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Multiplicity of solutions to the supercritical
Bahri-Coron’s problem in pierced domains *

ANGELA PISTOIAT and OrLiviEr REY?

Abstract

We consider the supercritical Dirichlet problem
(P:) —Au:u%ﬁinﬁ,u>0inQ,u:OonaQ

where N > 3, >0 and ) C RY is a smooth bounded domain with
a small hole of radius d. When () has some symmetries, we show that
(P:) has an arbitrary number of solutions for € and d small enough.
When 2 has no symmetries, we prove the existence, for d small enough,
of solutions blowing up at two or three points close to the hole as ¢
goes to zero.

1 Introduction
We consider the problem
—Au=u?inQ, u>0in Q, u=0 on 99, (1.1)

where N >3, ¢ > 1 and Q is a smooth and bounded domain in R" .
In the subcritical case, i.e. ¢ < %, problem (1.1) has a solution for any

domain €. In the critical case, i.e. ¢ = %—‘_Lg, Pohozaev’s identity (see [20])

shows that (1.1) has no solution when (2 is starshaped, whereas Kazdan and
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Warner [12] proved the existence of a radial solution on annular domains.
Later, Coron [7] proved that (1.1) has a solution when 2 has a small hole.
Such a result was greatly extended by Bahri and Coron [3], showing that
the nontriviality of some homology group of {2 ensures the existence of a
solution. However, this sufficient topological condition is not necessary for
solvability of (1.1), as examples show ([8], [11], [18]). In the supercritical
case, i.e. ¢ > %, the condition appears to be neither necessary [14], nor
sufficient, at least as ¢ > % [19].

The present paper is concerned with the slightly supercritical case, ¢ =
% + e, where ¢ is a small positive parameter. We are interested in finding
solutions to (1.1) which blow up at some points of 2 as € goes to zero, in
the following sense. We consider, for A > 0 and ¢ € R, the functions

AT N N2
Ure(r) =an ~— TR, ay=[N(N-2)] 1
(A + |z —¢£7) =

which are the only positive solutions to the equation —AU = U N3 in RY
([1], [6], [23]) and the projections PoU, ¢ of Uy ¢ onto H{(Q), i.e.

APU)\’g = AU)HS in Q, PU)\’E =0 on 0f).

These functions are, as A goes to zero, approximate solutions to (1.1) in the
N+2

critical case. Denoting (P:) problem (1.1) with ¢ = 375 + ¢, we set:
Definition 1.1. Let k € IN* and u. be a solution to (P.). We say that (u.),
blows up at k points &1, ...,& of Q, & # & fori # j, as € goes to zero, if and
only if there exist positive parameters Ai., ..., gz and points &1, ..., k. in
Q such that

k
ue — Y PUy ¢, —0ase—0
=1

in HY(Q) and C*(Q\ .@1 B(&,a)), for any a > 0.

In the slightly subcritical case, i.e. = N2

= N5 — &, it was proved that
such solutions do exist [4]. In particular it is always true, whatever Q) may
be, for k = 1. (Some examples of domains with solutions blowing up at
several points are given in [17].) When ¢ = %—Jjg + ¢, the situation turns out
to be different. In particular, solutions blowing up at a single point never
exist [5]. However, Del Pino, Felmer and Musso [9] proved the existence of

solutions blowing up at two points, provided that €2 satisfies some topological



assumption - for example, Q has a small hole. (See also [13] for a simplified
assumption when N = 3.) Existence of a large number of solutions to (F:)
was found when 2 is a symmetric annulus [10] or a symmetric annulus with
a “channel” [14] (making the domain contractible): for such domains €,
there exists an integer k(2) such that for any k& > k(2), problem (P:) has,
for € small enough, a solution which blows up at k points as € goes to zero.
(We note that k& may need to be chosen very large to obtain a k—peaked
solution.) The aim of this paper is to resume the study of the problem in
order to obtain existence and multiplicity results which improve the previous
ones, both in the symmetric and the nonsymmetric cases.

In Section 2, we consider a symmetric domain with a small hole. Namely,
writing z € RY as z = (2/,2"), with 2 € R? and 2” € RV 2, we assume
that

(i) Q is rotationally invariant with respect to 2/, i.e. if (z/,2”) € Q, then
(A’ 2") € Q for any central rotation A of the x’—plane.

(ii) ©Qissymmetric with respect tox;,3 < j < N,ie., foranyj=3,...,N,
(@, x3,...,xj,...,xn) € Q implies that (2/,z3,...,—z;,...,zN) € Q.

(iii) © contains a ball centered in zero, i.e. there exists a > 0 such that
B(0,a) C Q.

For § € (0,a), we set
QU ={recQ : |z >4}
and we consider (P.) with Q = Q5. We prove:

Theorem 1.1. Let Q = Qg. For any k > 2, there exists 6 > 0 such that
for any 6 € (0,6), (P:) has, for e small enough, a solution which blows up
at k points in Qs as € goes to zero.

Corollary 1.1. Let Q = Qs. For any h > 1, there exists 0, > 0 such that
for any 6 € (0,0p), (P-) has, for € small enough, h (rotationally) distinct
solutions which blow up at two, three, ..., h+1 points respectively as € goes
to zero.

In the critical case, a small hole generates the existence of a solution to
(1.1) - see [7], [22]. As such a solution is topologically nontrivial, i.e. induces
some difference of topology between the level sets of a functional associated
to the problem, this solution continues for € small enough. This provides us



with an additional solution to (FP:) on Qs, which goes to a solution to (FPp)
as € goes to zero.

In Section 3, we consider a domain with both a small hole and a small
“channel”, making it contractible. Namely, for 0 < § < R and o > 0 we set

N-1

D50 = {:cE]RN 1 0 < |z| <R, (Z 1:12)1/2 >Ua:N}

i=1
and similarly to Theorem 1.1 we prove:

Theorem 1.2. Let Q = Qs,. For any k > 2, there exist 6, > 0, o3, > 0,
such that for any 6 € (0,0x) and o € (0,0%), (P:) has, for € small enough,
a solution which blows up at k points in s, as € goes to zero.

Corollary 1.2. Let Q = Qs,. For any h > 1, there exist 6, > 0, o, > 0,
such that for any 6 € (0,95,) and o € (0,04), (P:) has, for € small enough,
h (rotationally) distinct solutions which blow up at two, three, ..., h+ 1
points respectively as € goes to zero.

In Section 4, we drop any symmetry assumption and just consider a
domain with a small hole. Namely, €2 being a smooth bounded domain in
RY, we may assume, up to a translation, that Q contains some ball B(0,r),
r > 0. Then, for d € (0,r), we set

Qy={ze€Q : |z|>d}

and we first look for a solution blowing up at two points as € goes to zero.
As already stated, existence of such a solution has been proved in [9]. We
obtain additional informations:

Theorem 1.3. Let Q = Q4. There exists dy > 0 such that for any d €
(0,do), (P:) has, for e small enough, a solution which blows up at two points
&1 and & in Qg as € goes to zero. Moreover |&;| ~ rod and {& = —&1 + o(d)
as € goes to zero, where ro > 1 is the unique solution in (1,00) of

1 1 1

G S LR T RS

We also look for solutions blowing up at three points, and we obtain
a result of the same kind - see Theorem 4.4. Such a result is of qualita-
tive importance, as it shows that the two peaks solutions are not the only
blowing up solutions existing. Whereas single peak solutions do not exist,
solutions with three peaks or more may be exhibited, without any symmetry



assumptions on the domain (the method that we use extends to the study
of solutions blowing up at k points, for any k& > 2). Such kind of results was
expected, but had never been proved because of technical obstacles.

Actually, using a rescaling, we obtain that the nonsymmetric case is
asymptotically equivalent, as the hole radius goes to zero, to the symmetric
one. Then, we are left with proving that peaked solutions in the symmetric
case are stable through C'-perturbations. We study this general stability,
and check that it is satisfied in the cases we are interested in.

Before turning to the proofs of the results, we introduce some notation.
A domain 2 being given, we denote by Gq the Green’s function of the
negative Laplacian in 2 with Dirichlet boundary conditions, i.e.

—AGq(+, &) = ande in Q, Ga(-,&) =0in 02
with ay = ((N — 2)meas(SN*1))_1, SN=1 being the (N — 1)—dimensional
unit sphere, and by Hgq its regular part, i.e.

1
|z — &[N 2

Hq(z,¢) = Ga(z,§), (z,&) € Q x Q.

We also define the Robin function as
Ro(x) = H(z,x), =€ Q.

We point out that, as a consequence of the maximum principle
PoUne(z) = Upe(x) — anA T Ho(z,€) + O </\  (dist (g,asz))—N)

Such an expansion introduces us to the role that Green’s function and its
regular part play in that kind of problems (see e.g. [2], [21]), and in the
following arguments.

2 Proof of Theorem 1.1

According to assumptions (i), (i), (#i¢) in the previous section, let k& > 2 be
fixed and R > 0 such that (2/,0”) € Qs if and only if 0 < |2/| < R.
Step 1 — Reduction of the problem to a finite dimensional one.

Problem (1.1) has a variational structure. Indeed, defining the functional

/ T <u+>q+1, u € HY(Q) L+ (0)



the strong maximum principle ensures that the critical points u #Z 0 of J
are solutions of the problem. The method initially developed in [2], [21] for

q= —N +2 | consists in looking for solutions written as
k
Ue = AN Z PoUy; ¢ + ve
i=1

where v, is orthogonal for the Hé—scalar product to the derivatives of
PqU)y, ¢; with respect to the parameters A;,§;, and assumed to be small in
H{—norm. (It is shown that A = (A1,..., \), € = (&1, .., &) and v, build a
good local parametrization of Hj(€2).) Then, once v (), £) is found such that
‘g—;{ ()\, & (N € )) = 0, the initial problem reduces to a finite dimensional one
involving A and £ parameters only.

Such a method was adapted in [9], using weighted Holder spaces, to the
supercritical case ¢ = N +2 + . According to [9] the problem reduces, for
€ small enough, to ﬁndlng critical points of a finite dimensional functional
written as

k

T(0,6) = 5 (3 Ra(e)A? - ZGQ@,@AA) ZlnA T pe(A€)

=1 i,j=1 =
it
1
where A = cyeN¥-2 A (ey is a positive constant depending on N only), and
¢. goes to zero in CJ,, (R%)* x (2§ \ D)) as e goes to zero, with D =
{§ e (RN . ¢ = &; for some i # j}. As a consequence, defining

T(A,€) = (ZRQ £)A? —ZGQ gz,ngA) ZlnA

ij=1
i#£]
stable critical points of ¥ (i.e. critical points which are stable under small
Cl-perturbations) such that & # &; for i # j, provide us with solutions to
(P:) . Now, taking also into account the symmetries of the domain g, we
can look, as in [10], [14], for critical points (A, &) of ¥ such that

2m(e — 1
A=A, &) = (peos UL

with p € (6, R). Then, we are left with the two variables function s :
R’ x(d, R) — R defined as

n 27T<Zk_ 1),0”), 1<i<k (22

2

Ys(A,p) =k <A2’y(5(p) +1n A>



with
75(p) = Ros(&1(p ZGﬂa &1(p), &i(p))-

Step 2 — For 0 small enough, s has a stable critical point.
This will conclude the proof of Theorem 1.1. We perform the change of
variables

. A
_57 M_

5 2
and we define the function ¢5: R} x(1,R/6) — R as

2

55(p.r) = Vs p) — ko = (’;r5<r> ¥ hw)

with

s(r) = 6" ?45(6r) = Rays(&1(r ZG95/5 (&(r), &(r)).

N 2

Obviously, (u,7) is a stable critical point of ¢s if and only if (62
a stable critical point of 5. Setting

E:{:UG]RN Dzl > 1}

, Or) is

we remark that Qs5/6 C E and €5/0 goes to E as 0 goes to zero, i.e. for
any compact set K C FE, there exists dx > 0 such that for any ¢ € (0,0x),
K C Qg/0. Moreover, it is easily checked, using the maximum principle,
that Rq,/s(z) = Ho,s(z,x) goes to Rp(x) = Hp(x,z) in C,(E) and
Go,/s(x,y) goes to Ge(z,y) in CL.(E?\ A) as § goes to zero, where A is

the diagonal of E2?, i.e. A = {(z,y) € E?> : x = y}. Therefore, ¢5 goes to
¢p in C}, (R% x(1,00)), where ¢ : R%. x(1,00) — R is defined as

2
op(p,r) =k ('L;FE(T‘) + ln,u)
with
Tp(r) = Rp(&(r ZGE (&1(r), &(r)).

Then, the only thing that remains to be proved is that ¢ has a stable
critical point. We have

1 1 1

Rp(§) = Wa Ge( Q) = € —¢v-2 - ’ng KI 5"

(2.3)



Consequently

k—1
1 1
PE )= — —
") (r2 = 1N=2 o 2t N2 (1- cos@) >
k (2.4)
k—1 1
+ N_7-

i=1 (r*+1—2r2cos 2) 7

Clearly, lim T'g(r) = 400 and lim »V~2I'g(r) = I < 0. Moreover, the
r—1+ r—~+00

cancellation of I'g(r) implies that I (r) < 0. Indeed

2r 1
Ipr)==(N=2) | 557 =
(2 — 1)N-1 ; 258 N1 (1 - cos 21) T .
G (r* — cos 2%2)
_l’_

N

i=1 (r*+1—2r2cos 2)>

whence, in view of (2.4), if Tg(r) =0
2 k-1 4
, _ = +1 re—1

i=1 7 (rf+1—2r2cos )

Then, there exists a unique 7* € (1, 00) such that Tg(r*) =0. T'g(r) <0
for r > r*, and there is some rg > r* which is a global minimum of ¢ in
(1,00) and a isolated critical point because of analyticity. On the other
hand, for any r > r*, there exists a unique p = u(r) = (=Tg(r)) "2 such
that %(u(r),r) = 0. Moreover, gi%f (u(r),r) = 0 and 63232’3 (u(r),r) =
2kI'g(r) < 0. Therefore, a standard linking argument shows that (u(r0),70)
is a critical point of ¢ which is stable under C'-perturbations. This con-
cludes the proof of Theorem 1.1.

3 Proof of Theorem 1.2

Let &k > 2 be fixed and R > 0 such that (2/,0”) € Qs, if and only if
§ < |2'| < R.
Step 1 — Reduction of the problem to a finite dimensional one.




We argue exactly as in the previous section. The only change is that the
symmetry with respect to zx being lost, we have to set, instead of (2.2)

2m(r — 1 2w(v — 1
E(p, 1) = (pcosﬂ(zk),psinﬁ(zk),0,...,0,7')7 1<i<k (3.6)

with
(p,7) € S50 ={(p,7) e RL xR : 62 < p*+ 712 <R, p>oT}h.

Then we have to consider, instead of 15, a three variables function s, :
R’ %S5, — R defined as

2

A
1[1570(/\,/), T)=k <'y(5,a(p, 7) + In A)

2
and
V.0(p,7) = Ray,, (&1(p, 7 Z Gay, (&1(p,7),&ilp, 7).
Step 2 — For § and ¢ small enough, @Dgﬂ has a stable critical point.
We perform, as previously, a change of variables
p T A
= — t = — g
r 5 Y 6 9y /’[/ 5¥

and we define the function ¢s, : X5, — IR as

2

N -2
Gaaiort) = (A7) = 5 216 = (T +

with Ts,(r,t) = 6~ ~275,(67, 6t), i.e

Ts56(r,t) = Ra; , /s(§1(r,1)) ZGQM/(S 1(r,t),&i(r, 1))

=2
and
DIFPRES DERLxR : 1<i24s2< D t
50 =19 (rt) € R} x <+t < >ty
Of course (1,7, t) is a stable critical point of ¢s - if and only if (5u or, (5t)

is a stable critical point of 15 ,. Setting

:E\{(O,,O,LUN) : xN>1}> EZ{%’GRN : ’1“>1}

9



we remark that 5,/0 C E* and Q5,/9 goes to E* as § and o go to zero,
i.e. for any compact set K C E*, there exist g > 0, g > 0 such that
for any 6 € (0,0x) and 0 € (0,0x), K C $5,/0. Moreover, it is easily
checked, using the maximum principle, that Ho; /s(z,z) goes to Hp(z, )
in C}(E*) and Gas.,/5(x,y) goes to Gg(z,y) in CL.((E*)?\ A) as § and
o go to zero, where A is the diagonal of (E*)?. Consequently, @5, goes to
¢p+ in C (R xZo), where ¢g« : R} xXo — R is defined as

loc

2
qu* (:U’u r, t) =k (l;]-_‘E* (T7 t) +In :u>

with
k

Lgs (’I”, t) = Rgp (fl (Ta t)) - Z GE(&I (’I”, t)7 &i (7", t)) (37)
=2
and
So={(rnt) e Ry xR : 1<r*+2}\{(0,8) : t>1}.
In view of the previous arguments, Theorem 1.2 will follow from the

existence of a stable critical point of ¢p-. From (2.3), (3.6) and (3.7), we
deduce that

FE*(T7 t) = — o —
(F2+t2—1)N"2 L N2 oy (1 - cos zm)¥

k—1

+y : =y

i=1 ((r2+12)24+1—2r2cos 2t — 2¢2) 2

We remark that for any r > 1, there exists a unique (r) such that
82)?* (r,t(r)) = 0, i.e. t(r) = 0. Moreover, I'g«(r,0) = ?%{FE* (r,t), and
€

straightforward computations yield 6281253* (r,0) < 0, %(T, 0) = 0. We

note that I' g« (r, 0) coincides with I'g(r) in the previous section. Then, let r
be a global minimum of '« (r, 0) for r € (1,00), and u(rg) = (—I'g= (ro))fl/Q.

(1(ro),70,0) is a critical point of ¢pg+, and

2I'g(ro) 0 0
r 2
- (o). r0,0) =k |0 T () 0
0 0 (/1(7“20)) 88FtQE* (7407 0)

We know that T'g(rg) < 0, 82;%(7“0,0) < 0, and I'i(rg) > 0. Even if

I, (rg) = 0, the fact that ro is a minimum and an isolated critical point

10



of 'g(r) (and of r +— ¢« (u(ro),r,0) as well) would still ensure, through a
standard linking argument, that (u(r¢),70,0), as a critical point of ¢p~, is
stable under C'-perturbations. This concludes the proof of Theorem 1.2.

4 The nonsymmetric case

The general argument.

In this last section, we drop the symmetry assumptions on the domain.
Q being any smooth bounded domain in RY, that we may assume, up to a
translation, contains a ball B(0, R) for some R > 0, we set, for 0 < d < R

Qy={ze€Q : |z|>d}

ie. Q= Q\ B(0,d). We consider (P:) in Q4 and, as previously, we look
for a solution blowing up at k points as € goes to zero, k > 2. According to
Section 1, we know that the problem may be reduced to finding, for £ small
enough, a critical point of

J(A€) = (ZRQd EA? — Z G €)AiM; ) +ZlnA + pa,e(A, €)

i,j=1 =1
i#]

in ¥ = (R%)* x (Q\ D), with D = {¢ € (RM)* : & = ¢; for some i # j},
00, (A, &) going to zero in C,.(X). We consider, as previously, the main
part in J(A,¢), that is, we set

(A, ) = (ZRQd &) A7 —ZGQd fz,ngA>—|—ZlnA

2,j=1 =1
i#]

for (A,£) € ¥. Through the rescaling

& A
Iy = E M = d¥
we have
B(A,6) = 6(1,2) + k2 Ind
with

<Z RQd/d i) Z GQd/d Ti, Tj Mz#g) Zlnﬂz

i,j=1
i#]

11



s (u,x) € (R)* x ((Q4/d)* \ D). We know that Qq/d goes to E = {z €
RY : |z| > 1}, Hgq,/q goes to Hg in CL.(E) and Gq,/a goes to Gg in
Cl.(E?\ A) as d goes to zero (we recall that A is the diagonal of E?).

Let us consider the limit function

(Z Rp(z;)u Z GE(z, m,uj) Zln,ul (4.8)

1,7=1
i#j

As we saw, this function has a critical point (u*, z*) which may be written
as

i = (=Ti(ro)) "2

2m(t —1 2m(i —1
W(lk ),rosinﬂ(zk )

(4.9)
,0,...,0), 1<i<k

x; = (ro cos
where rg is a global minimizer of I'g(r) in (1,00). Of course, this critical
point is degenerate, since ¢ is invariant under central rotations of E*. Let
M be the manifold of critical points generated by these rotations, i.e.

M = {(p*,Rz*) : R is a central rotation of E¥}.

Let us assume that ¢, (u*, 2*) is nondegenerate in the orthogonal subspace
to T(,« )M (the same is true at any (u,z) € M). Then, a standard
linking argument shows that a Cl-perturbation of ¢z has a critical point in
a neighborhood of M. Whence, coming back to J. , the existence of dy > 0
such that for any 0 < d < dp, there exists some g4 > 0 such that, for any
0<e<ey, J has a critical point (A, &) = (d¥u, dx), with the distance
of (i, ) to M going to zero as d and € go to zero.

We remark that dim M = N —1 as k =2 (z* = (27, —27) and z] runs
on a (N —1)—sphere). As k > 3, the position of Rz* is correctly defined by
the orientation of the plane in which the z}’s are, and by a central rotation
in that plane. Therefore, for £ > 3, dim M = 2(N —2)+1 = 2N —3
(2(N — 2) is the dimension of the 2—Grassmanian in RY). Finally, we can
state the following general result:

Proposition 4.1. Let k € N, k > 2, ¢p and (p*,x*) defined by (4.8) and
(1.9). If

dim Ker ¢5(p*,2*) = N — 1 as k=2
dim Ker ¢%(p*,2*) = 2N — 3 as k > 3,

12



there exists dg > 0 such that for any d € (0,dy), (P:) has, for ¢ small
enough, a solution which blows up at k points &1,...,& in Qq as € goes to
zero. Moreover, up to a central rotation, £/d goes to x* as d and € go to
zero.

The case k = 2.

In view of Proposition 4.1, we just have to check, for proving Theo-
rem 1.3, that dim Ker ¢/L.(u*,2*) = N — 1. For the sake of simplicity, we
write x = & = —x3, 7 = ro where 79 > 1 solves I'z(r9) = 0, i.e.

1 1 1
= + . 4.10
2N_1rév (r3a —1)N=-1 * (r2 +1)N-1 ( )

Such an 7 is unique. Indeed, derivating (2.5) while I';(r) = 0, we obtain

_ )2 _o),2
r’,g(r)zz(N—Q)[(N 9r2+ N (N -2) +N} .

(2 — DN (2 + )N

whence the unicity of the critical point in (1,00). We also write p = p* =
(~Tp(ro)) 2, ie.

1 1 1 e
_ _ _ . 411
a <2N2r{¥—2 (rg —ON=2 (r§+ 1)N‘2> (4.11)

Let (e1,e2, f1,---, fN,91,--.,9n) be the dual basis of the 2N + 2 variables
(11, p2, (1)1, - - -, (1) N, (2)1, - - -, (22)§). According to the definition of ¢
we compute

A B C - -.- . C
B A -C - -.. . —C
c -¢c p - --- . E
F : F
P S S R S S S
B0 27) = . . . . ... F . . ... F (4.12)
Cc -C FE - D
F : F

where horizontal or vertical dots mean zeros, diagonal dots mean F', and,

13



taking account of (4.10) and (4.11)

1 1 2 1
A= —— =—
R(x) 12 ON—2,.N-2 + (r2 — 1)N-2 - (r2 4+ 1)N-2
1 1
B =—-G(z,—x)

- 9N—-2,.N-2 + (r2 +1)N-2

C=up (R}1 (z) — G, (x, —xz)) = —uGy, (z, —x)
= 4G () = 1 (Rl () — Gl ()
=¥ = g

12
D= ? (Rgilfl(x) -2 /Jﬁlfl(m’ _x))
u

9 (Rg1g1( ) — 2G$1g1( ~x))

N=-2 ,[BN=5)r?+(N+1)  (N—-1)r?—(N-1)
S CENL P2+ DN ]
E= _'U’QGflgl (z, —z) = _/1’2Gf191( , =)

_N-2 ,[ N-1 (=N +3)r’+ (N +1)
BRI CENLE P2+ )N }

2
1
F= 9 (R;ifi (x) - 2G/]£ifi (3;‘, —33)) = _'UQszg ( x)
2
= —1* Gl (2, —2) = (R'g'zgz( z) = 2Gg,, (v, —7))
_ N-2, 1 + r2—1
B R I L A (e

In view of (2.3), we used

], 2<i<N.

ORE o\ oin &
gg, &) = 2N =D R

o (4.13)
aiE(f C) ( 72) §z Cz |C| & z

— (IN-1 N
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OR%, . dij &i&j
ety € = 205 =2 | s 200 - D g
0’°Gp dij (& — 6§ —G)
IEE (¢ ()= (N -2 N
T 60 =~V =) [ - NE R (414
P UePE — 6)16PE — ¢)
N N+2
|icte - & licie - &
and
0°Gg [ 0ij (& — Ci)(gj - Cj)
(N — N
agoc, 00 =W e gE TN T e g
4.15
266 -0 (P -k -¢)|
N N+2
6k - & [y
Considering (4.12), we find the 2N following eigenvectors for ¢z, (1", z*):
\}i(fl —gi), 2 <i < N, with eigenvalue 0
\}i(fl + i), 2 <1< N, with eigenvalue 2F
\}i(el + e2), with eigenvalue A + B
\}i(fl - 1), with eigenvalue D — E

and in the remaining orthonormal basis %(el —e9), %(ﬁ +g1), PL(p*, x*)
writes as

A-B 2C
2C D+E)
It is easily checked that F' < 0, A+ B < 0 (because of (4.10)), D — E > 0
and (A — B)(D + E) — 4C? > 0. Consequently

dim Ker ¢%(p*,2*) = N — 1

and Theorem 1.2 follows from Proposition 4.1.

The case k > 3.
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For the sake of simplicity, we limit ourselves to the case k = 3. The
other cases may be treated in the same way, with additional computations.
In view of Proposition 4.1, we have to compute the dimension of the kernel of
& (pw*, x*), where (p*,z*) is given by (4.9), where 79 > 1 solves Iz () = 0,

ie.
1 1 2rg + 1
—— = — + . (4.16)
3¥ré\’ (rg — N (rg +r2 + 1)%

As previously, such an 7y is unique. Indeed, derivating (2.5) we find, as
Ig(r) =0

i (N-2)r+N N2 +1)(r'-1)
FE“‘):Q(N‘Z)[ =DV i) ]>0

whence again the unicity of the critical point in (1,00). We note also that,
according to (2.5)

1 1
I'z(2) < —(N —-2) <3N1 — 3N222N> <0

implying that ro > 2. Furthermore p* = (—T'g(ro)) /2, i.c.

2 1 2 2
pr= | e . _— . . 417
(3N227‘é\[2 (r§ — )N 2 (ré+r8+1)1v22>

For the sake of simplicity, we write 2* = (11, 79, 23), 7 = ro and ¥ = (rg+r3+
l)i Let (e1,ea,e3, fi,..., [N, 1, -+, 9N, P, ..., hn) be the dual basis of the

3N +3 variables (,ul,pg,,ug, (.’El)l, ey ($1)N, (562)1, ey (1‘2)]\/, ($3)1, N (.’Eg)N).
The subspaces & = Span(fi, gi,hi), 3 < i < N, are stable for ¢'s(p*,x*),
and

1 1 1
%‘(/J’*vm*) =all 1 1
& 1 1 1
with
— M*2 /! 2G// QG//
@ = 2 ( fifi(wl) - fifi(xlva) - fifi(xl,xg))
- _M*2G/J£igi (z1,22) = _M*QG}ihi@l,lﬁ)
2 1 2 2
= (N - 2)/"L*2 N " < 0

TGRS
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using (4.14), (4.15) and (4.16). The eigenvalues of qﬁ%(,u*,a:*)‘ are 3q
&

with multiplicity 1, and 0 with multiplicity 2 - whence 2(N — 2) vectors in

the kernel of ¢7,(1*, z*). Because of the symmetries of ¢, we know three

additional eigenvectors:

1
u= ——=(e1 + ez + e3), with eigenvalue I'g(r) < 0;

V3
1 1 V3 1 V3
S gt Y = Y2
v \/g f1+< 2gl+ 292>+< 2 1 9 2)]7
with eigenvalue “;F’]f;(r) > 0;
1 V3 1 V3 1
w_ﬁ fa+ (—291—292> + <2h1—2h2>] ;

with eigenvalue 0.

Therefore, Proposition 4.1 will provide us with a solution to (P-) blowing
up at three points as € goes to zero, if the restriction of ¢ (p*, z*) to the
stable 6—dimensional orthogonal subspace £ to the &;’s, 3 < i < N, and to
u, v, w, is nondegenerate. As a basis of £, we can take

by V2 <61 L, 163>
/3 227 3
by = \2 (63— e3)
ky = } (F1+ g1+ )
o= = (ot ot 1)
e ( - ﬁ) s <_;h1 + ﬁh)]
() ()]

In this basis we have
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A 0 B 0 C 0
0o A 0 B 0 -C
"ox ok _|B 0 D 0 FE 0
¢ 0 FE 0 F 0
o -¢c 0 -FE 0 F
with
2 1 1
A4 = (FP—1)N-2  gN2 Ny + 72(N=2)
N-2, 2 r? —1
B = - 2 MmN TN
o - N-2. 1 Pl
NG K (2 _1)N-1 2N
B oy %2 (N —-2)r2+1 3 r2—2  Nri(r?-1)>2
E — (N _ 910 (N —1)r? i Nr2(rd + 72 - 2)
= (N=-2)u (r2—1)N " 72N 972(N+2)
oo N2 0 (N=2)r+N 2(N-1)r*+ N  Nri(r®+2)
= 5 H (rZ—1)N 972N o72(N+2)
(4.19)

For example
A= KL (u*, %) ke
_2 (32¢}é 1 9% 1 9P )_}( ¢ 19°¢%
S 3 [\ ol 20mOur  20mdus/  2\O0mduy 2 O3
1 0 ) -+ o 1 O _16’%)
20u20p3/  2\0m0Ous  20u20us 2 Oui /|

We have 62 " 62 /! 82 /"
1
b - S = G = R -
oy O o3 ju
2 11 2 11 2 11
s = s = s = —G(z1,22)
Oudpa  Oudps  Op20us
whence the announced result, observing (2.3) and (4.9). The other quantities
are obtained in the same way, using also (4.13), (4.14), (4.15) and (4.16).
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All these quantities are strictly positive, except B which is strictly negative.
Actually, B < 0 and E > 0 are trivial. C > 0, D > 0 and F > 0 follow
directly from the fact that, according to the definition of 7, 7> — 1 < 72.
Lastly, we deduce from (4.16)

r2—2 rt—1

A= (rZ—1)N-1~ @N

Therefore, A > 0 is equivalent to
(r* =2y > (P + ) - N

or

4, .2 N 2
1 1 3
(r +7re+ >2 re 4 —14 ' (4.20)
rd —2r2 41 r2 —2 r2 —2
As(1+X)*>1+4+aX for X >0and a > 1

21\ 5 N 3r2
(pareiyE N e

rd —2r2 41 2 rd—2r2 41

and, in view of (4.20), A > 0 follows from the fact that (as r > 2)

N 1 1

2
— > N-2)(r?-2)> =
222+ L 22 O (N =2)(r"~2)

r2’

We note now that through suitable exchanges between lines and columns,
we deduce from (4.18)

A B (C 0 0 0

B D FE 0 0 0

C E —-F 0 0 0
/! * * _

0 O 0 B D —-F

0 O 0 -C —-FE F

whence

2
det G (1", a")| = [A(DF - B?) - (FB? + DC? - 2EBC)

&

where A, B,C, D, E, F are defined by (4.16) and (4.19). Then, the nonde-
generacy of ¢y, (u*, x*) restricted to £ is equivalent to

A(DF — E?) # FB? + DC? — 2EBC.
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As C, D, E, F are strictly positive and B is strictly negative, the right hand
side is strictly positive. As we have also A > 0, the inequality DF — E? < 0
is sufficient to conclude. Considering that D, F are strictly positive, the
result will follow from the two inequalities D < E and F' < E. In view of
(4.19), D < E is obvious and F' < E is equivalent to

N 2Nr2 + N Nr2(rt —2r2 - 8)

(742 _ 1)N—1 + 972N + 272(N+2) >0

As r? — 1 < 72, this inequality will be satisfied if
(r? — )7t 4+ 72t =2 = 8) = 5rf 1t =5 — 1> 0

which is true since r > 1.

Collecting the previous informations, we know that the dimension of the
kernel of ¢/, (p*, z*) is exactly 2N — 3. Then, in view of Proposition 4.1 we
can state:

Theorem 4.4. There exists dg > 0 such that for any d € (0,dy), (P:) has,
for € small enough, a solution which blows up at three points &1, &, &3 of Qq

as £ goes to zero. Moreover, |&;| ~ rod and there is a rotation R in (]RN)3,
R3 =id, such that & = REL + o(d) and &3 = R%E1 + o(d).

Acknoledgements. The authors are very grateful to the referee for point-
ing out several inaccuracies in the first version of the paper, the correction
of which allowed to improve the formulation of the results.
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