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Abstract! Motivated by the paper of David A. Cox, and Evgeny Materov (2009), where
is computed the Castelnuovo-Mumford regularity of the Segre Veronese embedding, we ex-
tend their result and compute the Castelnuovo-Mumford regularity of the Segre product of
modules. Our proof is completely algebraic
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1 Introduction

Segre embeddings of projective variety plays a key role in Algebraic Geometry. From the
algebraic point of view K-algebras and their free resolutions are important fields of research.
One of the important numerical invariants of S-modules is the Castelnuovo-Mumford regu-
larity. Several approaches to study the Castelnuovo-Mumford regularity of Segre embeddings
was given. The case bi-graded was introduced in [H-W], and more generally the multigraded
case, where the graduation is given by a finitely generated group was done in [M-S]. S.Goto
and K. Watanabe have studied the local cohomology modules of Veronese and Segre trans-
form of graded modules. Motivated by the paper of David A. Cox, and Evgeny Materov
(2009), where is computed the Castelnuovo-Mumford regularity of the Segre Veronese embed-
ding, we extend their result and compute the Castelnuovo-Mumford regularity of the Segre
product of modules. In a previous paper [MD] we study the Castelnuovo-Mumford regularity
by using the postulation number and avoiding to use local cohomology. In this paper we use
the formula given by [G-W] for the local cohomology of a Segre product of modules with
depth > 2, and with an hypothesis on the persistence of the local cohomology modules; this
hypothesis is true for Cohen-Macaulay modules. By definition the Castelnuovo-Mumford
regularity is the maximum of the "real” regularities of some Segre product of local cohomol-
ogy modules, in this paper we define the ”virtual” regularities and we prove that even if the
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"real” regularities and the "virtual” regularities are different, taking the maximum over the
set of all ”virtual” regularities gives the Castelnuovo-Mumford regularity.

2 Local cohomology and Segre transform

Let S be a polynomial ring over a field K, in a finite number of variables. We suppose
that S is graded by the standard graduation S = @;05;. Let m = &,>1.5; be the maximal
irrelevant ideal. Let M be a finitely generated graded S-module, M = &>, M;, with o € Z
and M, # 0.

Remark 2.1. We choose to take as base ring polynomials rings, because of the paper [G-W],
but in fact by using [B-S], all our results will be true over standard Noetherian graded rings
R = Ry[Ry], where Ry is a local ring with infinite residue field.

We say that a graded S-module N = @,z N;, not necessarily finitely generated has no
gaps if there is no integers i < 7 < k such that

Example 2.2. Let M be a finitely generated graded S-module with depthM > 1, M =
B0 M, where 0 € Z and M, # 0. Assuming that the field K is infinite, there exists x € Sy,
a nonzero divisor of M. The multiplication by x defines an injective map M; — M;,1, hence
M has no gaps, and for all | > o, we have M; # 0.

Let M be a finitely generated graded S-module, the local cohomology modules are graded,
so we can define end(H{ (M)) = max{f € Z | (H.(M))s # 0}. We recall the local duality’s
theorem (see [S]) :

We have an isomorphism :
H: (M) ~ Homg(Ext? (M, S), E(S/m)).

We denote by D¥(M) the finitely generated graded S-module Extg (M, S). The following
Lemma follows immediately from the local duality’s theorem and the Example 2.2.

Lemma 2.3. e [f depth(D*(M)) > 1 then H:(M) has no gaps and and for all | <
end(H:(M)), we have (H:(M)); # 0.

o Let M be a finitely generated graded S-module with depth M > 1 and dim M = d. It is
known that depth D4(M) > min{d,2}. Hence the top local cohomology HE(M) has no
gaps and for all | < end(HZ(M)), we have (HL(M)); # 0.

e [t follows from [M1] that if A is a standard graded simplicial toric ring of dimension d,
and depth A = d — 1, then D*Y(A) is a Cohen-Macaulay Module of dimension d — 2,
so if d > 3, the module HI7*(A) has no gaps, and for all | < end(HEY(M)), we have
(Hy '(M)), # 0.



We recall the following theorem [G-W, Theorem 4.1.5].

Theorem 2.4. Let 51,5 be the two polynomial rings on two disjoint sets of variables, for
1=1,2, M; be finitely generated graded S;-module. Let m be the mazimal irrelevant ideal of
S1®Sy. Assume that depth M; > 2, for all i. Then for all j € Z

H}(Mi@M,) = (Mi®@H},(M>)) & (HJ, (My)®@Ms,) o @Hl X (Hy (My)®H,,, (M>)).
) J= -

Remark 2.5. Let M, (respectively My ) be a finitely generated graded Sy-module (respectively
a finitely generated graded Sy-module), where Sy, Sy are the polynomial rings in disjoint sets
of variables. Fori = 1,2, let denote

end(Hj, (M;)) = max{B € Z | (H}, (M;))s # 0};
ri(M;) = end(H%i(Mi)) + 7.

If (Hi (M), (HE (Ms)) have no gaps, and the Segre product (Hi, (M))®(HLE (Ms)) is non
null, then (Hi, (M))®(HE (Ms)) has no gaps and

end(H3, (My)©Hy, (M) = min(end(Hy, (My)), end(Hy,(Ms)))
= min(r;(My) — j,re (M) — k).

Definition 2.6. From now on, we consider s-polynomial rings (with disjoint set of variables)
S1,...,Ss, graded, with irrelevant ideals mq,...,m,. For i = 1,...s, let M; be a finitely
generated graded S;-module such that depth(M;) > 2. We set the following notations:

o di=dimM;; o;=min{l € Z: (M;); # 0}; r;; = end(HI (M;)) + j,
e C:=1[0,...,d)]| x[0,...,dy] x...x[0,...,d],

o forue C,suppu={j€{l,...,s}|u; #0},
o C:={uecC |suppu0 and Vi € suppu, Hyi(M;) # 0}

o E . — H%Z<Mz) if j >0 'foruECE:éEJ.
2,7 MZ /ij — O ’ ) u Z:1 ,Us5 °

o ForueC,T,=end(E,)+(1+ Y  (u—1)).

l€suppu
e forueC, vy, = min ('rw + E (u; — 1)),
1ESUpp u
lesupp u;l#i

o Forj>2, Cji={ueC;l+ o.(w—1)=7}

We can state the following corollary of Theorem 2.4.



Corollary 2.7. With the notations introduced in 2.6, for 7 > 2, we have
HL(M\®...0M,) = & B,

ueC;

where m is the irrelevant mazimal ideal of S1® ... RS;.
Hence we have that
end(HI (M\®...QM,)) +j = m%xfu,
ucC;

and
reg(Mi® ... @M,) = max[,,.

ueC

Assumption 2.8. In all this paper we assume : for any i = 1, ..., s; j; depth M; > 2,
H} (M;) has no gaps, and (H, (M;)); # 0 for infinitely many k.

In order to state our main theorem we need some preparatory Lemmas.

Lemma 2.9. With the notations introduced in 2.6, and the Assumption 2.8. Let €1, ..., €, be
the canonical basis of Z°. For any u € C':

1. If E, #0 (i.e. Ty # —00) then T'y = 7,.
2. For any k & supp u, Ay € N* A\, < dj, we have

Yutape, = min(y, + A — Lrga, + Z (u; — 1)).

lesupp u

Proof. (1) Suppose E, # 0 (i.e. Iy, # —00). By the Remark 2.5, we have
end( ® Hpi(My)= min (riu, — u).

1ESUpp u i€supp u
since for any ¢ =1, ..., s, M; and H%(M;) has no gaps then end( ® H2(M;))=end(E,).
1ESUpp u
Fy= min (r;,, —w)+ Z (up—1)+1
1ESUpPp © lesuppu
= min (7., — 1)) = v,.
PN SR
lEsupp u;l#i

Now we prove (2). By definition

YVt rper = min(iersrlllinu('r’wi + Z (up— 1)+ (A — 1)), 7k, + Z (w — 1))
PP lE€supp u;l#i lesuppu
=min(y, + Ae — 1), 760, + Z (w —1)).
l€suppu



Lemma 2.10. With the notations introduced in 2.6, and the Assumption 2.8. For any
i=1,...,s let & be an integer such that reg(M;) = end(HJi (M;)) + 6;. For any u € C, we
set
Y. ={Ty | v:u+25lel,L c{1,...,s},LNsuppu = 0};
leL
Su = {" | v:u+25lel,LC {1,...,s}, LNsuppu = 0}.
leL
Then for all u € C, we have max ¥, = max S,.

Proof. For any k =0,...,s — | suppul, we set

Yur={lv|v=u+ Z&Q,L Nsuppu =0, |L| > k};

leL

Suk={w|v=u+ 6e,LNsuppu=0,|L| > k}.

leL

Let remark that by the Assumption 2.8 if suppu = {1, ..., s} then E, # 0, hence by Lemma
29%,=205,.
We will prove by induction on k, that for any £ =0,...,s — |supp u|, max X, ; = max .S, x.

The Lemma will be proved since our claim is the case k = 0. For k = s — |suppu|,
there is only one set L with |L| = s — | suppu/, it is the complementary of supp u, the local

cohomology module E,y s 5, is non zero by the Assumption 2.8. So by Lemma 2.9,
l¢Zsupp u

FU"’ > s = Tut ¥ G

lZsupp u lZsupp u
which implies Xy, s |suppu| = Su,s—|suppul, A0d MaX(Xy s |suppu|) = MAX(Sy, s—|suppul)-
Now suppose that for some 1 < k < s — |suppu|, we have max (3, ;) = max(S,x). We

will prove that max(3, x—1) = max(S,,—1). We have two cases:

(i) For all L such that L C {1,...,s}, LNsuppu =0, |L| = k — 1, we have E, # 0, where
v =u-+ Y d¢, then T, = ~,, hence
leL
max (3, ;1) = max(I'y|v = u + Zélel, |L| =k —1,max X, )
leL
= max{7,|v =u+ Z(Slel, |L| =k — 1,max Sy}
leL
= max{Sy, x_1}-

(i) There exists L C {1,...,s},LNsuppu = 0,|L| = k — 1, such that E, = 0, for
v, v =u+ Yy €. We have

leL

E,=0&end( ® Hi(M;))< max o;.

iESu_pp v Jj¢suppv
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Let n ¢ supp v such that max o; = 0,,. Thus the condition E, = 0 is equivalent to
JEsupp v

min (r;,, —v;) < 0,. But o, < reg(M,,) =rys,, by [B-S, Theorem 15.3.1]. So

1ESUpp v

min (7, — ;) < Tnes, — L
1ESUpp v

It implies that
min (7;.,. —-1)) " —1).
ZESuppU(T ;T Z (v < Tne, T Z Uy
lesupp v;l#1 lesupp v
That is v, < rug, + Y (v;—1). Since depth(M,,) > 2,4, > 2, we obtain 7, < 7, + (0, — 1)

€supp v
which implies that

Yo < min(% + 511 - 17 Tn,6n + Z (Ul - 1)) = Yo+dnen € Su,k:-
lEsupp v

The last equality follows from Lemma 2.9. In conclusion max ¥, ;1 = max S, ;_1, the proof
of the Lemma is over. O

Now we can state our main theorem.

Theorem 2.11. With the notations introduced in 2.6, and the Assumption 2.8. We have:

e max{[', | u € C'} = max{v, |u € C}.
o reg(Mi®...QM,) = max{l + > w+ min (end(Hu(M;)))}.

l€supp u 1ESUpp u

Proof. The first claim from the Lemma 2.10, since
max (I',|u € C) = max(max 3,) = max(max .S,) = max (y,|u € C).

The second claim follows from the definition of Castelnuovo-Mumford regularity, the first
claim, the Corollary 2.7 and the definition of ~,. O

We recall the following Proposition from [MD]:

Proposition 2.12. If M is a Cohen-Macaulay module of dimension d, then reg M[r|<"> =
d— (d—regM—f—T'l )

n

Hence we have the following consequence:

Theorem 2.13. Let Si,...,Ss be graded polynomial rings on disjoints of set of variables.
For allv =1,...,s, let M; be a graded finitely generated S;-Cohen-Macaulay module with
depth M; > 2. Let d; = dim M;,b; = d; — 1 > 1, oy = d; — reg(M;), where reg(M;) is the
Castelnuovo-Mumford reqularity of M;. Then



(1) reg(M1® ... QM) = max{l + > b — max {o}}.

lEsupp u lesuppu

(2) For n; € N, let M;[r;]<™~ be the shifted n;-Veronese transform of M;, then

reg(My[m]"" 7 ® ... QM[1,]<"”) = max{1 + Z by — max alJrTl}}}.

ueC lEsupp u ng

l€suppu

As a Corollary we generalize one of the main results of [C-M][Theorem 1.4]

Corollary 2.14. ([C-M][Theorem 1.4])Fori=1,...,s, let S; be graded polynomial rings on
disjoints sets of variables, with dim S; > 2, let m;, n; € Z, and S;[m;|<™> be the n;-Veronese
transform of S;[m;], then

b
reg(S1[m1]<™7® ... ®S,[ms] ™) = max{ Z b — max {[— o

ueC l€supp u g

[is

l€suppu

Remark 2.15. Let Sy, ..., Ss be graded polynomial rings on disjoints of set of variables. For
alli =1,...,s, let M; be a graded finitely generated S;- module with depth M; > 2. If we
don’t have the assumption: for any i =1,...,s;j; H (M;) has no gaps. and (HJ, (M;)) # 0
for infinitely many k, we get trivially the inequality:

reg(Mi1®...@M;) < max{l + Z u;+ min (end(Hy (M;)))}.

1ESuUpp u
lesuppu

3 Square free monomial ideals

Let A be a simplicial complex with support on n vertices, labeled by the set [n] = {1,...,n},
S := K|z, ...,z,] be a polynomial ring, In C S be the Stanley Reisner ideal associated to
A, that is In = {z'/F & A}. We quote the following theorem from [Sb][Proposition 3.8]:

Proposition 3.1. Let K[A] := S/Ix be the Stanley-Reisner ring associated to A, a =
(a1, ...,an) € Z, where for all i, a; < 0. Let F = supp(a) C [n] and | F |:= card(F) then:

dimK(H;(K[A]))a = Bi—i—l—IF\,[n]\F(K[A*])a
where A* is the Alexander dual of A.

We get the following Corollary, which statement in [Sb|[Lemma 3.9] has minor mistakes:

Corollary 3.2. 1. A
dimg (Hy(K[A]))o = Bir1.0(K[AY]),

2. For any integer j > 0:

‘ min(j,n) j -1
dimg (H, (K[A]))-; = Z ( h

h=1

)/z-ﬂh,nh(K[A*])-

EN|



Note also that even if [H-S|[Theorem 4.1] is true, its proof has minor mistakes. In that
proof it was used the relation H® = AB, where A, B, H are three matrices, by using the
Corollary 3.2, we can give the correct expressions for the matrices A, B, H. Let

1<i<n—-1,1<j<n—-1,1<h<n-1, h; =dimg(HL(K[A])_;, H = (h;;)

I if R < e n(K[A*) ifh<i+4+1
%h:{éh_l) lh—J,A:(aj,h), bh’i:{ﬁwl hn—n(K[A*]) if b <i+ B = (byy).

else 0 else
Then
H' = AB.
hfl,l hnfl,l 1 0 0 0 61,1171 62,1171 ﬁnfl,nfl
h1,2 hn,1,2 1 ;— 0 0 0 61,1172 ﬁn72,n72
=1 () 1 .. 0
T R S 1 (") (%Y - () 0 0 .. Pua

Corollary 3.3. Let i be an integer. Let k; be the smallest h such that Biy1—pn—n(K[A*]) # 0.
If ki = 1 or (HL(S/IA))o = 0, then HL(S/IA) has no gaps and (HL(S/IA))x # O for all
k< end(H3,(S/1)).

Proof. We can assume that (HE(S/In)) # 0. The formula proved in 3.2 implies that
(Hi(S/IA))x # 0 for all k < k;. The claim is over. O

For i = 1,..., s consider A; be a simplicial complex with support on n; vertices, labeled
by the set [n;] = {1, ...,n;}, S; be a polynomial ring on n; variables, Ix, C S; be the Stanley
Reisner ideal associated to A;. Let C :=10,....,n] x[0,...,n9] x ... x[0,...,n,], and

Theorem 3.4. Let consider Ay, ..., As, s simplicial complezes such that for all i =1, ..., s,
depth S;/Ia, > 2, and k; = 1 or (HE (S/1a,))o = 0. Then

reg(S1/1a,@ .. ®5,/In,) = max{l + lEZ w +  min (end(Hyi(Si/1a.)))}-
supp u
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