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❘❡❛s♦♥✐♥❣ ♦♥ ❙❝❤❡♠❛t❛ ♦❢ ❋♦r♠✉❧æ⋆

▼♥❛❝❤♦ ❊❝❤❡♥✐♠ ❛♥❞ ◆✐❝♦❧❛s P❡❧t✐❡r

❯♥✐✈❡rs✐t② ♦❢ ●r❡♥♦❜❧❡⋆⋆ ✭▲■●✱ ●r❡♥♦❜❧❡ ■◆P✴❈◆❘❙✮

❆❜str❛❝t✳ ❆ ❧♦❣✐❝ ✐s ♣r❡s❡♥t❡❞ ❢♦r r❡❛s♦♥✐♥❣ ♦♥ ✐t❡r❛t❡❞ s❡q✉❡♥❝❡s ♦❢
❢♦r♠✉❧æ ♦✈❡r s♦♠❡ ❣✐✈❡♥ ❜❛s❡ ❧❛♥❣✉❛❣❡✳ ❚❤❡ ❝♦♥s✐❞❡r❡❞ s❡q✉❡♥❝❡s✱ ♦r
s❝❤❡♠❛t❛✱ ❛r❡ ❞❡✜♥❡❞ ✐♥❞✉❝t✐✈❡❧②✱ ♦♥ s♦♠❡ ❛❧❣❡❜r❛✐❝ str✉❝t✉r❡ ✭❢♦r ✐♥✲
st❛♥❝❡ t❤❡ ♥❛t✉r❛❧ ♥✉♠❜❡rs✱ t❤❡ ❧✐sts✱ t❤❡ tr❡❡s ❡t❝✳✮✳ ❆ ♣r♦♦❢ ♣r♦❝❡❞✉r❡
✐s ♣r♦♣♦s❡❞ t♦ r❡❧❛t❡ t❤❡ s❛t✐s✜❛❜✐❧✐t② ♣r♦❜❧❡♠ ❢♦r s❝❤❡♠❛t❛ t♦ t❤❛t ♦❢
✜♥✐t❡ ❞✐s❥✉♥❝t✐♦♥s ♦❢ ❜❛s❡ ❢♦r♠✉❧æ✳ ■t ✐s s❤♦✇♥ t❤❛t t❤✐s ♣r♦❝❡❞✉r❡ ✐s
s♦✉♥❞✱ ❝♦♠♣❧❡t❡ ❛♥❞ t❡r♠✐♥❛t✐♥❣✱ ❤❡♥❝❡ t❤❡ ❜❛s✐❝ ❝♦♠♣✉t❛t✐♦♥❛❧ ♣r♦✲
♣❡rt✐❡s ♦❢ t❤❡ ❜❛s❡ ❧❛♥❣✉❛❣❡ ❝❛♥ ❜❡ ❝❛rr✐❡❞ ♦✈❡r t♦ s❝❤❡♠❛t❛✳

✶ ■♥tr♦❞✉❝t✐♦♥

❲❡ ✐♥tr♦❞✉❝❡ ❛ ❧♦❣✐❝ ❢♦r r❡❛s♦♥✐♥❣ ♦♥ ✐t❡r❛t❡❞ s❝❤❡♠❛t❛ ♦❢ ❢♦r♠✉❧æ✳ ❚❤❡
s❝❤❡♠❛t❛ ✇❡ ❝♦♥s✐❞❡r ❛r❡ ✐♥✜♥✐t❡ s❡q✉❡♥❝❡s ♦❢ ❢♦r♠✉❧æ ♦✈❡r ❛ ❣✐✈❡♥ ❜❛s❡ ❧❛♥✲
❣✉❛❣❡✱ ❛♥❞ t❤❡s❡ s❡q✉❡♥❝❡s ❛r❡ ❞❡✜♥❡❞ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ s♦♠❡ ❛❧❣❡❜r❛✐❝ str✉❝t✉r❡
✭❡✳❣✳ t❤❡ ♥❛t✉r❛❧ ♥✉♠❜❡rs✮✳ ❆s ❛♥ ❡①❛♠♣❧❡✱ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ s❡q✉❡♥❝❡ ♦❢
♣r♦♣♦s✐t✐♦♥❛❧ ❢♦r♠✉❧æ φn✱ ♣❛r❛♠❡t❡r✐③❡❞ ❜② ❛ ♥❛t✉r❛❧ ♥✉♠❜❡r n✿

φ0 → ⊤ φn+1 → φn ∧ (p(n) ⇔ p(n+ 1))✳

■t ✐s ❝❧❡❛r t❤❛t t❤❡ ❢♦r♠✉❧❛ φn ∧ p(0) ∧ ¬p(n) ✐s ✉♥s❛t✐s✜❛❜❧❡✱ ❢♦r ❡✈❡r② n ∈ N✳
❚❤✐s ❝❛♥ ❜❡ ❡❛s✐❧② ❝❤❡❝❦❡❞ ❜② ❛♥② ❙❆❚✲s♦❧✈❡r✱ ❢♦r ❡✈❡r② ✜①❡❞ ✈❛❧✉❡ ♦❢ n✳ ❍❡r❡
t❤❡ ❜❛s❡ ❧❛♥❣✉❛❣❡ ✐s ♣r♦♣♦s✐t✐♦♥❛❧ ❧♦❣✐❝ ❛♥❞ t❤❡ s❡q✉❡♥❝❡ ✐s ❞❡✜♥❡❞ ♦✈❡r t❤❡
♥❛t✉r❛❧ ♥✉♠❜❡rs✳ ❍♦✇❡✈❡r✱ ♣r♦✈✐♥❣ t❤❛t ✐t ✐s ✐s ✉♥s❛t✐s✜❛❜❧❡ ❢♦r ❡✈❡r② n ∈ N ✐s
❛ ♠✉❝❤ ❤❛r❞❡r t❛s❦ ✇❤✐❝❤ ♦❜✈✐♦✉s❧② r❡q✉✐r❡s t❤❡ ✉s❡ ♦❢ ♠❛t❤❡♠❛t✐❝❛❧ ✐♥❞✉❝t✐♦♥✳
❙✐♠✐❧❛r❧②✱ ❝♦♥s✐❞❡r t❤❡ s❡q✉❡♥❝❡✿

ψnil → ⊤ ψcons(x,y) → ψy ∧ (∃u p(y, u)) ⇔ (∃v p(cons(x, y), v))

❚❤❡♥ ψl ∧ p(nil, a)∧∀u¬p(l, u) ✐s ✉♥s❛t✐s✜❛❜❧❡✱ ❢♦r ❡✈❡r② ✭✜♥✐t❡✮ ❧✐st l✳ ❍❡r❡ t❤❡
❜❛s❡ ❧❛♥❣✉❛❣❡ ✐s ✜rst✲♦r❞❡r ❧♦❣✐❝ ❛♥❞ t❤❡ s❡q✉❡♥❝❡ ✐s ❞❡✜♥❡❞ ♦✈❡r t❤❡ s❡t ♦❢ ❧✐sts✳
❙✉❝❤ ✐♥❞✉❝t✐✈❡❧② ❞❡✜♥❡❞ s❡q✉❡♥❝❡s ❛r❡ ✉❜✐q✉✐t♦✉s ✐♥ ♠❛t❤❡♠❛t✐❝s ❛♥❞ ❝♦♠♣✉t❡r
s❝✐❡♥❝❡✳ ❚❤❡② ❛r❡ ♦❢t❡♥ ✐♥tr♦❞✉❝❡❞ t♦ ❛♥❛❧②③❡ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ ♣r♦♦❢ ♣r♦❝❡❞✉r❡s✳
❋r♦♠ ❛ ♠♦r❡ ♣r❛❝t✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✱ s❝❤❡♠❛t❛ ♦❢ ♣r♦♣♦s✐t✐♦♥❛❧ ❢♦r♠✉❧æ ❛r❡ ✉s❡❞
t♦ ♠♦❞❡❧ ♣r♦♣❡rt✐❡s ♦❢ ❝✐r❝✉✐ts ♣❛r❛♠❡t❡r✐③❡❞ ❜② ♥❛t✉r❛❧ ♥✉♠❜❡rs✱ ✇❤✐❝❤ ❝❛♥ r❡♣✲
r❡s❡♥t✱ ❡✳❣✳✱ t❤❡ ♥✉♠❜❡r ♦❢ ❜✐ts✱ ♥✉♠❜❡r ♦❢ ❧❛②❡rs ❡t❝✳ ✭s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬✶✺❪✱ ✇❤❡r❡

⋆ ❚❤✐s ✇♦r❦ ❤❛s ❜❡❡♥ ♣❛rt❧② ❢✉♥❞❡❞ ❜② t❤❡ ♣r♦❥❡❝t ❆❙❆P ♦❢ t❤❡ ❋r❡♥❝❤ ❆❣❡♥❝❡ ◆❛✲
t✐♦♥❛❧❡ ❞❡ ❧❛ ❘❡❝❤❡r❝❤❡ ✭❆◆❘✲✵✾✲❇▲❆◆✲✵✹✵✼✲✵✶✮✳

⋆⋆ ❡♠❛✐❧s✿ ▼♥❛❝❤♦✳❊❝❤❡♥✐♠❅✐♠❛❣✳❢r✱ ◆✐❝♦❧❛s✳P❡❧t✐❡r❅✐♠❛❣✳❢r



❛ ❧❛♥❣✉❛❣❡ ✐s ✐♥tr♦❞✉❝❡❞ t♦ ❞❡♥♦t❡ ✐♥❞✉❝t✐✈❡❧② ❞❡✜♥❡❞ ❜♦♦❧❡❛♥ ❢✉♥❝t✐♦♥s ✇❤✐❝❤
❝❛♥ ❜❡ ✉s❡❞ t♦ ♠♦❞❡❧ s✉❝❤ ♣❛r❛♠❡t❡r✐③❡❞ ❝✐r❝✉✐ts✮✳ ■♥ ♠❛t❤❡♠❛t✐❝s✱ s❝❤❡♠❛t❛
♦❢ ✜rst✲♦r❞❡r ❢♦r♠✉❧æ ❝❛♥ ♠♦❞❡❧ ✐♥❞✉❝t✐✈❡ ♣r♦♦❢s✱ ✇❤✐❝❤ ❝❛♥ ❜❡ s❡❡♥ ❛s ✐♥✜♥✐t❡
✭✉♥❜♦✉♥❞❡❞✮ s❡q✉❡♥❝❡s ♦❢ ✜rst✲♦r❞❡r ❢♦r♠✉❧æ ✭s❡❡ ❬✺❪ ❢♦r ❛♥ ❡①❛♠♣❧❡ ♦❢ t❤❡ ✉s❡
♦❢ t❤✐s t❡❝❤♥✐q✉❡ ✐♥ ♣r♦♦❢ ❛♥❛❧②s✐s✮✳

❲❡ ♥♦✇ ♣r♦✈✐❞❡ ❛ s❧✐❣❤t❧② ♠♦r❡ ❝♦♠♣❧❡① ❡①❛♠♣❧❡✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ s❝❤❡♠❛ ψt

❡♥❝♦❞❡s ❛ ♠✉❧t✐♣❧❡①❡r✱ ✐♥❞✉❝t✐✈❡❧② ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✳ ❚❤❡ ❜❛s❡ ❝❛s❡ ✐s ❞❡♥♦t❡❞
❜② ❇❛s❡(x)✱ ✇❤❡r❡ x ❞❡♥♦t❡s ❛♥ ❛r❜✐tr❛r② s✐❣♥❛❧✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ♦✉t♣✉t ♦❢ t❤❡
❝✐r❝✉✐t ✐s s✐♠♣❧② t❤❡ ♦✉t♣✉t ♦❢ x✱ ❞❡♥♦t❡❞ ❜② s✐❣♥❛❧(x)✳ ❚❤❡ ✐♥❞✉❝t✐✈❡ ❝❛s❡ ✐s
❞❡♥♦t❡❞ ❜② ■♥❞(i, x, y)✱ ✇❤❡r❡ i ✐s ❛ s❡❧❡❝t ✐♥♣✉t ❛♥❞ x ❛♥❞ y ❛r❡ t✇♦ s♠❛❧❧❡r
✐♥st❛♥❝❡s ♦❢ t❤❡ ♠✉❧t✐♣❧❡①❡r✳ ■ts ♦✉t♣✉t ✐s ❡✐t❤❡r t❤❡ ♦✉t♣✉t ♦❢ x ♦r t❤❛t ♦❢ y✱
❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ✈❛❧✉❡ ♦❢ i✳

ψ❇❛s❡(x) → ♦✉t(❇❛s❡(x)) ⇔ s✐❣♥❛❧(x)
ψ■♥❞(i,x,y) → (¬s✐❣♥❛❧(i) ∨ (♦✉t(■♥❞(x, y)) ⇔ ♦✉t(x)))

∧ (s✐❣♥❛❧(i) ∨ (♦✉t(■♥❞(x, y)) ⇔ ♦✉t(y)))
∧ ψx ∧ ψy

◆♦t❡ t❤❛t t❤✐s ❦✐♥❞ ♦❢ ❝✐r❝✉✐t ❝❛♥♥♦t ❜❡ ❡♥❝♦❞❡❞ ✐♥ t❤❡ ❧❛♥❣✉❛❣❡ ♦❢ ✭r❡❣✲
✉❧❛r✮ ♣r♦♣♦s✐t✐♦♥❛❧ s❝❤❡♠❛t❛ ❞❡✜♥❡❞ ✐♥ ❬✷✱ ✸❪✱ ❜❡❝❛✉s❡ t❤❡ ♥✉♠❜❡r ♦❢ ✐♥♣✉ts ✐s
❡①♣♦♥❡♥t✐❛❧ ✐♥ t❤❡ ❞❡♣t❤ ♦❢ t❤❡ ❝✐r❝✉✐t✳ ❍❡♥❝❡✱ t❤❡ ✉s❡ ♦❢ ♥♦♥✲♠♦♥❛❞✐❝ ❢✉♥❝t✐♦♥
s②♠❜♦❧s ✐s ♠❛♥❞❛t♦r②✳

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ❞❡✈✐s❡ ❛ ♣r♦♦❢ ♣r♦❝❡❞✉r❡ t♦ ❝❤❡❝❦ t❤❡ s❛t✐s✜❛❜✐❧✐t② ♦❢ t❤❡s❡
s❡q✉❡♥❝❡s✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛ ❢♦r♠❛❧ ❧❛♥❣✉❛❣❡ ❢♦r ♠♦❞❡❧✐♥❣ s❡q✉❡♥❝❡s
♦❢ ❢♦r♠✉❧æ ❞❡✜♥❡❞ ♦✈❡r ❛♥ ❛r❜✐tr❛r② ❜❛s❡ ❧❛♥❣✉❛❣❡ ✭❡♥❝♦❞❡❞ ❛s ✜rst✲♦r❞❡r ❢♦r✲
♠✉❧æ ✐♥t❡r♣r❡t❡❞ ✐♥ s♦♠❡ ♣❛rt✐❝✉❧❛r t❤❡♦r②✮ ❛♥❞ ✇❡ s❤♦✇ t❤❛t t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧
♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❜❛s❡ ❧♦❣✐❝ ❝❛rr② ♦✈❡r t♦ t❤❡s❡ s❝❤❡♠❛t❛✿ ■❢ t❤❡ s❛t✐s✜❛❜✐❧✐t②
♣r♦❜❧❡♠ ✐s ❞❡❝✐❞❛❜❧❡ ✭r❡s♣✳ s❡♠✐✲❞❡❝✐❞❛❜❧❡✮ ❢♦r t❤❡ ❜❛s❡ ❧❛♥❣✉❛❣❡ t❤❡♥ ✐t ✐s ❛❧s♦
❞❡❝✐❞❛❜❧❡ ✭r❡s♣✳ s❡♠✐✲❞❡❝✐❞❛❜❧❡✮ ❢♦r t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s❝❤❡♠❛t❛✳ ❋♦r ✐♥st❛♥❝❡✱
t❤❡ s❛t✐s✜❛❜✐❧✐t② ♣r♦❜❧❡♠ ✐s ❞❡❝✐❞❛❜❧❡ ❢♦r s❝❤❡♠❛t❛ ♦❢ ♣r♦♣♦s✐t✐♦♥❛❧ ❢♦r♠✉❧æ ❛♥❞
s❡♠✐✲❞❡❝✐❞❛❜❧❡ ❢♦r s❝❤❡♠❛t❛ ♦❢ ✜rst✲♦r❞❡r ❢♦r♠✉❧æ✳ ❚❤❡ ❜❛s✐❝ ♣r✐♥❝✐♣❧❡ ♦❢ ♦✉r
♣r♦♦❢ ♣r♦❝❡❞✉r❡ ❝♦♥s✐sts ✐♥ r❡❧❛t✐♥❣ t❤❡ s❛t✐s✜❛❜✐❧✐t② ♦❢ ❛♥② ✐t❡r❛t❡❞ s❝❤❡♠❛t❛ ♦❢
❢♦r♠✉❧æ t♦ t❤❛t ♦❢ ❛ ✜♥✐t❡ ❞✐s❥✉♥❝t✐♦♥ ♦❢ ❜❛s❡ ❢♦r♠✉❧æ✳ ❚❤❡ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡
s❛t✐s✜❛❜✐❧✐t② ♣r♦❜❧❡♠✱ ❤♦✇❡✈❡r✱ ✐s ♥♦t ♣r❡s❡r✈❡❞ ✐♥ ❣❡♥❡r❛❧✱ s✐♥❝❡ t❤❡ ♥✉♠❜❡r ♦❢
❢♦r♠✉❧æ ✐♥ t❤❡ ❞✐s❥✉♥❝t✐♦♥ ♠❛② ❜❡ ❡①♣♦♥❡♥t✐❛❧✳

❚❤✐s ✇♦r❦ ❣❡♥❡r❛❧✐③❡s ♣r❡✈✐♦✉s r❡s✉❧ts ❬✷✱ ✸❪ ✐♥ t✇♦ ❞✐r❡❝t✐♦♥s✿ ✜rst t❤❡ ❜❛s❡
❧❛♥❣✉❛❣❡ ✐s ♥♦ ❧♦♥❣❡r r❡str✐❝t❡❞ t♦ ♣r♦♣♦s✐t✐♦♥❛❧ ❧♦❣✐❝✶ ❛♥❞ s❡❝♦♥❞ t❤❡ s❡q✉❡♥❝❡s
❛r❡ ❞❡✜♥❡❞ ♦✈❡r ❛r❜✐tr❛r② ❛❧❣❡❜r❛✐❝ str✉❝t✉r❡s✱ ❛♥❞ ♥♦t ♦♥❧② ♦✈❡r t❤❡ ♥❛t✉r❛❧
♥✉♠❜❡rs✳ ❆❜str❛❝t✐♥❣ ❢r♦♠ t❤❡ ❜❛s❡ ❧❛♥❣✉❛❣❡ ❧❡❛❞s t♦ ❛♥ ♦❜✈✐♦✉s ❣❛✐♥ ✐♥ ❛♣♣❧✐✲
❝❛❜✐❧✐t② s✐♥❝❡ ♦✉r ❛♣♣r♦❛❝❤ ♥♦✇ ❛♣♣❧✐❡s t♦ ❛♥② ❧♦❣✐❝✱ ♣r♦✈✐❞❡❞ ❛ ♣r♦♦❢ ♣r♦❝❡❞✉r❡
❡①✐sts ❢♦r t❡st✐♥❣ t❤❡ s❛t✐s✜❛❜✐❧✐t② ♦❢ ❜❛s❡ ❢♦r♠✉❧æ✳ ❇❡s✐❞❡s✱ ✐t ❤❛s t❤❡ ❛❞✈❛♥t❛❣❡
t❤❛t t❤❡ r❡❛s♦♥✐♥❣ ♦♥ s❝❤❡♠❛t❛ ✐s ♥♦✇ ❝❧❡❛r❧② s❡♣❛r❛t❡❞ ❢r♦♠ t❤❡ r❡❛s♦♥✐♥❣ ♦♥
❢♦r♠✉❧æ ✐♥ t❤❡ ❜❛s❡ ❧❛♥❣✉❛❣❡✱ ✇❤✐❝❤ ♠❛② ❜❡ ♣♦st♣♦♥❡❞✳ ❚❤✐s s❤♦✉❧❞ ♠❛❦❡ ♦✉r
❛♣♣r♦❛❝❤ ♠✉❝❤ ♠♦r❡ s❝❛❧❛❜❧❡✱ s✐♥❝❡ ❛♥② ❡①✐st✐♥❣ s②st❡♠ ❝♦✉❧❞ ♥♦✇ ❜❡ ✉s❡❞ ❛s ❛

✶ ❆ ✜rst ❡①t❡♥s✐♦♥ t♦ s♦♠❡ ❞❡❝✐❞❛❜❧❡ t❤❡♦r✐❡s s✉❝❤ ❛s Pr❡s❜✉r❣❡r ❛r✐t❤♠❡t✐❝ ✇❛s ❝♦♥✲
s✐❞❡r❡❞ ✐♥ ❬✹❪✳



✏❜❧❛❝❦ ❜♦①✑ t♦ ❤❛♥❞❧❡ t❤❡ ❜❛s✐❝ ♣❛rt ♦❢ t❤❡ r❡❛s♦♥✐♥❣ ✭✇❤❡r❡❛s t❤❡ t✇♦ ❛s♣❡❝ts
✇❡r❡ ❝❧♦s❡❧② ✐♥t❡r❧❡❛✈❡❞ ✐♥ ♦✉r ✜rst ❛♣♣r♦❛❝❤✱ ②✐❡❧❞✐♥❣ ❛❞❞✐t✐♦♥❛❧ ❝♦♠♣✉t❛t✐♦♥❛❧
❝♦sts✮✳ ❇♦t❤ ❡①t❡♥s✐♦♥s s✐❣♥✐✜❝❛♥t❧② ✐♥❝r❡❛s❡ t❤❡ s❝♦♣❡ ♦❢ ♦✉r ❛♣♣r♦❛❝❤✳

❚❤❡ ❡①t❡♥s✐♦♥ t♦ ❛r❜✐tr❛r② str✉❝t✉r❡s t✉r♥s ♦✉t t♦ ❜❡ t❤❡ ♠♦st ❞✐✣❝✉❧t ❢r♦♠
❛ t❤❡♦r❡t✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✱ ♠❛✐♥❧② ❜❡❝❛✉s❡✱ ❛s ✇❡ s❤❛❧❧ s❡❡✱ t❤❡ ♥✉♠❜❡r ♦❢ ♣❛✲
r❛♠❡t❡rs ❝❛♥ ✐♥❝r❡❛s❡ ❞✉r✐♥❣ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♣❤❛s❡✱ ②✐❡❧❞✐♥❣ ❛♥ ✐♥❝r❡❛s❡ ♦❢
t❤❡ ♥✉♠❜❡r ♦❢ r❡❧❛t❡❞ ♥♦♥✲❞❡❝♦♠♣♦s❛❜❧❡ ❢♦r♠✉❧æ ✐♥ ❡❛❝❤ ❜r❛♥❝❤✱ ✇❤✐❝❤ ❝❛♥ ✐♥
♣r✐♥❝✐♣❧❡ ♣r❡✈❡♥t t❡r♠✐♥❛t✐♦♥✳ ■♥ ❝♦♥tr❛st t♦ ✇❤❛t ❤❛♣♣❡♥s ✐♥ t❤❡ s✐♠♣❧❡r ❝❛s❡
♦❢ ♣r♦♣♦s✐t✐♦♥❛❧ s❝❤❡♠❛t❛ ❬✷❪✱ t❤❡s❡ ❢♦r♠✉❧æ ❝❛♥♥♦t ✐♥ ❣❡♥❡r❛❧ ❜❡ ❞❡❧❡t❡❞ ❜② t❤❡
♣✉r✐t② ♣r✐♥❝✐♣❧❡✱ s✐♥❝❡ t❤❡② ❛r❡ ♥♦t ✐♥❞❡♣❡♥❞❡♥t ❢r♦♠ t❤❡ ♦t❤❡r ❢♦r♠✉❧æ ✐♥ t❤❡
❜r❛♥❝❤✳ ❚♦ ♦✈❡r❝♦♠❡ t❤✐s ♣r♦❜❧❡♠✱ ✇❡ ❞❡✈✐s❡ ❛ s♣❡❝✐✜❝ ✐♥st❛♥t✐❛t✐♦♥ str❛t❡❣②
❜❛s❡❞ ♦♥ ❛ ❝❛r❡❢✉❧ ❛♥❛❧②s✐s ♦❢ t❤❡ ❞❡♣t❤ ♦❢ t❡r♠s r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ♣❛r❛♠❡t❡rs✱
❛♥❞ ✇❡ ❞❡✜♥❡ ❛ ♥❡✇ ❧♦♦♣ ❞❡t❡❝t✐♦♥ ♠❡❝❤❛♥✐s♠✳ ❚❤✐s ❜❧♦❝❦✐♥❣ r✉❧❡ ✐s ♠♦r❡ ❣❡♥✲
❡r❛❧ ❛♥❞ ♠♦r❡ ❝♦♠♣❧❡① t❤❛♥ t❤❡ ♦♥❡ ✐♥ ❬✷❪✳ ❲❡ s❤♦✇ t❤❛t ✐t ✐s ❣❡♥❡r❛❧ ❡♥♦✉❣❤ ✕
t♦❣❡t❤❡r ✇✐t❤ t❤❡ ♣r♦♣♦s❡❞ ✐♥st❛♥t✐❛t✐♦♥ str❛t❡❣② ✕ t♦ ❡♥s✉r❡ t❡r♠✐♥❛t✐♦♥✳ ❚❡r✲
♠✐♥❛t✐♦♥ ✐s ❤♦✇❡✈❡r ♠✉❝❤ ♠♦r❡ ❞✐✣❝✉❧t t♦ ♣r♦✈❡ t❤❛♥ ❢♦r ♣r♦♣♦s✐t✐♦♥❛❧ s❝❤❡♠❛t❛
❞❡✜♥❡❞ ♦✈❡r ♥❛t✉r❛❧ ♥✉♠❜❡rs✳

❚❤❡ t②♣❡s ♦❢ str✉❝t✉r❡s t❤❛t ❝❛♥ ❜❡ ❤❛♥❞❧❡❞ ❛r❡ q✉✐t❡ ❣❡♥❡r❛❧✿ t❤❡② ❛r❡ ❞❡✜♥❡❞
❜② s❡ts ♦❢ ✕ ♣♦ss✐❜❧② ♥♦♥✲❢r❡❡ ✕ ❝♦♥str✉❝t♦rs ♦♥ ❛ s♦rt❡❞ s✐❣♥❛t✉r❡✳ ❚❤❡ t❡r♠s
❝❛♥ ♣♦ss✐❜❧② ❝♦♥t❛✐♥ ❡❧❡♠❡♥ts ♦❢ ❛ ♥♦♥✲✐♥❞✉❝t✐✈❡ s♦rt✳ ❋♦r ✐♥st❛♥❝❡✱ ❛ ❧✐st ♠❛②
❞❡✜♥❡❞ ✐♥❞✉❝t✐✈❡❧② ♦♥ ❛♥ ❛r❜✐tr❛r② s❡t ♦❢ ❡❧❡♠❡♥ts✳

❘❡❧❛t❡❞ ❲♦r❦

❚❤❡r❡ ❡①✐st ♠❛♥② ❧♦❣✐❝s ❛♥❞ ❢r❛♠❡✇♦r❦s ✐♥ ✇❤✐❝❤ t❤❡ ♣r❡✈✐♦✉s s❝❤❡♠❛t❛ ❝❛♥ ❜❡
❡♥❝♦❞❡❞✱ ❢♦r ✐♥st❛♥❝❡ ❤✐❣❤❡r✲♦r❞❡r ❧♦❣✐❝ ❬✼❪✮✱ ✜rst✲♦r❞❡r µ✲❝❛❧❝✉❧✉s ❬✶✽❪✱ ♦r ❧♦❣✐❝s
✇✐t❤ ✐♥❞✉❝t✐✈❡ ❞❡✜♥✐t✐♦♥s ❬✶❪ t❤❛t ❛r❡ ✇✐❞❡❧② ✉s❡❞ ✐♥ ♣r♦♦❢ ❛ss✐st❛♥ts ❬✶✾❪✳ ❍♦✇✲
❡✈❡r✱ t❤❡ s❛t✐s✜❛❜✐❧✐t② ♣r♦❜❧❡♠ ✐s ♥♦t ❡✈❡♥ s❡♠✐✲❞❡❝✐❞❛❜❧❡ ❢♦r t❤❡s❡ ❧♦❣✐❝s ✭❞✉❡
t♦ ●ö❞❡❧✬s ❢❛♠♦✉s r❡s✉❧t✮✳ ❱❡r② ❧✐tt❧❡ ♣✉❜❧✐s❤❡❞ r❡s❡❛r❝❤ s❡❡♠s t♦ ❜❡ ❢♦❝✉s❡❞
♦♥ t❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥ ♦❢ ❝♦♠♣❧❡t❡ s✉❜❝❧❛ss❡s ❛♥❞ ✐t❡r❛t❡❞ s❝❤❡♠❛t❛ ❞❡✜♥✐t❡❧② ❞♦
♥♦t ❧✐❡ ✐♥ t❤❡s❡ ❝❧❛ss❡s ❛♥❞ ❝❛♥♥♦t ❜❡ r❡❞✉❝❡❞ t♦ t❤❡♠ ❡✐t❤❡r✳ ❖✉r ❛♣♣r♦❛❝❤
❡♥s✉r❡s t❤❛t t❤❡ ❜❛s✐❝ ❝♦♠♣✉t❛t✐♦♥❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❜❛s❡ ❧❛♥❣✉❛❣❡ ✭❞❡❝✐❞❛❜✐❧✲
✐t② ♦r s❡♠✐✲❞❡❝✐❞❛❜✐❧✐t②✮ ❛r❡ ♣r❡s❡r✈❡❞✱ ❛t t❤❡ ❝♦st ♦❢ ❛❞❞✐t✐♦♥❛❧ r❡str✐❝t✐♦♥s ♦♥
t❤❡ s②♥t❛① ♦❢ t❤❡ s❝❤❡♠❛t❛ ✉♥❞❡r ❝♦♥s✐❞❡r❛t✐♦♥✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ♠♦❞❡❧✐♥❣ ♦❢
s❝❤❡♠❛t❛ ✐♥ ❤✐❣❤❡r✲♦r❞❡r ❧❛♥❣✉❛❣❡s✱ ❛❧t❤♦✉❣❤ ♣♦ss✐❜❧❡ ❢r♦♠ ❛ t❤❡♦r❡t✐❝❛❧ ♣♦✐♥t
♦❢ ✈✐❡✇✱ ✐s ❝✉♠❜❡rs♦♠❡ ❛♥❞ ♥♦t ✈❡r② ♥❛t✉r❛❧ ✐♥ ♣r❛❝t✐❝❡✳

❚❤❡r❡ ❡①✐st s❡✈❡r❛❧ ❛♣♣r♦❛❝❤❡s ✐♥ ✐♥❞✉❝t✐✈❡ t❤❡♦r❡♠ ♣r♦✈✐♥❣✱ r❛♥❣✐♥❣ ❢r♦♠
❡①♣❧✐❝✐t ✐♥❞✉❝t✐♦♥ ❛♣♣r♦❛❝❤❡s ✭s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬✶✶❪ ♦r ❬✻❪✮ ✉s❡❞ ♠❛✐♥❧② ❜② ♣r♦♦❢
❛ss✐st❛♥ts t♦ ✐♠♣❧✐❝✐t ✐♥❞✉❝t✐♦♥ s❝❤❡♠❡s ✉s❡❞ ✐♥ r❡✇r✐t❡✲❜❛s❡❞ t❤❡♦r❡♠ ♣r♦✈❡rs
❬✽✱ ✾❪✱ ♦r ❡✈❡♥ t♦ ✐♥❞✉❝t✐♦♥❧❡ss ✐♥❞✉❝t✐♦♥ ❬✶✻✱ ✶✷❪✱ ✇❤❡r❡ ✐♥❞✉❝t✐✈❡ ✈❛❧✐❞✐t② ✐s r❡✲
❞✉❝❡❞ t♦ ❛ ♠❡r❡ s❛t✐s✜❛❜✐❧✐t② ❝❤❡❝❦✳ ❙✉❝❤ ❛♣♣r♦❛❝❤❡s ❝❛♥ ✐♥ ♣r✐♥❝✐♣❧❡ ❤❛♥❞❧❡
s♦♠❡ ♦❢ t❤❡ ❢♦r♠✉❧æ ✇❡ ❝♦♥s✐❞❡r ✐♥ t❤❡ ♣r❡s❡♥t ✇♦r❦✱ ♣r♦✈✐❞❡❞ t❤❡ ❜❛s❡ ❧❛♥✲
❣✉❛❣❡ ❝❛♥ ❜❡ ❛①✐♦♠❛t✐③❡❞✳ ❊①✐st✐♥❣ ❛♣♣r♦❛❝❤❡s ❛r❡ ✉s✉❛❧❧② ♦♥❧② ❝♦♠♣❧❡t❡ ❢♦r
r❡❢✉t❛t✐♦♥✱ ✐♥ t❤❡ s❡♥s❡ t❤❛t ❢❛❧s❡ ❝♦♥❥❡❝t✉r❡s ❝❛♥ ❜❡ ❞✐s♣r♦✈❡❞✱ ❜✉t t❤❛t ✐♥❞✉❝✲
t✐✈❡ t❤❡♦r❡♠s ❝❛♥♥♦t ❛❧✇❛②s ❜❡ r❡❝♦❣♥✐③❡❞ ✭t❤✐s ✐s t❤❡♦r❡t✐❝❛❧❧② ✉♥❛✈♦✐❞❛❜❧❡✮✳
❖♥❝❡ ❛❣❛✐♥✱ ✈❡r② ❢❡✇ t❡r♠✐♥❛t✐♦♥ r❡s✉❧ts ❡①✐st ❢♦r s✉❝❤ ♣r♦✈❡rs ❛♥❞ ♦✉r ❧❛♥❣✉❛❣❡



❞♦❡s ♥♦t ❢❛❧❧ ✐♥ t❤❡ s❝♦♣❡ ♦❢ t❤❡ ❦♥♦✇♥ ❝♦♠♣❧❡t❡ ❝❧❛ss❡s ✭s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬✶✹❪✮✳
■♥ ❣❡♥❡r❛❧✱ ✐♥❞✉❝t✐✈❡ t❤❡♦r❡♠ ♣r♦✈✐♥❣ r❡q✉✐r❡s str♦♥❣ ❤✉♠❛♥ ❣✉✐❞❛♥❝❡✱ ❡s♣❡✲
❝✐❛❧❧② ❢♦r s♣❡❝✐❢②✐♥❣ t❤❡ ♥❡❡❞❡❞ ✐♥❞✉❝t✐✈❡ ❧❡♠♠❛t❛✳ ■♥ ❝♦♥tr❛st✱ ♦✉r ♣r♦❝❡❞✉r❡ ✐s
♣✉r❡❧② ❛✉t♦♠❛t✐❝✳ ❖❢ ❝♦✉rs❡✱ t❤✐s ❝♦♠❡s ❛t t❤❡ ❡①♣❡♥s❡ ♦❢ str♦♥❣❧② r❡❞✉❝✐♥❣ t❤❡
❢♦r♠ ♦❢ t❤❡ ✐♥❞✉❝t✐✈❡ ❛①✐♦♠s✳ ❋✉rt❤❡r♠♦r❡✱ ❛❧t❤♦✉❣❤ ✈❡r② r❡str✐❝t❡❞ t♦ ❡♥s✉r❡
t❡r♠✐♥❛t✐♦♥ ❛♥❞✴♦r ❝♦♠♣❧❡t❡♥❡ss✱ ♦✉r ❧❛♥❣✉❛❣❡ ❛❧❧♦✇s ❢♦r ♠♦r❡ ❣❡♥❡r❛❧ q✉❡r✐❡s✱
♣♦ss✐❜❧② ❝♦♥t❛✐♥✐♥❣ ♥❡st❡❞ q✉❛♥t✐✜❡rs✱ ✇❤✐❝❤ ❛r❡ ✐♥ ❣❡♥❡r❛❧ ♦✉t ♦❢ t❤❡ s❝♦♣❡ ♦❢
❡①✐st✐♥❣ ❛✉t♦♠❛t❡❞ ✐♥❞✉❝t✐✈❡ t❤❡♦r❡♠ ♣r♦✈❡rs✳ ■♥❞❡❡❞✱ ♠♦st ❡①✐st✐♥❣ ❛♣♣r♦❛❝❤❡s
❛✐♠ ❛t ❡st❛❜❧✐s❤✐♥❣ t❤❡ ✐♥❞✉❝t✐✈❡ ✈❛❧✐❞✐t② ♦❢ ✉♥✐✈❡rs❛❧ q✉❡r✐❡s ✇✳r✳t✳ ❛ ✜rst✲♦r❞❡r
❛①✐♦♠❛t✐③❛t✐♦♥ ✭✉s✉❛❧❧② ❛ s❡t ♦❢ ❝❧❛✉s❡s✮✳ ■♥ ❝♦♥tr❛st✱ ♦✉r ♠❡t❤♦❞ ❝❛♥ ❤❛♥❞❧❡
♠♦r❡ ❣❡♥❡r❛❧ ❣♦❛❧s ♦❢ t❤❡ ❢♦r♠ ∀xφ✱ ✇❤❡r❡ x ✐s ❛ ✈❡❝t♦r ♦❢ ✈❛r✐❛❜❧❡s ✐♥t❡r♣r❡t❡❞
♦✈❡r t❤❡ ❝♦♥s✐❞❡r❡❞ ❛❧❣❡❜r❛✐❝ str✉❝t✉r❡ ❛♥❞ φ ✐s ❛ ❢♦r♠✉❧❛ ❝♦♥t❛✐♥✐♥❣ ❛r❜✐tr❛r②
q✉❛♥t✐✜❡rs ✐♥ t❤❡ ❜❛s❡ ❧❛♥❣✉❛❣❡✳

Pr❛❝t✐❝❛❧ ❛tt❡♠♣ts t♦ ✉s❡ ❡①✐st✐♥❣ ✐♥❞✉❝t✐✈❡ t❤❡♦r❡♠ ♣r♦✈❡rs ✭s✉❝❤ ❛s ❆❈▲
❬✶✵❪✮ t♦ ❝❤❡❝❦ t❤❡ s❛t✐s✜❛❜✐❧✐t② ♦❢ s❝❤❡♠❛t❛ s✉❝❤ ❛s t❤♦s❡ ✐♥ t❤❡ ■♥tr♦❞✉❝t✐♦♥ ❢❛✐❧
❢♦r ❡✈❡r② ❢♦r♠✉❧❛ ❡①❝❡♣t t❤❡ ♠♦st tr✐✈✐❛❧ ♦♥❡s✳ ❲❡ ❜❡❧✐❡✈❡ t❤❛t t❤✐s ✐s ♥♦t ❞✉❡
t♦ ❛ ❧❛❝❦ ♦❢ ❡✣❝✐❡♥❝②✱ ❜✉t r❛t❤❡r t♦ t❤❡ ❢❛❝t t❤❛t ❛❞❞✐t✐♦♥❛❧ ✐♥❞✉❝t✐✈❡ ❧❡♠♠❛t❛
❛r❡ r❡q✉✐r❡❞✱ ✇❤✐❝❤ ❝❛♥♥♦t ❜❡ ❣❡♥❡r❛t❡❞ ❛✉t♦♠❛t✐❝❛❧❧② ❜② t❤❡ s②st❡♠s✳ ■♥ s♦♠❡
s❡♥s❡✱ ♦✉r ♠❡t❤♦❞ ✭❛♥❞ ❡s♣❡❝✐❛❧❧② t❤❡ ❧♦♦♣ ❞❡t❡❝t✐♦♥ r✉❧❡✮ ❝❛♥ ❜❡ ✈✐❡✇❡❞ ❛s ❛♥
❛✉t♦♠❛t✐❝ ✇❛② t♦ ❣❡♥❡r❛t❡ s✉❝❤ ❧❡♠♠❛t❛✳ ❖✉r ♠❡t❤♦❞ ✐s ❛❧s♦ ♠♦r❡ ♠♦❞✉❧❛r✿
✇❡ ♠❛❦❡ ❛ ❝❧❡❛r ❞✐st✐♥❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ r❡❛s♦♥✐♥❣ ♦✈❡r t❤❡ ❜❛s❡ ❧♦❣✐❝ ❛♥❞ t❤❡
♦♥❡ ♦✈❡r ✐♥❞✉❝t✐✈❡ ❞❡✜♥✐t✐♦♥s✳ ■♥❢❡r❡♥❝❡ r✉❧❡s ❛r❡ ❞❡✈✐s❡❞ ❢♦r t❤❡ ❧❛tt❡r ❛♥❞ ❛♥
❡①t❡r♥❛❧ ♣r♦✈❡r ✐s ✉s❡❞ t♦ ❡st❛❜❧✐s❤ t❤❡ ✈❛❧✐❞✐t② ♦❢ ❢♦r♠✉❧æ ✐♥ t❤❡ ❜❛s❡ ❧❛♥❣✉❛❣❡✳

❙✐♥❝❡ ♣❛r❛♠❡t❡r✐③❡❞ s❝❤❡♠❛t❛ ❝❛♥ ♦❜✈✐♦✉s❧② ❜❡ s❡❡♥ ❛s ♠♦♥❛❞✐❝ ♣r❡❞✐❝❛t❡s✱
❛ s❡❡♠✐♥❣❧② ♥❛t✉r❛❧ ✐❞❡❛ ✇♦✉❧❞ ❜❡ t♦ ❡♥❝♦❞❡ t❤❡♠ ✐♥ ♠♦♥❛❞✐❝ s❡❝♦♥❞✲♦r❞❡r ❧♦❣✐❝
❛♥❞ ✉s❡ ❛♥ ❛✉t♦♠❛t❛✲❜❛s❡❞ ❛♣♣r♦❛❝❤ ✭s❡❡✱ ❡✳❣✳✱ ❬✶✼❪✮ t♦ s♦❧✈❡ t❤❡ s❛t✐s✜❛❜✐❧✐t②
♣r♦❜❧❡♠✳ ❍♦✇❡✈❡r✱ ❛s ✇❡ s❤❛❧❧ s❡❡ ✐♥ ❙❡❝t✐♦♥ ✸✱ t❤❡ ✉♥❢♦❧❞✐♥❣ ♦❢ t❤❡ ✐♥❞✉❝t✐✈❡
❞❡✜♥✐t✐♦♥s ❝♦♥t❛✐♥❡❞ ✐♥ ❛ ❣✐✈❡♥ ❢♦r♠✉❧❛ ♠❛② ✇❡❧❧ ✐♥❝r❡❛s❡ t❤❡ ♥✉♠❜❡r ♦❢ ♣❛r❛♠✲
❡t❡rs ♦❝❝✉rr✐♥❣ ✐♥ ✐t✳ ❙✐♥❝❡ t❤❡s❡ ♣❛r❛♠❡t❡rs ♠❛② s❤❛r❡ s✉❜t❡r♠s✱ t❤❡ ❢♦r♠✉❧æ
❝♦♥t❛✐♥✐♥❣ t❤❡♠ ❛r❡ ♥♦t ✐♥❞❡♣❡♥❞❡♥t ❤❡♥❝❡ t❤❡② ♠✉st ❜❡ ❤❛♥❞❧❡❞ s✐♠✉❧t❛♥❡✲
♦✉s❧②✱ ✐♥ t❤❡ s❛♠❡ ❜r❛♥❝❤✳ ❚❤✉s ❛ s②st❡♠❛t✐❝ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐♥t♦ ♠♦♥❛❞✐❝ ❛t♦♠s
✭✐♥ t❤❡ st②❧❡ ♦❢ ❛✉t♦♠❛t❛✲❜❛s❡❞ ❛♣♣r♦❛❝❤❡s✮ ✐s ♥♦t ❢❡❛s✐❜❧❡✳

❉✉❡ t♦ s♣❛❝❡ r❡str✐❝t✐♦♥s✱ t❤❡ ♣r♦♦❢s ❛r❡ ♦♠✐tt❡❞ ❛♥❞ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✶✸❪✳

✷ ❆ ▲♦❣✐❝ ❢♦r ■t❡r❛t❡❞ ❙❝❤❡♠❛t❛

❚❤❡ s❝❤❡♠❛t❛ ✇❡ ❝♦♥s✐❞❡r ✐♥ t❤✐s ♣❛♣❡r ❛r❡ ❡♥❝♦❞❡❞ ❛s ✜rst✲♦r❞❡r ❢♦r♠✉❧æ✱ t♦✲
❣❡t❤❡r ✇✐t❤ ❛ s❡t ♦❢ r❡✇r✐t❡ r✉❧❡s s♣❡❝✐❢②✐♥❣ t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ ❝❡rt❛✐♥ ♠♦♥❛❞✐❝
♣r❡❞✐❝❛t❡ s②♠❜♦❧s✳ ❖✉r ❧❛♥❣✉❛❣❡ ✐s ♥♦t ❛ s✉❜❝❧❛ss ♦❢ ✜rst✲♦r❞❡r ❧♦❣✐❝✿ ✐♥❞❡❡❞✱
s♦♠❡ s♦rt s②♠❜♦❧s ✇✐❧❧ ❜❡ ✐♥t❡r♣r❡t❡❞ ♦♥ ❛♥ ✐♥❞✉❝t✐✈❡❧② ❞❡✜♥❡❞ ❞♦♠❛✐♥ ✭❡✳❣✳
♦♥ t❤❡ ♥❛t✉r❛❧ ♥✉♠❜❡rs✮✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ❢♦r♠✉❧æ ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ♠♦❞✉❧♦
s♦♠❡ ♣❛rt✐❝✉❧❛r t❤❡♦r②✱ s♣❡❝✐✜❡❞ ❜② ❛ ❝❧❛ss ♦❢ ✐♥t❡r♣r❡t❛t✐♦♥s✳

❲❡ ✜rst ❜r✐❡✢② r❡✈✐❡✇ ✉s✉❛❧ ♥♦t✐♦♥s ❛♥❞ ♥♦t❛t✐♦♥s✳ ❲❡ ❝♦♥s✐❞❡r ✜rst✲♦r❞❡r
t❡r♠s ❛♥❞ ❢♦r♠✉❧æ ❞❡✜♥❡❞ ♦♥ ❛ s♦rt❡❞ s✐❣♥❛t✉r❡✳ ▲❡t S ❜❡ ❛ s❡t ♦❢ s♦rt s②♠❜♦❧s✳
▲❡t Σ ❜❡ ❛ s❡t ♦❢ ❢✉♥❝t✐♦♥ s②♠❜♦❧s✱ t♦❣❡t❤❡r ✇✐t❤ ❛ ❢✉♥❝t✐♦♥ profile ♠❛♣♣✐♥❣



❡✈❡r② s②♠❜♦❧ ✐♥ Σ t♦ ❛ ✉♥✐q✉❡ ♥♦♥✲❡♠♣t② s❡q✉❡♥❝❡ ♦❢ ❡❧❡♠❡♥ts ♦❢ S✳ ❲❡ ✇r✐t❡
f : s1 × · · · × sn → s ✐❢ profile(f) = s1, . . . , sn, s ✇✐t❤ n > 0✱ ❛♥❞ a : s ✐❢
profile(a) = s ✭✐♥ t❤✐s ❝❛s❡ a ✐s ❛ ❝♦♥st❛♥t s②♠❜♦❧✮✳ ❆ s②♠❜♦❧ ✐s ♦❢ s♦rt s ❛♥❞ ♦❢
❛r✐t② n ✐❢ ✐ts ♣r♦✜❧❡ ✐s ♦❢ t❤❡ ❢♦r♠ s1, . . . , sn, s ✭♣♦ss✐❜❧② ✇✐t❤ n = 0✮✳ ❚❤❡ s❡t ♦❢
❢✉♥❝t✐♦♥ s②♠❜♦❧s ♦❢ s♦rt s ✐s ❞❡♥♦t❡❞ ❜② Σs✳ ▲❡t (Vs)s∈S ❜❡ ❛ ❢❛♠✐❧② ♦❢ ♣❛✐r✇✐s❡

❞✐s❥♦✐♥t s❡t ♦❢ ✈❛r✐❛❜❧❡s ♦❢ s♦rt s✱ ❛♥❞ V
❞❡❢

=
⋃

s∈S
Vs✳ ❲❡ ❞❡♥♦t❡ ❜② Ts t❤❡ s❡ts ♦❢

t❡r♠s ♦❢ s♦rt s ❜✉✐❧t ❛s ✉s✉❛❧ ♦♥ Σ ❛♥❞ V✳ ❆ t❡r♠ ♥♦t ❝♦♥t❛✐♥✐♥❣ ❛♥② ✈❛r✐❛❜❧❡
✐s ❣r♦✉♥❞✳

❉❡✜♥✐t✐♦♥ ✶✳ ▲❡t I ❜❡ ❛ s✉❜s❡t ♦❢ S✳ ❚❤❡ ❡❧❡♠❡♥ts ♦❢ I ❛r❡ ❝❛❧❧❡❞ t❤❡ ✐♥❞✉❝t✐✈❡
s♦rts✳ ❆♥ I✲t❡r♠ ✐s ❛ t❡r♠ ♦❢ ❛ s♦rt s ∈ I✳

▲❡t C ⊆ Σ ❜❡ ❛ s❡t ♦❢ ❝♦♥str✉❝t♦rs✱ s✉❝❤ t❤❛t t❤❡ s♦rt ♦❢ ❡✈❡r② s②♠❜♦❧ ✐♥ C
✐s ✐♥

⋃
s∈I

Σs ❛♥❞ s✉❝❤ t❤❛t ❡✈❡r② ♥♦♥✲❝♦♥st❛♥t s②♠❜♦❧ ♦❢ ❛ s♦rt ✐♥
⋃

s∈I
Σs ✐s

✐♥ C✳ ❆ ♣❛r❛♠❡t❡r ✐s ❛ ❝♦♥st❛♥t s②♠❜♦❧ ♦❢ ❛ s♦rt ♦❝❝✉rr✐♥❣ ✐♥ t❤❡ ♣r♦✜❧❡ ♦❢ ❛
❝♦♥str✉❝t♦r ✭♣❛r❛♠❡t❡rs ❛r❡ ❞❡♥♦t❡❞ ❜② ✉♣♣❡r✲❝❛s❡ ❧❡tt❡rs✮✳ ❆ t❡r♠ ❝♦♥t❛✐♥✐♥❣
♦♥❧② ❢✉♥❝t✐♦♥ s②♠❜♦❧s ✐♥ C ❛♥❞ ✈❛r✐❛❜❧❡s ♦❢ s♦rts ✐♥ S \ I ✐s ❛ ❝♦♥str✉❝t♦r t❡r♠✳

❈♦♥str✉❝t♦rs ♦❢ ❛ s♦rt s ∈ I ❛r❡ ♠❡❛♥t t♦ ❞❡✜♥❡ t❤❡ ❞♦♠❛✐♥ ♦❢ s✱ s❡❡ ❉❡✜♥✐✲
t✐♦♥ ✺✳ ❚❤❡ ❝♦♥st❛♥t s②♠❜♦❧s t❤❛t ❛r❡ ♥♦t ❝♦♥str✉❝t♦rs ❝❛♥ ❜❡ s❡❡♥ ❛s ❡①✐st❡♥t✐❛❧
✈❛r✐❛❜❧❡s ❞❡♥♦t✐♥❣ ❛r❜✐tr❛r② ❡❧❡♠❡♥ts ♦❢ ❛ s♦rt ✐♥ I ✭♥♦t✐❝❡ ❤♦✇❡✈❡r t❤❛t C ♣♦s✲
s✐❜❧② ❝♦♥t❛✐♥s ❝♦♥st❛♥t s②♠❜♦❧s✮✳ ❲❡ ❛ss✉♠❡ t❤❛t I ❝♦♥t❛✐♥s ❛ s♦rt s②♠❜♦❧ nat✱
✇✐t❤ t✇♦ ❝♦♥str✉❝t♦rs 0 : nat ❛♥❞ succ : nat → nat✳

❊①❛♠♣❧❡ ✶✳ ❆ss✉♠❡ t❤❛t ✇❡ ✐♥t❡♥❞ t♦ r❡❛s♦♥ ♦♥ ❧✐sts ♦❢ ❡❧❡♠❡♥ts ♦❢ ❛♥ ❛r❜✐tr❛r② s♦rt
s✳ ❚❤❡♥ S ❝♦♥t❛✐♥s t❤❡ s♦rt s②♠❜♦❧s s ❛♥❞ list✱ ✇❤❡r❡ I = {list}✳ ❚❤❡ ❝♦♥str✉❝t♦rs
❛r❡ nil : list ❛♥❞ cons : s × list → list✳ ❚❤❡ s❡t ♦❢ ♣❛r❛♠❡t❡rs ❝♦♥t❛✐♥s ❝♦♥st❛♥t
s②♠❜♦❧s ♦❢ s♦rts s ♦r list ✭❞❡♥♦t✐♥❣ r❡s♣❡❝t✐✈❡❧② ❡❧❡♠❡♥ts ❛♥❞ ❧✐sts✮✳ ■❢ A1, A2 ❛r❡
♣❛r❛♠❡t❡rs ♦❢ s♦rt s✱ t❤❡♥ cons(A1, cons(A2, nil)) ✐s ❛ t❡r♠ ♦❢ s♦rt list✳

❙✐♠✐❧❛r❧②✱ ✐❢ ♦♥❡ ✇❛♥ts t♦ r❡❛s♦♥ ♦♥ ❧✐sts ♦❢ ♥❛t✉r❛❧ ♥✉♠❜❡rs✱ t❤❡♥ ♦♥❡ s❤♦✉❧❞ t❛❦❡
I = S = {nat, list}✳ ■♥ t❤✐s ❝❛s❡✱ C = {nil : list, cons : nat × list → list, 0 :
nat, succ : nat → nat}✳

▲❡t (Ds)s∈I ❜❡ ❛ ❢❛♠✐❧② ♦❢ ❞✐s❥♦✐♥t s❡ts ♦❢ ❞❡✜♥❡❞ s②♠❜♦❧s ♦❢ s♦rt s✱ ❞✐s❥♦✐♥t

❢r♦♠ Σ✱ ❛♥❞ D
❞❡❢

=
⋃

s∈I
Ds✳ ❆♥ ❛t♦♠ ✐s ❡✐t❤❡r ❛♥ ❡q✉❛t✐♦♥ ♦❢ t❤❡ ❢♦r♠ t ≃ s✱

✇❤❡r❡ t, s ❛r❡ t❡r♠s ♦❢ t❤❡ s❛♠❡ s♦rt✱ ♦r ❛ ❞❡✜♥❡❞ ❛t♦♠✱ ♦❢ t❤❡ ❢♦r♠ dt✱ ✇❤❡r❡
d ∈ Ds✱ ❢♦r s♦♠❡ s ∈ I✱ ❛♥❞ t ∈ Ts✳ ❚❤❡ ❛r❣✉♠❡♥ts ♦❢ t❤❡ s②♠❜♦❧s ✐♥ D
❛r❡ ✇r✐tt❡♥ ❛s ✐♥❞✐❝❡s ✐♥ ♦r❞❡r t♦ ❞✐st✐♥❣✉✐s❤ t❤❡♠ ❢r♦♠ ♣r❡❞✐❝❛t❡ s②♠❜♦❧s t❤❛t
♠❛② ♦❝❝✉r ✐♥ Σ ✭s✉❝❤ ♣r❡❞✐❝❛t❡ s②♠❜♦❧s ♠❛② ❜❡ ❡♥❝♦❞❡❞ ❛s ❢✉♥❝t✐♦♥s ♦❢ ♣r♦✜❧❡
s → bool✮✳ ❋♦r♠✉❧æ ❛r❡ ❜✉✐❧t ❛s ✉s✉❛❧ ♦♥ t❤✐s s❡t ♦❢ ❛t♦♠s ✉s✐♥❣ t❤❡ ❝♦♥♥❡❝t✐✈❡s
∨,∧,¬, ∀, ∃✳ ❲❡ ❛ss✉♠❡ ❢♦r s✐♠♣❧✐❝✐t② t❤❛t ❛❧❧ ❢♦r♠✉❧æ ❛r❡ ✐♥ ◆❡❣❛t✐♦♥ ◆♦r♠❛❧
❋♦r♠ ✭◆◆❋✮✳ ❆ ✈❛r✐❛❜❧❡ x ✐s ❢r❡❡ ✐♥ φ ✐❢ ✐t ♦❝❝✉rs ✐♥ φ✱ ❜✉t ♥♦t ✐♥ t❤❡ s❝♦♣❡ ♦❢
t❤❡ q✉❛♥t✐✜❡r ∀x ♦r ∃x✳ ■❢ φ ❤❛s ♥♦ ❢r❡❡ ✈❛r✐❛❜❧❡s t❤❡♥ φ ✐s ❝❧♦s❡❞✳

❆♥ ✐♥t❡r♣r❡t❛t✐♦♥ I ♠❛♣s ❡✈❡r② s♦rt s t♦ ❛ s❡t ♦❢ ❡❧❡♠❡♥ts sI ✱ ❡✈❡r② ✈❛r✐❛❜❧❡
x ♦❢ s♦rt s t♦ ❛♥ ❡❧❡♠❡♥t xI ∈ s

I ✱ ❡✈❡r② ❢✉♥❝t✐♦♥ s②♠❜♦❧ f : s1 × · · · × sn → s

t♦ ❛ ❢✉♥❝t✐♦♥ f I ❢r♦♠ s1
I × · · · × sn

I t♦ s
I ❛♥❞ ❡✈❡r② ❞❡✜♥❡❞ s②♠❜♦❧ d ∈ Ds t♦

❛ s✉❜s❡t ♦❢ sI ✳ ❚❤❡ s❡t
⋃

s∈S
s
I ✐s t❤❡ ❞♦♠❛✐♥ ♦❢ I✳ ❆s ✉s✉❛❧✱ ❛♥② ✐♥t❡r♣r❡t❛t✐♦♥

I ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ ❛ ❢✉♥❝t✐♦♥ ♠❛♣♣✐♥❣ ❡✈❡r② t❡r♠ t ♦❢ s♦rt s t♦ ❛♥ ❡❧❡♠❡♥t



[t]I ∈ s
I ❛♥❞ ❡✈❡r② ❢♦r♠✉❧❛ φ t♦ ❛ tr✉t❤ ✈❛❧✉❡ [φ]I ∈ {true, false}✳ ❲❡ ✇r✐t❡

I |= φ ✭❛♥❞ ✇❡ s❛② t❤❛t I ✈❛❧✐❞❛t❡s φ✮ ✐❢ [∀xφ]I = true✱ ✇❤❡r❡ x ✐s t❤❡ ✈❡❝t♦r ♦❢
❢r❡❡ ✈❛r✐❛❜❧❡s ✐♥ φ✳ ❲❡ ❛ss✉♠❡✱ ✇✳❧✳♦✳❣✳✱ t❤❛t t❤❡ s❡ts sI ✭❢♦r s ∈ S✮ ❛r❡ ❞✐s❥♦✐♥t✳
❙❡ts ♦❢ ❢♦r♠✉❧æ ❛r❡ ✐♥t❡r♣r❡t❡❞ ❛s ❝♦♥❥✉♥❝t✐♦♥s✳ ■❢ φ ❛♥❞ ψ ❛r❡ t✇♦ ❢♦r♠✉❧æ ♦r
s❡ts ♦❢ ❢♦r♠✉❧æ✱ ✇❡ ✇r✐t❡ φ ≡I ψ ✐❢ ❡✐t❤❡r I |= φ ❛♥❞ I |= ψ ♦r I 6|= φ ❛♥❞ I 6|= ψ✳
❲❡ ✇r✐t❡ φ ≡ ψ ✐❢ φ ≡I ψ ❢♦r ❛❧❧ ✐♥t❡r♣r❡t❛t✐♦♥s I✳

❲❡ ✐♥tr♦❞✉❝❡ t✇♦ tr❛♥s❢♦r♠❛t✐♦♥s ♦♣❡r❛t✐♥❣ ♦♥ ✐♥t❡r♣r❡t❛t✐♦♥s✳ ❚❤❡ ✜rst ♦♥❡
✐s s✐♠♣❧❡✿ ✐t ♦♥❧② ❛✛❡❝ts t❤❡ ✈❛❧✉❡ ♦❢ s♦♠❡ ✈❛r✐❛❜❧❡s ♦r ❝♦♥st❛♥t s②♠❜♦❧s✳ ■❢ I ✐s
❛♥ ✐♥t❡r♣r❡t❛t✐♦♥✱ x1, . . . , xn ❛r❡ ❞✐st✐♥❝t ✈❛r✐❛❜❧❡s ♦r ❝♦♥st❛♥t s②♠❜♦❧s ♦❢ s♦rt
s1, . . . , sn r❡s♣❡❝t✐✈❡❧② ❛♥❞ v1, . . . , vn ❛r❡ ❡❧❡♠❡♥ts ♦❢ s1

I , . . . , sn
I ✱ t❤❡♥ ✇❡ ❞❡♥♦t❡

❜② I[v1/x1, . . . , vn/xn] t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ❝♦✐♥❝✐❞✐♥❣ ✇✐t❤ I✱ ❡①❝❡♣t t❤❛t ❢♦r ❡✈❡r②

i = 1, . . . , n✱ ✇❡ ❤❛✈❡✿ xi
I[v1/x1,...,vn/xn] ❞❡❢

= vi.
❚❤❡ s❡❝♦♥❞ tr❛♥s❢♦r♠❛t✐♦♥ ✐s s❧✐❣❤t❧② ♠♦r❡ ❝♦♠♣❧❡①✳ ❚❤❡ ✐❞❡❛ ✐s t♦ ❝❤❛♥❣❡

t❤❡ ✈❛❧✉❡s ♦❢ t❤❡ ❡❧❡♠❡♥ts ♦❢ ❛♥ ✐♥❞✉❝t✐✈❡ s♦rt✱ ✇✐t❤♦✉t ❛✛❡❝t✐♥❣ t❤❡ r❡♠❛✐♥✐♥❣
♣❛rt ♦❢ t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥✳ ❆♥ I✲♠❛♣♣✐♥❣ ❢♦r ❛♥ ✐♥t❡r♣r❡t❛t✐♦♥ I ✐s ❛ ❢✉♥❝t✐♦♥ λ
♠❛♣♣✐♥❣ ❡✈❡r② ❡❧❡♠❡♥t e ✐♥ t❤❡ ❞♦♠❛✐♥ ♦❢ I t♦ ❛♥ ❡❧❡♠❡♥t ♦❢ t❤❡ s❛♠❡ s♦rt✱ t❤❛t
✐s t❤❡ ✐❞❡♥t✐t② ♦♥ ❡✈❡r② ❡❧❡♠❡♥t ♦❝❝✉rr✐♥❣ ✐♥ ❛ s❡t sI ✱ ✇❤❡r❡ s 6∈ I✳ ❚❤❡♥ λ(I)
✐s t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ❝♦✐♥❝✐❞✐♥❣ ✇✐t❤ I✱ ❡①❝❡♣t t❤❛t ❢♦r ❡✈❡r② s②♠❜♦❧ f ♦❢ ❛ s♦rt

s 6∈ I✱ ✇❡ ❤❛✈❡✿ fλ(I)(e1, . . . , en)
❞❡❢

= f I(λ(e1), . . . , λ(en))✳
■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ❛ss✉♠❡ t❤❛t ❛❧❧ ✐♥t❡r♣r❡t❛t✐♦♥s ❜❡❧♦♥❣ t♦ ❛ s♣❡❝✐✜❝ ❝❧❛ss

I✳ ❚❤✐s ✐s ✉s❡❢✉❧ t♦ ✜① t❤❡ s❡♠❛♥t✐❝s ♦❢ s♦♠❡ ♦❢ t❤❡ s②♠❜♦❧s✱ ❢♦r ✐♥st❛♥❝❡ ♦♥❡ ♠❛②
❛ss✉♠❡ t❤❛t t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ ❛ s♦rt int ✐s ♥♦t ❛r❜✐tr❛r② ❜✉t r❛t❤❡r ❡q✉❛❧ t♦ Z✳
❖❢ ❝♦✉rs❡✱ I ✐s ♥♦t ❛r❜✐tr❛r②✿ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥s s♣❡❝✐❢② ❛❧❧ t❤❡ ❝♦♥❞✐t✐♦♥s
t❤❛t ♠✉st ❜❡ s❛t✐s✜❡❞ ❜② t❤❡ ❝♦♥s✐❞❡r❡❞ ❝❧❛ss ♦❢ ✐♥t❡r♣r❡t❛t✐♦♥s✳ ❲❡ st❛rt ❜②
t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ ❞❡✜♥❡❞ s②♠❜♦❧s✳ ❆s ❡①♣❧❛✐♥❡❞ ✐♥ t❤❡ ■♥tr♦❞✉❝t✐♦♥✱ t❤❡
✈❛❧✉❡ ♦❢ t❤❡s❡ s②♠❜♦❧s ❛r❡ t♦ ❜❡ s♣❡❝✐✜❡❞ ❜② ❝♦♥✈❡r❣❡♥t s②st❡♠s ♦❢ r❡✇r✐t✐♥❣
r✉❧❡s✱ s❛t✐s❢②✐♥❣ s♦♠❡ ❛❞❞✐t✐♦♥❛❧ ❝♦♥❞✐t✐♦♥s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿

❉❡✜♥✐t✐♦♥ ✷✳ ▲❡t < ❜❡ ❛♥ ♦r❞❡r✐♥❣ ♦♥ ❞❡✜♥❡❞ s②♠❜♦❧s✳ ▲❡t R ❜❡ ❛♥ ♦rt❤♦❣♦♥❛❧
s②st❡♠ ♦❢ r✉❧❡s ♦❢ t❤❡ ❢♦r♠ df(x1,...,xn) → φ✱ ✇❤❡r❡ d ✐s ❛ ❞❡✜♥❡❞ s②♠❜♦❧ ✐♥ s✱
f ✐s ♦❢ ♣r♦✜❧❡ s1 × · · · × sn → s✱ ❛♥❞ x1, . . . , xn ❛r❡ ❞✐st✐♥❝t ✈❛r✐❛❜❧❡s ♦❢ s♦rts
s1, . . . , sn✳ ❲❡ ❛ss✉♠❡ t❤❛t φ ❛♥❞ R s❛t✐s❢② t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s✿

✶✳ ❚❤❡ ❢r❡❡ ✈❛r✐❛❜❧❡s ♦❢ φ ♦❝❝✉r ✐♥ x1, . . . , xn✳
✷✳ ❆❧❧ I✲t❡r♠s ♦❝❝✉rr✐♥❣ ✐♥ φ ❜❡❧♦♥❣ t♦ t❤❡ s❡t {x1, . . . , xn, f(x1, . . . , xn)}✳
✸✳ ■❢ φ ❝♦♥t❛✐♥s ❛ ❢♦r♠✉❧❛ d′t t❤❡♥ ❡✐t❤❡r d′ < d ❛♥❞ t = f(x1, . . . , xn)✱ ♦r

t ∈ {x1, . . . , xn}✳
✹✳ ❋♦r ❡✈❡r② ❝♦♥str✉❝t♦r f ✱ R ❝♦♥t❛✐♥s ❛ r✉❧❡ ♦❢ t❤❡ ❢♦r♠ df(x1,...,xn) → φ✳

■t ✐s ❝❧❡❛r ❢r♦♠ t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ❉❡✜♥✐t✐♦♥ ✷ t❤❛t R ✐s ❝♦♥✈❡r❣❡♥t ✭t❤❡ ❝♦♥❞✐✲
t✐♦♥ ♦♥ t❤❡ ♦r❞❡r✐♥❣ ❡♥s✉r❡s t❡r♠✐♥❛t✐♦♥✱ ❛♥❞ ♦rt❤♦❣♦♥❛❧✐t② ❡♥s✉r❡s ❝♦♥✢✉❡♥❝❡✮✳
❲❡ ❞❡♥♦t❡ ❜② dt↓R t❤❡ ♥♦r♠❛❧ ❢♦r♠ ♦❢ dt ✇✳r✳t✳ R✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥ st❛t❡s
t❤❛t t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ ❞❡✜♥❡❞ s②♠❜♦❧s ♠✉st ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ♦♥❡ s♣❡❝✐✜❡❞
❜② t❤❡ r❡✇r✐t❡ s②st❡♠ R✱ ❢♦r ❡✈❡r② ✐♥t❡r♣r❡t❛t✐♦♥ ✐♥ I✳

❉❡✜♥✐t✐♦♥ ✸✳ ❆♥ ✐♥t❡r♣r❡t❛t✐♦♥ ✐s R✲❝♦♠♣❛t✐❜❧❡ ✐✛ ❢♦r ❛❧❧ s♦rt s②♠❜♦❧s s ∈ I✱
❢♦r ❛❧❧ ❞❡✜♥❡❞ s②♠❜♦❧s d ∈ Ds✱ ❢♦r ❛❧❧ ❢✉♥❝t✐♦♥ s②♠❜♦❧s f : s1 × · · · × sn → s✱ ✇❡
❤❛✈❡ df(x1,...,xn) ≡I df(x1,...,xn)↓R✳



❚❤❡ s❡❝♦♥❞ ❝♦♥❞✐t✐♦♥ t❤❛t ✐s r❡q✉✐r❡❞ ❡♥s✉r❡s t❤❛t ❛♥② ❡q✉❛t✐♦♥ ❜❡t✇❡❡♥ t✇♦
❝♦♥str✉❝t♦r t❡r♠s ❝❛♥ ❜❡ r❡❞✉❝❡❞ t♦ ❡q✉❛t✐♦♥s ❜❡t✇❡❡♥ ✈❛r✐❛❜❧❡s✿

❉❡✜♥✐t✐♦♥ ✹✳ ❆♥ ✐♥t❡r♣r❡t❛t✐♦♥ ✐s ≃✲❞❡❝♦♠♣♦s❛❜❧❡ ✐✛ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s
❤♦❧❞✿

✶✳ ❋♦r ❡✈❡r② s ∈ I ❛♥❞ ❢♦r ❡✈❡r② f, g ∈ Σs ♦❢ ❛r✐t② n ❛♥❞ m r❡s♣❡❝t✐✈❡❧②✱
t❤❡r❡ ❡①✐sts ❛ ❢♦r♠✉❧❛ ∆(f,g) ❜✉✐❧t ♦♥ ∨,∧,≃ ❛♥❞ ♦♥ n+m ❞✐st✐♥❝t ✈❛r✐❛❜❧❡s
x1, . . . , xn, y1, . . . , ym s✉❝❤ t❤❛t f(x1, . . . , xn) ≃ g(y1, . . . , ym) ≡I ∆

(f,g)✳
✷✳ ❋♦r ❡✈❡r② i ∈ [1, n] ✇❡ ❤❛✈❡ ∆(f,g) |=

∨m
k=1 xi ≃ yk✱ ❛♥❞ ❢♦r ❡✈❡r② j ∈ [1,m]✱

✇❡ ❤❛✈❡ ∆(f,g) |=
∨n

k=1 yj ≃ xk✳

■❢ t = f(t1, . . . , tn) ❛♥❞ s = g(s1, . . . , sm) ❛r❡ t✇♦ ♥♦♥✲✈❛r✐❛❜❧❡ I✲t❡r♠s✱ ✇❡
❞❡♥♦t❡ ❜② ∆(t ≃ s) t❤❡ ❢♦r♠✉❧❛ ♦❜t❛✐♥❡❞ ❢r♦♠ ∆(f,g) ❜② r❡♣❧❛❝✐♥❣ ❡❛❝❤ ✈❛r✐❛❜❧❡
xi ✭1 ≤ i ≤ n✮ ❜② ti ❛♥❞ ❡❛❝❤ ✈❛r✐❛❜❧❡ yj ✭1 ≤ j ≤ m✮ ❜② sj✳

❊①❛♠♣❧❡ ✷✳ ■❢✱ ❢♦r ✐♥st❛♥❝❡✱ ❡❧❡♠❡♥ts ♦❢ ❛ s♦rt s ∈ I ❛r❡ ✐♥t❡r♣r❡t❡❞ ❛s t❡r♠s ❜✉✐❧t

♦♥ ❛ s❡t ♦❢ ❢r❡❡ ❝♦♥str✉❝t♦rs✱ t❤❡♥ ✇❡ ❤❛✈❡ ∆(f,g) ≃ ⊥ ✐❢ f 6= g ❛♥❞ ∆(f,f) ❞❡❢

= x1 ≃
y1 ∧ · · · ∧ xn ≃ yn ✭✇❤❡r❡ n ❞❡♥♦t❡s t❤❡ ❛r✐t② ♦❢ f✮✳ ■♥❞❡❡❞✱ ✐♥ t❤✐s ❝❛s❡✱ ✇❡ ❤❛✈❡
f(x1, . . . , xn) ≃ f(y1, . . . , yn) ≡ (x1 ≃ y1 ∧ · · · ∧ xn ≃ yn)✳ ■❢✱ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ g
✐s ✐♥t❡♥❞❡❞ t♦ ❞❡♥♦t❡ ❛ ❝♦♠♠✉t❛t✐✈❡ ❜✐♥❛r② ❢✉♥❝t✐♦♥ t❤❡♥ ✇❡ s❤♦✉❧❞ ❤❛✈❡✿ ∆(g,g) =
(x1 ≃ y1 ∧x2 ≃ y2)∨ (x1 ≃ y2 ∧x2 ≃ y1)✳ ❚❤❡ ✈❛r✐❛❜❧❡s xi ❛♥❞ yj ❛r❡ t❤♦s❡ ✐♥tr♦❞✉❝❡❞
✐♥ ❉❡✜♥✐t✐♦♥ ✹✳

❚❤❡ t❤✐r❞ ❝♦♥❞✐t✐♦♥ ❡♥s✉r❡s t❤❛t t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ ❡✈❡r② ✐♥❞✉❝t✐✈❡ s♦rt ✐s
♠✐♥✐♠❛❧ ✭✇✳r✳t✳ t♦ s❡t ✐♥❝❧✉s✐♦♥✮✳

❉❡✜♥✐t✐♦♥ ✺✳ ❆♥ ✐♥t❡r♣r❡t❛t✐♦♥ ✐s I✲✐♥❞✉❝t✐✈❡ ✐✛ ❢♦r ❡✈❡r② s ∈ S✱ ❛♥❞ ❢♦r ❡✈❡r②
❡❧❡♠❡♥t u ∈ s

I ✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥str✉❝t♦r t❡r♠ t s✉❝❤ t❤❛t u = [t]I ✳

◆♦t✐❝❡ t❤❛t✱ ❜② ❞❡✜♥✐t✐♦♥✱ ❛ ❝♦♥str✉❝t♦r t❡r♠ ❝♦♥t❛✐♥s ♥♦ ✈❛r✐❛❜❧❡ ♦❢ ❛ s♦rt
✐♥ I✳ ❋♦r ✐♥st❛♥❝❡✱ ❡✈❡r② ❡❧❡♠❡♥t ✐♥ nat

I s❤♦✉❧❞ ❜❡ ❡q✉❛❧ t♦ ❛ ❣r♦✉♥❞ t❡r♠
succk(0)✱ ❢♦r s♦♠❡ k ∈ N✳ ■❢ list ❞❡♥♦t❡s t❤❡ s♦rt ♦❢ t❤❡ ❧✐sts ❜✉✐❧t ♦♥ ❡❧❡♠❡♥ts
♦❢ ❛ s♦rt s 6∈ I✱ t❤❡♥ ❛♥② ❡❧❡♠❡♥t ♦❢ listI ♠✉st ❜❡ ❡q✉❛❧ t♦ ❛ t❡r♠ ♦❢ t❤❡
❢♦r♠ cons(x1, cons(x2, . . . , cons(xn, nil) . . .))✱ ✇❤❡r❡ x1, . . . , xn ❛r❡ ✈❛r✐❛❜❧❡s ♦❢
s♦rt s✳ ❚❤✐s ❝♦♥❞✐t✐♦♥ ✐♠♣❧✐❡s ✐♥ ♣❛rt✐❝✉❧❛r t❤❛t ❢♦r ❡✈❡r② s 6∈ I ❛♥❞ ❢♦r ❡✈❡r②
❡❧❡♠❡♥t v ∈ s

I ✱ t❤❡r❡ ❡①✐sts ❛ ✈❛r✐❛❜❧❡ x s✉❝❤ t❤❛t xI = v ✭t❤✐s ✐s ♦❜✈✐♦✉s❧② ♥♦t
r❡str✐❝t✐✈❡✱ s✐♥❝❡ t❤❡ ✈❛r✐❛❜❧❡s ♠❛② ❜❡ ✐♥t❡r♣r❡t❡❞ ❛r❜✐tr❛r✐❧②✮✳

❚❤❡ ♥❡①t ❞❡✜♥✐t✐♦♥ s✉♠♠❛r✐③❡s ❛❧❧ t❤❡ ❝♦♥❞✐t✐♦♥s t❤❛t ❛r❡ ✐♠♣♦s❡❞✿

❉❡✜♥✐t✐♦♥ ✻✳ ❆ ❝❧❛ss ♦❢ ✐♥t❡r♣r❡t❛t✐♦♥s I ✐s s❝❤❡♠❛t✐③❛❜❧❡ ✐✛ ❛❧❧ ✐♥t❡r♣r❡t❛✲
t✐♦♥s I ∈ I s❛t✐s❢② t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✿

✶✳ I ✐s R✲❝♦♠♣❛t✐❜❧❡✳
✷✳ I ✐s ≃✲❞❡❝♦♠♣♦s❛❜❧❡✳
✸✳ I ✐s I✲✐♥❞✉❝t✐✈❡✳
✹✳ ❋♦r ❛❧❧ ✈❛r✐❛❜❧❡s v ♦❢ ❛ s♦rt s ❛♥❞ ❢♦r ❛❧❧ ❡❧❡♠❡♥ts e ∈ s

I ✱ I[e/v] ∈ I✳
✺✳ ❋♦r ❛❧❧ I✲♠❛♣♣✐♥❣s λ✱ λ(I) ∈ I✳

❆ ❢♦r♠✉❧❛ φ ✐s I✲s❛t✐s✜❛❜❧❡ ✐✛ φ ❤❛s ❛ ♠♦❞❡❧ ✐♥ I✳



❋r♦♠ ♥♦✇ ♦♥ ✇❡ ❢♦❝✉s ♦♥ t❡st✐♥❣ I✲s❛t✐s✜❛❜✐❧✐t② ❢♦r ❛ s❝❤❡♠❛t✐③❛❜❧❡ ❝❧❛ss ♦❢
✐♥t❡r♣r❡t❛t✐♦♥s✳ ❇❡❢♦r❡ t❤❛t ✇❡ ✐♠♣♦s❡ s♦♠❡ r❡str✐❝t✐♦♥s ♦♥ t❤❡ ❢♦r♠✉❧æ t♦ ❜❡
t❡st❡❞✳ ❆s ✇❡ s❤❛❧❧ s❡❡✱ t❤❡s❡ ❝♦♥❞✐t✐♦♥s ✇✐❧❧ ❜❡ ✉s❡❢✉❧ ♠❛✐♥❧② t♦ ❡♥s✉r❡ t❤❛t t❤❡
♣r♦♦❢ ♣r♦❝❡❞✉r❡ ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✸ ♦♥❧② ❣❡♥❡r❛t❡s ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ ❞✐st✐♥❝t
❢♦r♠✉❧æ✱ ✉♣ t♦ ❛ r❡♥❛♠✐♥❣ ♦❢ t❤❡ ♣❛r❛♠❡t❡rs✳ ❚❤✐s ♣r♦♣❡rt② ✐s ❡ss❡♥t✐❛❧ ❢♦r t❤❡
♣r♦♦❢ ♦❢ t❡r♠✐♥❛t✐♦♥✱ ❛❧t❤♦✉❣❤ ✐t ✐s ♥♦t ❛ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥✳

❉❡✜♥✐t✐♦♥ ✼✳ ❆ ❝❧❛ss ♦❢ ❢♦r♠✉❧æ F ✐s ❛❞♠✐ss✐❜❧❡ ✐❢ ❛❧❧ ❢♦r♠✉❧æ φ ∈ F s❛t✐s❢②
t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✿

✶✳ ❋♦r ❛❧❧ ♣❛r❛♠❡t❡rs A,B✱ φ[B/A] ∈ F✳
✷✳ φ ❝♦♥t❛✐♥s ♥♦ ❝♦♥str✉❝t♦r ❛♥❞ ♥♦ ✈❛r✐❛❜❧❡ ♦❢ ❛ s♦rt ✐♥ I✳
✸✳ ❋♦r ❡✈❡r② s✉❜❢♦r♠✉❧❛ ψ ♦❢ φ✱ ✐❢ ψ ✐s ♥♦t ❛ ❞✐s❥✉♥❝t✐♦♥✱ ❛ ❝♦♥❥✉♥❝t✐♦♥✱ ♦r

❛ ❞❡✜♥❡❞ ❛t♦♠✱ t❤❡♥ ψ ❝♦♥t❛✐♥s ♥♦ ❞❡✜♥❡❞ s②♠❜♦❧ ❛♥❞ ♥♦ ♣❛✐rs ♦❢ ❞✐st✐♥❝t
♣❛r❛♠❡t❡rs✳

✹✳ ❋♦r ❡✈❡r② ❞❡✜♥❡❞ s②♠❜♦❧ d ♦❝❝✉rr✐♥❣ ✐♥ φ ❛♥❞ ❢♦r ❡✈❡r② r✉❧❡ dt → φ ✐♥ R✱ t❤❡
❢♦r♠✉❧❛ ♦❜t❛✐♥❡❞ ❢r♦♠ φ ❜② r❡♣❧❛❝✐♥❣ ❡❛❝❤ I✲t❡r♠ ❜② ❛♥ ❛r❜✐tr❛r② ♣❛r❛♠❡t❡r
✐s ✐♥ F✳

❆ ❢♦r♠✉❧❛ ♦❝❝✉rr✐♥❣ ✐♥ F ✐s ❛ s❝❤❡♠❛✳ ■t ✐s ❛ ❜❛s❡ ❢♦r♠✉❧❛ ✐✛ ✐t ❝♦♥t❛✐♥s ♥♦
❞❡✜♥❡❞ s②♠❜♦❧✱ ❛♥❞ ♥♦ ❡q✉❛t✐♦♥ ❜❡t✇❡❡♥ ♣❛r❛♠❡t❡rs✳

❚❤❡ ❝♦♥❞✐t✐♦♥s ✐♥ ❉❡✜♥✐t✐♦♥ ✼ ❡♥s✉r❡ t❤❛t t❤❡ ❢♦r♠✉❧æ ✐♥ F ❛r❡ ❜♦♦❧❡❛♥
❝♦♠❜✐♥❛t✐♦♥s ✭❜✉✐❧t ♦♥ ∨✱∧✮ ♦❢ ❜❛s❡ ❢♦r♠✉❧æ ❝♦♥t❛✐♥✐♥❣ ❛t ♠♦st ♦♥❡ ♣❛r❛♠❡t❡r✱
♦❢ ❞❡✜♥❡❞ ❛t♦♠s ❛♥❞ ♦❢ ❡q✉❛t✐♦♥s ❛♥❞ ❞✐s❡q✉❛t✐♦♥s ❜❡t✇❡❡♥ ♣❛r❛♠❡t❡rs✳ ❚❤❡
❞❡✜♥✐t✐♦♥ ♦❢ ❜❛s❡ ❢♦r♠✉❧æ ✐♥ ❉❡✜♥✐t✐♦♥ ✼ ❡♥s✉r❡s t❤❛t t❤❡ tr✉t❤ ✈❛❧✉❡s ♦❢ ❜❛s❡
❢♦r♠✉❧æ ❞♦ ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ ♣❛r❛♠❡t❡rs✱ ❜✉t ♦♥❧② ♦♥ t❤❡
r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡♠✳ ❇❛s❡ ❢♦r♠✉❧æ ❝❛♥ ❝♦♥t❛✐♥ ♣❛r❛♠❡t❡rs✱ ❜✉t t❤❡② ❝❛♥ ♦♥❧②
♦❝❝✉r ❛s ❛r❣✉♠❡♥ts ♦❢ ❢✉♥❝t✐♦♥ s②♠❜♦❧s✱ ✇❤♦s❡ ✐♠❛❣❡s ♠✉st ❜❡ ♦❢ ❛ ♥♦♥✲✐♥❞✉❝t✐✈❡
s♦rt✳ ❚❤❡ ♦♥❧② ✇❛② ♦❢ s♣❡❝✐❢②✐♥❣ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♣❛r❛♠❡t❡rs t❤❡♠s❡❧✈❡s ✭❛♥❞
♥♦t ♦❢ t❤❡ t❡r♠s ❜✉✐❧t ♦♥ t❤❡♠✮ ✐s ❜② ✉s✐♥❣ t❤❡ r❡✇r✐t❡ r✉❧❡s ✐♥ R✳ ❆s ✇❡ s❤❛❧❧
s❡❡✱ t❤✐s ♣r♦♣❡rt② ✐s ❡ss❡♥t✐❛❧ ❢♦r ♣r♦✈✐♥❣ t❤❡ s♦✉♥❞♥❡ss ♦❢ t❤❡ ❧♦♦♣ ❞❡t❡❝t✐♦♥ r✉❧❡
t❤❛t ❡♥s✉r❡s t❡r♠✐♥❛t✐♦♥ ♦❢ ♦✉r ♣r♦♦❢ ♣r♦❝❡❞✉r❡✳ ❙✐♠✐❧❛r❧②✱ ♥♦ q✉❛♥t✐✜❝❛t✐♦♥ ♦✈❡r
✈❛r✐❛❜❧❡s ♦❢ ❛♥ ✐♥❞✉❝t✐✈❡ s♦rt ✐s ❛❧❧♦✇❡❞✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ I ❞❡♥♦t❡s ❛ s❝❤❡♠❛t✐③❛❜❧❡ ❝❧❛ss ♦❢ ✐♥t❡r♣r❡t❛t✐♦♥s ❛♥❞ F

❞❡♥♦t❡s ❛♥ ❛❞♠✐ss✐❜❧❡ ❝❧❛ss ♦❢ ❢♦r♠✉❧æ✳ ❚❤❡ ❣♦❛❧ ♦❢ t❤❡ ♣❛♣❡r ✐s t♦ ♣r♦✈❡ t❤❛t ✐❢
I✲s❛t✐s✜❛❜✐❧✐t② ✐s ❞❡❝✐❞❛❜❧❡ ✭r❡s♣✳ s❡♠✐✲❞❡❝✐❞❛❜❧❡✮ ❢♦r ❜❛s❡ ❢♦r♠✉❧æ ✐♥ F t❤❡♥ ✐t
♠✉st ❜❡ s♦ ❢♦r ❛❧❧ ❢♦r♠✉❧æ ✐♥ F✳ ❲❡ ❣✐✈❡ ❡①❛♠♣❧❡s ♦❢ ❝❧❛ss❡s ♦❢ ❢♦r♠✉❧æ s❛t✐s❢②✐♥❣
t❤❡ ♣r❡✈✐♦✉s ❝♦♥❞✐t✐♦♥s✿

❊①❛♠♣❧❡ ✸✳ ❆ss✉♠❡ t❤❛t Σ ♦♥❧② ❝♦♥t❛✐♥s 0✱ succ ❛♥❞ s②♠❜♦❧s ♦❢ ♣r♦✜❧❡ nat → bool✳
▲❡t I0 ❜❡ t❤❡ ❝❧❛ss ♦❢ ❛❧❧ R✲❝♦♠♣❛t✐❜❧❡ ✐♥t❡r♣r❡t❛t✐♦♥s ♦♥ t❤✐s ❧❛♥❣✉❛❣❡ ✇✐t❤ t❤❡ ✉s✉❛❧
✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ nat✱ 0 ❛♥❞ succ✱ ❛♥❞ ❧❡t F0 ❜❡ t❤❡ s❡t ♦❢ ❛❧❧ q✉❛♥t✐✜❡r✲❢r❡❡ ❢♦r♠✉❧æ
❝♦♥t❛✐♥✐♥❣ ♥♦ ♦❝❝✉rr❡♥❝❡ ♦❢ 0 ❛♥❞ succ✳ ❈❧❡❛r❧②✱ I0 ✐s s❝❤❡♠❛t✐③❛❜❧❡ ❛♥❞ F0 ✐s ❛❞♠✐ss✐❜❧❡✳
❚❤❡ ❢♦r♠✉❧æ ✐♥ F0 ❞❡♥♦t❡ s❝❤❡♠❛t❛ ♦❢ ♣r♦♣♦s✐t✐♦♥❛❧ ❢♦r♠✉❧æ✳ ❋♦r ✐♥st❛♥❝❡ t❤❡ s❝❤❡♠❛
p0∧¬pN ∧

∧N−1
K=0(¬pK ∨psucc(K)) ✐s s♣❡❝✐✜❡❞ ❜② t❤❡ ❢♦r♠✉❧æ✿ p(0)∧¬p(N)∧dN ✱ ✇❤❡r❡

d ✐s ❞❡✜♥❡❞ ❜② t❤❡ r✉❧❡s d0 → ⊤ ❛♥❞ dsucc(K) → dK ∧ (¬p(K) ∨ p(succ(K)))✳ F0 ✐s
❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❝❧❛ss ♦❢ r❡❣✉❧❛r s❝❤❡♠❛t❛ ✐♥ ❬✸❪✳



❊①❛♠♣❧❡ ✹✳ ▲❡t S = {nat, int} ❛♥❞ I = {nat}✳ ❆ss✉♠❡ t❤❛t Σ ❝♦♥t❛✐♥s t❤❡ s②♠❜♦❧s
0 ❛♥❞ succ✱ ❝♦♥st❛♥t s②♠❜♦❧s ♦❢ s♦rt int✱ ❢✉♥❝t✐♦♥ s②♠❜♦❧s ♦❢ ♣r♦✜❧❡ nat → int ❛♥❞
❛❧❧ t❤❡ s②♠❜♦❧s ♦❢ Pr❡s❜✉r❣❡r ❛r✐t❤♠❡t✐❝✳ ▲❡t IZ ❜❡ t❤❡ ❝❧❛ss ♦❢ ❛❧❧ R✲❝♦♠♣❛t✐❜❧❡ ✐♥✲
t❡r♣r❡t❛t✐♦♥s s✉❝❤ t❤❛t t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥s ♦❢ nat, int, 0, succ,+,≤, . . . ❛r❡ t❤❡ ✉s✉❛❧
♦♥❡s✳ ▲❡t FZ ❜❡ t❤❡ s❡t ♦❢ ❛❧❧ ❢♦r♠✉❧æ ❜✉✐❧t ♦♥ t❤✐s ❧❛♥❣✉❛❣❡✱ ❝♦♥t❛✐♥✐♥❣ ♥♦ ♦❝❝✉r✲
r❡♥❝❡ ♦❢ 0✱ succ✱ ❛♥❞ s❛t✐s❢②✐♥❣ ❈♦♥❞✐t✐♦♥ ✸ ✐♥ ❉❡✜♥✐t✐♦♥ ✼✳ ■t ❝❛♥ ❜❡ ❡❛s✐❧② ❝❤❡❝❦❡❞
t❤❛t IZ ✐s s❝❤❡♠❛t✐③❛❜❧❡ ❛♥❞ t❤❛t FZ ✐s ❛❞♠✐ss✐❜❧❡✳ ❋♦r♠✉❧æ ✐♥ FZ ❞❡♥♦t❡ s❝❤❡♠❛t❛ ♦❢
Pr❡s❜✉r❣❡r ❢♦r♠✉❧æ ✭t❤❡ ❜❛s❡ ❢♦r♠✉❧æ ✐♥ FZ ❛r❡ ❢♦r♠✉❧æ ♦❢ Pr❡s❜✉r❣❡r ❛r✐t❤♠❡t✐❝✮✳
❋♦r ✐♥st❛♥❝❡

∨N

K=0 a(K) > 0 ✐s ❞❡♥♦t❡❞ ❜② dM ✱ ✇✐t❤ t❤❡ r✉❧❡s d0 → (a(0) > 0) ❛♥❞
dsucc(K) → dK ∨ a(succ(K)) > 0✳ ◆♦t❡ ❤♦✇❡✈❡r✱ t❤❛t s❝❤❡♠❛t❛ ❝♦♥t❛✐♥✐♥❣ ❛t♦♠s ✇✐t❤

s❡✈❡r❛❧ ❞✐st✐♥❝t t❡r♠s ♦❢ s♦rt nat✱ s✉❝❤ ❛s
∧N

K=0 a(K) ≃ a(succ(K)) ❝❛♥♥♦t ♦❝❝✉r ✐♥
FZ✳ ■t ✐s ❛❧s♦ ✐♠♣♦rt❛♥t t♦ r❡♠❛r❦ t❤❛t t❤❡ s♦rt int ♠✉st ❜❡ ❞✐st✐♥❝t ❢r♦♠ t❤❡ s♦rt ♦❢
t❤❡ ✐♥❞✐❝❡s nat ✭t❡r♠s ♦❢ t❤❡ ❢♦r♠ da(K) ❛r❡ ♥♦t ❛❧❧♦✇❡❞✮✳

❚❤❡ ❝❧❛ss FZ ✐s ♥♦t ❝♦♠♣❛r❛❜❧❡ t♦ t❤❡ ❝❧❛ss ♦❢ ❙▼❚✲s❝❤❡♠❛t❛ ✐♥ ❬✹❪ ✭t❤❡
❧❛tt❡r ❝❧❛ss ♠❛② ❝♦♥t❛✐♥ ❢♦r♠✉❧æ ♦❢ t❤❡ ♣r❡✈✐♦✉s ❢♦r♠✱ ❛t t❤❡ ❝♦st ♦❢ ❛❞❞✐t✐♦♥❛❧
r❡str✐❝t✐♦♥s ♦♥ t❤❡ ❝♦♥s✐❞❡r❡❞ t❤❡♦r②✮✳ ▲❡t I1 ❛♥❞ F1 ❜❡ t❤❡ s❡ts ♦❢ ✐♥t❡r♣r❡t❛✲
t✐♦♥s ❛♥❞ ❢♦r♠✉❧æ ❢✉❧✜❧❧✐♥❣ t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ❉❡✜♥✐t✐♦♥s ✻ ❛♥❞ ✼✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣
♣r♦♣♦s✐t✐♦♥ ✐s ❡❛s② t♦ ❡st❛❜❧✐s❤ ✭F0 ❛♥❞ FZ ❛r❡ ❞❡✜♥❡❞ ✐♥ ❊①❛♠♣❧❡s ✸ ❛♥❞ ✹✮✿

Pr♦♣♦s✐t✐♦♥ ✶✳ I0✲s❛t✐s✜❛❜✐❧✐t② ✭r❡s♣✳ IZ✲s❛t✐s✜❛❜✐❧✐t②✮ ✐s ❞❡❝✐❞❛❜❧❡ ❢♦r ❜❛s❡ ❢♦r✲
♠✉❧æ ✐♥ F0 ✭r❡s♣✳ FZ✮✱ ❛♥❞ I1✲s❛t✐s✜❛❜✐❧✐t② ✐s s❡♠✐✲❞❡❝✐❞❛❜❧❡ ❢♦r ❜❛s❡ ❢♦r♠✉❧æ
✐♥ F1✳

❇❡❢♦r❡ ❞❡s❝r✐❜✐♥❣ t❤❡ ♣r♦♦❢ ♣r♦❝❡❞✉r❡ ❢♦r t❡st✐♥❣ t❤❡ s❛t✐s✜❛❜✐❧✐t② ♦❢
s❝❤❡♠❛t❛✱ ✇❡ ♣r♦✈✐❞❡ ❛ s✐♠♣❧❡ ❡①❛♠♣❧❡ ♦❢ ❛♥ ❛♣♣❧✐❝❛t✐♦♥✳ ■t ✐s ♦♥❧② ✐♥t❡♥❞❡❞
t♦ ❣✐✈❡ ❛ t❛st❡ ♦❢ ✇❤❛t ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ✐♥ ♦✉r ❧♦❣✐❝✱ ❛♥❞ ♦❢ ✇❤✐❝❤ ♣r♦♣❡rt✐❡s ❛r❡
♦✉ts✐❞❡ ✐ts s❝♦♣❡ ✭s❡❡ ❛❧s♦ t❤❡ ❡①❛♠♣❧❡s ✐♥ t❤❡ ■♥tr♦❞✉❝t✐♦♥✱ t❤❛t ❝❛♥ ❜❡ ❡❛s✐❧②
❡♥❝♦❞❡❞✮✳

❊①❛♠♣❧❡ ✺✳ ❆ ✭❜✐♥❛r②✮ ❉❆● δ ❧❛❜❡❧❡❞ ❜② ❡❧❡♠❡♥ts ♦❢ t②♣❡ elem ❝❛♥ ❜❡ ❞❡♥♦t❡❞ ❜② ❛
❢✉♥❝t✐♦♥ s②♠❜♦❧ δ : DAG → elem✱ ✇❤❡r❡ t❤❡ s✐❣♥❛t✉r❡ ❝♦♥t❛✐♥s t✇♦ ❝♦♥str✉❝t♦rs ♦❢ s♦rt
DAG✿ ❛ ❝♦♥st❛♥t s②♠❜♦❧ ⊥ ✭❞❡♥♦t✐♥❣ t❤❡ ❡♠♣t② ❉❆●✮✱ ❛♥❞ ❛ 3✲❛r② s②♠❜♦❧ c(n, l, r)✱
✇❤❡r❡ l ❛♥❞ r ❞❡♥♦t❡ t❤❡ ❧❡❢t ❛♥❞ r✐❣❤t ❝❤✐❧❞r❡♥ r❡s♣❡❝t✐✈❡❧② ❛♥❞ n ❞❡♥♦t❡s t❤❡ ❝✉rr❡♥t
♥♦❞❡✷✳ ❱❛r✐♦✉s ♣r♦♣❡rt✐❡s ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ✐♥ ♦✉r ❧♦❣✐❝✱ ❢♦r ✐♥st❛♥❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣
❞❡✜♥❡❞ s②♠❜♦❧ Aδ,p

x ❡①♣r❡ss❡s t❤❡ ❢❛❝t t❤❛t ❛❧❧ t❤❡ ❡❧❡♠❡♥ts ♦❝❝✉rr✐♥❣ ✐♥ ❛ ❉❆● δ
s❛t✐s✜❡s s♦♠❡ ♣r♦♣❡rt② p✳

Aδ,p
⊥

→ ⊤ Aδ,p

c(n,l,r) → Aδ,p
l ∧Aδ,p

r ∧ p(δ(c(n, l, r)))

❖❜✈✐♦✉s❧② t❤✐s ❝❛♥ ❜❡ ❣❡♥❡r❛❧✐③❡❞ t♦ ❛♥② s❡t ♦❢ r❡❣✉❧❛r ♣♦s✐t✐♦♥s✿ ❢♦r ✐♥st❛♥❝❡✱ ✇❡
❝❛♥ st❛t❡ t❤❛t t❤❡r❡ ❡①✐sts ❛ ♣❛t❤ ❢r♦♠ t❤❡ r♦♦t t♦ ❛ ❧❡❛❢ ✐♥ t❤❡ ❉❆● ♦♥ ✇❤✐❝❤ ❛❧❧ t❤❡
❡❧❡♠❡♥t s❛t✐s❢② p✿

Eδ,p
⊥

→ ⊤ Eδ,p

c(n,l,r) → (Eδ,p
l ∨ Eδ,p

r ) ∧ p(δ(c(n, l, r)))

δ ❛♥❞ p ❛r❡ ♠❡t❛✲✈❛r✐❛❜❧❡s✿ δ ♠✉st ❜❡ r❡♣❧❛❝❡❞ ❜② ❛ ❢✉♥❝t✐♦♥ s②♠❜♦❧ ♦❢ ♣r♦✜❧❡
DAG → elem ❛♥❞ p ❝❛♥ ❜❡ r❡♣❧❛❝❡❞ ❜② ❛♥② ♣r♦♣❡rt② ♦❢ ❡❧❡♠❡♥ts ♦❢ s♦rt elem ✭♣r♦✈✐❞❡❞ ✐t

✷ ❚❤✐s ❡①tr❛✲❛r❣✉♠❡♥t ✐s ♥❡❝❡ss❛r② t♦ ❡♥s✉r❡ t❤❛t ❞✐st✐♥❝t ♥♦❞❡s ❝❛♥ ❤❛✈❡ t❤❡ s❛♠❡
❝❤✐❧❞r❡♥✳



✐s ❡①♣r❡ss✐❜❧❡ ✐♥ t❤❡ ❜❛s❡ ❧❛♥❣✉❛❣❡ ❡✳❣✳ ✜rst✲♦r❞❡r ❧♦❣✐❝✮✳ ❋♦r ✐♥st❛♥❝❡✱ ✇❡ ❝❛♥ ❡①♣r❡ss t❤❡
❢❛❝t t❤❛t ❛❧❧ t❤❡ ❡❧❡♠❡♥ts ♦❢ δ ❛r❡ ❡q✉❛❧ t♦ s♦♠❡ ✜①❡❞ ✈❛❧✉❡✱ ♦r t❤❛t ❛❧❧ t❤❡ ❡❧❡♠❡♥ts ♦❢ δ
❛r❡ ❡✈❡♥✳ ❲❡ ❝❛♥ ❝❤❡❝❦ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✉❧❛ ✐s ✈❛❧✐❞✿ (∀x, p(x) ⇒ q(x)) ⇒ (Eδ,p ⇒
Eδ,q)✳ ❍♦✇❡✈❡r✱ t❤❡ ❝♦♥✈❡rs❡ ❝❛♥♥♦t ❜❡ ❡①♣r❡ss❡❞ ✐♥ ♦✉r s❡tt✐♥❣✱ ❜❡❝❛✉s❡ ✐t ✇♦✉❧❞
✐♥✈♦❧✈❡ ❛ q✉❛♥t✐✜❝❛t✐♦♥ ♦✈❡r ❛♥ ❡❧❡♠❡♥t ♦❢ t②♣❡ DAG ✇❤✐❝❤ ✐s ❢♦r❜✐❞❞❡♥ ❜② ❈♦♥❞✐t✐♦♥ ✷
✐♥ ❉❡✜♥✐t✐♦♥ ✼✳ ❚❤❡ ❢♦r♠✉❧❛ Aδ,p ∧ ¬Aδ,q ∧ ¬Aδ,¬q ✐s s❛t✐s✜❛❜❧❡ ♦♥ t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥s
✇❤♦s❡ ❞♦♠❛✐♥ ❝♦♥t❛✐♥s t✇♦ ❡❧❡♠❡♥ts e1✱ e2 s✉❝❤ t❤❛t p(e1), p(e2)✱ ¬q(e1)✱ ❛♥❞ q(e2)
❤♦❧❞ ✭❜✉t ❢♦r ✐♥st❛♥❝❡ ✐t ✐s ✉♥s❛t✐s✜❛❜❧❡ ✐❢ p(x) ≡ (x ≃ 0)✮✳ ❲❡ ❝❛♥ ❡①♣r❡ss t❤❡ ❢❛❝t

t❤❛t t✇♦ ❉❆●s δ ❛♥❞ δ′ s❤❛r❡ ❛♥ ❡❧❡♠❡♥t✿ ∃x, ∀y, (p(y) ⇔ x = y)∧¬Aδ,¬p ∧¬Aδ′,¬p✳

❲❡ ❝❛♥ ❛❧s♦ ❞❡✜♥❡ ❛ s②♠❜♦❧ ▼❛♣δ,δ′,f st❛t✐♥❣ t❤❛t δ′ ✐s ♦❜t❛✐♥❡❞ ❢r♦♠ δ ❜② ❛♣♣❧②✐♥❣
s♦♠❡ ❢✉♥❝t✐♦♥ f ♦♥ ❡✈❡r② ❡❧❡♠❡♥t ♦❢ δ✿

▼❛♣δ,δ′,f
⊥

→ ⊤

▼❛♣δ,δ′,f

c(n,l,r) → ▼❛♣δ,δ′,f
l ∧▼❛♣δ,δ′,f

r ∧ δ′(c(n, l, r)) = f(δ(c(n, l, r)))

❚❤❡♥✱ ✇❡ ❝❛♥ ❝❤❡❝❦✱ ❢♦r ✐♥st❛♥❝❡✱ t❤❛t ✐❢ ❛❧❧ t❤❡ ❡❧❡♠❡♥ts ♦❢ δ ❛r❡ ❡✈❡♥ ❛♥❞ ✐❢ f ✐s t❤❡
s✉❝❝❡ss♦r ❢✉♥❝t✐♦♥✱ t❤❡♥ ❛❧❧ t❤❡ ❡❧❡♠❡♥ts ♦❢ δ′ ♠✉st ❜❡ ♦❞❞✿

(❡✈❡♥(0) ∧ (∀x, ❡✈❡♥(succ(x)) ⇔ ¬❡✈❡♥(x)) ∧Aδ,❡✈❡♥
A ) ∧▼❛♣δ,δ′,succ ⇒ Aδ′,¬❡✈❡♥

A

❲❡ ❛r❡ ♥♦t ❛❜❧❡✱ ❤♦✇❡✈❡r✱ t♦ ❡①♣r❡ss tr❛♥s❢♦r♠❛t✐♦♥s ❛✛❡❝t✐♥❣ t❤❡ s❤❛♣❡ ♦❢ t❤❡ ❉❆●
✭❡✳❣✳ s✇✐t❝❤✐♥❣ ❛❧❧ t❤❡ r✐❣❤t ❛♥❞ ❧❡❢t s✉❜❣r❛♣❤s✮ ❜❡❝❛✉s❡ t❤✐s ✇♦✉❧❞ r❡q✉✐r❡ t♦ ✉s❡
♥♦♥✲♠♦♥❛❞✐❝ ❞❡✜♥❡❞ s②♠❜♦❧s✳

❆❧tδ,p,q ❡①♣r❡ss❡s t❤❡ ❢❛❝t t❤❛t ❛❧❧ t❤❡ ❡❧❡♠❡♥ts ❛t ❡✈❡♥ ♣♦s✐t✐♦♥s s❛t✐s❢② p ❛♥❞ t❤❛t
t❤❡ ❡❧❡♠❡♥ts ❛t ♦❞❞ ♣♦s✐t✐♦♥s s❛t✐s❢② q✿

❆❧tδ,p,q
⊥

→ ⊤ ❆❧tδ,p,qc(n,l,r) → ❆❧tδ,q,pl ∧❆❧tδ,q,pr ∧ p(δ(c(n, l, r)))

❖✉r ♣r♦❝❡❞✉r❡ ❝❛♥ ❜❡ ✉s❡❞ t♦ ✈❡r✐❢② t❤❛t ❆❧tδ,p,qA ⇒ Aδ,p∨q
A ✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥❡❞

s②♠❜♦❧ pδ,δ
′,δ′′ st❛t❡s t❤❛t ❛ ❉❆● δ′′ ✐s ❝♦♥str✉❝t❡❞ ❜② t❛❦✐♥❣ ❡❧❡♠❡♥ts ❢r♦♠ δ ❛♥❞ δ′

❛❧t❡r♥❛t✐✈❡❧②✿

pδ,δ
′,δ′′

⊥
→ ⊤

pδ,δ
′,δ′′

c(n,l,r) → pδ
′,δ,δ′′

l ∧ pδ
′,δ,δ′′

r ∧ δ′′(c(n, l, r)) = δ(c(n, l, r))

❲❡ ❝❛♥ ❝❤❡❝❦ t❤❛t ✐❢ t❤❡ ❡❧❡♠❡♥ts ♦❢ δ ❛♥❞ δ′ s❛t✐s❢② Pr♦♣❡rt✐❡s p ❛♥❞ q r❡s♣❡❝t✐✈❡❧②✱

t❤❡♥ t❤❡ ❡❧❡♠❡♥ts ✐♥ δ′′ s❛t✐s❢② p ❛♥❞ q ❛❧t❡r♥❛t✐✈❡❧②✿ (pδ,δ
′,δ′′

A ∧Aδ,p
A ∧Aδ′,q

A ) ⇒ ❆❧tδ
′′,p,q

A ✳
◆♦t✐❝❡ t❤❛t✱ ✐♥ t❤✐s ❡①❛♠♣❧❡✱ t❤❡ s✉❜❣r❛♣❤s ❝❛♥ s❤❛r❡ ❡❧❡♠❡♥ts✳ ❚❤✉s ✐t ✐s ♥♦t

♣♦ss✐❜❧❡ ✐♥ ❣❡♥❡r❛❧ t♦ r❡❛s♦♥ ✐♥❞❡♣❡♥❞❡♥t❧② ♦♥ ❡❛❝❤ ❜r❛♥❝❤ ✭✐♥ t❤❡ st②❧❡ ♦❢ ❛✉t♦♠❛t❛✲
❜❛s❡❞ ❛♣♣r♦❛❝❤❡s✮✿ ♦♥❡ ❤❛s t♦ r❡❛s♦♥ s✐♠✉❧t❛♥❡♦✉s❧② ♦♥ t❤❡ ✇❤♦❧❡ ❉❆●✳ ❖t❤❡r ❞❛t❛
str✉❝t✉r❡s s✉❝❤ ❛s ❛rr❛②s ♦r ❧✐sts ❝❛♥ ❜❡ ❤❛♥❞❧❡❞ ✐♥ ❛ s✐♠✐❧❛r ✇❛②✳ ❆♥ ❡①❛♠♣❧❡ ♦❢
♣r♦♣❡rt② t❤❛t ❝❛♥♥♦t ❜❡ ❡①♣r❡ss❡❞ ✐s s♦rt❡❞♥❡ss✳ ■♥❞❡❡❞✱ ✐t ✇♦✉❧❞ ❜❡ st❛t❡❞ ❛s ❢♦❧❧♦✇s✿

❙♦rtδc(n,l,r) → ❙♦rtδl ∧ ❙♦rtAr ∧ δ(c(n, l, r)) ≥ δl ∧ δ(c(n, l, r)) ≥ δr

❍♦✇❡✈❡r✱ t❤❡ ❛t♦♠ δ(c(n, l, r)) ≥ δl ✐s ♥♦t ❛❧❧♦✇❡❞ ✐♥ ♦✉r s❡tt✐♥❣✿ s✐♥❝❡ ✐t ❝♦♥t❛✐♥s
s❡✈❡r❛❧ ♣❛r❛♠❡t❡rs✱ ✐t ❝♦♥tr❛❞✐❝ts ❈♦♥❞✐t✐♦♥ ✸ ✐♥ ❉❡✜♥✐t✐♦♥ ✼✳

✸ Pr♦♦❢ Pr♦❝❡❞✉r❡

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r❡s❡♥t ♦✉r ♣r♦❝❡❞✉r❡ ❢♦r t❡st✐♥❣ t❤❡ I✲s❛t✐s✜❛❜✐❧✐t② ♦❢ ❛❞✲
♠✐ss✐❜❧❡ ❢♦r♠✉❧æ✳ ❲❡ ❡♠♣❧♦② ❛ t❛❜❧❡❛✉①✲❜❛s❡❞ ♣r♦❝❡❞✉r❡✱ ✇✐t❤ s❡✈❡r❛❧ ❦✐♥❞s ♦❢



✐♥❢❡r❡♥❝❡ r✉❧❡s✿ ❉❡❝♦♠♣♦s✐t✐♦♥ r✉❧❡s t❤❛t r❡❞✉❝❡ ❡❛❝❤ ❢♦r♠✉❧❛ t♦ ❛ ❝♦♥❥✉♥❝t✐♦♥
♦❢ ❜❛s❡ ❢♦r♠✉❧æ✱ ❡q✉❛t✐♦♥❛❧ ❧✐t❡r❛❧s✱ ❛♥❞ ❞❡✜♥❡❞ ❧✐t❡r❛❧s❀ ❯♥❢♦❧❞✐♥❣ r✉❧❡s t❤❛t
❛❧❧♦✇ t♦ ✉♥❢♦❧❞ t❤❡ ❞❡✜♥❡❞ ❛t♦♠s ✭❜② ❛♣♣❧②✐♥❣ t❤❡ r✉❧❡s ✐♥ R✮❀ ❊q✉❛❧✐t② r✉❧❡s
❢♦r r❡❛s♦♥✐♥❣ ♦♥ ❡q✉❛t✐♦♥❛❧ ❛t♦♠s❀ ❛♥❞ ❉❡❧❛②❡❞ ✐♥st❛♥t✐❛t✐♦♥ s❝❤❡♠❡s t❤❛t r❡✲
♣❧❛❝❡ ❛ ♣❛r❛♠❡t❡r A ❜② s♦♠❡ t❡r♠ f(B1, . . . , Bn)✱ ✇❤❡r❡ f ✐s ❛ ❝♦♥str✉❝t♦r ❛♥❞
B1, . . . , Bn ❛r❡ ♥❡✇ ❝♦♥st❛♥t s②♠❜♦❧s✳ ❲❡ ❝♦♥s✐❞❡r ♣r♦♦❢ tr❡❡s ❧❛❜❡❧❡❞ ❜② s❡ts ♦❢
❢♦r♠✉❧æ✳ ■❢ α ✐s ❛ ♥♦❞❡ ✐♥ ❛ tr❡❡ T t❤❡♥ T (α) ❞❡♥♦t❡s t❤❡ ❧❛❜❡❧ ♦❢ α✳ ❆ ♥♦❞❡ ✐s
❝❧♦s❡❞ ✐❢ ✐t ❝♦♥t❛✐♥s ⊥✳ ❆s ✉s✉❛❧✱ ♦✉r ♣r♦❝❡❞✉r❡ ✐s s♣❡❝✐✜❡❞ ❜② ❛ s❡t ♦❢ ❡①♣❛♥s✐♦♥

r✉❧❡s ♦❢ t❤❡ ❢♦r♠
Ψ

Ψ1 ✳ ✳ ✳ Ψn
✇✐t❤ n ≥ 1✱ ♠❡❛♥✐♥❣ t❤❛t ❛ ♥♦♥✲❝❧♦s❡❞ ❧❡❛❢

♥♦❞❡ ❧❛❜❡❧❡❞ ❜② ❛ s❡t Φ ⊇ Ψ ✭✉♣ t♦ ❛ s✉❜st✐t✉t✐♦♥ ♦❢ t❤❡ ♠❡t❛✲✈❛r✐❛❜❧❡s✮ ♠❛②
❜❡ ❡①♣❛♥❞❡❞ ❜② ❛❞❞✐♥❣ n ❝❤✐❧❞r❡♥ ❧❛❜❡❧❡❞ ❜② (Φ \ Ψ) ∪ Ψ1✱ ✳ ✳ ✳ ✱ (Φ \ Ψ) ∪ Ψn

r❡s♣❡❝t✐✈❡❧②✳ ❲❡ ❛ss✉♠❡ ♠♦r❡♦✈❡r t❤❛t t❤❡ ❢♦r♠✉❧æ Ψ1, . . . , Ψn ❤❛✈❡ ♥♦t ❛❧r❡❛❞②
❜❡❡♥ ❣❡♥❡r❛t❡❞ ✐♥ t❤❡ ❝♦♥s✐❞❡r❡❞ ❜r❛♥❝❤ ✭t♦ ❛✈♦✐❞ r❡❞✉♥❞❛♥t ❛♣♣❧✐❝❛t✐♦♥s ♦❢ t❤❡
r✉❧❡s✮✳ ❋♦r ❛♥② tr❡❡ T ✱ ✇❡ ✇r✐t❡ α ≥T β ✐✛ β ✐s ❛ ❝❤✐❧❞ ♦❢ α✳ ≥∗

T ❞❡♥♦t❡s ❛s ✉s✉❛❧
t❤❡ r❡✢❡①✐✈❡ ❛♥❞ tr❛♥s✐t✐✈❡ ❝❧♦s✉r❡ ♦❢ ≥T ✳

❲❡ ♥❡❡❞ t♦ ✐♥tr♦❞✉❝❡ s♦♠❡ ❛❞❞✐t✐♦♥❛❧ ♥♦t❛t✐♦♥s ❛♥❞ ❞❡✜♥✐t✐♦♥s✳ ❋♦r ❛♥②
✐♥t❡r♣r❡t❛t✐♦♥ I ❛♥❞ ❢♦r ❛♥② ❡❧❡♠❡♥t v ✐♥ t❤❡ ❞♦♠❛✐♥ ♦❢ I✱ ✇❡ ❞❡♥♦t❡ ❜② depthI(v)
t❤❡ ❞❡♣t❤ ♦❢ t❤❡ ❝♦♥str✉❝t♦r t❡r♠ ❞❡♥♦t❡❞ ❜② v✱ ❢♦r♠❛❧❧② ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿
depthI(v) = 0 ✐❢ v ✐s ✐♥ Ds ❛♥❞ s 6∈ I✱ ♦t❤❡r✇✐s❡ depthI([f(t1, . . . , tn)]

I) =
1 + max({depthI([ti]

I) | i ∈ [1, n]})✱ ✇✐t❤ t❤❡ ❝♦♥✈❡♥t✐♦♥ t❤❛t max(∅) = 0✳
■t ✐s ❡❛s② t♦ ❝❤❡❝❦ t❤❛t t❤❡ ❢✉♥❝t✐♦♥ v 7→ depthI(v) ✐s ✇❡❧❧✲❞❡✜♥❡❞✱ ❢♦r ❡✈❡r②
✐♥t❡r♣r❡t❛t✐♦♥ I ∈ I✳

❋♦r t❤❡ s❛❦❡ ♦❢ r❡❛❞❛❜✐❧✐t②✱ ✇❡ s❤❛❧❧ ❛ss✉♠❡ t❤❛t t❤❡r❡ ❡①✐sts ❛ ❢✉♥❝t✐♦♥ s②♠❜♦❧

❞❡♣t❤ s✉❝❤ t❤❛t✿ ❞❡♣t❤I(v)
❞❡❢

= depthI(v)✳ ❚❤❡ ❢♦r♠✉❧❛ ♠❛①(E) ≃ t ✭✇❤❡r❡ E ✐s ❛
✜♥✐t❡ s❡t ♦❢ t❡r♠s✮ ✐s ✇r✐tt❡♥ ❛s ❛ s❤♦rt❤❛♥❞ ❢♦r

∧
s∈E(s ≤ t) ∧

∨
s∈E(s ≃ t) ✐❢

E 6= ∅ ❛♥❞ ❢♦r 0 ≃ t ✐❢ E = ∅✳

▲❡t T ❜❡ ❛ tr❡❡ ❛♥❞ ❧❡t α ❜❡ ❛ ♥♦❞❡ ✐♥ T ✳ ❆ ♣❛r❛♠❡t❡r A ✐s s♦❧✈❡❞ ✐♥ α ✐❢ t❤❡
♦♥❧② ❢♦r♠✉❧❛ ♦❢ T (α) ❝♦♥t❛✐♥✐♥❣ A ✐s ♦❢ t❤❡ ❢♦r♠ A ≃ B ✇❤❡r❡ B ✐s ❛ ♣❛r❛♠❡t❡r✳
❆♥ ❡q✉❛t✐♦♥ A ≃ B ✐s s♦❧✈❡❞ ✐♥ α ✐❢ A ✐s s♦❧✈❡❞✳ ◆♦t✐❝❡ t❤❛t ≃ ✐s ♥♦t ❝♦♥s✐❞❡r❡❞
❛s ❝♦♠♠✉t❛t✐✈❡✳ ❋♦r ❡✈❡r② s❡t ♦❢ ❢♦r♠✉❧æ Φ✱ Eq(Φ) ❞❡♥♦t❡s t❤❡ s❡t ♦❢ ❡q✉❛t✐♦♥s

✐♥ Φ ❛♥❞ NonEq(Φ)
❞❡❢

= Φ \ Eq(Φ)✳ ❆ r❡♥❛♠✐♥❣ ✐s ❛ ❢✉♥❝t✐♦♥ ρ ♠❛♣♣✐♥❣ ❡✈❡r②
♣❛r❛♠❡t❡r t♦ ❛ ♣❛r❛♠❡t❡r ♦❢ t❤❡ s❛♠❡ s♦rt✱ s✉❝❤ t❤❛t ρ(N) = N ✳ ❆♥② r❡♥❛♠✐♥❣
ρ ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ ✐♥t♦ ❛ ❢✉♥❝t✐♦♥ ♠❛♣♣✐♥❣ ❡✈❡r② ❢♦r♠✉❧❛ φ t♦ ❛ ❢♦r♠✉❧❛ ρ(φ)✱
♦❜t❛✐♥❡❞ ❜② r❡♣❧❛❝✐♥❣ ❡✈❡r② ♣❛r❛♠❡t❡r A ♦❝❝✉rr✐♥❣ ✐♥ φ ❜② ρ(A)✳ ▲❡t Φ ❛♥❞ Ψ
❜❡ t✇♦ s❡ts ♦❢ ❢♦r♠✉❧æ✳ ❲❡ ✇r✐t❡ Φ ⊒ Ψ ✐✛ t❤❡r❡ ❡①✐sts ❛ r❡♥❛♠✐♥❣ ρ s✉❝❤ t❤❛t
ρ(Ψ) ⊆ Φ✳

❆ ♣r♦♦❢ tr❡❡ ❢♦r φ ✐s ❛ tr❡❡ ❝♦♥str✉❝t❡❞ ❜② t❤❡ r✉❧❡s ♦❢ ❋✐❣✉r❡ ✶ ❜❡❧♦✇ ❛♥❞
s✉❝❤ t❤❛t t❤❡ r♦♦t ✐s ♦❜t❛✐♥❡❞ ❜② ❛♣♣❧②✐♥❣ ❙t❛rt ♦♥ φ✳ ❲❡ ❛ss✉♠❡ t❤❛t ∨✲
❉❡❝♦♠♣♦s✐t✐♦♥ ❛♥❞ ∧✲❉❡❝♦♠♣♦s✐t✐♦♥ ❛r❡ ❛♣♣❧✐❡❞ ✇✐t❤ t❤❡ ❤✐❣❤❡st ♣r✐♦r✐t②✳

▼♦st ♦❢ t❤❡ r✉❧❡s ✐♥ ✐♥ ❋✐❣✉r❡ ✶ ❛r❡ s❡❧❢✲❡①♣❧❛♥❛t♦r②✳ ❲❡ ♦♥❧② ❜r✐❡✢② ❝♦♠♠❡♥t
♦♥ s♦♠❡ ✐♠♣♦rt❛♥t ♣♦✐♥ts✳

❙t❛rt ✐s ♦♥❧② ❛♣♣❧✐❡❞ ♦♥❝❡✱ ✐♥ ♦r❞❡r t♦ ❝r❡❛t❡ t❤❡ r♦♦t ♥♦❞❡ ♦❢ t❤❡ tr❡❡✳
❚❤❡ ❧❛❜❡❧ ♦❢ t❤✐s ♥♦❞❡ ❝♦♥t❛✐♥s t❤❡ ❢♦r♠✉❧❛ ❛t ❤❛♥❞ t♦❣❡t❤❡r ✇✐t❤ ❛♥ ❛❞❞✐t✐♦♥❛❧



❢♦r♠✉❧❛ st❛t✐♥❣ t❤❛t t❤❡ ♠❛① ♦❢ t❤❡ ❞❡♣t❤ ♦❢ t❤❡ ❝♦♥str✉❝t♦r t❡r♠s r❡♣r❡s❡♥t❡❞
❜② t❤❡ ♣❛r❛♠❡t❡rs ♠✉st ❡q✉❛❧ t♦ s♦♠❡ ♥❛t✉r❛❧ ♥✉♠❜❡r N ✳

❚❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ❛♥❞ ❝❧♦s✉r❡ r✉❧❡s ❛r❡ st❛♥❞❛r❞✳ ❍♦✇❡✈❡r✱ ✇❡ ❞♦ ♥♦t ✉s❡
t❤❡♠ t♦ t❡st t❤❡ s❛t✐s✜❛❜✐❧✐t② ♦❢ t❤❡ ❢♦r♠✉❧❛✱ ❜✉t ♦♥❧② t♦ ❞❡❝♦♠♣♦s❡ ✐t ✐♥t♦ ❛
❝♦♥❥✉♥❝t✐♦♥ ♦❢ ❞❡✜♥❡❞ ❛t♦♠s✱ ❡q✉❛t✐♦♥❛❧ ❧✐t❡r❛❧s ❛♥❞ ❜❛s❡ ❢♦r♠✉❧æ✳ ❚❤✐s ✐s ❛❧✇❛②s
❢❡❛s✐❜❧❡✱ t❤❛♥❦s t♦ t❤❡ ♣❛rt✐❝✉❧❛r ♣r♦♣❡rt✐❡s ♦❢ ❢♦r♠✉❧æ ✐♥ F ✭s❡❡ ❉❡✜♥✐t✐♦♥ ✼✮✳
◆♦t✐❝❡ t❤❛t t❤❡ s❡♣❛r❛t✐♦♥ r✉❧❡ ❤❛s ♥♦ ♣r❡♠✐s❡s✳ ❚❤❡ ♦♥❧② r❡q✉✐r❡♠❡♥t ✐s t❤❛t A
❛♥❞ B ♦❝❝✉r ✐♥ t❤❡ ❝♦♥s✐❞❡r❡❞ ❜r❛♥❝❤✳

❯♥❢♦❧❞✐♥❣ r❡♣❧❛❝❡s ❛ ❞❡✜♥❡❞ ❛t♦♠ dA ❜② ✐ts ❞❡✜♥✐t✐♦♥ ❛❝❝♦r❞✐♥❣ t♦ t❤❡
r✉❧❡s ✐♥ R✳ ❚❤✐s ✐s ♣♦ss✐❜❧❡ ♦♥❧② ✇❤❡♥ t❤❡ ❤❡❛❞ s②♠❜♦❧ ❛♥❞ ❛r❣✉♠❡♥ts ♦❢ t❤❡
t❡r♠ r❡♣r❡s❡♥t❡❞ ❜② A ❛r❡ ❦♥♦✇♥✳

≃✲❉❡❝♦♠♣♦s✐t✐♦♥ ❞❡❝♦♠♣♦s❡s ❡q✉❛❧✐t✐❡s✱ ✉s✐♥❣ t❤❡ s♣❡❝✐✜❝ ♣r♦♣❡rt✐❡s ♦❢ ≃✲
❞❡❝♦♠♣♦s❛❜❧❡ ✐♥t❡r♣r❡t❛t✐♦♥s✿ ✐❢ ❛ ♥♦❞❡ ❝♦♥t❛✐♥s t✇♦ ❡q✉❛t✐♦♥s A ≃ t ❛♥❞ A ≃ s
t❤❡♥ t❤❡ ❢♦r♠✉❧❛ ∆(t ≃ s) ♥❡❝❡ss❛r✐❧② ❤♦❧❞s✳ 6≃✲❉❡❝♦♠♣♦s✐t✐♦♥ ♣❡r❢♦r♠s ❛
s✐♠✐❧❛r t❛s❦ ❢♦r ✐♥❡q✉❛❧✐t✐❡s✳

❙❡✈❡r❛❧ r✉❧❡s ❛r❡ ✐♥tr♦❞✉❝❡❞ t♦ r❡❛s♦♥ ♦♥ t❤❡ ❞❡♣t❤ ♦❢ t❤❡ t❡r♠s r❡♣r❡s❡♥t❡❞
❜② t❤❡ ♣❛r❛♠❡t❡rs✳ ❚❤❡ ♣r✐♥❝✐♣❧❡ ✐s t♦ s❡♣❛r❛t❡ t❤❡ ♣❛r❛♠❡t❡rs r❡♣r❡s❡♥t✐♥❣ t❡r♠s
♦❢ ❛ ❞❡♣t❤ ❡①❛❝t❧② ❡q✉❛❧ t♦ N ❢r♦♠ t❤♦s❡ ✇❤♦s❡ ❞❡♣t❤ ✐s str✐❝t❧② ❧❡ss t❤❛♥ N
✭s♦ t❤❛t ♦♥❧② t❤❡ ❢♦r♠❡r ♦♥❡s ♠❛② ❜❡ ✐♥st❛♥t✐❛t❡❞✮✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ ❙t❛rt✱ t❤❡
✐♥✐t✐❛❧ ♥♦❞❡ ♠✉st ❝♦♥t❛✐♥ ❛♥ ❡q✉❛t✐♦♥ ❞❡♣t❤(A) � N ❢♦r ❡❛❝❤ ♣❛r❛♠❡t❡r A 6= N ✳
❙tr✐❝t♥❡ss ❡①♣❛♥❞s t❤✐s ✐♥❡q✉❛❧✐t② ❜② ✉s✐♥❣ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ x � y ⇔ (x ≺
y ∨ x ≃ y)✳ ❚❤❡♥ ∨✲❉❡❝♦♠♣♦s✐t✐♦♥ ✇✐❧❧ ❛♣♣❧②✱ ②✐❡❧❞✐♥❣ ❡✐t❤❡r x ≺ y ♦r x ≃ y✳
≺✲❉❡❝♦♠♣♦s✐t✐♦♥ ❣❡ts r✐❞ ♦❢ str✐❝t ❡q✉❛❧✐t✐❡s ♦❢ t❤❡ ❢♦r♠ ❞❡♣t❤(A) ≺ succ(t)
t❤❛t ❛r❡ ✐♥tr♦❞✉❝❡❞ ❜② N ✲❊①♣❧♦s✐♦♥✳

❚❤❡ ❊①♣❧♦s✐♦♥ r✉❧❡s ✐♥st❛♥t✐❛t❡ t❤❡ ♣❛r❛♠❡t❡rs✱ ✇❤✐❝❤ ✐s ❞♦♥❡ ❜② ❛❞❞✐♥❣
❡q✉❛t✐♦♥s ♦❢ t❤❡ ❢♦r♠ A ≃ f(B)✱ ✇❤❡r❡ B ✐s ❛ ✈❡❝t♦r ♦❢ ❢r❡s❤ ♣❛r❛♠❡t❡rs✳

❊①♣❧♦s✐♦♥ ✐♥st❛♥t✐❛t❡s t❤❡ ♣❛r❛♠❡t❡rs ❞✐st✐♥❝t ❢r♦♠ N ✳ ❲❡ ❝❤♦♦s❡ t♦ ✐♥✲
st❛♥t✐❛t❡ ♦♥❧② t❤❡ ♣❛r❛♠❡t❡rs r❡♣r❡s❡♥t✐♥❣ t❡r♠s ♦❢ ♠❛①✐♠❛❧ ❞❡♣t❤✱ ❛♥❞ ♦♥❧②
❛❢t❡r N ❤❛s ❜❡❡♥ ✐♥st❛♥t✐❛t❡❞✳ ❚❤✉s ✇❡ ✐♥st❛♥t✐❛t❡ ❛ ♣❛r❛♠❡t❡r B ♦♥❧② ✐❢ t❤❡r❡
❡①✐sts ❛♥ ❛t♦♠ ♦❢ t❤❡ ❢♦r♠ ❞❡♣t❤(B) ≃ t✱ ✇❤❡r❡ t ✐s ♦❢ t❤❡ ❢♦r♠ succ(s)✱ ❢♦r
s♦♠❡ s ∈ {0, N}✳ ❊①♣❧♦s✐♦♥ ❡♥❛❜❧❡s ❢✉rt❤❡r ❛♣♣❧✐❝❛t✐♦♥s ♦❢ ❯♥❢♦❧❞✐♥❣✱ ✇❤✐❝❤
✐♥ t✉r♥ ♠❛② ✐♥tr♦❞✉❝❡ ♥❡✇ ❝♦♠♣❧❡① ❢♦r♠✉❧æ ✐♥t♦ t❤❡ ♥♦❞❡s ✭❜② ✉♥❢♦❧❞✐♥❣ t❤❡
❞❡✜♥❡❞ s②♠❜♦❧s ❛❝❝♦r❞✐♥❣ t♦ t❤❡ r✉❧❡s ✐♥ R✮✳

N ✲❊①♣❧♦s✐♦♥ ✐♥st❛♥t✐❛t❡s t❤❡ ♣❛r❛♠❡t❡r N ✳ ❙✐♥❝❡ t❤❡ ❞❡♣t❤ ♦❢ t❤❡ t❡r♠s
♦❢ ❛ s♦rt ✐♥ I ✐s ❛t ❧❡❛st 1 ❛♥❞ s✐♥❝❡ N ✐s ✐♥t❡♥❞❡❞ t♦ ❞❡♥♦t❡ t❤❡ ♠❛①✐♠❛❧ ❞❡♣t❤
♦❢ t❤❡ ♣❛r❛♠❡t❡rs✱ N ❝❛♥♥♦t ❜❡ 0✱ t❤✉s ✐t ✐s ✐♥st❛♥t✐❛t❡❞ ❡✐t❤❡r ❜② succ(0) ♦r ❜②
succ(N)✳ ❯♥❧✐❦❡ t❤❡ ♦t❤❡r ♣❛r❛♠❡t❡rs✱ ❞✐r❡❝t r❡♣❧❛❝❡♠❡♥t ✐s ♣❡r❢♦r♠❡❞✳ ❚❤✐s r✉❧❡
✐s ❛♣♣❧✐❡❞ ✇✐t❤ t❤❡ ❧♦✇❡st ♣r✐♦r✐t②✳ ❍❡♥❝❡✱ ✇❤❡♥ t❤❡ r✉❧❡ ✐s ❛♣♣❧✐❡❞✱ ❛❧❧ ♣❛r❛♠❡t❡rs
♦❢ ❛ ❞❡♣t❤ str✐❝t❧② ❣r❡❛t❡r t❤❛♥ N ♠✉st ❤❛✈❡ ❜❡❡♥ ✐♥st❛♥t✐❛t❡❞✳ ❇② r❡♣❧❛❝✐♥❣ N
❜② ❛ t❡r♠ ♦❢ t❤❡ ❢♦r♠ succ(t)✱ t❤❡ r✉❧❡ ✇✐❧❧ ♣❡r♠✐t t♦ ✐♥st❛♥t✐❛t❡ t❤❡ ♣❛r❛♠❡t❡rs
♦❢ ❞❡♣t❤ N − 1✳ ❚❤✐s str❛t❡❣② ❡♥s✉r❡s t❤❛t t❤❡ ♣❛r❛♠❡t❡rs ✇✐❧❧ ❜❡ ✐♥st❛♥t✐❛t❡❞
✐♥ ❞❡❝r❡❛s✐♥❣ ♦r❞❡r ✇✳r✳t✳ t❤❡ ❞❡♣t❤ ♦❢ t❤❡ t❡r♠s t❤❡② r❡♣r❡s❡♥t✳

▲♦♦♣ ✐s ✐♥t❡♥❞❡❞ t♦ ❞❡t❡❝t ❝②❝❧❡s ❛♥❞ ♣r✉♥❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❜r❛♥❝❤❡s✱
❜② ❝❧♦s✐♥❣ t❤❡ ♥♦❞❡s t❤❛t ❛r❡ s✉❜s✉♠❡❞ ❜② ❛ ♣r❡✈✐♦✉s ♦♥❡✳ ■t ♦♥❧② ❛♣♣❧✐❡s ♦♥
s♦♠❡ ♣❛rt✐❝✉❧❛r ♥♦❞❡s✱ t❤❛t ❛r❡ ✐rr❡❞✉❝✐❜❧❡ ✇✳r✳t✳ ❛❧❧ r✉❧❡s✱ ❡①❝❡♣t ✭♣♦ss✐❜❧②✮ N ✲



❊①♣❧♦s✐♦♥✳ ❲❡ s❤❛❧❧ ❝❛❧❧ ❛♥② s✉❝❤ ♥♦❞❡ ❛ ❧❛②❡r✳ ❚❤✐s r✉❧❡ ❝❛♥ ❜❡ ✈✐❡✇❡❞ ❛s ❛♥
❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ✐♥❞✉❝t✐♦♥ ♣r✐♥❝✐♣❧❡✳ ■❢ Φ ⊒ Ψ t❤❡♥ ✐t ✐s ❝❧❡❛r t❤❛t Ψ ✐s ❛ ❧♦❣✐❝❛❧
❝♦♥s❡q✉❡♥❝❡ ♦❢ Φ✱ ✉♣ t♦ ❛ r❡♥❛♠✐♥❣ ♦❢ ♣❛r❛♠❡t❡rs✳ ❚❤✉s✱ ✐❢ s♦♠❡ ♦♣❡♥ ♥♦❞❡
❡①✐sts ❜❡❧♦✇ ❛ ♥♦❞❡ ❧❛❜❡❧❡❞ ❜② Φ✱ s♦♠❡ ♦t❤❡r ♦♣❡♥ ♥♦❞❡ ♠✉st ❡①✐st ❛❧s♦ ❜❡❧♦✇
❛ ♥♦❞❡ ❧❛❜❡❧❡❞ ❜② Ψ ✱ ❤❡♥❝❡ t❤❡ ♥♦❞❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ Φ ♠❛② ❜❡ ❝❧♦s❡❞ ✇✐t❤♦✉t
t❤r❡❛t❡♥✐♥❣ s♦✉♥❞♥❡ss ✭❛ s❛t✐s✜❛❜❧❡ ❜r❛♥❝❤ ✐s ❝❧♦s❡❞✱ ❜✉t ❣❧♦❜❛❧ s❛t✐s✜❛❜✐❧✐t② ✐s
♣r❡s❡r✈❡❞✮✳ ❙✐♥❝❡ Ψ ✐s ❛ ❧❛②❡r✱ t❤❡ ♣❛r❛♠❡t❡r N ♠✉st ❜❡ ✐♥st❛♥t✐❛t❡❞ ❛t ❧❡❛st
♦♥❝❡ ❜❡t✇❡❡♥ t❤❡ t✇♦ ♥♦❞❡s✱ ✇❤✐❝❤ ❡♥s✉r❡s t❤❛t t❤❡ r❡❛s♦♥✐♥❣ ✐s ✇❡❧❧✲❢♦✉♥❞❡❞
❛♥❞ t❤❛t t❤❡r❡ ❡①✐sts ❛t ❧❡❛st ♦♥❡ ♦♣❡♥ ♥♦❞❡ ♦✉ts✐❞❡ t❤❡ ❜r❛♥❝❤ ♦❢ Φ✳

❆t ✜rst ❣❧❛♥❝❡✱ ✐t ♠❛② s❡❡♠ ♦❞❞ t♦ r❡♠♦✈❡ ❡q✉❛t✐♦♥s ❢r♦♠ Φ ❛♥❞ Ψ ❜❡❢♦r❡
t❡st✐♥❣ ❢♦r s✉❜s✉♠♣t✐♦♥ ✭s❡❡ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ❝♦♥❞✐t✐♦♥ ♦❢ ▲♦♦♣✮✳ ■♥❞❡❡❞✱ ✐t ✐s
❝❧❡❛r t❤❛t t❤✐s ♦♣❡r❛t✐♦♥ ❞♦❡s ♥♦t ♣r❡s❡r✈❡ s❛t✐s✜❛❜✐❧✐t② ✐♥ ❣❡♥❡r❛❧✳ ❋♦r ✐♥st❛♥❝❡✱
t❤❡ ❢♦r♠✉❧❛ p(A) ∧ ¬p(B) ∧ dB ∧ A ≃ 0 ✐s ✉♥s❛t✐s✜❛❜❧❡ ✐❢ d ✐s ❞❡✜♥❡❞ ❜② t❤❡
r✉❧❡s✿ d0 → ⊤ ❛♥❞ dsucc(K) → ⊥✳ ❍♦✇❡✈❡r✱ p(A)∧¬p(B)∧dB ✐s s❛t✐s✜❛❜❧❡ ✭✇✐t❤
AI 6= 0✮✳ ■♥ t❤❡ ❝♦♥t❡①t ✐♥ ✇❤✐❝❤ t❤❡ r✉❧❡ ✐s ❛♣♣❧✐❡❞ ❤♦✇❡✈❡r✱ ✐t ✇✐❧❧ ❜❡ ❡♥s✉r❡❞
t❤❛t s❛t✐s✜❛❜✐❧✐t② ✐s ♣r❡s❡r✈❡❞✳ ❚❤❡ ✐♥t✉✐t✐♦♥ ✐s t❤❛t ✐❢ ❛♥ ❡q✉❛t✐♦♥ s✉❝❤ ❛s A ≃ 0
♦❝❝✉rs ✐♥ t❤❡ ♥♦❞❡✱ t❤❡♥ A ♠✉st ❤❛✈❡ ❜❡❡♥ ✐♥st❛♥t✐❛t❡❞ ♣r❡✈✐♦✉s❧②✱ ❤❡♥❝❡ t❤❡
t❡r♠ r❡♣r❡s❡♥t❡❞ ❜② A ♠✉st ❜❡ ♦❢ ❛ ❞❡♣t❤ str✐❝t❧② ❣r❡❛t❡r t❤❛♥ N ✳ ❉✉❡ t♦ t❤❡
❝❤♦s❡♥ ✐♥st❛♥t✐❛t✐♦♥ str❛t❡❣②✱ ❛❧❧ ♣❛r❛♠❡t❡rs ♦❢ ❞❡♣t❤ ❣r❡❛t❡r ♦r ❡q✉❛❧ t♦ t❤❛t
♦❢ A✱ ♠✉st ❤❛✈❡ ❜❡❡♥ ✐♥st❛♥t✐❛t❡❞ ✭t❤✐s ♣r♦♣❡rt② ✐s ♥♦t ❢✉❧✜❧❧❡❞ ❜② t❤❡ ♣r❡✈✐♦✉s
❢♦r♠✉❧❛✿ B s❤♦✉❧❞ ❜❡ ✐♥st❛♥t✐❛t❡❞ s✐♥❝❡ ✐ts ❞❡♣t❤ ✐s ❛t ♠♦st 1 ❜② ❞❡✜♥✐t✐♦♥✮✳
❚❤❡♥ ✐t ♠❛② ❜❡ s❡❡♥ t❤❛t t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ r❡♠❛✐♥✐♥❣ ❢♦r♠✉❧æ ❞♦❡s ♥♦t
❞❡♣❡♥❞ ♦♥ t❤❡ ✈❛❧✉❡ ♦❢ A✱ s✐♥❝❡ t❤❡ ❞❡♣t❤ ♦❢ t❤❡✐r ✐♥❞✐❝❡s ♠✉st ❜❡ str✐❝t❧② ❧❡ss
t❤❛♥ t❤❛t ♦❢ A✳ ◆♦t❡ t❤❛t t❤❡ r❡♠♦✈❛❧ ♦❢ ❡q✉❛t✐♦♥s ✐s ❡ss❡♥t✐❛❧ ❢♦r ❡♥s✉r✐♥❣
t❡r♠✐♥❛t✐♦♥✳

❲❡ ♣r♦✈✐❞❡ ❛ s✐♠♣❧❡ ❡①❛♠♣❧❡ t♦ ✐❧❧✉str❛t❡ t❤❡ r✉❧❡ ❛♣♣❧✐❝❛t✐♦♥s✳

❊①❛♠♣❧❡ ✻✳ ❈♦♥s✐❞❡r t❤❡ ❢♦r♠✉❧❛ ∀x¬p(x) ∧ dA✱ t♦❣❡t❤❡r ✇✐t❤ t❤❡ r✉❧❡s✿ da → p(b)
❛♥❞ df(x,y) → dx ∧ dy ✭✇❤❡r❡ C = {a:s, f:s×s→ s, 0, succ} ❛♥❞ profile(A) = s✮✳
❚❤❡ r♦♦t ❢♦r♠✉❧❛ ✐s ∀x¬p(x) ∧ dA ∧ max({❞❡♣t❤(A)}) ≃ N ✳ ❇② ♥♦r♠❛❧✐③❛t✐♦♥ ✉s✐♥❣
∧✲❉❡❝♦♠♣♦s✐t✐♦♥ ✇❡ ❣❡t {∀x¬p(x), dA, ❞❡♣t❤(A) ≃ N}✳ ◆♦ r✉❧❡ ❛♣♣❧✐❡s✱ ❡①❝❡♣t N ✲
❊①♣❧♦s✐♦♥✱ ✇❤✐❝❤ r❡♣❧❛❝❡s N ❜② succ(0) ♦r succ(N)✳ ■♥ ❜♦t❤ ❝❛s❡s✱ ❊①♣❧♦s✐♦♥ ❛♣♣❧✐❡s
♦♥ A✳ ■♥ t❤❡ ✜rst ❜r❛♥❝❤✱ t❤❡ r✉❧❡ ❛❞❞s t❤❡ ❢♦r♠✉❧❛A ≃ a ❛♥❞ ✐♥ t❤❡ s❡❝♦♥❞ ♦♥❡✱ ✐t ②✐❡❧❞s
A ≃ f(B,C) ✭✇❤❡r❡ B,C ❛r❡ ❢r❡s❤ ♣❛r❛♠❡t❡rs✮✳ ■♥ t❤❡ ❢♦r♠❡r ❜r❛♥❝❤✱ ❯♥❢♦❧❞✐♥❣
r❡♣❧❛❝❡s t❤❡ ❢♦r♠✉❧❛ dA ❜② p(b)✱ t❤❡♥ ❛♥ ✐rr❡❞✉❝✐❜❧❡ ♥♦❞❡ ✐s r❡❛❝❤❡❞✳ ■♥ t❤❡ ❧❛tt❡r
❜r❛♥❝❤✱ t❤❡ ❢♦r♠✉❧æ dB ❛♥❞ dC ❛r❡ ✐♥❢❡rr❡❞✳ ❚❤❡♥ ▲♦♦♣ ❛♣♣❧✐❡s✱ ✉s✐♥❣ t❤❡ r❡♥❛♠✐♥❣✿
ρ(A) = B ♦r ρ(A) = C✱ ❤❡♥❝❡ t❤❡ ♥♦❞❡ ✐s ❝❧♦s❡❞✳ ❚❤❡ ♦♥❧② r❡♠❛✐♥✐♥❣ ✭✐rr❡❞✉❝✐❜❧❡✮ ♥♦❞❡
✐s {p(b), ∀x¬p(x)}✳ ❚❤❡ ✉♥s❛t✐s✜❛❜✐❧✐t② ♦❢ t❤✐s s❡t ♦❢ ❢♦r♠✉❧æ ❝❛♥ ❜❡ ❡❛s✐❧② ❝❤❡❝❦❡❞✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡ s❤♦✇s ❡✈✐❞❡♥❝❡ ♦❢ t❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ t❤❡ ❞❡♣t❤ r✉❧❡s✿

❊①❛♠♣❧❡ ✼✳ ❈♦♥s✐❞❡r t❤❡ ❢♦r♠✉❧❛✿ p(A)∧dA∧cB ✇✐t❤ t❤❡ r✉❧❡s dsucc(x) → dx, d0 → ⊤✱
csucc(x) → ⊥ ❛♥❞ c0 → ¬p(0)✳ ■❢ t❤❡ ♣❛r❛♠❡t❡rs ✇❡r❡ ✐♥st❛♥t✐❛t❡❞ ✐♥ ❛♥ ❛r❜✐tr❛r② ♦r❞❡r✱
t❤❡♥ ♦♥❡ ❝♦✉❧❞ ❝❤♦♦s❡ ❢♦r ✐♥st❛♥❝❡ t♦ ✐♥st❛♥t✐❛t❡ A ❜② succ(A′)✱ ②✐❡❧❞✐♥❣ ❛♥ ♦❜✈✐♦✉s
❧♦♦♣ ✭✐♥❞❡❡❞✱ t❤❡ ✉♥❢♦❧❞✐♥❣ ♦❢ dA ②✐❡❧❞s dA′ ✱ t❤✉s ✐t s✉✣❝❡s t♦ ❝♦♥s✐❞❡r t❤❡ r❡♥❛♠✐♥❣
ρ(A) = A′ ❛♥❞ ρ(B) = B✮✳ ❚❤❡♥ t❤❡ ♦♥❧② r❡♠❛✐♥✐♥❣ ❜r❛♥❝❤ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❝❛s❡
A ≃ 0✱ ✇❤✐❝❤ ✐s ❛❝t✉❛❧❧② ✉♥s❛t✐s✜❛❜❧❡✳ ❚❤✐s tr✐✈✐❛❧ ❜✉t ✐♥str✉❝t✐✈❡ ❡①❛♠♣❧❡ s❤♦✇s t❤❛t
r❡❛s♦♥✐♥❣ ♦♥ t❤❡ ❞❡♣t❤ ♦❢ t❤❡ ♣❛r❛♠❡t❡rs ✐s ♥❡❝❡ss❛r② t♦ ❡♥s✉r❡ t❤❛t t❤❡ ♠♦❞❡❧ ✇✐❧❧
❡✈❡♥t✉❛❧❧② ❜❡ r❡❛❝❤❡❞✳ ■♥ t❤✐s ❡①❛♠♣❧❡✱ t❤❡ ❞❡♣t❤ ♦❢ A ✐s ♠❛①✐♠❛❧ ❛♥❞ t❤❛t ♦❢ B ✐s



♥♦t✱ ❡✳❣✳✿ A ≃ succ(0) ❛♥❞ B ≃ 0✳ ❚❤❡ ♣r♦❜❧❡♠ st❡♠s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t ▲♦♦♣ ✐s ♥♦t
s♦✉♥❞ ✐♥ ❣❡♥❡r❛❧✱ s✐♥❝❡ ❡q✉❛t✐♦♥❛❧ ❛t♦♠s ❛r❡ r❡♠♦✈❡❞ ❢r♦♠ t❤❡ ❢♦r♠✉❧æ ❜❡❢♦r❡ t❡st✐♥❣
❢♦r s✉❜s✉♠♣t✐♦♥ ✭t❤❡ r❡♠♦✈❛❧ ♦❢ s✉❝❤ ❛t♦♠s ✐s ❝r✉❝✐❛❧ ❢♦r t❡r♠✐♥❛t✐♦♥✮✳

✹ Pr♦♣❡rt✐❡s ♦❢ t❤❡ Pr♦♦❢ Pr♦❝❡❞✉r❡

❚❤✐s s❤♦rt s❡❝t✐♦♥ ♠❡r❡❧② ❝♦♥t❛✐♥s t❤❡ t❤❡♦r❡♠s ❢♦r♠❛❧✐③✐♥❣ t❤❡ ♠❛✐♥ ♣r♦♣❡rt✐❡s
♦❢ t❤❡ ♣r♦♦❢ ♣r♦❝❡❞✉r❡✳ ❉✉❡ t♦ s♣❛❝❡ r❡str✐❝t✐♦♥s✱ t❤❡ ♣r♦♦❢s ❛r❡ ♦♠✐tt❡❞ ❛♥❞ ❝❛♥
❜❡ ❢♦✉♥❞ ✐♥ ❬✶✸❪✳ ❲❡ ✜rst st❛t❡ t❤❛t t❤❡ ♣r❡✈✐♦✉s r✉❧❡s ❛r❡ s♦✉♥❞✳

❚❤❡♦r❡♠ ✶✳ ▲❡t T ❜❡ ❛ ♣r♦♦❢ tr❡❡ ❢♦r ❛ ❢♦r♠✉❧❛ φ✳ ■❢ T ✐s ❝❧♦s❡❞ t❤❡♥ φ ✐s
✉♥s❛t✐s✜❛❜❧❡✳

❲❡ t❤❡♥ st❛t❡ t❤❛t t❤❡ ♣r♦❝❡❞✉r❡ ✐s ❝♦♠♣❧❡t❡✱ ✐♥ t❤❡ s❡♥s❡ t❤❛t t❤❡ s❛t✐s✜❛✲
❜✐❧✐t② ♦❢ ❡✈❡r② ✐rr❡❞✉❝✐❜❧❡ ♥♦❞❡ ❝❛♥ ❜❡ t❡st❡❞ ❜② t❤❡ ♣r♦❝❡❞✉r❡ ❢♦r ❜❛s❡ ❢♦r♠✉❧æ✳

❚❤❡♦r❡♠ ✷✳ ▲❡t T ❜❡ ❛ ♣r♦♦❢ tr❡❡✳ ■❢ α ✐s ❛ ♥♦❞❡ ✐♥ T t❤❛t ✐s ✐rr❡❞✉❝✐❜❧❡ ❜② ❛❧❧
t❤❡ ❡①♣❛♥s✐♦♥ r✉❧❡s t❤❡♥ T (α) ✐s I✲s❛t✐s✜❛❜❧❡ ✐✛ NonEq(T (α)) ✐s✳ ❋✉rt❤❡r♠♦r❡✱
NonEq(T (α)) ✐s ❛ s❡t ♦❢ ❜❛s❡ ❢♦r♠✉❧æ✳

❲❡ ✜♥❛❧❧② st❛t❡ t❤❛t t❤❡ ♣r♦❝❡❞✉r❡ ✐s t❡r♠✐♥❛t✐♥❣✳

❚❤❡♦r❡♠ ✸✳ ❚❤❡ ❡①♣❛♥s✐♦♥ r✉❧❡s t❡r♠✐♥❛t❡ ♦♥ ❡✈❡r② ❢♦r♠✉❧❛ ✐♥ F✳

❈♦r♦❧❧❛r② ✶✳ ■❢ t❤❡ s❛t✐s✜❛❜✐❧✐t② ♣r♦❜❧❡♠ ✐s ❞❡❝✐❞❛❜❧❡ ✭r❡s♣✳ s❡♠✐✲❞❡❝✐❞❛❜❧❡✮ ❢♦r
❜❛s❡ ❢♦r♠✉❧æ ✐♥ F t❤❡♥ ✐t ✐s s♦ ❢♦r ❛❧❧ ❢♦r♠✉❧æ ✐♥ F✳

✺ ❈♦♥❝❧✉s✐♦♥

❲❡ ❤❛✈❡ ♣r♦♣♦s❡❞ ❛ ♣r♦♦❢ ♣r♦❝❡❞✉r❡ ❢♦r r❡❛s♦♥✐♥❣ ♦♥ s❝❤❡♠❛t❛ ♦❢ ❢♦r♠✉❧æ ✭❞❡✲
✜♥❡❞ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ ❛♥ ❛r❜✐tr❛r② str✉❝t✉r❡✱ s✉❝❤ ❛s ♥❛t✉r❛❧ ♥✉♠❜❡rs✱ ❧✐sts✱ tr❡❡s
❡t❝✳✮ ❜② r❡❧❛t✐♥❣ t❤❡ s❛t✐s✜❛❜✐❧✐t② ♣r♦❜❧❡♠ ❢♦r s✉❝❤ s❝❤❡♠❛t❛ t♦ t❤❛t ♦❢ ❛ ✜♥✐t❡
❞✐s❥✉♥❝t✐♦♥ ♦❢ ❢♦r♠✉❧æ ✐♥ t❤❡ ❜❛s❡ ❧❛♥❣✉❛❣❡✳ ❖✉r ❛♣♣r♦❛❝❤ ❛♣♣❧✐❡s t♦ ❛ ✇✐❞❡
r❛♥❣❡ ♦❢ ❢♦r♠✉❧æ✱ ✇❤✐❝❤ ♠❛② ❜❡ ✐♥t❡r♣r❡t❡❞ ✐♥ s♦♠❡ s♣❡❝✐✜❝ ❝❧❛ss ♦❢ str✉❝t✉r❡s
✭❡✳❣✳ ❛r✐t❤♠❡t✐❝s✮✳ ■t ♠❛② ❜❡ s❡❡♥ ❛s ❛ ❣❡♥❡r✐❝ ✇❛② t♦ ❛❞❞ ✐♥❞✉❝t✐✈❡ ❝❛♣❛❜✐❧✐t✐❡s
✐♥t♦ ❧♦❣✐❝❛❧ ❧❛♥❣✉❛❣❡s✱ ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t t❤❡ ♠❛✐♥ ❝♦♠♣✉t❛t✐♦♥❛❧ ♣r♦♣❡rt✐❡s ♦❢
t❤❡ ✐♥✐t✐❛❧ ❧❛♥❣✉❛❣❡ ✭♥❛♠❡❧② ❞❡❝✐❞❛❜✐❧✐t② ♦r s❡♠✐✲❞❡❝✐❞❛❜✐❧✐t②✮ ❛r❡ ♣r❡s❡r✈❡❞✳ ❚♦
t❤❡ ❜❡st ♦❢ ♦✉r ❦♥♦✇❧❡❞❣❡✱ ♥♦ ♣✉❜❧✐s❤❡❞ ♣r♦❝❡❞✉r❡ ♦✛❡rs s✐♠✐❧❛r ❢❡❛t✉r❡s✳ ❚❤❡r❡
❛r❡ ✈❡r② ❢❡✇ ❞❡❝✐❞❛❜✐❧✐t② ♦r ❡✈❡♥ ❝♦♠♣❧❡t❡♥❡ss r❡s✉❧ts ✐♥ ✐♥❞✉❝t✐✈❡ t❤❡♦r❡♠ ♣r♦✈✲
✐♥❣ ❛♥❞ ✇❡ ❤♦♣❡ t❤❛t t❤❡ ♣r❡s❡♥t ✇♦r❦ ✇✐❧❧ ❤❡❧♣ t♦ ♣r♦♠♦t❡ ♥❡✇ ♣r♦❣r❡ss ✐♥ t❤✐s
❞✐r❡❝t✐♦♥✳ ❋✉t✉r❡ ✇♦r❦ ✐♥❝❧✉❞❡s t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ♣r♦♦❢ ♣r♦❝❡❞✉r❡ ❛♥❞
✐ts ❡①t❡♥s✐♦♥ t♦ ♥♦♥✲♠♦♥❛❞✐❝ ❞❡✜♥❡❞ s②♠❜♦❧s✳



❙t❛rt✿
φ,max({❞❡♣t❤(Ai) | i ∈ [1, n]}) ≃ N

❲❤❡r❡ φ ❞❡♥♦t❡s t❤❡ ❢♦r♠✉❧❛ ❛t ❤❛♥❞
A1, . . . , An ❛r❡ t❤❡ ♣❛r❛♠❡t❡rs ✐♥ φ

∨✲❉❡❝♦♠♣♦s✐t✐♦♥✿
φ ∨ ψ

φ ψ
∧✲❉❡❝♦♠♣♦s✐t✐♦♥✿

φ ∧ ψ

φ, ψ
■❢ φ ∧ ψ ✐s
♥♦t ❛ ❜❛s❡ ❢♦r♠✉❧❛

❈❧♦s✉r❡✿
¬φ, φ

⊥
≃✲❈❧♦s✉r❡✿

A 6≃ A

⊥
N ✲❈❧♦s✉r❡✿

0 ≃ succ(t)

⊥

❯♥❢♦❧❞✐♥❣✿
dA, A ≃ f(B)

ψ

¬dA, A ≃ f(B)

◆◆❋(¬ψ)
ψ = df(B)↓R [A/f(B)], A ≃ f(B)

≃✲❉❡❝♦♠♣♦s✐t✐♦♥✿
A ≃ f(B), A ≃ g(C)

ψ,A ≃ f(B)

A 6≃ B,A ≃ f(B), B ≃ g(C)

◆◆❋(¬ψ), A 6≃ B,A ≃ f(B), B ≃ g(C)
❲❤❡r❡ ψ = ∆(f(B) ≃ g(C))❛

❘❡♣❧❛❝❡♠❡♥t✿
φ,A ≃ B

φ[B/A], A ≃ B
■❢ A ❛♥❞ B ❛r❡ t✇♦ ♣❛r❛♠❡t❡rs ❛♥❞ A ♦❝❝✉rs ✐♥ φ

❙tr✐❝t♥❡ss✿
❞❡♣t❤(A) � N

❞❡♣t❤(A) ≃ N ∨ ❞❡♣t❤(A) ≺ N
≺✲❉❡❝♦♠♣♦s✐t✐♦♥✿

t ≺ succ(N)

t � N

≺✲❙❡♣❛r❛t✐♦♥✿
❞❡♣t❤(A) ≺ N, ❞❡♣t❤(B) ≃ N

❞❡♣t❤(A) ≺ N, ❞❡♣t❤(B) ≃ N,A 6≃ B
❙❡♣❛r❛t✐♦♥✿

A ≃ B ∨A 6≃ B

❊①♣❧♦s✐♦♥✿
❞❡♣t❤(B) ≃ succ(t)

∨
i∈[1,n] ♠❛①(Ei) ≃ t ∧B ≃ ti

■❢ ti ❛r❡ t❡r♠s ♦❢ t❤❡ ❢♦r♠ fi(Ai)✱ s✉❝❤ t❤❛t f1, . . . , fn ❛r❡ ❛❧❧ t❤❡ ❢✉♥❝t✐♦♥
s②♠❜♦❧s ♦❢ t❤❡ s❛♠❡ s♦rt ❛s B✱ ❛♥❞ t❤❡ Ai✬s ❛r❡ ✈❡❝t♦rs ♦❢ ♣❛✐r✇✐s❡ ❞✐st✐♥❝t✱
❢r❡s❤✱ ❝♦♥st❛♥t s②♠❜♦❧s ♦❢ t❤❡ ❛♣♣r♦♣r✐❛t❡ s♦rt✱ ❛♥❞ Ei ✐s t❤❡ s❡t ♦❢ t❡r♠s
❞❡♣t❤(C)✱ ✇❤❡r❡ C ✐s ❛ ❝♦♠♣♦♥❡♥t ♦❢ Ai ♦❢ ❛ s♦rt ✐♥ I✳

N ✲❊①♣❧♦s✐♦♥✿
Φ

Φ[succ(0)/N ] Φ[succ(N)/N ]

■❢ ♥♦ ♦t❤❡r r✉❧❡ ❛♣♣❧✐❡s ❛♥❞ N ♦❝❝✉rs ✐♥ Φ✳ ◆♦t✐❝❡ t❤❛t ✐♥ ❝♦♥tr❛st ✇✐t❤
t❤❡ ♣r❡✈✐♦✉s r✉❧❡s✱ Φ ♠✉st ❞❡♥♦t❡ t❤❡ ✇❤♦❧❡ ❧❛❜❡❧ ✭♥♦t ❛ s✉❜s❡t ♦❢ ✐t✮

▲♦♦♣✿
Φ

⊥
■❢ t❤❡r❡ ❡①✐sts ✐♥ t❤❡ s❛♠❡ ❜r❛♥❝❤ ❛ ✭♥♦♥ ❧❡❛❢✮ ❧❛②❡r ❧❛❜❡❧❡❞ ❜②
❛ s❡t ♦❢ ❢♦r♠✉❧æ Ψ s✉❝❤ t❤❛t NonEq(Φ) ⊒ NonEq(Ψ)

❛ ❙❡❡ ❉❡✜♥✐t✐♦♥ ✹ ❢♦r t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ∆(t ≃ s)

❋✐❣✳ ✶✳ ❊①♣❛♥s✐♦♥ r✉❧❡s



❘❡❢❡r❡♥❝❡s

✶✳ P✳ ❆❝③❡❧✳ ❆♥ ■♥tr♦❞✉❝t✐♦♥ t♦ ■♥❞✉❝t✐✈❡ ❉❡✜♥✐t✐♦♥s✳ ■♥ ❑✳ ❏✳ ❇❛r✇✐s❡✱ ❡❞✐t♦r✱
❍❛♥❞❜♦♦❦ ♦❢ ▼❛t❤❡♠❛t✐❝❛❧ ▲♦❣✐❝✱ ♣❛❣❡s ✼✸✾✕✼✽✷✳ ◆♦rt❤✲❍♦❧❧❛♥❞✱ ❆♠st❡r❞❛♠✱ ✶✾✼✼✳

✷✳ ❱✳ ❆r❛✈❛♥t✐♥♦s✱ ❘✳ ❈❛❢❡rr❛✱ ❛♥❞ ◆✳ P❡❧t✐❡r✳ ❆ s❝❤❡♠❛t❛ ❝❛❧❝✉❧✉s ❢♦r ♣r♦♣♦s✐✲
t✐♦♥❛❧ ❧♦❣✐❝✳ ■♥ ❚❆❇▲❊❆❯❳ ✵✾ ✭■♥t❡r♥❛t✐♦♥❛❧ ❈♦♥❢❡r❡♥❝❡ ♦♥ ❆✉t♦♠❛t❡❞ ❘❡❛s♦♥✲
✐♥❣ ✇✐t❤ ❆♥❛❧②t✐❝ ❚❛❜❧❡❛✉① ❛♥❞ ❘❡❧❛t❡❞ ▼❡t❤♦❞s✮✱ ✈♦❧✉♠❡ ✺✻✵✼ ♦❢ ▲◆❈❙✱ ♣❛❣❡s
✸✷✕✹✻✳ ❙♣r✐♥❣❡r✱ ✷✵✵✾✳

✸✳ ❱✳ ❆r❛✈❛♥t✐♥♦s✱ ❘✳ ❈❛❢❡rr❛✱ ❛♥❞ ◆✳ P❡❧t✐❡r✳ ❉❡❝✐❞❛❜✐❧✐t② ❛♥❞ ✉♥❞❡❝✐❞❛❜✐❧✐t② r❡s✉❧ts
❢♦r ♣r♦♣♦s✐t✐♦♥❛❧ s❝❤❡♠❛t❛✳ ❏♦✉r♥❛❧ ♦❢ ❆rt✐✜❝✐❛❧ ■♥t❡❧❧✐❣❡♥❝❡ ❘❡s❡❛r❝❤✱ ✹✵✿✺✾✾✕✻✺✻✱
✷✵✶✶✳

✹✳ ❱✳ ❆r❛✈❛♥t✐♥♦s ❛♥❞ ◆✳ P❡❧t✐❡r✳ ❙❝❤❡♠❛t❛ ♦❢ ❙▼❚ ♣r♦❜❧❡♠s✳ ■♥ ❚❆❇▲❊❆❯❳ ✶✶
✭■♥t❡r♥❛t✐♦♥❛❧ ❈♦♥❢❡r❡♥❝❡ ♦♥ ❆✉t♦♠❛t❡❞ ❘❡❛s♦♥✐♥❣ ✇✐t❤ ❆♥❛❧②t✐❝ ❚❛❜❧❡❛✉① ❛♥❞
❘❡❧❛t❡❞ ▼❡t❤♦❞s✮✱ ▲◆❈❙✳ ❙♣r✐♥❣❡r✱ ✷✵✶✶✳

✺✳ ▼✳ ❇❛❛③✱ ❙✳ ❍❡t③❧✱ ❆✳ ▲❡✐ts❝❤✱ ❈✳ ❘✐❝❤t❡r✱ ❛♥❞ ❍✳ ❙♣♦❤r✳ ❈❊❘❊❙✿ ❆♥ ❛♥❛❧②s✐s ♦❢
❋ürst❡♥❜❡r❣✬s ♣r♦♦❢ ♦❢ t❤❡ ✐♥✜♥✐t② ♦❢ ♣r✐♠❡s✳ ❚❤❡♦r✳ ❈♦♠♣✉t✳ ❙❝✐✳✱ ✹✵✸✭✷✲✸✮✿✶✻✵✕
✶✼✺✱ ✷✵✵✽✳

✻✳ ❉✳ ❇❛❡❧❞❡✱ ❉✳ ▼✐❧❧❡r✱ ❛♥❞ ❩✳ ❙♥♦✇✳ ❋♦❝✉s❡❞ ✐♥❞✉❝t✐✈❡ t❤❡♦r❡♠ ♣r♦✈✐♥❣✳ ■♥ ■❏❈❆❘✱
♣❛❣❡s ✷✼✽✕✷✾✷✱ ✷✵✶✵✳

✼✳ ❈✳ ❇❡♥③♠ü❧❧❡r✱ ▲✳ ❈✳ P❛✉❧s♦♥✱ ❋✳ ❚❤❡✐ss✱ ❛♥❞ ❆✳ ❋✐❡t③❦❡✳ ▲❊❖✲■■ ✲ ❆ ❈♦♦♣❡r❛t✐✈❡
❆✉t♦♠❛t✐❝ ❚❤❡♦r❡♠ Pr♦✈❡r ❢♦r ❈❧❛ss✐❝❛❧ ❍✐❣❤❡r✲❖r❞❡r ▲♦❣✐❝ ✭❙②st❡♠ ❉❡s❝r✐♣t✐♦♥✮✳
■♥ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ■❏❈❆❘✬✵✽✱ ♣❛❣❡s ✶✻✷✕✶✼✵✳ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ✷✵✵✽✳

✽✳ ❆✳ ❇♦✉❤♦✉❧❛✱ ❊✳ ❑♦✉♥❛❧✐s✱ ❛♥❞ ▼✳ ❘✉s✐♥♦✇✐t❝❤✳ ❙P■❑❊✱ ❛♥ ❛✉t♦♠❛t✐❝ t❤❡♦r❡♠
♣r♦✈❡r✳ ■♥ Pr♦❝❡❡❞✐♥❣s ♦❢ ▲P❆❘✬✾✷✱ ✈♦❧✉♠❡ ✻✷✹✱ ♣❛❣❡s ✹✻✵✕✹✻✷✳ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱
✶✾✾✷✳

✾✳ ❆✳ ❇♦✉❤♦✉❧❛ ❛♥❞ ▼✳ ❘✉s✐♥♦✇✐t❝❤✳ ■♠♣❧✐❝✐t ✐♥❞✉❝t✐♦♥ ✐♥ ❝♦♥❞✐t✐♦♥❛❧ t❤❡♦r✐❡s✳ ❏♦✉r✲
♥❛❧ ♦❢ ❆✉t♦♠❛t❡❞ ❘❡❛s♦♥✐♥❣✱ ✶✹✿✶✹✕✶✽✾✱ ✶✾✾✺✳

✶✵✳ ❘✳ ❙✳ ❇♦②❡r ❛♥❞ ❏✳ ❙✳ ▼♦♦r❡✳ ❆ t❤❡♦r❡♠ ♣r♦✈❡r ❢♦r ❛ ❝♦♠♣✉t❛t✐♦♥❛❧ ❧♦❣✐❝✳ ■♥ ▼✳ ❊✳
❙t✐❝❦❡❧✱ ❡❞✐t♦r✱ ❈❆❉❊✱ ✈♦❧✉♠❡ ✹✹✾ ♦❢ ▲◆❈❙✱ ♣❛❣❡s ✶✕✶✺✳ ❙♣r✐♥❣❡r✱ ✶✾✾✵✳

✶✶✳ ❆✳ ❇✉♥❞②✳ ❚❤❡ ❛✉t♦♠❛t✐♦♥ ♦❢ ♣r♦♦❢ ❜② ♠❛t❤❡♠❛t✐❝❛❧ ✐♥❞✉❝t✐♦♥✳ ■♥ ❏✳ ❆✳ ❘♦❜✐♥✲
s♦♥ ❛♥❞ ❆✳ ❱♦r♦♥❦♦✈✱ ❡❞✐t♦rs✱ ❍❛♥❞❜♦♦❦ ♦❢ ❆✉t♦♠❛t❡❞ ❘❡❛s♦♥✐♥❣✱ ♣❛❣❡s ✽✹✺✕✾✶✶✳
❊❧s❡✈✐❡r ❛♥❞ ▼■❚ Pr❡ss✱ ✷✵✵✶✳

✶✷✳ ❍✳ ❈♦♠♦♥✳ ■♥❞✉❝t✐♦♥❧❡ss ✐♥❞✉❝t✐♦♥✳ ■♥ ❆✳ ❘♦❜✐♥s♦♥ ❛♥❞ ❆✳ ❱♦r♦♥❦♦✈✱ ❡❞✐t♦rs✱
❍❛♥❞❜♦♦❦ ♦❢ ❆✉t♦♠❛t❡❞ ❘❡❛s♦♥✐♥❣✱ ❝❤❛♣t❡r ✶✹✱ ♣❛❣❡s ✾✶✸✕✾✻✷✳ ◆♦rt❤✲❍♦❧❧❛♥❞✱
✷✵✵✶✳

✶✸✳ ▼✳ ❊❝❤❡♥✐♠ ❛♥❞ ◆✳ P❡❧t✐❡r✳ ❘❡❛s♦♥✐♥❣ ♦♥ ❙❝❤❡♠❛t❛ ♦❢ ❋♦r♠✉❧❛❡✳ ❚❡❝❤♥✐❝❛❧ r❡♣♦rt✱
❈♦❘❘✱ ❛❜s✴✶✷✵✹✳✷✾✾✵✱ ✷✵✶✷✳

✶✹✳ ❏✳ ●✐❡s❧ ❛♥❞ ❉✳ ❑❛♣✉r✳ ❉❡❝✐❞❛❜❧❡ ❝❧❛ss❡s ♦❢ ✐♥❞✉❝t✐✈❡ t❤❡♦r❡♠s✳ ■♥ ❘✳ ●♦ré✱
❆✳ ▲❡✐ts❝❤✱ ❛♥❞ ❚✳ ◆✐♣❦♦✇✱ ❡❞✐t♦rs✱ ■❏❈❆❘✱ ✈♦❧✉♠❡ ✷✵✽✸ ♦❢ ▲◆❈❙✱ ♣❛❣❡s ✹✻✾✕✹✽✹✳
❙♣r✐♥❣❡r✱ ✷✵✵✶✳

✶✺✳ ❆✳ ●✉♣t❛ ❛♥❞ ❆✳ ▲✳ ❋✐s❤❡r✳ P❛r❛♠❡tr✐❝ ❝✐r❝✉✐t r❡♣r❡s❡♥t❛t✐♦♥ ✉s✐♥❣ ✐♥❞✉❝t✐✈❡
❜♦♦❧❡❛♥ ❢✉♥❝t✐♦♥s✳ ■♥ ❈✳ ❈♦✉r❝♦✉❜❡t✐s✱ ❡❞✐t♦r✱ ❈❆❱✱ ✈♦❧✉♠❡ ✻✾✼ ♦❢ ▲◆❈❙✱ ♣❛❣❡s
✶✺✕✷✽✳ ❙♣r✐♥❣❡r✱ ✶✾✾✸✳

✶✻✳ ❉✳ ❑❛♣✉r ❛♥❞ ❉✳ ▼✉ss❡r✳ Pr♦♦❢ ❜② ❝♦♥s✐st❡♥❝②✳ ❆rt✐✜❝✐❛❧ ■♥t❡❧❧✐❣❡♥❝❡✱ ✸✶✱ ✶✾✽✼✳
✶✼✳ ●✳ ▲❡♥③✐✳ ❆ ◆❡✇ ▲♦❣✐❝❛❧ ❈❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ❇ü❝❤✐ ❆✉t♦♠❛t❛✳ ■♥ ❆✳ ❋❡rr❡✐r❛ ❛♥❞

❍✳ ❘❡✐❝❤❡❧✱ ❡❞✐t♦rs✱ ❙❚❆❈❙ ✷✵✵✶✱ ✈♦❧✉♠❡ ✷✵✶✵ ♦❢ ▲◆❈❙✱ ♣❛❣❡s ✹✻✼✕✹✼✼✳ ❙♣r✐♥❣❡r
❇❡r❧✐♥ ✴ ❍❡✐❞❡❧❜❡r❣✱ ✷✵✵✶✳

✶✽✳ ❉✳ ▼✳ P❛r❦✳ ❋✐♥✐t❡♥❡ss ✐s ▼✉✲✐♥❡✛❛❜❧❡✳ ❚❤❡♦r❡t✐❝❛❧ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡✱ ✸✿✶✼✸✕✶✽✶✱
✶✾✼✻✳

✶✾✳ ❈✳ P❛✉❧✐♥✲▼♦❤r✐♥❣✳ ■♥❞✉❝t✐✈❡ ❉❡✜♥✐t✐♦♥s ✐♥ t❤❡ s②st❡♠ ❈♦q ✲ ❘✉❧❡s ❛♥❞ Pr♦♣❡rt✐❡s✳
■♥ ❚▲❈❆ ✬✾✸✱ ♣❛❣❡s ✸✷✽✕✸✹✺✱ ▲♦♥❞♦♥✱ ❯❑✱ ✶✾✾✸✳ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✳


