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Abstract

The aim of this paper is to study singularly perturbed control systems. Firstly, we provide
linearized formulation version for the calculus of the value function associated with the averaged
dynamics. Secondly, we obtain necessary and sufficient conditions in order to identify the optimal
trajectory of the averaged system.
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1 Introduction

The aim of this parer is to study singularly perturbed control systems. Firstly, we provide linearized
formulation version for the calculus of the value function associated with the averaged dynamics.
Secondly, we obtain necessary and sufficient conditions in order to identify the optimal trajectory
of the averaged system.

Linear programming techniques have proved to be very useful in dealing with deterministic and
stochastic control problems. A wide literature is available on the subject both in the deterministic
and in the stochastic setting ([7, 3, 11, 12, 10, 14, 4, 6]).

One of the advantages of transforming a nonlinear control problem into a linear optimization prob-
lem consists in the possibility of obtaining approximation results for the value function. Following
the methods presented in [6] and [13], one can approximate the occupational measures by Dirac
measures and construct an optimal feedback control. Moreover, when considering the ergodic con-
trol problem (see, e.g. [2]), the study of the behavior of the value function is simplified whenever
this value is expressed by a linear problem.

Recently linearized versions of the standard continuous infinite horizon discounted control prob-
lems are provided in [13, 5]. When the perturbed system is fully nonlinear it is very difficult to
characterize the optimal trajectories using the classical methods given by the Pontryagin maximum
principle because we do not know exactly the form of the averaged dynamics. For works in this
direction we reefer the reader for instance to [8, 20, 9] and references therein.

Fortunately, using our approach we can characterize optimal trajectories. Our method consists in

*This version improves the paper with the same title published in Journal of Differential Equations (Volume 255,
Issue 11, 2013) by fixing a small gap in the proof of Theorem 14 and correcting some misprints.



embedding the trajectories into a space of probability measures satisfying a convenient condition.
This condition is given in terms of the coefficient functions. The results allow to characterize the
set of constraints as the closed convex hull of occupational measures associated to controls. We first
consider a general Mayer control problem for explaining the approach. Secondly, using linearization
techniques and the dual formulation we characterize the optimal occupational measures. Note that
as far as we know our method was not used before in the singularly perturbed setting. Moreover,
it’s advantage consists in the fact that we do not require to “explicitly” calculate the averaged
dynamics.

This paper is organized as follows: In the second section we aim at presenting singularly per-
turbed control systems and the averaging method and some important results concerning the sin-
gularly perturbed systems and the value functions associated with this problem. The third section
deals with the linear formulation associated with classical control problems. The fourth section
concerns with the characterization of optimal occupational measures for Mayer type control prob-
lems. In the fifth section we provide linearization techniques for the averaged system. In the sixth
section we describe optimal occupational measures/trajectories for the averaged system. Finally,
we provide an appendix for the convenience of the reader.

2 Singularly perturbed control systems

In the following we shortly present our problem. We consider the following dynamics:

t,x,y,u tx,yu  tr,y,u
dxs, 'Y — f <x87 Y, ,ys’ 'Y, ’us> dS,

(1) €dyf5’x’y’u =g (xg,x,y,u’ yg,x,y,u’ Us) ClS,

for all s > t, where (¢,z,y) € [0,00) X RM x RY and ¢ is a small real parameter. The evolutions of
the two state variables x and y of the system are of different scale. We call z the ”slow” variable
and y the "fast” variable. We recall that a control (ut), <, . is said to be admissible if it is
Lebesgue-measurable on [tg, 00) and u takes its values in a compact, metric space U. We let U
denote the family of all admissible controls on [0,00). The functions f : R x RN x U — RM and
g: RM xRN xU — R¥ are assumed to be continuous on [0, 00) x RM x RN and Lipschitz-continuous
in (z,y), uniformly with respect to the control parameter u € U.

We denote by (mzﬁf’y’u;e,yfff’y’ugs) the solution of (1) starting from (¢, z,y) € [0,T] x RM x RV,
for some u € U.

We let h: RM — R be a given bounded function and define the following payoff:

(2) Chaye(u) =h (xtT,m,y,u;s) 7
for all (¢,z,y) € [0,T] x RM x RN and all u € U. The value function associated with (1) and (2) is:
(3) Ws,h(ta €Ly y) - 112[{{ Ct,x,y;s (U)

for all (t,x,y) € [0,T] x RM x RV,
The asymptotic behavior of the value function (3) when ¢ — 0 is a very interesting problem.
Whenever the control system (1) has some stability property, it is possible to prove that the

txy,ue | Lw,y,uE

trajectories (a:(ﬁ) Y0) ) of (1) converge towards some solution of some system obtained by

formally replacing € by 0 in (1). This is the so called Tikhonov approach which has been successfully
developed in [23, 24] for instance.

t t t . N .
When dys™?" = g (:L‘s’x’y’u, ys v us> ds is not stable, another approach consists in investigat-

ing relationships between the system (1) and a new differential inclusion

(4) d:ci’x eF (.T}ix )



obtained by an averaging method, that will be described later on. We emphasize that, in general,
the averaged system is set-valued. We refer the reader to [9, 16] for averaging methods. It is
important to notice that only the behavior of the "slow” variable z2"¥" is concerned by this
approach.

Let us also recall that the sequence of functions (W4, (-, -, y))
Wgp 0,1 x RM — R defined by

converges to the value function
e>0

(5) Wen(t,x) = inf )h (wé&x) )

xéﬁ?GSp(t,x
for all (t,z) € [0,7] x RM if h is uniformly continuous and bounded.
Here, Sp(t, ) stands for the set of solutions of (4) starting from (¢, z) € [0, T]xRM and S.(t, z, y)

for the set of all the trajectories of (1) (a:'éfg)ﬁ’y’uﬁ, y'(tj)x’y’w) starting from (¢, z,y) € [0, T] x RM xRV,

Moreover, we define S(0,z) =: Sp(z) and by S.(0,z,y) =: S-(x,y), for all (z,y) € RM+N,

2.1 The averaging method

Let us shortly explain the behavior of the perturbed system (1) as e — 0. If one makes the change
of variables 7 = £ in the system (1) with ¢ = 0, and sets (X, Y, Ur) = (@er, Yer, uer) for 7 € [0, )

&€
one getS
t,x t,x t,x,y,u
d}( 5 7y7u_6f<§< 5 ,yﬂt? Y »LyY, ’17 >d7-7

d}/st7x7y7u — g (X7t_7x7y7u Y7:t7r7y7u U7_> dT.
When ¢ tends to 0, we are led to consider the following associated system:

(6) dys"" = g (2, 45" us) ds,
for s € [0,400), where z is fixed in RM. For every fixed z € RM, we denote by yffi”“w the unique
solution of (6) corresponding to the control u and to the initial value y.
We follow an averaging method (cf. for instance [9], [17]): we set, for (z,y) € RM xRN S >0,
and u € U,
A({L‘, Y, S, u) = % f()S f (xa y?yfu%if’ Us) ds,
F(z,y,S) ={A(z,y,S,u); uelU}.

We shall make the following assumption on the systems:

VR > 0, there exist nonempty bounded subsets Nr and Qp of RY such that:

1)¥(z,y) € B(0,R) x Ng, ¥ (m?_’)“’"’y’“;g, y?fﬁ”’y’“;a) € Se(0,z,y),
YTV ¢ Op for all s € [0,T] and all € > 0.

2)V(z,y) € B(0,R) x Ng, Y ucl, y2¥"* c Qp, for all s > 0.

Note that the previous assumption says in fact that all solutions of (1) starting from B(0, R)x Ng
and all solutions of (6) will belong to RN x Qx and, respectively, to Q. Under an assumption of
either total controllability or stability of the associated system (6), the set F'(x,y,S) converges, in
the sense of the Hausdorff metric, towards a compact convex set F(x) of RM.

If the set-valued map F is Lipschitz, then the set of slow solutions xijf’y’uﬁ converges towards

the set of solutions of the differential inclusion in the sense that

Wy (8,7, y) := {wf?gf’y’w : (fvfif’y’“;a,yf?f’y’“;a) € Sa(m:,y)}



converges to Sp(t,x) for the Hausdorff metric.
Let us describe the following property of total controllability: every two points of {2z can be
joined in bounded time by a trajectory of the associated system for any z in B(0, R). Namely:

(8)

0,y2,u;

VR >0, 3 tg > 0 such that :Vx € B(0,R), Yy1,y2 € QR,
there exists u € U and s < tgr such that y; =y,

We notice that, the previous assumption is in fact a controllability assumption. The control-
lability of systems is a very important property and a large literature studying it is available (see
for instance [22], or Chapter 2 and 3 from [19]). Moreover, if (8) holds true, then, for every = in
B(0, R), Qg is actually invariant for the associated system (6). Indeed, if y is in Qpg, then it can
be joined to a gy in Npg, so that any point of a trajectory with initial value ¥ is also a point of a
trajectory with initial value yo. Hence, it belongs to Qr by the assumption (7). Conditions for
invariance (or in particular, for having (7) and (8)) are presented for instance in [1] (Chapter 5).

We also need the following stability property:

VR > 0, there exists g € L1([0, +oo[, RT) such that :

(9) Vz € B(0,R), Yy1,y2 € Qgr,Yu € U,
y?yhu;w - y?y%u;x‘ < &r(s) [y1 — y2| for every s > 0.

Remark 1 If one assumes the existence of some constant C'g such that:

(y2 — y1, 9 (z,y2,u) — g (x,y1,u)) < —Crly2 — u1|*

)

for every uw € U, then (9) is satisfied with g(1) = e~“R™. This is a classical assumption in order
to obtain Tychonoff’s Theorem,

Under the assumption (9), the map F' is Lipschitz (cf. [9]), while under the assumption (8)
alone, the map F' is only continuous, so one needs further conditions to get F' Lipschitz-continuous.
Whenever the system is weakly coupled (i.e. if the trajectories yij’u;x of the associated system (6)
do not actually depend on z), then F' is Lipschitz (cf. [17]). Another possibility to get F' Lipschitz
(or, at least, locally Lipschitz (cf. [21])) is to strengthen the assumption (8) into an assumption
(10) of Lipschitz controllability. This condition should guarantee that every two points of Qr can
be joined in a time less or equal to some constant C'r multiplied by the distance between the initial
points. We say that the system (1) satisfies (10) if:

(10) VR >0, dcg >0, Yy1,y2 € Qp, Vo € B(0, R),
Ju €U, 3s < crlyr — Y2, such that yd¥>"* =y

When F is locally Lipschitz, one has the following result:

Proposition 2 (c¢f. [21]) We assume that (7) holds true, either the assumption (8) or the as-
sumption (9) is true, f is bounded and F is locally Lipschitz. Then, for every Ry > 0, every
R > Ry+T|f|, there exists a function pg : (0,400) = R, such that lim._,o ur(e) = 0 and, for
every € > 0 and every (x,y) € B(0,Ry) X Ng :

€ S: (t,x,y), there exists x?f € Sr(t,z) and:

t H H
_fofr eveTy (w(??vyﬂ‘bsv 7y(j§“7y7u€y

(11) SEpT} |x§7w,y,us;s _ xil‘ < ,UR(ﬁ);
sel|t,

-for any a:x € Sp(t,x), there exists (xc(-),y=(+)) € (:z:?f’y’ue;a,yfjf’y’ue;a> € S:(t,z,y), such
that the inequality (11) holds.



Notice that the previous result can be reformulated using the Hausdorff distance for sets. More
precisely, we have that

lim dyr (S (1. 2,9) S (1.2) x {0}) = 0 &
e—
hH(l) di(clSe (t,x,y),clSp (t,z) x {0}) =0«
e—
lim dg (clSe (t, z,y),SF (t,z) x {0}) =0
e—0
because of the regularity of F which implies that S (¢,x) is closed with respect to the uniform
convergence topology.
If the cost function h is bounded and uniformly continuous, the convergence of the value func-

tions is a direct consequence of the convergence of trajectories. More precisely, we have W, ;, — Wgy,
with respect with the uniform convergence.

3 Linear formulation for classical control problems

Throughout this section, we will be dealing with the following control system

12) dzlomon — b (:gﬁo’xo’“, ut> dt, to <t <T,
:Big‘rou =19 € RY,

where T' > 0 is a finite time horizon, ¢ty € [0,7] and the control u is a measurable function which
takes its values in a compact, metric space U. We let U denote the family of all admissible controls
on [0,7]. We assume that the dynamics b: RN x U — R¥ satisfies

(13) { b is bounded and uniformly continuous on RY x U,

[b(z,u) = b(y,u)| <clo—yl,

for all (z,y,u) € RN x RN x U, for some positive real constant ¢ > 0.

3.1 Occupational measures

We begin by giving some properties of the linear formulation associated to control problems. Let

us suppose that 7 > 0 is a fixed time horizon. We fix t > 0 and 2y € RM. To every r > t
and v € U, one can associate a couple of occupational measures %" %0:% = (fyi’r’xo’u,fyé’r’xo’u) €

P ([t,r] x RN x U) x P (RY) defined by

{ AT (A x B x C) = L M laxsxc (s,mé’xo’”,us> ds,
~

t,r,20,u
2 - 6xi,zo Uy

for all Borel sets A C [t,7], B C RY and C C U. When x € R, §, stands for the Dirac measure.
One can also define (’yi’t’xo’u, vé’t’xo’u> € P ({t} xRY xU) x P (R") by setting

t.t,xo,u t.t,xo,u

M = 575@0,%? Y2 = 0Oz-

For every r > t, the family of occupational measures

(14) T (t,r,20) = { (fﬁﬂ“v%vuﬁ;’“%“) Cforallu el }



can be embedded into a larger set

(71,72) € P ([t,7] x RN x U) x P (RN), Vo € ' (Ry x RY),

O (t,rx0) = J (6 (£, w0) + (r — ) LU0 (s,9) — ¢ (r,2)) n (dsdydu) 72 (d2) =0 ¢
[t,r] xRN xU xRN

where
£u¢ (Svy) = <b (yvu) ’DQZ) (Svy» + at¢ (S7y)7

for all ¢ € C’;’l (R+ X RN) and all s > 0,y € RY. Here C’bl’l (]R+ X RN) is the class of real bounded,
differentiable functions defined on R, x R and having Lipschitz gradient.

Remark 3 1. For every finite time horizon T > 0, there exists a constant ¢ > 0 such that,
whenever u € U, ):Uéxou‘ < c(1+lxgl), for all 0 < t < 5 < T and all zg € RN. Therefore,
whenever v € T (t,r, xg),

Supp (y1) C [t,r] X Kgye x U, Supp (v2) C Kz e,

where Kpy o = {# € RN i |z] <c(1+|zo|)}. We emphasize that the constant ¢ can be chosen
independently of t, xg, u.

t,r,z0,u(:)

Remark 4 The set © (t,r,xo) contains all occupational measures issued from xq at time

t. This follows from the following equality

_(b (ty -I'O) + / ¢ (7”, z) ,yé,r,zo,u (dz) _ _¢ (t, -7}0) + (b (T’, xi,xo,u)
RN

= [ (@0 (ssb0) + (b (a0 ) . D6 (s, ) ds
t
— / (r —t) L% (s,y) Yo" 0" (dsdydu)
[t,r] xRN xU

for regular test functions ¢ € C;’l (]R+ X ]RN). One notices that the equality constraint in the
definition of © (t,r,xo) can alternatively be written

6 (t, 20) + / (r— 1) £ (5,)  (dsdydu) — / 6 (r,2) 72 (dz) = 0.
[t,r] xRN XU RN

It follows that © (t,r,x0) is convex.

3.2 Linearized formulation for Mayer type control problems

We consider ¢ : RY — R assumed to satisfy !

(i) the function ¢’ is bounded,
(15) (ii) there exist real constants ¢, ¢; > 0 such that

9" () =g ()| <clz—yl, ¢ (z) >a

for all (z,y) € RN x RN . To every (¢,z) € [0,T] x RY and u € U, one associates the cost

t’ b
Cy (t,z,u) =4¢ (asz “)

!Note that we make the assumption ¢’ (z) > c1 > 0 for simplifying the calculus. Indeed, we can always add a
positive constant sufficiently large to the function ¢’ in order to obtain the previous inequality because ¢’ is bounded.



and the corresponding value function

(16) Vg (t,x) = 52{{ Cy (t,z,u).

Under the assumptions (13) and (15), the value function Vj is the unique bounded, uniformly
continuous viscosity solution of the Hamilton Jacobi (HJ) equation

(17) Vg (t,z) + H (z, DVy (t,z)) =0,
for all (t,z) € [0,T] x RN, and Vy/ (T,-) = ¢’ (-) on RY, where the Hamiltonian is given by

(18) H (z,p) = inf (b(z,u),p),

for all (t,z,p) € R x RY x RN, For proofs of the connection between V, and (17), the reader is
referred to [2] and the references therein.
We also consider the linearized problems

Ay (t,x) = inf / (2 dz
gho)=__ Il / g' (2) 72 (dz)
R

and its dual

neR:3pe 0yt (Ry x RY) sit. V(s,9,v,2) € [t,T] x RN x U x RV, }

(19) my (¢, ) :S“p{ N < (T =) LY (5,y) + g (2) — ¢ (T, 2) + 6 (t, )

for all (t,z) € [0, T] x RN. The following result links the three quantities. Its proof follows the ideas
in [5] and [15]. For reader’s convenience, we give the proof in the Appendix.

Proposition 5 If (13) and (15) hold true, then, for every (t,x) € [0,T] x RY one has
Vg (t,x) = Ay (t,x) =ng (t,2).
We have the following characterization of the set of constraints © (¢,T, o) :

Corollary 6 The set © (t,T,xg) is the closed convex hull of the family of occupational couples
[ (t,T,x0)
O (t,T,xo) =cl (co(T (t,T,x0))),

for allT >t > 0. The operator cl designates the closure with respect to the topology induced by the
weak convergence of probability measures.

For further details, the reader is referred to [13].
Remark 7 Consequently, if v = (y1,72) € © (¢, T, x0), there exists a sequence of conver combina-
tions

Zf;l a?*yt’T’xO’“?>n converging to y. Thus,

Supp (’Yl) C [th] X Kxo,c x U, Supp (’72) C Kxoyc'

In particular, © (t,T, xy) is compact.



4 Characterization of optimal measures

In this section we study necessary and sufficient conditions for characterizing optimal occupational
measures. In the sequel we denote O(t, T, x) := O(¢, x) for simplicity. Recall that

Vg/ (t,z) = Ag/ (t,z) = Ng’ (t,z)
and

neR:3p e Cpt (Ry xRY) s.t. V(s,y,v,2) € [t, T] x RN x U x RV, }
n<(T—t)L(s,y) +9 (2) = ¢ (T,2) + o (t, ) ’

for all (¢t,z) € [0,T] x RNV. We denote by

(20) ng (t,x) = sup {

(n,6) € R x Cp'' (Ry x RY) s.t.
(21) Dy (t,2) = { n= ing (T =) L6 (5,9) + ¢ (2) — &(T,2) + & (t,2)} (-
(s,9,0,2)€[t, TIXRN xU xRN

for all (¢t,2) € [0,T] x RV,

Remark 8 We note that O(t,z) contains measures with compact support (see Remark 7). Con-
sequently, we may consider that the test functions have also compact support. Moreover, in the
previous formulation, we can replace the infimum over (s,y,v,2) € [t,T] x RN x U x RN with the
minimum over a compact set which contains the support of the occupational measures.

Consequently, the dual formulation becomes:

(22) Vy (t,2) = sup{n, (n,¢) € Dy (t, z)}.

Definition 9 We say that (ij,¢) € Dy (t,x) is an optimal pair whenever we have Vy (t,x) = 1.

Remark 10 It is not always sure that optimal pairs exist. Fortunately, in this case we can define

the set ) using the sets 21 associated to a sequence of pairs (n;,gbl) € Dy (t,x) having the

property that n1 ' n(t,x) =V (t,x). More precisely, 1q coincides with the lin_1>inf lq, . Note that
n n—0o0o n

such a sequence always exists because of (22).

Definition 11 We denote by

7y7v72)€[t7r]XRNXUXRJ\_[,S.t. ~
=T -t)L(s,y) +9g (2) = (T,2) + & (t, @),

(s
(23) Qg/ (t,z) = n
for every optimal pair (7, ¢) € Dy (t,x) .

Proposition 12 Let (t,z) € [0,T] x RY be fized. Then, v € © (t,x) is optimal for Ay (t,z) iff
Y (Qg/ (t,x)) =1.

Proof.
Suppose that v € O (t,x) is such that v (Qg/ (t,:n)) = 1, i.e. the support of v is included in
Qg (t,z). Then, by definition, we have the following equality

7= (T =1L (s,y) +¢ (2) =& (T, 2) + & (t,x).

on Qg (t, ), for all optimal pairs (7, ¢) € Dy (t,z). Consequently,

/ ny(dsdzdudz) = / g v(dsdxdudz) = / g (2) y(dsdzdudz)
Qg (t,2) Qg (t,2) [t,TIXRN xU xRN



because v € © (¢, x). It follows that

y(Qt,z)n=V(tz)= / g () v(dsdzdudz)

[t, T] xRN xU xRN

and that v € © (¢, ) is optimal. Conversely, suppose that v € © (¢, z) is optimal. Then, we have:

V (t, ) f[t 1) xuxey 9 (2 " (2) y(dsdzdudz) =

f[t 11y xuxey (L =8 LY (s,9) + ¢ (2) = ¢ (T, 2) + ¢ (t,2)] v(dsdazdudz) >
f [ —t) LY (5,y) + ¢ (2) — & (T, 2) + & (t,2)] y(dsdxdudz) =

f i )ﬁ y(dsdxdudz) = 7y(Qy (t,x)) =V (t,2) v(Qq (¢, x)).

for all optimal pairs (7, ¢) € Dy (t,z). Consequently, v € © (¢,z) is such that v (Qg/ (t,m)) =1
Indeed, if v (Qy (¢, 7)) <1 we get

Vitz)= / g (2)y(dsdzdudz) >V (t,z).
[t,T]xRN xU xRN

because V' (¢,x) > 0. The last inequality leads to a contradiction. m

5 Dual formulation for the averaged system

In order to characterize the optimal controls/measures for the averaged system, we first state
it’s dual formulation. In the sequel we assume that (7) holds true, either the assumption (8)
or the assumption (9) is true, and F' is locally Lipschitz. As previously, let us suppose that
T > 0 is a fixed time horizon. We fix ¢ > 0, ¢t > 0 and (z¢,7%0) € RM x RN, To every u € U,

. . . t, T,z we _tT,x use
one can associate a couple of occupational measures yhHT:%o-vouE — (’Yf HOYOME [y pr 50,80, ) €

P([t, T] x RM xRN x U) x P (RM x RY) defined by

t,T,x0,Y0,U;e t:v,o,uz-: t,20,Y0,u;€
ARTEOVOUE (A 5 B x C x D) = o5 [ 1A><B><C><D< OVOIE oY ,us)ds,

t,T,x0,Y0,u;e __ 5
72 = 0,090 ,uiE | 120,40, UiE
T Y

for all Borel sets A C [t,T], B ¢ RM, ¢ ¢ RY and D Cc U. When (z,y) € R® xRV, §,,
stands for the Dirac measure. One can also define ~bb*o-voue — (’yi’mo’yo’uﬁ,’yé’t’wo’yo’u;e) €

P ({t} x RM xRN x U) x P (RM x RY) by setting

,yi,t,xo,yo,u;s = 6t7$07y0,ut37§7t7x W = = oy
The family of occupational measures
(24) [ (t,z0,y0;€) = { (,Yfli,T,mo,yo,U;s’ ,yé,T,mo,yo,U;e) forall u e U } .
can be embedded into a larger set
(((11,72) €P ([t,T) x RM x RN x U) x P (RM x RV) )
Vo € Cpt (Ry x RM x RN),
Ot 0,405¢) = / (& (t,20,90) + (T = 1) L6 (s, ,y)
[t,TIXRM xRN xUxRM xRN
=& (T, z,w)) 71 (dsdzdydu) 2 (dzdw) = 0,
\ /




where

: 1
£ (s.) = { ( 000) 20 ) ) D6 (50000 ) + 006 (.0),
for all ¢ € CP! (Ry x RM x RY) and all s > 0, (z,y) € RM x R,

Remark 13 Using similar arguments as in the previous sections, the set © (t,T, xo, yo; &) contains

all occupational measures v-T=0W0%E jssyed from (xg,yo) at timet. Moreover, it is also convex and

relatively compact with respect to the weak convergence of probability measures (due to Prohorov’s
Theorem,).

We suppose that h satisfies the hypotheses (15). As previously, the linearized problem is

Ac (70, 90) = inf j/ h (2) 2 (dzdw)
7=(71,72)€O(t,%0,Y0;¢)
RM xRN
and its dual is

neR:3p e CH (Ry x RM x RY) s.t.
(25)  Men (t,20,90) =sup{ VY (s,2,9,v,2,w) € [{,T] x RM x RN x U x R x RV, ,
n < (T - t) £’U;6¢ (vaay) + h(Z) - QZS(T,Z,U}) + ¢(ta fEanO) .
for all (t,z0,10) € [0,T] x RM x RN, Consequently, for every £ > 0 we have
Wen (t,0,y0) = Aen (8,0, Y0) = 0e.n (70, o) -
We continue with the dual formulation for the averaged problem. We denote by
(1,72) € P ([t, T) x RM x RN x U) x P (RM x RY) )
Vi € Cp' (Ry x RM) and Vo € Cp' (R x RM x RN) |
/ (¥ (t,0) + (T — t) LT (s, 2)
O (t,70,y0) = [t TIxRM xRN xU xRM xRN
— (T, 2)) 71 (dsdxdydu) v (dzdw) = 0 and
LY (s, x,y) v1 (dsdrdydu) o (dzdw) = 0

[ [ETIXRM RN XU xRM xRN

where
L (s,2,y) = (f (w,y,u), Datp (s, 2)) + ) (s, 7)
and
LY (s,m,y) = {9 (2,9,u), Dyo (s,7,y)) ,
for all ¢ € CH! (Ry x RM x RY) and all s > 0, (z,y) € R x RV,
We define the following linearized problem

Ap (t,x0,90) = inf / h(z) v (dzdw) .
¥=(71,72)€O(t,20,y0)
RM xRN
We denote by
(neR:Jae C(Ry) with lin%a(e) =0s.t. Ve >0,
e—

J¢ € OV (Ry x RM x RY) and ¢ € CH (R x RM) st
(26)  nn(t,2z0,90) =supq o =Vl + Vet — Vet < a(€) and s.t. :
V(s,z,y,v,2,w) € [t,T] x RM x RN x U x R x RV,

(1< (T =) L% ¢ (s,2,y) +h(z) — ¢ (T, z,w) + & (¢, z0,90) )

for all (¢, 0, y0) € [0,T] x RM x RN, Consequently, we can formulate the main result of this section:
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Theorem 14 We have that

Wi (t,20) = An (t, 20, y0) = 14 (L, 0, Yo) -
for all (t,z0,v0) € [0,T] x RM x RV,

. . _ . _t.T,20,90:€ ~t,T,20,90;
Proof. In a first step we recall that there exist an optimal measure 557 ¥0:%0i¢ — <,ﬁ o403 F L ’xo’yo’a) €

© (t,x0,yo; €) such that

Ao p (1,70, 30) = / h (2) 5900 (dzdw)
RMXRN

for all (t,20,50) € [0,7] x RM x R and ¢ > 0. Moreover, we can find a subsequence and
a probability measure 4 such that 57@0¥0i¢ —~ 5 (see Corollary 6 and Remark 7). Using the
definitions of © (¢, zg, yo;€) and O (t, zo,yo), it is easy to see that 7 € O (t, zp, yo). Consequently,

(27) A (t, 20, y0) < / h(z) 35" (dzdw) = lim h(z) 7y (dzdw) =
e—
RM xRN RM xRN
lim Ae;p (1, 20, yo) = 1im We s (2, 20, y0) = Wi (2, o)
for all (t,z0,y0) € [0,T] x RM x RV,
We continue by considering v € © (¢, 29, y0) and 1 € R such that

Ja € C (R4) with ;i_rf(l)a () =0s.t. Ve >0,

J¢ € OV (Ry x RM x RY) and ¢ € CH! (Ry x RM) sit.

16 = Yl + IV = Vatbl o, < a(e) and s.t.

V(s,z,y,v,2z,w) €[, T] x RM x RN x U x R x RV,

< (T'—=t) L% ¢ (s,2,y) + h(2) = ¢ (T, z,w) + ¢ (£, 0, yo)
By integrating with respect to v we obtain that

1< [ b))
RM xRN

and consequently,

mtaom < [ B dadv)
RM xRN

for all v € © (¢, 20, y0). We have that

(28) Nh (tv Zo, yO) < Ah (tv Zo, ZJO) :
Using Proposition 19 there exist two families V;Z € C;’l ([0, T +6:] x RM x RY) and V}fa €
Cg’l ([0, T + 6] x RY) as in the definition of 7 (t, zo,yo) s. t.

Y (s,z,y,v,2,w) € [t,T] x RM x RN x U x RM x RV,

Vﬁz (t7 Zo, yO) < (T - t) 'CU;EVY;Z (Sa z, y) +h (Z) - ‘/5%1 (Ta 2 w) + ‘/2; (t’ Zo, 3/0) .

Moreover lin% ijz (t,z0,y0) = W (t,z9). Using the definition of n, (¢,z0,y0), we obtain that
e— ’
V‘?Z (ta Zo, y(]) < n (t7 Zo, yO) Consequently7

€

(29) Wi (¢, o) = lim V2% (t,20,90) < n (£, 70, %0)

By combining the inequalities (27), (28) and (29) we complete the proof. m
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6 Characterization of optimal trajectories for the averaged system

As already mentioned in the introduction, when the perturbed system is fully nonlinear it is very
difficult to characterize the optimal trajectories using the Pontryagin maximum principle because
we do not know exactly the form of the averaged dynamics. An alternative to this method is to
look at the support of the occupational measures contained in the set © (¢, xg, yo) in order to obtain
optimal trajectories from every (t,zq) € [0,T] x RM. We denote by

(n,6) €R x Cp' (Ry x RM x RN) sit.
(30) De,h (ta xo, yO) = n= inf {(T - t) £v;5¢ (87 €, y) )

(s8,2,y,0,2,w)E[t, T xRM xRN x U xRM xRN

+h (Z) - ¢ (Tv Z7w) + ¢) (t, Zo, yO)}

for all (t,x0,10) € [0,T] x RM x RV,

Remark 15 We note that O(t,zo,yo;€) contains measures with compact support. Consequently,
we may consider that the test functions have also compact support. Moreover, in the previous
formulation, we can replace the infimum over (s, x,y,v, z,w) € [t,T] X RM x RN x U x RM x RN
with the minimum over a compact set which contains the support of the occupational measures.

Consequently, we can reformulate the dual formulation as folows:

Wa,h (t7 Zo, yO) = sup {77’ (777 Qb) € Da,h (ta Zo, yO)} :

Definition 16 We say that (7jz, ¢=) € Dep, (t,70,90) is an optimal pair whenever we have
We,h (ta Zo, yO) = 778'

Definition 17 Let (t,z0,y0) € [0,7] x RM x RN be fizred. We denote by

(s,2,9,v,z,w) € [t,T] x RM x RN x U x RM x RN s.¢.
(31) Qe (t,@o,90) = e ={(T —t) L% (s,2,y) + h(2) — (T, z,w) + ¢ (t,z0,%0)} ¢,
for every optimal pair (7, &) € D (t, 70,0)

(s,2,9,v,z,w) € [t,T] x RM x RN x U x RM x R s.t.

N = {(T —t) £”?%¢(s,x,y) +h(z)— (T, z,w) + ¢ (t, 1‘073/0)}

(32) Ql (75,930,3/0) = _
woh for every optimal pair (17%, gb%) € D#h (t, 0, y0)

and with ¢1 as in the definition of ny, (t, 0, yo)

and by

(33) lg, =liminf1qg

n—00 L.n
Note that, as in Section 4, 7. € O (¢, 0, y0; €) is optimal iff v, (2.1, (¢, 0, y0)) = 1 for all € > 0.

Theorem 18 Let (t,z0,10) € [0,7] x RM x RN be fized. Then, v € O (t,z0,y0) is optimal iff
¥ (. (t, w0, 90)) = 1.
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Proof. First, suppose that v € © (¢, x0,y0) is such that v (2, (¢, z0,y0)) = 1. In order to shorten
the formulas, we denote by A := [t,T] x RM x RN x U x RM x RN, We have the following

[ h(2)y(dsdzdydudzdw) = [ h(z)~v(dsdzdydudzdw) and
A Qp(t,70,90)

f (¢ (ta Zo, yO) + (T - t) ‘Cu’%qb (8, z, y) - ¢ (T7 2, ’UJ) +h (Z)) m (dsd:z:dydu) V2 (dZdw) =
Qp(tz0,50)

S Loneoo) (6 (t20,50) + (T = 1) £556 (5,2,9) = & (T, 2,w) + h (2)) 71 (dsdadydu) 32 (dzdw) <
A

Jliminf, oo 1o,  (6,20,30) (d) (t,x0,y0) + (T — 1) ﬁ“?%(ﬁ (s,z,y) — ¢ (T,z,w)+h (z)) m (dsdzdydu) v2 (dzdw)
A n’

. wl
lim lnfn—moi‘ 1ﬂ%,h(t,xo,yo) <¢ (t7 Zo, yO) + (T - t) L% ¢ (87 Z, y) —¢ (T7 Z, w) +h (Z)> "M (dexdydu) Y2 (dZdU))
Vo € Oyt (Ry x RM x RV).

Consider now an optima pair (77 1,01 ) € D1, (t,x0,y0) and with¢1 as in the definition of

M (t, 2o, yo). Using the previous estimation, we obtain

f h () v(dsdzdydudzdw) <

lim inf [ 1o, tron) (81 (t.20,30) + (T =) L5561 (5,,9) = 61 (T, 2,w)) 7 (dsdadydudzdw) =

n—o0

lim mfflgl txo,yo)nlfy(dsdxdydudzdw) < W (t, ) .

n—o0

Consequently, v € O (¢, g, yo) is optimal.
Secondly, let v € © (t, zg,yo) be optimal. For an optimal pair < 71, &;) € D1, (t,x0,y0) as in
the definition of 7 (¢, xo, yo) we obtain

Wi, (t, zg —|—a( ) fh v(dsdzdydudzdw) + a( ) >

J (82 (t.20,30) + (T —t)ﬁ“nm (5,2,9) = 61 (T, 2,w)) 71 (dsdadydu) 32 (dzdw) >

A \n

[ (81 (bwo,p0) + (T = ) L5561 (s5,2,) = b1 (T, 2,w) ) 71 (dsdadydu) v (dzdw) =
Q1 (tzoyo) © " " "

i 17 (dsdzdydu) 2 (dzdw) — o (L) = (Q1 5 (Lo, y0)> M.

Wi (t,20) = [ h (2) y(dsdadydudzdw) > liminf y (m (¢, wo,y0)> 7
A

1
Wi (t, o) (hmlnfn—mﬁl y (t, xo,yo)> > Wi (t,z0) v (Q (t, 20, %0)) -

Consequently, v € © (t, o, y0) is such that v (Q, (¢, z0,y0)) = 1 Indeed, if v (2, (¢, z0,y0)) < 1
we get

Wi, (t, 20, y0) = / h (z) y(dsdzdudz) > W, (t,x0,y0)
[t,TIXRM xRN xUxRM xRN

which leads to a contradiction. m

7 Appendix

We prove the Proposition 5. We will make use of the following result due to N. V. Krylov (cf. [18],
Theorem 2.1):
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Proposition 19 There ezists a constant C > 0 such that, for every § € (0,1], there exists a
function V° € C;’l ([0, T + 6] x RY) (classical) subsolution of (17) defined on [0,T + 6] x RY
satisfying

(i) ’V‘S (t,)— ¢ ()’ <06, forte [T, T+46], and
(i4) \Vﬁ () =V, (.)‘ < 6, on [0,T] x RY.

Proof. (of Proposition 5) We have seen that v*T:%% € © (t,T,x), for all (¢t,z) € [0,7] x RY and
all w € Y. It follows that

(34> ‘/g’ (t,.ﬁ[)) > Ag’ (tax) :
For any v € O (¢,T, z) , whenever (1, ¢) € R x 021,1 (Ry x RY) satisfies

< (T =)L (s,y) +g'(2) = ¢(T,2) + & (¢, ),

for all (s,y,v,2) € [t,T] x RYN x U x R, we have

n< /g' (2) 72 (dz) .

RN

Hence,
(35) ng (t,x) < Ay (t,x) < o0.
To complete the proof, one only needs to show that
(36) Vg (t2) <mg (L, 2) .

To this purpose, we apply the previous Proposition and get, for every § > 0, the existence of some
regular V? such that

aVO (t,x) + H (t,x,DV5 (t,x)) >0,

for all (¢, ) € [0,T] x RN. Thus, choosing C as in Proposition 19, for every (¢, s,z,y, z) € [0, T]* x
R3N and every v € U, one has

VO(t,z) —Co < (T —t) LV (s,y) + ¢ (2) = VO (T, 2) + VO(t,z).

Hence,
Vo(t,z) — C6 < ny (L, ).

The inequality (36) follows by passing to the limit as 6 — 0 and recalling that Proposition 19 (ii)
holds true. The proof of our Theorem is now complete. m
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