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Abstract

This paper extends the recent work on path dependent PDEs to elliptic equations with
Dirichlet boundary conditions. We propose a notion of viscosity solution in the same spirit as
[10, 11], relying on the theory of optimal stopping under nonlinear expectation. We prove a
comparison result implying the uniqueness of viscosity solution, and the existence follows from
a Perron-type construction using path-frozen PDEs. We also provide an application to a time

homogeneous stochastic control problem motivated by an application in finance.
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1 Introduction

In this paper, we develop a theory of viscosity solutions of elliptic PDEs for non-Markovian stochastic
processes, by extending the recent literature on path-dependent PDEs to this context.

Nonlinear path dependent PDEs appear in various applications as the stochastic control of non-
Markovian systems [10], and the corresponding stochastic differential games [21]. They are also
intimately related to the backward stochastic differential equations introduced by Pardoux and Peng
[20], and their extension to the second order in [5, 24]. We also refer to the recent applications in
[13] to establish a representation of the solution of a class of PPDEs in terms of branching diffusions,
and to [16] for the small time large deviation results of path-dependent diffusions.

Our starting point is the BSDE approach of Darling and Pardoux [7] which can be viewed as
a theory of Sobolev solutions for path-dependent PDEs. In particular, the Feynman-Kac represen-
tation provided in [7] shows a close connection between Markovian BSDEs with random terminal
times and semilinear PDEs with Dirichlet boundary conditions.

Following the recent work of Ekren, Touzi and Zhang [10, 11], we would like to introduce a notion

of viscosity solution for an elliptic path dependent PDE on the path space €2 of the form:
G(-yu, 0pu, 0 u)(w) =0, we€ @, and u=¢, we dg,

where w €  is a path variable and Q C Q is a domain of continuous paths. Our notions of the
derivatives 9, and 02 are inspired by the calculus developed in Dupire [8] as well as Cont and
Fournie [2]. According to their work, considering the process us(w) := u(win.), one may define the

horizontal and vertical derivatives:

) — — Al
Oput(w) ::}llii)%ut+h(wt/\h) () and  O,us(w) ::}lLiL%ut(w) ut(o}j—i_ It )). (1.1)

It follows that a smooth process satisfies the functional It6 formula:

1
dus = Opu dt + O,u dwy + =02 u d(w)s, P-a.s. for all semimartingale measures P. (1.2)

20.)0.1

However, Definition (1.1) requires to extend the process u to the set of cadlag paths. Although this
technical difficulty is addressed and solved in [2], it was observed by [9] that it is more convenient
to define the derivatives by means of the It6 formula (1.2).

We next restrict our solution space so as to agree with the condition d;u = 0 for any potential
solution of an elliptic path dependent PDE. A measurable function u : 2 — R is called time invariant,
if

u(w) = u(wey) for all w and all increasing bijection ¢ : RT — R*.
Loosely speaking, a time invariant map w is unchanged by any time scaling of path. This property
implies the time-independence property, i.e. dyu = 0, necessary for solutions of elliptic equations.

Moreover, when reduced to the Markovian case, the time invariance property coincides exactly

with time independence: any potential solution v(z) of an elliptic PDE corresponds to a map u



defined on the space of stopped paths ¢ by u(w) := v(weo) = u(Wy (o)) for all increasing bijections
£:RT — RT.

Our existence and uniqueness results follow the line of argument in [11], but we have to address
some new difficulties in the present elliptic context. One of the main difficulties is due to the
boundary of Dirichlet problem. In general, the hitting time of the boundary Hg(w) is not continuous
in w. Consequently, it is non-trivial to verify the continuity of the viscosity solution constructed

My, repeatedly used in [11], clearly violates

through path-frozen PDEs. Also, the transform: o :=e
the time-independence of solution, so we need to introduce a convenient substitute to this argument.

We also provide an application of our result to the problem of superhedging a time invariant
derivative security under uncertain volatility model. This is a classical time homogeneous stochastic
control problem motivated by the application in financial mathematics.

The rest of paper is organized as follows. Section 2 introduces the main notations, as well
as the notion of time-invariance, and recalls the result of optimal stopping under non-dominated
measures. Section 3 defines the viscosity solution of the elliptic PPDEs. Section 4 presents the main
results of this paper. In Section 5, we prove the comparison result which implies the uniqueness of
viscosity solutions. In Section 6 we verify that a function constructed by a Perron-type approach
is an viscosity solution, so the existence follows. We present in Section 7 an application of elliptic

PPDE in the field of financial mathematics. Finally, we complete some proofs in Section 8.

2 Preliminary

Let Q := {w € O(RT,RY) : wg = 0} be the set of continuous paths starting from the origin, B be the
canonical process, F be the filtration generated by B, and Py be the Wiener measure. We introduce

the following notations:
e S% denotes the set of d x d symmetric matrices and «y : n = Tr[yn] for all v,n € S%

R denotes the set of all open, bounded and convex subsets of R? containing 0;

O = {:U eR: |z| < L}7 O, denotes the closure of O, [a[d,bfd] = {ﬂ €Sq:aly <pB< bId};

HC (E) denotes the set of all F-progressively measurable processes with values in E, and H} :=

H0<[\/2/le, \/ﬁfd]) for L > 0;

T* denote the set of all stopping times larger than ¢; in particular, 7 := T°;

lwll, == SUp, < lws], ||w||§ = SUD<y <t |wy| for w € Q and s,t € RT;
o (W@ w)(s) :=wslig(s) + (wi + Wi ) 1j00)(s) for w,w’ € Q and s,t € RT;

given ¢ : Q@ — R?, we define @t’w(w/) = p(w Ry w,).

In this paper, we focus on a subset of 2 denoted as 2 which will be considered as the solution space
of elliptic path-dependent PDEs.



e 0 :={w € Q:w=w. for some t > 0} denotes the set of all paths with flat tails;
o {(w):=inf{t:w=w.} for all w € Q%
e given ¢ : ) — R? we define the process ¢ (w) := p(win.).

Elliptic equations are devoted to model time-invariant phenomena, and in the path space the time-

invariance property can be formulated mathematically as follows.

Definition 2.1 Define the distance on Q°:

d°(w,w’) == %Ie% 51%11 |ty — wil, for w,w’ € Q°,
te

where I is the set of all increasing bijections from RT to RY. We say w is equivalent to ', if

d®(w,w’) = 0. A function u on Q° is time-invariant, if u is well defined on the equivalent class:
u(w) = u(w') whenever d°(w,w’) = 0.

Further, C(2°) denotes the set of all random wvariables on Q° continuous with respect to d°(-,-).
We also use the notations C (Qe;Rd), C (Qe;Sd) when we need to emphasize the space where the
functions take values. Finally, we say u € BUC(Q¢) if u : Q° — R is bounded and uniformly

continuous with respect to d°(-,-), i.e. there exists a modulus of continuity p such that
lu(w") — u(wQ)‘ < p(d(w,w?))  for all W', w? € Q°. (2.1)
In this paper, we assume p to be convex.

Example 2.2 We show some examples of time-invariant functions:

o Markovian case: Assume that there exists 4 : R — R such that u(w) = (wg,). Since

wtl(wl) - wtg(WQ)‘ < dé(wh,w?) for all w',w? € Q°, u is time-invariant.

o Mazimum dependent case: Assume that there exists @ : R — R such that uw(w) = 4(||wco)-
Note that ||w||e = d°(w,0) and d®(wt,0) — d*(w?,0) < d°(wh,w?). Thus, ||w]e = w2l

whenever d°(w!,w?) = 0. Consequently, u is time-invariant.

o Let (t;,x;) € Rt x R4 for each 1 < i <n. We denote by

LiH{(O,O),(tl,IEl),~H 7(tnaxn)} (22)

the linear interpolation of the points with a flat tail extending to t = co. Then, for the two

paths defined as the interpolations as follows:
wh = Lin{(O, 0), (t, 1), , (t;,xn)} fori=1,2,

the distance between them is 0, i.e. d°(w',w?) = 0.



In this paper, we will prove the wellposedness result for time-invariant solutions to elliptic path-
dependent PDEs.

Further, for all D € R we have the following notations:

e D:={weQ:w €D forallt >0}

e D" :=D—x:={y:x+y€ D} forx € D, and D¥ := D¥«) for w € D;
e Hp :=inf{t >0:w; ¢ D} and H:={Hp : D € R};

e 9D :={w € Q¢ : {(w) = Hp(w)} defines the boundary of D, and cl(D) := D U dD defines the

closure of D.
Also, C'(D) denotes the set of all continuous functions defined on D. For w € Q¢ and w’ € Q,
o (WRW)(s) := (w Df(w) w')(s) defines the concatenation of the paths;
e given ¢ : Q — R, we define ¢ (w') := ") (W) = p(WBW').

Similarly, for ¢ : R — R?, we define that ¢*(y) := ¢(z + y) for all z,y € R%.

We next introduce the smooth functions on the space Q°. First, as in [11], for every constant
L > 0, we denote by Py, the collection of all continuous semimartingale measures IP on 2 whose drift
and diffusion belong to H°(Or) and HY, respectively. More precisely, let Q := Q x Q x Q be an
enlarged canonical space, B := (B, A, M) be the canonical process. A probability measure P € P*

means that there exists an extension Q®# of P on Q such that:

B=A+ M, A is absolutely continuous, M is a martingale,

dA d(M
lofllee < L, B% € H%, where of := o By = %,

Further, denote P> := UpoPr.

Definition 2.3 (Smooth time-invariant processes) Let D € R. We say that u € C?*(D), if
u € C(D) and there exist Z € C (D;Rd), rec (D;Sd) such that

1
duy = Z; - dBy + §Ft :(B), fort <Hp, P-a.s. for all P € P>.

By a direct localization argument, we see that the above Z and T, if they exist, are unique. Denote
Ouu =2 and 9% u:=T.

Remark 2.4 In the Markovian case mentioned in Example 2.2, if the function @ : R* — R satisfies
@ € C%(D), then by the Ité’s formula it follows that u € C?*(D).

Remark 2.5 In the path-dependent case, Dupire [8] defined derivatives, Oyu and O,u, for process
w:RY x Q — R In particular, the t-derivative is defined as:

u(t + ha wt/\') — U(t, w)




Also, Dupire and other authors, for example [2], proved the functional Ité formula for the processes

regular in Dupire’s sense:
1
dug = Ozusds + Oyus - dBg + iﬁiwus 1 (B)y, P-a.s. for all P € P>,

Note that in the time-invariant case it always holds that Oyu = 0. Consequently, the processes with

Dupire’s derivatives in C(D) are also smooth according to our definition.

We next introduce the notations about nonlinear expectations. For a measurable set A € ), a

random variable £ and a process X, we define:

o CH[A] := suppepr P[A], £7[¢] := suppepr E7[¢] and et (€] := infpepr EF[E];
o E/[E)(w) i= suppepr EF[EH] and EF[E)(w) = infpeps EFEH];
o S/ Xrpn] @) = sup,er & [Xonnp] (@) and SF [Xizpn] (w) = infrer £F [Xonmp] ().
A process X is an EL—supermartingale on [0,7], if X4(w) = gtL[X](w) for all (t,w) € [0,T] x Q;

similarly, we define the £X-submartingales. The existing literature gives the following results.

Lemma 2.6 (Tower property, Nutz and van Handel [19]) For a bounded measurable process X,

we have

=L

E,X] = I3 {EL [X]] for all stopping times o < T.

o g T

Lemma 2.7 (Snell envelop characterization, Ekren, Touzi and Zhang [12]) Let Hp € H and
X € BUC(D). Define the Snell envelope and the corresponding first hitting time of the obstacles:

y .= 3" [Xupal, 77 :=inf{t >0:Y; = X;}.

Then Yo« = X« Y is an ?L-supermartingale on [0, Hp] and an ?L—martmgale on [0,7*]. Conse-

quently, 7" is an optimal stopping time.
Some other properties of the nonlinear expectation will be useful.
Proposition 2.8 Let D € R and O C D also in R. Define a sequence of stopping times H,,:
Hop =0, Hiy1 :=inf{s > H; : B; — By, ¢ O}, i > 0. (2.4)
Then, it holds that
nli_)rr;OCL [H, <T]=0 foral T €R"; gt [Hp] < o0; and nh_)rréo jtelgCL [H, < HY] =0.

We report the proof in Appendix.



3 Fully nonlinear elliptic path-dependent PDEs

3.1 Definition of viscosity solutions of uniformly elliptic PPDEs

Let @ € R and consider @ as the domain of the path-dependent Dirichlet problem of the equation:
Lu(w) := —G(w,u, 0,u, 0% ,u) =0 for we€ Q, u=¢ on 9Q, (3.1)
with nonlinearity G' and boundary condition by &.

Assumption 3.1 The nonlinearity G : Q x R x R? x S¢ satisfies:
(1) For ﬁxed (y7Z,'Y)7 |G(70a070)| < CO;
(ii) G is uniformly elliptic, i.e., there exists Lo > 0 such that for all (w,y, z)

1
G(w,y,2,7) — G(w,y,2,72) > fold (1 = 2) for all y1 > 7s.

(iil) G is uniformly continuous on Q¢ with respect to d(-,-), and is uniformly Lipschitz continuous
in (y,z,7) with a Lipschitz constant Lo;
(iv) G is uniformly decreasing in y, i.e. there exists a function X : R — R strictly increasing and

continuous, A\(0) =0, and
G(wayhzﬁ’-)/) - G(way27257) > A(yQ - yl)a fOT’ all Y2 > Y1, (w,z,’y) € Q° x Rd X Sd'
For any time-invariant function u on Q¢ w € Q and L > 0, we define the set of test functions:

Alu(w) = {gp cp € C%0,) and (¢ —u¥) = Sk [(gp —u)us A} for some ¢ > 0},
ZLu(w) = {gp tp € C%O,) and (¢ — u®)g = SOL [(4,0 — U )y A} for some € > 0}.

We call Hp, a localization of test function . Note that the stopping time Hp_ can take the value of
00, while u is only defined on Q¢. However, since Ho. < oo PF-q.s., it is not essential. If necessary,
we can define complementarily u := 0 on Q\Q°. Now, we define the viscosity solution to the elliptic
path-dependent PDEs (3.1).

Definition 3.2 Let L > 0 and {us}iep+ be a time-invariant progressively measurable process.
(i) w is an L-viscosity subsolution (resp. L-supersolution) of PPDE (3.1) if for w € Q and any
o € Alu(w) (resp. p € ZLu(w))

—G(w,u(w),@wgo()ﬁf)w(po) < (resp. >) 0.

(ii) w is a viscosity subsolution (resp. supersolution) of PPDE (3.1) if u is an L-viscosity subsolu-
tion (resp. L-supersolution) of PPDE (3.1) for some L > 0.
(iil) uw is a wviscosity solution of PPDE (3.1) if it is both a wiscosity subsolution and a viscosity

supersolution.

By very similar arguments as in the proof of Theorem 3.16 and Theorem 5.1 in [10], we may

easily prove that:



Theorem 3.3 (Consistency with classical solution) Let Assumption 3.1 hold. Given a func-
tion u € C%(Q), then u is a viscosity supersolution (resp. subsolution, solution) to PPDE (5.1) if

and only if u is a classical supersolution (resp. subsolution, solution).

Theorem 3.4 (Stability) Let L > 0, G satisfies Assumption 3.1, and v € BUC. Assume

(i) for any e > 0, there exist G° and u® € BUC such that G° satisfies Assumption 3.1 and u® is a
L-viscosity subsolution (resp. supersolution) of PPDE (3.1) with generator G¢;

(ii) ase — 0, (G°,u®) converge to (G, u) locally uniformly in the following sense: for any (w,y, z,7) €
0° x R x R? x S, there exits § > 0 such that

im s [I6 -6 @.5.59) + |~ w@)] =0
e70(@,5,2,7)€05 (wy,2,7)

where we abuse the notation Og to denote a ball in the corresponding space. Then, u is a L-viscosity

solution (resp. supersolution) of PPDE (3.1) with generator G.

3.2 Equivalent definition by semijets

Following the standard theory of viscosity solutions for PDEs, we may also define viscosity solutions
via semijets. Similar to [22] and [23], we introduce the notion of semijets in the context of PPDE.

First, denote functions:
w 1 2
QU W) = Wiy = wite)) + 58(@igw) — witw) -
Especially, if w = 0, we denote Q*? := Q*#°. We next define:
Jru(w) = {(a,ﬂ) L QP ¢ ALu(w)} and 7Lu(w) = {(a,ﬁ) LQMPw ¢ jLu(w)}.

Proposition 3.5 Let u € BUC(Q). Then, u is an L-viscosity subsolution (resp. supersolution) of
PPDE (3.1), if and only if for any w € Q,

—G(w,u(w),a,ﬁ) < (resp. >)0, forall(a,p)€ lLu(w) (resp. 7Lu(w))

Proof The ’only if’ part is trivial by the definitions. It remains to prove the ’if’ part. We
only show the result for L-viscosity subsolutions. Let ¢ € AF u(0) and Os is the corresponding

localization. Without loss of generality, we may assume that w = 0 and ¢(0) = u(0). Define:
o :=0,p(0) and B := 92 _,¢(0).
Let € > 0. Since 9, and 92 are both continuous, there exists &’ < § such that on Og it holds:
0,9 —a| <e and |02,¢ — B| <e.
Denote . := 3+ (1 +2L)e. Then, for all 7 € 7 such that 7 < Hp,,, we have

(Q”‘"’E —u)o — E[(Q —w),] = B [fu— o — 7)) < E¥[(u— )] +E (0 — 0o — Q7))
[fo Oups — a)dBs + 5 [T (02,05 — Be ds] <t [f (L)0ups — af + 102,05 —ﬁg))ds} <0,



where we used the fact that ¢ € Au(0) and the definition of P in (2.3). Consequently, we proved
(o, B:) € iLu(O), and thus
_G(O’ ’U/(O)7 «, 55) <0.

Finally, thanks to the continuity of GG, we obtain the desired result by sending ¢ — 0. |

4 Main results
Following Ekren, Touzi and Zhang [11], we introduce the path-frozen PDEs:
(E)Y LY :=—G(w,v, Dv,D*v) =0 on O(w):=0.NQ". (4.1)

€

Note that w is a parameter instead of a variable in the above PDE. Similar to [11], our wellposedness

result relies on the following condition on the PDE (E)Y.
Assumption 4.1 Fore>0,w € Q and h € C(@Os(w)), we have U = v, where

o(x) == inf {w(z) : w € CZ(0:(w)), L*w > 0 on O:(w), w > h on d0:(w)},
v(a) :==sup {w(z) : w € C§(Oc(w)), L*w <0 on O-(w), w < h on 00:(w)},

and C3(0.(w)) := C?(0.(w)) N C(cl(O(w))).

In this paper, we use PDEs as tools to study PPDEs. Note that by viscosity solutions of PDEs,

we mean the classical definition in the PDE literature, for example in [4].

Remark 4.2 If Equation (E)Y has the classical solution, then Assumption 4.1 holds. For example,
let function G(w,-) : S — R be convex, and assume that the elliptic PDE:

~G(w,D*v) =0 on O, v=h ondO

has a unique viscosity solution. Then, according to Caffareli and Cabre [3], the viscosity solution

has the interior C?-regularity.

The rest of the paper will be devoted to prove the following two main results.

Theorem 4.3 (Comparison result) Let Assumptions 3.1 and 4.1 hold true, and let ¢ € BUC(0Q).
Let u be a BUC wiscosity subsolution and v be a BUC wiscosity supersolution to the path-dependent
PDE (3.1). Then, if Ung < & < vy, we have u < v on Q.

Theorem 4.4 (Wellposedness) Let Assumptions 3.1 and 4.1 hold, and let £ € BUC(0Q). Then,
the path-dependent PDE (8.1) has a unique viscosity solution in BUC(Q).



5 Comparison result

5.1 Partial comparison
Similar to [11], we introduce the class of piecewise smooth processes in our time-invariant context.

Definition 5.1 Let u : @ — R. We say that u € 62(9), if w is bounded, process {u}ier+ is
pathwise continuous, and there exists an increasing sequence of F-stopping times {Hp;n > 1} such
that

(1) for each i and w, AH;,, = H?i(f))’w — H;(w) € H whenever H;(w) < Ho(w) < 0o, i.e. there is
Oiw € R such that AH; , = inf{t:w; ¢ O, };

(2) {i:m(w) <He(w)} is finite P>®-q.s. and lim; 00 C§ [0y < 1G] =0 for allw € Q and L > 0;
(3) for each i, u¥wir € BUC(O;,,), and there exist O,u’, 82 u’ such that for all w, (awui)w'”"
and (af)wui)w””’ are both continuous on O;,, and

¢ ¢
Wy A- Wi A- S\ Wi A 1 N2
u =y = /0 (O,u")s" " -dBs + 5/0 (D2,u")s"™ 2 d(B), for allt < AH;,, P™-q.s.

The rest of the subsection is devoted to the proof of the following partial comparison result.

Proposition 5.2 Let Assumption 3.1 hold. Let u?> € BUC(Q) be a viscosity supersolution of PPDE
(3.1) and let u' € 62(Q) satisfies Lul(w) < 0 for allw € Q. If u* < u? on 0Q, then u' < u? in

cl(Q). A similar result holds if we exchange the roles of u* and u?.
In preparation to the proof of Proposition 5.2, we prove the following lemma.

Lemma 5.3 Let D € R and X € BUC(D) and non-negative. Assume that Xy > ?L[XHD], then
there exists w* € D and t* := t(w*) such that

Xp- (W) = S [Xupa] (@) and Xp-(w*) > 0.

Proof Denote Y as the Snell envelop of Xy, ., l.e. Y; := gf [XHDA.]. By Lemma 2.7, we know
that 7* := inf{t : X; = Y;} defines an optimal stopping rule. So, we have

VX = Yo = Xo > €7 Xu, ).
Hence {7* < Hp} # ¢. Suppose that X, =0 on {r* <Hp}. Then,
=L
0= Xl cuny = Yeelgrecupy = Eve [ Xup)Lir <up)-

Since X is non-negative, we obtain that Xy, 1{r«<y,} = 0. So, X7+ = Xy, on {7* < Hp}. Thus,

we conclude that

Xo < Yo =E"[X,] = & [Xup) < Xo.

This contradiction implies that {7* < Hp, X« > 0} # ¢. Finally, take ' € {7* < Hp, X, > 0},
and then w* := w’T*(w,)A. is the desired path. |

10



Proof of Proposition 5.2 Recall the notation H,, and O in Definition 5.1. We decompose the
proof in two steps.
Step 1. We first show that for all i > 0 and w € Q

(=) <8 (a0 = )

Clearly it suffices to consider i = 0. Assume the contrary, i.e.

c:= (u' —u?)T(0) -zt [(ul - u2):1} > 0.

Denote X := (u! —u?)T. Then, by Lemma 5.3, there exists w* € O and t* := #(w*) such that

* <L *
X+ (w*) = Spe [Xupna.] and X (w™) > 0.

1

. . * _ —L . . .
Since u! is smooth on Of), we have ¢ := (uglooA,)“’ € A u?(w*). By the L-viscosity supersolution
0

property of u? and the assumption on the function G, this implies that

0

IN

7G( u 8W<p7aww(p) (wt* )
G (-, u', ,ut, 92 u") (win) — A ((u! —uz)t* (w*))

r Y ww

< =G (,u',0,u", 0 u") (wiip.) -

)’ ww

IN

This is in contradiction with the classical subsolution property of u'.

Step 2. By the result of Step 1 and the tower property of EL stated in Lemma 2.6, we have

(ut —u?)* ()<5 {(u —u) }<8 [(u —u) }—1—5 [(u —u2)+—(u1—u2)1—;} for all ¢ > 1.

H;

By Proposition 2.8, we have C¥ [H; < Hg| — 0 as i — oo. Therefore,

(u' —u*)T(0 )<5 {(u —u2)+}:0.

HQ
|
5.2 The Perron type construction
Define the following two functions:
a(w) = inf {$(w) : ¥ € Do)}, ulw) = sup {v(w) : v € Dy(w)}, (5.1)

where

5%((,‘1) = {w € 62(@”) L% >00n Q, Y >£Yon QQ} ,

Qg(w) = {¢ € GQ(QW) L% <0on Q, Y <&¥on 69} .

As a direct corollary of Proposition 5.2, we have:

11



Corollary 5.4 Let Assumption 3.1 hold. For all BUC wiscosity supersolutions (resp. subsolution)
u such that w > & (resp. u <) on 0Q, it holds that u > u (resp. u <) on Q.

In order to prove the comparison result of Theorem 4.3, it remains to show the following result.
Proposition 5.5 Let £ € BUC(0Q). Under Assumptions 3.1 and 4.1, we have u = u.

The proof of this proposition is reported in Subsection 5.4, and requires the preparations in Subsec-
tion 5.3.

5.3 Preliminary: HJB equations

In this part of the paper, we will recall the relation between HJB equations and stochastic control

problems. Recall the constants Ly and Cj in Assumption 3.1 and consider two functions:

= - - 142 .
g(yaZ7’Y) E CO+L0|Z|+L0y +supﬁ€[\/2/Toldv\/mId] 55 R (52)
9(y,2,7) == —=Co — Lo |z| = Loy™ + inf 38% 17,

J BeN/2/Lola/2L014] 2

Then for all nonlinearities G satisfying Assumption 3.1, it holds ¢ < G < g. Consider the HJB

equations:
Lu = —g(u, Du, D*u) =0 and Lu:= —g(u, Du, D*u) = 0.

In the rest of this subsection, we show that the explicit solutions of the Dirichlet problems of the

above equations on a set D € R are given in terms of boundary condition hp, i.e.
—L nx x +
W(x) = SUPpemo([o,L,]) € ’ [hD(BHab)e_ Jo?brdr 4 fOHD e Jo brdrdt},
@(l‘) = infbeHO([O’LO]) §LU [hD(BH%)e_ fouD brdr + CO fOHzD e fot brdrdt:| .

Lemma 5.6 Let hp(z) := gho [v(z, Buz p.)] for some v € BUC(R? x Q°). Then W and w are the
unique viscosity solutions in BUC(cl(D)) of the equations Lu = 0 and Lu = 0, respectively, with

boundary condition u = hp on 0D.
Proof According to Proposition 8.1 in Appendix, there exists a modulus of continuity p such that
=L x xT
X [l — w30 < pller — a). (5.3)
Since v € BUC(R x €¢), we obtain that
—Lg <Lo
7o (@1) = hp(@2)] < E° [[v(@1, By ) = 0(@2, Byza 1 )I] < p(|21 =22l +8 7 [| By = B[] (54)
where we used the convexity of p and the Jensen’s inequality. We next estimate:
1 1
=L =L z =Lor o . 3
E"[|Bys — Byza] < (5 "[IByes — By |2]) < (ZLOE [ — HDZH) . (5.5)

In view of (5.3), we conclude that hp is bounded and uniformly continuous. Further, since hp is

bounded and b only takes non-negative values, we can easily obtain that for x1,zs € D,

[@(a1) ~Waz)] < E°[Ihp(Byzs) — hp(Byzz)l] + CE [|ug — %] ].
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Since hp € BUC(R?), by the same arguments in (5.4) and (5.5), we conclude that w € BUC(cl(D)).
Then, by standard argument, one can easily verify that @ is the viscosity solution to Lu = 0 with

the boundary condition hp on dD. Similarly, we may prove the corresponding result for w. |

5.4 Proofofu=u

Recall the two functions @, u defined in (5.1). In the next lemma, we will use the path-frozen PDEs
to construct the functions 6, which will be needed to construct the approximations of @ and u
defined in (5.1). Recall the notation of linear interpolation in (2.2). Then

o let (z;;1 < i <n) e (BH" and denote m, := Lin{(0,0), (1,21),--, (n,x,)}; in particular,
note that m, € Q°;

e denote 7% := Lin{m,, (n + 1,2)} for all z € BY; clearly, we have 72 € Q%

e define a sequence of stopping times: for ¢ > 1

Pt

Hy" =0, HT:' s=inf {t > H;: 2+ By ¢ OE}/\Hg:', H:’El := inf {t > H;r:' :B; — By, ¢ OE}/\Hg:‘
e given w € (), we define for m > 0:

(2, w) = Lin{ﬂ'n, (n+1,z+ wHﬂgg)} and
1

m(z,w) = Lin{wn,(n—&-l,x—i—wﬂfg),(n—i—jwﬂﬁg —w xz )

mho)o<i<
u;n, /2<j<m

}, for all m > 1.

Lemma 5.7 Let Assumption 3.1 hold, and assume that |§| < Cy. Let w € Q, |z;| =€ for all i > 1,
T = {Ti}1<i<p, and w@my € Q. Then
(i) there exists a sequence of continuous functions (mp,x) > 0%°(m,, ), bounded uniformly in

(e,n), such that

0% (3 ) is a viscosity solution of (E)“®™

)

with boundary conditions:

095 (Tp; ) = E(WB™),  |z| < € and x € HQWE™,

05 (mn; ) = 050, (7250), x| =e.
(i) Moreover, there is a modulus of continuity p. such that for any w',w? € Q,
05 %(0,0) = 05 (0:0)| < po (d(" ) (5.6)

For the domain O, (7,,) defined in (4.1), a part of the boundary belongs to 9Q™ , while the other
belongs to 00.. On 9Q™ , we should set the solution to be equal to the boundary condition of the
path-dependent PDE. Otherwise, on dO,, the value of the solution should be consistent with that
of the next piece of the path-frozen PDEs. The proof of Lemma 5.7 is similar to that of Lemma
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6.2 in [11]. However, the stochastic representations and the estimates that we will use are all in the
context of the elliptic equations. So it is necessary to explain the proof in detail.
In preparation of the proof of Lemma 5.7, we give the following estimate on the viscosity solutions

to the path-frozen PDEs. The proof is reported in Appendix, Subsection 8.

Lemma 5.8 Fiz D € R. Let h': 0D — R be continuous (i = 1,2), G satisfy Assumption 3.1, and
v® be the viscosity solutions to the following PDEs:

G(w',v", Dv', D*v") =0 on D, v' = h" on dD.
Then, we have
—=Lo +\7
(0 = )@)€ (0 = 17),, ) | + QI ) = G e

In particular, if w' = w?, then we have (v —v?)(z) < ghe [((hl - hQ)+ )1}

Hp

Proof of Lemma 5.7 Since ¢ is fixed, to simplify the notation, we omit ¢ in the superscript in

the proof. We decompose the proof in five steps.

Step 1. We first prove (i) in the case of G := g, where g is defined in (5.2). For any N, denote
B (mn; 0) i= £ [ (o) 5™
Thanks to Lemma 5.6, we may define ?;})n (7; ) as the viscosity solution of the following PDE:
—3(6, D0, D?*0) = 0 on O, (w®m,), O(z)= gfv,n+1(7rfl;0) on 00, (w®m,), foralln < N —1, (5.7)

and we know

oy
On (T ) =
w@r? . s
— N —n _ _ w®mE N-—n s
sup gho [ef Jo™ b’“drf(w@)ﬂi\'*"(z, B)®(B wgrz )'N-n ) + C’O/ e o brd’”ds]
bEHO ([0, Lo]) Ho "/ 0

Lemma 5.6 also implies that 95\7’71(7%; x) is continuous in both variables (m,,z), and clearly, they

are uniformly bounded. We next define

5:(77”;96) =
L HZ®W:; —_ w® H“’®”"n
sup & "le b T f(w@wﬁf—”(x,B)@(BHLUQ—%%A')HN%")_FCO/ e—Jo brdrd8:|.
beHO ([0,Lo]) N—o0 Q 0

Then, it is easy to estimate that

|0 (705 2) —?Z,n(wn;x)\ < ccto H‘ffi@i < HZJ?@#:L} —0, N — oco.
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By Proposition 2.8, the convergence is uniform in (7, 2). This implies that 6, (7,;x) is uniformly
bounded and continuous in (m,,x). Moreover, by the stability of viscosity solutions we see that
0, (7; ) is the viscosity solution of PDE (5.7) in O.(w®,), with the boundary condition

9_% (T3 ) =

éruf(ﬁnﬁf) = éru{Jrl(ﬂ—ﬁ;O)ﬂ

{(wemy),

|z| < € and x € DQ¥®™,

|z] = e.

Hence, we have showed the desired result in the case G = g. Similarly, we may show that 6 defined
below is the viscosity solution to the path-frozen PDE when the nonlinearity is g
0 (mns ) =

W@
inf  gLole=h®  brdr Ty 13
beHO([0,Lo])

. ) onr wnE
<w®7r "(z, B)&(B
N—oo

qEBTE

n Q _rs

wimz ) IN-m >—|—C’0 e Io b’“drds}.
Hg A 0

Step 2. We next prove (ii) in the case of G = g. Considering 7% € Q¥ NQ¥
estimate:

, we have the following
2

] 085 [

wr@n®
HN n -
+cg™ [g (w1®nﬁ—"(m,3)®(3 ) - §(w2®7r£[_”(sc, B)&(B

N—n "
© 2@m
- N-—n
omi SN ) |
where 0y ,,(m,;7), i = 1,2, are defined in (5.8). Note that |0 ’ S ®7T
As in Lemma 5.6, one may easily show that

‘aNn Tn; L

Hw1®7rg§
1®”%/\ ) N-n
Ho

w®7'r
7HNn

w' s . w2®7rﬁ
< iy

‘eNnieNn

< pe(df(w', w?),

2
—w —w
0

where p. is independent of N. Considering 9:5 defined in (5.9), we obtain by sending N — oo that
n — 0

n

< Ps(de(wleZ))'
A similar argument provides the same estimate for ¢

9w1 B QZ2

-—n

(d(w', w?)). (5.10)
g:h:m(ﬂm, x) =0 i (Tm; ), 0™ (T a) = 0 (T x); m > 1

For n < m — 1, we may define g

and 6™ as the unique viscosity solution of the path-frozen
PDE (E)“®™ with boundary conditions

Step 3. We now prove (i) for general G. Given the construction of Step 1, define

0. (s ) = 0,1 (12;0), 2™ (mn;2) = 021 (n5;0) for z € D0 (wSmy)
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. — e, HEM . . . .
Since g < G < 7, it is easy to deduce that 6, and ;™ are respectively viscosity supersolution
and subsolution to the path-frozen PDE (E)™. By the comparison result for viscosity solutions of

PDESs, we obtain that

w,m

[2

—w,m+1

(Tms-) >0 (T3 ) > Qﬁ[m-’_l(ﬁrn; ) > Q:Jrim('”m; 1) on O (W@ ),

m m

Using the comparison argument again, we obtain

(7Tn; ) Z gw,m+1

—w,m

0 (Tn; ) > 0™ (1) > 09 (m,;) on O (w®my,) for alln <m.  (5.11)

n n

Denote §64™ := 5:’7” — 6™, Applying Lemma 5.8 repeatedly and using the tower property of g

stated in Lemma 2.6, we obtain that

|00 ™ (7 )| < ELO [|59‘;’n‘m (Wmfn(x,B);O)H .

n
Note that §6<™ (7" (x, B);0) = 0 as w1~ "(x, B) € 0Q%. Then, by Proposition 2.8, we have

|60 (5 )| < CCPo {Hﬁ%ﬁ < Hg@fﬁ} — 0, asm — oo.

Together with (5.11), this implies the existence of 6% such that
6" 109, 60910, as m — oo. (5.12)

Clearly 6% is uniformly bounded and continuous. Finally, it follows from the stability of viscosity

solutions that 6% satisfies the statement of (i).

Step 4. We next prove (ii) for a general nonlinearity G. For the simplicity of notation, we denote
the stopping times:
H = H‘g@”z fori=1,2, uY“2:=mn'An?
Ho=0, Hy :=inf{t >0: 2+ By ¢ O}, Hip1 :=inf{t > H;: By — By, ¢ O} fori > 1.
First, considering @, defined in Step 3, we claim that for 7% € o~ n g’

wl

7w oM w? m —<Lo —w' w? m—n
@ 0 ) < €| -0 (0w BR0) 1, |

+11 + I + C(m — n)p(d®(wh, w?)), (5.13)

m—n—1
—=L ‘Wlam w2 m
L= Y g" [(emmﬁw, B);0) — 027 (x (2, B); By BH,J) 1{}] ,

m—n—1

—=L —wlm wim
L= Y & [(m (7 (@, B): Byt — Buy) — 0 (54 (2, BY; o>) 1{H2<Hk+lgm}}
k=0

This claim will be proved in Step 5. We next focus on the term in I;:

~w1,m wim
(é)ﬁm(wﬁ“(u B);0) — 021" (ki (2, B); By — BHk>) Lt <ty <n )
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Note that as H' < Hgy1 < H?, we have 7f+ = 78 @Lin{((0,0), (1, By — By, )}, and thus

Aw!ntk+1 wln wln
0n+k+1 (sz+1(xv B)a 0) = Qn+kif+1(ﬂﬁ+l(xv B)7 0) = Qn+k +k(7rfz(xa B)v BHl - BHk)'

So, by using (5.10), we obtain

7w1,n+k+1 win
Ot ht1 (szJrl(m,B); 0) — Qn.',_’k +k(7rfl(x’ B); By — By,)

<

1 2
Q:l;’,j*’“(wﬁ(x,B);BHl — By,) — Q:Jr’]?-i_k(ﬂ'i(l‘,B);Bﬂl — By,)| < pe(d(wh,w?). (5.14)

Further, as in Step 3, the comparison result implies that

wim,_k . w?ntk, k . .
0 (mn(x, B); B — By,) > 0 (my(x, B); Byn — By,);

—whm wl ntk+1

0n+k+1(ﬂ-ﬁ+1(x7 B)a O) S gn—i—k-‘rl (ﬂ-fL_‘—l(xa B)v 0)
Therefore, (5.14) implies that
ﬂul,m wim e
O s (mi (2, B);0) = 053" (s (2, B); Byt — By,) < pe(d°(w',w?)).

Similarly, we may prove the same estimate for the term in I5. Then, by (5.13) we conclude that

wt,m

@™ =6 (mpsx) < CCF [Hyy_p < HY2] 4+ C(m — n+ 1)po(d° (", w?).
Recalling (5.12), we obtain that
1 2
(O — 605 ) (mn; ) < pe(d®(w',w?)).
By exchanging the roles of w! and w?, we have |(¢9;‘;1 — 04" (mp; z)| < pe(dé(wh,w?)).
Step 5. We prove Claim (5.13). Suppose that m > n + 1. It suffices to show that
7w1,m w2 m —Lo wl,m wim 1
(0, " =8y ")) <& (0 — 0y ) (T (@, B)); 0) 1 <2y
=L Sw! w? m
+& 0 [(9n+1 (7T71L({E, B),O) — Qn ’ (7Tn; T+ BHl))l{H1<H1§H2}:|

(gn »m('[rn;x + BHz) — Q‘Z#T(W}L(l‘, B);O))I{H2<H1SH1}:|

1
Then the claim can be easily proved by induction. Recall that 8 ™" (resp. Qf’m) is a solution to

the PDE with generator G(w!,-) (resp. G(w?,-)). Now we study those two PDEs on the domain:
0.NQ* NQ“.

The boundary of this set can be divided into three parts which belong to 0O, GQ“’I and (‘3@“’2
respectively. We denote them by Bd;, Bds and Bds.
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(i) On Bd;, we have H; < HY'2?, and thus

—wlm

0

awtm, o w?m wim _x
n (ﬂ-n?x) = 91’7,-‘,—1 (ﬂ-nﬁo) and Qn ' (71—7173:) = Qn-ﬁ-,l (Tr’n,?o)'

1 1
(i) On Bdg, we have H! < H; < H2, so we only have 5:) (7, 1) = 0:4_7;”(7'('?”0).

2 2
(iii) On Bds, we have H? < Hy < H', so we only have 0% " (m,,z) =0 " (7%,0).

Finally, Lemma 5.8 completes the proof. |

The previous lemma shows the existence of the viscosity solution to the path-frozen PDEs. We
now use Assumption 4.1 to construct smooth super- and sub-solutions to the PPDE from the solution
to the path-frozen PDEs.

Denote

0° := 0%, H, =1’ and 7, := Lin{(Hi7wHi);0 <1< n}
Lemma 5.9 There exists 1 € 62(9) such that
P(0) =05(0) +¢, v >honQ and LY >0 on O(#,) for alln € N.

Proof For simplicity, in the proof we omit the superscript €. Set §, := 27" 2¢. First, since
PDE (E)! satisfies Assumption 4.1 and G(w, y, z,7) is decreasing in y, there exists a function vy €
C2(0-(0)) such that

v0(0) = 00(0) + %, L%yg > 0 on O.(0) and vy > 6 on dO.(0).
Define

(W) = vo(ws) + Y & on cl(O:(0)).

i>0

By the monotonicity of G, it is clear that

»(0) — 8p(0) = % +3 6 =€ ¢ € C*(0.(0)) and L% > L%, > 0 on O.(0).
i>0

Next, applying again Assumption 4.1 to PDE (E)™, we can find a function v (#1;-) € C3(0(71))
such that

v1(71;0) = vo(x1) + dg, L™ 01 > 0 on O (71), wvi(71;+) > 61(71;-) on DO, (7).
Then, define

Y(w) = vy (13 wp — wpr, ) + 251-, for w € O.(71)
i>1

It is clear that the updated v is in C- and £%1 > 0 on O.(#,). Repeating the procedure, we may
find a sequence of functions v,, and thus construct the desired ¢ € 62(Q). |
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Finally, we have done all the necessary constructions and are ready to show the main result of

the section.

Proof of Proposition 5.5 For any € > 0, let ¢ be as in Lemma 5.9, and Ee = Y + p(2¢) +
A7 (p(2¢)), where p is the modulus of continuity of £ and G and A~! is the inverse of the function
in Assumption 3.1. Then clearly ¥ € 62( Q) and bounded. Also,

P(w) = E(w) = ¥ (W) + p(2€) = E(w) = E(w°) — &(w) + p(2€) > 0 on IQ.

Moreover, when t(w) € [Hy(w), Hpt1(w)), we have that
LF W) = =G (w000, 02,0°)
> =G (fn, ¥+ AT (p(26)) 0, 02,9°) — p(26)
Z _G(A 7¢ 8¢; www)ZO

Then by the definition of w we see that
a(0) < 9°(0) = ¢ + p(26) + A (p(2€)) < 05(0) + €+ p(2¢) + A" (p(2e)). (5.15)
Similarly, u(0) > 05(0) — € — p(2¢) — A1 (p(2¢)). That implies that
(0) — w(0) < 2e+ 2p(2€) + 237" (p(2e)) .

Since € is arbitrary, this shows that @(0) = u(0). Similarly, we can show that T(w) = u(w) for all
we Q. ]

6 Existence

In this section, we verify that
U=u=1u (6.1)

is the unique BUC viscosity solution to the path-dependent PDE (3.1). We will prove that u is BUC

in Subsection 6.1 and u satisfies the viscosity property in Subsection 6.2.

6.1 Regularity

The non-continuity of the hitting time Hg(w) brings difficulty to the proof of the regularity of .
One cannot adapt the method used in [11]. In our approach, we make use of the uniform continuity
of the solution of the path-frozen PDEs proved in (ii) of Lemma 5.7.

First, it is easy to show that u is bounded.

Proposition 6.1 Let Assumption 3.1 hold and & € BUC(0Q). Then w is bounded from above and

wu 1s bounded from below.
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Proof  Assume that |{] < Cy. Define:
Y= A" (Cp) + Co.
Note that ¢ € C2. Observe that 17 > Cy > £. Also,
LYs = -G (+,1,0,0) > Cy — G¥(+,0,0,0) > 0.

It follows that ¢ € 52, (w), and thus w(w) < ¥(0) = A7 (Cp) + Cp. Similarly, one can show that
g(w) > 2! (C()) —Ch. |

The rest of the subsection is devoted to prove the uniform continuity of w.
Proposition 6.2 The function u defined in (6.1) is uniformly continuous in Q.
Proof Recall (5.15), i.e. for w!,w? € Q, it holds that

a(w') <05 (0) +e+p(2) and u(w?) > 65" (0) — e — p(2e).
Hence, it follows from Lemma 5.7 that

u(wh) — u(w?) = T(wh) — w(w?) < 65 (0) — 057 (0) + 2(e + p(2e)) < po(d(wh,w?)) + p(2e).

By exchanging the roles of w! and w?, we obtain that u is uniformly continuous. |

6.2 Viscosity property

After having shown that v is uniformly continuous, we need to verify that it indeed satisfies the

viscosity property. The following proof is similar to that of Proposition 4.3 in [11].
Proposition 6.3 u is the viscosity solution to PPDE (3.1).

Proof  Without loss of generality, we prove only that w is a Lg-viscosity supersolution at 0.
Assume the contrary, i.e. there exists ¢ € XLOE(O) such that —c := L(0) < 0. For any ¢ € 52—? (0)
and w € Q it is clear that ¢¥* € 5% (w) and ¥(w) > u(w). Now by the definition of @, there exists
Y e 62(9) such that

Op =" (0) —w(0) L 0as n — oo, LYP"(w) >0, w € Q. (6.2)

Let Hp, be a localization of test function ¢. Since ¢ € C?(0.) and u € BUC(Q), without loss of

generality we may assume that
c o c
Lo(win.) < —= and |@r — wo| + [ur — U] < —— for all t < Hgp_.
2 6L :
Since ¢ € ZLOE(O), this implies for all P € PLo that :
0>E" [(p = Wno. | > E" [(9 =¥ )0, ] - (6.3)
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Denote G*¢ := of - 0,0 + 3(B%)? : 92,,6. Then, since p € C?(0,) and ¢" € 52(9), it follows from
(6.2) that:

0 2 EN[(0 = ¢"no, — (0 —9")o] =E° V G (o —y")ds
P Hoe c 2 n n P n

Z E / (5 - G(ws/\va ©, (%(p,@wwgp) + G(ws/\.7’(/J aw¢ ’ www ) + g (SD w ))

0
O¢

> B [ [~ Gl 0.1, 820) + Glloon T 00, ) 4 G - w"»ds] ,

0
where the last inequality is due to the monotonicity in y of G. Since ¢y = Uy, we get

O¢
571 Z EP |:/ (g - G(ws/\ 7u07 aw(pvawwso)
0

G un T, 00" 00" + G = 67},
We next let n > 0, and for each n, define 7 := 0 and

T;:,l : = Ho, AN lnf{t > ’7'}l : p(de(wt/\.,wr_;u\.)) + |8w<p(wm.) — 8wap(w77n/\)|
102 (in) — BRup(worn )| 10" (i) — O™ ()
HOZA (Wen.) = 20" (Wrpa )l 2 0}

Since ¢ € C2(0.) and ¢ € T~ (Q), one can easily check that 7+ Hp PH-q.s. as j — oo. Thus,

on

Y

i+
(g — Cn)EP[Ho, ] + ZEP/ (—G(-,ﬂoﬁwwﬁiww)

>0 5

+G( U0, w¢ ) wwwn)—‘rg]}h((p wn))T"dS

(5—077 )EF[Ho, ] ZEP/ (an-aw(w"—go)

720 T
%(ﬁ}’)Q L0207 — )+ Gl — v ds,

for some o, B} such that |a;?| < L and 3} € HY. Note that aj and 37 are both fff—measurable.
Take P,, € PLo such that o = ay, Bin = p7 for t € [7], 77 ;). Then

b, 2 (5 — On)E™[Ho,].

Let 1 := &, and it follows Moo, ] < EP» [Hp,] < 6,. By putting n — oo, we get X0 [Hp,] = 0,
contradiction. [}
7 Path-dependent time-invariant stochastic control

In this section, we present an application of fully nonlinear elliptic PPDE. An important question

which is most relevant since the recent financial crisis is the risk of model mis-specification. The
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uncertain volatility model (see Avellaneda, Levy and Paras [1], Lyons [15] or Nutz [18]) provides a
conservative answer to this problem.

In the present application, the canonical process B represents the price process of some primitive
asset, and our objective is the hedging of the derivative security defined by the payoff £(B.) at some
maturity Hg defined as the exiting time from some domain Q.

In contrast with the standard Black-Scholes modeling, we assume that the probability space
(92, F) is endowed with a family of probability measures PYVM. In the uncertain volatility model,

the quadratic variation of the canonical process is assumed to lie between two given bounds,
o?dt < d(B); <G%dt, P-as. for all P € PYVM,

Then, by the possible frictionless trading of the underlying asset, it is well known that the non-
arbitrage condition is characterized by the existence of an equivalent martingale measure. Conse-
quently, we take

d(B
PUVM .— [P ¢ P> : B is P-martingale and <dt>t € [0%,5%], P-a.s.}.

The superhedging problem under model uncertainty was initially formulated by Denis&Martini [6]
and Neufeld&Nutz [17], and involves delicate quasi-sure analysis. Their main result expresses the

cost of robust superheging as

<sUVM [ _,. —r
Up = & [e HQ&(BHQ/\')} ‘= Sup EP [e HQg(BHQA')}7
PepUVM

where r is the discount rate. Further, define v on Q€ as:

=UVM

u(w) =& [e*THgf((BHQ/\.)“’)}, for all w € Q°. (7.1)

We are interested in characterizing u as the viscosity solution of the corresponding fully nonlinear
elliptic PPDE.

Assumption 7.1 Assume that
£ e BUC(R2?), o >0, and the discount rate r > 0.

Proposition 7.2 Under Assumption 7.1, the function u defined in (7.1) is BUC and is a viscosity
solution to the elliptic path-dependent HJB equation:

1
ru — L|0,u| — sup 5528fmu = 0o0onQ, and u=¢ on 0Q
Bela,o]

In preparation to the proof of the proposition, we first show two lemmas.
Lemma 7.3 The function u defined in (7.1) is BUC.

Proof By (5.3) and the fact that £ € BUC(0Q), one may easily obtain the desired result. |
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Lemma 7.4 Let¢& € BUC(OQ). There exists a probability measure P* € PYVM such that e u(B;.)
is a P*-martingale.
Proof Denote ¢} := 2% for i < n2" and n € N. Define process @; := e "*u;. Note that the tower
o - SUVM, . . . .

property implies that 4y = & [ti¢n]. Since PUVM 5 weakly compact and u is BUC, there exists
a probability measure P{} such that

. =UVM, . no

Ug = & [Ut?] = EPO [Ut?]
Since the space 2 is separable, we may find a countable Fy»-measurable partition {IE; };en such that
|w— [l < e for all w,w’ € E;. Fix an w’ € Ej. As before, there exists probability measures Py
such that

iy (w') = B [(iagg )]
For w € E;, we have |up (w) — uer (w?)] < p(e) and [[(ug ) — (ugg )09 || < p(e), where p is the

modulus of continuity of w. Thus, we obtain that
- PUS T N w
Gy (w) < E [(gg) %] + 2p(e). (7.2)

Define P7*°(A4) := EFo [}, ]P’;‘y’f(AtiLvB)l{Bt?A‘eEi}]. Clearly, still P1* € PYVM. Note that (7.2)
implies that @ < EFU Gy | Fir ] + 2p(c), Pi-a.s. Again, since PYVM is weakly compact and u
is BUC, there exists P} € PYVYM such that @ < EF? [tigp | Fin], PP-as.. On the other hand, by
Theorem 2.3 in [19], it holds that @ > EFY [dyn | Fyn], Pi-a.s. It follows that

ﬁt? = ]EP?[thg|ft?], ]P’?—a.s.

Note that by the definition of P{*°, we know that P} = P§ on Fyn. So, it also holds that @y =
EFo [i¢n]. Repeating the construction, we may find a sequence of probability measures P, - - -, Pl
Denote P := PJ,,. It holds that for all m <n

U = EF [ﬂf,;n’]:t;n}, P"-a.s. for i < j <m2™.

c pUVM

Finally, since PYYM is weakly compact and u is BUC, there exists P* such that @ is a

P*-martingale. |

Proof of Proposition 7.2 Step 1. We first verify the viscosity supersolution property. Take

L > 0 such that L > 7 and % < o. Without loss of generality, we only verify it at the point 0. Let
p € ﬁLu(O) ie. (¢ —u)p = max, ?L[(go — o nr]- Then, for all P € PX, we obtain that for all
h >0

0o > EP |:<)OHOE/\h — 0 — Unp_Ah + uo}
Ho, Ah 1
- EPU (3020psd(B)s + 3wg05st)]
0
+EP {(e—T(HOE/\h) _ 1)%05%} _RP [e_T(HOEAh)uHoE/\h} g
Ho, Ah 1
> EP{/ (§8iwsasd<B>s —i—@w(‘psst)] +EP [(e‘r(HOs/\h) B 1)UHOE/\hi|.
0
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Now, we take Py g € PUVM guch that there exists a Py g-Brownian motion W such that B; =
At + BWy, Py g-a.s. It follows that

1 HOE/\h 1
0 > EE]P’/\,ﬁ |:/ (55283(”@8 + )\aw@s)ds + (677”(1105/\}1) _ 1>UH05/\h:|'
0

Let h — 0, we obtain that 0 > —rug + 1820200 + AD.po. Since A € [-L, L], 3 € [0,5] can be

arbitrary, we finally have

1
rug — L|0,po| — sup 5528iw<p0 > 0.
B€(a,o]

Step 2. Now we verify the viscosity subsolution property. Without loss of generality, we only verity
it at the point 0. Let ¢ € A%, i.e. (¢ —u)p = min, o [(gp — UWhe, AT]. Take the probability measure
P* € PYYM in Lemma 7.4, so that u is a P*-martingale. Then it holds that for all A > 0

0 S ]E]P* [SOHOE/\h - Q@O - uIIo€ Nh + uo]

p* II()E/\h 1 )
< E [/ (30205d(B), + DipudB,) |
0
+EF [(G_T(HOEM) _ 1)UHOEM} _E¥ I:e_r(HOE/\h)uHOE/\h:I + ug
. HOE/\h 1
< EF / <L\3w<ps| + sup fﬂ283wgos)ds + (e"’(HOEAh) — Do nn | -
0 BEla,T)

Divide the right side by h, and let h — 0. Finally, we get

1
rug — L|0,wo| — sup 55283)“)@0 < 0.
BElo,o]

8 Appendix

Proof of Proposition 2.8 The first result is easy, and we omit its proof. We decompose the

proof in two steps.

=L
Step 1. We first prove that £ [Hp| < co. Without loss of generality, we may assume that D = O,..
Further, since
Hp, < H}n =1inf{t >0: |Btl\ >r},

without loss of generality, we may assume that the dimension d = 1.
We first consider the following Dirichlet problem of ODE:

1
—L|0yu| — zaixu —1=0, wu(r)=u(-r)=0. (8.1)
It is easy to verify that Equation (8.1) has a classical solution:

u(z) = %(eLQT — eL%) - %(R —z)for 0 <z <r, andu(r)=u(—z)for —r<z<O0.
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Further, it is clear that u is concave, so u is also a classical solution to the equation:

—L|0yu| — 1 sup POZu—1=0, u(r)=u(-r)=0. (8.2)
2 2<p<ar

Then by Itd’s formula, we obtain
HOT 1 HOT
0= U(BHOT) = Up + / 81U(Bt)dBt + § / 8i$u(Bt)d<B>t
0 0
Taking the nonlinear expectation on both sides and recalling the definition of Q*# in (2.3), we have

a, Hor 1 2
0= up + B U (wdpu(By) + Qﬂfaixu(Bt))dt] forall ol <L, <B <2 (83)
0

Since u is a solution of Equation (8.2), we have
.8 Ho,. 1 »
EQ™ {/ (atazu(Bt) + iﬁfaimu(Bt))dt} < —EQ [Ho, ]
0

Hence uy > ol [Ho,]. On the other hand, taking o* := Lsgn(d,u(B;)) and 8* := /2, we obtain
from (8.2) and (8.3) that

a*,B*

Uug = E
So, we have proved that ug = gt [Ho,]. Consequently, gt [Ho,] < 0.

Step 2. Note that

[Hp]
T
By the result of Step 1, we have CL [Hp > T] < %7 and then limg_,o, C¥ [Hp > T] = 0. Further,

Clup >T) <

CL [Hn<HD] < CL [Hn<HD;HD§T]+CL [Hn<HD;HD>T]

< Clm, <T)+C*[up >T).

We conclude that lim,, o, C* [H, < Hp] =0
Denote D* := {y: 3z € D, y = z — z}. Then, define D := U,epD*. Note that

Hp < Hp forall z € D.
Hence we have

sup CP [uf, > T < C" [np > T] — 0.
xeD

Proof of Lemma 5.8 Denote §h := h!' — h?. By standard argument, one can easily verify that
function w(x) := gho [((611):]3) + fOHE codt} is a viscosity solution of the nonlinear PDE:

1
—co — Lo|Dw| — 5 sup o?:D*w=00on D, andw = (6h)" on dD.
1/%0IdSUSV2LOId

25



Let K be a smooth nonnegative kernel with unit total mass. For all > 0, we define the mollification
w" := wx* K" of w. Then w" is smooth, and it follows from a convexity argument as in [14] that w"

is a classic supersolution of

1
—co — Lo|Dw"| — 3 sup 0?:D*w" >0o0n D, andw" = (6h)" * K" on 0D. (8.4)
w/[%]dfa'f\/gl/old
We claim that

w" + v? is a supersolution to the PDE with generator g',

where 0" := w"+||w"—(6h)T || ~. Then we note that w"+v? > w?+h?+||w?—(5h) T || > ht = v!
on D. By comparison principle in PDEs, we have @w"” +v? > v! on cl(D). Setting n — 0, we obtain
that v! — v2 < w. The desired result follows.

It remains to prove that w + v? is a supersolution of the PDE with generator g'. Let zq € D,
¢ € C*(D) be such that 0 = (¢ — w" — v?)(z¢) = max (¢ — @w" — v?). Then, it follows from the
viscosity supersolution property of v? that L2(¢ — w")(x¢) > 0. Hence, at the point xq, by (8.4) we

have
L' > L'¢-L*(¢—u")
= —g'(¢. D¢, D*¢) + g*(¢ — @", D(¢ — @"), D*(¢ — 0"))
> —g'(¢, D, D*¢) + ¢°(¢, D(¢ — w"), D*(¢ — w"))
1 1
> ¢o+ Lo|Dw"| + = sup o2 :DQw"—co—a~Dw”—§'y:D2w”
1/%Idgag\/2l/0[d

> 0,

where |a| < Lo and L%Id <y <2Lgly. |

Proposition 8.1 For all n > 1, there exists a modulus of continuity p such that
=L wt w? e
3 [|HQ — |} < p(d°(wh,w?). (8.5)

Proof By the tower property, we have

—L Wl w? =L Wl w2 =L w! w?
& [|HQ —HE @ < €& [|HQ — HE |1{H51§H‘fé2}:| +& [|HQ —HE |1{H51>H§2}}
w2®B 1 w1®B 2
—=L [=sL HET A~ —L [=L HGTA
< £&"[n, L ey ] +E7[E" 16 [

So, it suffices to show that there exists a modulus of continuity p such that
W2®W/W1

P [HQ ‘e A} < p(de(wl,wz)), for all w’ such that HZJ; (W) < H‘@’Z (W).

Further, without loss of generality, we may assume that the dimension d = 1 and @ = (a,a + h).
Denote z; := w%(wi) and y; 1= x; + w;wl for ¢ = 1,2. Note that
Q

2 ’
W W 1

1 — 2l =lo1 — 22|, 11 €0Q, 12€Q, and H, ¢ " =Hgu.
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In particular, d(y2, 0Q) = |x1 — x2|. We next consider the Dirichlet problem of ODE:

1 h h
—L|oyu| — = sup P2,u—1=0 and u(—=)=u(z)=0 (8.6)
2<p<ar 2 2
Then, as in the proof of Proposition 2.8 in Section 8, we can prove that Equation (8.6) has a classical

solution and

- h
gL[Hng] = u(i — |IL‘1 — SC2|) S p(|$1 — $2|),

where p is the modulus of continuity of w. The proof is complete.
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