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The question of interior blow-up points for an
elliptic Neumann problem : the critical case

Olivier REY

Centre de Mathématiques, Ecole Polytechnique
U.M.R. 7640 du C.N.R.S., 91128 Palaiseau Cedex

Abstract

In contrast with the subcritical case, we prove that for any bounded do-
main © in R3, the Neumann elliptic problem with critical nonlinearity

—Au+pu=u’,u>0inQ; Ou/Ov =0 on 0N

has no solution blowing up at only interior points as p goes to infinity.

1 Introduction and Results

Wondering about the mechanisms of pattern formation in biology, Turing [42]
made the very important discovery that contrary to the intuition, which asso-
ciates diffusion phenomena to a smoothing of initial data, spatial concentration
structures may result from the interaction of two substances with different diffu-
sion rates. Since that time many biological patterns have be explained in such a
way. Models describing the evolution of the two involved substances concentra-
tions, as those proposed by Keller and Segel, or Gierer and Meinhardt, consist
in a system of two coupled nonlinear parabolic equations. Under some further
assumptions, finding stationary solutions to the system reduces to solving a
single nonlinear elliptic equation with Neumann boundary conditions [32]

(P.) —Au+pu =uP, u>0 in
" % =0 on 09

where p > 1, u > 0 are fixed parameters, and €2 is a smooth bounded domain in
R". Note that setting v = =/ ®~Yu, d> = 1/u, problem (P,) is equivalent to

P) —d’Av+v =vP,v>0 inQ
d % =0 on 0f).

Since the works of Lin, Ni and Takagi [31, 32, 36, 37], many papers have
been devoted to the study of (P;), under the assumption that p is subcritical, i.e.
n=2,orn>3and p < (n+2)/(n—2). A natural question is to know whether
the results which hold for subcritical exponents are true, or not, for critical



or supercritical exponents. The study of the critical case made similarities
and differences appear with respect to the subcritical case. For example, it
was proved that when p is subcritical, the only solution to (P,) for small y is
constant [32], and the same holds when n = 3 and p is critical [52, 49]. However,
ifn=4,5,6, Qis aball and p is critical, (P,) has at least one nonconstant radial
solution for small 4 [6].

For large p, it is known that in both subcritical and critical cases, (P,) has
solutions which concentrate at some points of the domain as p goes to infinity
(alternatively, d goes to zero in (P})). The next question is to characterize such
concentration points. In both cases, the least energy solutions have, for large
14, exactly one maximum point which lies on the boundary of the domain, and
which goes, as i goes to infinity, to a maximum point of the mean curvature of
the boundary [36, 37] [4, 5, 35, 44, 40].

For subcritical exponents, higher energy solutions exist which blow up at
one or several points of the boundary [21, 29, 49, 17] as u goes to infinity.
Solutions also exist which blow up at one or several points in the interior of the
domain [48, 19, 16, 23, 27, 20, 51, 10]. In particular, (P,) has single interior
spike solutions which blow up at a local maximum point of the distance function
d(xz,09), = € Q. (Solutions have also been built which blow up at interior and
boundary points at the same time [26].) For critical exponent, all the existence
results concern solutions which blow up at one or several points of the boundary
as u goes to infinity [1-6, 12, 38, 40, 43-47, 33, 22, 24-25]. Hence the question :
do solutions blowing up at interior points exist ?

The only known result is partial and negative [14] : for n > 5 and critical p,
(P,) has no solution u, such that

k
”u“_a"ZUAL’yi i) — 0 as [ — oo
i=1
with o, = (n(n —2))*=2/4 k€ N*

A(n—2)/2
T+ Nz — )72

Uy y(x) = AeRL, z,y e R” (1.1)
and)\L—>oo,yzL—>yi in Qaspu— oo,y £yl ifi#j.

Such a result could have also been derived from the arguments in [38] and,
in the case n = 3 and k = 1, from [40] (see the final remark at the end of
Section 3). A recent paper shows that the case K = 1 cannot happen in any
dimension [18].

Our aim in this paper is to consider the question of interior blow-up points,
for n = 3 and critical p, without any assumption neither on the number of those
points, nor on the distance between them, which may be zero.

(Up)u>p, being a sequence of nonconstant solutions to (P,), there are several
and equivalent ways to define blow-up points of (u,). For example, y € Q will
be said to be a blow-up point of (u,) if and only if



lim inf limsup/ |V, |* | or / ud, | > 0.
r=0  p—oo  JB(yr)nQ B(y,r)NQ

Our main result is :

Theorem 1 Let (u,),>pu, @ sequence, bounded in H*(Q), of solutions to (P,).
There exists at least one blow-up point which lies on the boundary of Q.

We notice that, in contrast with the subcritical case, the existence of so-
lutions with a finite number of blow-up points all lying in the interior of the
domain, is excluded. We emphasize that the main difficulty in this work is to
eliminate the possibility of multiple interior peaks without a priori assumption
on the location of those peaks, which may be very close from each other, or even
centered at the same point.

The next section is devoted to an a priori analysis of the solutions to (P,)
as @ goes to infinity. This analysis, mixing together energy-dependent and
energy-independent estimates, provides us with informations about the shape
of solutions, which allow us to prove, through variational methods, the theorem
in Section 3.

2 Blow-up analysis

2.1 Energy-independent estimates

We begin with an energy-independent description of the nonconstant solutions
to (P,) as p goes to infinity. We have the following proposition :

Proposition 2.1 Let (uy),>u, be a sequence of nonconstant solutions to (P,).
Let e > 0, R > 1. For i large enough, u, has N, € N* local mazimum points

xL e, 1<i< Ny, such that :
1/4
i) E—<e
uﬂ(xu)
1 T . 1
(i1) 7t St - T <e
wa(y) () M (14 %)1/2 c2(B(0.2R)N2,)

SO 2 (0 i
with ), = u, (x,)(Q — z},)

p\tp

(#41) a:ft € 00 or u? (z! )d(xf“ o) > é

() Bz,

ri)NB(xl,rl) =0 fori#j, ri =

"o

, 1/2
(v) <d(m,{xl 1§i§NM})) uu(z) < C(e, R).



(1) says that the maxima increase faster than p'/* as p goes to infinity; (i7)
describes the shape of u, in a neighbourhood of a maximum point xz; (#i1)
shows that either the maximum points xL are on the boundary, or are not too
close from the boundary with respect to the heighth of the maximum; (iv) shows
that these maximum points are not too close from each other with respect to

their heighths, and (v) provides us with a global bound for w,, in Q.

Such a proposition relies on arguments initially developped by Schoen [41], in
the context of the Yamabe problem. The proof, which follows the same scheme
as in [30, Proposition 5.1], with the convenient additional arguments, is given
in Appendix A.

Let now z,, be any point in Q. We set

1 y
vu(y) = WU#(W + ) y €, =p?(Q—1,) (2.1)

which satisfies

B
v, >0in Q, ; % =0 on 99,,. (2.2)

_ .5
—Avy, +v, =0, ,

Proposition 2.1 is equivalent to :

Proposition 2.2 Let ¢ > 0, R > 1. For p large enough, v, has N, € N* local
: : i 1/2000 _ O ; .
mazimum points y, = [ (xu z,) €Q,1<i<N,, such that :

. 1
(1) vuly,) > z
g 1 Y - 1
(i) (e ) — <e
”u(yu) Uu(yu) (1+ %)1/2 c2(B(0,2R)NQ,)
with Q, = vj (y,) (e = yy,) = iy (2,) (2 — a7
. ) ) 1
i I9) 2/, 1 d(yt [¢) _
(i4i) y, €0 or v (y,)d(y,, 092) > -
. L o o , R
(iv) B(y,,s,) N By,s3,) =0 fori#j, st = ()

_ 1/2
) (d(y,{yz, 1s¢szvu}>) vu(y) < O, R).

The interest of considering v, instead of u,, is that v, solves a nonlinear el-
liptic equation (2.2) whose linear part has constant, hence bounded coefficients.
This fact allows us to use techniques and results of Li, concerning the scalar
curvature problem [28], Li and Zhu concerning Yamabe type equations [30].

In view of Proposition 2.2, we set :



Definition 1 § € R? is called an isolated blow-up point of (vy) if there exist
7 >0, C € R and a sequence (y,) in 2, converging to y, such thaty,, is a local
mazimum of vy, v, (y,) — 0o and

ouy) < —C

< m Y € B(y,,7) N Q.

g 1s called a simple isolated blow-up point if moreover there exists ro > 0 such
that, for p large enough, rl/zﬁu(r) has ezxactly one critical point in (0,7¢), with

1
ou(r) = —————— v O<r<r.
g |8B(yﬂ,7‘) ﬂQu| OB(yYu,r)NQy .
Then, we can state :
Proposition 2.3

(i) Assume that § is an isolated blow-up point, such that for large u
d(Yu, Q) > p (2.3)
for some p > 0. Then, g is a simple isolated blow-up point.

(i) The same conclusion holds, without assuming (2.3), provided that Q is
convet.

Proposition 2.3(i) follows directly from [28, Section 3] or [30, Section 4],
and (i) follows from [52, Section 2.2]. Moreover, we know that under assump-
tion (2.3), simple isolated blow-up points are such that

U (Yp)vu(y) Yy € B(yu,ro) N, (2.4)

éi
‘?J_yu|

with C' some positive constant independent of u, and the same is true without
assuming (2.3) if Q is convex (see [28, Prop. 2.3|[30, Prop. 3.1][52, Prop. 2.1]).

In view of our further needs, we consider the points yL defined in Proposi-
tion 2.2, and we prove the following proposition, which is of crucial interest in
the sequel :

Proposition 2.4 Let yL be as in Proposition 2.2.

(i) Assume that there exists p > 0 such that, for large p, d(yz,ﬁﬂﬂ) > p,
1 <9< N,. Then, there exists 6 > 0 such that, for p large enough

i, —yil >0 Vij i (2.5)

(i) If Q is convex, (2.5) holds with p = 0.



This proposition still follows from [28, 30, 52]. Let us sketch the argument
for (i). Assuming that the proposition is false, we may suppose, without loss of
generality ' _

O = Iy =yl = minfyj, — yl| — 0 as p — oc. (2.6)
We set ~
wy(z) = 65/2vu((5uz + y,i) zeQ,=(Q,— y;)/éu.

w,, satisfies

3 9 3
wy, > 01in Q, ; %:001189” (2.7)

2. _ .5
—Awy, + dw, =w, ,

and, denoting zL = (yl’L — y}t)/(%“ 1 <i < N,, we know that
wu(O),wH(sz) > R'Y?  because of Prop. 2.2(iv) (2.8)

|z; _ Zi| >1 i#£j because of (2.6) (2.9)

1/2

<d(y, {ZL, 1<i< Nu})> wyu(y) < C  because of Prop. 2.2(v).  (2.10)
Up to a subsequence, we may assume that 2, — 2* as u — oo, |2°| = 1. We
claim that wy,(0) and wy,(z2) go to infinity as y goes to infinity.

Indeed, let us assume that wy,(z7) stays bounded. Prop. 2.2(ii) then implies
that w,, stays bounded in a fixed neighbourhood of 22. Taking also account of
(2.9-10), we see that w), stays bounded in any ball B(2%,7), 0 < r < 1. If w,(0)
goes to infinity, 0 is an isolated blow-up point, hence a simple isolated blow-up
point, and an inequality as (2.4) holds for w,, i.e.

w, (0)w,(2) < ISI 2 € B(0,74)NQ, (2.11)

Consequently, at a small and fixed distance of 0, w, goes to zero. Therefore,
Harnack inequality applied to (2.7) shows that w, goes uniformly to zero in
B(2%,r), 0 <r < 1, in contradiction with (2.8).

If w,(0) stays bounded, either there is some zlﬁ, 1 > 2, such that |sz| stays
bounded and wy,(z,) goes to infinity, and we can repeat the previous argument
with ZL instead of 0, whence again a contradiction; or w,, stays bounded in any
ball centered in 0. Then, elliptic theory shows that, up to a subsequence, w,,
goes in C?(R?) to a limit w which satisfies —Aw = w®, w > 0 in R®, w £ 0,
Vw(0) = Vw(z%) = 0. According to [13], such a w does not exist, hence again
a contradiction. Therefore, 0 and 22 are two simple isolated blow-up points.

Up to a reindexation and passing to a subsequence, we may assume that for
i > 2, either z}, — 2%, or |2},| — oo as u — co. Because of (2.9), |2’ — 27| > 1 if
i # j. If z is a blow-up point for wy,, z = z* for some index i, because of (2.10).

Let S be the set of these blow-up points, which are isolated and simple (note



that d(szaflu) > p/d, — oo, and the equivalent of Prop. 2.3(¢) holds for the
solutions of (2.7), as [52] shows). We consider

u(z) = wu(0)w,(z)
which satisfies

08,

A&+ 02 = wiéy , &> 0in Q -

=0 on 99,. (2.12)
From (2.10-11) and Harnack inequality applied to (2.7), we know that w, goes
uniformly to zero in any compact set K C R3\ S (note that K C Qu for p
large enough, since d(0,9%,) > p/8,). From (2.11) and Harnack inequality
applied to (2.12), we know that &, stays uniformly bounded in any compact
set K C R?\ S. Then, elliptic theory ensures that, along some subsequence,
&, converges in CZ _(R3\ S) to a limit &, which is a positive regular harmonic
function in R? \ S. Therefore, we can write

with @ > 0, b > 0 and h is regular positive harmonic function in R3?\ (S —
{0,22}). 0 being a simple isolated blow-up point of (w,,), r + r'/2¢,(r) has a
unique critical point in (0,7(), and Prop. 2.2(4i) shows that this function has a
maximum point which goes to zero as p goes to infinity. Therefore, r — r1/2¢ (r)
is nonincreasing in (0, 7). Then, either £ = 0, or @ > 0. Integrating (2.12) on

B, , we find
0
/ EH + 62/ 6;4 _ w}l« / 65
OB, !

From Prop. 2.2(i%), we have

5
5 5 ul0) Lt
wa(0) [ 8= 2 VRO 55 Y
B, B(0,2R/w2(0)) (1 + ) /
g
~ 2 JB2r) (1+ %)5/2
>T

with 7 a strictly positive constant. On the other hand, (2.11) implies that

53/ gﬂgccﬁ/ %:0(1)
B, B, Y

as u goes to infinity. Moreover, if £ = 0, we have also

194 B
/a . =o



hence a contradiction. Consequently, a > 0. In the same way b > 0. The
classical Pohozaev identity for (2.12) provides us with the equality

1 8§L g 3€L
_52/ %:/ ( /_7VL2+U ;2)
n B.(0) 6; 9B, (0) 2§M v 2| 5,1‘ (al/)

A (e e
2 8B, (0) 2 7K GlUﬁ(O) i

for any small ¢ > 0. As §,, goes to zero and w,,(0) goes to infinity, (2.11) implies
that the left hand side, and the last integral on the right hand side, go to zero
as @ goes to infinity. In the same time, a straightforward computation shows
that

- 1o 06 0o 2y o%uye)
lim lim o) (2@, 5 2|V€M| +o( 81/) 2ma(b+ h(0)) <0

o—0 p—oo

whence a contradiction.
(#i), which is not necessary for our further purposes, may be proved in the
same way, using the analysis of boundary blow-up points performed in [52].

Remark. If (u,) is assumed to be bounded in H'(f2), N, is also bounded,
since
lupll 1) = Nut

where 7 > 0 is some fixed constant, as Prop. 2.1(¢4) shows. Then, up to a
reindexation and passing to a subsequence, we may assume that for u large
enough

Nu:k1+k2:k’€N*
d(yz,aﬁu) >p for some p > 0 1<i<k
d(yi,,09,) =0 asp—oo ki +1<i<k

Setting 6, = mini<i, <k, |yL — y,ﬂ, the same arguments as previously show the
i#

existence of § > 0 such that |y/, —y)| > 6,0 #j,1<4,j <ki.

2.2 Energy-dependent estimates

We turn now to an energy-dependent blow-up analysis of (u,), whose compari-
son with the previous results will provide us with the informations that we need
to prove the theorem in the next section. First, as in [40], we define for A € RY.
and a € R? the function

Vira() = Uxo(®) — @uralz) zeR3 (2.13)



where Uy , is given by (1.3), i.e. Uyq = AY2(1 4+ N2z — a|?)"'/2, and

1 — e—r'?lz—al

PuralT) = N —dl (2.14)
Viuxa, Which satisfies in R3
1
~ABYWuna) + B Vina) = B3 Vura)® + 13 (Una — m)
(2.15)

is an improved approximate solution to (P,) with respect to 3'/4U, ,, as pu/2/A
goes to zero - see [40]. For p'/2/X small, ©Yuna acts as a perturbation of Uy 4
in H'(Q), since

e nallFrqy = OW?/X) (2.16)

as integral estimates show [40]. Now, we can state :

Proposition 2.5 Let (u),>u, be a sequence of nonconstant solutions to (P),
bounded in H'(Q). There exist k € N*, (X,) and (al,) sequences in R and
respectively such that, for some subsequence

lun — 31/4 zk: VM’AL’GL mi@) — 0 as pt — 0o (2.17)
i=1
with
P2 /N =0 (2.18)
A d(al,, 090) — 0 or oo (2.19)
AN M N+ NN ol —al P — o0 ifiF# (2:20)
as j1 — 0o.

Note that Proposition 2.5 holds for Palais-Smale sequences as well, whereas
the previous one applies to exact solutions of the equation only. Such an analysis
is performed for the first time in [8], and [11]. A proof of it, following Bahri’s
arguments, is given in Appendix B.

In view of Proposition 2.5 we may assume, extracting some subsequence,
that each of the sequences (aj,) converges to a limit a* € €. It is easily seen
that the a'’s are exactly the blow-up points of this subsequence.

2.3 The shape of solutions with only interior blow-up points

Let us assume that all the a*’s which occur in Proposition 2.5 lie in the interior
of €. In order to prove the theorem, we have to prove that such a case cannot
occur.



Comparlng Proposition 2.5 and Proposition 2.2, Prop. 2.2(i¢) implies that

to each zj, corresponds some aff ? such that, € being small

Ai(i)/ui(xz) is close to 1 ; /\i(i)|ai(i) - a:L| is close to 0 (2.21)

with j(i1) # j(ia) if 41 # ia.

Conversely, Prop. 2.2(v) implies that to each aJ corresponds some )

such

that M |a/, — xL(J)| is bounded. We claim that for u large enough, i(j1) # i(j2)
if j1 # Ja.

Otherwise, up to subsequences and reindexations, we may assume that j =
1,...,p are the p indices, p > 2, such that i(j) = 1. We consider v, defined by
(2.1), with z,, = m}t Through the change of variable

- 17/2 + :L’
x =z}, is sent to y = 0, and = = a, is sent to y = p!/?(a’, — x},). We know that
0 is an isolated blow-up point of (v,). Since 1'# goes to a' = ... = aP which

lies in the interior of €2, d(0,Q,) — oo, and Proposition 2.3 implies that 0 is a
simple isolated blow-up point.

On the other hand, we notice that the )\fjs are not of the same order as p
goes to infinity, that is

)\L/)\]+>\J/)\Jﬂoo 0<i<j<np.

Otherwise, M |al, — x| being bounded, X!, M, |a/, — a/,|* would also be bounded,
and (2.20) could not be satisfied.
Finally, we notice that the boundedness of )\ft\af; — xllt| implies, through
(2.18), that ,u1/2(aj — x},) goes to 0 as p goes to infinity. It follows that r —
1/211#, r=ly— xl\ has several maximum points in any fixed interval (0,79),
for p large enough. This contradicts the fact that 0 is a simple blow-up point.

Once we know that there is a correspondance one to one between the z,’s

and the afL’s, we infer from (2.21) and Proposition 2.4 that there exists v > 0

such that -
|CL - Cl] ‘ > 1/2 { 7& j

for p large enough. As a consequence, we know that a sequence (u,), bounded
in H(Q), of solutions to (P,) whose all blow-up points lie in the interior of £
writes as

k
up =31 Vs +vu kEN (2.22)
=1
with
Ml/Q . ) v
X —0; a;, —a' €0 \a —a]|> el iti#j (2.23)

10



and
v, — 0 in H(Q) (2.24)

as [t goes to infinity.

We are going to prove, in the next section, that such a u,, cannot solves (P,)
for large p - hence the theorem.

3 Proof of the theorem

We adopt in this section a variational approach of the problem. We define the
functional

Jyu(u) = 1/(|Vu|2 + pu?) — %/ ub ue HY(Q) (3.1)

2 Jo Q

whose strictly positive critical points are exactly the solutions to (P,).

3.1 A parametrization of the variational problem

This subsection is devoted to a parametrization of the variational problem in a
neighbourhood of the eventual solutions to (P,) defined by (2.22-24). k € N*
and p > 0 being fixed, for € > 0 we set

Ve = {U € H(Q)/3(Ni)1<i<i € RY)F, 12/ < e, F(ai)1<i<k € (),

k
Ty .
la; — aj| > L2 if i £ j,s.t. |V(u— 31/42‘/,“)\“%”2 < E}

=1

with Q, = {z € Q,d(z,09) > p}. Defining also

B., = {(a,)\,a) € RF x (RL)* x (Q,-0)F s.t. 3V/4/2 < a; < 2.31/4

1/2 /7y o Y€ ... .
W=/ <e, lai aj|>4M1/2 lfz#j}
we have :

Lemma 3.1 There exist pg > 0, €9 > 0 such that for any p > po, any e,
0 <e<eg, and any u € V. ,, the infimum

k
inf  |V(u=3"*Y "V

(a0, \,y) € Bae, P

2
is achieved at only one point, which lies in Boc .

11



Such a lemma is proved, for k = 1, in [40, App. A]. The result extends easily
to the case k > 1, proceeding as in [8, Prop. 7][38, App. A]. Then, for \ € (Ri)k
and a € QF, we set

Exap = {v € HY(Q)/ [, Vo.VVi = [, Vo.V o4 = [, Vu.V—a?:,“; =0

1<i<k1<1<3

(3.2)
with Vlf = Vi), ,a,, for sake of simplicity. For p > o, Lemma 3.1 induces a map
® from the open subset V., , of H*(Q) to the manifold

M, = {(a,)\,a,v) € R¥ x (R7)" x QF x HY(Q) s.t. (a, A, a) € Bocy
v € Exqu, | V|2 < 5}

where (a(u), A(u),a(u)) is the unique point in Bs., , at which the infimum of
k . . k

|V(u -3/ Ei:l VH,M,ai |2 is achieved, and U(u) =u-— Ei:l ai(u)vﬂﬁi(u),ai(“)'

This map is open, and induces a diffeomorphism between V., , and its image,

which contains

N, = {(a,)\,a,v) € R* x (R1)F x QF x HY(Q) s.t.|a; — 31| < no,

2N < o, ai — a;| > MLW ifi#j, ve Eyg, and |Vola < 5}

(3.3)
for some 79 > 0 small enough. Setting

K Ne =R (3.4)
(O‘v A a, U) = JH(Zi:l OéiVM,)\i,ai + ’U) '

we know that (o, ,a,v) € N, is a critical point of K, if and only if v =
Zle iV n;,a; + v is a critical point of J,. Let us notice that, for p large
enough, u, given by (2.22-24) is in V,, ,. Moreover, setting

P(uy) = (duvj‘uvdwﬁu)
it follows from [8,38, Lemma A.1] that
& -3 2N, S0 @ —a @l —al| > s ifi A
w # 7 Iz [0 2u1/2
and
¥, — 0 in H'(Q).
In particular, ®(u,) € N, for p large enough. We are going to show that

Ay, Ay, g, U,) cannot be a critical point of K, for u large enough, whence the
o Aps Gy Uy I
theorem.

12



3.2 The v-derivative of K,

In this subsection, we estimate the H'-norm of v, as y goes to infinity. In view
of (3.3-4), expanding K, with respect to v in a neighbourhood of v = 0, we find

K, (a, N a,v) = K, (a,X,a,0) + faxapn(®) + Qaxau(®) + Rarauv) (3.5)
with

k k
Fornan(v) = /Q (> Vi - /Q (Vi (3.6)
=1 i=1

k
1 5 ;
Quro®) = 5 [Vl +u?) =3 [ (Savite? 37
=1

Roau(v) = O(lvl7 q))- (3.8)

Moreover, choosing some 79 > 0 sufficiently small, there exist £ > 0, &’ > 0
such that for p large enough and any (a, A, a,v) € N,

lﬁ:/ (|Vu|* + pu?) < Qarapn(v) < n'/(|Vu|2 + pu?). (3.9)
Q Q

The second inequality is a direct consequence of Hdlder inequality, Sobolev
embedding theorem and estimate (C.3) in appendix. The coercivity property
follows from [40, Lemma 3.2] in the case & = 1. The result extends to the
case k > 1 using the arguments of [7, Prop. 3.1], which are valid provided
that A\;\jla; — a;|?, i # j, is large enough. But (a, A, a,v) € N, implies that
Aidjla; — a;]* > ~+?/4n3, whence the desired result choosing 79 small enough.

On the other hand, we claim that there exists C' > 0 such that, for u large
enough and any (a, A, a,v) € N, we have

1/2

/2
1 [ 1 2 2 '

< — V 1
|foz,>\7a7lt(v)| = (ﬂ1/4|)‘|1/2 + ‘)\| ) (2 /Q(| u| + pu )) (3 0)

with [A| = (Zle A2)1/2. Let us assume that the claim is true. Then, we deduce
from (3.8-10) and the implicit functions theorem the following proposition :

Proposition 3.1 There exist m1 > 0, ne > 0 such that, for p large enough,
there exists a smooth map

N, = {(a,/\,a) € RF x (Rp)F x Ql; s.t|oy — 34 <y,
/1’1/2/)‘i<7717 |ai_a’j|>2lj/ﬁ ZfZ;é]} _>E)\,a,,u,
(oz,)\,a) = /l_)/L(a?)\ﬂa)

such that v, (a, A, a) is the unique point v € E 4 ., |Vo|3+p|v|3 < 52, satisfying

0K,
ov

(A a, T, N a) =0 in Tigx a,5,)Nu- (3.11)

13



Moreover, there exists C' > 0 such that

_ _ 1 2
VU2+M/1)2§C<+). 3.12
Jo ool 4 f ot <0 (G + 5 (312

We notice that (3.11) means that there exist (A4, B,C) € RF x R* x (R?)*
such that, for w € H*(Q)

oV
zl/ \Y% ® Vw)
avi oV

Taking respectively w = Vlj, N Bla) 1 <i<k 1< 1 <3, we see that
the A;, B;, Cj’s solve a linear system which is nearly diagonal since, using the
integral estimates in [7, 40] and Appendix C, we have

) . 372 pl/?
T J — 5.
/QW“'W“ T 5”+O<A§/2A}/2)
) 1% #1/2
) oo
/sz G v O(A§/2A§/2>
)7 pt/2 )12
Vi, E_oft—i
I Ve ( A7 )
vavj Vavg _ 1577 oy L0 pt/?
oV _ oVj 1/2)1/2
/V ny P o
Aaj) A?””

avz 8VJ 157 pl/2aL?

(3.13)

On the other hand

0K, i 10K, _ 1yap, B2
o (o, N, a,0,).V,) = ol (a, X\ a,0,) = (|al 3 |+ B )
0K, Vi 10K, L pt?

5 (a, A\, a, UH).a—)\Z_ = on (o, A\, a,7,) = O(Aip\‘)

0K, N 1 0K _ /2N

—L(a, A == (o, A =0 :

go @) B = alay, ) ( A )

as it follows from Proposition C.1 in appendix. Then, solving the linear system

14



provides us with the estimates

4 =0(Ja; — 344+ “:/f)

B; = 0(“1|//\2|Ai) (3.14)
1/2

Cu = O(iw)

Before ending this subsection, we prove claim (3.10). From the proof of
Lemma 3.1 in [40], we know that there exists C' > 0 such that, for u large
enough and any (o, \,a,v) € N,

‘u/ aiVlfvf/(aiVlf)sv
Q Q

1 M1/2 1 9 9 1/2
< — .
<C <M1/4|/\1/2 + B 5 /Q(|Vu\ + pu®) (3.15)

1 <4 < k. On the other hand, if ¢ # j, the Holder inequality and the Sobolev
embedding theorem yield

5/6
Lo < ol ([ WiEvewger) . e
(3.15-16) and estimate (C.16) in Appendix show that (3.10) is satisfied.

3.3 The a-derivative of K,
For (o, A\, a) € '/\7‘“ we set

K, (o, A a) = Ku(o, A a,0,(0, A, a)).

From the definition (3.1) of Ej 4, it follows that the partial derivative of 7,
with respect to «; is also in E} 4,,. Therefore, we deduce from (3.11) that

oK, 0K, _
8Cki (Oé, /\a Cl) - 8041- (Oé, >‘a a, ’UM(O{, /\a a))
that is, according to Proposition C.1 in appendix
8Rp. B 2 A Ml/?
D, (a, \ya) = Zal(?) —a;)+ O(W)

In the same way, we have

PK, PK,
80412 (Oé7)\3a) - aaZQ

(Oé, /\7 a, 1_)11(aa )‘7 CL))

15



whence, according to (C.22)

K, 2 /2
ng(av)‘va)_ 1(3_5a )+O( |)\| )

Consequently, we obtain :

Proposition 3.2 For u large enough, there exists a smooth map

N, = {(/\,a) € (Ry)F x Qﬁ st u? /N <m
\ai—aj|>—21g/2 Zfl#]} —)R{T_
(Aa) = au(Xa)
such that &, (X, a) is the unique point a € Rﬁ, loi; — 3Y4| <y, satisfying

0K,
aaﬂ (Oé#()\, a)a )‘7 (l) = 0

Moreover, &, (X, a) satisfies
ul/?

Na)=3Y14+0
a, (X, a) (\AI

). (3.17)

3.4 The A-derivative of K,

This last subsection will provide us with the contradiction which proves the
theorem. For (\,a) € N, we set

K.(\a) =K, (aﬂ(x,a), A a, B (@ (N, a), A,a)).
From (3.11) we know that
oK, oK

a>\ ()\70’) = a)\u (dﬂ7)\7a7ﬂﬂ)

3% 8V 8vﬂ
+Z< /vw T +Bj/Q Zcﬂ

Since ¥, € E) q,,, we have

| oV
/vvg.vav’* — /v V5, =0

81)#)

oV} (%H 82‘/7 O*Vi _
/v o Vanon, Vo= O\ % Ve 2|V%Iz
oVl _ov 0V P2V
£ £ _ _ — VARG _
/Qva(aj)l.va)‘i /Qva(a])la)\ V=0 <6w va<ai)la)\i 2|vvﬂ‘2 .
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Then, (3.12,14) and estimates (C.8) yield

BI:(,L oK, ,_ _ 1, pt/t 1
Aa)=—*4 A iy T
8)\1' ( 70’) a)\z (al“ 7@,'[}#) + O ()\Z(|)\3/2 + |>\|2)

whence, according to (3.17) and (C.20)

8[:(# B /2 /2

On the other hand, Propositions 3.1 and 3.2 show that, necessarily

Uy = UGy Ay ) Q= (A, ap)
for 41 large enough where, according to Subsection 3.1, (&, 5\,“ Qp, Up) = P(uy).
Moreover, u, being a critical point of J,,, (A, a,) satisfies

0K,

Y M) =0  1<i<E. (3.19)

However, up to a subsequence and a reindexation, we may assume, without loss
of generality, that )\}L = mini<;<x A;, for p large enough. Then, (3.18) implies

that ~
0K, - _ /2 /2
—(A\p,ay) = 21—=——+o0| =
2V (A)? (A)?

in contradiction with (3.19). This completes the proof of the theorem.

Remarks.

(1) If a; were on the boundary of €2, some additional term would occur in (3.18),
involving the mean curvature of the frontier at a;, and (3.19) would not lead to
a contradiction - see [40].

(2) If, instead of (P,), we consider the subcritical problem

0
—Au+pu=u"% , u>0in Q ; 8—52001189

€y >0,e,Inu — 0 as u — oo, and the corresponding modified functional, an
additional term would occur in (3.18) which, up to a strictly positive constant,

would be equal to €, /A; - see [9, 39]. Then, the derivative of f{u with respect
to A\; would vanish for some \; ~ ul/ 2 /Eu. Therefore, the obstruction to the
fulfillment of (3.19) disappears in the subcritical case, in accordance with the
known results.

(3) In [14] are considered problems as

0
—Au+ pu = a2/ L) w>0in Q; a—u =0 on 9N
v

17



QeR", n>3,1<q<(n+2)/(n—2). We notice that the additional term
with respect to (P,) would introduce in (3.18) a quantity as a(ai)/)\l(_quB)/Q if
q <2, a(ai)(ln)\i)/)\f/Q if ¢ =2, a(ai)/)\l(j_q)/2 if ¢ > 2. Then, we see that
(3.19) could be satisfied for a(a;) > 0 and ¢ > 3. This agrees with Theorem 1.1
in [14].

(4) In the special case k = 1, the result could be easily derived from [40].
Namely, considering the functional

Jo(IVul? + pu?)

(Jo “6)1/3

[40] provides us with the following expansion for the equivalent of K u, that we
denote in the same way :

I,(u) =

K, _9.1/3 p?  H(y) A 1
£ (A a) =27 -2 2 + 2 (In e —y— 5)
o opt?o A )

1
+0 )\2'u1/2+)\3+ PCRRYE

for a concentration point @ on the boundary. If a lies in the interior of the
domain, similar and easier computations would have given

(’NZ{# ey s I p
o M) = AT e 40 (e

which cannot vanish for large .

For n > 5, computations in [38] provide us with the expansion

0K,

. H(a;) ' £ 4 lower order terms

\? Y

(Aa)=0C,

(with C), and CJ, strictly positive constant) when the concentrations points are
on the boundary. For interior points we would have
oK,
oA\

(A, a) = —2C,

n)% + lower order terms.
Again, these quantities cannot vanish for large \;’s, whence the equivalent of
the Theorem under the assumption that the concentration points stay far from
each other - as in [14].

Treating the case n = 4 in the same way would require, in order to obtain
convenient expansions, to consider suitable approximate solutions, as we did in
the case n = 3.
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APPENDIX

A Proof of Proposition 2.1

The proof relies on the following lemma :

Lemma A.1 Let (uy)u>p, be a sequence of nonconstant solutions to (P,). Let
€ >0, R> 1. There exists a constant Cy = Co(R) such that, for u large enough
and any compact set K

max d(a:,K)l/zuH(x) > Cy

z€Q\K
(with d(x, K) = 1 if K = () implies the existence of x,,, local mazimum point
of uy in S, such that

N
(i
) uy(z,)
1 T 1
+x,) — PR <e
(1+5) o2 (B(0,2R)N2,.)
with Q,, = ui(xu)(ﬂ —x,)
(#44) ui(mu)d(xu,K) >R

<e

x, € 00 or ui(xu)d(xu,aQ) > —.

M | =

Proof of Proposition 2.1. Lemma A.1, applied with K = (), provides us with
a, = x,, such that (i) (ii) (i) of Proposition 3.1 are satisfied. Then, we set
K = B(z!,rl) with rl = ———.
o “ w2 (xl)
If max,con g d(z, K)Y/?u,(x) < Cp, there is nothing more to prove. If not,
Lemma A.1 provides us with a new z, = x such that (i) (i) (iii) of Propo-
sition 2.1 are again satisfied, and B(z,,,r),) N B(z?,72) = 0, with r2 = TR

The process must stop after a finite number N, of steps since, because of (1)

/ |V, > >7>0
B(zi,,rt)

with 7 a constant which does not depend on 4, p. (Note that if (u,) is assumed
to be bounded in H*(Q), N, is also bounded as p goes to infinity.) We have

1/2
max <d(a:,U£V_“13(xZ,r;))> uy(z) < Co.

.'L'EQ\U?QLIB(JJL,T‘L)
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Consequently, if z & UiB(xL, 27‘,2)

(d(x, {al, 1<i< NH})>1/2uH(x) < <2d(x,UiB(xL,rL))>1/2uH(x) <20y

and, if z € U;B(z,, 2r!,), using (ii)

1/2
CCAERETER ) s
< o — a1 (o)

. 1 ; i 12y —1/2
<l )1+ Jubtaile - i) )

< 9~ 1/231/4 4 91/2_p1/2,

Therefore, (v) is satisfied and the proof of Proposition 2.1 is complete.

Proof of Lemma A.1l. Arguing by contradiction, we assume that there exist
a sequence (u,) of nonconstant solutions (P,) and a sequence (K,,) of compact
sets such that

max  d(z, K,)"?u,(z) — oo (with d(z, K,,) =1 if K, = 0)
zeQ\ K,

and there is no z,, as specified in the lemma. Let z, € 2\ K, be a global
maximum point of d(x, K,,)/?u,(z) in Q\ K,. We set

and )
R, = Zd(j/u Ku)“i@u)

By assumption, R, — oo as u — oo. Since

d(

1
4 i, Ky > ~dE, K Ve € B(0,R
uft(x#) 12 M) ) (M M) ( M)

we have, for x € B(0,R,) N Q,

(;d(fchu)y/Z on(2) < (d(E s Ko)) 2

whence

v(z) <V2  Vz e B(0,R,).
On the other hand, v, satisfies

H 5 g . 9 )
mvuzv#,vu>0m9,ﬂ a—::OonaQH.

—Av, +
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Let us assume that uu;‘l(fu) goes to infinity as u goes to infinity. w, defined
as

(=) @, with A
w, = v,(— T E with «, = —
" H ay, [ H ui@u)
satisfies
1 . ~ ow ~
—Aw, +w, = a—iwu , wy > 01in a,Qy, ; a—y“ =0 on 0(a, )
and

w,(x) < V2 Vo € B(0,o,R,,).

Elliptic theory shows that, up to a subsequence and a space rotation, w, con-

verges in C7_(R3.) to a limit w which satisfies

a—w:()onaR%
v

waer:O,ngg\fQinR?{p; 3

with
R3 :{x:(xl,x27x3)€R37 :r3>—T} 0<T <.
This implies w = 0, in contradiction with w(0) = 1. Therefore, pu;,*(Z,) is

bounded.
Up to a subsequence, we can assume

uu;4(§:u)—>9 as fi — 00 0<0 <00
and, up to a space rotation, v, converges in CEOC(R%) to a limit v which satisfies

—Av+0v =10° , OSUS\/iinR%; %:Oon@R%.
Note that if S < co, v may be continued by reflection in a bounded solution of
the equation in whole R3. As a consequence, if § > 0, v is constant, i.e. v =0
or v = 0'/%. Since v(0) = 1, § = 1 and v = 1. This implies that u,, is constant
for p large enough, in contradiction with the initial assumption.
Before proving this fact, let us complete the proof of the lemma. If 8 = 0,
we know that v writes as - see [13]

/\1/2
(14 A2 Iw—;c()\2 )1/2

v(z) = for some zo € R®, A € R

v < /2 and v(0) = 1 imply that
|zo]?
A <V2 /\1/2(1+/\2T) 12 -1

whence

1<A<V2 lzo|? = 3(A —1)/\? < 3/4.
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Moreover, if S < oo, necessarily zop € OR?. From the shape of v and the
convergence of v, to v in C} _(RY), we deduce the existence, for large y, of a

local maximum point z,, of v,, which goes to z as p goes to infinity. Then

Zp
ui(i'u)

+ xy,
is a local maximum point of u,, and

uu(xﬂ) _ UN(ZM) _ )\1/2 € [1,\/5]

whence pu, *(Z,) — 0 as p — oo. Moreover, |z, — Z,| < \/gu;Q(iu) for p large
enough. As d(Z,, K, )u;(,) — oo, we know that for large y, ,, € Q\ K,, and
d(zy, K, )u (x,) — 0o as p goes to infinity.

Then, we can repeat the same argument as previously, with z, instead of
Z,. In this case 0, local maximum point of v, is a critical point of v. As the
only critical point of v is xg, we obtain g = 0, whence S =0 or S = o0, i.e.

ui(xu)d(x#,aﬂ) —0 or ui(xu)d(x#,aﬂ) — 00.

v(0) = 1 gives A = 1, and the convergence of v, to v in C? _(R%)

1
(o) 2 )

+xu) -

x 2
(1+ %)1/2 c2(B(0,2R)NQ,.NRY)
for any R > 0, with €, = v (2,)(Q — z,).

Actually, (A.1) holds in C?(B(0,2R) N Q,). Indeed, if S = 0, up to a
subsequence x,, goes to some T € 0 as it goes to infinity. Up to a space rotation,
we may assume that the tangent space to 0S) at T is parallel to the plane x3 = 0.
There exist U neigbourhood of Z in R3, » > 0 and ¥ : & — B(0,R) C R? a
C?-diffeomorphism such that

YUNQ) =BT (0,r) ={z eR> |z| <r, z3>0}

and

Then, for any ', 0 <7’ <7

1

v = —u S A wi =U(x
) =y (7 g ) v =G

satisfies, for p large enough

%o, v " 5
=S W) s+ > by S + Ty =
%: ]( )ayiayj z; ( )8%‘ 4 K
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in B(0,7") N {ys > —u?(x,)(yu)3}, and

vy, _
0ys3

on B(0,r") N {yg = —ui(xu)(yu)g}, with
ai;(y) = ;5 + o(1) bi(y) = o(1) uniformly as p — oo.

0, continued by reflection in B(0,7'/2), satisfies in B(0,r’/2) the same equa-
tion. The same arguments as previously show that the continuation of v,, con-
verges in CF (R®) to v(y) = (1 + |y|?/3)~/2. Consequently, (A.1) holds in
C?*(B(0,2R) N ,), as announced.

Finally, we show that if § =0, z, € 99 for u large enough. Indeed, assume
that z, ¢ 0. Since z, is a local maximum of v,, y, = ¥(x,) is a local
maximum of v, whence Vv, (y,) = 0. Let y;, be the orthogonal projection of
Y, on the plane 3 = 0. We have

0ys3

(Yu) = %(y,’) =0
3

2

Consequently, there exist y); = ty, +(1—t)y,,, 0 <t < 1, such that aa;g“ (y.) > 0.
On the other hand . )

AT P

dy3 M dy3

according to the shape of v, whence a contradiction.

(0)<o0

To complete the proof of the lemma, it only remains to prove that
0, = uu;‘l(i?u) —1 asp— o0

implies that u, = p*/ 40;1/ * for large 4, in contradiction with the assumption
that w, is nonconstant. Let a, be a point in the closure of B(0, R, /2) N Q,,
such that

lvu(au) — 9;1/4| = [lop — 9;1/4HL°°(B(O,R“/2)I’WQ“)'

0, defined as v, = v, (z + a,), satisfies

_Aﬁ#—i—@“fm:@i,5H>Oin(~2“—au; %zoona(ﬂu_a#)
and ~
o.(z) <V2 Yz e B(0,R,/2)N(Q, —a,)
since

(BO.Ru/2) 0 (@~ ) © ((BOR)N Q= a.) ~a.).

23



Up to a subsequence and a space rotation, v,, converges in Cfoc(R?f,), 0<T' <
o0, to a limit © which satisfies

o0 )
NG+ D=3, 0<b<V2in RS, ; §ZOOH3R%/.
v

As a consequence, o = 0 or © = 1. Therefore, |v,(a,) — 9,1/4| = |lv, —
011/4“L°°(B(0,R“/2)OQM) goestoalimitl,l=1ifv=0,and=0if v = 1.

Let us assume that [ = 1. In this case, v,(a,) = 9,(0) goes to zero as
i goes to infinity. We also know that v,(0) = 1, whence the existence, for
p large enough, of b, € (B(0,R,/2) N Q,) such that v,(b,) = 1/2. Setting
¥, (z) = vu(x + by,), and repeating the same argument as above, we see that up
to a subsequence and a space rotation, ¥, converges in CE . (R3.,),0<T" < oo,
to a limit ©’. As previously, ' has to be identically 0 or 1, in contradiction with
9'(0) = 1/2. Therefore, [ = 0.

Finally, let us assume that v, # 9}/4 in B(0,R,/2) N Q,. We set
. 1/4
U () — 9#/
- 1/4
0,(0) — 9//

which satisfies

— ATy + 0,0, = 0,0, + 050, + 0507 + 0,05 + 7)) in Q, —ay

and } )
[0, <1 in B(0, Ry /2) N (2 — ap).

Therefore, up to a subsequence, 5# converges in C7 (R3,) to a limit 0 which

loc
satisfies -
o0 0 on OR3
-_— = 1 ’
v T
and ||5M||LW(R3T”) < 1. Tt follows that o = 0, in contradiction with |2(0)| = 1.
Therefore, v, is constant in B(0, R,/2) N Q# and, actually, in whole Q#. This
means that u, is constant in 2, a contradiction.

—AD =40 in RS, ;

B Proof of Proposition 2.5

Let u, be a sequence, bounded in H*(Q), of solutions to (P,). On one hand,

we have
/Q(|Vuu\2—|—uui):/ﬂu2. (B.1)

On the other hand, the continuous embedding of H!(2) into L((2) yields

(/Q uﬁ) o <C (/Q(WWQ +uui)> .
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Therefore, |lu,| fi) = C~3/2, and |u,|§ > C~3. Passing to a subsequence, we
may assume that |u,|$ — 1> 0 as gy — co. We set

Qu(t) = sup u® t>0.

z€Q /(x+tB(0,1))nQ
Q. is continuous and increasing. Let R be such that Q C zo+ B(0, R), for some
zo € Q. Consequently, Q,(R) = |u,|$ =1+ o(1). Choosing p > 0 such that
l
p < min(z, A3/2) (B.2)

with
[ HHl(Q)

A= 5
weHY Q) |uylg

for large y there exist €,, 0 < ¢, < R, and a,, € Q such that

Quley) = / ui =p. (B.3)
(ap+e,B(0,1))NQ
We set
u(2) = e Puuepr +a,) T EQu=(Q—au)/e,

which satisfies

i
—Ady, + Mfiﬂu = @, LV” =0 on 09),,. (B.4)

S, @, >0inQy,;

Up to some subsequence, one of the three cases occur :
(7) usi — 00
(i4) uai —a>0
(iii) pes — 0.
We are going to prove that, actually, (zi7) is the only possible case.

Let us assume, first, that ,usi goes to infinity. (B.1) and the boundedness of
(u,) in H'(€2) implies that u|u,|3 is bounded, whence

1
/ ﬁi:—z ui—>0 as fi — oo. (B.5)
Q, ney Jo

Let ¢ be a smooth positive function from R3 to R, with S = supp¢ C b+ B(0,1)
for some b € R3. We have

/Q Vﬂ#'v(ézﬂu)JFW?i/Q ﬁ#(§2ﬁ#):/ ﬁi(&ﬁu)

W I I

Therefore

/Q V(Ca)P - / VCa2 + e /Q (Cii,)? = /Q i (Cit ).

M I I I
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Noticing that

IVold +eplvls o [lulla

veHY(Q,,) |v|? CueH Q) |ul2

=A (B.6)
taking account of (B.5) and using Holder inequality, we obtain

1/3 2/3 1/3
~ \6 ~6 ~ \6
A (/Q (Ciin) ) < (/Sm uu> (/Q#(Cuu) > +o(1).

In view of (B.3-4)

/ @ < / W < Qule,) < AV
SNQ, (ap+eub+e,B(0,1))NQ

so that, for any smooth ¢ such that S = supp{ C b+ B(0,1), b € R3

“w

/ (€)= 0 asp— oo (B.7)

Qﬁ"
in contradiction with (B.3).

Let us assume now that usi is bounded. In particular, €,, goes to zero and,
up to a subsequence and a space rotation, €2,, goes to R3., with

R} = {2 = (z1,22,23) €R?, 23> -T} T = lim d(a,,0Q)/¢e,.
=00

Noticing that [t,|rsq,) = |[uulrs@) and |[Vi,|r2,) = [Vuulr2(q), we may
assume that there exist @ € L°(R3.), o € L?(R3.) such that for any compact set
K € R} (K € Q,, for p large enough)

i, = ain LS(K) Vi, — 0 in L*(K).
Moreover, for any ¢ € C5°(R3.)
/ Vi, Vo — 0.V and / Vi, Vo — — uAp
R R% Q, RS,
whence ¥ = V4.

Assuming that case (i7) occurs, @ satisfies
~Al+ i =a° inR3. (B.8)

Moreover, 4 > 0, since, along some subsequence, @, — @ almost everywhere.

If T = oo, R3. = R?, and the only solutions to (B.8) are & = 0 or @ = /4.
it = a/* is excluded, since @ € LS(R?). If @ = 0, 1, goes to zero in L?(K), for
any compact set K. Then, using this result instead of (B.5), the same argument
as previously leads to (B.7), that is a contradiction.
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If T < oo, we first notice that the normal derivative of @ vanishes on OR3..
Indeed, from (B.4) we know that for any ¢ € C§°(R3)

/ Vﬁ#.VgaJrueZ/ ﬂuga:/ )¢
0 Q Q

M W W

from which we easily deduce that
Vi.Ve + a/ ) :/ e
R, R RY

whence i
I
=0 on JR>.
ov T
Then, we can continue u by reflection with respect to x3 = —T', and the contin-

uation, still denoted , satisfies (B.8) in whole R?, whence @& = 0 or @& = /%,
@ = o!/* is again impossible, since @ € LS(R3). @ = 0 implies, as previously,
that i, goes to zero in L*(K), for any compact set K € R3..

If B(0,1) € R (i.e. T > 1), we can repeat the argument which leads to
(B.7), hence a contradiction. If 0 <7 < 1, 4, may be continued in B(0,2)\ 2,
in such a way that, ;, denoting the continuation of 4, in €, U B(0,2)

[l 51 (B0,2)) < Clliullar(Bo0.2)n0,) < C
C and C’ independent of p. Then, along some subsequence
@, — @ in H'(B(0,2)) @, — @ in L*(B(0,2))

with @ = @ = 0 in B(0,2) N R3.. Consequently

/ aiSQ/ (a,ﬁa;)2+2/ W — 0 as p— o0
Q,NB(0,2) Q,,NB(0,2) Q,,NB(0,2)

and we are still able to prove (B.7), hence again a contradiction.

As announced, (i4i) is the only possible case, and @ satisfies

% =0 on IR3 (B.9)

~Au =17, @>0in RS ;

with Va € L*(R3.), u € L5(R3.). If @ = 0, reasoning as previously provides us
with a contradiction. Therefore, there exist A € RY} and a € OR3 such that,

according to [13]
)\1/2

(1 + N\2|x — a|?)1/2
and either T = oo, or T < oo and a € IR3.. Then, we set

a(z) = 344

S
=
=
S~—"

I

w(@) = 34V, N e aptena(®)  TEQ (B.10)
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where V is defined by (2.13-14). We notice that

I
(Mew)?

-0 (B.11)

and

(Mep)d(a, +epa,00) — oo (T = o0) or (A/e,)d(a, +epa,00) — 0 (T < o).
(B.12)
Indeed, a € OR?® means that a is limit of points of 99, so that we may write

a:xﬂg;a”wLy# x, € 00 y#HOinR3
n
and
(Mep)d(a, +€,a,09) < Ay, — 0 as p— oo.

We claim that
/ IVuD|? = / |V, |? — (53/2 if T=o00; $%2/2if T < oo) +0(1) (B.13)
Q Q

where
|Vul3 B 3md/3

S: =
werg(@) |ulg 247

is the Sobolev constant, and
—Au®D 4D = @D 4 f, i wDF = max(?,0)  (B.14)
with
(fus@)m-1(0),m1 () = o([|@lla1(@)) uniformly for ¢ € HY(Q)

as [t goes to infinity.
If uf}) does not go to zero in H'(Q2), we can apply to u,(}) the same arguments
as those that we used concerning u,. It is easily checked that the presence of f,

does not affect the situation; in the same way, (B.12) ensures that the normal
derivative of u,(}) on 01} is sufficiently small for our purposes. In particular

~(1) ~(1)
/ Oty @Y -0 and / Ot ¢—0
Q, ov B Q, ov

which either goes
to zero in H'(Q), or may be treated as previously to define some uf), and so
on. The process must stop after a finite number of steps since, according to
(B.13), |Vul|3 loses each time some fixed amount. In the end, we obtain that u,,

writes as

for any ¢ € C5°(R?), as u — oo. Then, we obtain some uf)

k
uy =34 Visnian +vp vy —0in H(Q) (B.15)
=1
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with
ILLI/Q/)\L -0
Ad(ay,, 00) — 0 or A, d(a,,00) — oo

as p — 00. Moreover, in view of (B.13), we have

24+ 0(1). (B.16)

k
2 1/22 : o
‘Vuu|2 —_— 3 |VV#’>\ZL7QL

i=1
As, on the other hand, we deduce from computations in [7] that
, ) 1/2
vV, vV >C A RVt B.17
1Ay Y Y X als = FJF)\TJF pAulay — all (B.17)
Q m “

where C is a strictly positive constant, (B.15-16) imply that the right hand side
in (B.17) goes to zero if i # j, and the proof of Proposition 2.5 is complete.

Proof of (B.13). In view of (B.10), we have

/|vu§}>|2:/ |Vu#\2—2.31/4/Vu#.VV#+31/2/ YV, 2
Q Q Q Q

with Vi, = V), x/e,.a,+e,a» fOr sake of simplicity. On one hand, it follows from

(2.16) that
/ TV, [2 = / VUL + o(1)
Q Q

with Uy, = Uy n/e, ., +e,a, and standard computations yield

, 1
/Q IVUL|? = S%2 +0(1) if E—d(au +,a,00) — o0
i

, 832 1
/ IVU,|* = — +0(1) if —d(a,+epa,0) — 0.
O 2 En
On the other hand, still using (2.16) and the boundedness of u, in H'(f)
/VUM.VVM = / Vu,.VU, + o(1)
Q Q
:/ Vi, . Vi + o(1)
Q
= 31/4/ [VUxal* +0(1)
R3

T

and

1
/ IVUrG> =832 T =00 (ie. —d(a,+eua,dQ) — o)
R

3 e
T 1%

3/2 1
/]R VU o> = 52 +o(1) if T < o0, a € IR} (;d(a“ + e,a,00) — 0)

3
T H
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whence (B.13).
Proof of (B.14). From (B.10) and (2.15) we know that

1
7Au(1) + /Lu(}) — U5L o 31/4V 5 + ‘LL31/4 <U . >
1 1 p ) T N e 2l — ap — £,

in Q. Let p € H'(Q). We notice that

1
U —
M/Q( . (A/EH)1/2|x—aH—€#a|)(p

. N\ L2
< U —
—“¢b<é(“ <v%wﬂu—au—aw)>

< Cuellpls

as a direct computation shows. Secondly, setting ¢, = ¢, x/c, a,+e,a> We have
in view of (2.16)

t@ﬁ—%mg@%w+@W|
< Cl|‘Pu|6||<P||H1(Q)

using Holder inequality, the embedding of H*(£2) in L%(Q2), the boundedness of
(Uy) in L8(2) and the fact that ¢, goes to zero in L5(Q) as pe;, goes to zero.
Consequently, we are left to show that

with C), independent of ¢, €}, — 0 as u — oco. We proceed as in [15]. Let I,
denote the left hand side integral in (B.18). Setting U,, = 31/4U#, we have

wefoo [ om0
—s oo [ [0y ]
= /01 (/Q {((uu - SUH)+)4 -(1- 8)4[7;3} chp) ds.

Therefore
|1, < 5|pls max / ‘((u# - SUH)+)4 —(1—s)*U? o us/s
- 0<s<1 Jq Iz jZ
- a4 41675 _
< C|90\H1(Qu,>/ ‘((uu —su)") (1~ 8)4u4‘ s/,
Q

We know that ||@, || g1 () is bounded, and that @, — @ in H'(K), 4, — @ in
L1(Q), 1 < q < 6, for any compact set K € R3. The conclusion follows easily.
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C Estimates

In this last part, we collect the integral estimates which are used in Section 3.
First, we recall that in [40] the following is proved, for V.=V, 5 o

37r ut/? 1
9 2 1
/QV o + Ol (C.2)
2 u'’? 1/2 1/2
/QV6 T 8 +o— v ) (C.3)

as a does not approach the boundary of 2, and 1/ /X goes to infinity. Actually,
a is assumed in [40] to be on 9. The above results follow from the same
computations, made easier by the fact that a boundary effect has not to be
considered. In the same way, we have

/2 1 1
oV /2
/vvv L +0(W1/2) /vvvaa] — O(uM/?) (C.4)
oV T 1 1
% =t O()\2u3/2) : Vaaj 0(71/2) (C.5)
ov 47w1/2 pl/? oV
5 59V _ 1/2
/QV - e O /QV da; O™ (C6)
and
ovI[* 15m2 /2 av1|* 152 .
oV _ we oV /
/Q Vx| = e TG Vow| = e ¥ HOMART)
v |? 1 v |?
Shrre 03 VaAaaj o) (C-8)

In view of (3.13), we have also to estimate integrals in which both V; and V;
occur, i # j. Let us prove, for example
1/2

/vwvvj — ot (C.9)
Q

)\1/2)\1/2)

i J
as /2 /X, pt/2/)\; go to infinity, a; and a; do not approach the boundary of
Q and |a; — a;| > v/2p/2. From (2.15) we deduce that

ov; 5 pen el
YV = A 1
/QVV VVi / v / (3U1 N2z —a )V (6.10)

It follows from the definition (2.13-14) of V' that, a; and a; staying far from 02

1/2

) IVl = ol

K3

on 0f
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whence

Wiy, _ O(L/z)
o0 OV ’ )\3/2)\]1-/2 .

Turning now to the integral on €2, we notice that

1/2
12
Vi = O(
J /\Jl/g

On the other hand, taking R’ > 0 such that Q@ C B(0, R’)

/U5 47 /QR/M r? dr = O 1 )
NN (1+r2)5/2 /\;/2
and 2 ‘ -
pe H T 47 / 12
dr < BTdr = O
/Q N2[z — ay T = )\3/2 o ure r (
Therefore

—) outside of B; = B(a;,~/4u*’?).

—pt?|z—a; 1/2
5 ue H | I o n
/Q\Bj <3Ui N —a ) T O Sme)

Finally, we notice that

? J

5/2 —p?|z—a;) 3/2
5 _ M e L . ‘
U; —O(/\s/Q) N2 —ai _O()\l/z) in B;
and
47 41?;2 1 1— e*(ﬂlm//\j)”' 9
|Vj|§75/2 NIz redr
B; A= Jo (1+72) r
YA 9 YA
gl wll? r BT 20,
Yk [ = i+ [T e
Consequently
In(\;/p'?) 1
Vil = 0(—= + )
/j )\?/2 )\]1-/2;1
and e
- |z—a;] 1/2
R RV |
/B <3U¢ )\1/2|33—ai| )‘/YJ—O()\VQAVQ)-
J i j

This estimate, joined to (C.10-11,16), yield (C.9).
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The other quantities in (3.13), with ¢ # j, may be estimated in the same
way. Similar computations also yield

( / |Vz-|24/5le|6/5>5/6 ) (C.16)
Q AN
Indeed, we have

RN e

r2dr

|Vvi|24/5 <
/Q /\f’/‘% 0

and the integral on the right hand side goes to a finite limit as p'/2/); goes to

zero, whence
5/6 1
-124/5 _
([me) " =0t

and, taking account of (C.12)

(1+r2)12 r

5/6 Y
24/5 6/5 o
(JQ\B.“Gl vl ) ‘—‘7(;125@75) (C.17)
J 7/ J
On the other hand
. 6/5
/ |V, ‘6/5 < Am /4“;/2 1 1 — e~ W2/ x)r / 2
- o redr
B, ’ B )\?/2 0 (1+1r2)L/2 r

1 4:1\;2 1 e_(ﬂl/z/AJ)T 6/5 5
-0 ﬁwé S

J
and
N
YA . /4 9/5
/%1/2 745 6= 612 /5N gy ( )1\j2)9/5 /v t4/5=6/5q = O( )\gj 10)~
0 pt/ 0 u®/
Therefore

</ ! B 1

WES) =0(= )
2

Q A} s/

and (C.12) applied to V; in B; provides us with

5/6 L
/2 3/4
M M
/ |Vi|24/5|Vj|6/5> =0O( - . ). (C.18)
/2,1/2 " \3/2
< B; AN Y

J

(C.17-18) prove (C.16).

We state now :
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Proposition C.1 Let (o, \,a) € ./\N/'H (i.e. |a; —3Y4 < m, p’?/N < m,
d(a;,0Q) > p, la; — a;| > %%/2 if it #£3j). We have

0K, RV ut/?
e Ela, N a,v,(a, N a)) = Tai(i’; )+O( B ) (C.19)
0K, N
o, Ela, A a,0,(a, N\ a)) =m(2 — 7044)%\2
1/2
o _Hm
( 3/2|>\|1/22| l > <>\3/2|>\|1/2> (CQO)
8KM _ <M1/2)\i>
a, \,a,v,(a, N\, a)) =0 C.21
%K, ) 372 /2
a2 (o, A\, a,0,(0 A, a)) = 7(3 af)+0 ( B ) (C.22)

as {1 — 0o andul/Q/AiHoo,lgigk.

Let us prove (C.19). According to (3.3-4), we have for (o, \,a,v) € N,
0K,
e, Ela, A\ a,v) = ZO‘J )-VVi+p (zj:ajVj—HJ)V
—/(Zajvj o)
Q0 =
J

Let us expand (3_; a;V; + v)5. (3.15-16) and (C.16) provide us with

p [ Vo [(Savi+otvie
Q Q j

1/2 1 1 1/2
I 2 2
<05 (g + ) (Lwort )

Moreover, Holder inequality, Sobolev embedding theorem and (C.3) show that
the contribution to the integral of the terms in which v occurs with an exponent
larger or equal to 2 is dominated by HUH%I(Q)' As a consequence, if (a, A, a) € N,
and v = T,(a, A, a), (3.12) yields

0K,
('904

K
k (a’ A? a’ 0)

(aa)‘va’avu) = aaz
1/2 1
n
¢ (AJ“MP/Q i u1/2A3/2|A1/2> e
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In view of (C.1-3), we have

2 2 5 6 m’ 4 M1/2
IVVi[* +pa; | VP —a | VP =—a;(3—a;) +O0(—).
Q Q Q 4 Ai

We recall that, according to (C.9), we have also
/2

i J
Similar computations show that
1/2
51, _ H
i

and
1/2

/<§}@ )3V — XﬁWB)_dﬁ%W”)

Lastly, from (C.12,15) we deduce that

/2
Collecting thse results, (C.19) is established.

(C.21-22) follow from the same kind of integral estimates. The only result
which requires to be more careful is (C.20). From (3.3-4), we have

1 0K,
o o (o, A, a,v) / Zozj
oV; 59Vi
M/Q@ajvjﬂ)%— 3o+,

for (o, A\, a,v) € N,,. The same arguments as in the proof of Lemma 3.1 in [40]
show that

ov; LV
’” Lot /Va/\‘

1/2 1 1 1/2

I 2 2
= (e + ) (Lo )
6/5) 5/6

We have also, if i # j

aV;
\/ VA < Cllolo (/ V245
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and proceeding as in the proof of (C.16), we find

6/5\ °/6 1/2
24/5 _ K )
(/ v ) =0l arm)

J
Lastly, using Holder inequality, Sobolev embedding theorem and integral esti-
mates as the previous one, we see that the terms in which v occurs with an
exponent larger or equal to 2 have a contribution to the integral which is dom-
inated by ||UH§{1(Q)/)\,;. Therefore, similarly to (C.23) we obtain, using (3.12)

1 0K, _ 1 0K, pt/? 1
— 2 (A — A\ a,0)+ O
o Ba; O = e ha 0+ <A§’/Q|A|3/2 IRBSENE

oV,
N

for any (a, A, a) € ./\7“. We notice that, according to (C.4-6)

ov;

4 yh 2

'L/QzaAi
4

8V

In addition, using (2.15), we have

oV; % 50V;
| vy G u [ oyt - [ @ g

B oV; OV; . 4 1 oV;
=aq, < o 00 9N +/(3Uj a; Vi + (U 71/2@ |)> 8&-)'

As a; and a; do not approach the boundary of 2, the definition of V;, V; shows
that

v, pt/? v, 1
o~ o =)

uniformly on 9

whence

oV, OVi _ ( ptl? )
o Ov O\ B )\?/QAl/? ’

J

On the other hand, similarly to (C.2), we have

avi\? 1
/Q (M) :O(/\?,ul/2)
and

2 /
1 A [P 1 1\? 1
P < = - = 2dr = 7
/Q(UJ 1/2\;6—& |> — )\?/0 ((14_7,2)1/2 7“> r-ar O()\')
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whence, using Schwarz inequality

1 oV; p3/
,u/ Uy — ——— =0(——).
O < J 1/2|x—a |> 8/\1' ()\?/2)\j)

Lastly, we write

ov; v,
5 _ gAys _ 5 5
/Q(3Uj V)5 = 3/0(U V)8A /vm.
Proceeding as in the proof of (C.10), we find
| vige = (o).
1/2)\1/2

Concerning the last integral that we have to estimate, setting as previously
By = Blay,y/4u'/?), we have, similarly to (C.15)

/ (ln()\i/ul/Q) 1 )
B;

avi| .
A2 X

O\

and

[z-vp
Q
=0 (/Q(U}‘% +s@?))

1 (2R e WA 2R (] =y
~o(+n [ e L (Gl
Ao (1+72) A/ o r

1/2
1

— o).
A2

As we have also

av; /2 (512
TN, :O(Ag/z)outade of B; U]-S—V;-s:O( 5/2)1n B;
! J J
we obtain

aV; I
5 5\9Vi
/Q(Uj ax = OCaryar)
i 7
and (C.20) is proved.
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