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VISCOSITY SOLUTIONS OF FULLY NONLINEAR ELLIPTIC
PATH DEPENDENT PDES

ZHENJIE REN

ABsTrRACT. This paper introduces a convenient solution space for the uni-
formly elliptic fully nonlinear path dependent PDEs. It provides a wellposed-
ness result under standard Lipschitz-type assumptions on the nonlinearity and
an additional assumption formulated on some partial differential equation de-
fined locally by freezing the path.

Part 1. Introduction

Consider a Dirichlet problem for a fully nonlinear elliptic path-dependent partial
differential equation (PPDE) defined on a set of continuous paths Q@ C Q = {w €
C([0,T]; R) : wy = 0}:

(0.1) —Lu(w) = -G (,u,0u,du) (w)=0,t<T, weQ,

r Y ww
uw) = €&w), wed.
for some progressively measurable nonlinearity G: Q x R x R% x S, where S? is
the set of symmetric matrices of size d with real entries. Ekren, Touzi and Zhang
[1, 2, 3] have considered parabolic PPDE with a terminal condition. However, in the
elliptic equation, the time variable is absent. Instead of working with the terminal
condition, we need to work with the boundary condition.

When the nonlinearity G is semilinear, i.e. linear with respect to the 92 ju-
component, the theory of backward stochastic differential equations with random
terminal, studied by Darling and Pardoux [5], Briand and Hu [6], provides a well-
posedness result for the Dirichlet problem. They also related the solution to the
corresponding elliptic PDE in the Markovian case.

The first contribution of this paper is to find a convenient solution space. A
series of observations lead to the space Q¢ := {w € Q : for some t > 0, w = win.}
instead of the whole space Q. Also, we define a distance d(-,-) on ¢ such that
the corresponding regularity of the nonlinearity G and of the boundary condition
¢ ensures that the solution is independent of time (elliptic). Then, we define the
derivatives by the functional Ité formula. Finally, inspired by [3], we define the
viscosity solution, by using the nonlinear expectation.

The paper contains the main wellposedness theory for the above PPDE. We
mainly follow the framework of [3]. The extra technical difficulty comes from the
boundary. The irregularity of the hitting time of the boundary makes some esti-
mates more complex. To show the wellposedness, we start from the partial com-
parison result which states, under fairly general condition on the nonlinearity G
and the boundary condition &, that for any bounded viscosity subsolution u' and

Key words and phrases. Path dependent PDEs, Dirichlet problem, viscosity solutions, nonlin-
ear expectation, comparison principle.
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supersolution u? with «! < u? on 90, we have u! < u? in O, provided that one of
them is smooth. Then, we follow the spirit of the Perron’s approach to construct a
viscosity solution and prove that the comparison result of bounded viscosity sub-
solutions and supersolutions holds true without the requirement that one of them
is smooth. In this Perron’s approach, the constructed viscosity solution is obtained
from the solutions to the path-frozen PDEs.

The rest of the paper is organized as follows. Part 2 introduces the solution
space, defines the derivatives and recalls the nonlinear expectations. Part 3 gives
the definition of the viscosity solutions to the elliptic PPDE, lists the basic as-
sumptions of wellposedness, and introduces some tools which will be crucial in the
following discussions. Part 4 explains the comparison principle so as to achieve the
uniqueness. Part 5 verifies that the function constructed before is indeed a viscosity
solution so that we get the existence. Part 6 gives some more technical proofs.

Part 2. Preliminaries
1. THE CANONICAL SPACE

Let Q := {w € O(RT,RY) :wg = 0} be the set of continuous paths starting from
the origin, B be the canonical process, F be the filtration generated by B, and Py
be the Wiener measure. Also, denote by S? the set of d x d matrices and

d
Ty = szyz for all z,y € R, ~ : n = trace[yn)] for all v,y € 7.
i=1

Let € be the subset of ) containing all the bounded paths. We define the supreme
norm on §p:

lwl]| := sup |ws| for all w € .
s>0

For any w € Q and s,t € RT, we denote

lwll, == sup [ws|, [lw]l} == sup |wal.
s<t s<u<t

Let w,w € €. The concatenation is defined as

(W@ w )(s) == wslo,(s) + (we + Wy y)Lit,00)(8)-
Also, given ¢ : Q2 — R, we define
(1.1) W) = pw @ w).

As in the work of ETZ [1], the theory of viscosity solutions to PPDEs is closely
related to the BSDEs. In the viewpoint of BSDE, the canonical space is a convenient
background for the probability set up. In the parabolic case the solution to a PPDE
can be well defined on the same space. However, when talking about the elliptic
equations, we need a slightly different solution space for the PPDEs.

2. SOLUTION SPACE FOR ELLIPTIC PPDESs
We define a subset of © (also in €):

Q°f :={w € Q: w = wsa. for some t > 0},
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a subset of paths with flat tails. We consider )¢ as the solution space for the elliptic
PPDEs. We denote

t(w) :=1inf {t : w = wyn.} for all w € Q°.
In this paper we treat the Dirichlet problem.

Definition 2.1. We denote by R the set of all open, bounded and convex subsets
of R,

Let @ € R. We define a subset of 2° in which the paths take value in Q:
Q= {wGQe:thQforalltERJr}.

Q is the domain of our Dirichlet problem. Also we define the boundary and the
closure of Q in the following sense:

09 :={weQ°:t(w) = How)}, cl(Q) := QUIQ,

where Hg(w) := inf{t : w; ¢ Q}, the hitting time to the boundary of Q). Later,

we will use other subsets of R. In that case, if , for instance, D € R, then the

corresponding subset D, D, cl(D) in Q¢ and Hp are defined in a similar manner.
Define the concatenation in Q°:

(W&wW)(s) == (w ®Of(w) w')(s) for all w € N, w € Q.
Similar to (1.1), we define:
@ (W) := " @(W') for all w € Q°.
In particular, for the functions on R:
0" (y) := p(x +y) for all z,y € R%

We denote by T the set of all F-stopping times, and by H C T the subset of the
hitting times Hp, where D € R. Moreover, fixing w € Q°, we set H* the subset of
the stopping times Hjj with the form:

Hf)(w/) = inf {t >0: wngw; ¢ D},

that is, the hitting times for the paths starting from w;. For a function ¢ on €, we
may denote

(oHp)” = s&“ﬁg for all w € D.

We also use the hitting times for the paths starting from a point z € R? denoted
by

Hj(w):=inf{t:z+w; ¢ D}.
Correspondingly, given a function ¢ on R?, we may denote
x ._ T
((pHD) = QDH}S'

To give a further explanation of why we choose €2¢ to be our solution space, we
explore the relation between the PPDEs and the BSDEs.
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2.1. Heuristic idea of choosing the space. This section provides a heuristic
idea of choosing the space 2°. The reasoning is not strict, and some notations are
not, defined precisely. The readers can find the rigorous proofs in the subsequent
sections. Here, we prefer to make the motivation clear.

Darling and Pardoux [5] presented the relation between semilinear PDEs and
Markovian BSDEs. In the markovian case, they showed that the solutions to the
BSDEs are the viscosity solutions (in the classic sense) to the corresponding PDEs.
In our path dependent context, we are going to generalize their approach.

Let a semilinear elliptic PPDE be of the form
(2.1) —182 u— F(w,u,0,u) =00n Q, u=¢ on 9Q.

20.)0.)

Adapting the idea of Darling and Pardoux, we are interested in connecting PPDE
(2.1) to the following BSDE with a random terminal:

Hq Hq
F(Bsna.,Ys, Zs)ds — / ZsdBs,Po-a.s.,

tAHqg

(22)  Yi—€Bugn)+ |

tAHg
where Py is Wiener measure. First, it is proved by Darling and Pardoux [5] or
Briand and Hu [6] that the BSDE has a unique solution under some general con-
ditions. We want to show that the solution to BSDE (2.2) is indeed a viscosity
solution to PPDE (2.1), i.e. u(t,w) = Y;(w). For this purpose, we set the follow-
ing group of BSDEs with a random terminal. For all (¢,w) € RT X Q such that
win. € Q, we set

HE

(23) Y = @B+ [ F(Ba Y, Z)ds

u/\ng
HE®
—/ Zz’des, Py-a.s.
u/\ng
By the uniqueness of solution to a BSDE, we may show that
(2.4) Y3 = Yi(w), Po-ass.
Therefore, we are interested in verifying that
(2.5) u(t,w) == Yy*

is a viscosity solution to PPDE (2.1).

Since we are treating the elliptic equations, the first requirement is that the
solutions should be independent of time, i.e. J;u = 0, where 0; is the Dupire’s
time derivative. Clearly, this cannot be satisfied unless ¢ and F' have a particular
structure. Assuming this requirement is satisfied, we may abuse the notation:

u(t,w) = u(win.),

since we have (2.4) and Y is adapted as the solution to the BSDE (2.2). Recall
that (¢,w) is a pair in RT x  such that wix. € Q C Q°¢. Hence, we can indeed well
define a function on Q°:

w t(w),w
(2.6) w(w) = Y = Y,

which justifies the choice of Q¢ as the solution space.
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2.2. Distance on °. The example of the semilinear elliptic PPDE also helps
to define a convenient distance on the space 2. We want to equip Q¢ with a
topology in which the regularity of the generator F' and of the boundary condition
& guarantees that the solution u is independent of time.

As we have mentioned, u defined in (2.5) needs to have the null ¢-derivative.
Indeed, we have the following observation.

Proposition 2.2. Let u be defined as in (2.5). Suppose that for any y and z,
F(-,y,2z) and £ satisfy the followmg pmperty (P) : for p: Q¢ — R,
(P) for allw € Q and w' € Q°: p(w @sw') = P(w @5 0 Dgppnw ), Vs, h >0 .
Then dru(s,w) =0, for wsa. € Q.

Proof. For any h > 0, we know that u(s 4+ h,wspa.) = Y}JSHL’W“'. The Dupire’s
t-derivative is defined as
u(s+ hywsp.) — u(s,w)
0 =1 .
ruls,w) = lim, h

Since ¢ satisfies the property (P), we have
E(Bugen) = €((w®s B)Hgn.)
= 5 ((w Rs 0 ®S+h B)HQ/\-) = §S+h7w8/\> (BHSQ+’I’NSA'/\‘)'

In the same way, we may show that F*“(B.,y,z) = F*Thsn(B. y, ). Finally, by
the uniqueness of solution to a BSDE, we conclude that

u(s + hywsa.) = u(s,w).
Hence d;u(s,w) = 0. O

The following example shows that if F' or £ does not satisfy property (P), it is
possible that d;u # 0. So the solution could no longer be elliptic.

Example 2.3. Set the parameters of the BSDE (2.2) as:

t(w)
F=0, £w) :/0 w(s)ds, H(w) = inf {t: [w(t)] > 1}

Note that ¢ does not satisfy the (P) property. We are going to calculate the ¢-
derivative of u. We have

u(t,w) =Y (0) = E[¢ (w ¢ B)rin.)] -

We divide the discussion into two cases.
(1) If |win ]| > 1, i.e. H(w) < t, then

H(w)
E[§((w®t B)un)] = /0 wsds.

In this case, the t-derivative is equal to 0.
(2) Otherwise, we have

Hbtw
/ (wt + Bs)ds
0

t(w)
0

E [ ((w® B)un)] = /O wods +E

The t-derivative is w;, which is not necessarily 0.
Finally, we conclude that £ in the form &(w) = w(s)ds leads to a solution

which is not elliptic.
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Now a natural question is how we can introduce a topology in which the contin-
uous functions automatically satisfy property (P). For this purpose, we introduce
the following distance ignoring the time.

Definition 2.4. On the space 2°, we define the following pseudometric. For any
w,w € 0°,
e/ N .
d°(w, @) = llgte;?fm) |wiey — @il

where 7 is the set of all increasing bijections from [0, +00) to [0, +00). Moreover,
we denote by C(2°) the set of continuous functionals on Q¢ with respect to d°(-, ).
We also use the notations C (Qe; Rd), C (Qe; Sd) when we need to emphasize the
space where the functionals takes values.

Note that in the definition of d°(-,-), we make use of the time scaling to remove
the importance of the time.

Proposition 2.5. The following statements are correct.
(i) For all w € Q°, d°(w,0) = |jw]|.
(ii) Fort <t we have

d®(w &y w/,w ®: 0@y w/) =0, Yw € Q,w/ € Q°.

In particular, given ¢ € Cy(2¢), we have ¢ (w Py w/) = (w @08, w,), ie. @
satisfies property (P).

(iii) Let {x;}i=1.... n be a sequence in R, and {t;}i=1,... n and {t;}i=1.... n be two
different time sequences. Denote by w the linear interpolation of {(ti,x;)}i=1,.
and by & that of {(ti,x:)}iz1,... n. To make both w and & be in the space Q°, add
flat tails to them. By the definition of d°(-,-), we can easily verify that d°(w, ) = 0,
while ||w — @||, the supremum norm, can be arbitrarily large.

The proof is easy and omitted. Indeed, in order for property (P) to be satisfied,
we need, in a certain sense, to consider distance d®(-,-).

Proposition 2.6. Let ¢ be defined on Q. The following two statements are equiv-
alent:

(1) ¢ is continuous w.r.t. the distance d°(-,-), P-q.s.;

(2) ¢ satisfies the property (P) and is continuous w.r.t. the supremum norm ||-||
PL_g.s..

The family of probabilities P¥ will be introduced later in Section 3. Since the
proof is neither trivial nor needed for our main results, we will present it in Appen-
dix.

2.3. Derivatives. To give a precise as well as a brief definition of the derivative of
a function defined on Q°, we turn to ETZ [2, 3|, where they introduced a class of
C'2 processes by using the functional Ité’s formula.

Definition 2.7. (1) Denote by H (E) the set of all F-progressively measurable
processes with values in E. In particular, denote by H° (B{(0)) (where B{(0) :=
{x eR?: 2] < L}) the set of all d-dimensional F-progressively measurable pro-
cesses which are bounded by L.

(2) Similarly, H° ([al4, b1,)) is the set of all S%-valued F-progressively measurable
processes which satisfy:

aly < By < bl for all t € RY.
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We define a family of probability:

t t
2.1 P = {IP’ : By :/ asds +/ BsdWE, P-as., for some
0 0

(o, B) € HY (Bg (0) x {O, v2LId}) , P-Browinan motion WP}

Furthermore, define
Py = UL>O7)§.

Definition 2.8 (The class C?(Q°¢)). We say that u € C?(Q¢), if u € C(Q2¢) and
there exist d,u € C' (Qe;Rd), 2 ueC (Qe; Sd) such that, for any w € 2 and any
P e P5e, {u(wen) ;> is a local P-semimartingale with decomposition:

(2.8) du(win.) = Opu(win.) - dBy + %inu(wt/\.) 1d(B),, P-as.

By a direct localization argument, we see that the above d,u and 92 u, if they
exist, are unique. Consequently, we call them the first order and the second order
derivatives of u, respectively.

Since we are discussing the Dirichlet problem, our solutions are defined only on
the domain Q.

Definition 2.9. For D € R we say that u € C*(D), if u € C(cl(D)) and there exist
duou € C (D;Rd), 2. ueC (D;Sd) such that, for any w € {} and any P € Pg°,
{u(wen.)} +>0 1s alocal P-semimartingale and the following property holds: vt < Hp,

(2.9)  wu(wia.) / Owu(wsh.) - dBs +/ 28wwu wsn.) 1 d(B),, P-as.

2.4. Class of solution. To ensure the wellposedness of the viscosity solutions to
the PPDEs, we need to set a requirement on the regularity of the solutions.

Definition 2.10. We denote by BUC(Q) the collection of functions u : cl(Q) — R
such that u is bounded and uniformly continuous, i.e. there exists a modulus of
continuity p such that

u(w) — u(w)| < p(d*(w,w)) for all w,w € cl(Q).

Since we are going to handle several uniform continuous functions (the genera-
tors, the boundary conditions, the solutions, etc.), many different moduli of conti-
nuity will be concerned. However, the moduli themselves are not essential in our
discussion. Therefore, for simplification, we allow ourselves to abuse the notation
of p, which can be different from line to line. In addition, without loss of generality,
we assume that p is concave.

3. CAPACITY AND NONLINEAR EXPECTATION

As in the framework of [3], the capacity and the nonlinear expectation play an
important role in the definition of viscosity solutions to parabolic PPDEs. In the
elliptic case, they will still be crucial.
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Let P be a family of probabilities on 2. The capacities and the nonlinear expec-
tations in our discussion are always in the form:

(3.1) C[]:=supP[], E[] :=supEF[], £[]:= inf EF []

PEP PeP PeP

3.1. Notations of capacity and nonlinear expectation. Define a family of

probability measures
L L /2

Lemma 3.1. PF is weakly compact.

As in (3.1), we define C*, " and EL. Further, the conditional nonlinear expec-

tation in this paper is denoted as:
(3.2) & [X] (w) = sup EF [X"¥].
PcPL

3.2. Properties of the capacity and of the nonlinear expectation. Accord-
ing to Nutz and Van Handel [7], the conditional nonlinear expectation defined in
(3.2) satisfies the tower property:

(3.3) ?5 []= gk [?f []} for stopping times o < 7.

s

Let Hp € H. For X € LY(A) and (t,w) such that wix. € D, denote

Sy [Xrpn] (w) i= sup &) [(Xonmn) (@),
TET?

SF (Xupn] @) = inf EF [Xrnny] (@),

We recall from ETZ [4] that the following characterization of the optimal stopping
problems holds.

Theorem 3.2 (Snell envelope characterization). Let Hp € H and X € BUC(D).
Define the Snell envelope and the corresponding first hitting time of the obstacles:

Y =8 [Xupn], 7 =inf {t >0:Y; = X,}.

—L =L .
Then Yo+ = X;. Y is an & -supermartingale on [0, Hp] and an € -martingale on
[0,7*]. Consequently, 7* is an optimal stopping time.

Apart from the tower property and the optimal stopping theorem, the capacity
has some other properties which will be useful in our future arguments.

Fix any D € R. Let O C D be also in R. Then define a sequence of stopping
times H,:

(34) HOZO, Hi+1 = inf{SZHiiBs—BHi ¢O}, ZZO
Proposition 3.3. (1) For any T € R*, lim,, o, CY[H, <T]=0,i=0,1.

(2) We have gt [Hp] < 0.
(3) limy o0 CE [H,, < Hp] = 0.
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Proof. (1) and (2) are easy to show, so we omit the proof here. We prove (3) as
follow.
First, we have

CHHp >T] < ———.
By (1), we have CX [Hp > T] < £. It follows

lim C*[Hp > T] = 0.

Too
Furthermore,
Cl'[H,<Hp] < CY[H,<Hp;Hp <T|+C*[H, < Hp;Hp >T)
< CctH,<T|+CM[Hp >T].
Finally, by (2), the result follows. O

Corollary 3.4. We have
(3.5) lim sup C* [H,, < HE] = 0.

n—oo zeD
Proof. For any D C R?, we put D* := {y: 3z € D, y =z — x}. Take a bigger set
in R: D :=UzecpD®. Then observe that

Hf, < Hp forall z € D.

Hence we have

sup C*[Hf, > T) < C* [Hp > T] — 0.
xeD

4. EXTENSION OF C?(Q)

It is important for us to propose the following extension of C?(Q), which is the
class of the piecewise smooth functions.

Definition 4.1. Let v : Q@ — R. We say that u € 62(Q), if w is bounded, u(w¢a.)
is continuous in ¢, and there exists an increasing sequence of F-stopping times
{Hp;n > 1}, such that

(1) for each i and w, Hﬁfl’w € H“"ir whenever H;(w) < Hg(w) < oo; for any
L > 0 the set {i : Hi(w) < Hg(w)} is finite PL-q.s. and lim; o, C§ [Hy < HE| =0
for any w € Q;

(2) for each i there exist d,u’, 02, u’ such that for all w, (J,u’)”"" and

(af,wui)wH”' are both continuous on Of := {w;A, eQ:t< Hﬁil’w} and such that
for all t € [Hz, Hi+1)
t ) tq .
u(win.) — w(wma) = / Ouu'(wsp.) - dBs +/ §3f,wuz(ws/\.) 1d(B),, Py°-q.s.
H; H;

Since Hﬁil’w € HHir | there are sets in R corresponding to the hitting times.
We will call them OY.
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Part 3. Fully nonlinear elliptic path dependent PDEs
5. DEFINITION OF VISCOSITY SOLUTIONS TO UNIFORMLY ELLIPTIC PPDES

In the previous discussion, we have mentioned the form of the semilinear elliptic
PPDEs (2.1). However, at that moment the discussion was only heuristic. In this
section, we will introduce the elliptic PPDEs in rigorous way.

Define

(5.1) Lu(w) = —G(w,u,0yu,02,u) =0, we Q;

The nonlinearity is denoted by G and the boundary condition by &.

Assumption 5.1. The nonlinearity G : Q x R x R x S satisfies:
(i) For fized (y,z,7), G(-,y,2,v) € L°(Q) and |G(-,0,2,0)| < Cy uniformly in
2.
(i1) G is uniformly elliptic, i.e., there exists Lo > 0 such that for all (w,y, z)

1
G(wvyaza’}/l) - G(wvyaza’YQ) > L_Id : (71 - 72) fOT all 71 > v2-
0
(iii) G is uniformly continuous on Q° with respect to d°(-,-), and is uniformly
Lipschitz continuous in (y, z,7y) with a Lipschitz constant L.
(iv) G is uniformly decreasing in y, i.e. there exists a function X : R — R strictly
increasing and continuous (A(0) =0), and y2 > 11

G(Way17277) - G(wvaaZa’Y) Z )\(yQ - yl)
For any v € BUC(Q), w € Q and L > 0, define:

Al u(w) :=={p € C*(D) for some D € R : (o —u”)o = 0=S" [(p — u)gsn] }s

—L

A u(w) = {cp € C*(D) for some D € R: (¢ —u)g =0 = S* [0 —u“)Hg ] }

Remark 5.2 (u on 2\Q°). In the above definition, Hp can possibly take the value of
oo. In that case, u(BpA.) is not defined, since u is a function on Q°¢. However, it is
not essential, because Hp < oo PF-q.s.. If necessary, we can define complementarily
uw:= 0 on Q\Q°.

Definition 5.3. (i) Let L > 0. We say that u € BUC(Q) is an L-viscosity subso-
lution (resp. L-supersolution) of PPDE (5.1) if, for w € Q and any ¢ € A"u(w)

(resp. p € IlLu(w)):
—G(w, 9(0), Dup(0), 82,¢(0)) < (resp. >) 0.

(ii) We say that u € BUC(Q) is a viscosity subsolution (resp. supersolution)
of PPDE (5.1) if u is an L-viscosity subsolution (resp. L-supersolution) of PPDE
(5.1) for some L > 0.

(ili) We say that u € BUC(Q) is a viscosity solution of PPDE (5.1) if it is both
a viscosity subsolution and a viscosity supersolution.
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6. CONSISTENCY WITH THE CLASSICAL SOLUTIONS

In this section, we verify that the definition of the viscosity solution is consistent
with that of the classical solution.

Proposition 6.1. Let Assumption 5.1 hold. Given a functional u € C?(Q), then
u is a viscosity solution to PPDE (5.1) if and only if u is a classical solution.

Proof. First, suppose that u is an L-viscosity solution to the PPDE. Set ¢ := u.

Obviously, ¢ € ZLu(w) (resp. ¢ € Alu(w)), for any w € Q and L > 0. By the
subsolution (resp. supersolution) property of u, we deduce that Lu(w) < 0 (resp.
> 0). Therefore, Lu(w) = 0.

On the other hand, suppose that w is a classical solution. Without loss of gen-
erality, we prove only that w is an Lg-viscosity supersolution at 0, where Ly is the

. . . . —L
constant in Assumption 5.1. Assume the contrary, i.e. there exists ¢ € A Ou(O)

such that —c := Lp(0) < 0. Let Hp be the hitting time required in ZLOU(O). Since
¢ € C%(D) and u € C?(Q), without loss of generality we may assume that

Lop(win.) < _< and |pr — ol + |ur — ug| < L, for allt < Hp.
2 6L

Since ¢ € ./TlLUu(O), it implies that for all P € PLo:
(6.1) 0= (¢p—uo>E"[(¢p—u)n,]

Denote GF¢ := oF - 0,0 + 1(8F)% : 62,¢. Again, since ¢ € C*(D) and u € C*(Q),

we have

Hp
0 > E'[(¢—u)u, — (p—u)] =E G (e — U)st]
0
Hp ¢
Z EP |:/ (5 _G(ws/\‘;(ps;aw(psaaiw()os)
0

+G(Ws/\-7 Us, awu57 af;wus) + gP(QO — U)s)d5:| ;

where the last inequality is due to the supersolution property of v and the mono-
tonicity in y of G. Since g = ug, we get

Hp c
0 2 8| [ (5 Gl dupn i
0
+G(wsh-, o, Optis, 83,qu) + QP(ga - u)s)ds] .
Now let n = 5. We may assume that

Hp < inf{t >0 : p(d°(win., 0)) + [Duspr — Dupol + 02,01 — D20l

+|awut - ao.)uO| + |a¢3wut - af)wu0| > 77}
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Thus,
Hp
c P P 2
0 = (5 CoE [Hol + B [ (=G 0,00, )
0
+G(’ uo, awuo, Q%wuo) + gIP((p — u)o)ds
c Hp 1
= EEP[HD]+EP/ (a.aw(u—¢)0+552:agw(ufw)o
0
+G7 (¢ — u)o ) ds,
for some }a} < Lo, /L/21; < B < V2LI;. Now choose P* € PLo such that
o =a, Bf" = 3. Then 0 > %EP* [Hp], which is a contradiction. O
7. PATH-FROZEN PDE

Given a nonlinearity G satisfying Assumption 5.1, define the following function
on R x R? x S%:

(7.1) 9°(y,2,7) == G(w,y,2,7), w € Q.
For any € > 0, we denote

(7.2) Oc:={zeR%: |z| <e}.

Denote

02 :=0.nQ, 02" =0.NQ".
Also by abusing the previous notation, we introduce
O?’w = 0. NQY, forall w e Q.
We introduce here a path-frozen PDE with the nonlinearity ¢* as in (7.1) :
(E)* L*v:=—g“(v,Dv,D?*v) =0 on O%*.

Notice that for fixed w € Q, this is a standard deterministic partial differential
equation for which we now assume the following wellposedness condition.

Assumption 7.1. Fore >0, w € Q, and h € C(002¥), we have T = v, where
v(z) := inf {w(z) : w € C*H02) N C(cl(02*)), Lw > 0 on OZ*,w > h on 902},
v(z) :==sup{w(z) :we C*HO2) N C(cl(02*)), Lw < 0 on 02, w < h on 0L} .

Remark 7.2. This assumption implies two points. First, by applying the comparison
principle of PDE, we may deduce that 7 = v is the unique viscosity solution of (E)¥.
On the other hand, there exist regular approximations of the solutions.

8. TWO IMPORTANT FUNCTIONS

Recall the class 62(Q) in Definition 4.1. The following two functions will be
essential in our future construction of solution:

(8.1) u(w) := inf {w(w) VNS 52@)} , u(w) :=sup {’L/J(w) VNS Qg(w)} ,

where

Dy (w) = {w € C°(Q¥) : 4 is bounded, L% > 0 on Q, ¥ > £ on aQ} ,
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DS (w) = {w € C°(Q¥) : 4 is bounded, L% < 0 on O, ¥ < £ on aQ} .
Indeed, we shall finally show that @ = u is the unique viscosity solution to PPDE
(5.1).

Proposition 8.1. Let Assumption 5.1 hold and || < Cy. Then @ is bounded from
above and w is bounded from below.

Proof. Set a constant function:
’l/) = /\_1 (Co) + Co.
Note that ¢ € C2. Observe that ¢ > Cy > £. Also,
(Ly)y = —=G*(-,¢5,0,0) > Co — G*(-,0,0,0) > 0.
It follows that ¢ € 522@), and thus T(w) < ¥(0) = A7 (Cp) + Cp. Similarly, one
can show that u(w) > —A71 (Cp) — Co. O
9. STOCHASTIC REPRESENTATION FOR HJB EQUATIONS

. . =L . .
The nonlinear expectation £ is closely related to optimal control problems and
the corresponding HJB equations. In this section, we will explore this topic.
Recall the constants Ly and Cy in Assumption 5.1 and consider two functions:

1 _
(9.1) 9y, 2,7) =3 sup B%: v+ Lo|z| + Loy~ + Co,

ﬂeH“({\/Q/LUId,\/ng

1 .
(9:2) 9y, z,7) = 3 inf 8%y = Lo|z| — Co,
BeHU<{\/2/L01d,\/2LOIdD

Indeed, for all nonlinearities G satisfying Assumption 5.1, it holds
g<G<y.
Consider PDEs:
Lu := —g(u, Du, D*u) = 0 and Lu := —g(u, Du, D%u) = 0.

Let D € R, and hp : RY — R a bounded and continuous function. We define for
reD

B e HE, ’
(9.3)  w(x):=  sup gho hp(Brs )e™ Jo?brdr Co/ e Jobrdray |
beHO ([0, Lo]) 0

It is not hard to verify that if w and w are continuous, then they are respectively
the viscosity solutions to Lu = 0 and Lu = 0 with the boundary condition hp on
0D. We should pay attention to the continuity of w and w.

Lemma 9.1. There exists a modulus of continuity p, such that
E[H" — H™[] < pllar — wa]).

Moreover, define

(9.5) hp(zx) = ghe [v(z, Bz a.)]

for some v € BUC(R? x Q°). Then hp € BUC (R?).
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The proof can be found in Appendix. Indeed, we can go further to show the
uniform continuity of the functions w and w.

Proposition 9.2. Given hp in the form of (9.5), the functions W and w are
uniformly continuous in cl(D).

Proof. We only show the proposition for w. Since hp is bounded and b only takes
non-negative values, we can easily estimate that for x1,x2 € D,

! o
hD(BHgl )e_ fo bdr + CO/ e~ fo deTdt

W(21) — W(x2)| < sup EL"{ i

beHO ([0,Lo])

HY2 H?
—hp(Byza)e o 7 b — CO/ ok brdrdtH
0

—Lo
< & [|ho(Bug) ~ ho(Bugz)

| + & g - mp).
By applying Lemma 9.1, we finish the proof. (I

This uniform continuity result will be useful to show the existence of the viscosity
solution. Recall that we assume that the viscosity solution should be in the class

BUC(Q).

Part 4. Uniqueness
10. PARTIAL COMPARISON PRINCIPLE

The first step to show the uniqueness is the following partial comparison princi-
ple.
Proposition 10.1. Let Assumption 5.1 hold true. Let u®> € BUC(Q) be a viscosity

supersolution of PPDE (5.1) and let u* € 62(Q) be bounded, satisfying Lu'(w) < 0
for all w € Q. If u' < u? on 0Q, then u' < u? in Q. Similar result holds if we
exchange the roles of u' and u?.

In the proof of the proposition, we will use the result of the following lemma.

Lemma 10.2. Given a domain D € R such that D C Os (defined in (7.2)), there
exists a function | € C*(D) N C(cl(D)) such that

l=00ndD,l <0 onD and I bounded.
In particular, for arbitrary a > 0, there exists a function | such that l =0 on 0D,
l<0onD and‘l/‘ <a.
Proof. Consider the Dirichlet problem for the Poisson equation in the domain D:
Al=1on D,and [ =0 on dD.

By the classical PDE theory [9] (Theorem 4.3, page 56), there exists a unique
classical solution, i.e. I € C?(D)NC(cl(D)). Moreover, the solution can be written
explicitly as:

I(x) = EPe [HE)], for all z € D.
By Corollary 15.2 in Appendix, we have

(@) — U(2)| = [EFO [HE — HE]| < Clay — o] .
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Consequently, we get the estimate:
M <C.
It remains to verify that [ < 0 on D. Indeed, by It6’s formula, we have that for all
zeD
"y 1 [Hb
l(z+BH%)—l(x):/ l ($+Bs)'st+§/ Al(z + Bs)ds, Pg-a.s.
0 0

Observe that [(z + Byz) = 0, that I is bounded and that Al =1 in D. By taking
the expectation on both sides, we have

0—l(x) = %E [H3) > 0.

To construct a function satisfying the second statement, we only need to consider
lo = &1 O
C

Proof of Proposition 10.1. Recall the notation H,, and O% in Definition 4.1. We
now prove the proposition in two steps.
Step 1. We first show that for all i > 0 and w € Q

—L o W +
(ut — uz); (W) <€ [((u}{m)m, _ (ugm)m, ) ] )
Clearly it suffices to consider i = 0, i.e.
(10.1) (=)t (0) < [(ut =)}, |
Assume the contrary, i.e.
(1 2\+ =L 1 2\ +
2= (u' ) (0) ~ " [(u' — )}, ] > 0.

Let | be the function defined in Lemma 10.2 with the domain D := Of. Also,
denote the minimum of [ as l,;, 1= min,c.y(o0) {(z). Define

U(wt)

lm

Xi(w) = (u —u?)T(win.) — ¢ ,
Yy .=8" [Xma] and 77 :=inf{t > 0:Y; = X;}.

Note that 0 < % < 1, for all z € 08. Applying the optimal stopping result

(Theorem 3.2), we get

=L

EL X = Yo Xo=(ul - o)

w2)+(0) — o
—L —L
e+ 8 [(u =)y, | 2 e+ B [Xu].
Therefore, there exists w* € Of, such that t* := {(w*) < Hj(w*). Next, by the
definition of Y, we have

(0t =yt -

V
<
|
IS

l(wi-)
Im

) = X () = Ve (') 2 8 [(0) ] 20

Note that Z(TQ > 0. Hence, 0 < (ul—u2)+(w*) = (u' —u?) (w*). Then

Xf*’w*(w) = p(win.) — (UQ)W* (wen.) for all t € [0, HY |, where p(w) == (u!)*" (w) —
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cl(wfw for all w € Q°. Observe that ¢ € C? (((98)“*), since u! is assumed to be
in C%(Q). Using the E-supermartingale property of Y, we see that for all T € Tt

((P N (UQ)W*),:* = Xy (w*) =Y (W*) > g [Y:Aﬁl}
g [xtin] =& {(80 - <“2>w*)7AHj !

—L
ie. p € A u?(w*). Finally, by the L-viscosity supersolution property of u? and the
assumption on the function G, we have

0 S G u aw(paaww(p) (w;k*/\-)

= < u?, 0u f—l,aiwu lia> (Wien.)

Y

l’m m
< =G (,ul, 00ut, 2 ut) (win) = A ((u' = u?) (W) + Ca.
Since (u —u ) (w*) > 0 and a is arbitrary, we have

—G (-, u', 0u', 02 u") (wjhp.) > 0.

? UJUJ

This is in contradiction with the subsolution property of u'.
Step 2. We are going to show that

(u' —u?)" ()<5 {(u —UQ)LQ}.

By the result of Step 1 and the tower property of gr (as mentioned before, it is a
result from [7]), we get
(ul —u?)*t(0) <E" [(u _UZ)H for all i > 1.
Next we get that for any T > 0,
g [ -ty ] - [ - )y ] T [ - )y,
Note that C* [H; < Hg] — 0 as i — oco. Therefore,
(u' —u?)T(0) = 0.

11. CONSISTENCY OF THE PERRON APPROACH

We are going to give a constructive proof of the fact that = = u (as defined
n (8.1)). Since we follow the framework of ETZ [3], the lemmas in this section
resemble to the corresponding work in their paper. However, there are technical
differences, because we are dealing with the Dirichlet problem.

The following lemma gives an estimate on the difference between the superso-
lutions and the subsolutions to the PDEs. It will be useful when we analyze the
path-frozen PDEs.

Lemma 11.1. Fiz D € R. Let h' : 9D — R be continuous (i = 1,2), g* satisfy
Assumption 5.1, and v be the viscosity solutions to the following PDEs:

g'(v,Dv, D*v) =0 on D, v' = h' on OD.
Assume that there exists a constant cg, such that

19" (y,2,7) = 9*(y, 2,7)| < co for any (y, z,7).
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Then, denoting dv = v' — v?, §h := h' — h2, we have
—L xr
su(@) <€ (M, ) ] + Ceo.
. . 1 2 —=Lo =+ z
In particular, if g* = g*, then we have dv(zx) < & K((WL)HD) }

Proof. By the standard argument, function w(z) := ghe [(((WL)JI}D) + fOHB codt}
is a viscosity solution of the nonlinear PDE:

1
—co — Lo|Dw| — = sup 0?:D*w=0on D,
\/%OdeUS\/QLOId

and w = (6h)™ on OD.

Let K be a smooth nonnegative kernel with unit total mass. For all n > 0, we
define the mollification w" := w % K" of w. Then w" is smooth, and it follows from
a convexity argument that w" is a classic supersolution of

1
(11.1) —co — Lo|Dw"| — = sup o?: D*w" >0 on D,
\/%OdeUS\/QLOId

and w" = (§h)* x K" on 0D.
We claim that
@" + v? is a supersolution to the PDE with generator g,

where w" := w" + ||[w"” — (6h)¥|r~. Then we note that w" + v? > w" + h? +
|lw? — (6h)T||L > h' = v! on dD. By comparison principle in PDEs, we have
w" +v?% > o' on cl(D). Setting n — 0, we obtain that dv < w.

It remains to prove that @ + v? is a supersolution of the PDE with generator
g'. Letzg € D, ¢ € C?(D) be such that 0 = (¢p—w"—v?)(z) = max (¢ — @7 — v?).
Then, it follows from the viscosity supersolution property of v? that L*(¢—@")(zg) >
0. Hence, at the point g, by (11.1) we have

L'¢ > L'¢—L*¢—a")
= —g4¢, Do, D2¢) + ¢*(¢ — @", D(¢ — w"), D*(¢ — "))
> —g'(¢, Do, D*¢) + g*(¢, D(¢ — "), D*(¢ — w"))
> cO+L0|Dw"|+% sup 02:D2w”—co—a-Dw”—%7:D2w"
/B la<o<v2Lola
> 0,
where |a| < Lo and L%Id <7 < 2Lgly. O

In the next lemma, we will use the path-frozen PDEs to construct the functions
0¢,, which will be needed to construct close approximations of w and u defined in
(8.1). Before looking into the proof, we define some useful notations.

We first introduce the space of linear interpolations. For all € > 0, n > 0, denote

IT;, = {ﬂ'n = (‘Ti)lgign | < 6}.
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Example 11.2. Recall O, defined as in (7.2). We denote a sequence of stopping
times by:

HO = 0, HiJrl = mf{t Z Hz : Bt - BHI ¢ Oe} /\HQ, ) Z 0.
Then we see that (Bg,);<;<,, € I15.

For all m, € II;, we denote by w™ € €° the linear interpolation of (0,0),
(i, Z;Zl Zj)1<i<n With a flat tail extending to ¢ = co. For simplicity, we use m,
instead of w™ as superscript (e.g. O™ := O~ ").

We also denote :

Ty 1= (T, x) € II5, | for all [z < e.

n

The sequence of stopping times HZT " is defined as:
Hy" =0, H{" :=inf {t > H; 12+ By ¢ O} A H[",
) o i1
Given the canonical process B , |z| < € and =, € II,,, we define for all m > n

H™" = inf {t > H™ : B, — By, ¢ 06} NHT

m ﬂn,erBH,rgi ,(BH,,%*BH,,% )1Sj§m> m m _ H-rrfl'
W™ (@B) . w< 1 i i1 , wn @.B,He) . ,,m'(#.B)5 B o
HIA-

Q

Lemma 11.3. Let Assumptions 5.1 and 7.1 hold. Suppose that |£| < Co. Let
lzi| = €, i > 1 and T, := {x;},<;c,,- Assume that w™ € Q. Then, there erists a
sequence of continuous functions (m,,x) — 05 (7, x), bounded uniformly in (e,n),
such that

w™

0r, (mn;+) is a viscosity solution of (E)¥

and

0 (T ) = E(W™), |z] <€ and z € 0Q™,

05 (mns ) = 05,1 (7750),  |z| =€
Remark 11.4. The boundary is composed of two parts, because for the domain
O™ one part of the boundary is that of Q™ , while the other is that of O.. When
the variable touches 0Q™, we should set the solution to be equal to the boundary
condition of the PPDE. Otherwise, when 90, is touched, the value of the solution
should be consistent with that of the next piece of the path-frozen PDE.
Proof. Step 1. Recall the definition of g and g in (9.1) and (9.2). Also recall that

g<G<y.

We first prove the lemma in the case G := g and G := g. It is easier than the
general case, because Bellman equations can be represented explicitly as optimal

control problems (as we discussed in Section 9).
We first study g. For any N, denote

B(mn, 0) =87 [ ]
and forn < N —1, 6 := gjvyn(ﬂ'n; -) is a viscosity solution of the following PDE:
(11.2) —3(0, D, D*0) = 0 on 0P
0(z) = 5;7n+1(ﬂﬁ; 0) on AOP™,
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Note that éjvﬁn(wn, x) can be represented as the solution of the following optimal
control problem:
(11.3)

x T
n

_ _ Hy L o Hy™, .
vaﬁn(ﬁn, 1') — sup SLO e fo N brdTé' (wﬂ'fy (z,B,HQ)) + CO/ e Jo brdeS
beHO ([0, Lo]) 0

As we have discussed in Section 9, we may prove that ?jvﬁn(wn, x) is continuous in
both variables (m,,2). Meanwhile, observe that they are uniformly bounded.
Define

x T

7€ <Lo 7sz’n bpdr ¢ (, 7 ""(x,B,Hg) e — [2 bpdr
0, (tn,x):= sup &€  |e Jo " lim & (w n 2Q ) +Co e Jo Ui ds
bEHO ([0, o)) N 0

Then,

8, (7 @) = Oy (ms)| < CCP0 [HRE, < HY' | =0, N = .
As we have argued in Corollary 3.4, the convergence is uniform in (m,,z). This
implies that 5; (mp; 2) is uniformly bounded and continuous in (7, z). Moreover,
by the stability of viscosity solutions we see that ?Z(ﬁn; -) is the viscosity solution
of PDE (11.2) in O%™  with the boundary condition:

05 (mn; ) = E(W™), |x| < e and 2 € 0Q™,
07, (mn; @) = 0, 11(7730), |af = e.

Hence, we have shown the result in the case G = 3.
Similarly, we may show that 6%, defined below, is the viscosity solution to the

Inos
path-frozen PDE when the nonlinearity is g:

z
Tn

Hgn _ N-n Hq s
0, (mn,x) = inf  gFo e Jo T brdr ¢ (w’r" (I’B’H)) + Co/ e~ Jo brdr g
bEHO ([0, Lo)) =00 0

x

Step 2. We now prove the lemma for G. Given the construction of Step 1, define:
—e,m

0, (Tm;x) = 5;(7rm;x), 05T (T ) i= 05 (T x); m > 1.

For n < m — 1, we may define #;,"" and §5™ as the unique viscosity solution of the
PDE (E)T with boundary conditions

e —e,m
0" (ms ) = 0,1 (w5:0), 057 (rus ) = 037" (n3:0)
on 90%@™ . Note that, for z € JOL™n
9 pem+1
00" (rmi @) = Bt (72,30), 057 (i @) = 857 (72,0,

By the comparison result for PDE (E)™, we also have that

—€,m —e,m+1

0" (i) 2 B (s ) > 057 (i) > 057 () on O™,

and therefore, by the same comparison argument:
(11.4)

—€e,m

0

(Tn; ) > éf,”"“(wn; D> 05" () > 05™ (s -) on 02 for all n < m.

n
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Denote 605™ := 0, — 05™. Applying Lemma 11.1 several times and using the

tower property of EL, we get that
1665™ (w3 )| < E7° [[5605™ (w7 (2, B); 0)]] .
Note that 605™(m,;x) = 0 when z € Q™. Then, since CX [H,, < Hg] — 0, as
m — 00, we have that
|605™ (5 2)| < CCEO [Hy—p < Hg] — 0.
Together with (11.4), this implies the existence of 05 such that

" 165, 9™ 165, as m — 0.

n?

Clearly 6, is uniformly bounded and continuous. Finally, it follows from the sta-
bility of viscosity solutions that 6, satisfies the requirement of the lemma. O

The previous lemma shows the existence of the viscosity solution to the path-
frozen PDE. Indeed, we can construct smooth super- and sub-solutions to the
PPDE from the solution to the path-frozen PDE. Let 7, denote the sequence
(Hi, B, )1<i<n- Denote w® := lim,,_, o w™.

Lemma 11.5. There exists ¢° € 62(Q), such that
$(0) = 05(0) + ¢, ¥ > h on Q, LY >0 on O

Proof. For simplicity, in this proof we omit the superscript €. Set 4, := 27" 2¢.
First, by applying Assumption 7.1 to PDE (E)?, we obtain that there exists a
function vy € C?(cl(OQ)), such that

v(0) = 00(0) + %, L% > 0 on 09, vy > 6y on 80?.

€

Set
Y(w) = vo(wz) + Z 8; on cl(09).
i>0
By the monotonicity of G, it is clear that
¥(0) — 00(0) = % + Zéi = e and L% > L% > 0 on cl(O9).
i>0
Moreover, it is clear that 1) € C(O9).

Next, fix m; := (1) such that x; € GOEQ. Applying again Assumption 7.1 to
PDE (E)“™, we obtain that there exists a function v (7y;-) € C?(cl(O% ™)) such
that

vi(m150) = vo(21) + 8o, L w1 >0 on O™, wy(my;-) > 0 (mi;-) on DO,

Set
Y(w) = vy (m;wr — wp, ) + Z 6; on O9™
i>1
otherwise ¢(w) 1= vy (m1;wH, — Wi, ) + Z d;.
i>1
It is clear that the updated v is in 62(Q). Repeating the above arguments we may

. —2
construct a sequence of functions v,, and thus construct the desired ¢ € C"(Q). O
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Finally, we have done all the necessary constructions and are ready to show the
main result in this section.

Proposition 11.6. Suppose || < Cy. Under Assumptions 5.1 and 7.1, we have
u=u.

Proof. For any € > 0, let ¢¢ be as in Lemma 11.5, and ¢ := ¢4 p(2€)+ A1 (p(2¢)),
where p is the modulus of continuity of £ and G and A~! is the inverse of the function

in Assumption 5.1. Then clearly ¥ € UQ(Q) and bounded. Also,

U (w) =€) 2 4 (w) + p(26) —£(w) 2 E(w) — (W) + p(2€) = 0 on Q.
Moreover, when t(w) € [Hy,(w), Hpt1(w)), we have that

L5 W) = =G (w0, 0.0, 02,0°)
> G (w0 AT (p(26)) 00, 2,0 — pl2€)
> =G (W™, Y€, 0t 02,10°) > 0.

Then by the definition of u we see that
u(0) < P°(0) = ¢ + p(2€) + A" (p(2€)) < 05(0) + € + p(2€) + A" (p(2€)) .
Similarly, u(0) > 05(0) — € — p(2¢) — A™! (p(2¢)). That implies that
(0) — w(0) < 2¢ + 2p(2¢) + 2271 (p(2¢)) .
Since € is arbitrary, this shows that @w(0) = w(0). Similarly, we can show that

u(w) = u(w) for all w € Q. O

Combing the fact that @ = u with the partial comparison principle, we finish the
proof of the uniqueness of the viscosity solutions to the PPDEs.

Theorem 11.7. Suppose || < Cy. Let Assumptions 5.1 and 7.1 hold. If a viscosity
solution to the PPDE (5.1) exists, it is unique.

Part 5. Existence
12. REGULARITY

Our objective is to show that v := w = w is indeed the unique viscosity solution of
PPDE (5.1). The uniform continuity of « will be a by-product of our approximation
procedure. We have following corollary of Lemma 11.3.

Corollary 12.1. Let |z;| =€, i > 1. Fix anw € Q. For e > 0 small enough, there
exists a sequence of continuous functions (7, ) — 6% (7., x), bounded uniformly
in (e,n), such that

WwRw™n

0% (mn;+) is a viscosity solution of (E)¢ ,

with boundary conditions:
0% (mp; ) = E(W¥®™),  |z| < € and x € 0QWE™",
O (mn; ) = 031 (7m350), |z] = €.

Moreover, we can prove the following lemma which is important for the uniform
continuity of w.
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Lemma 12.2. Let 6% be defined as in Corollary 12.1. Then there is a modulus of
continuity p such that for any w',w? € Q,

(12.1) 05" (0;0) = 057 (050)| < p (" w?)).

Proof. Similarly as in the proof of Lemma 11.3, we divide the proof in two parts.
Step 1. We again first prove the result for the case when G :=g or G := g. The

detailed proof is only given for g. B
Review the proof of Lemma 11.3 and note the definition of 5;\/,77,' Here, we

define correspondingly 57\[,” which depends on w (the superscript € is omitted for
simplicity, since the dependence on w is more essential here). For any N, denote

?L]UV’N(WN,O) = ELO [ I‘;’T@“’WN} .
Forn<N-1,0:= ?uli,,n(wn; -) is a viscosity solution of the following PDE:
(12.2) —g(0, D0, D%*0) = 0 on 0L+«
0(x) = Ox i1 (755 0) on QOGO

Function ?‘;}V’n(wn, x) can be represented as the solution of the following optimal
control problem:
(12.3)

aw —<Lo 7fH;’jZ brdr s, N (z,B,HS) f = — [3 brdr
Onn(mn,r)= sup & |e o rarg (w@w n e ) +Co e JoPrds
bEHPO ([0,Lo]) 0

338

where Hzﬂfﬁ = Hc‘*?’@“’w". Then, we have the following estimate: for w™ € o“' n
2
Qv
2

—wl —w —I 1 __x 2 _x
Tratns) Tl < B (|57 — 3

| +cz™ [5 (w'@w *"<rvBﬂzsl>)
_ N-n w?2
_6 (w2®wﬂ'n (Z7BaHQ )):| .

1 x 2 T
Note that ‘Hf,f;l" — H;’,j{" . Based on Lemma 9.1 , we may

show that

wl,frfl wz,ﬂ'ﬁ
< ’HQ —Hg

7o g
Nmn = YN,n

(12.4)

< p(d°(w',w?)),

where p is independent of N. Then define &, similarly to @, in Lemma 11.3. Then
|§Z(7rn,x) — g;uv7n(7Tn,.T)| — 0, and

g, -0,

n n

(12.5) < p(dé(wh, w?)).

A similar argument provides the same estimate for ¢;:

(12.6) 05" — 07| < (e (" w?).

Step 2. We now show the result in the general case.
We follow Lemma 11.3 and define gzm similarly to ?Z’m. Define the stopping
times: _
H'=Hg ™, i=12 HY .= H' NH?,

)
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HOZO, Hi+1 Z:inf{fZOZBt—BHi¢O€}, 1 >0

By comparison arguments, we claim that for w™ & ov' nov

—w',m w?,m <Lo Sw! w? m—n

@ g ) < B | - g @ ). 0, <m|
(12.7) +1 4 Iy + C(m — n)p(d°(w', w?)),
where

m—n—1
—Lo —wl,m w2 m
I = Z € |:(9n+k+1(7r7kz+1(‘r’B)’0) - 9n+k ( Z(x’B)’BHl - BHk)) 1{H1<Hk-+1<H2}:| )
k=0

m—n—1
=L —wlm w2 m
I = Z £’ K(?”““ (7k(x, B), By> — Bm,) — Qn+k+1( Y, B), 0)) 1{H2<HMSH1}] .

(We will prove the claim later.) Next, we focus on the term: 9n+k+1( +1(z,B),0)—

9:?1;"( k(z,B), Bin — Bp,,) . Note the results of the comparison:

w,m (—Uz
9n+k ( s(zaB)aBHl - BHk) > 9n+k(7r7]§(va)vBH1 7BHk);

EZHZJ( (95 B),0) < 9n+k+1( (95 B),0).
By (12.6), we have

02 (U (w5), B — Bir) = Oy (U (w5), B — Brr,)| < p(d° (", w?)).

Also, notice that 85, 1 (7541 (2, B), 0) = 82 4., (nh+ (, B),0) = 8% (% (r, B), Byy1 —
BHk). As a result, we have

B (T, (0),0) — 87" (), B ) < p(d(2)).
Moreover, turn back to (12.7). We conclude that

@ " = 02" (s x) < CCF [Hypmp < HY?] + C(m — n + 1)p(d°(w,w?)).
Note that

1
—w ,m

1 2 2
> 09" and 0% > 0.

It follows that . )
(6 — 07 )(mns ) < p(de(wh, w?)).
Recall that p is different from line to line.) By exchanging the roles of w! and w?,
p
we may show that

0 = 057 (i 2)| < pla ().
Proof of the claim (12.7). Suppose that m > n + 1. It suffices to show that

—wl m L/.)l m

’ w?,m =L n« o w,m
0, =8, ") (msx) <& ’ [(9n+1 9n+1 )(W}z(zaB)),O)l{ngHlﬂ}
slo | gwlim, g w?,m
+& (9n+1 (mp (2, B),0) — 0 (7Tn7$+BH1))1{H1<H1§H2}

—Lo —wl,m w2
iz [(en (rt + Bigz) — 027 (b (2, B), >>1{H2<H1<H1}]

+COp(d®(wh, w?)).
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Then the claim can be easily shown by induction. The proof is similar to the proof

of the estimate in Lemma 11.1. Recall that gzl’m (resp. Q‘;:Q’m) is a solution to the
PDE with generator g“’1 (resp. g“’z). Now we study those two equations on the
domain: ) ,
O0.NEY NE* .

Therefore, the boundary can be divided into three parts which belong to 9O, GQWI
and GQ“’Z respectively. We denote them by Bd;, Bds and Bds.

(a) On Bdy, we have H; < H%2. Also, on this part of the boundary, ?jjl’m =
B, and 027 = g

(b) On Bdy, we have H* < H; < H?. Here 5:1,771 = 5:;1” However, on this

2 2
part of the boundary, ;) "™ does not take the value of 6 "

(c¢) On Bds, we have H? < Hy < H'. Similar to the case of Bds, we find that

9w2,m _ 90.) m
=n - *n+1 -
After clarifying all the boundary conditions of the two equations on the different

parts of the boundary, we can then use Lemma 11.1 to finish the proof. ([
Corollary 12.3. u is uniformly continuous in Q.
Proof. We have already shown in Proposition 11.6 that for w!,w? € Q

u(wh) < 9‘0*’1 (0) + € + p(2¢) and u(w?) > 96’2 (0) — € — p(2e).
Hence, it follows from Lemma 12.2 that
u(w") —u(w?) = T(w") —u(w?) < 65" ()65 (0)+2(e+p(2€)) < pld*(w", %) +p(20).
By exchanging the roles of w! and w?, we show that « is uniformly continuous. [

13. VISCOSITY PROPERTY

After having shown that © = @ = wu is uniformly continuous, we are ready to
verify that it is indeed the unique viscosity solution to PPDE (5.1). The following
proof is similar to the corresponding work in ETZ [3].

Proposition 13.1. u is the viscosity solution to PPDE (5.1).

Proof. Without loss of generality, we prove only that w is a Lg-viscosity super-
solution at 0. Assume the contrary, i.e. there exists ¢ € ZLOE(O) such that
—c:= L(0) < 0. For any ¢ € 52(0) and w € Q it is clear that ¢ € 5% (w) and
Y(w) > u(w). Now by the definition of @, there exists ¢" € 62(9) such that
(13.1) dn =" (0) —w(0) L 0 as n — oo, LYP"(w) >0, w € Q.

Let Hp be the hitting time required in ZLOE(O). Since p € C?(D) andw € BUC(Q),
without loss of generality we may assume that

Lo(win.) < ~< and [t — ol + [ur — To| < ° forallt < Hp.
2 6L

We emphasize that the above Hp is independent of n. Now let {H[*,i > 1} corre-
spond to Y™ € 62(Q). Since ¢ € ZLOE(O), this implies for all P € PLo and n, i
that :

(13.2) 0>E" [(¢ =@ mpnmp] 2 E [(¢0 =" mpamr] -
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Denote G¥¢ := of - 9,6 + 5(B%)? : 02,¢. Then, since ¢ € C? and Y™ is a semi-
martingale on [0, H], it follows from (13.1) that:

HpAH]
5n Z EP [(80*7/’71)HD/\H1" - (9071/)”)0] :EP [/0 gP(cp"/)n)ds‘|

HD/\Hin c
0
+G(ws/\~a wna awwn’ af)w ") + gP((p B wn))ds]
HD/\Hin c
0

G (won T ™, ™) + P (o — w">>ds} |

where the last inequality is due to the monotonicity in y of G. Since ¢y = g, we
get

P I‘ID/\I‘I;'L c _ 5
5n > E 0 (giG(wS/\quﬂaw@vaww@)

G o, 0,7 O2,0) 4 G — 0 s
Now let 7 > 0 be a small number. For each n, define 7§ := 0, and
T s = HpAmf{t =7 p(de(th‘,wT;lA‘)) + |0uwp(win.) — &JSO(WT;'AN
+|af;w(P(th') - afzw‘P(wT;/\‘” + 0P (Win.) — C%W(WT;AN
H|OZ, 0" (Wen.) — BZ,9" (wrpn )| > )

Since ¥™ is regular on [0, H'] for each n and so is ¢, one can easily check that
7' T Hp Plo_q.s. as j — oco. Thus,

n n
Tj+1/\Hi

On

Y

(5~ CnE” (Hp n 1Y)+ 3B [

>0 T;L/\Hi"

+G('5E05 aﬁ/ﬂ/}nv (ﬁw“/’n) + QP(cp - wn))’rﬂds

(_G('a U, aw(pa a?uwsp)

n n
Tj+1/\Hi

(5 - CwE* (o A+ B [ (oo - o)

>0 T;L/\Hi"
1
5B (" — 0) + GF (e — ™)) ds,

for some appropriate ay, ﬁ;‘. Note that o} and 6}’ are both fT;L-measurable. Now

choose P,, € PLo such that ozItP"' =aj, ﬂf"’ = pj, for t € [7]', 7} ;). Then

5o > (g — Cy)EP" [Hp A HT.

Set 1 1= ¢&. Since lim;_,oo P, [H]* < Hp] = 0, we have £"° [Hp] < EF [Hp] < 6.
By putting n — oo, we get £X° [Hp] = 0. This is a contradiction. O
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Part 6. Appendix
14. PROPERTY OF THE DISTANCE d°(-, ")

In this section, we discuss the relation between property (P) and the quasi metric
de('v )
Proposition 14.1. Let h be defined on Q. The following two statements are equiv-
alent:

(1) h is continuous with respect to d°(-,-) Pr-q.s.;

(2) h satisfies (P), and h is continuous with respect to the supermum norm PL-
q.5..

Proof. Without loss of generality, we only show the result for the one-dimensional
case.

(1)=(2) is trivial, since d°(w,®) < |lw — @||.

(2)=(1). For w € Q, define the stopping times

1
Hy(w) =0, H' | (w) = inf{tZHi”:|wt wm,| > — }/\HQ,@>O
Set a piecewise constant path:
=D _wiplpmp<ic,) +WHol{=Ho)

i

Then by Proposition 3.3, we know that

(14.1) W™ has finite jumps P — q.s.
Since now, we fix an w € Q such that (14.1) holds and h is continuous in ||-|| at
point w.

Let € > 0 and © € Q°, such that d°(w,®) < e. According to the definition of
de(-,-), there is a time scaling function ¢ € Z, such that de)(_) — &JH < €. Note
that
(14.2) ng(_) *‘%(‘)H < 1 and [|w" —w.|| < l

n n

Next, we are going to adjust the paths w™ and wg to be continuous. For these
two piecewise constant paths, the jumps occur at {Hn}po and at {qﬁ H")}DO
respectively. Assume that the shortest constant piece of w™ and w?; 60 has the length
of 9, i.e.

0i= i {|H, — HP|, |6 (H) — ¢~ (HP)]} -

Then, define two continuous paths:

W = WHQl{tzHQ}+Z(WH?1{H{L§15<H{L+1}
i +5
%(WH;IH —wrr ) my, —6<t<Hl+1})
Wol) = wHQl{t>HQ}+Z(an1{¢ L(HP)St<o (H,,))

[

t— ¢ H(HP) +0
- 5 (W, — wmp) g1y, ) —s<t<o (HE 1>})
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Ignoring the constant pieces of w™* and WZ&?)’ we may see that these two paths are
exactly the same. Since h satisfies property (P), we have that

(14.3) h(w™) = h(wz(c))

Recall that we have (14.2). Hence, by continuity of & in ||-|| and (14.3), we know
that h(w) = h(wg(.)). Finally, we have

h(w) = @) = [h(ws()) = M@)|-
The continuity in d°(-,-) at point w follows. O

15. ESTIMATE ON THE HITTING TIME

Here, we compare two stopping times H* and H*", where the paths w! and w?
are both supposed to be in Q. The aim is to give some estimates of the form:

(15.1) Jp, s.t. o {|H51 — H52|"} <p (de(wl,ch)) for all n > 1.

To simplify notations, we put H' := H‘é’?l and H? := HC“Q’Q. First, fix a probability
PY# ¢ PL such that there exists a PO#-Brownian motion W and

t
By = / BsdW,, P%P-as.
0

(under P%# the canonical process is without drift a.s.) We will show that there
exists a modulus of continuity p such that

(15.2) EF’ {|le - H“’2|"} < p(d(w,@)).

Further, by a simple application of Girsanov theorem, we may prove (15.1). The
following discussion is to prove (15.2).

First of all, denote the starts of the flat tails of w'and w? as 2! := w} and
22 = wtg respectively. Since w!,w? € Q, it is clear that H' and H? depend only
on 2! and 2, respectively. Since the roles of w! and w? are symmetric here, we
only consider the case when H' > H?. In this case the path w?®B touches the
boundary 9Q earlier than w!@B. Also, we observe that

Ww®By: — W BBy = ot — 2.

1

Denote by y! the point w!@® B2 and by y? the point w?@®By2. Notice that y? € Q
and y' € Q. Furthermore, there exists a point y* € OQ such that
1 * . 1 1 2
— = min —z| < |zw —x7].
ly" =y = min [y" o] <| |
From now on, we are interested in the one-dimensional subspace Ry, the line passing

through y' and y*. We take the segment

[ := projg, (Q)

to be the projection of @ on R;. Then we observe that y' € [ and that y* is one
of the end points of [. Denote by y, the other end point of [. Since @ is bounded
(i.e. there exists a constant M such that |z| < M for any = € @), we deduce that

< 2M.

Iyt = .
Further we define the projection of the canonical process on R;:

Bi = projg, (y' + Bi) -
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It is easy to show that B! is a one-dimensional martingale departing from y', whose
quadratic variation is equal to fo trace(32)ds. Observe that
H'— H? <7,
where 7! ;= inf {¢ : B ¢ [}.
Now, set a probability space (R, B(R),P). Let X be a 1-dimensional local mar-

tingale starting from 0 with the quadratic variation [, trace(52)ds under P. Define
the stopping time:

Noz,—2M = Nsz NT—2M
where 6z = |21 —22|, 95, ;= inf {t : X(t) > 6z} and n_ops :=inf {t : X () < —2M}.
In particular, note that

S < d°(w',w?).

Finally, we have

0.5

EF [|7'l|n} <E [77?1,—2M] .

Consequently, we will focus on estimating E {77:537_2 M} . The following lemma leads
to (15.2).

Lemma 15.1. Suppose that n > 1 and dx < 2M, then E {ngm,_QM} < Cox. In
particular, C' does not depend on 3.

Proof. Denote X; := maxs<; | X,|, Xt := max,<; X§ and X (t) := max.<; X .
Make use of the Burkholder-Davis-Gundy inequality:

Ld n Nsx,—2M ) n omn
a2 (5) o[ ) a0
since (3 > \/%Id. Then observe

(2M)*"P (55 > 0]

ox
_— < —0.
Cseron = o’

2n
D |:(X’:7<63:,2M) Moz = 77—2M:|

On the other hand, we can estimate:

« 2n —2n
E {(Xn) 50 < 772M] < E[Xor | E[XE i <noou]

< (535)2” +E [X% Coar Moz < 77—2]%} .

—MNsx,

To estimate the second item on the right side, we note that it is dominated by the
following sum:

N 2n—1
2M k k-1
N ZE 2n (QMN) i{n6s <n-2m}N {K(%QZ,QM) > QMT}]
k=1
N 2n—1
2M
<==> E|2n <2MN) ; {7761 <M_onrk }]
k=1
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Let N — 400, the sum converges to the following integral.

2M
1)
I::/ o1 2L gt

Now, since n > 1, we have

2M
I< 5x/ 2nt?"~2dt = Céx.
0

Corollary 15.2. For any n > 1, there exists a constant C such that

EF’ [|H51 - Hggzﬂ < Odé(w!,w?).

Furthermore, there exists a modulus of continuity p such that

(1]
2]

(3l

[4]
[5]

(6]
(7]

(8]

[9]

EL [|H51 B H52|"} <p (de(wl,w2)) )
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