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Blowing up Solutions for an Elliptic Neumann
Problem with Sub- or Supercritical Nonlinearity

Part I: N =3

OLIVIER REY* and JuNcHENG WEI'

October 6, 2005

Abstract

We consider the sub- or supercritical Neumann elliptic problem —Au + pu = u®+e,

u > 0 in € % =0 on 89, Q being a smooth bounded domain in R3, ;x> 0 and € # 0
a small number. H, denoting the regular part of the Green’s function of the operator
—A+ p in Q with Neumann boundary conditions, and ¢, (z) = ,u% + H,(x,z), we show
that a nontrivial relative homology between the level sets ¢}, and ¢,,, b < ¢ < 0, induces
the existence, for € > 0 small enough, of a solution to the problem, which blows up as
€ goes to zero at a point a € Q such that b < ¢, (a) < c¢. The same result holds, for
€ < 0, assuming that 0 < b < c. It is shown that, M, = sup,cq ¢u(z) <0 (resp. > 0)
for p small (resp. large) enough, providing us with cases where the above assumptions
are satisfied.

1 Introduction

In this paper we consider the nonlinear Neumann elliptic problem

(P,

q;H

) —Au+pu =uf u>0 in
g—z =0 on 0f)
where 1 < ¢ < +00, ¢ > 0 and € is a smooth and bounded domain in R3.

Equation (P, ,) arises in many branches of the applied sciences. For example, it can be
viewed as a steady-state equation for the shadow system of the Gierer-Meinhardt system in
biological pattern formation ([14], [26]) or of parabolic equations in chemotaxis, e.g. Keller-

Segel model ([24]).

When q is subcritical, i.e. ¢ < 5, Lin, Ni and Takagi proved that the only solution, for small
i, is the constant one, whereas nonconstant solutions appear for large u [24] which blow up, as
1 goes to infinity, at one or several points. The least energy solution blows up at a boundary
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point which maximizes the mean curvature of the frontier [28][29]. Higher energy solutions
exist which blow up at one or several points, located on the boundary [8][13][22][33][19], in
the interior of the domain [5][7][11][12][16][21][38][40], or some of them on the boundary and
others in the interior [18]. (A good review can be found in [26].) In the critical case, i.e. ¢ = 5,
Zhu [41] proved that, for convex domains, the only solution is the constant one for small x
(see also [39]). For large u, nonconstant solutions exist [1][34]. As in the subcritical case the
least energy solution blows up, as g goes to infinity, at a unique point which maximizes the
mean curvature of the boundary [3][27]. Higher energy solutions have also been exhibited,
blowing up at one [2][35][31][15] or several boundary points [25][36][37][17]. The question of
interior blow-up is still open. However, in contrast with the subcritical situation, at least one
blow-up point has to lie on the boundary [32]. Very few is known about the supercritical
case, save the uniqueness of the radial solution on a ball for small p [23].

Our aim, in this paper, is to study the problem for fixed p, when the exponent ¢ close
to the critical one, i.e. ¢ = 5+ ¢ and ¢ is a small nonzero number. Whereas the previous
results, concerned with peaked solutions, always assume that p goes to infinity, we are going
to prove that a single peak solution may exist for finite u, provided that ¢ is close enough to
the critical exponent. Such a solution blows up, as g goes to 5, at one point which may be
characterized.

In order to state a precise result, some notations have to be introduced. Let G, (x,y)
denote the Green’s function of the operator —A+ p in 2 with Neumann boundary conditions.
Namely, for any y € Q, x — G, (x,y) is the unique solution of

oG,

—-AG, + G, =4né, x€Q; 3 =0 z€0f. (1.1)
n
G, writes as
G (1) e—Hlz—yl H.(o.9)
r,y) = ——— — H,(x,
piey |z —y] piny

where H,,(z,y), regular part of the Green’s function, satisfies

OH 1 [ e—n"lz—yl
—-AH H, = 0, —Ht-=_—|-—— Q. 1.2
wtpH, =0 xef; o 8n< P z e (1.2)
We set )
ou(x) = p? + Hy(x, ).
It is to be noticed that
H,(z,z) - —oc0 as d(z,00)—0 (1.3)

implying that
M,, = sup ¢, (z)
zeN

is achieved in €. (See (5.10) in Proposition 5.2 for the proof of (1.3).) Denoting

[ ={reQ f(z) <a}

the level sets of a function f defined in €2, we have :



Theorem 1.1 Assume that there exist b and ¢, b < ¢ < 0, such that ¢ is not a critical
value of ¢, and the relative homology H. (goﬁ,apﬁ) # 0. (Psye,n) has a nontrivial solution,
for e > 0 close enough to zero, which blows up as € goes to zero at a point a € §2, such that
b<gula) <ec.

The same result holds, for € < 0, assuming that 0 < b < c.

We notice that, M, <0 (resp. > 0) when p is small (resp. large) enough (see (5.12) and
(5.13) of Proposition 5.2). Consequently, we deduce from the previous result :

Theorem 1.2 There exist pg and 1, 0 < po < p1, such that :

1) If0 < p < po, (Psqe,p) has a nontrivial solution, for e > 0 close enough to zero, which
blows up as € goes to zero at a mazimum point a of H,(a,a).

2) If > p1, (Pste,u) has a nontrivial solution, for e < 0 close enough to zero, which blows
up as € goes to zero at a mazximum point a of Hﬂ(a7a).

Remarks. 1) In the critical case, i.e. € = 0, further computations suggest that a nontrivial
solution should exist for u > po close enough to pg, such that A, > 0 and M,,, = 0. This
solution would blow up, as previously, at a maximum point of H,,(a,a) as pu goes to po.
(This contrasts to previous results for Ps o on the nonexistence of solutions for p small ([39],
[41]) and nonexistence of interior bubble solutions for u large ([10],[31]).)

2) In a forthcoming paper, we shall treat the case N > 4, which appears to be qualitatively
different.

The scheme of the proof is the following. In the next section, we define a two-parameters
set of approximate solutions to the problem, and we look for a true solution in a neighborhood
of this set. Considering in Section 3 the linearized problem at an approximate solution, and
inverting it in suitable functional spaces, the problem reduces to a finite dimensional one,
which is solved in Section 4. Some useful facts and computations are collected in Appendix.

2 Approximate solutions and rescaling

For sake of simplicity, we consider in the following the supercritical case, i.e. we assume that
€ > 0. The subcritical case may be treated exactly in the same way.
For normalization reasons, we consider throughout the paper the equation

—Au+ pu = 3u’TE, w >0 (2.1)

instead of the original one. The solutions are identical, up to the multiplicative constant
1
37 7+=. We recall that, according to [6], the functions

b%

. A>0,acR? (2.2)
(L4 M|z —al?)z

U)\’a (1‘) =

are the only solutions to the problem
—Au=3u’, u>0 in R3.

As a € Q and X goes to infinity, these functions provide us with approximate solutions to the
problem that we are interested in. However, in view of the additional linear term pu which



occurs in (Ps4c ), the approximation needs to be improved. Actually, we define in 2 the
following functions :

- 1 /1— e*u%\%a\
U)\,a,u(x) = U)\,a(x) - )\? (W + HH(CL, I))
which satisfy
- - 1
~ AUy ap + p0rap = 3U3 , + M(Um - 7) (2.3)
' Az |z —al

We are going to seek for solutions in a neighborhood of such functions, with the a priori
assumption that a remains far from the boundary of the domain, that is there exists some
number § > 0 such that

d(a,0) > 0. (2.4)

Moreover, integral estimates (see Appendix) suggest to make the additional a priori assump-
tion that A behaves as 1/e as e goes to zero. Namely, we set

L Leacy (2.5)

A= o

with ¢’ some strictly positive number.
In fact, in order to avoid the singularity which appears in the right hand side of (2.3), and
to cancel the normal derivative on the boundary, we modify slightly the definition of Uy 4,
setting
~ 1 __e?
Vaae(®) = U @) = S (A2l — al(1 = € ) + 0 0 1c(2) (2.6)

0A,a,u,e = 0 being the unique solution to the problem

A0+ pfd =0 in Q
20 =2 <UA1€7G(:£) + (Ijr\i)af\ + %(Ae)%kv —al(l - e“if’?)) on 0Q.

From the above assumption (2.4) we know that
Hy(a,2) = O(1) Orame = O(?) (2.7)

in C?(2). We note that Vi, . = V satisfies

1 c2 15 k2
AV (g ) e (1 i)
AE’2 2 1 - e2
—bE—(Ae)z |z —al(l—e =) in Q

o =0 on 09

(2.8)
The Va q,u,c’s are the suitable approximate solutions in the neigbourhood of which we shall
find a true solution to the problem. In order to make further computations easier, we proceed
to a rescaling. We set



and we define in (). the functions
1 a
W g pe(@) = 55VA7a,u,a(5$) §= - (2.9)

which write as

[N

(1 . e_uée\x—ﬂ
|z — €]
2
c 1 _ ~
~ BN — g1 - ¢ ) + fr g ()

WA,&ME(‘I) = U%,ﬁ(‘r) - A + Hp,,s(Ea .’IJ))

(2.10)

H,, . denoting the regular part of the Green’s function of the operator —A+ye? with Neumann

boundary conditions in Q., and 4 ¢, .(z) = 5%9/\7&,#75(6:5). We notice that, taking account
of (2.7)

H,.(&x)=0() Ore () = O(e%) (2.11)
in C%(€).). We notice also that assumption (2.4) is equivalent to
d(§,00.) > g (2.12)

and that Wa ¢, . = W satisfies the uniform estimate |Wx ¢ .| < C’U%,g in Q.. Moreover,
we have

1 1
AW + p2W =3U§’§+u52(U%,a—ﬁe*ﬁ) N (1+@) ¢ e
A —g|(1—e T ) in O
%—‘;V =0 on 0f)..
(2.13)
Finding a solution to (Ps4c,) in a neighbourhood of the functions Vj 4 . is equivalent,

through the rescaling, to solving the problem

—Au+ pe?u =3uPtE u>0 in Q
/ €
(Psye,p) { o on 90, (2.14)

in a neigbourhood of the functions W ¢, .. For that purpose, we have to use some local
inversion procedure. Namely, we are going to look for a solution to (PE' u) writing as

w=Wpgpne+w

with w small and orthogonal at Wy ¢ ., c, in a suitable sense, to the manifold
M= {WA,W,E, (A, €) satisfying (2.5) (2.12)}. (2.15)

The general strategy consists in finding first, using an inversion procedure, a smooth map
(A, €) = w(A, &) such that Wy ¢ .0 +w(A, &, i, e) solves the problem in an orthogonal space
to M. Then, we are left with a finite dimensional problem, for which a solution may be found
using the topological assumption of the theorem. In the subcritical or critical case, the first
step may be performed in H' (see e.g. [4][30][31]). However, this approach is not valid any
more in the supercritical case, for H' does not inject into L? as ¢ > 6. Following [9], we use
instead weighted Holder spaces to reduce the problem to a finite dimensional one.



3 The finite dimensional reduction

3.1 Inversion of the linearized problem

We first consider the linearized problem at a function W ¢, ., and we invert it in an orthog-
onal space to M. From now on, we omit for sake of simplicity the indices in the writing of
Wa,¢ e Equipping H*(Q.) with the scalar product

(u,v)e = / (Vu - Vo + peuv)
Qe

orthogonality to the functions

ow ow
= — = <1< .
YQ IA 852 1_1_3 (31)

in that space is equivalent, setting

oW oW oW oW
Z = —Ai 27 ZZ = _A 2
0 an T aA o6 M 5

1<i<3 (3.2)

to the orthogonality in L?(£).), equipped with the usual scalar product (-, -), to the functions
Z;, 0 < i < 3. Then, we consider the following problem : h € L*(£).) being given, find a
function ¢ which satisfies

—Ap+p2p—3(5+e)Wit¢ =h+3,¢Z; in Q
g—i =0 on 99, (3.3)
<Zi,¢p> =0 0<i<3

for some numbers c;.
Existence and uniqueness of ¢ will follow from an inversion procedure in suitable functional
spaces. Namely, for f a function in €)., we define the following weighted L°°-norms

£l = sup |1+ ]2 — ¢} f(@)
FASION

and
1l = sup [(1+ |2 = €)% ()]
TEQ,

Writing U instead of Uy ¢, the first norm is equivalent to ||U 1 f|lo and the second one to

|U=%f|| s, uniformly with respect to & and A.
We have the following result :

Proposition 3.1 There exists eg > 0 and a constant C > 0, independent of € and &, A
satisfying (2.12) (2.5), such that for all 0 < € < eo and all h € L>=(£),), problem (3.3) has a
unique solution ¢ = L.(h). Besides,

[Le(R)]l« < CllAlls |ei] < C|A]|x. (3.4)
Moreover, the map L.(h) is C? with respect to A, & and the L-norm, and

I1D@.g) Le(R)[l+ < O[]l IDEr &) Le (B[l < Cllhl|s- (3.5)



PrROOF. The argument follows closely the ideas in [9]. We repeat it for convenience of the
reader. The proof relies on the following result :

Lemma 3.1 Assume that ¢. solves (3.3) for h = he. If ||he ||« goes to zero as € goes to zero,
so does ||pc||«-

PROOF OF THE LEMMA. For 0 < p < 1, we define

Ifll, = sup [(1+ |a —€2)2077 f(x)]
rEQ,

and we first prove that ||¢||, goes to zero. Arguing by contradiction, we may assume that
|¢cll, = 1. Multiplying the first equation in (3.3) by Y; and integrating in Q. we find

Sl ZYy) = (ZAY; + Y - 865+ WY, 6.) - (he,Y).
On one hand we check, in view of the definition of Z;, Y}
(Zo,Yo) = |Yoll2 =70 + o(1) (Z,Y:) = IVl =m+o(1) 1<i<3  (3.6)
where g, 1 are strictly positive constants, and
(Z.Y;) =ol)  i#]. (3.7)
On the other hand, in view of the definition of Y; and W, straightforward computations yield
(—AY; + pe®Y; — 3(5 + &) WiteY;, o) = o[ 6: )

and
(he, Yj) = O(||he|sx)-

Consequently, inverting the quasi diagonal linear system solved by the ¢;’s, we find

¢i = O([lhell«x) + o[ el )- (3.8)

In particular, ¢; = o(1) as € goes to zero. The first equation in (3.3) may be written as

o) =3(5+2) [

Gelr,y) (WE 6. + e+ ciZZi)dy (3.9)
Q. p
for all z € Q., G. denoting the Green’s function of the operator (—A + ue?) in Q. with
Neumann boundary conditions.

We notice that by scaling and (5.11) of Proposition 5.2,

Ty C
Gs(xay) = EG#(ga g) < |J? — y|

(3.10)



and hence we obtain

1 1
G.(z,y)Wieo.dy| < Cl¢. / . d
/QE (W ety < ol || o
< Clloell,(1 4|z —¢*) 2
1 1
Ge(z,y)hedy| < Cllhe **/ dy
/QE (@) Ihelles | Ty T e e (3.11)
< COllhellax (1 + |z — €[*) 2
1 1
GE xayZidy SC 5dy
Q. (@y) o T =yl (1+]z—€?2)2
<C+|z—¢)>

from which we deduce

P

1+ ]z — )22 g ()] < C(1+ |z — €2) 5.

|¢<|l, = 1 implies the existence of R > 0, v > 0 independent of ¢ such that |¢c| 1By e)) >

~. Then, elliptic theory shows that along some subsequence, giga(x) = ¢ (x — &) converges
uniformly in any compact subset of R? to a nontrivial solution of

—A¢ =15U% &
for some A > 0. Moreover, |¢(z)| < C/|z|. As a consequence, ¢ writes as
3
—1
(see e.g. [30]). On the other hand, equalities < Z;, ¢. >= 0 provide us with the equalities
Ug,
/ R %‘

6UA 0~ G / A
R3 6&1 A,0

: 8UA . aUA .

1

As we have also

aU; Ui
VR [=m0>0 LGt = =0 1siss
R3 i

R3 i

and

oUx oUx oUx oUx
/V 80 g9%K0 /V 8o %R0 _ oy
RS

8[1 ) Oda; - 8aj ) Oda;
the a;’s solve a homogeneous quasi diagonal linear system, yielding o; =0, 0 < o; < 3, and

¢ = 0, hence a contradiction. This proves that ||¢.||, = o(1) as € goes to zero. Furthermore,
(3.9), (3.11) and (3.8) show that

[ gells < Cllhellex + ll¢ell,)



whence also [|¢c||« = o(1) as € goes to zero.

PROOF OF PROPOSITION 3.1 COMPLETED. We set
H:{gbeHl(Qs), < Zid>=0 0§i§3}

equipped with the scalar product (-,-).. Problem (3.3) is equivalent to finding ¢ € H such
that
(¢,0)e = 3(5+e)Wt¢+h,0) VoeH

that is ~
o=T())+h (3.12)

h depending linearly on h, and T. being a compact operator in H. Fredholm’s alternative
ensures the existence of a unique solution, provided that the kernel of Id — T is reduced to 0.
We notice that ¢. € Ker(Id—T:) solves (3.3) with h = 0. Thus, we deduce from Lemma 3.1
that ||¢c]|« = o(1) as € goes to zero. As Ker(Id —1T;) is a vector space, Ker(Id —T.) = {0}.
The inequalities (3.4) follow from Lemma 3.1 and (3.8). This completes the proof of the first
part of Proposition 3.1.

_ The smoothness of L. with respect to A and ¢ is a consequence of the smoothness of T and
h, which occur in the implicit definition (3.12) of ¢ = L.(h), with respect to these variables.
Inequalities (3.5) are obtained differentiating (3.3), writing the derivatives of ¢ with respect
A and £ as a linear combination of the Z;’ and an orthogonal part, and estimating each term
using the first part of the proposition - see [9] [20] for detailed computations. O

3.2 The reduction

In view of (2.13), a first correction between the approximate solution W and a true solution
to (P, ,) writes as

¢° = Le(R?) (3.13)
with
R =3W7JTe — (=AW + pe*W)

Az pAze? 1 o

=3W>Te —3U3 , — pe? (Ui - e \HI?) + (1 + )e e —el?
! Bt SR o =P\ o g
2.4 |
+ (Ao — gl — e ).

(3.14)
‘We have :

Lemma 3.2 There exists C, independent of £, A satisfying (2.12) (2.5), such that
B < Ce 1D ey Rl < Ce D2 ) B e < O

ProOF. According to (2.10), W = U 4 O(e) uniformly in Q.. Consequently, noticing that
U > Ce¢ in ), C independent of ¢

U — WPt = O(eUP | InU| +eU?)



uniformly in 2., whence
|U% — WE.. < CU4(U° — W) e = O(c).

On the other hand

AT pAze? 1 1
“Fma ) e Ut ) T

2.4 )
~ (o)t —gl(1 - 7o)

2\2 2
(1+ |z — ¢%)? | ne? (U,

=0(e)

uniformly for z € €}, since

A3
X g g

U e T =0z — €7

as |z — | goes to infinity, and |z —&| = O(1/e) in Q.. The first estimate of the lemma follows.
The others are obtained in the same way, differentiating (3.14) and estimating each term as
previously. g

Lemma 3.2 and Proposition 3.1 yield :
Lemma 3.3 There exists C, independent of £, A satisfying (2.12) (2.5), such that

[9°]l« < Ce Dol < Ce 1Dy %" 1« < Ce.

We consider now the following nonlinear problem : finding ¢ such that, for some numbers

Ci
AW 9 +0) +p(W v +0) =3W +v+0)1° =3¢z in O
2 =0 on 9N
<Zyo> =0 0<i<3.
(3.15)
Setting
Ne(n) = (W + )5 = W2 — (5 + )Wty (3.16)
the first equation in (3.15) writes as
—Ap+ G —3(5+ )W = 3N.( + ¢) + Y i Z; (3.17)

for some numbers ¢;. Assuming that ||n||« is bounded, say ||n||« < M for some constant M,
we have

INe(m)]lsx < Clinll

whence, assuming that ||¢[|« < 1 and using Lemma 3.3
IN2(t) + 6) [l < C([I9]I3 + ). (3.18)

We state the following result :

10



Proposition 3.2 There exists C, independent of € and &, A satisfying (2.12) (2.5), such that
for small e problem (3.15) has a unique solution ¢ = ¢(A, &, u, ) with

Ioll. < Ce?. (3.19)
Moreover, (A, €) — (A, &, pu,e) is C? with respect to the LS°-norm, and
1D 8ll- < Ce? D¢y )0l < Ce. (3.20)

PROOF. Following [9], we consider the map A, from F = {¢ € H' N L®(Q.) : ||¢l« < €} to
H' N L*>(€,) defined as

As(¢) = L€(3N€(¢ + 'L/]))

and we remark that finding a solution ¢ to problem (3.15) is equivalent to finding a fixed
point of A.. One the one hand we have, for ¢ € F

[ Az (@)1« < ILe(Ne(@ + 9))[ls < [|Ne(@ + ) |lux < Ce* <€

for £ small enough, implying that A, sends F into itself. On the other hand A, is a contraction.
Indeed, for ¢1 and ¢5 in F, we write

[Ac(d1) = Ac(@2) [« < IN(¥ + ¢1) — Ne(9) + @2
< ||U_4 (N6(¢ + ¢1) - Ne(w + (152)) ||oo

In view of (3.16) we have
O N=(n) = (5+ &) (W + )57 = W) (3.21)

whence
INo(¢p + ¢1) = Ne(¥ + ¢2)| < CUP|¢p + gy + (1 — t)¢a||d1 — oo
for some ¢t € (0,1). Then

U (Ne(yp + ¢1) = No(¥ + ¢2)) oo < CNUT (@ + t1 + (1 — £)2) (b1 — h2)low
< C19ll + lprll« + llp2ll) |1 — P2ll«
< ellgr — P2«

This implies that A, has a unique fixed point in F, that is problem (3.15) has a unique
solution ¢ such that ||¢||. < e. Furthermore, the definition of ¢ as a fixed point of A. yields

1]l = ILe(Ne(¢ + )+ < CINe(¢ + )| < Ce?

using (3.18), whence (3.19).
In order to prove that (A,€) — ¢(A, €) is C?, we remark that setting for n € F

B(A,€,m) =n— Le(3Ne(n + )

¢ is defined as
B(A,€, ) = 0. (3.22)

We have
Oy B(A,€,1)[0] = 0 — 3L (0 (8,N:)(n + )

11



and, using (3.21)

1L (0 (9yNe) (1 + 1)) [« < Cl10 (9 No) (17 + 1)) ||
< CIU3(3yN) (1 + )l 16«
< Clin+ ¥l 10]l«
< Ce|0]l..

Consequently, 0,B(A, €&, ¢) is invertible in L$° with uniformly bounded inverse. Then, the
fact that (A, &) — @(A, &) is C? follows from the fact that (A, &, n) — L.(N-(n + 1)) is C?
and the implicit functions theorem.

Finally, let us show how estimates (3.20) may be obtained. Derivating (3.22) with respect
to A, we have

Or = 3(0,B(A,€, 6)) " ((aALE><N5<¢+w>> L((OxN) (64 ) +Lg<<anNs><¢+w>aw>)

whence, according to Proposition 3.1

10xgll. < c(nNaww)n** AN (S + ¥)llee + ||<anNE><¢+w>aw||**).

From (3.18) and (3.19) we know that
IN(¢+ )| < C2.

Concerning the next term, we notice that according to the definition (3.16) of N,

[OAN) (@ + )| = (54 )|(W + & + )4 = W — (44 )W (6 + ) |[0a W]
<CUg+ 92
< QU2
using again (3.18) and (3.19), whence
1(OANZ) (& + )|l < C2.

Lastly, from (3.21) we deduce

|0y N=) (¢ + ©)0nv| < U6 + |l ]|0a
yielding
10 N=) (6 + ) Oa¢ | < Ce>.

Finally we obtain

1080 < Ce?.

The other first and second derivatives of ¢ with respect to A and £ may be estimated in
the same way (see [20] for detailed computations concerning the second derivatives). This
concludes the proof of Proposition 3.2. O

12



3.3 Coming back to the original problem
We introduce the following functional defined in H'(2) N L57¢(Q)

—1 2 2\ _ 3 / 6+e
L) = 5 [ (Val ) — 2 [t (3.23)

whose nontrivial critical points are solutions to (Ps4. ) (up to the multiplicative constant
34%5)' We consider also the rescaled functions defined in

WA, a)(z) = e Waele'0) =7V u(z) (3.24)
with )
¢= 2+ %5 a=et
We define also
b(A, a)(z) = e YA, §)(e ') d(A,a)(z) = e H(A, &) (e ) (3.25)
and we set A o
I.(Aa) = J.(W 4+ ¢ + ¢) (A, a)). (3.26)
‘We have :

Proposition 3.3 The function u = 37ts (W—HZ)—{—Q@) is a solution to problem (Psyc ) if and
only if (A, a) is a critical point of I.

PROOF. For v in H(Q.) N L5F¢(Q.), we set

1 3
K.(v) = 5/Q (Vo2 + pe?) — 6+5/Q uote (3.27)

whose nontrivial critical points are solutions to (P35, ,). According to the definition /. we
have
L(Aya) = e T2 K((W + ¢ + 9) (A, €)). (3.28)

We notice that u = 37+ (U+41)4¢) being a solution to (Psc,,.) is equivalent to W41+ ¢ being
a solution to (Ps,. ,), that is a critical point of K.. It is also equivalent to the cancellation
of the ¢;’s in (3.15) or, in view of (3.6) (3.7)

K/ (W+4y+¢)[Y;]=0 0<i<3. (3.29)

On the other hand, we deduce from (3.28) that IZ(A, a) = 0 is equivalent to the cancellation
of KL(W + 1+ p) applied to the derivatives of W + 1 + p with respect to A and £. According
to the definition (3.1) of the Y;’s, Lemma 3.3 and Proposition 3.2 we have

OW + 9+ ¢) OW + 9+ ¢) .
AL a7 ST vy, 1<j<
A o+ Yo a¢; j T Yy <7<3
with [|yi|| L~ = o(1), 0 <4 < 3. Writing
3
— ! (] _ ..
§=0

13



and
K{(W +¢ +p)[Yi] = o
it turns out that IZ(A, a) = 0 is equivalent, since K.(W 4+ +p)[0] = 0 for (6, Z;) = (0,Y;). =
0,0<j<3,to
(Id + [aij])[ai} =0.
As a;; = O(||lys||l«) = o(1), we see that IZ(A,a) = 0 means exactly that (3.29) is satisfied. O

4 Proof of Theorem 1.1

In view of Proposition 3.3 we have, for proving the theorem, to find critical points of I.. We
establish first a C2-expansion of I..

4.1 Expansion of /.

Proposition 4.1 There exist A, B, C, strictly positive constants such that

A 3BA
65" 2

with 0., D5 00 and D%Ama6 going to zero as € goes to zero, uniformly with respect to a,
A satisfying (2.4) and (2.5).
PROOF. In view of the definition (3.26) of I., we first estimate J.(W). We have

XTI (W) = X7 I (e27CY)

A 1
I.(Aa)=A+ Zsln(sA) + 5(0 + (ul/Q + Hy(a,a))e +eo-(A, a)

1—e%
=J(V)+3— [ VIte
(V) + 6+€/Q +

=J.(V)+ %(—g Ine + 0(5)) /QVere

from which we deduce, using the integral estimates (5.8), (5.9) and Proposition 5.1 in Ap-
pendix,that

o A 1 A 3BA
J(W)=A+ Zsln(sA) + 5(O + E)zs + == (W% + Hy(a,a))e + ofe). (4.1)
Then, we prove that . R
I.(A,a) — J.(W 4+ 1) = o(e). (4.2)

Indeed, from a Taylor expansion and the fact that J/(W + ¢ + ¢)[¢] = 0, we have
(A, a) = J-(W + ) = Je(W 41+ §) = J-(W + ¢)

2

1
- / T W+ + 1) [, et

1

1-2¢

=e K/ (W + ¢ + ¢)[o, pltdt

— ol

/
/;(/Q (No(¢+ )¢+ 3(5 +e) [Wite — (W+w+t¢)i+€]¢2))tdt.

14



The desired result follows from (3.18), Lemma 3.3 and (3.19). Similar computations show
that estimate (4.2) is also valid for the first and second derivatives of I (A, a)— J.(W +) with
respect to A and a. Then, the proposition will follow from an estimate of J.(W +v) — J.(W).
We have

(W + ) — J.(W) =2 (K. (W + 1) — K.(W))
12 (K (W) 6] + / (1= K. (W + ), ).
By definition of ¢ and R°¢
KWWl == | R

and we have

KW + ty) [y, 9] = / (V92 + pe?y?) — 3(5 + ) / (W + t) g2,

Q. Qe

Then, integration by parts and ¢ = L.(R®) yield

K. (W + t)[, 9] = / R —3(5 +¢) / (W + t) 5 — Wite)p?,

Qe Qe

Consequently

T (W + ) = J.(W)

_ 1% (_;/Q R —3(5+4¢) /01(1 —7«‘)(/Q

and Lemmas 3.2 and 3.3 yield

(W + ty) it — Wi+f]¢2)dt>

€

T(W +¢) = J.(W) = ofe).

The same estimate holds for the first and second derivatives with respect to A and a, obtained
similarly with more delicate computations - see Proposition 3.4 in [20]. This concludes the
proof of Proposition 4.1. O

4.2 Proof of Theorem 1.1 completed

According to the statement of Theorem 1.1, we assume the existence of b and ¢, b < ¢ < 0,
such that ¢ is not a critical value of ¢, (z) = /ﬁ + H,(xz,z) and the relative homology
H. (g5, @Z) # 0. In view of Proposition 3.3, we have to prove the existence of a critical point
of I.(A,a). According to Proposition 4.1, we have

ol Ae 3B
%(A, a) = A + 7‘%(“)5 + o(e)
and
821, Ae

() = 5 o)
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uniformly with respect to a and A satisfying (2.4) (2.5). For 6 > 0, n > 0, we define
Qs = {a € N s.t. d(a,00) > 0, pula) < —7}.

The implicit functions theorem provides us, for € small enough, with a C'-map a € Qs —
A(a) such that

M@0 =0 A@ = —E(eu(@) ! +o(1).

Then, finding a critical point of (A,a) — I.(A,a) reduces to finding a critical point of a +—

I.(a), with -
I.(a) = I.(A(a),a).
We deduce from Proposition 4.1 yields the C!-expansion

I.(a) = A+—eln5+ (C—é-i-Alni)

A
. =) = Zetnleu(@] + ofe).

4

Therefore, up to an additive and to a multiplicative constant, we have to look for critical
points in €5, of
Ze(a) = —In|pu(a)| + 7e(a) (4.3)

with 7.(a) = o(1), V7-(a) = o(1) as € goes to zero, uniformly with respect to a € 5.
Arguing by contradiction, we assume

(H) Z. has no critical point a € Q5 such that b < ¢,(a) < c.

We are going to use the gradient of Z. to build a continuous deformation of ¢y, onto goZ, a
contradiction with the assumption H, (¢, ") # 0.

We first remark that ¢, has isolated critical values, since ¢,, is analytic in £ and ¢, = —oo
on the boundary of 2. Therefore, the assumption that c is not a critical value of ¢, implies the
existence of > 0 such that ¢, has no critical value in (b, b4+n]U(c—n, c]. Moreover [, retracts
by deformation onto ¢y, <pb+" retracts by deformation onto @2, and H, (<p - b+”) # 0.

Secondly, we choose § > 0 such that ¢, (x) < b for d(z,0Q) < 5. We choose also v > 0
such that —y > c. Then, a point = in the complementary of 5, in € is either in <pz, or not
in ¢},. Consequently, deforming ¢f;™" onto goi’f” is equivalent to deforming ¢}, M {25, onto
@b, To this end we set, for ag € (57 N Qs,4)

d
Za(t) = =VI(a(t)  a(0) = ao.

a(t) is defined as long as the boundary of Qs - is not achieved. Z.(a(t)) being decreasing, (4.3)
shows that for € small enough, a(t) remains in ¢},- Then, the boundary of 25, may only be
achieved by a(t) in ¢f,. This means that a(t) is well defined as long as b < ¢, (a(t)) < ¢, and
according to assumption (H), Z.(a(t)) is strictly decreasing in that region. Therefore (4.3)
proves, for € small enough, the existence of ¢ > 0 such that ¢,(a(t)) = b+ n. Composing
the flow with a retraction of ¢}, onto ¢;;~", we obtain a continuous deformation of 7~ onto
@it a contradiction with H, (o577, b+’7) # 0.
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The previous arguments prove the existence, for € small enough, of a nontrivial solution
u. to the problem

—Au+ pu = ui" in Q; %:Oonaﬂ.
n

Then, the strong maximum principle shows that u. > 0 in Q2. The fact that u. blows up, as €
goes to zero, at a point a such that b < ¢, (a) < ¢, Vo, (a) = 0, follows from the construction
of ue. In particular, Vi, (a) = 0 is a straightforward consequence of (4.3) as € goes to zero.
This concludes the proof of the theorem.

5 Appendix

5.1 Integral estimates

In this subsection, we collect the integral estimates which are needed in the previous section.
We recall that according to the definitions of Section 2, we have

1
1 — e H2|z—al

Vaae(@) = U o(@) = (A2)F

Ae@

|.”L' _ a| + Hu(a’ x)) + pA,a,u,s(z) (51)

with s
PAae = O(lg]2) (5.2)

uniformly in Q and with respect to a and A satisfying (2.4) (2.5), and the same estimate holds
for the derivatives of pa 4 u,c With respect to a and A. We recall also that Vi 4, satisfies

1
Ae)2 .

—AVrape+1WVaape = 3U%1a + (UAIE,Q — (Ixi)a\ > + p;\’a%g in (5.3)

e =0 on 9Q

with
1

/ (Ag)= - 1 g2 2et __e? 7
= 1— lz—al?2) — (Ae)?2 z—al2 10 5 5.4
pA,a“u,s ILL|x_a|( € ) :u( 6) <x—a3 + |x—a|5 € + (|€| ) ( )

and such an expansion holds for the derivatives of p’A)m e With respect to a and A.
Omitting, for sake of simplicity, the indices A, a, i, €, we state :

Proposition 5.1 Assuming that a and A satisfy (2.4) (2.5), we have the uniform expansions
as € goes to zero

17



A 1 A 3BA
JS(V) =A + ZEIH(|E|A) + 5(0 + *)8 + ?

. (12 + Hy(a,0)) el + O(*(ne)?)

0J. Ae 3B
o = e+ S (02 o+ Hy(a,0)) ¢l + O(2(Ine))?)
8J. 3BA 9
2 2 (H(a,0))le| £ O(3(n e])?)
0%J. Ae
A O
0%J. 3B 0
5i0e = 5 5o Hala:a)[el + O e))?).
with
2 4 1
R3 R3 R3

ProoF. For sake of simplicity, we assume that £ > 0 (the computations are equivalent as
€ <0), and we set 7 = |z — a|. In view of (5.3), we write

/Q(|VV|2+“VQ):/Q(’AVJF#V)V:/Q<3U5+FL(U7 (Ai)é

From (5.1)(5.2) we deduce

/QUF’V:/QUﬁ—(As)é/QU%H_MéT+HM(a,x))+O(52)

) + p’) % (5.5)

noticing that
/ US = O(e2). (5.6)
Q

One one hand
/ US=A+0(*) with A US =4 /OO _ridr
= 1 = = = -
Q v R3 " o (L+r2)? 4
On the other hand, since d(a,0) > § >0
1— ki
5
/QU ( " + Hu(amc))

1 51—e*M%A€T 5 5
;/ U 7dm+/ U’H,(a,z) +O(e?)
(Ae)2 Ja-a)/(Ae) r B(a,R)

1
4 R/(AE) 1 _ —lu,iAET‘
:il/ 675rdr+Hu(a,a)/ U°+0 / UPr? + &3
(Ae)z Jo (1+7r2)2 B(a,R) B(a,R)

— 4nB(Ae)? (u? + Hy(a,a)) + O(c?)
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with 2
= & 4

B:/ UfOZM/ _rdr 4w

RS o (1+r2%)z 3

Concerning the second term in the right hand side of (5.5), denoting by R’ the diameter
of Q and using (2.6), we have

/KE;L(U—M;S‘);)V:O(/Q )U

] S N gL
o\ @i e

=0(£?).

Dot
T

Lastly, noticing that V' = O(U) uniformly in  and with respect to the parameters a, A
satisfying (2.4) and (2.5), we have, using (5.4)

1 2 2 4 2
o [(Fa_edyra (Z15) e B
/QPV_O</Q( (1—e )+e (7‘3+7’5>e )U+€>

B L1 1 dr
-0 52/ (r 1—e )+ +)1 +et
( o R e
= 0(e?)
whence finally
/Q(|VV|2 +uV?) =34 -3BA(u? + Hy(a,a))e + O(?). (5.7)
In the same way we have
(5.8)

/ Vi=A-— 6BA(/QL1/2 + Hy(a,a))e + O(e%).
Q
Namely, from (5.1)(5.2) and V = O(U) we derive

1 1-— 7#%7“ 3
/Vf:/UG—G(Ae)z/UE’(e+Hu(a,x))+0(52/U5+s/U4>
Q Q Q Q Q

r

and the conclusion follows from the previous computations, noticing that

/QU4 — 0(e).

Then, we write
/Vf+€:/vf+/vf(v+6—1).
Q Q Q

Noticing that 0 < V < 2e~2
Vi—1=elV; +O(s*(Ine)?)
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and using the fact that V, = U + O(e2) we have

1
V6 = US4 0(2U%) InV, :1nU+O(%)

[N

(note that U > % in Q) whence
VoIV, = U U + 0 (s%U5 +5%U5\1nU|) .
We find easily
A
/ UllnU = —§ln(A€) — C +O0(e*| Inel)
Q

and noticing that [, U?|InU| = O(3|Inel), we obtain

/Qvf+5 _ /Qvf - ggln(|5|A)  Ce+ O(2( Infe])?). (5.9)

The first expansion of Proposition 5.1 follows from (5.7), (5.8), (5.9) and the definition (3.23)
of J..

The expansions for the derivatives of J. are obtained exactly in the same way. g

5.2 Green’s function

We study the properties of Green’s function G, (z,y) and its regular part H,(z,y). We
summarize their properties in the following proposition

Proposition 5.2 Let G, (x,y) and H,(x,y) be defined in (1.1) and (1.2), respectively. Then
we have

H,(x,z) - —oc0 as d(z,00)—0 (5.10)
C
G.(z,y)| < 5.11
Gl < - (5.11)
[1? + max H,(z,2) = —o0 as p—0 (5.12)
e
pE+ meaéHM(x,x) — 400 as p— +oo. (5.13)

PRrROOF. (5.10) follows from standard argument. Let x € Q be such that d = d(z,99) is
small. So there exists a unique point Z € 9 such that d = |z — Z|. Without loss of generality,
we may assume T = 0 and the outer normal at Z is pointing toward xy-direction. Let 2* be
the reflection point z* = (0, ...,0, —d) and consider the following auxiliary function

1 *
e—mZly—z"|

H*(y,m) -

Then H* satisfies AyH* — uH* =0 in  and on 09

o . o e—uély—xl
%(H (y,z)) = “an W) +0(1)
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Hence we derive that

which implies that
1
H =——+0(1
(.2) = =G aq) TOW
hence (5.10).
From (5.14), we see that as d(z,9Q) — 0, we have

1
e— k2 ly—z|

Gu(yaﬂf) = W

+ H*(y,z) + O(1)

On the other hand, if d(z,09Q) > dog > 0, then |H,(y,z)| < C and (5.11) also holds.
We now prove (5.12). For p small, we can decompose H,, as follows:

<

= |-y

HM(I,y) =c+ Ho(x,y) + I:I<x’y)

where )
1 8 eHr2ly—=|

C

47

i) e
c=— [ H,(x,y) = — = - +
o Jo e =) Lo e ) T e

and Hj satisfies

47 0

—AH, =

AH — pH + O(pHy(z,y)) + O(1) = 0 in Q/ H=0,
Q

which shows that A = O(1). Thus
4

0 1
=" Ho =0 —Hy = = (——
m\’/ﬂ 0=0ga 0= 5y 4]

and H is the remainder term. By simple computations, H satisfies

) on 9N

—H =0(1) on 99
n

p? —I—maéHM(x,m) <————+4+0(1) - —x
e

9

as 4 — 0. (5.12) is thus proved.

(5.14)

(5.15)

(5.16)

(5.17)

(5.18)

To prove (5.13), we choose a point z € €2 such that d(xo, 0Q) = max,ecq d(x,02). Then,
1

1
. 9 (e r2lzo—=l
since 8n(7|mo—m\ )

/’[/% J'_ magz(HN(x’x) Z Iu% _|_ H(x03x0> Z /’[’% + O(e_%d(ﬁ'/‘maﬁ)) — +OO
EdS

as p — —+00, which proves (5.13).
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