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Blowing up Solutions for an Elliptic
Neumann Problem with Sub- or
Supercritical Nonlinearity.

Part I[I:. N > 4

OLIVIER REY* and JunNcHENG WEIT

October 6, 2005

Abstract

We consider the sub- or supercritical Neumann elliptic problem —Au+
pu = u%ﬁ, u > 0 in ; % = 0 on 092, Q being a smooth bounded
domain in RN, N > 4, 1 > 0 and ¢ # 0 a small number. We show that for
g > 0, there always exists a solution to the slightly supercritical problem,
which blows up at the most curved part of the boundary as £ goes to
zero. On the other hand, for ¢ < 0, assuming that the domain is not
convex, there also exists a solution to the slightly subcritical problem,

which blows up at the least curved part of the domain.

1 Introduction

In this paper we consider the nonlinear Neumann elliptic problem

(P%M

) —Au+pu =u! u>0 in
9u - — on 0f)
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where 1 < ¢ < +00, it > 0 and € is a smooth and bounded domain in RV, N >
4.

Equation (P, ) arises in many branches of the applied sciences. For example,
it can be viewed as a steady-state equation for the shadow system of the Gierer-
Meinhardt system in biological pattern formation ([13], [27]), or for parabolic
equations in chemotaxis, e.g. Keller-Segel model ([24]).

When ¢ is subcritical, i.e. ¢ < %, Lin, Ni and Takagi proved that the only
solution, for small u, is the constant one, whereas nonconstant solutions appear
for large p [24] which blow up, as p goes to infinity, at one or several points. The
least energy solution blows up at a boundary point which maximizes the mean
curvature of the frontier [29][30]. Higher energy solutions exist which blow up at
one or several points, located on the boundary [8][12][22][42][18], in the interior
of the domain [5][7][10][11][15][20][40][43], or some of them on the boundary and
others in the interior [17]. (A good review can be found in [27].) In the critical
case, i.e. ¢ =5, Zhu [44] proved that, for convex domains, the only solution is
the constant one for small u (see also [41]). For large u, nonconstant solutions
exist [1][35]. As in the subcritical case the least energy solution blows up, as
goes to infinity, at a unique point which maximizes the mean curvature of the
boundary [3][28]. Higher energy solutions have also been exhibited, blowing up
at one [2][36][32][14] or several boundary points [26][37][38][16]. The question of
interior blow-up is still open. However, in contrast with the subcritical situation,
at least one blow-up point has to lie on the boundary [33].

Very few is known about the supercritical case, save the uniqueness of the
radial solution on a ball for small p [23]. In [27], Ni raised the following conjec-
ture.

Conjecture: For any exponent ¢ > 1, and p large, there always exists a
nonconstant solution to (P, ).

Our aim, in this paper, is to continue our study ([34]) on the problem for
fixed p, when the exponent ¢ is close to the critical one, i.e. ¢ = % +e¢and ¢ is
a small nonzero number. Whereas the previous results, concerned with peaked
solutions, always assume that p goes to infinity, we are going to prove that a
single interior or boundary peak solution may exist for fixed u, provided that
q is close enough to the critical exponent. In [34], we showed that for N = 3,
a single interior bubble solution exists for finite u, as ¢ — 0. In this paper, we
establish the existence of a single boundary bubble for any finite p and for any
smooth bounded domain 2 C R, N > 4, provided that ¢ > 0 is sufficiently
small.



Let H(a) denote the boundary mean curvature function at a € 09Q. The
following result partially answers Ni’s conjecture:

Theorem 1.1 Suppose that N > 4. Then (P%ﬁ,u

for e > 0 close enough to zero, which blows up as € goes to zero at a point
a € 09, such that H(a) = maxpeaq H(P).

) has a nontrivial solution,

In the case of ¢ < 0, i.e. slightly subcritical case, we then have the following
theorem.

Theorem 1.2 Assume that N > 4 and Q) is not convez. Then (P%%#) has

a nontrivial solution, for e < 0 close enough to zero, which blows up as € goes
to zero at a point a € 09, such that H(a) = minpecoq H(P).

Remark. Theorem 1.2 agrees with the following result of Gui and Lin: in
[14], it is proved that if there exists a sequence of single boundary blowing
up solutions u., to P% +epu With €; < 0, then necessarily, u., blows up at a

boundary point a € 92 such that H(a) < 0 and a is a critical point of H. Here
we have established a partial converse to [14].

A similar slightly supercritical Dirichlet problem
(Q.) —Au vzt >0 in Q
: u 0 on 0f)

has been studied in [9], where the existence of solutions with two bubbles in do-
mains with a small hole is established, provided that ¢ is small. It is interesting
to note that, here, and also in [34], we have no condition on the domain, in the
slightly supercritical Neumann case.

The scheme of the proof is similar to [34] (see also [9]). However, we use a
different framework - i.e. weighted Sobolev spaces - to treat the case N > 4.
In the next section, we define a two-parameters set of approximate solutions
to the problem, and we look for a true solution in a neighborhood of this set.
Considering in Section 3 the linearized problem at an approximate solution, and
inverting it in suitable functional spaces, the problem reduces to a finite dimen-
sional one, which is solved in Section 4. Some useful facts and computations
are collected in Appendix.



2 Some Preliminaries

2.1 Approximate solutions and rescaling

For sake of simplicity, we consider in the following the supercritical case, i.e.
we assume that € > 0. The subcritical case may be treated exactly in the same
way. For normalization reasons, we consider throughout the paper the equation

—Au+ pu = aNu%”La, u>0 (2.1)

instead of the original one, where ay = N(N — 2). The solutions are identical,

N-—2
up to the multiplicative constant (apx) F®-2:. We recall that, according to
[6], the functions

A
Usa(r) = - A>0,a€RY (2.2)
(14+ Nz —a|?) =
are the only solutions to the problem
—Au:ozNu%, u>0 in RY.

As a € 00 and A goes to infinity, these functions provide us with approx-
imate solutions to the problem that we are interested in. However, in view of

the additional linear term pu which occurs in (Pys2 ., u)’ the approximation
N—2 15

needs to be improved.
Integral estimates (see Appendix) suggest to make the additional a priori
assumption that A behaves as 1/¢ as € goes to zero. Namely, we set

1 1
= — <A ! 2.
A A 5 < ) (2.3)

with ¢’ some strictly positive number. Now, fix a € 0Q2. We define Vy o, . =V
satisfying

,a

‘z—‘g =0 on 0.

N+2
_ _ N—2
{ AV 4V =ayUY? in Q 24)
The Vaq,e's are the suitable approximate solutions in the neighborhood of
which we shall find a true solution to the problem. In order to make further
computations easier, we proceed to a rescaling. We set



and define in €2, the functions

N-2 a
WA@H@(ZE) =€ 2 VA,a,,u,s(gx) §: g (25)
Wi epe =W satisfies
: 1
—AW + pe*W :ozNUK’£ in €, (2.6)
o =0 on 0€)

and, since U 1e > CeV=2 and AW > 0 at a minimum point of W in the closure
of € )
W >CeV in Q. (2.7)

Another fact that we shall use later is the following: observe that 0,W
satisfies

N+2
{ —AOAW) + pa W = aydp(UT,?) in Q.

A

2~ on 99..
Ntz N2
Since |05 (U7 52)| cUy? ¢ » by comparison principle we obtain
A A

AW | < CW. (2.8)

The same holds for J:W instead of O\ WV
Finding a solution to (P% +o) in aneighbourhood of the functions Vi 4.
is equivalent, through the following rescaling
2(N—2) T

u(e) — &~ FFu(L)

to solving the problem

(PN+2+€ M) { —Au+ pe*u = ayud-2 u>0 in €, (2.9)

% =0 on 0f).

in a neighbourhood of the functions Wy ¢ , .. (From now on, we shall work with
(P;\,+2+ u)) For that purpose, we have to use some local inversion procedure.

Namely, we are going to look for a solution to (P, ,) writing as

w=Wrgepetw



with w small and orthogonal at W ¢, ., in a suitable sense, to the manifold
M = {WA@ME, A satistying (2.3) ;€ € 395}.

The general strategy consists in finding first, using an inversion procedure, a
smooth map (A, &) — w(A, £) such that Wy ¢, - +w(A, £, 1, €) solves the problem
in an orthogonal space to M. Then, we are left with a finite dimensional prob-
lem, for which a solution may be found using the assumptions of the theorems.
In the subcritical or critical case, the first step may be performed in H' (see e.g.
[4][31][32]). However, this approach is not valid any more in the supercritical
case, for H' does not inject into L? as ¢ > ]3—1172 In [9], a weighted Holder spaces
approach was used. In the present paper, we use weighted Sobolev spaces to
reduce the problem to a finite dimensional one.

2.2 Boundary Deformations

Fix a € 092. We introduce a boundary deformation which strengthens the
boundary near a. Without loss of generality, we may assume that a = 0 and
after rotation and translation of the coordinate system we may assume that
the inward normal to 02 at a is the direction of the positive xy-axis. Denote
v’ = (r1,...,on1), B'(6) = {o € RN"! . |2/| < &}, and Q; = QN B(a,9),
where B(a,6) = {z € RN : |z —a|<d}.

Then, since 02 is smooth, we can find a constant § > 0 such that 9QNB(a, J)
can be represented by the graph of a smooth function p, : B'(0) — R, where
pa(0) =0, Vp,(0) =0, and

QN B(a,0) ={(2",zy) € B(a,d) : xx > pa(2')}. (2.10)

Moreover, we may write

N—-1
N P 3
pule) = 5 3 bt + 0ol (2.11)

Here k;,i = 1,..., N — 1, are the principal curvatures at a. Furthermore, the
average of the principal curvatures of 02 at a is the mean curvature H(a) =
ﬁ Zfi}l k;. To avoid clumsy notations, we drop the index a in p.

On 092N B(a, ), the normal derivative n(z) writes as

1 /

6



and the tangential derivatives are given by

0 1 0
= (0,...,1,....,8—’)
Tix 14 |222 X

) i=1,.,N-1. (2.13)

When there is no confusion, we also drop the dependence of % on x.

2.3 Expansion of V and W

In appendix (Lemma 5.1), we derive the following asymptotic expansion of V:
For N > 4, we have the expansion

4—N r —a

V=Uy = ()T (=

where ¢ solves some linear problem and m = 1 for N = 4 and m = 0 for
N > 5. This then implies that

W = U%é(x) — () (2.15)

)+ 02 |Ine|™) (2.14)

where

-8

p(z) = A7 po(——) + O(e* Ine|™). (2.16)

A
Furthermore, we have the following upper bound
Cellne|™
p(x)| < —, x € ), 2.17
where n =1 for N =4,5 and n =0 for N > 6, whence
W(2)| <C(U1e)'™" in Q (2.18)

where 7 is a positive number which can be chosen to be zero as N > 6, and as
small as desired as N =4, 5.

3 The finite dimensional reduction

3.1 Inversion of the linearized problem

We first consider the linearized problem at a function Wy ¢, ., and we invert it
in an orthogonal space to M. From now on, we omit for sake of simplicity the
indices in the writing of Wy ¢, .. Equipping H'(£2.) with the scalar product

(u,v). = / (Vu.Vou + pe’uv)

7



orthogonality to the functions

oW oW
_ 9 - <i<N-— :
i Vi=g— 1SisN-1 (3.1)

Yo

in that space is equivalent, setting

oW oW oW
an THEaA Zi=—A%,

ow

ZO =-a 87’,‘

1<i<N-1
(3.2)
to the orthogonality in L*(2.), equipped with the usual scalar product (-, ), to

the functions Z;, 0 < i < N — 1. Then, we consider the following problem : h
being given, find a function ¢ which satisfies

+ Méz

—Ap+ 2o —ay(ME2 4 )WY —h+ Y62 in

% =0 on 99, (3.3)
0<i<N-1 (2,6} =0

for some numbers ¢;.

Existence and uniqueness of ¢ will follow from an inversion procedure in
suitable functional spaces. For N = 3, the weighted Holder spaces in [9] or [34]
work well. For N > 4, we use a weighted Sobolev approach which seems more
suitable in treating the large dimensions case. (Special attention is needed for
the case N = 4.) Similar approach has been used in [39] in dealing with a
slightly supercritical exponent problem.

Let U be an open set in RY and £ € Y. For 1 < t < +o00, a nonnegative
integer [, and a real number (3, we define a weighted Sobolev norm

l

19l = > e = &7H0 6| e

|ar|=0

where (z — &) = (14 |z — £[*)2. When [ = 0, we denote Wg’t(L{) as Li(U).
Let f be a function in .. We define the following two weighted Sobolev
norms

171 = 1 w240,
and
[ 1 = [1f1 e, 000
We choose t and (3 such that
N—-2 N(N-2)
_|_

N <t<
oo 2 At

<B<t—]\,f—2 (3.4)



where t’ is the conjugate exponent of t, i.e., % —1—%, = 1. (It is easily checked that

such a choice of ¢ and [ is always possible.) Since t > N, by Sobolev embedding
theorem, we have

Vo(2)| +[o(2)] < Oz — &) 77¢ll., Vo € Q.. (3.5)
We recall the following result :

Lemma 3.1 (Corollary 1 of [25].) The integral operator

Tu(z) = /R g,

N o=y
is a bounded operator from LY ,(RY) to LY(RN), provided that —& < 3 < tﬁ,—Q.

We are also in need of the following lemma, whose proof is given in the
appendix :

Lemma 3.2 Let [ € L}, ,(Q:) and u satisfy

—Au+ pfu=f in Q. @ =0 on 0f)..
on

Then we have

lu()| < C / Wl (3.6)

. |z —yN2

and

[l < CJ £l (3.7)
The main result of this subsection is:

Proposition 3.1 There exists €9 > 0 and a constant C' > 0, independent of €
and &, A satisfying (2.8), such that for all 0 < ¢ < o and all h € L, (%),
problem (3.3) has a unique solution ¢ = L.(h). Besides,

[ Le(R)]lx < Cl[A] |ci| < C|R]w (3.8)
Moreover, the map L.(h) is C with respect to A, & and the Wg’t(QE)-norm, and
[Dag) Le(h) ||+ < ClA]ws (3.9)

PROOF. The argument follows closely the ideas in [9] and [34]. We repeat it
since we use a different norm. The proof relies on the following result:

9



Lemma 3.3 Assume that ¢. solves (3.3) for h = h.. If ||h:||« goes to zero as
e goes to zero, so does ||d||«.

PROOF OF LEMMA 3.3. Arguing by contradiction, we may assume that ||¢.||« =
1. Multiplying the first equation in (3.3) by Y; and integrating in €. we find

N +2
N =2

-l ZYy) = (~AY; + Y — an

7

+ 5)wﬁ+fy}’ ¢a> - <h67 Y]>

On one hand we check, in view of the definition of Z;, Y;

(Z0,Yo) = IVolZ=co+o(l) (Z.,Y)=|YilZ=c1+0(l]) 1<i<N-1
(3.10)
where cg, c; are strictly positive constants, and

(Z.,Y)=o(l)  i#] (3.11)

On the other hand, in view of the definition of Y; and W, straightforward
computations yield

N +2
N -2

= —
(~AY; + 4] — anl(5s + OWTTY;, 0. ) = of([6: )

and

(he, Y;) = O([[hels)-

Consequently, inverting the quasi diagonal linear system solved by the ¢;’s, we
find

= O([lhell+) + ofll@e]l+)- (3.12)

In particular, ¢; = o(1) as € goes to zero.

Since ||¢. ||« = 1, elliptic theory shows that along some subsequence, gzga(a:) =
¢-(x — &) converges uniformly in any compact subset of Rﬁ to a nontrivial
solution of

N +2
N — QUXVOQ

—Aé = an

for some A > 0. Moreover, ¢ € L%(RN). A bootstrap argument (see e.g.

Proposition 2.2 of [39]) implies |¢(z)| < C/|z|V~2. As a consequence, ¢ writes
as

b — o aUAO - aUAo

Z

10



(see [31]). On the other hand, equalities (Z;,¢.) = 0 provide us with the

equalities
RY (9/\ RY OA
6UA0 ﬁaU[\o -
. RS 1<i< N —1.
]RN (9a7, ¢ RY UA’O da; $=0 =t=
As we have also
oU5 oU5
/ V2212 =¢; > 0 / V=222 = >0 1<i<N-—1
Y OA ry  Oa
and oU oU oU5 oU
A0 A0 A0 A0 . .
— . I = > — 0
Rfv OA v da; / v Oa; v Oa; P71

the a;’s solve a homogeneous quasi diagonal linear system, yielding a; = 0
0<a;<N-1and ¢ =0. So ¢.(z — &) — 0in C} (Q.). Now, since

o = WG| < e (o — ) BHV2900)t ¢ 1R,
(using (2.18)), by the Dominated Convergence Theorem we obtain
e =@ WEETG = ol) e IWREG = o(1),
On the other hand, from (2.6), (3.2) and the definition of U, we know that
(=& Z)| < C{z — )77V € L'(RY).
Applying Lemma 3.2 we obtain

16c1le < CIWT=*0c | + Cllhells + C Y leill| Zillw = 0(1)

that is, a contradiction.

PROOF OF PROPOSITION 3.1 COMPLETED. We set

—{oe (), (Zo)=0 0<i<N-1}

11
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equipped with the scalar product (-,-).. Problem (3.3) is equivalent to finding
¢ € H such that

N +2
N -2

(¢,0). = <04N( + S)Wﬁ“gb +h, 0> Vo e H
that is .
¢=T.0)+h (3.13)

h depending linearly on h, and T, being a compact operator in H. Fredholm’s
alternative ensures the existence of a unique solution, provided that the kernel
of Id — Ty is reduced to 0. We notice that any ¢. € Ker(Id — T;) solves (3.3)
with h = 0. Thus, we deduce from Lemma 3.3 that ||¢.||. = o(1) as € goes to
zero. As Ker(Id —T.) is a vector space, Ker(Id —T.) = {0}. The inequalities
(3.8) follow from Lemma 3.3 and (3.12). This completes the proof of the first
part of Proposition 3.1.

The smoothness of L. with respect to A and £ is a consequence of the smooth-
ness of T, and h, which occur in the implicit definition (3.13) of ¢ = L.(h), with
respect to these variables. Inequalities (3.9) are obtained differentiating (3.3),
writing the derivatives of ¢ with respect to A and £ as a linear combination of
the Z;” and an orthogonal part, and estimating each term using the first part
of the proposition - see [9] [19] for detailed computations. O

3.2 The reduction
Let

N—2te

S.(u) = —Au+ pe*u — ayul

where uy = max(0,u). Then (2.9) is equivalent to

Se(u) =0 in 99, uy Z0, % =0 on 0L, (3.14)

for if u satisfies (3.14), the Maximum Principle ensures that v > 0 in €. and
(2.9) is satisfied. Observe that

Ni2 4.

Se(W+¢) = =AW + @) + pe®(W + ¢) —an(W + )

may be written as

S.(W +¢) = —A¢+ psp — (% +)ay W2t — R — ayN.(¢) (3.15)

12



with

Nt2 o 2 N 2
N(6) = (W + )72 7 =W (T ety (3.16)
N+2
RE = AW — pe?W 4 an WA+ = ay (Wh2 5 - U ), (3.17)
A?

We first have :

Lemma 3.4 There ezists C, independent of £, A satisfying (2.3), such that

| R[] < Ce | Dae) R ||sn < Ce.

PRrOOF. According to (2.15) and (2.18), W =U + O(eU%(l_ﬂ) uniformly in
). (where 7 is a positive number which is either zero, or may be chosen as small
as desired). Consequently, noticing that U > Ce™~2 in ., C independent of ¢,
easy computations yield

R = 0(cUNZ0-) | InU| 4 eUF20-7) (3.18)

uniformly in €2, whence, using (3.4)

N+2 N+2

IRl = = 72U = W) | g,
< Cel(w = U3 U]+ U2 g, < Ce.

The first estimate of the lemma follows. The other ones are obtained in the
same way, differentiating (3.17) and estimating each term as previously. 0J

We consider now the following nonlinear problem : finding ¢ such that, for
some numbers ¢;

N+2
AW +¢) +p(W+ ) —an(W +¢)3 2 =62 i Q.
% =0 on 0f),
0<i<N-1 (Z,4) =0.
(3.19)
The first equation in (3.19) writes as
~A¢+ pep — (% +e)anW =2t = ayN.(¢) + R + > Zi (3.20)

for some numbers ¢;. We now obtain some estimates concerning V..

13



Lemma 3.5 Assume that N > 4 and (3.4) holds. There exist e; > 0, inde-
pendent of A, &, and C, independent of €, A, &, such that for |e| < &1, and
o]l <1

A2 +e)

IN-(@)]ox < Cllg] 2" (3.21)

and, for ||¢ifl. <1

IN-(61) = Ne(2) | < C (max(pr -, [|92].))™

gy — s (3.22)

PROOF. The argument is similar to Lemma 3.1 and Proposition 3.5 of [39]. For
the convenience of the reader, we include a proof here. We deduce from (3.16)
that
[N-(6)] < COW (g + || 737)  if N <6
IN-(¢)] < Clg| v+ ifN=>7.

Using (3.4) and (3.5) we have

6l ¥+, (Lﬂx gy

N2 e t(B+2- (355 +s)ﬂ)>
SWMfZ(/@—Q -
Qe

|N 2+5

(3.23)

e

< gl

For N =4,5,6, using also (2.18), and noticing that W€ is bounded since W is
bounded and satisfies (2.7)), we have

|’W?v11§+s|¢|2||** = (/Qe(@ _ £>6+2WH+5|¢’2)t)1
écm¢m(/<x_ggzﬂﬂMﬂquﬁi

< Clell:
whence (3.21). Concerning (3.22), we write
Ne(¢1) — Ne(d2) = 0y Ne(n)(d1 — ¢2)
for some n = x¢; + (1 — )¢9, x € [0,1]. From

N +2 s+e 4 4.
OuN.) = (5 + &) (W 4 )2 —watars)

14



we deduce

OpN-(n)] < COVRZ gl 4 plw=) N <6 g
0,N-(n)] < Cln| 72" if N >7 '
whence (3.22), using as previously (3.4) and (3.5). O

We state now the following result:

Proposition 3.2 There exists C, independent of € and £, A satisfying (2.3),
such that for small € problem (3.19) has a unique solution ¢ = ¢(A\, &, u, €) with

6] < Ce. (3.25)
Moreover, (A, &) — ¢(A, &, u,e) is C* with respect to the Wg’t(ﬂg)—norm, and
[1Dagolls < Ce. (3.26)

PROOF. Following [9], we consider the map A, from F = {¢ € H'N Wﬁz’t(QE) :
|l#]l« < Coe} to H' N Wg’t(Qg) defined as

A:(¢9) = Le(anN(9) + R°).

Here (] is a large number, to be determined later, and L. is give by Proposition
3.1. We remark that finding a solution ¢ to problem (3.19) is equivalent to
finding a fixed point of A.. One the one hand we have, for ¢ € F and ¢ small
enough

[A(@) e < [1Le(Ne(@))ll« + 1 Le(R)]+ < [[Ne(@)][4n + Ce < 2Ce

with C' independent of Cy, implying that A. sends F into itself, if we choose
Co = 2C. On the other hand A, is a contraction. Indeed, for ¢; and ¢, in F,

we write
HAE(¢1) - A5(¢2)H* < CHN€(¢1) - N€(¢2)H**
< CemmNR) gy — oo
1
< 5llér - oall,

by Lemma (3.5). Contraction Mapping Theorem implies that A. has a unique
fixed point in F, that is problem (3.19) has a unique solution ¢ such that
9]l < Coe.

15



In order to prove that (A, &) — ¢(A,€) is C', we remark that setting for
nerF
B<A>£7 77) =n- Ls(aNNs(n) + Rs)

¢ is defined as
B(A€,0) = 0. (3.27)

We have
0,B(N Em)IB) = 0 — axL. (6 (9,N.)(n))-

Using Proposition 3.1, (3.5), (3.24) and (3.4) we obtain for N > 7
L& (6 (03 Ne) () 1 < C10 (95 Ne) ()]s
< Cllz = &)~ (0, N) ) |10
< Cll{w = &)* ™= e 161l
ﬁ—i—a
< Ol N1l
< Cemz 9]

and, proceeding in the same way, using also (2.18), we find as N =4,5,6
1L (0 (0, N=) () || < Ce]|0].
Therefore we can write, for any N > 4
|Le(0 (@, N () [l < Cm™m0x=2)]jg) ..
Consequently, 0,B(A, €, ¢) is invertible in Wg’t(Qa) with uniformly bounded

inverse. Then, the fact that (A, &) — ¢(A, &) is C* follows from the fact that
(A, &,m) — L.(N.(n)) is C* and the implicit functions theorem.

Finally, let us show how estimates (3.26) may be obtained. Derivating (3.27)
with respect to A, we have

On6 = (0,B(A,€,9))"" (anALa)(Ns(qs)) T anL(OaN)(@)) + aA<L€<R€>>>

whence, according to Proposition 3.1
104 ]l+ < C(||<8AL6)(N5(¢))“* + [[(Le(OaN) (@)« + ||(5A(LE(R‘€))||*>
< (IO + HONI@ e + OALN ).
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From (3.21) and (3.25) we know that

N+2
2

INe(9) e < Ce™mEN=),

Concerning the next term, we notice that according to the definition (3.16) of
N, and the boundedness of W¢

[(OaN:)(9)]
N—|—2 m—&—a ﬁ e 4 ?‘V;_J\QI c
=(g g To|W+ei™ -Ww i (y—3 W o

gc[wﬁyqﬁ\ it N >7; WEz|g| + Wg|v =t ifN§6}

4

|OAW|

<Cllz—g gl HNZT;
(&= 0P| + (x — &)~ IOI )| T i N < g

where we used successively the fact that W > 0 (see (2.7)) and |[0,W]| < CW
(see (2.8)), inequality (3.5) and W < CU'™™ < C(x — ¢)~V=20-7),

As (3.4) ensures that (z—&)~*1=7-F and (x—é*)*(N*Z)(l’T)*ﬁﬁ for N <6,
are in Lf ,(R") (provided that 7 is chosen small enough), (3.25) yields

[(OAN) (@) ||+« < Ce.
From Proposition 3.1 we deduce the estimate for the last term
|0A(Lo(R)) ||« < C|| R ||us < Ce

and finally
10A¢]l« < Ce.

This concludes the proof of Proposition 3.2. (The first derivatives of ¢ with
respect to £ may be estimated in the same way, but this is not needed here.) OJ

3.3 Coming back to the original problem
We introduce the following functional defined in H'(Q.) N Wg’t(Qg)
1 2N e
L) =5 [ (9uP ety - et [ @y
2 Ja. N T€Ja

whose nontrivial critical points are solutions to (P;Vi% u)' Setting
N—2T&

I€<A> CL) = JE (WA,a + ¢5,A,a) (329)

we have:

17



Proposition 3.3 The function u =W + ¢ is a solution to problem (Py., )

N3 TEH
if and only if (A, a) is a critical point of I..
ProoF. We notice that u = W + ¢ being a solution to (Pl.s u> is equivalent
N—2T&

to being a critical point of J.. It is also equivalent to the cancellation of the ¢;’s
in (3.19) or, in view of (3.10) (3.11)

J(W+@Yi]=0 0<i<N-1. (3.30)

On the other hand, we deduce from (3.29) that I(A,a) = 0 is equivalent to
the cancellation of J.(W + ¢) applied to the derivatives of W + ¢ with respect
to A and & According to the definition (3.1) of the Y;’s, Lemma 3.4 and
Proposition 3.2 we have

oW + ¢)
O\

oW + ¢)
I

with ||yil[« = o(1), 0 <i < N — 1. Writing

= Yo+ % =Y;+y; 1<j<N-1

N-1
i =Y+ Y ayY; Wi Z) = (4, Yy)e =0 0<i,j<N-1
=0

and

JL(W +9)[Yi] = i

it turns out that I’(A,a) = 0 is equivalent, since J.(W + ¢)[0] = 0 for (0, Z;) =
(0,Y).=0,0<j<N—1, to

(Id + [a;;])[cu] = 0.

As a;; = O(||lyil|«) = o(1), we see that I/(A,a) = 0 means exactly that (3.30) is
satisfied. O

4 Proofs of Theorems 1.1 and 1.2

In view of Proposition 3.3 we have, for proving the theorem, to find critical
points of I.. We establish first a C'-expansion of I..

18



4.1 Expansion of I.
Proposition 4.1 There exist A, B, C, strictly positive constants such that

— 9)2 _ 9)\2
I.(A;a) = A— BAeH (a) + %Aeln/\ + 5(0 + %A) +eo. (A, a)

with o. and Oro. going to zero as € goes to zero, uniformly with respect to A
satisfying (2.3).

PROOF. In Appendix, we shall prove

_ 9)2 _9)\2
J.(W)=A—BAcH(a) + MA&? In A+ 8(0 + uA) +o(e). (4.1)
4 AN
Then it remains to show that
I.(Aya) — J.(W + ¢) = o(e). (4.2)

Actually, in view of (3.29), a Taylor expansion and the fact that J.(W+¢)[¢] = 0
yield

I(A,CL) —J <W> = JE(W + ¢) - JE(W)

1
_ /O OV + t9)[6, dltdt

1 4
= [ (] (9 e (S 0 10T 4 )
0 Qe -

== / 1 (ow / (M@)o + (2 )W — (W t¢>ﬁ4—2+5]¢2))tdt

N-—2
1 15
—§/ER¢.

The first term can be estimated as follows. Using (3.23), (3.5), (3.4) and
Proposition 3.2, we have, for N > 7

2N te _g(2N_.. 2N
[ Neeo| < ol [ o - < et

>

In the same way we obtain for N =4, 5,6, in view of (3.23) and (2.18)

N.(0)0] < Ce®5 4l [ (- )00 < o

) Qe Qe

19



whence finally, for any N >4

| [ N.(¢)g| < Cemin®w3),
Qe

(4.3)

For the second term, the same arguments as previously yield

4 ste
/ ‘Wﬂ*e — (W +1tp)7°
Qe

<C(I0l} [ (w—gy 04 gl [ o gy iertar)

£ QE

¢2 S C/Q (Wﬁ+s|¢|2 + |¢|2+ﬁ+s)

whence, using again (3.4)
s te Foate| 2 2
|Wr=te — (W +tg) Y2 |¢* < Ce”. (4.4)
Qe

Concerning the last term, we remark that according to (3.18)
R < C8<l' _ £>7(N+1)(177)

uniformly in 2.. Therefore

/ |R°p| < Cs||¢>||*/ (x — &)~ WH+D-5
0. Q.

yielding, through Proposition 3.2
/ |Reg| < Ce. (4.5)

Qe
The desired result follows from (4.3), (4.4) and (4.5). The same estimate

holds for the first derivative with respect to A, obtained similarly with more
delicate computations - see Proposition 3.4 of [19]. O

4.2 Proofs of Theorem 1.1 and Theorem 1.2 completed

We first prove Theorem 1.1 through a max-min argument. Since () is smooth
and bounded, maxpegq H(P) =~ > 0. For § <, we define

(99); = {a € 0Q s.t. H(a) > 5},
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and

i A-L(Aa) 1 (N — 2)2
L(Aa) = S5 = (c+ TA). (4.6)

By Proposition 4.1, we have the following asymptotic expansion for [;(A, a):

I.(A,a) = AH(a) — aln A — G.(A, a). (4.7)
with
a= (]\;4;32)2A >0 and  G6.(Aa) =o(1), OrG-(A,a)=o0(1)ase — 0.
We set
S = {(A,a)|c—21 <A<§1,a€ (aQ)%} (4.8)

where ¢; is a small number, to be chosen later, and 0 < vy < v. We define also
1 1

B={(ale <A< Tac @D, ] B=fo)x 00), U () x 09,
1 1

where vy < 71 < 7. (Here we choose, for v; close enough to v, a contractible
component of (02),, so that B is contractible.)

It is trivial to see that By C B C Yy, By, B are closed and B is connected.
Let I be the class of continuous functions ¢ : B — ¥, with the property that
o(y) =y for all y € By. Define the max-min value ¢ as

— in ] : 4.9

¢ = maxmin L ((y)) (4.9)

We now show that ¢ defines a critical value. To this end, we just have to
verify the following two conditions

(H1) minyep, f€(<p(y)) >c,Vpel,
(H2) For all y € 9% such that I.(y) = ¢, there exists 7, a tangent vector to
0% at y such that

O, I(y) # 0.

Suppose (H1) and (H2) hold. Then standard deformation argument ensures
that the max-min value ¢ is a (topologically nontrivial ) critical value for I.(A, a)
in Eo.

To check (H1) and (H2), we write p(y) = (#1(y), ¢2(y)) where ¢1(y) €
%, 2] and a(y) € (9),,.
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Since ¢|p, = id, B is contractible and ¢ is continuous, necessarily there is
some y in B such that H(ps(y)) = . Then, in view of (4.7)

c>dy: :min{fE(A,a), H(a) =", A> 0}
=a—alha+alny+o(l).

Now, let (Ao, ag) € B be such that H(ag) =, A¢ = £ (c1 being chosen small
enough so that Ay € [c, i]) We note that I.(Ag, ag) = do+o(1). For any ¢ € T,

(1 is a continuous function from B to [¢, 2] such that [e1, o-] C ¢1(B). Thus,

there exists yo € B such that p;(yo) = Ao, whence

~>

{,%ig L(p(y)) < L.(Ao, 02(%0))

< %Hwyg)) —ala+alny +o(1)
<dy=o0(1)
As a consequence
c=do+o(l)=a—alna+alny+o(l). (4.10)

For y € By, we have ¢1(y) = ¢1 or p1(y) = i In the first case, we have

I.(y) = c1H(pa(y)) — alne + o(1) > ozlné + o(1) > 2dy > ¢, provided ¢; is

small enough. In the latter case, we have I.(y) = ZH(ps(y)) +alne +o(1) >

L +alne +0o(1) > 2dy > ¢, provided again ¢; is small enough. So (H1) is
verified.

To check (H2), we observe that 9(X¢) = ({5} x (09),,) U ({%} X (082),) U
([e1, 2] x (0(09)s,))- Let y = (y1,2) € 9% be such that I.(y) = c.
On ({3} x (8Q)VO)U({%} x (99), ), previous arguments show that I.(y) > ¢

as ¢ is chosen sufficiently small. On ([cy, é] X (0((092),)), taking 1, =
obtain

el
DA we

Or, L(y) = H(yo) = 5 +0(1) #0

since 3Tyf€(y) = 0 would yield AH(y2) = o + 0o(1), and

A

I.(y) =a—alha+aln H(ps(y)) +o(l) =a—alna+ alny + o(1).

Then, (4.10) shows that I.(y) < ¢, a contradiction to the assumption. So (H2)
is also verified.
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In conclusion, we proved that for € small enough, ¢ is a critical value, i.e. a
critical point (A.,a.) € 3o of I, exists. Let ue = Wa_ e je + Oa e pe- Ue IS
nontrivial solution to the problem

N+42
N5 T€ . (9u

—Au+u52u:u+ in € ; a—n:OonﬁQg.

Then, the strong maximum principle shows that u. > 0 in {2.. The fact that
u. blows up, as € goes to zero, at a point a such that H(a) = maxpecgn H(P),
follows from the construction of u.. This concludes the proof of Theorem 1.1.

In the case of € < 0, we have
I.(A,a) = AH(a) + aln(A) — 6.(A, a).
We assume that (2 is nonconvex. Similarly as before, we define
(00)s = {a € 0N H(a) < =6}

where 0 < § < v = —mingepq H(a) > 0, and

o= {02 <astocon,)

&1

B={(ala <A< e @D, ] B {a) x (00,0 (2) x G0,

with Yo < 71 <7.
Let I' be the class of continuous functions ¢ : B — ¥, with the property
that ¢(y) = y for all y € By. We define the min-max value ¢ as

= mi I .
¢ = min max I (¢(y))

Arguing as previously, we find that ¢ is a critical point of I.. This proves
Theorem 1.2.

5 Appendix

5.1 Error estimates

We recall that, according to the definition of Vj 4, in Section 2
VA,a,u,a(f) = U%E7a(l') — PAa,pe (51)
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with QA qpc satisfying

_ASOA7Q7M78 + /“L()OAJI,,LL,E = /J‘UALM/ ln Q
d oU L” (5.2)
fpee = on o0

This subsection is devoted to an expansion of @ q ..

We recall that, through space translation and rotation, we assume that a = 0
and (2 is given, in a neighbourhood of a, by (2.10) and (2.11). We introduce an
auxiliary function ¢g: let ¢y be such that

Apy =0 in RY = {(«,zn),zn > 0}

deo  _ N-2 B ke N

fn _SRZI o oRY, (53)
wo(x) — 0 as |z| — +o0.

Using Green’s reprensentation, ¢y writes as

| Nl 2 1
= ki : dy’ 5.4
o) =G Sk [ et 6

WN-1 L+ |y

where wy_; denotes the measure of the unit sphere in RY. From (5.4) we deduce
that

o)l < s )
and o o
[Vpo(r)] < AT )2 | Do ()] < AT )Vt (5.6)

Definition : From now on, we consider ¢, as a smooth continuation in R of
the previous function defined in RY, such that (5.5) (5.6) hold in whole R".

We state :

Lemma 5.1 For N > 4, we have the expansion

4—N r —a

Prame(r) = (82)"F @o(— ) + O |Ine") (5.7)

with m =1 for N =4 and m =0 for N > 5. Moreover,

| Inelr
I (@) £ CUL @) (53)

‘QOA,G, 5 (.CL’)| S C r—a _
e (1+ A_5|>N 3 =

withn =1 and 7 > 0 1s any small fixed number for N =4,5, n=0 and 7 =0
for N > 6.
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PROOF. We first remark that the second inequality in (5.8) is a straightforward
consequence of the first one. Next, we decompose

=y +¢
where ¢! satisfies
_A(p/l\,a,u,s + /“LSO}\,a,u,e =0 in 2
85011\ a,pL,e 6Ui7”‘
s = L on 0f)
and ? satisfies
_Agpi,a”u,s + :ugp?\,a,,u,s = luUi,a in
B) 2
—So‘gfl’“’s =0 on 0N).
Let us estimate ? first. Let
N-—2

P(x) =7 ¢(ex).

Then @? satisfies

49 242 9 )
{ —A@A,a,u,g + UETDN qpe = HE U%é in €.
8¢?\ a,p,e
s =0 on 0X)..

Inequality (3.6) of Lemma 3.2 provides us with

|p? ()] < 052/ ﬁd@/ < 052/ dy
- z—yNT T 0. (L+ |y = €DV 2w —y[V=2

5 ‘

whence

?|Ine|™
S gy

with m =1 for N =4 and m =0 for N > 5. (For N > 5, see Lemma 2.3 of
[21].) Consequently

4—N
e 2 |lngl™
(1+ 52D

P 2) =0T |Inef™)  and  |g*(x)| < C

This finishes the estimate for ¢?. Next we estimate ¢!. To this end, we write

4-N r—a
90}\,(1,;1,5 = (AE) 2 ()00< Ae ) + 80?\,(1,“,5(1’) + gojl\,a,u,a(x)
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where 3 satisfies
A,a,,u,s

_Awi,a,u,a gUIUSO?\ ae 0 in
3
Pheas = et 0 ((A0)'F o(52))  om 90

and gojl\ja,uvg satisfies
AN, .
A(pf/l\ NN + :ugpjl\,a,,u,s = (A - lu) ((AE) 2 900<A_5)> in O
% =0 on 0f2.

The estimate for ¢* is similar to that of ¢*. Namely, in view of (5.3) and (5.4),
inequality (3.6) of Lemma 3.2 gives

1 dy
@) = e <e2/ﬂ\w<l+|y N T — g2

dy
+/ dy
o, (1+ly =Nz — y|N =2 >

<O 1 N |InelP >
- e(l+]z =&V A+ |z —ghN—s
with p=1for N =5 and p = 0 for N # 5, whence

e'7 |Inelr
(T4 2DV

6—

pl@)=0(7) and |p'(x)|<C

It only remains to estimate p*. For x € 9QN B(a,d), we consider the following
change of variable (still assuming a = 0)

Aey' =o' Aeyy = zy — p(2).

According to the definition of U and (2.12), we have

Thoa ) = —(v - g)(ae s =)

On 7 ((Ac? + o —ap)
. N-2 (AsNT 23 .
T (el @k *+ 04

—N

_ N-2 (Ae)*2"
R ¥<Zk’“0 1)
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and, using (5.3) and (5.6)

0 N T—a) 2N/, ,X—a, _, _ Opp iz —a
3 (A2 T () = (A2 (Vo) Vinla) = 57 (5)
N-2 (A% = =y
= - ~ D ki T O\ /=~ )
2 (14 ; ((1+\y\>N ;)
Therefore

00°,  nOp° B 2|2/ )
S (1) =cF 5 —(cx) = o(—) forz € 0. N Bla,2). (5.9)

(14 [ar)V=2 2

On the other hand we have clearly, from (5.6) and the definition of U
ol J
%(x) =0@E"™")  forze00.nBa,2). (5.10)

Then, standard elliptic theory shows that 3 = O(g?) uniformly in 2., whence
¢*(x) = O(e2") uniformly in Q. Moreover, (5.9) and (5.10) lead, through
Green’s reprensentation, to the estimate

2

~3 <C €
s gy
whence
e
|Q03(ZL')| S C r—a -3
(1+[52)V=2
This concludes the proof of Lemma 5.1. OJ

5.2 Integral estimates

Omitting, for sake of simplicity, the indices A, a, u, £, we state :

Proposition 5.1 N > 4. Assuming that A satisfies (2.3), we have the uniform
expansions as € goes to zero

J.(W)=A— BAle|H(a) + weln/\ + (C’ + %) e+ 0(e*T)
Vew) = D Bl + 0 )
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a (N—2)2 [ o
A= (N - 2)/ e oo WD pdSs a0 (5
RN 2 RN ’ ’
¥ +
and (N 2
_ _2N_
B="—N—3" Uy " [yl*. (5.12)
ORY

PROOF. For sake of simplicity, we assume that ¢ > 0 (the computations are
equivalent as € < 0). In view of (5.2) and (2.15), we write

/(|VW]2+M52W2):/ (AW + W)W = [ ayUN2W

€ £ QE

2N N+2
= apy UN—2 —ay UN*%O.
Qe Qe

with U = U%’g. On the other hand

Wwrate = [ Wwae 4 [ WaE(WE - 1)
Qg QE QE

2N

:/ (U—¢)13N2+5/ (U~ $)#2 (U — §) + O] Ine])
Qe

2N )
:/ U%—m U%tl’gﬁ—l—s/ (U —@)~= In(U — $) + O(?| Ine).
£ - QE £

The validity of this expansion can be verified by Lebesgue’s Dominated Con-
N-3

vergence Theorem and the fact that |IW — U] < Ce|ln 5|"Uf? (see the first
A7

inequality in (5.8) and similar arguments in Section 5 of [34]). Note also that

N —2 2N 2N
/ U—@)7 = In(U—¢) = — . lnA/N U +/N Ue? InUpo+0(e' ).
g RY R

+

Then, according to the definition (3.28) of J. and ay = N(N — 2)

JE(W):((N—2)+M5)/ U;MM/ U

AN 2

N —2)3 2N N —2)? 2N
4 RY R

2 N
+

+

(5.13)
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N+2

noticing (see estimates below), that [, Ux=2 = O(1) and Jo, UM=2¢ = 0O(').
We observe that

oN ] 2N
/ U~N-2 = / U1N072 — —AgH(a)/ U1N072 |y|2dy + 0(52_T). (5.14)
Q. 7 2 ORY ’

On the other hand, in view of the expansion of ¢, 4, in Lemma 5.1, we also
have

Nt2 % 2—1
an UN=2{p qpe = Neay Uiy Ppo +0(e™T)

Nt2
= AsozN/ U 2o + O(E%77)
RY

+

= Ae / (=AU 000 + UrpApo) + O(*77)
RY

0
= Ag/ (——90O Uio) +0(e*7)
oRY N
N-1 2
N -2 Y3 B
= —Ae k/ Uip——"—5 +0(*7).
2 Z Tory (14 1y)®

Therefore

N+2 N -2 ‘QP 2—
an | UN3¢pane = —Ae H(a / WL 0(2T). (515
v ), 7 3 1O fy Wiy €T G19
Substituting (5.14) and (5.15) into (5.13), we obtain

N — 2)? N — 2)?
JE(W) =A-— B*AEIH(CL) + uz‘lé‘ InA+¢ (%A + C) + 0(8277—)
where A, C' are given in (5.11) and

N -2 2N N -2 |ly|?
B* — UN72‘y|2 + / )
2 Jorw H 4 Jory (L4 [y)N!
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To make the proof of Proposition 5.1 complete, it only remains to show that
B* = B defined by (5.12). In fact, it is easily seen that

2N N N -3 o rN
UN2yl? = wne / dr = WN_ / ——dr
/aRi oW “Jo (TN 2N —1) "7y (142N

where wy_y is the area of the unit sphere in RV~!. The last equality follows
from simple integration by parts. Then, we can rewrite B* as

. N —2)2 2
B:B:L__L/ Uy,
ORY

N -3

The expansions for the derivatives of J. are obtained exactly in the same
way. 0

5.3 Proof of Lemma 3.2

We prove (3.6) first. Through scaling, we may assume that ¢ = 1. Let G(z,v)
be the Green’s function satisfying

—AG(z,y) + pG(x,y) =94, in Q, W =0 on 0.

Then we have for x € Q,

M@IAG@MNWM

So it is enough to show that there exists a constant C', independent of = and vy,
such that

G < —.
Gy < s

To this end, we decompose G in two parts:
G(z,y) = K(|lz —yl) + H(z,y)

where K (|x —y|) is the singular part of G and H(z,y) is the regular part of G.
Certainly we have |K(|Jz —y|)| < W It remains to show that

|H(z,y)| < (5.16)

|z — gV
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Note that, if d(z,0) > dy > 0 or d(y,02) > dy > 0, then |H(z,y)| < C and
hence (5.16) also holds. So we just need to estimate H(x,y) for d(z, ) and
d(y,0) small. Let y € Q be such that d = d(y,012) is small. So there exists a
unique point g € 99 such that d = |y — g|. Without loss of generality, we may
assume y = 0 and the outer normal at y is pointing toward xy-direction. Let
y* be the reflection point y* = (0, ...,0, —d) and consider the following auxiliary
function

H*(z,y) = K(lz —y7|)
Then H* satisfies AH* — pH* =0 in 2 and on 0f)

S (20) = (K (e ) + Ol ).

Hence we derive that

H((Ii,y) = —H*(l',y) + O(dN_3>

which proves (5.16) for =,y € €. This implies that for z €

y<c/ — ‘N 1/ (w)ldy. (5.17)

If x € 09, we consider a sequence of points x; € Q,x; — = € 02 and take the
limit in (5.17). Lebesgue’s Dominated Convergence Theorem applies and (3.6)
is proved.

We turn now to the proof of (3.7). By Lemma 3.1, we have

lullry ) < Cllfllzy, @0

hence

leullzs, o)

< Cllullzyo.) < Cllifllzy, @0

By a usual transformation and extension (as done in Step 2 of Proof of Theorem
2.1 in [30]) and interpolation, one can show that

Mmﬁm@<0kﬁb @)+ Ol ye0 < CllS Ly, 00 (518)

B+2

where 0 is a small fixed constant. Next we take a cut-off function x(z) such
that x(z) = 1 for |z| < £ and x(z) = 0 for |z| > 4, and we consider the function

u'(z) = u(y)(1 — x(ey — £))
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which satisfies
—Ayu' + pefut = 2eV,uVox + e2ulyx + f(1—x)
in Q = Q\{|z — a| < 6}. Applying the elliptic regularity theory, we obtain
[0 iyaeqey < Cl2eVyuVax + ubx + £ = 0l

whence, taking account of (5.18)

||u1||WB2’t(QE\B§(§)) < Ollflliey + C* 1 fll,, 00 (5.19)
Combining (5.18) and (5.19), we obtain (3.7). O
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