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ON SIMULTANEOUS DIOPHANTINE APPROXIMATIONS
TO ¢(2) AND ((3)

SIMON DAUGUET AND WADIM ZUDILIN

1. INTRODUCTION

It is known that the Riemann zeta function ((s) takes irrational values at positive
even integers. This follows from Euler’s evaluation ((s)/m* € Q for s = 2,4,6,. ..
and from the transcendence of 7. Less is known about the values of ((s) at odd
integers s > 1. Apéry was the first to establish the irrationality of such ((s): he
proved in 1978 that ¢(3) is irrational. The next major step in the direction
was made by Ball and Rivoal in 2000: they showed that there are infinitely
many odd integers at which Riemann zeta function is irrational. Shortly after, Rivoal
demonstrates [Riv02] in 2001 that one of the nine numbers ¢((5),¢(7),...,¢(21) is
irrational, while the second author [Zud01] reduces the nine to four: he proves that
at least one of the four numbers ((5), ((7), ((9) and ((11) is irrational.

Already in 1978, Apéry constructs linear forms in 1 and ((2), as well as in 1
and ((3), with integer coefficients that produce the irrationality of the two zeta
values in a quantitative form: the constructions imply upper bounds u({(2)) <
11.850878 ... and u(¢(3)) < 13.41782... for the irrationality measures. Recall that
the irrationality exponent p(a) of a real irrational « is the supremum of the set of
exponents p for which the inequality | — p/q| < ¢~* has infinitely many solutions
in rationals p/q. Hata improves the above mentioned results to pu({(2)) < 5.687
in [Hat95, Addendum] and to w(¢(3)) < 7.377956. .. in [Hat00]. Then Rhin and
Viola study a permutation group related to ¢(2) in [RV96] and show that u(((2)) <
5.441243. They later apply their new permutation group arithmetic method to
¢(3) as well and prove the upper bound p(¢(3)) < 5.513891. In an attempt to
unify the achievements of Ball-Rivoal and of Rhin—Viola, the second author re-
interpreted the constructions using the classical theory of hypergeometric functions
and integrals [Zud04]. In his recent work [ZudI3], he uses the permutation group
arithmetic method and a hypergeometric construction, closely related to the one
in this paper, to sharpen the earlier irrationality exponent of ((2) by proving that
1(€(2)) < 5.09541178 ... .

In this paper, we construct simultaneous rational approximations to both ((2)
and ((3) using hypergeometric tools, and establish from them a lower bound for
Z-linear combinations of 1, ((2) and ¢(3) under some strong divisibility conditions
on the coefficients. Namely, we prove
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2 SIMON DAUGUET AND WADIM ZUDILIN

Theorem 1. Let n and € be positive real numbers. For m sufficiently large with
respect to € and n, let (ag, ar,as) € Q*\ {0} be such that

Do,
(i) D? Dyjag € Z, Dyay € Z and D2 ay € 7, where D,, denotes the least

common multiple of 1,2,... ,m; and
(ii) |aol, |a1], |az] < e~ F™ hold with 7, = 0.899668635 . .. .

Then |ag + a1¢(2) 4 as((3)| > e~ 5+M™ with S = 6.770732145 . .. .

Theorem [I] contains the irrationality of both ((2) and ((3), because 7, < 1.
Namely, taking

aozl_)—i, al:Dim and as =0
shows that ((2) # p/q, while the choice
—D,, D,
ap = Dzmp, ap =0 and ay= Dzj

implies that ((3) # p/q. The theorem does not give however the expected linear
independence of 1, ((2) and ((3): it remains an open problem.

Our proof of Theorem [l heavily rests upon a general version of hypergeometric
construction of linear forms in 1 and ((2) on one hand, and in 1 and ¢(3) on the
other hand; some particular instances of this construction were previously outlined
in [Zud11]. More precisely, the linear forms r, = ¢,((2) — p, and 7, = §,((3) — pn,
we construct in the proof are hypergeometric-type series that depend on certain sets
of auxiliary integer parameters. Permuting parameters in the sets allows us to gain
p-adic information about the coefficients ¢,, ¢,, p, and p,. In addition, a classical
transformation from the theory of hypergeometric functions implies that ¢, = §,.
The latter fact leads us to simultaneous rational approximations r, = ¢,((2) — p,
and 7, = ¢,((3)—py, to ((2) and (3), with the following arithmetical and asymptotic
properties:

(I)EIQm (I)y_LlD8nD16npm (I)Engnﬁn S Z,

log ®,,
lim —82" — &, = 570169601 . . .,

n—o0 n

where ®,, is an explicit product over primes, and

1 n log |7,
tim sup 2217 i sup 128170 _ 19 10005401
n—00 n n—00 n
1 n
i 2810l o gersssir.
n—oo n

Finally, executing the Gosper—Zeilberger algorithm of creative telescoping we find
out a recurrence relation satisfied by the linear forms r, and 7,. Together with a
standard argument using the nonvanishing determinants formed from the coefficients
of the forms, we then deduce Theorem [I] (some further computational details can
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be found in ). Note that

1 1
= g(82—9—p) = 0.899668635... and S = (32— p+w) = 6770732145 ..,

8
(1)
and the integer m from Theorem [ is essentially 8n.

In order to accommodate the atypical simultaneous approximations in Theorem [
as well as to relate them to the context of previous results listed in the beginning of
the section, we define a new diophantine exponent s, (£, &) of two real numbers &;
and &s, a characteristic of simultaneous irrationality of the numbers which depends
on an additional parameter 7. With this notion in mind, we restate Theorem [I as
$:,(€(2),¢(3)) < S. Exploiting further the properties of the exponent, we demon-
strate in Proposition[fthe unlikeness of linear dependence of 1, ((2) and {(3) over Q:
the latter would imply S = 6 — 7 or the belonging of both ((2) and ¢(3) to a certain
set of Lebesgue measure 0.

In §2 we introduce hypergeometric tools which depend on some parameters that
lead to Q-linear forms in 1 and ((2) on one hand, and in 1 and {(3) one the other,
the forms having some common asymptotic properties.

In §[3 we specialise the parameters of the previous part to have the coefficients of
¢(2) and ((3) coincide. From this specialisation we derive the main theorem using
recurrence relations satisfied by the linear forms and their coefficients.

In the final part, §dl we introduce a new diophantine exponent. Some basic prop-
erties of this exponent are given, and it is compared to the irrationality exponents
previously known. Then the main result is restated in terms of this diophantine
exponent in Theorem 2], for consistency with previous results in the subject.

2. HYPERGEOMETRIC SERIES

In what follows, we always assume standard hypergeometric notation [Sla66]. For
n € N, the Pochhammer symbol is given by

n—1

I'(a+mn)
n=—at = k),
(@) =~ = L@+
k=0
with the convention (a)y = 1, while the generalized hypergeometric function is

defined by the series

Qg, A1y « ..y Qp
P-I-IFP
( bi, ..., b,

o - (ao)n(ar)n - (ap)n n
Z)‘Z W (o) ()

n=0

2.1. Integer-valued polynomials. We reproduce here some auxiliary results about
integer-valued polynomials; the proofs can be found in [Zud13].

Lemma 1. For ¢/ =0,1,2,...,
1 1/2+2‘°°< T )Q(t—l)(t—z)---(t—@dt_(-1)@

2mi 1/2—ico \SINTE 0! (+1
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Lemma 2. Given b < a integers, set

(t+b)(t+b+1) - (t+a—1)
(a—b)!

R(t) = R(a,b;t) =

Then

df(t k) — R(¢
R(k) € Z> Da—b : R( ) c Z (Z’nd Da—b . w e Z
dt i k—1¢
for any k.0 € Z, { # k.
Lemma 3. Let R(t) be a product of several integer-valued polynomials

(t+0b)(t+bj+1)---(t+a; —1)

R;(t) = R(aj;, b;;t) = where b; < a;,

(a; = b;)! ’
and m = max;{a; —b;}. Then
R(k) € Z, Dm~dR—(t) €Z and Dm-wez (3)
at |, k— 0

for any k0 € 7, { # k.

2.2. Construction of linear forms in 1 and ((2). The construction in this sub-
section is a general case of the one considered in [Zud07, Section 2].

For a set of parameters
_ [ a1, ag, az, a4
(a’ b) N <b17 b27 b37 b4)

blab2>b3 S ap, Gz, as, g < b4a
d= (a1+a2+a3+a4)—(b1+bg+bg+b4) Z

define the rational function
S 1 . 1
R(t) = R(a,b;t) = (t+b)---(+ar—1) (E+by)---(t+ax—1)

subject to the conditions

N @)

(a1 —by)! (az — b2)!
(t+b3)...(t+a3—1)' (by —as —1)! )
(a3 — b3)! (t+ay) - (t+bg—1)
—l(a.b)- D(t+a1) T(t +as) D(t 4 a3) D(t + ay) @)

D(t+ b)) D(t+by) T(t+ b3) D(t + by)
where

(by —ay — 1)
(a1 = b1)! (ag — b2)! (az — b3)!

*

We also introduce the ordered versions aj < a3 < aj < aj of the parameters
ai, ag,as,ay and by < b5 < b5 of by, by, bs, so that {al,a2,a3,a2} coincides with
{a1, a9, as,a,} and {bj, b5, b5} coincides with {by, bo, b3} as multi-sets (that is, sets
with possible repetition of elements). Then R(t) has poles at ¢ = —k where k =
ay,ay+1,...,by — 1, zeroes at t = —¢ where ¢ = b7,b7 + 1,..., a5 — 1, and double
zeroes at t = —¢ where £ =b3,b5+1,...,a5 — 1.

II(a,b) =
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Decomposing R(t) into the sum of partial fractions, we get

R(t) = Z_ ti’fk + P(t), (7)

*

k=a}

where P(t) is a polynomial of which the degree d is defined in () and
G = (RO +8) [

kE—b kE—b k—b by —ag — 1
_ (_1)d+b4+k (k - ai) (k - a22) (k - az) ( 4 . _4a4 ) c7 (8)
for k =aj,a;+1,...,04 — 1.
Lemma 4. Set ¢ = max{a; — by, as — by, a3 —bs}. Then D.P(t) is an integer-valued
polynomial of degree d.
Proof. Write R(t) = Ry(t)Ry(t), where

poipy < Bl 0) TE510 ) TE5) )
' (a1 —b1)! (ag — by)! (az — bs)!
is the product of three integer-valued polynomials and
by—1 —ay (ba—as—1
Ro(t) = iz = DY 42 SO
[etie+i) = t+k

It follows from Lemma [B] that
D, - del(t) €Z forjeZ and
1) = Fa(m) €Z forjmelZ, j#+m.

J—m

D, -

Furthermore, note that

Cr = Ry(=k) - (Ra(t)(t + K))[,__,

= mu() - (-

and the expression in fact vanishes if k is outside the range a; < k < by — 1.
For ¢ € Z we have

d
T (R()(t+10))

by —as —1
1T ) for k € 7,
]f—CL4

d
= = (R Ro(0) (2 + 1)

_dRi(Y) N t:_d
o |, (Ro(®)(t +0)|__, + Bi(=0) - &<R2(t>(t ) =t
_dR() t-as (b4 —as - 1)
_ (=1)
dt |, l—ay
db4—1 anfba—ag—1 —{+k
R0 2 (D ( k—a )<1_ t+’f)t=—f

k=aqy
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41— —ay (ba—as—1
dRy(t) v—an (02 — a1 — 1 W (-DF 4( k—a )
— . _1 a4 _ 4
a |, Y (=g, )T g)k; Sy
Tl
and
d <b4—1 Ck d bsi—1 Ck
— S(t+0) == (t+ )
dt ét%—k‘ T ]glt%—k: —
4 0+ k o
= — Cpl1— =
dtkzza k( t+k ) .
kAl
U R (e
= —+k
k£
Therefore,

P(—0) = %(P(t)(t +0)|,__, = % <R(t)(t +0) — i: ti’“k S(t+ 6))

(1) <b4 S 1)
t=—1 l—ay

dt
bg—1
oy (b —ay — 1\ Ri(—0) — Ry(—k)
_lka4
+kza:( ) (k;—a4> itk
Tl

and this implies, on the basis of the inclusions (@) above, that D.P(—/() € Z for all
teZ. O

Finally, define the quantity

rab) = TV / CHOO( T )2R(a,b;t)dt, (10)

21 Jo_ieo \SInTE

where C' is arbitrary from the interval —aj < C' < 1 — b3. The definition does not
depend on the choice of C, as the integrand does not have singularities in the strip
—ay < Ret <1—b5.

Proposition 1. We have
r(a,b) =q(a,b)((2) — p(a,b),  with q(a,b) €Z, D.D.p(a,b)eZ, (11)
where

¢ = max{a; — by, as — by, a3 — bz, by —ay — 1} and co = max{d+1,by —a;— 1}.
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In addition,

(a b) — (_1)64—@;—1 aZ - bl CLZ - b2 Clz - bg b4 — Q4 — 1
e aj —ay) \a; —ay) \a; —as a; — ay

—(by —a; —1),a;—by+1,a;—bs+1,a;—bs+1
><4F3 (4 a;i 1, a4 *1+ *, a4 *2+ ;a4 3+ 1 ’ (12)

and the quantity r(a,b)/Il(a,b) is invariant under any permutation of the parame-
ters ay, as, as, ay.

Proof. We choose C' = 1/2 — a} in (I0) and write (7) as

bl o d
R(t) = kz: t+kk + ; ApPy(t + a3),
where
Py(t) — t—1)t—2)---(t—10)

¢!
and D.A, € Z in accordance with Lemma [l Applying Lemma [I] we obtain

r(a,b) = 1 /1/2%( T )2R(t—a;)dt

21 Jij9—joo \SINTL

o) bys—1

L (~1)* A4,
Z Z m—i—k +£Z€+71

m=1-—al k=aj}

ba—1 by—1 k—a2

. . 1N (—1)ta,
—1)*Y " G — (-1) CkZEJrZW.
k=a} k=aj =1 =0

This representation clearly implies that r(a, b) has the desired form (II]), while the
hypergeometric form (I2)) follows from
bi—1

g(a.b) = (-1)" ) C;

k=a’
and the explicit formula (8) for Cj. Finally, the invariance of r(a, b)/Il(a, b) under
permutations of ay, as, as, a4 follows from (@) and definition (I0) of r(a, b). O
Assume that the parameters (a, b) are chosen in the following way:

ap=on+1, aa=am+1, az=asn+1, a4=ayn+1,

by =0n+1, by=pFn+1, by=0n+1, by=pmn+2,
where the fized integers a; and 3;, j = 1,...,4, satisfy

B, Ba, B3 <, gy iz, g < Py,
a1+ ag +ag+ag > B+ P+ B3+ Pu

The quantities ([Il) in these settings become dependent on a single parameter

n =20,1,2,..., so we let r, = r(a,b), ¢, = q(a,b), p, = p(a,b) and identify
the characteristics ¢; = yn and ¢y = Y9n of Proposition [I, where ~; and ~, are

(13)
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completely determined by «; and 8;, j = 1,...,4. The statement below is proven
by standard techniques and is very similar to Lemmas 10-12].

Proposition 2. In the above notation, let 19, 7o € C\ R and 7, € R be the zeroes
of the cubic polynomial H?Zl(T — ) — H?Zl(T — B;). Define
4

fo(m) = (ajlog(r — a;) — B log(7 — B;))

i=1

= > (a; — B;)log(ay; — B;) + (81 — aa) log(Bs — ).

j=1
Then | 1
lim sup M = Re fo(ro) and lim M = Re fo(m).
n—00 n n—00 n
Furthermore,
®;1qnv q)ngVlnD’Yann €L
with
T ) )
p prime
p<min{y1,y2}n
where

o(z)=  max Qm—mm—u&—%m

a'=ca:0€Sy

so that the maximum is taken over all permutations (o), oy, oy, o)) of (a1, g, as, ay),

and we have
~ log @, 1 1/ min{y1,72} dr
lim <2 — [ o) duio) - [ o) 2
0 0

2
n—00 n xXr

where Y(x) is the logarithmic derivative of the gamma function.

Here and in what follows, the notation | - | and [ - | is used for the floor and ceiling
integer-part functions.

2.3. Construction of linear forms in 1 and ((3). The construction in this sub-
section depends on another set of integral parameters

(& i)) o ap, a1, G2, a3
by =
bOa bl> b27 b3
which satisfies the conditions
17 7 1r A o~ o4 P
500, b1 < 300, a1, Gg, a3 < by, bs,

o+ a1 + g + a3 < by + by + by + by — 2.
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To this set we assign the rational function

R(t) = R(a, bit) = (2t +bo)(2t +bo+1)- - (2t +ag—1) (t+b)---(t+a—1)

(dO - lA)(])' (dl _ 81>|
oty =) (i 1) (15)
(t+ag) - (t+by—1) (t+az)---(t+bs—1)
~ fi(a.b) - (2t + ao) T(t + ay) T(t + ag) T(t + as) "

T(2t + bo) T(t + by) T(t + b)) T(t + bs)

where

ﬁ(d, i)) _ (b2 — _A1>! (b3 - 6}3 B 1)'
(ap — bo)! (a3 — by)!
As in Section we introduce the ordered versions aj < a} < aj of the parameters
ai, o, a3z and 133 < B}: of 2)2, 133. Then this ordering and conditions (I4]) imply that
R(t) = O(1/t?) as t — oo, the rational function has poles at t = —k for a5 < k <
bt — 1, double poles at t = —k for ai < k < b5 — 1, and double zeroes at t = —¢ for
max{[by/2], b1} < ¢ < min{| (a0 — 1)/2],a; — 1}.
The partial-fraction decomposition of R(t) assumes the form

A by—1 A, by—1 B,
t) = —_— T 1
k(®) ;<t+k>z+;t+k’ (17)
_a3 :a2

where

A= (ROt + k) 1=

2k —bo\ [k =D\ [by — Gy — 1\ /(b — a5 — 1
:(_1)d(2k—d2)(k—&11)<2k—2&2 )(3k—3a3 )GZ (18)

with d = dg 4 @y + g + a3 — by — by, for k = a3, a5+ 1,...,b5 — 1 and, similarly,
d

By = 5(1%(13@ + k)*) |i=—k

for k =a%, a5+ 1,..., lA);; — 1. The inclusions
D By €Z (19)

follow then from standard consideration; see, for example, Lemma 3 and the proof

of Lemma 4 in [Zud04]. In addition,

max{ao—bo,a1—b1,b5—as—1,b5—as—1}

by—1
Y Bi=- tfiesz%(t) =0 (20)
k=aj -

by the residue sum theorem.
The quantity of our interest in this section is

P(a,b) = (il / o (L)zfz(a, bit) dt, (21)

ATt Jo_ise \SINTE
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where C' is arbitrary from the interval —min{ag/2,a;} < C < 1 — max{by/2, b, }.

Proposition 3. We have

~ ~

i(a,b) = 4(a,b)C(3) —p(a,b),  with 4(a,b)€Z, 2D;DZp(a,b)e L, (22)

& = max{ag — by, ay — by, by — G — 1,05 — a3 — 1, b5 — [ag/2] — 1,b5 — ay — 1},
&y = max{b; — [ao/2] — 1, b — &} — 1}.

Furthermore,

2% — by \ (@5 — D1\ by —ag — 1\ [bs — a5 — 1
R ol G T G | (S
y F(—(132—@;;—1),—(133—&;;,—1),a§—61+1,ag—%i)ﬁ%,ag—%z}oﬂ‘1)
54 P ~ % ~ % ~ % ~ ~ ~ % ~ )
a3—a1+1,a3—a2+1,a3—%a0—|—%,a3—%a0+1
(23)

~ ~ ~

and the quantity 7(a,b)/1l(a, b) is invariant under any permutation of the parame-
ters €L1, dg, d3.

Proof. Denote ¢* = min{[ay/2],a}} and choose C'=1/2 — a* in (2]]) to write

f(a,i)):—(_21> > dR(t)

m=1—a* d t=m
b5—1 5 br—1
_ N (—1)d — N By
- mEkZ m+’f 2 m;&*k;(mwﬁ
3 2
b3-1
1)) A
k:&§
)d by—1 k—a* 1
IDSP>ERIE S 3D okt
k=as k=aj =1

where equality (20) was used. In view of the inclusions ([I8), (I9) the found rep-
resentation of 7(a, b) implies the form ([22). The hypergeometric form (23)) follows
from
bs—1
ila.b) = (113 4

k=aj

and the explicit formula (IR) for A,,. Finally, the invariance of #(a, b) /II(é, b) under
permutations of G, Gy, as follows from (6 and definition 1) of 7(a, b). O
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Similar to our choice in Section 22 we take the parameters (a, b) as follows:

do :don—l—Q, &1 :d1n+1, dg :dgn—l—l, &3 :&3n—l—1,

:B()n+2, Blzéln—l—l, 82:/32”“—2, i)gzﬁgn—FQ,

where the fixed integers ¢&; and Bj, 7 =0,...,3, satisfy
180, B < Lt G, G < Ba, B,
Go + @1 + Go + a3 = fo + B1 + Pa + B

note that the equality is assumed in the latter relation (compare to (I4])) to simplify
the asymptotic consideration in Proposition @ The quantities (22]) then depend on
n=0,1,2,...; we write 7, = 7(a,b), ¢, = ¢(a,b), p, = p(a,b) and identify the
characteristics ¢; = 41n and ¢, = 49n of Proposition Bl Proving the analytical part

of the following statement is again similar to what is done in [Zud04, Lemma 12 or
Lemma 20], while the arithmetic part follows from the results in [Zud04, Section 7]

(cf. [Zud04, Lemma 19]).

Proposition 4. In the above notation, let 7y, 7y € C\R and 7, € R be the zeroes of
the cubic polynomial (T — Gg/2)* H3-:1(7‘ — &) — (1= Bo/2)? H?Zl(T — ;). Define

~

3
fo(T) = Golog(r — d/2) — Bolog(T — Bo/2) + Z ajlog(t — &) — Bj log(T — BJ))
Jj=1

— (o — fo) log(do/2 — fo/2) — (41 — f1) log(dy — i)
+ (B2 — G2) Og(ﬁz —ao) + (53 — G3) IOg(Bs — G3).

Then
lo 'f’n PN . lo An PN

lim sup gl = Re fo(70) and lim gldn| = Re fo(71).

n—o0 n n—eo M
Furthermore,

®, Gy, 20, D5, D2, By € 7
with
R V)
p prime
p<min{y1,52}n

where

$(z) = min (L2y ~ o) — 2y — o] — |(60 — fo)e)

+ |y — bix] — ly — dazx] — (&1 — Br)x]
+ (By — Go)z] — | Box — y| — |y — da]

(s — da)e) — L —y) — Ly — an)
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so that we have

' log (i>n 1 R 1/ min{41,%2} . dz
lim _ / () dib(a) — / o) L.
0 0

n—00 n

3. SIMULTANEOUS DIOPHANTINE PROPERTIES OF ((2) AND ((3)

In this section we prove Theorem [I] stated in the introduction by combining the
constructions of Subsect. and 2.3

Construction 1. If we specialize the set of parameters (a, b) of Subsect. to be
ag=8n+1, aa=Tn+1, az=10n+1, as= In+1,

by =1, b= n+1, b3y=2n+1, by=15n+2, (25)
then Propositions [Il and ] imply that
T'n = r(a, b) = QnC(Q) — Pn; where ®;1Qna ¢;1D8nD16npn S Z, (26)
and
(=1)"(9n)! (10n)! —5n, 10n+ 1,9+ 1, 8n +1
In = 4l 1). (27)
n! (2n)! (3n)! (5n)! (8n)! 3n+1,2n+1,n+1

The corresponding function ¢(z) which defines ®,, is

)
Litee [E DU U U

1079 9 73 2 U[%,%)U[%,%)U[%,g),
_ : 11 2 1 13 45 5 3 6 7
ple) =192 ifzez5) U5 )V [5) V) VEDUIE,
0 otherwise,
so that
log @,
lim ~577 — 6.61268356. . .
n—o00 n
and the growth of r,, and ¢, as n — oo is determined by
limsup 22— 1910005491 and  1im 2810 907 s6755317 .
n—00 n n—00

Construction 2. If we specialize the set of parameters (a, b) of Subsect. to be
&0 = 16n+2, dl :87’L+1, dg = 9n—|—1, dg = 107’L+1,

. ) ) . (28)
60:11n+2, 61:1, 62:16n—|—2, b3:16n+2,
we obtain from Propositions [l and (4] that
P =7(a,b) = §,C(3) — pn,  where & 'G,, 20-'D2 p, € Z, (29)
and
. (7n)! (9n)! (10n)! —6n, —6n, 10n+1, Sn+ 3, In+1 .
I @) @) Gr) (6n) 3n)1 * "\ 2n4+1,n+ 1,20+ 1, 20+ 1 '

(30)
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The corresponding function ¢(x) assumes the form
[ 1

L [1 e U DUEAUE B VUYL,
pla) =42 1f:):€[3,8) [7 3) [7’4) [7’§
0 otherwise,

(

so that R
. log®,
lim
n—00 n

and the growth of 7, and ¢, as n — oo is determined by

ol
lim sup = 1010095491 ... and lim 2819l _ o7 86755317,

n—00 n n—00 n

— o = 5.70169601 . . .,

log |7, ]

with the same letters ¢, k and p as in the introduction.

Connection between the constructions. Surprisingly — and this could be guess-
ed from the asymptotics above, the coefficients in (26]) of ((2) and in ([29)) of ((3)
coincide: ¢, = ¢,. This follows from the following classical identity — Whipple’s
transformation [Sla66, p. 65, eq. (2.4.2.3)], in which we assume that b = —N is a
negative integer:

h1+f+a—hg O
a’b’ 1+f_g> %f> %f‘l‘%
><5F4( h,l+f+a—h,%(1+f+b_g)’%(1+f+b_g)+% 1). (31)

The particular choices ([28) and (28)) correspond to taking a = b = —6n, f = 9n+1,
h=n+1and ¢ - —n+ 1 in @). The equality ¢, = ¢, can be alternatively
established by examining the recurrence equation satisfied by both ¢, and ¢,; we
outline the equation in our proof of Theorem [ below.

Note that we also have ®,, divisible by éf)n in the construction above, so that we
can ‘merge’ the corresponding arithmetic properties (26) and (29) as follows:

O g, O Dy Dignpn, 2972 DE by, € Z. (32)
In both situations we get
i 19800 DonDion) _ yp  log 2251 DE) _ oy » — 18.20830398 . ..
n—o0 n n—00 n
and
lim % =k = 27.86755317 ...,

n—00 n

so that both families of rational approximations to ((2) and ((3) are diophantine:

, log |9 Dsy Dignrn| .. log |20 D3 .|
lim sup = lim sup
n—00 n n—00 n

=24 — ¢ —p=—0.80265093... < 0.
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Proof of Theorem [Il. Using the notation above we define 7y and S in accordance
with ().

To prove the theorem, we use a recurrence relation satisfied by ¢,, p, and p,.
We execute the Gosper—Zeilberger algorithm of creative telescoping separately for
the rational function R, (t) = R(t) defined in (Bl) and specialised by (25), and for

R, (t) = R(t) defined in (@) with the choice of parameters (28). The results in both
cases are polynomials Py(n),...,P3(n) € Z[n] and rational functions S, (t), S, (t)

such that
P3(n)Ry13(t) + Po(n)Ryuya(t) + Pr(n)Rpi1(t) + Po(n) R, (t) = Syt + 1) — S,u(t),

~ A ~ A ~ N

Py(n) Russ(t) + Po(n) Russ(t) + Pu(n) By (£) + Po(n) Ru(t) = Su(t + 1) = S, (1),

Applying then the argument as in the proof of Theorem 5.4 in [BBBCO7] we find
out that both the hypergeometric integrals

1 [ \ . 1 [ ™\ -
Tp = — R,.(t)dt and 7, = R, (t)dt

2T ) oo \ SINTTE AT ) oo \ SINTTE

satisfy the same recurrence equation

P3(n)yn+s + Po(n)yYn+a + Pr(n)ynt1 + Po(n)y, = 0.

Since 7, = ¢,((2) — pn, ™n = ¢.¢(3) — p,, and both ((2) and ((3) are irrational, we
deduce that the coefficients ¢, p, and p,, satisfy the same equation. Using this fact
we obtain that the sequence of determinants

qn  Adnt+1 Qni2
Ap = |DPn DPns1 DPns2
ﬁn ﬁn—i—l ﬁn+2

satisfies the recurrence equation P3(n)A, 1+ FPy(n)A, = 0. The coefficients of Ps(n)
are all positive, while the coefficients of Py(n) are all negative; the details of this
computation can be found on the webpage [Dauld] of the first author. This implies
that the nonvanishing of A,, for some n is equivalent to the nonvanishing of Ay. We
have explicitly

g =1, q = 12307565655, g2 = 5669931265166541788415,

—0 _ 199536684432021 _ 6500408024275547867356589727409007
Po="Y, P1= 9856 o P2 = 696970391040 g
0. — 7953192001004261 5 _ 3776283816152998347068580008855083
bo=VY, P1= 537600 o P2 = 5540664729600 g
so that
9 Q1
_ _ 288666665737256181552839214834819523
Bo=po P1 P2| = 107268868422523551744000 7 0.
Po P11 P2

Thus, A, # 0 for any n > 0.
Now let €, n > 0; for simplicity we may assume n < €. Let m be a sufficiently
large integer as in the statement of Theorem [Il Let aq, a1, as satisfy the hypotheses
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in Theorem[Il We take n = [m/8], so that 8n—7 < m < 8n. Since the determinant
A,, does not vanish, there exists an ¢ € {n,n + 1,n + 2} such that

aopqe + a1pe + agspe # 0.

Now we have m < 8n < 8/, so that DgZDlﬁgCLQ € Z and Dgiay € Z. Letting e, ¢
denote the least positive integer such that 2Dg | €, 0Dy, we get the property

Doy, . Dyee
Dy | ™ 2Dy’
Dige . . . . .
so that €m’gﬁag € 7. Therefore, using the arithmetic properties of g, p, and py
8¢

we conclude that

_ _ D N .
eme(D3D160ao)(P; " qe) + €m,e(Dsear)(®; " DseDigepe) + €mye (—2 565 az) (20, ' Dg;pr)
8¢
(33)

is a nonzero integer. Note that ¢ < % + 3, so that the asymptotic contribution of
em,¢ 18 almost invisible: e,, , < 2(8¢)** = e°®).
Let us bound the integer ([B3]) from above. Writing hypothesis (ii) as

lag + a1¢(2) + az((3)] < e FTI™ < emB2mptatSNnl)
we obtain

laoqe + a1pe + aspy|

< lael fao + a1¢(2) + a2((3)] + [aa| [¢eC(2) = pel + az] |g:C(3) — Pl
< e—(32—4p+8€)n+o(n)’
since € < 7. On the other hand, the common denominator of the coefficients used
above is

em,ZDgzDIGZq)g_l < e(2-8+16—<p)£+0(£) _ e(32—<p)n+o(n)'

This means that the non-zero integer (B3] has absolute value at most e~8+o(m),

which is not possible for a sufficiently large n, thus implying the truth of Theorem [
O

4. A NEW DIOPHANTINE EXPONENT

4.1. Definition and basic properties. We now introduce a new exponent that
depends on some 7 € R and is related to Theorem [I1

Definition 1. Let &, & € R and 7 € R. We denote by s,(&;,&) the infimum of
the set E,(&1,&) of all s € R with the following property. Let ¢ > 0 and n be
sufficiently large in terms of . Let (ag,a;,az) € Q*\ {0} be such that:

2n

D
(i) D?Dynag € Z, Dyay € Z and D

as € Z; and
n

(ii) |aol, |a1],|az| are bounded from above by e~ (7",
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Then |CLO + a1& + a2§2| > e ",
By convention, we set s,(&1, &) = +oo if B (&1,&) = 0, and s.(£1,&) = —oo if

E‘r(gla 52) =R

This definition allows us to restate Theorem [I] as follows.

Theorem 2. With 15 = 0.899668635... and S = 6.770732145... as in (Il), we
have 57,(¢(2),¢(3)) < 5.

To begin with, let us state and prove general results on this diophantine expo-
nent s,(&1,&) depending on the range when 7 varies; it turns out that it carries
diophantine information on &; and & only if 7 < 1.

Proposition 5. (1) If 7 > 4, then s,(&,&) = —o0.
(2) If 1 <7 <4, then s,(&1, &) = 4.
(3) If T < 1, then s,(&1,&2) > 6 — 27.
(4) If 7 < 1 and at least one of & or & is rational, then s,(&1,&) = +00.
(5) If 7 < 0 and the numbers 1, & and & are linearly dependent over Q, then
87(61,&2) = +o0.
(6) If T < 7', then s;(&1,62) = s-(&1,62).

Proof. (1) We see that whenever the coefficient a; is not zero, we must have |a;| >
1/(D2Dy,) = e~**o™ if j = 0, and an even larger estimate from below (namely,
e "o if 4 = 1 or 2. Therefore, having at least one triple (ag, a1, as) € Q3 \ {0}
that satisfies both (i) and (ii) of Definition [l means 7 < 4; having no such triple
implies F.(&,&) =R

(2) Assuming now 1 < 7 < 4 in Definition [l and choose n sufficiently large
to accommodate D, < )" and D,,/D, < e1*" Condition (ii) implies that
la;| < e=(+m < e7mEn 5o that the integer |D,a;| < D,e ™" < 1 must be
zero, a; = 0. Similar consideration shows that a; = 0, hence the only nonzero
element in the triple (ag,a;,az) € Q*\ {0} is ag. Then condition (i) implies that
lag| > 1/(D2Dy,) = e with the equality possible by simply taking ay =
1/(D%Dy,). Thus, s,(&1,&) = 4 for all &, & whenever 4 > 7 > 1.

(3) Take s < 6 — 27 and define e = £(6 — 27 — s), so that s = 6 — 27 — 3¢ >
7 +¢/2 because of 7 < 1. Let n be sufficiently large to have (D,,Dy,)? > 6= =
e~ (s+27+29)n gatisfied. Define the set

K = {(z0,21,22) €R’ : |11, |2o| <€ ~{rteln , Jwo + 218 + 226| < e} C R,

which is compact, convex, symmetric with respect to 0 and has volume 8¢~ (s+27+22)n
Consider the lattice
1 1

D,
I'=——7¢—7 7,
0, 2O 20,

whose fundamental domain has volume

1 . i . Dn < 6—(8-’-27‘-‘1—28)77/‘
D%D2n Dn D2n
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By Minkowski’s theorem, K contains a nonzero point (ag, a1, as) of the lattice I, for
which we have

|CLO| < |CL1| |§1| + |a2| |€2| + |a0 +CL1§1 + a2€2|
< (1] + feal)e I e < o~lreram,

The estimate means that s ¢ E (£1,&); as s-(£1,&2) is the infimum of the set
E‘F(gla 52)? we get ST(€1>€2) >6—27.

(4) Assume & = p/q € Q, take € € (0,1 — 7). By choosing ay = ¢&1/D,,, a1 =
—q/D,, and ay = 0 we see that properties (i) and (ii) in the definition of E, (&, &2)
are satisfied for any n sufficiently large. In addition, |ag + a1&; + axés| = 0 < e
for any s € R, which means that F, (&, &) = 0, hence s,(&;,&) = +00.

If & = p/q € Q, then the choice ag = ¢€2D,,/ D2y, a1 = 0 and ay = —¢D,,/ Do,
does the job.

(5) Assume now that there exist integers qo, ¢; and ¢s, not all zero, such that
po + p1&1 + pa&e = 0. Setting ag = po, a1 = p1 and as = py we see that properties
(i) and (ii) are satisfied with any choice of 7 < 0 and ¢, for all n sufficiently large in
terms of e. At the same time |ag + a1&; + axés| = 0 < e™*" for any s € R, meaning
that E.(£1,&) = 0, hence s, (&1, &) = +o0.

(6) Using (@), @) and (@), we may assume that 7/ < 1. Let s € E, (&, &) meaning
that for all ¢ > 0 and for all triples (ag, a1, az) € Q3 \ {0} which satisfy D2 Ds,a,

(T+e)n sn
) .

Dyay, ﬂOlz € Z and |agl, |a1],|az| < e we have |ag + a1&1 + a2és| > e~

D,
For n be sufficiently large and (ag,a;,as) € Q*\ {0} such that DZ2Dy,ag, Dyas,
D2n
D,
lag + a1&1 + a2&s] > e and s € E.(&,&), so that E,(&,&) C E(&1,&), which
leads to claim () by taking the infimum of both sets. OJ

ay € Z and |a;| < e+ we also have |a;] < e”("*9)". This means that

From now on we assume 7 to be real < 1.

Remarks. Theorem [ is nontrivial since 79 < 1. However, it does not imply that
1, ¢(2) and ¢(3) are Q-linearly independent since 75 > 0.

Part ([B) of Proposition [ yields s,,({(2),((3)) > 4.20, so that the statement of
Theorem [2is far from being best possible.

The fact that s,,({(2),((3)) < 400 in Theorem 2 is already new.

4.2. Omitting one number. Recall the definition of the usual exponent of irra-
tionality of p(§) of a number £ € R from the introductory part. Here comes its
generalisation, the ¢ -exponent of irrationality, given by S. Fischler in [Fis09].

Definition 2. Let &£ be the set of all ¢: N* — N* with the following properties: for
any q > 1, ¥(q+ 1) is a multiple of ¢(q), and the limit

exists and belongs to the interval [0,1). For ¢ € £ and £ € R\ Q, denote by 11,(§)
the supremum of the set My () of all © € R such that there are infinitely many
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g > 1 which are divisible by 1(q) and satisfy

qﬂ
If M, (€) is not bounded from above, that is, if M, (§) =R, we get p,(§) = +o0.

1
‘g—g‘g— for some p € Z.
q

An equivalent way of defining ji,,(£), is by letting ju,,(€) be the infimum of the set of
exponents  such that for all ¢ large enough with ¢ (q) | ¢ one has [ —p/q| > 1/¢*,
and taking p,(§) = +oo if the set is empty.

When 9(q) = 1 for all ¢, the y-exponent p,,(§) coincides with the usual exponent
of irrationality (). It is known [Fis09, Corollary 3] that y,(§) = +oo if and only
if ¢ is a Liouville number, that is, u(§) = 4o00. If this is not the case, then

(1= y)u(€) < py(§) < p(§).

Fischler proves in [Fis09] that pu,(§) > 2 — v, for any ¢ € € and any £ € R\ Q,
with the equality holding for almost all £ € R in the sense of Lebesgue measure.
More precisely, he shows that, given an 7 > 2 — ~,, the set of £ such that p,(§) > n
has Hausdorff dimension (2 — v,)/7.

The usual construction of a function ¢ € £ is as follows. One takes ¥(q) = J,
with n = | (log ¢)/(d — )|, where (0,,),>1 is a sequence of positive integers such that
8, divides 8,1 for each n > 1 and §, = e+t as n — oo, while o € R is chosen
to satisfy av < d. In this construction, we have v, = 6/(0 — ).

Definition 2l allows us deducing diophantine results involving only quantity, &; or
&, from a nontrivial upper bound for the exponent s, (&3, &) from Definition [Il

Proposition 6. Let &1,& be real numbers and 7 < 1. Define 11,1 N* — N* by
taking V1(q) = Dy Da, and 15(q) = D3, where n = |(logq)/(4 —7)|. Then
sr(§,6) — 7
4—7
Proof. Let 7/ € R satisfy 7 < 7/ < 1. Take p € Z and ¢ € N* sufficiently large,
1(q) | g, and m = |(logq/(4 — 7')|, so that ¥4 (q) = D,,Da,,. We may assume that
/g — &l <1
For an s > s,(£1, &), choose € > 0 such that

(3—4)(7’—7)};

/J’ilfz(gl) S fOT 1= 172

1 .
€<§m1n{7'—7', P

part (B]) of Proposition [l implies s > 4.

Take
AT | 1< P and 4
n = m m, ayg= and a; = .
A—7—2 » 0T D2D,, ' D2D,,
Then
- DmD m - DmD m
D2Dynag € Z and  Dypay = —2 L— ey,

DmD2m DnD2n B wl(Q) DnD2n
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and ¢ < e~ implying that |a;| < e~ "+ for ay we have |ag| = [p|e~ "),

Therefore, [p| < |p — ¢&1| + |g&1] < (1 + |&1]), which leads to
|CL0| S q(l + |§1|)e—4n+o(n) S e(4—r’)(m+1)—(4—a)n S 6—(7’+8)n
for ¢ sufficiently large. Letting as = 0 and using s > s,(&,&) we deduce that

lag + a1&1| > e7*™; from the definition of ay and a; it follows that

e(4—s—e)n

>

p
-—&
q
provided ¢ is sufficiently large. The assumption on ¢ results in the estimate
p
Loa
q

which implies gy, (&) < (s — 7')/(4 — 7'). This upper bound holds for all s >
s-(&1,&2); taking the infimum over s and then choosing 7" € (7, 1) sufficiently close
to 7, completes the proof for 7 = 1. The proof for ¢ = 2 is similar. O

S g =TT

Y

Since fuyp, (&) > 2 — 7y, with 7y, = 3/(4 — 7) < 1, Proposition [6 implies the lower
bound s,(&;1,&2) > 5 — 7, which is however weaker than the one from statement ([3])
of Proposition Bl

Corollary 1. For & and & real numbers and T < 1, the following inequalities hold
for the ordinary irrationality exponent:

ST(£17£2) -7
(&) < B —

Proof. In the notation of Proposition [, use (1 — vy, )ie(&) < poy, (). O

for 1=1,2.

4.3. Case of linear dependence. In this subsection, we prove a converse result
to Proposition [ above; namely, under the linear dependence of 1, & and & over Q,
we deduce an upper bound on s,(£1, &) from an upper bound on the irrationality
exponent of either & or &.

Proposition 7. For &,& & Q assume that 1, & and & are linearly dependent
over Q. Take 0 < 7 <1 and define v € € by (q) = D? withn = [(logq)/(4 —7)].

Then py(61) = (&) and
$r(81,82) <4+ (uy(&) —D(4—7) for i=1,2.
In addition,

57(€1,&2) <6 —7
unless both & and & belong to a certain set of Lebesque measure zero.

Note that the inequalities of this proposition do not hold if 7 < 0, since s,(&1,&2) =
+00 in this case (see Proposition [).

Proof. The equality fu,(&1) = pup(&2) is trivially true for any ¢ € €.

Let g, a1 € Q be such that ag + a1&; = & and ¢ the function defined in the
statement of Proposition [l Denote by A a common denominator of oy and «;.
Take ¢ > 0, v > 0, u > py(&1) and n be sufficiently large with respect to ¢, v and
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Do,
. Let (ag, a1, a) € Q*\ {0} satisfy |a;| < e "+9" and D2 Dy,aq, Dy,ay, D—2a2 € 7Z;

set n = |ag + a1§1 + axéal.
To begin with, we claim that n # 0. Indeed, if n = 0, then a9 = —agas and

a1 = —Qqag, since 1, &7, & span a Q-vector space of dimension 2— there is exactly
one QQ-linear relation among them, up to proportionality. As both
D2n D2n
D,a; and A a1 = —Aay - a
na1 D, 1 1 D, 2

are integral, we have d,a; € Z, where 9, = gcd(D,,, ADy,/D,) = €°™ as n — oo.
If a; # 0, the latter asymptotics leads to the contradiction with 6, > |ai|™* >
elmtem > e gince 7 > 0. Therefore, a; = 0, implying as = 0 because & ¢ Q;
finally, 0 = n = |ag|, which is impossible as (ag, ai,as) # 0. This completes the
proof of the claim that n # 0.

We write now n = |ag + a1&;| with ag = ag + apas and a; = a3 + aqas.

If dl 7& 0, we have AD?LDQHCALQ € Z and ADQndl € 7. Set d() = — Slgn(dl)AD%Dgndo
Z and a; = AD?Dy,|a;| € D?N. By the assumption, @, > 0 implying e?"+o(" <
a, < elmm=enton) < ol=7)n  Thus, (logdy)/(4 — 7) < n which ensures that
Y(ar) | D? | a;. Since a; > e? ™ and n is sufficiently large in terms of > 11,,(&1),
we deduce

ADZDoyn = |ag — @r&h| > —— > e DU

ay
so that n > e~ (UFw=DU=T)+)n for n sufficiently large.

If a; = 0, we get n = |ap|. Since n # 0, this implies AD2?D,,n € N* and thus
n > e~ Furthermore, from «, € [0, 1) we deduce that ju,,(£;) > 2—, > 1, so
that (p1,(€1) —1)(4 —7) > 0. Thus, we have n > e~ FW=DE=TI+1In for » sufficiently
large in this case as well.

Therefore, in both cases 4 + (u — 1)(4 —7) + v € E.(&,&) for all p > py(&1)
and all v > 0. Taking the infimum of E.(&;,&;) we obtain the desired inequality for
i =1, and also for ¢ = 2 in view of (&) = pp(&2).

Finally, p,(§) =2 — vy =2 —2/(4 — 1) for almost all £ € R with respect to the
Lebesgue measure, completing the proof. O

4.4. Rational approximation to ((3) only. Combining Theorem 2] with Propo-
sition [0, we deduce the following result.

Proposition 8. For ¢(q) = D? withn = |(logq)/(4 — 10)] and 19 defined in (),
we have the upper bound

11,(C(3)) < 1.92357696 . . . .

Let us conclude with a few remarks on this result.

As shown in [Fis09], Apéry’s proof of the irrationality of ((3) leads to the esti-
mate f1y(C(3)) < 2, where ¢/(q) = D2 with n = |(logq)/(4log(1 + v/2))]. Since
4log(1 ++/(2)) > 4 — 7y, this implies 1, (¢(3)) < 2 with the function ¢ in Proposi-
tion 8 Therefore, Proposition [ is slightly sharper than what follows from Apéry’s
construction.
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Proposition [§ can be adapted to ((2); namely, we have ;(¢(2)) < 1.92, where

U(q) = DpDyy, with n = |[(logq)/(4 — 70)] and 7y as before. However, this result
follows directly from Apéry’s construction [Fis09]: Apéry’s proof yields ju;(¢(2)) <
2, where ¢/(q) = D? with n = [(log q)/(5(log(1 4+ v/5) — log2))]. Using elementary
methods (see [Dauld]), this upper bound can be shown to imply 4,;(¢(2)) < 1.26,
which is sharper than the given one.

In the notation above, the upper bound of Proposition 8 and its analogue for {(2)
imply 15,(€(2)) < 15.33 and py(¢(3)) < 8.73: these upper bounds are worse than
the ones followed from Apéry’s construction.

Proposition [§ means that ((3) does not belong to the set of £ € R\ Q satisfying
py(€) > 1.92.... This set has Hausdorff dimension equal to 0.0681457...; this is
smaller than the one obtained after Corollary 5 in [Fis09].

Finally, for the function ¢ € £ in Proposition [ we have that j,,(¢) = 1.03. .. for
almost all £ € R. Therefore, Proposition [ is still quite far from being optimal, since
((3) is presumably a ‘generic’ real number.

REFERENCES

[Apé79]  Roger Apéry. Irrationalité de ((2) et ((3). Astérisque, 61:11-13, 1979.
[BBBCO07] D. H. Bailey, D. Borwein, J. M. Borwein, and R. E. Crandall. Hypergeometric forms
for Ising-class integrals. Experiment. Math., 16(3):257-276, 2007.

[BRO1] Keith Ball and Tanguy Rivoal. Irrationalité d’une infinité de valeurs de la fonction zéta
aux entiers impairs. Invent. Math., 146(1):193-207, 2001.
[Daul4]  Simon Dauguet. Généralisation du critére d’indépendance

linéaire ~ de  Nesterenko. PhD thesis, Université  Paris-Sud, 2014.
http://www.math.u-psud.fr/~dauguet/These/These.html.

[Fis09] Stéphane Fischler. Restricted rational approximation and Apéry-type constructions.
Indagationes Mathematicae, 20 (2):201-215, Juin 2009.

[Hat95]  Masayoshi Hata. A note on Beukers’ integral. J. Austral. Math. Soc. Ser. A, 58(2):143—
153, 1995.

[Hat00]  Masayoshi Hata. A new irrationality measure for {(3). Acta Arith., 92(1):47-57, 2000.

[Riv02]  Tanguy Rivoal. Irrationalité d’au moins un des neuf nombres ((5),¢(7),...,((21). Acta
Arith., 103(2):157-167, 2002.

[RV96] Georges Rhin and Carlo Viola. On a permutation group related to ((2). Acta Arith.,
77(1):23-56, 1996.

[S1a66] Lucy Joan Slater. Generalized hypergeometric functions. Cambridge University Press,
Cambridge, 1966.

[Zud01]  Wadim Zudilin. One of the numbers ¢{(5), ¢(7), ¢(9), ¢(11) is irrational. Russian Math.
Surveys, 56:4:774-776, 2001.

[Zud04]  Wadim Zudilin. Arithmetic of linear forms involving odd zeta values. J. Théorie des
Nombres de Bordeauz, 16(1):251-291, 2004.

[Zud07]  Wadim Zudilin. Approximations to -, di- and tri- logarithms. J. Comput. Appl. Math.,
202(2):450-459, 2007.

[Zud1l]  Wadim Zudilin. Arithmetic hypergeometric series. Uspekhi Mat. Nauk, 66(2(398)):163—
216, 2011.

[Zud13]  Wadim Zudilin. Two hypergeometric tales and a new irrationality measure of ((2).
arXiv:1310.1526, 2013.


http://www.math.u-psud.fr/~dauguet/These/These.html

22 SIMON DAUGUET AND WADIM ZUDILIN

UNIVERSITE PARIS-SUD, LABORATOIRE DE MATHEMATIQUES D’ORSAY, ORsAY CEDEX, F-
91405, FRANCE
E-mail address: simon.dauguet@math.u-psud.fr

SCHOOL OF MATHEMATICAL AND PHYSICAL SCIENCES, THE UNIVERSITY OF NEWCASTLE,
CALLAGHAN NSW 2308, AUSTRALIA

E-mail address: wzudilin@gmail.com



	1. Introduction
	2. Hypergeometric series
	2.1. Integer-valued polynomials
	2.2. Construction of linear forms in 1 and ζ(2)
	2.3. Construction of linear forms in 1 and ζ(3)

	3. Simultaneous diophantine properties of ζ(2) and ζ(3)
	4. A new diophantine exponent
	4.1. Definition and basic properties
	4.2. Omitting one number
	4.3. Case of linear dependence
	4.4. Rational approximation to ζ(3) only

	References

