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1 Introduction

In an accompanying paper [1], we addressed the issue of synchronization under
the framework of tissular coupling and in the case of a finite population. This
issue is one of the main dynamical emergent property of complex systems.
Indeed, this phenomenon actually occurs in natural systems at many scales
(from cell to whole ecological systems), as it has been shown in [9, 10]. Many
examples can be found in various fields of experimentation and theoretical
research ([4, 6, 5, 11]). It is in particular a key concept in the field of non-
linear systems’ dynamics, especially through the notion of chaotic systems’
synchronization [7, 3]. This wide source of examples explain why this field of
research is highly interdisciplinary, from pure theory to concrete applications
and experimentations. The classical concept of synchronization is related to
the locking of the basic frequencies and instantaneous phases of regular os-
cillations. Those issues are usually addressed by studying specific coupled
systems, using classical tools of the field (see for instance [8]). Convinced that
synchronization phenomenon is completely natural in a large variety of cou-
pled dynamical systems, we proposed in a preceding paper a new approach to
the subject: we built a general model of coupled systems, called ”tissular cou-
pling”. Within natural assumptions on interactions of those coupled systems,
we proved that, for a wide class of autonomous differential systems, as soon
as a finite population exhibits oscillating behaviors, their frequencies are mu-
tually locked to a single value [1]. This paper presents a new piece of answer
to those synchronization issues as it addresses the issue of an infinite compact
connected population. Even if the general questions addressed in this paper
are similar to those addressed in the later one, this study is done with com-
pletely different techniques than in the finite situation and the results achieved
require assumptions that are specific to the continuous situation. This paper
stresses the fact that synchronization is a very natural phenomenon that can
be find in many kind of coupled dynamical systems.
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In the first section, we recall some parts of the framework already intro-
duced and some mathematical tools specific to our problem. Then we address
a sub problem which deals with diffuse coupling, concluding with a general
result on synchronization. Finally, we go back to the general case of a uni-
formly linear tissular coupling and show how those dynamical systems, and
based on which assumptions, exhibits the frequencies locking property.

2 Basic material and notation

The main background of this work can be found in the accompanying paper
[1] and in [2], so we just recall here some notations and concentrate on the
new materials specific to the case of an infinite population.

e P is a measured space with finite measure A. Typical populations are
finite populations with counting measure or measurable subset of R with
Lebesgue measure, so that P has a topology. Every p € P is called a cell;

e A state of P is an element of S = M, (P,R"), the space of measur-
able bounded applications from P to R™. A state of P is denoted s, s(p)
standing for the state of the cell p;

e let I be a real interval and » € N. A trajectory of P is an element of
F(I,S8). For concision purpose, any trajectory will be written s again, and
s(t, p) stands for the state of cell p at time ¢. Then, the space of trajectories
is:

7" = {CT(I,S), ¥ compact J C I, sup ||s(t,p)] < oo}
JxP

A trajectory s is regular only along the time ¢ (excepted in terms of mea-
surability), thus we use the following unambiguous notation :

S/(tvp) = 815(t7p)
e All norms are denoted in the same manner :
seS: sl = Sup s@)ll
s €T : ||s|| = sup [s(p, )|l
IxXP
st )l = Sup st p)

Is(., p)I| = sup [s(, p)||
I

e aperiod on P is a map 7 from P to R7 . A trajectory s € 7" is said to be
T-periodic if for any p € P, s(.,p) is 7(p)-periodic. 7(p) is then called the
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period of p. The space of such trajectories is written 7.". For any s € 7.
we define the 7-mean I7(s) of s as:

7(p)
f@@:—A s(t, p)dt

e If Cis a coupler on P and 7 is a period on P, the set A(r,C) is defined

as:
A(r,C) = T U C~HT™)

In this paper, P stands for an infinite compact connected population, with
finite measure A\, mostly a measurable subset of R™ with Lebesgue measure.
Any period 7 on P is assumed to be measurable and bounded. On the con-
trary of the finite population case, to define a tissular coupler one needs to
specify both its diffuse part ¢4 and its atomic part ¢,. Such a coupler will be
called diffuse if ¢, = 0.

Partition associated to a pertodic motion

Let suppose that s is a 7-periodic trajectory of P, it divides P into a partition
according to the period of each cell. Let p € P and a € R*, we define the
following application:

Ta(p) = at(p)

and for any subset A C R :

Pr=J )

acA
In other words:
Pl={qgeP :JacA ar(q) =7(p)}

As soon as 1 € A, the set of all distinct 73;‘ realizes a partition of P, we write
P4 this partition (with non-empty sets). The main examples are:

e if all the periods constitute a dependent set, then P® = {P};
e if all the periods are identical (P is synchronized), then P* = {P}.

Measures associated to an uniformly linear coupling

The next tool we need is a method to measure the latter sets. But this cannot
be done independently from the coupler itself. This is why we introduce the
following family of measures on P, one for each cell p:
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M (B) = /B lea(p, )]l dg

We recall that the support of a measure is defined to be the largest closed
subset of P for which every open neighborhood of every cell of the set has pos-
itive measure. Let S, stands for the support of cq(p, .), this support indicates
where the measure ), lives and then which cells influence p in its evolution.
In virtue of ¢4’s continuity, we know that for any measurable subset B of P,
the following equivalence holds:

Ap(B)>0< ABNS,) >0

Moreover, in the case of a diffuse coupler, this family of measures is uniformly
absolutely continuous with respect to A:

Lemma 1. If C is an uniformly linear and diffuse coupler, then there exists
a constant me > 0 such that for any measurable subset B of P we have:

MAp(B) <mgA(B) ,VpeP
Useful subsets of A(r,C')

The kind of systems we want to handle comes from differential equations
studied near limit cycles, so, like in the finite population case, we need to
avoid some degenerated trajectories. In order to do this, if s € 77, we define
the set of all cells on which the variations of s are not negligible. Precisely, if
e > 0, we define the following set:

Ve(s) = {p epP ’ g{n lIs(.,p) — || > 5}
We call e-kernel of C' the set:
Ker®(C)={seT", V(C(s)) # P}

An element in the e-kernel of C' contains, for at least one cell p, an applica-
tion s(.,p) which image under C' is uniformly near zero. Those solutions are
out of interest here because they can be seen as solution of a system on a
sub-population of C. Indeed for such a p s'(.,p) is negligible and s(., p) nearly
constant. In other words, we only consider trajectories which dynamic in each
cell is "truly” periodic.

Given a period 7 on P, any element s of A (w,C) and § > 0, the following
set gathers cells which period are ”"not isolated”, it will be naturally linked to
Ve(s) :

Re()={peP | N (P))>d }
Ifpe R‘SC(T), there is a set, which measure is at least J, consisting of cells

with periods commensurable with 7(p). Moreover, those cells are situated in
the neighborhood of p defined by S,.
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Ergodic aletrnative

Like in the finite case, we will use this alternative within the following form
[2]:

Proposition 1. Let 7 be a period on P and C a tissular diffuse coupler, then
for all s in A(r,C) we have:

ces)en) = [

[ custtr)p)s(tadas [ cals(t.0)p )@ (5)a)da

P—PY

This results clearly shows that the ergodic theorem acts like a filter on
periodic solutions, separating commensurable periods from the others. It is a
key element of our proofs.

3 Synchronization with uniformly linear diffuse tissular
coupler

As it is suggested in the title, in this section the kind of coupler we handle
has the following shape:

C(s) = /Pcd(.,q)s(q)dq =Lc.s

Here is the first result explaining the link between the sets V and R. It will
be generalized in the next result:

Proposition 2. Let T be a period on P, for any s in A(r,C) the following
inclusion holds:

VO (C(s)) € Re:(7)
Noticing that the elements of A (r,C) are uniformly bounded on I, we can
then consider ||s|| = sup;yp ||s(¢,p)|| and use it to acquire the generalization:
Proposition 3. Let 7 be a period on P, for any s in A(1,C) we have:

€

VE(C(s)) € RET (1)

In particular, as P is a compact set, we can state:

Corollary 1. Let 7 be a period on P and suppose there exists € > 0 and
e € A(1,C) — Ker®(C), then there exists a finite number of cells p1,...,p;

such that: ‘
J
P=Ur
i=1

The latter result leads us to this somewhat different result:
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Corollary 2. Let 7 be a period on P and suppose there exists € > 0 and
e € A(r,C) — Ker®(C), then there exists a sequence {p;}ien such that :

P = UP{,

These results indicate a great reduction of the problem as they show that the
periods cannot be arbitrary scattered. We are now able to prove the main
result of this section. In order to handle only true cases of synchronization,
we add an assumption on 7 so that we won’t have to deal with sub-period
stuff:

Definition 1. 7 is said to be simple if 2 Conv(7(P)) N Conv(r(P)) = 0.
Under this hypothesis, we have the following global synchronization result:

Theorem 1. Suppose T is a simple period on P, if there exists € > 0 and s
in A(1,C) —Ker®(C), then T is a constant map on P.

Remark 1. To prove this result, we used the continuity of 7, deduced from
the one of ¢4. Nevertheless, leaving this assumption aside, we can get to an
interesting result which could lead to generalization. We only need corollary 2
(we point that its validity does not directly depends on ¢g’s continuity but on
the uniform absolute continuity of the family A\, and on the fact that ||c4(.,.)]|
is uniformly bounded on P?).

Definition 2. The set of point with isolated period, written P°, is defined as:
P'={peP, X (P)) =0}

The following proposition shows that under minimal assumptions, there are
almost no points with isolated period:

Theorem 2. Suppose there exists a partition as in the corollary 2 and that

Pc S

peEP

then A(Py) = 0.

The latter result gives a global information that is verified in a general case:
almost no cell has an isolated period. Those two results are really different,
the first one is less theoretical but refers to stronger hypotheses than the sec-
ond one, which comes under the field of measure theory.
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4 Synchronization with uniformly linear tissular coupler

Now, we consider the general case, leaving aside the assumption that C is
diffuse. Thus, in this last and short section, we consider a uniformly linear
tissular coupler on P (¢, needs no more to be zero). Like in the finite pop-
ulation case, the first step consists in detecting and eliminating degenerated
solutions:

Definition 3. Let s € T (I,&) and € > 0, s is said to be an e-eigenvector
(for C) if:

C(s) — cq € Ker®(C)

An e-eigenvector is therefore a s which contains a map e(.,p) uniformly near
a hypothetic eigenvector of C for the eigenvalue c,(p).

Finally, here is the generalization of theorem 1:

Theorem 3. Let 7 be a simple period on P and ¢ > 0. If there exists s €
A (1, C) which is not an e-eigenvector, then T is a constant map.

5 Conclusion

In this work, we have given another example of how the notion of tissular
coupling can help to address synchronization issues within a wide variety of
coupled systems. Our approach is completing the classical methods showing
that within suitable conditions, synchronization must occur along time. Those
results are often qualitatively dependent to the studied systems. After the first
positive result of our accompanying paper [1], we hold to our approach and
didn’t prove that synchronization ultimately happens but demonstrated that
if coupled systems oscillate, then they must be synchronized. As in the finite
population situation, the loss in time evolution informations is compensated
by very general results, almost independent from the individual differential
systems to be coupled. Furthermore, conclusions are less restrictive than in
[1] (there is no threshold like ”half of the population is synchronized”). More-
over, we hope that this complementary approach to synchronization issues
will lead to future developments as it brings about, also in this paper, many
mathematical tools unfamiliar to this field of research. Furthermore, other
examples of the use of tissular coupling can be found in [2] concerning emer-
gence of spatial patterns. All those works and results are inspiring and seem
to prove that tissular coupling will be a prolific framework, completing what
already exists.
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