Lemma 5.5

Let us first prove that assertion (vii) follows from assertions (i), (iii), and (vi), together with
Lemma 5.4(vi).

Indeed, by assumption (iii), we have that Zy, ¢, (-;20) = Zy, (-3 27), the action of the curve
Zy v, (- ; 20) computed with respect to Ly, is the same as the one with respect to Ly, , ¢, , and
Zgyr, (T2(29); 290) = Z(T7(29); 29) (since Supp (Vo) C Cyllo/gT ](29,22) N Hjz 27], see Lemma
5.4(i)). Hence, since z? € A and by the theory of characteristics for Hamilton-Jacobi equations
[3, 4, 12], we have (with obvious notation)

@ (Z(Te(21); A1) + Avyaws (Z(T2(20);20)5t = To(21)
= a(2)) + A(21; To(20)) + Ay, (Z(T2(20); 20)5t — T2 (27))
= a(z]) + Ay, (293 1).

U473 (Zv27, (8 27))

Moreover,
ﬂ(Z(t; z?)) =a(z)) + A(Z?; t).
Hence, Lemma 5.4 (vi) together with assertion (iii) imply that, for any 7 € [0,27], ¢ € [0, To7(2?)]
and ty, € [0, T7] such that Z(t;20), Zy, 4 v, (ty,; 2) € II™, there holds
(@451 (Zrew (g 29)) — (2 (8:29))
—(Va(Z(6 ), Zyy v, (b 20) = Z(t )| < K= - 28,
which by the C'!-regularity of @ implies
‘avo+‘71 (Z\70+Vl (tVO; Z?)) - a(ZVo-‘er (tvo ; Z?) ‘ < K‘Zl 28|2
By the arbitrariness of ¢y, , this proves (vii). We now prove all the other assertions.
First, we notice that, without loss of generality, we can assume that
H(z,00<0  VzeHynB"(0,8), (C.6)

for some 8y > 0 small enough. Indeed, since 7(t) belongs to A(H) and c¢[H] = 0, by (5.2) we
have
H((7,0),Va(7,0)) =0,  V.H((7,0),Vu(7,0)) = e1.

Then, there exists A < 1, with |\ — 1| small, such that H(Z, 5\61) < 0 for any z € H, NB™(0,6),
for some &y > 0 small. Hence, if we replace H by the new Hamiltonian H : R” x R" — R,

H(z,q) == H(z,q+ Xe1) V(z,q) € R" x R",
then H satisfies (C.6). Moreover, any solution to the Hamiltonian system

{z(t) =V H(2(t),q(t))
Q(t) = 7vzH(Z(t)aQ(t))

starting from (2°,¢°) satisfies
z(t) = Zy (t; (zo, qo)) and ¢(t) = Qo (t; (zo, qo)) — de1 vt >0,

where (Zg, Qo) is the Hamiltonian flow associated to H. Moreover, the function @ : B"(0,1) N
H+ — R defined by

(z) == a(z) — Az Vz=(21,2) € B"(0,1) N Ha,
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is a subsolution of class C*! of the Hamilton-Jacobi equation associated with H. Thanks to
these facts, it is easy to check that if we can construct two potentials Vp, Vi so that Lemma 5.5
holds with H, % in place of H, 4, then Lemma 5.5 will also be true for H,a. Hence, there is no
loss of generality in assuming that (C.6) for some constant &y € (0,1/8).

Consider now § < min{g 5o, 1/K} (to be fixed later), with § and K as in Lemma 5.4.
Then, given z{ = (0,2 ) 29 = (O ) S Hg, there exist T/ > 0, and a potential j : R» — R
of class C*1, such that assertions (i)-(viii) of Lemma 5.4 are satisfied. In particular, since
|29 — 29| < 26 < 2/K, by Lemma 5.4(ii) we get

Vollcn < 2. (c.7)

To simplify the notation, we set H%(z,q) = H(/O (z,q). Observe that, if 6 is sufficiently
small, then also the Hamiltonian H° (which is of class C*~!) satisfies (C.6), that is,

H%(z,0)<0  VzeHynB"(0,6), (C.8)

Define the trajectory (Z(-),Q(:)) : [0,+00) — R"™ x R™ associated to H by

(2(),QW) = (25, (1 (1. Va(D) ), 2y, (5 (1, Va() ) vezo, (C.9)

and let T > 0 be the first time such that Z(T) € II°7. The proof of the following result is
postponed to the end of the section'?

Lemma C.1. Up to a change of coordinates ® of class C*=2 in an open neighborhood of
Z(10,T)), with ||®||cr and [|®1||cr uniformly bounded (by a constant independent of Vo, 29,29),
we can assume that the following properties are satisfied for every t € [0,T]:

(i) Z(t) = tey;

(ii) Q(t) = e1;

(iii) S (Z(t),Q(t)) = 0;
(iv) LI (Z(1),Q(t)) = 0;
(v) S (Z2(1),Q(1)) = In-1.

Now, the strategy is to add to H° a smooth nonpositive potential W : R® — R, such that

W(Z(t))=0 and VW(Z(t))=0 Vtel0,T] (C.10)

and which is very “concave” along the curve Z ([0, T]) in the transversal directions, so that
the “curvature” of the system is sufficiently negative along (Z (t), Q(t)), and the characteristics
associated to H? + W will not cross.

Let us observe that, if W satisfies (C.10) then (Z(-),Q(:)) is still a trajectory of the Hamil-

tonian system
2‘: = (
{ . g (C.11)

q = (z q)

12 As also noticed in the proof of the Lemma C.1, ||®||o1 and [|®~!||o1 actually depend on Vj only through
its Cl-norm, which however is uniformly bounded by (C.7).
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where the Hamiltonian H 19V :R™ x R™ — R is defined by
Hyy(p,q) == H'(p,q) + W(2) = H(p,q) + Vo + W(z)  V(z,9) € R" xR".

Given W as above, for every z = (0, %) € Hg (see (5.3)), let us denote by (ZW( 5 2), QW( . ,z))
the solution of (C.11) starting at (z, Va(z) + vw(z)e1), where vy : Hg — R is the Lipschitz

function satisfying!'3
Hyy (2, Va(z) + vw(2)e1) =0 Vze Hg.

Then, consider the Lipschitz function expy, y : R X Hg — R™ defined by
expy, ow (t.2°) == Zg, 4w (t; (z°, va(2) + VVUJFW(zO)el)) VteR, V20 € Hg.

We claim the following: Assume that there are p,C > 0 (with p < 5) such that expy, 4y is
injective on the cylinder [0, 57"} X H,OJ and satisfies

‘eXp\70+W (t, ZO) — eXDPyy+w (t’, (ZO)/)’
>C(t—t|+122= (%)) V(t,2%), (', (%)) € [0,57] x II). (C.12)

Set Q := expy, 1w ([0,57] x Hg). Then the viscosity solution of the Dirichlet problem

{ H(z,Vi(2)) + Vo(z) + W(z) =0 in Q, (C.13)

_ = 0
u=u onll,
is of class C™!, with a C™!'-norm bounded by some constant depending on the constant C

above.
Indeed, if expy, ,y is injective, then the function uy, Ly : 2 — R defined by

’aVOJrW (GXPVU_H/V (t7 zo)) = ,a(ZO)
¢
Jr/o <Q‘70+W (s; (z°, va(=) + VVUJFW(zO)el)) AR (s; (z°, va(?) + V‘70+W(ZO)€1)) > ds
is of class O! (see [4, 12]), solves (C.13), and its gradient is given by

Vg, (expVOJrW (t, zo)): Qvyrw (t; (zo, Vﬂ(zo) + V‘70+W(ZO>€1)).

Thanks to Gronwall’s Lemma, we deduce easily that if (C.12) holds, then we have a uniform
bound on ||aVo+WHCL1‘

Now, using Lemma C.1(iii), by linearizing (C.11) along (Z(-), Q()) : [0, +00) — R™ x R™
we get

T (Z(1), Q®)n()
(S5 (2(), QM) + Hess W (2(1)) )<().
130bserve that vy is well-defined: indeed

H ((7,0n-1), Va((7,0n-1))) =0, VoH ((7,0n-1), V@((F,0n-1))) = e1,

(C.14)

,—/H
= m.
—~
~ <+~
~— —

Lo

and Vo + W is small in C! topology on Hg for § sufficiently small (the smallness depending on W), from

which the existence of vy follows immediately from the Implicit Function Theorem. Moreover, vy, satisfies
vw ((’7‘, Onfl)) =0.
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We define W : R™ — R as

n—1
w(ts) =" S 2 s erxr, (C.15)
1=1

where N is a large positive constant which will be chosen later, and ¢ : [0,47] — [0,1] is a
smooth function satisfying

p(t) =0 Vie [0,7/2|U[77/2,47] and ¢(t)=1 Vte [7,37]. (C.16)

In this way, W satisfies (C.10) and

Hess W (Z(t)) = —No(t) ( 8 Inoq ) . (C.17)

Now, the idea is to take IV sufficiently large so to impose a uniform lower bound on the eigen-
2 0
values of the symmetric matrix w (Z(t), Q(t)) for t € [0, 5%]. Indeed, this makes the

“curvature not too positive” in the directions transversal to the “geodesic” Z(t), so that “char-
acteristics fall apart” and there are no “conjugate points” along the curve ¢ — (Z (t), Q(t)) on
the time interval [0, 57"}, provided 7 > 0 is sufficiently small.

Observe that, to ensure the absence of conjugate points, we cannot say simply that it suffices
to choose 7 sufficiently small. Indeed, given 7 > 0, we have constructed V; in Lemma 5.4, and
the C%-norm of 1, depends on 7. So, we need to prove that we can choose 7 > 0, small but
universals, such that, for any N sufficiently large, characteristics do not cross in a cylinder of
size p around [0, 5ﬂ St (Z(t), Q(t)). Moreover, p may depend on V; but not on N. This is
the aim of the next lemma.

Lemma C.2. Let K be as in Lemma 5.4. If T > 0 is small enough then, for every N > K,
there exists a radius p and ¢ > 0, depending only on K, such that the map
Uy : [0,577‘} X H% — R™
(t, 2°) — Zw(t;2°)

is injective and satisfies

O (t,2°) = Un (¥, ()]
>ce(ft—t)+1° = (%) Vv (t,2°), (', (2°)) € [0,57] x II). (C.18)
Before proving the above result, let us see how it allows to conclude the proof of Lemma 5.5.
Set N := K, and take § < min{p/6, 9,90} (to be chosen), where 5 is given by Lemma C.2, ¢ is
given by Lemma 5.4, and &y is as in (C.6). Observe that, if 29,23 € Hg, then Cylé/4 (z?, zg) C
Hg J4- In particular, if 7 sufficiently small (the smallness being independent of 28,28 and p),
then Cyl[lo/f’TS?] (21,28) c [0,57] x Hg/Q (see, for instance, the proof of Lemma 5.3). Then, since
Zy, (t; 27) belongs to Cyl[lo/%}] (29,29) for t € [0,757(2Y)] (by Lemma 5.4(viii)), it suffices to
consider a cut-off function @ which is identically equal to 1 on Cy1[10< 475;] (z?, 28) N Hjo,47] and
vanishes outside Cyl[lo/_‘;f] (29, 28) NH[o,47], and set V; := W . We leave the reader to check that,
if 6 and 7 are small enough, then Cyl[lo/z?] (z?, zg) C Cyl[lo/gﬂ;] (z?, zg) C expy,+w ( [0, 57"] XH%),

and all the assumptions in the statement of Lemma 5.5 are satisfied.

Proof of Lemma C.2. We fix N > K.
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Let us observe that, by Lemma C.1(i)-(ii), it holds

9%HO d OH° .
92,02 (Z(t),Q(t)) = PR (Z(t),Q(t)) =Q(t) =0 on [0, T].

Hence, thanks to this fact and Lemma C.1(iv)-(v), the linearized system (C.14) can be written
as

£ty = Stm(t)
{ﬁ(t) = R(t)(t). (C.19)

where S(t), R(t) are n X n symmetric matrices of the form

S(t) = < Slét) Ino_l > and  R(t) = ( 8 R?t), > (C.20)

with R(t) a (n — 1) x (n — 1) symmetric matrices . Moreover, thanks to our choice of N

and recalling that Supp(VO) C Hir,27, We have R(t) > —Cyl,—1 for any t € [O,T], with
y -

Co = H%Tg(z(t)’Q(t))HLw([o,T])'

We want to prove that, if p > 0 is sufficiently small (the smallness being independent of
both Vj and N), then ¥y is injective on [0, 5ﬂ X HO, and satisfies (C.18) for some universal
constant ¢ > 0. Let us first prove, arguing by contradlctlon and using a compactness argument,
that we can find such p,c > 0 when V; and N are fixed (so, a priori p and ¢ may depend on

both). Then, we will explain how to remove this dependence.
Let us remark that, since Z(¢) - e; > 0, there exists a universal constant ¢y > 0 such that

|UN(t) = Un(t)] > colt — 1. (C.21)

Hence, if we assume that the statement is false, then there exist two sequences {(t*, 25)}, {(tF, 2F)}
in [0,57] x I converging to some point (£,0) € [0,57] x {0} such that

| (2, 25) — \IJN(’g,,é{j)\< (\tk—tb]Jr\z —2f) v k.

Denote by @ : B"(0,1) N Hj 1) — R the viscosity solution to the Dirichlet problem

HY, (z, VﬁN(z)) =0 in BY(0) NHo,4o0)
a¥ =4 on H?.

By [4], we know that @" can be extended to a function of class C** on a ball B"(0,7y), for
some 7y > 0. Moreover, since @ is C™!, the restriction of 4V to II{ is also C’l 1 with a C11-
bound independent of V. Concerning the “time regularity”, since Q = _E - VW%(Z) and
[Vollcr is bounded by 2 (see (C.7)), up to choosing rx smaller the Lipschitz constant of Vu®
on B" (0, ry) is bounded by a universal constant K; independent of V and N.

Set 2k := (0, 2F), 2F := (0, 2F), assume with no loss of generality that t* > ¢¥ for all k, and
define 2z = W(qﬁtHkVZtk( 2k vaN (z a))) Then the following holds: there exists a constant K,
_Ya b

independent of V;, and N, such that:

(a) zF, 2% € BI(0) N H7 +00) both converge to 0, as k — oo;

) |tf§ — t’g| + ‘z — zb| < K"z — zk| (this follows from (C.21) and a simple geometric
argument);

(c) the sequence {kz } is bounded;
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(d) ty — ¢ as k — oo;

[va (zp)-va (

k_,k
|Zb Za

k
(e) limsupy_, ., =) < K'Kj.

Hence, by considering (§ (0), n(O)) an arbitrary cluster point of the sequence

z,’f — sz vaN (zf) —val (zf)
|2 — 28" |2 — 28|

we deduce the existence of a solution (£(-),n(-)) : [0,] — R™ x R™ to the linearized system
(C.19), satisfying

|€0)| =1, [n(0)| <K'Kz and £(f) =0,. (C.22)

We now show that the above situation is impossible. Write £(0) = (51(0),5(0)), n(0) =
(m1(0),7(0)). We distinguish two cases:

(1) [€(0)| = 3

In case (1), we observe that since 7;(t) = 0 for any ¢, we have

) =600)+ ([ s1(0)d ) m(0)

and since |71 (0)] < K'Ky and s1(t) = %Zqéf (Z(t),Q(t)) is bounded independently of Vo, & (t)

cannot vanish on some interval [0,], with ¢ > 0 universal. In particular, if we choose 7 < #/4,
then we get a contradiction.

In case (2), we observe that ¢ satisfies f(t) = R(t)E(t). So, since R > —Cyl,_; we get

2w

ST = 6O + (RwE®. &) = ~Colé”,

that is, t — |§:(t)|26200t is convex. Hence

€@t = [€0)° — 2(IEO)] EO)| - Colé)*)t = [€O)° — 2(K"Ka + Co)t,

which again implies that &;(¢) cannot vanish on some interval [0, ], with ¢ > 0 universal.

This argument shows that there exists a radius p > 0 and a constant ¢ > 0, which a
priori may depend on both N and Vj, such that Wy is injective on [0, Sﬂ X H% and satisfies
(C.18). To show that actually we can choose both p and ¢ independently of both N > K and
Vo (but of course they will depend on the constant K provided by Lemma 5.4), it suffices to
observe that the compactness argument used above could be repeated with letting at the same
time p,c¢ — 0, Vj varying inside the class of C? potentials whose C'-norm is bounded by 2
(see (C.7)) and whose C?-norm is bounded by K, and N varying inside [K, +00). Indeed, the
change of coordinates provided by Lemma C.1 depends on V; only through its C'-norm, which
is universally bounded (due to (C.7)), while in the compactness argument above the choice of
7 depended only on K.

This concludes the proof. o
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Proof of Lemma C.1. Set B" (0, 50)+ =H,.NB" (0, 50). From (C.8), the uniform convexity of
HO, and its C*~! regularity, for every z € B™(0, 50)+ the set

C.:={qeR"|H"(z,q) <0} = {q eR"|H(z,q9) < —Vi(2)} (C.23)

is a bounded uniformly convex set containing 0y, of class C*=1, and the C*~'-norm of 9C, is
independent of Vj. ~
For each z € B (0, 50)+, define the support function ¢(z,-) : R® — R as

o(z,v) :=max {(v,q) | q € C.} Vo eR"

The function ¢ is of class C*~1 outside the origin, and homogeneous of degree 1 in the v
variable. Moreover, it is not difficult to check that the curve Z(-) : [0,T] — R" defined in (C.9)
satisfies the Euler-Lagrange equations

% (g_f(Z(t),Z(t))) = g—f(Z(t),Z'(t)) Vte[0,T]. (C.24)

Indeed, denote by gmax(z,v) € C, the unique element such that

©(z,v) = (v, gmax(z,v)) VzeB" (0,50)+,Vv € R™. (C.25)
Then
&p dy B 0H°
v (Z U) Qmax(zav) and &(zvv) - 7/\('2,1))W(27Qmax(zav>)a (026)

where A(z,v) € R satisfies

0 _
v = )\(z,v)aaiq (2, gmax(2,v)) = A(z, v)%—lj (2, gmax(2,0)). (C.27)

Furthermore, since by definition (Z(-),Q(-)) : [0,7] — R™ is a solution to the Hamiltonian
system

{Z(t) = V,H(Z(),Q(1)) Vi€ [0,7] (C.28)
t )

Q) = —V.H(Z(1),Q(t))

and satisfies
HO(2(1).Q(0) =0 vie[0.T]

(see (C.9)), for any t € [0,7] it holds
anax (200, 2(0) = Q). A(Z(.20) =1, p(Z(0,2(0) = (Z(),Q(1).  (C.29)
Then, by (C.26) we deduce

£ (e 0) = Sfoten) o

0
= 786HZ (Z(t),Q(t)) gf(Z() Z(t)) vt e[o,T].

which proves (C.24).

Hence, by applying [9, Lemma 3.1], up a change of variable ®, of class C*~2, the following
properties hold for any ¢ € [0, 7] (the fact that ® € C*¥~2 and both ||®|c: and ||~ !¢ are
bounded independently of V; will be discussed at the end of the proof ):
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(a) Z(t) = tex;
(b) Z(t) = ex;

(c) 9(Z(t), Z(t) = 13
(d) 22(2(1), Z(t)) = 0;
() 52(2(1), 2(1)) = 0;
(£) 22(2(1), Z(1)) = 1;

(8) 22 (2(). Z(t)) = 0;
() 2% (2(t), 2(t)) = 0.

We leave the reader to check that, thanks to (C.25)-(C.29), this implies

. 0?HO
Q) = mus (200, 20) =1 and G- (2(.Q0) =0 Ve 0.T)
which combined with (a) concludes the proof of assertions (i )1 (iv). It remains to perform a new
change of coordinates to get (v). Observe that 6;(1;0 = %5 is positive definite and of class

Ck=2 Let R:[0,T] — M, _1(R) be a function of class C’“’2 such that

H
= (Z(1), QW) RM)" =I,-1  Vtel0,T],
and define ® : R™ — R™ by

®(t,2) == (t,R(t)2) vVt e[0,T], V2 € R* 1

We leave the reader to check that, in the new system of coordinates induced by @, all assertions
(i)-(v) are satisfied (see also [8, Subsection 4.3]).

Thus, to conclude the proof, we only need to check that the change of variable ®( provided
by [9, Lemma 3.1] is of class C¥~2, and the C'-norm of ®, and its inverse are both bounded
independently of Vj. _

Let us recall that @ is obtained as a composition of four change of variables ®, j = 1,2,3,4
(see the proof of [9, Lemma 3.1)):

Oi(2) = 2+ teg — Z(t) (so that Z(t) becomes teq);

<I>2 = (z1 —l—Zb 21)zi, 2 ), bi(s) == —/ gj (0‘61,61) do;
0 i

@3 = <zl Z 81}1 (0,€n)2i, 2 >

1=2

dg(2) := <z1 - %(Mé,é},B(zl)é),

where M and B are defined as follows: set A(t) := gZTf(tel,el), E(t) := %(tel,el), and let
X (t) be the solution to the equation



with least Euclidean norm (as proven in [9, Lemma B.2], the (affine) space of solutions to the
above equation is n(n —1)/2, so X (¢) is well-defined and unique). Then, B(t) is defined as the

solution of i
{ B(t) = X(t)B(1),
B(O) = In—1,
and M (t) is the (n — 1) x (n — 1) matrix defined as
M(t) := B(t)"E(t)*B(t) + B(t)"A(t) X (t)B(t).

Since, for any z € B™(0,8)%, the function V{ enters in the definition of the convex sets C,

only as an additive constant (see (C.23)), it is not difficult to check that %‘2‘3, ;726% depends only
on the C'-norm of Vj. Hence, since || Vo||¢1 is bounded by 2 (by (C.7)), all maps &, j = 1,2,3,4,
are bounded in C' topology together with their inverse, with a bound independent of V. This

concludes the proof. O

References

[1] M.-C. Arnaud. Le “closing lemma” en topologie C'. Mém. Soc. Math. Fr., 74, 1998.

[2] P. Bernard. Existence of C'! critical sub-solutions of the Hamilton-Jacobi equation on
compact manifolds. Ann. Sci. Fcole Norm. Sup., 40(3):445-452, 2007.

[3] P. Cannarsa and C. Sinestrari. Semiconcave functions, Hamilton-Jacobi equations, and
optimal control. Progress in Nonlinear Differential Equations and their Applications, 58.
Birkh&user Boston Inc., Boston, MA, 2004.

[4] A. Fathi. Regularity of C! solutions of the Hamilton-Jacobi equation. Ann. Fac. Sci.
Toulouse, 12(4):479-516, 2003.

[5] A. Fathi. Weak KAM Theorem and Lagrangian Dynamics. Cambridge University Press,
to appear.

[6] A. Fathi and E. Maderna. Weak KAM theorem on non compact manifolds. NoDEA
Nonlinear Differential Equations Appl., 14(1-2):1-27, 2007.

[7] A. Fathi and A. Siconolfi. Existence of C! critical subsolutions of the Hamilton-Jacobi
equation. Invent. math., 1155:363-388, 2004.

[8] A. Figalli and L. Rifford. Closing Aubry sets I. Preprint, 2010.

[9] Y. Li and L. Nirenberg. The distance function to the boundary, Finsler geometry, and the
singular set of viscosity solutions of some Hamilton-Jacobi equations. Comm. Pure Appl.
Math., 58(1):85-146, 2005.

[10] J. Mai. A simpler proof of C! closing lemma. Sci. Sinica Ser. A, 29(10):1020-1031, 1986

[11] R. Manié. Generic properties and problems of minimizing measures of Lagrangian systems,
Nonlinearity, 9(2):273-310, 1996.

[12] L. Rifford. On viscosity solutions of certain Hamilton-Jacobi equations: Regularity results
and generalized Sard’s Theorems. Comm. Partial Differential Equations, 33(3):517-559,
2008.

[13] L. Rifford. Nonholonomic Variations: An introduction to sub-Riemannian geometry. In
progress.

98



