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DIFFRACTION OF BLOCH WAVE PACKETS FOR MAXWELL’S
EQUATIONS

GREGOIRE ALLAIRE!, MARIAPIA PALOMBARO?, AND JEFFREY RAUCH?

AsTrACT. We study, for times of order 1/h, solutions of Maxwell’s equations in
an O(h?) modulation of an h-periodic medium. The solutions are of slowly vary-
ing amplitude type built on Bloch plane waves with wavelength of order h. We
construct accurate approximate solutions of three scale WKB type. The leading
profile is both transported at the group velocity and dispersed by a Schrodinger
equation given by the quadratic approximation of the Bloch dispersion relation.
A weak ray average hypothesis guarantees stability. Compared to earlier work
on scalar wave equations, the generator is no longer elliptic. Coercivity holds
only on the complement of an infinite dimensional kernel. The system structure
requires many innovations.
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1. INTRODUCTION.

This paper studies the propagation of electromagnetic waves through perturbed periodic
media with period h < 11 We treat the resonant case where the length scale of the
periodic structure is comparable to the wavelength. The observation time ¢ satisfies ¢ ~

1A word on units. The Maxwell equations in vacuum have permittivities e, w and speed of light
c = 1/\/ep. Since the speed of light is > 1 in KMS or CGS units, ey is small in those units. We
perform an asymptotic analysis as h — 0. Denote by At the unit of time. No matter what the units
one has h < At/{e, u} in this limit so there is scale separation no matter what are the values of € and
u. Nevertheless it is wise to, and we choose to, work in units with ¢ At comparable to 1. For example
centimeters for length and At < 1 equal to the number of seconds that it takes light in vacuum to
traverse one centimeter. In those units cAt = 1 and one expects that the constants in our error bounds
will not be very large.
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1/h. This is the diffractive time scale where standard Maxwell equations (without periodic
structure) are approximated by Schrodinger’s equation (see [12], [I8]). Wavelengths that
are short compared to the period are short compared to the scale on which the coefficients
vary. This is the domain of validity of standard geometric optics (see [12], [7] for the
diffractive case). Wavelengths long compared to the period are analysed by standard
homogenisation [§]. The interest, both mathematical and scientific, of the resonant scaling
is that the speeds of propagation and diffractive effects for wave packets are given by the
Bloch dispersion relation of the periodic medium and not by the symbol of the hyperbolic
operator or its hyperbolic homogenisation. The propagation speeds can be radically
different from those of the original equations. The new speeds must not violate the
finite speed of the original equations (see Theorem for a proof of this upper bound)
but can be much smaller. This is the basis for strategies to slow light ([3], [16], [6], [29]).
That in turn is one of the proposed design elements of the all optical computer. Another
domain of application is photonic crystal fibers constructed with periodicity in crossection
(see [27], [14], [21]). The last three examples are modeled by Maxwell’s equations that
are the subject of the current article.

In our papers [1], [2] we study scalar wave equations. In most cases, Maxwell’s equations
cannot be reduced to scalar equations. The most interesting applications require the
methods of the present paper. For constant scalar permittivities the Maxwell equations
can be reduced to the scalar wave equation. For constant e, it with € a three by three matrix
with three distinct positive eigenvalues, it has been known since the time of Hamilton (see
[15], [11] page 610), that the characteristic polynomial is of the form 72 Q(, ) with Q
an irreducible quartic polynomial. The characteristic variety is conic with nontrivial
singular points. ) does not factor as the product of two quadratics in which case the
variety would be the union of two (double) cones with elliptic cross-section. For variable,
even scalar, permittivities, the standard derivation of second order equations by taking
time derivatives works but leads to a system of second order equations for F coupled
through lower order terms.

Maxwell’s dynamic equations for unknown E(t,z), B(t,z) € R? x R? read

ek —curl B
(1.1) O (u B) + (—i— curlE) =0
whose infinitesimal generator is not elliptic. Indeed if €, 4 depends only on z, then
(Ve, V,10) is a stationary solution for any ¢(x),(z) € C5°(R?). For any ball there
is an infinite dimensional set of such solutions supported in the ball. This is one of the
main differences of the current article with the earlier ones on scalar wave equations. The

failure of ellipticity is compensated by the fact that the set of physically relevant solutions
have additional strong control on their divergence. Those solutions satisfy semiclassical
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ellipticity estimates (see Theorem B.2)). A second principal difference with the earlier
work is that for systems it is not uncommon to have Bloch eigenvalues of multiplicity
greater than one. In that case the Schrodinger equations of diffractive geometric optics
are systems and we treat that possibility. A third difference with the scalar case is a
simplification. For the scalar case, estimates for gradients of the error in the approximate
solution were straight forward but there was a strikingly difficult argument to estimate
the undifferentiated error. In the case of systems, the natural energy estimate is an L?
estimate. Derivative estimates are proved from L? estimates for the time derivatives and
the divergence. The remaining derivatives are estimated by an ellipticity argument. The
difficult argument from the scalar case is not required.

There are two problems closely related to the ones we analyse. The first is the treatment
of first order elliptic systems. The second is the treatment of the Maxwell system on the
time scales of geometric optics. The second problem is solved en passant in §8 We have
chosen to skip the first and jump directly to the Maxwell’s equations. The methods that
suffice for Maxwell yield the elliptic case directly.

The semiclassical estimates of the present article permit a strengthening of the earlier
paper [2], where derivatives of order < 1 were estimated. The new method yields estimates
for derivatives of all orders.

Our three articles use corrector terms in asymptotic expansions. Article [I] correc-
tors were constructed by an ad hoc method and used in test functions to study weak
convergence. In [2] we introduced a a general strategy yielding accurate expansions.

The h-dependent Maxwell equations are written in the form P"(E", B") = 0 with

hEh _ lBh Eh
(12)  P'(t,z,0;,0,)(E", B") := 0, (;hBh) + (iﬁfwh) + M" (Bh) .

For the diffractive scaling the perturbations satisfy the following hypothesis where €q(x/h)
and po(x/h) are the permittivities of the unperturbed periodic structure at scale h. The

6 x 6 matrix valued function M" serves for example to model dissipative effects such as
Ohm’s law (see §8)).

Notation. For two vectors (e,b) € C3 x C3, their Hermitian inner product is denoted by
(e, b) while (e, b) denotes the ordered pair in C*xC3. The cross product in C? is denoted by
A. The set of linear maps (homeomorphisms) on a vector space K is denoted by Hom(K).
For any a = (ag, o, g, a3) € N* the notation 9;,¢(t, x) means J;° (H?Zl 1) (¢, ).

The Maxwell equations (L2) are a symmetric first-order hyperbolic system for u" =

(E", B")

3
(1.3) P(t, 2,0, 0p)u" = O,(Aful) + ) Ajop u" + M,

Jj=1
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with symmetric matrix coefficients A; for j > 1 defined in (8.3]), (8.4) and

A = (67 D )

Hypothesis 1.1. Diffractive time scale hypothesis. The coefficients in (L2) are
given by

e'(t,z) = eo(z/h) + h2e(t,z,x/h),

Mh(t,l‘) = MO(ZL‘/h) +h2ul(t7$ax/h)a

M"(t,z) = hM(t,z,z/h).
The matriz valued functions €y(y), po(y) € C®(T?) are symmetric and positive defi-
nite and for all a, O, {€1, p, M}(t, x,y) € L°(R"™ x T%) with T® denoting the three-
dimensional torus (R/27Z)3. Define

Adly) = (Eoéy) ,uo(gy))’ Aty y) = (el(t’ox’y) m(t?x,y))'

Definition 1.2. The space of L} (R?) periodic functions of period 2 is denoted L*(T?).

loc

The functions (E, B) of L*(T?) with values in R3 x R3 are normed by

/ (1B +|BP)dz
[0,27[3

When normed by the equivalent expression natural in the context of Mazwell’s equations

/[o,%[s (<E’ «E) + (B, o B)) dx

it is denoted L?  (T?).

€0,5HM0

Definition 1.3. For 0 € [0,1[> a function g(z) on R? is §-periodic when z — e=** g(z)
1s periodic in x with period 2. The parameter 6 is called the Bloch frequency. The set
of LE (R®) O-periodic functions is denoted L*(Ty). With alternate norm as in Definition

[L2 it is denoted L? , (T3).

Our solutions are amplitude modulated Bloch plane waves. The plane waves are
f-periodic solutions of the unperturbed periodic Maxwell equations of the form u =
eM(E(x), B(z)). Equivalently E, B are solutions of the spectral problem

(1.4) A (60593) Mo?x)) (ggg) - (—c?m C‘gl) (g) (E. B} 60— nperiodic.

We recall in §6] that the spectrum at fixed 6 consists of {0} with infinite multiplicity
and a discrete set of purely imaginary eigenvalues A = iw(f) of finite multiplicity. We
label the nonzero eigenvalues according to their distance from the origin and repeat them
according to their multiplicity

(15) e < w,g(ﬁ) < w,l(ﬁ) < w0(9)20 < wl(ﬁ) < CUQ(G) < el



We work near an eigenvalue of constant multiplicity.

Hypothesis 1.4. (Constant multiplicity hypothesis.) Fiz 0 # 0, n € Z*, and denote
by k the multiplicity,

A = an(Q) 7& O, wn—l(g) < wn(Q) = .. = wn—i—/@—l(Q) < wn-{—n(Q) .
Assume that there are §; > 0, 62 > 0 and real analytic w(6) defined on {|0 — 0| < 41} so

that for each |0 — 0| < &1 the only point of the spectrum in {\ : |\ —iw,(0)| < 02} isiw(f)
with multiplicity k.

The hypothesis is automatically satisfied when x = 1. An example with x > 1 is € and p
constant and scalar where every eigenvalue is of constant multiplicity two (see Example

below).

Definition 1.5. When the constant multiplicity hypothesis is satisfied the group
velocity is defined by
Y = —Vyw(h).

Define

16) L0508, = iw (60(()?/) uo?@/)) - ( _(wﬂay)/\ (if +08y)/\ ) |

L with domain equal to the periodic functions in H>*(T}) := Ny H*(T?) is formally
antiselfadjoint on L?(T?; dy). The method of proof of Proposition shows that the
closure has domain equal to the v € L*(T®) so that Lv € L*(T?) and that the closure is
antiselfadjoint.

Definition 1.6. Denote by I1 the projection operator onto K := ker L(w(#), 8, y, 0,) along
the image of IL. TI is orthogonal with respect to the scalar product of L?(T?; dy) and not
with respect to the scalar product of L?  (T3).

€010

Our wave packets have group velocity V and travel for long times. They see the coeffi-
cients on group lines for long times. The averages of the coefficients along such long rays
are important. A particular combination enters in the asymptotic description.

Definition 1.7. For each t,x define the linear map v(t,z) € Hom(K) by

(1.7) Yt x) = (At 2)T) ™ T (iwAd(t, ) + M(t,2)) 1.
We assume that the ray averages
1 /T
(1.8) lim — vtz +Vt)dt = F(x), exist uniformly in 2 € R3,
T—+oco [’ 0

We make a fairly weak assumption asserting that this limit is attained at an algebraic
rate.
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Definition 1.8. The function v satisfies the ray average hypothesis when (L8)) holds
and there is a 0 < B < 1 so that for all & € N x N3 the solution g,(t,z) of

(& + V.81>ga = 07, (v(t,x) —F(z — V1)), 9(0,7) = 0
satisfies (t)Pgo € L=([0, 00[xR3) where (t) := (1 + t2)'/2.

This hypothesis, introduced in [2], is discussed in §9.01 Our main theorem gives an
approximate solution and an error estimate. In the theorem, 7 is a new variable, a slow
time. In the approximate solution it is replaced by ht. In addition there is a K valued
function, wo(7,x). Abusing notation, the value at (7,x) is a function of y denoted

’&70(7', z, y)

Theorem 1.9. Assume that v satisfies the ray average hypothesis with parameter 0 <
B < 1. For f € S(R*K) define wy := wo(T,z — Vt), where wy € C°(R; S(R* K)) is

the unique solution of the initial value problem for Schrodinger’s equation

(1.9) (0r + 5i w(00,0.) +3()) Ty = 0. @(0.2) = f(x).
Define a family of approximate solutions

M (t,x) = e WOHERh (bt t a2 /h)
and let u* denote the exact solution of Phu" = 0 with u"|—¢ = v"|i—¢. Then

VT >0,ac N, 3C(a,T), Vh €]0,1], sup H(az, h 0y ) (u" —o™) < Cht77,

t€[0,T/h) HLQ(RS)

with 0 < 8 < 1 from the ray average hypothesis of Definition [L.8.

Remark 1.10. i. The operator LAY is positive definite on K. When M = 0, mulitplying
the Schrodinger equation (1.9) by ILAJIL shows that [(ITAIwy , wy) dx is conserved. ii.

The principal part of equation ([L9) is scalar. Coupling occurs through v (see Remark
[9.3).
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2. L?(R3) ESTIMATES
Suppose given real symmetric permittivities

'(t,x), ph(t,z) € C(R'™x]0,1[,; Hom(R?))
satisfying the positivity constraint
(2.1) Vit h 0 < c < (o), p(t,z) < CI.
Consider the dynamic Maxwell equations in a medium that varies on scale 0 < h << 1
(2.2) O,("(t,x) EM) = curl B", O, (u"(t,x)B") = —curl E".
This is a symmetric hyperbolic system. The energy identity for solutions is

(2.3) at/ (E" "EMY 4+ (B", "B dx = —/ (E" 0,"EMY + (B", 0,u"B") dx .
R3 R3

Large time derivatives of €", u* can lead to rapid growth of energy. On the other hand
if O,e", Oyu" are bounded (resp. O(h)) one has uniform estimates for the L? norm for
t = O(1) (resp. t = O(1/h)). Corresponding estimates for derivatives is subtle because
the coefficients are rapidly varying in space. Our strategy is to derive estimates for
time derivatives and for divE", divB". Then estimate spatial derivatives using an elliptic
estimate from the next section.

3. COERCIVITY

The generator of the dynamic equations (2] is not elliptic. However, the special
structure of Maxwell’s equations yields supplementary bounds on divE and divB. The
over determined system consisting of the generator together with divergence is elliptic.
For problems with coefficients oscillating in x on scale h, estimates in semiclassical Sobolev
spaces are natural.

Definition 3.1. The semiclassical Sobolev norm H™(R®) denoted || - || gm(gs) is defined by

( > /}(hax)auf dx) "

la|<m
For a function u(t,z), integer m > 0 and h €]0,1] define the semiclassical norm with
derivatives in space and time,

(3.1) O] M DR (LS EHO] e

jal<m
Denote by CF(R™3) the set of families {w" : 0 < h < 1} C C*(R*3) so that
(3.2) oiligl Z | (R 8t,m)awhHLoo(R1+3) < o0.

o<k
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The same notation is used for functions valued in any finite dimensional real or complex
vector space. The left hand side of [B.2) serves as norm making C% a Banach space. The
Fréchet space C° is defined as NyCF.

Theorem 3.2. For €"(t,z), p(t,z) € C°(R™3) and m € N there is a constant C(m) so
that for all E,B € H™"(R?), t € R, and h > 0

HE HhcurlE HHm L(R3) +thiv(€h(t’x)E(t))HH}T—l(R3)+HE(t)HH;’L—I(R?)))’

(
Mg < Clm)
(m) (

HB(t)HH;;L(RS HhcurlB HHm L(R3) +thiv(“h<t’x>B<t>)HH,T*1(R3)+HB<t>HH;L"*I(RS))'

Proof. The inequalities for F and B are identical so it suffices to consider E. The variable
t is simply a parameter so it suffices to consider ¢ fixed. The key estimate is the following.

Lemma 3.3. If e(x) is a symmetric matriz valued function so that € > cI > 0 for all z,
and 0% € L>(R?) for all o« € N3, then for each m € N there is a constant C'(m) so that
for all E € H™(R3)

3) 1) ey < Cm) ([lenrd Bl s gy + A @) B | s gy + 1B gncses)) -
Proof. The integrand in
div(e(z) E)|* + |curl B|? da

R3
is a quadratic form in F and its first derivatives. The terms quadratic in the derivatives

of E have the form
> (aij(x) OE, O,F)

1<4,5<3
with uniquely determined real matrix valued functions a; j(x) with a;; equal to the trans-
pose of a; ;. Introduce the the symbol Z -a; j(2)&;&;. The definition implies that for any
r, e and £ in R3

(34) D Aaij(@)ége, e) = (€, e(z)e)]” + [EAel.

0,
Choose 0 < ¢ < 1 so that for all z, e(x) > c¢I. The lemma is a consequence of Garding’s
inequality once we prove that for all real x, e, &

(3.5) (&, e(x)e)” + |Enel* > cle]’le*/2.
By homogeneity it suffices to consider [£] = 1.

Decompose e = e| + e into parts parallel and perpendicular to {. The definition of ¢
yields

(3.6) e’ <lel*/2 = [ elx)epl® > cleyl* = c(lel* —leL]’) > cle]*/2.



On the other hand since ¢ < 1

(3.7) le]* > lel?/2 = [EAel® = Jel]” > Je[’/2 > cle|?/2.
Estimates (3.6]) and (3.7) imply (8.5) completing the proof of the lemma. O
Scaling shows that (3.3 implies the h dependent coercivity of Theorem B.21 O

4. STABILITY

Theorem 4.1. Let P", be the operator (L2) with €", 0y, u", Oy, M € C°(R™f3). If
f,g € H®(R3) := N H*(R3) then there is a unique family of solutions u" = (E", B") €
C®(R; H*(R?)) to P"u = 0, with u"(0) = (f,g). For each m € N there is a constant
c(m) so that with

C(m,h) = > }|(hat,z)a(ateh,atw,Mh)HLm(W)

laj<m

one has

(4.1) Huh(t)Hmh < ¢(m) edtm Cmmt Huh(O)H

m,h ’

Remark 4.2. If M" =0, one has 9,(div(e"(t,z) E")) = 0 and 8,(div(p"(¢,2) B")) = 0.
In particular one has

(4.2) div(e"(t,z) E") = 0,  div(u"(t,z) B") = 0,
as soon as these identities hold at t = 0.

Remark 4.3. For the analysis on the diffractive scale, the theorem is applied with C(m, h) =
O(h) as h — 0. In that case one has uniform bounds for t = O(1/h).

Remark 4.4. This careful accounting of derivatives in Theorem [{.1] is at the heart of
extenting the results of this paper to equations whose coefficients are only finitely differ-
entiable.

Proof. The existence for fixed h is classical. The estimate for m = 0 follows from Gron-

wall’s inequality together with
at/ (("E", E") + (" B", B")) do = — / (0" E", E") + (O™ B", B")) du
R3 R3
+2/ (ul, MMy do
R3

< C (110" (1), Dt (1) ey + IM"(0) w2 ) I (B, B) ()20
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The proof for arbitrary m is by induction. Assume the estimate proved for m. Denote
by K"(t,s) the evolution operator associated to the equation Phw = 0. Precisely, for a
distribution g € D'(R3), w(t) = K"(t, s)g is the unique solution of the Cauchy problem

Phw - 0’ w‘t:s =9
The inductive hypothesis is a bound

1" (2, 5)gllmp < c(m) e DI gl g gy .

The Duhamel relation
t
o"(t) = K"(t,0)0"(0) + / K"(t,s) P"(v")(s) ds
0
then yields the estimate

t
[0 ()l < ) (o (0) 5+ / ORI | P () (5) | ).

The key point is that one cannot simply apply the estimate at level m to v" := hou”.
Doing so yields
t

IO (0) . < clm) (P DU O+ [P PR RO () ).
0

Write P"(hd) = (hd)P" + [P" hd]. The first term vanishes when applied to u. The

commutator [P", hd)] is

ho, (8gh aZh) + hoM".
If O were a derivative with respect to z then 9,{¢", u"} ~ 1/h leading to an unac-
ceptably large contribution. Instead of estimating all derivatives we estimate only 0;,
div{e"E", u"B"}, and curl. The time derivatives of ", u" are bounded. The divergence
and curl play a special role in Maxwell’s equations. The remaining spatial derivatives are
recovered using coercivity.

For 0, compute

h
(P" hoy] = (@06 a?ﬁ) ho, + hoM".
t

Estimate
IP"(hdw™) (s) . < C(m 41, 0) [u"(5)|lmsrn -

The Duhamel estimate yields
(4.3)

t
1" ()l < elm) (O (0) 1 / D) a4 1, R) [ (5) 10 ).
0

2The use of 8;,div, curl is reminiscent of the use of 8; + v, div, curl, and tangential derivatives for
the inviscid compressible Euler equations in [24].
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Write the Maxwell equations as
(hewl B", —hcwl E") = hd,(" E*, " B") + h M" u".
Therefore
b eurl E*(t), heurl BY(1)]),,, < (r.h.s. of [@3) + Hhuh(t)um,h)mm, h).

Use the fundamental theorem of calculus to estimate
t
IR (t) [Jmn < [|Ru"(0) ||m,h+/ 1Oy () [, ds
0

Wasting a derivative in the first term yields

t
< 1O) i+ [ (5 e .
0
Combining the last four assertions yields
(4.4) Hhcurl E"(t), hcurl Bh(t)Hmh < r.hs. of (A3).

Next estimate ||k dive"E", hdiv u"B"|,, . Write M" in block form with 3 x 3 blocks

MP M
M — ( 11 12>.
M3y Mg,

Therefore
O (div(€"E™)) = div(e"E"), = —div(M}{E" + M{,B").
Integrate to find

t
1h div(e"E") () lmn < N div(e"E)(O)|lmn + / 1M7L E" () + My B" () llm.n ds
0

t
< C(m, h) [[u"(0)lms1n + / C(m, h)[[u"(8)llmp ds .
0

Performing the analogous estimate for hdiv(u"B") and replacing || ||, on the right by
the larger || ||m+1.5 yields

(4.5) |hdiv(e"EM)(t) , hdiv(y"B")||ms < r.hus. of @E3).

Combining (43)), (£4) and (43]), the inductive hypothesis, and the coercivity estimate
from Theorem yields
(4.6)

t
o Ol ) (1 Ol [ eI ot 1) [ (5) 1 )
0

The theorem follows from Gronwall’s inequality. U
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5. STATIONARY SOLUTIONS

When ¢ and p depend only on x, there is a conserved L? norm for the solution of (L),
(5.1) at/ (B, e(x)E) + (B, u(z) B) dz — 0.
R3

Equations (LT]) have an infinite dimensional space of stationary solutions. The set of func-
tions satisfying dive(z)E = div u(z)B = 0 is invariant and orthogonal in the conserved
L? scalar product to the stationary solutions.

To prove this assertion we use the Fourier Transform. For any u € L?(R3), we have

a(€) = (2m)7? / e~ u(x) du, u(z) = (2m)73/2 / e q(€) de .
R3 R3
The Fourier Transform is unitary on L*(R3, dz).

Theorem 5.1. When €(x), u(z) depend only on z, u(x) = (E(x), B(z)) € L*(R?) is a
stationary solution of the dynamic Mazwell equations (L)) if and only if curl E = curl B =
0. The orthogonal complement of these data in L? ,(R®) normed by [(eE, E)+(uB, B) dx
is invariant under the flow and consists exactly of the solutions satisfying (A2)). The fields
(grad ¢, grad ) with ¢, € H'(R3) are L*(R?)-dense in the stationary solutions.

Proof. The first assertion is obvious.

The orthogonal complement of the stationary solutions is invariant because the evolu-
tion is unitary.

Next prove the density of gradients. The field E satisfies curl £ = 0 if and only if
EN E (&) = 0, that is the Fourier Transform E (&) is parallel to £ for almost all £. For
EF£0 E= € f (&) uniquely defines the scalar valued f(£). Choose a smooth cutoff function
0 < x < 1 vanishing on a neighborhood of & = 0 and identically equal to 1 outside
a compact set. Then E is the L?limit as n tends to infinity of the field with Fourier
transform equal to x(n&) & f(€). Define P = x(né)f so ¢ € HY(R?) and grad ¢" — E in
L2

Using the density of the Schwartz space S(R3) in H'(R?), shows that a vector E is
orthogonal to the stationary states if and only if

/ (eE,gradg) dr = 0, forall ¢ < S(R?).
R3
This is the definition of div(eEF) = 0 in the sense of tempered distributions. U

6. THE THEORY OF FLOQUET AND BLOCH

6.1. Bloch Transform. We recall the essentials of the method of Floquet and Bloch (see
for example [13], [9], [10], [26], [30], []]).
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Write each ¢ € R3 as n+ 6 with uniquely determined n € Z? and 6 € [0, 1[*. Expressing
u(z) in terms of its Fourier transform, @(¢), yields

(6.1) u(z) = (2m)73/7 e (Y e a0 +n)) db.
0,13 iy

The parentheses enclose the Fourier series expansion of a function periodic in x with period
2. Considered as a function of z, the integrand is #-periodic in the sense of Definition
L3 Identity (6.I) decomposes L?(R3) as the direct integral over 6 of the Hilbert spaces
of f-periodic functions belonging to L2 (R?).

loc

Proposition 6.1. The map that associates to u its Bloch wave expansion uy
(6.2) L*R*)su — ug(z) = (2rn) %20 ( D Mg + n)) e L*(T)
nezs

yields a unitary decomposition of L*(R3) as the direct integral over 6 € [0,1[> of L*(T3).
The inverse is given by

u(z) = / ug(z) df with HuH%g(Ra) = / HUQH%2(T3) de .
0,1 0,1
The map u — e~%%uy is a unitary map L*(R3) — L2([0,1[*; L*(T3)).

Remark 6.2. The partial derivatives and 2m-translates of 0-periodic functions are 6-
periodic and the product of a 0-periodic function by a 2m-periodic function is 0-periodic.
Therefore partial differential operators with 2m-periodic coefficients map 60-periodic func-
tions to themselves. The Bloch decomposition reduces these operators.

6.2. Maxwell’s equations. The method of Floquet-Bloch applies to Maxwell’s equa-
tions (see for example [8] and [28]). The delicate part for us is the infinite dimensional
kernel and the degeneration of the coercivity estimates as h — 0. From here to the end
of this section the Bloch strategy is used to analyse Maxwell’s equations

o (Eoéx) uo?x)) e e (—c?m Cl(l)ﬂ)

in the case of periodic €(x) and p(x). It suffices to analyse its action as a map on L?*(T3)

Proposition 6.3. If A; are symmetric matrices then the operator L = Ej A;0; satisfies
(6.4) Yu,v € L*(T3) N C™ (Lu,v) = —(u, Lv).

Denote by L the closure of the operator so defined and by L* the Hilbert space adjoint.
Then L is antiselfadjoint with domain equal to the set of u € L*(T3) so that > Ajou €
L*(T%) in the sense of distributions.
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Proof. To prove (6.4)), write v = €@ and similarly v with periodic %, 9. Then,
(Lu,v) = / (A;j0ju, v) de = / (A;0;(e"q) | e"p) da
[0,27[3 [0,27[3
= / (e A;(0; +i0;)a, 0 dv = / (A;(0; +i0;)a, D) dx
[0,27[3 (0,273
_ —/ (@, A,(9; +i9,)5) de,
(0,23

the last step by integration by parts and periodic boundary conditions.

Identity (6.4]) implies that L* D —L in the sense that the left hand side is an extension
of the right. The definition of distribution derivative implies that L*u = f € L*(T}) if
and only if —(3_; A;0;)u = f in the sense of distributions.

In that case denote by Js a standard mollifier. Since #-periodic functions are invariant

under translations, Jsu € C* N L*(T3). Since J; commutes with A;0; so W o= Jsu
satisfies —Lu® = JOf. Passing to the limit shows that u belongs to the domain of L and
Lu=—f. Thus L* C —L. OJ

The spaces L*(T3) depend on 6. The following proposition allows one to apply standard
results in perturbation theory.

Proposition 6.4. The unitary map L*(T3) > v w ¢€%%v € L*(T}) intertwines the

operators
U od 0 (Oy + 10)A
oA 0 ) ® —(Dy + 10)A 0 '

The former acts on L*(T3) and the latter on the 6 independent space L*(T?). The latter
family of operators depends analytically on 6.

Proof. The unitary map commutes with multiplication operators and intertwines the an-
tiselfadjoint operators &; on L*(Tj) and 9; + i6; on L*(T*). This yields the desired
result. O

The straight forward proof of the next result is omitted.

Proposition 6.5. A function u(z) = (E(x), B(x)) € L*(R3) is a stationary solution of
(@) if and only if its Bloch wave expansion (Eg, Bg) € L*(T3) satisfies G (Eg, Bg) = 0

for almost all 0 € [0,1[> with G from ([63). A function u is in the invariant space of

2
€0,10

satisfies div(egEy) = div(poBg) = 0 in the sense of distributions.

unctions orthogonal in L T3) to these stationary solutions if and only if its expansion
Z
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6.3. Bloch spectral theory. Consider fixed periodic ey(z), uo(z) € C*°(T?). The func-
tion

u(t,z) = e (E(z), B(x))
satisfies Maxwell’s equations ([LT]) if and only if

o)) - (1))

In the same way a f-periodic u = eM(E(z), B(z)) is a f-periodic solution of Maxwell’s
equations if and only if £, B is a solution of (6.35]) and (£, B) is #-periodic. The function
w is then a solution of (2.2)).

When each of ¢y and p is a positive constant times the identity the change of variable
E,B= 6(1)/ °E, ué/ ? B reduces to the case ey = pig = I. For that case the eigenvalue problem
is exactly solved in the next example.

Example 6.6. In case g = pg = I the problem is translation invariant. Denote by Ty the
translation operator u(x) — u(x — {) acting on L*(T3). The antiselfadjoint G commutes
with T, so the eigenspaces of Ty are invariant by G.

For given k € 7Z? denote by Ej, the subspace consisting of exponentials e*%e?-(e, b)
when e, b run in R3. E) consists of eigenvectors of Ty with eigenvalue e*+9  Choose
the vector £ so that the {; /2w are rationally independent. Then the eigenvalues for distinct
k are distinct, so the spectral decomposition of T, is L*(T3) = @& F,.

It follows that G(Ey) C Ey for all k € Z3. It suffices to diagonalize the restriction of
G to each Ej. Compute

0.z ik [ € _ 0  curl o (€5 7e  ibw ik [ H(E+O)AD
G(e ¢ (b)) N (—curl 0 )(e (eik'xb)) - (—i(l{:+9)/\e '

To have eigenvalue N = iw it is necessary and sufficient that w is an eigenvalue of Gy €

Hom(C?)

(6.6) Go (E) = <_(l(€k++eg)AAbe) - v <§> ’

One has eigenvalue 0 if and only if both e and b are parallel to k + 6 This kernel has
dimension equal to two.

The orthogonal space has dimension 4 and consists of vectors with both e and b or-
thogonal to k + 6. Since (k+6) L b, (k+0)A(k+0) Ab = —|k+ 6]*b. Using (6.6)
compute

~k+0PPb=(k+0)A(k+0)Ab=(k+0)A (we) = —w?b.
Therefore for (k + 0) # 0 there are two roots w = x|k + 0|. Each has a two dimensional
eigenspace generated by taking e L (k+60) and b = F(k +6) Ae.

Return next to the general case.
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Proposition 6.7. There is an infinite dimensional space of 0-periodic solutions of ([6.5)
with eigenvalue A = 0 consisting of E and B with vanishing curls. The wao(Tg)—

orthogonal complement to this kernel satisfy div(eg E) = div(uoB) = 0. There is a constant
C independent of 0 so that 0-periodic E, B satisfy

o 1B, Bllinry < C(llew! Bllpagyy + llewr! Bllpagsy
+ lldivieo(@) E) |y + I1div (ao(@)B) I zaryy + 1B Bllzagry ) -

For each 0 the A = iw # 0 for which (6.3) has a nontrivial solution is a discrete set in
R\ {0}. Each eigenspace is a finite dimensional space of smooth functions. The value 0
1s not an accumulation point of nonzero eigenvalues. The w are not bounded above and
are not bounded below.

Proof. The estimate is the key. Write u = ¢®*% with periodic #. Expand the latter in a
Fourier series. The proof of the Lemma yields (6.7).

Proposition implies that the stationary solutions are curl free and their orthogonal
complement is invariant under the flow by Maxwell’s equations. Also that the complement

consists of solutions satisfying div(ey(z)E) = div(po(z)B) = 0.
2

2 u0(T5) as a Maxwell invariant direct sum of stationary and dynamic

Decompose L
states

Lz (T3 = KerG @) Hagn, Hayn = {E,B : div(e(2)E) = divpe(z)B = 0}.

€010

The Lfm o (T%) unitary group e restricts to a unitary group on Hgy, whose anti selfadjoint
generator is the restriction G|y dyn-

Estimate (6.7) implies that (I + G|y dyn)*1 is compact, hence has pure point spectrum
tending to zero and total multiplicity in {|z| > ¢ > 0} finite for all 6 > 0. Therefore the
spectrum of Gy, , is pure point and the total multiplicity in any bounded set is finite.

Commuting with derivatives yields an inductive proof of an H*® version of (€.1) for

1<seN,

IE, Bl

o) < C’(s)(”curl E|

weeryy + lleurl Bl|psers)

(6.8)
+ ||div(eo(z) E)]

ey + NGV (o@)B)lrryy + 1B, Blliay) ) -

The smoothness of eigenfunctions for eigenvalues A\ # 0 follows.

It remains to show that the spectrum is unbounded above and unbounded below. Define
P to be the bounded strictly positive selfadjoint multiplication operator P(E,B) :=
(e E,;u B). The eigenvalue equation is Gu = iwPu. It holds if and only if v = PY2y
satisfies P~'/2(G/i)P~'/?>v = wv. Need to show that the eigenvalues are not bounded
below and not bounded above. The w are bounded below (resp. above) by C' € R if and
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only if for all v so that P~'/?v belongs to the domain of G,
(P~YV2G /i) P~V v) > C(v, vy, (resp. < ).
This holds if and only if for all u belonging to the domain of G,
(Gli)u, uy > C<P1/2u, P1/2u>, (resp. < ).

This holds if and only if the spectral problem with €y = pg = I has eigenvalues bounded
below (resp. above). Example (€.0]) shows by explicit computation that for ¢ = g = I
the spectrum is unbounded in both directions. Thus the w are not bounded below and
not bounded above. 0

Proposition implies that the discrete spectrum at fixed 6 consists of {0} with infinite
multiplicity and a discrete set of possibly multiple eigenvalues A\ = iw that we label
according to their distance from the origin as in (LH). Away from eigenvalue crossings,
the functions 6 — w;(f) are real analytic. Rellich’s theorem shows that away from the
crossings the associated spectral projections II;(#) are also real analytic in the sense that
the unitary map of Proposition intertwines them with an analytic family acting on
Lva(T?’) (see [20]).

For 0 fixed and an eigenvalue w(f) # 0 there is a finite dimensional space of eigen-
functions e-*(FEy(x), Bg(z)) € L*(T) and corresponding Bloch plane wave solutions
of (LT

e Ot b2 (B (x), By(z)).

We assume the constant multiplicity Hypothesis [.4

From the analytic dependence of the operators it follows that the L?(T3) orthogonal
projection, TI(#) € Hom (L*(T3)) onto the nullspace of iw(0) Ag(y) — >_; A;0; is analytic
and in particular of constant rank.

7. THE PURELY PERIODIC CASE

Fix @ and a locally constant multiplicity eigenvalue w(f) # 0. Denote by K(#) the
kernel of L(w(#),6,y, 0,) from Definitions If 6 — e¥1)(z,0) is a smooth function of
0 on a neighborhood of # with values in K(€) then 1) is periodic with period 27 in x and
smooth in its dependence on x, 0 for § =~ §. The function

eiw(&)t ei@.m w<x79>

is a @-periodic solution of Maxwell’s equation in the periodic medium e(x), u(z).
Scaling the periodic structure to e(x/h), u(x/h) yields the corresponding rapidly oscil-
latory Bloch plane waves

eiw(&)t/h eiG.:}:/h "Lp(ﬂf/h, 9) )
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For a € C°(R?) and h << 1 the function a((# — )/h) is supported in the domain of
definition of w(@). Superposing nearby waves yields a Bloch wave packet for h << 1

0—0\ . j
/ a(—_> cw(O)t/h ib.x/h U(z/h, ) db, a € CSO(RB)-
0,1

h
Letting ¢ := (6 — €)/h yields the exact solutions
(7.1) uh = e/t /3 w(% , 0+ hc) BT ¢ a(() d .
R

7.1. The geometric optics time scale t ~ 1.

Definition 7.1. Complementing Definition the corresponding transport operator is
defined by

]D(@t,am) = 825 + V@m
The symbol is D(7,k) =7+ V.k.

The Taylor series in h of infinite and finite orders respectively are,

(7.2) ¥y, 0+h) ~ Gy, 0)+ > W g;(y,¢), w@+h() = w(@) = VA +hk(h,C),

Jjz1
where the sum on the right hand side of ~ is an asymptotic expansion as h — 0, not a
convergent series. Then,
pitw(O+eQ)/h _ itw(®)/h ,=itV.C Li(ht)k(hQ)

(7.3) _ itw®)/h itV <1 + Z(ht)jkj(ha O) ;
j>1
where the last line uses a Taylor expansion of s — ¢***"<) about s = 0. Define
v(z) = / e a() d¢ .
Use (C2) and ([Z3)) in (1) to find
(7.4) u ~ M aw(h,t,x,x/h), S = w@t+zx0,

and
w(h,t, {L‘,y) ~ ’wo(t,l‘, y) + hwl(tv ZL‘,y) + e

in the sense of Taylor series about h = 0. The leading term is

wO(t7x7y> = U(.T - Vt) w<yvg> :

The velocity is V = —Vyw(f). It is not at all obvious from this definition that V does
not exceed the speed of light. As our media are anisotropic, the speed may depend on
direction. We recall the algorithm giving such anisotropic speeds (see [23], [19], [25]).
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Denote by (7,€) the dual variable of (¢,y). The characteristic polynomial of Maxwell’s

p(y, 7,§) = det (T (60(()y> uo((]y)) " (50A _g/\)) '

Its roots 7(y, &) for £ real define the characteristic variety. Define extreme roots Tyax(y, &)

by

equations is

Tmax (Y, §) 1= max {7’ cp(y, T, &) = O}.
with a similar defintion for 7, (v, £). The function 7,y is positive homogeneous of degree
one in &, and,

(75) Tmax(ya _g) = - 7_min(ya 5) .

The set of velocities that do not exceed the speed of propagation is a convex set of vectors
v whose support function equal Tax(y, —&), equivalently

m£€R3\{0} {V : S-V < Tmax(yv_g)} :

In case of constant and isotropic permittivities Tax(y, —§) = |£|/\/€ yielding the
classic formula for the speed of light.
Define

s (€) = MAX Ty )

Then Tyax(—¢) is the largest speed limit for £.v.

Theorem 7.2. The group velocity V' from Definition [1.J respects the maximum speed of
propagation for each & # 0, precisely for all 0 # & € R3, £V < Tax(—E).

Proof. The Bloch spectral eigenvalue problem for periodic as opposed to #-periodic func-
tions is

(7.6)  iw(d) (60(()9) Mo?y)) T1(0) + < (i0 fay)/\ —(wgay)A ) 1(6) =0

where I1(0) is the projector (of constant rank) on the eigensubspace of the eigenvalue
w(@). The constant multiplicity hypothesis implies that the eigenvalue and the spectral
projector are analytic in a vicinity of . Differentiating (7.6) with respect to 6 in the
direction of a covector £ and multiplying on the left by I1(6) yields

a0 evwene (F) 0 Ynesne (7" e -o

Take any eigenfunction E(y), B(y), normalized by

L) () (e
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The quadratic form associated to (7)) yields

(7.9) £ Va(0) + /T 3<( goA B ) (ggz;) , (gggg) dy = 0.

The —7(y, £) are the eigenvalues with respect to the postitive definite matrix diag {€q(y) , po(y)}
so the min-max characterization implies that for each y

(e ") () (5n) = =m0 (9 ) (500) - (500))
= _Tmi“(§)<(eoéy) uo(()y)) (gg;) ’ @83)

Integrating and using ((Z.8) and (9] proves
§ng(0) — Tmin(f) Z 0,
which is the desired relation since V = —Vyw(6). O

An analogous result to Theorem is proved in [3], where a bound on the group
velocity for scalar wave equations is given.

7.2. The diffractive time scale t ~ 1/h. In (73], the expansion parameter is ht so
when ht is not small, the approximation is not appropriate. For the diffractive scale
ht ~ 1, one needs a refinement. Take the next term in the Taylor expansion in the
exponent. Denote by ¢ the symmetric quadratic expression

3
9%w(0)

1 = — G Ci.
(7.10) a(¢. ¢) Z 50,08, S
Then,

w@+eC) = w(®) — hV.C + h2q(C,0)/2 + 1Y WB;(C),
Jj=0
and,
GO OFhO/h _ iw(@)t/h —itV.C ihta(C.0)/2 Lih(ht) 550 W85 (C)

Introduce the slow time 7 = ht. The exact solution has the form

e?mis/h W(h, ht,x — Vt,x/h), S=w@)t+ 0.z,
W(h,T,2,y) = / Gy, 0+ h) e THC2 TR0 WA (¢ a(() dC.

Taylor expansion in h yields

(7.11) hT X0 W80 (1 + Z B ri(T, O) )

j=1
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Using (Z2) and (ZII) in the definition of W shows that

(7.12) W(h, T, a,y) ~ > Way(T,x,y),
j=>0
with
(7.13) Wo(T,z,y) = ¥(y,0) / e'TaCA2 ¢ q(¢) dC .

This shows that the solution has an asymptotic expansion of the form
S/ W (h, ht,x — Vt,z/h),

with W satisfying ([12).
Equation (ZI3) implies that wy is a tempered solutions (with values in K) of the
Schrodinger equation

(7.14) i 07wy — %Ggw(ﬁ)(@g,@x) Wy = 0.

Though the function wy takes values in the finite dimensional space K the equation (7.14])
is scalar. The constant rank hypothesis is crucial here.

8. BLOCH WAVE PACKETS ON A MODULATED BACKGROUND AND t = O(1)

This section considers solutions of the Maxwell’s equations for times ¢ = O(1). This
time scale is an essential first step in treating the diffractive case. In order that the asymp-
totic description be nontrivial we allow lower order terms in the equations. In particular
this includes the case of a possibly conducting medium with Ohm’s law dissipation,

(8.1) e(x,x/h)OF = curl B — o(t,z,z/h)E, w(x,x/h) B = —curl E.

Here o(t,z,y) is a nonnegative symmetric matrix valued function. The physics modelled
is that where o # 0 the medium reacts instantaneously to the field E by generating a
current J = o E. Such an assumption is realistic only when the field E varies little on
the time scales associated to the motion of electrons. The associated energy dissipation
law is

8t/<eE,E>+(uB,B>d:E:— (cE,E)dx < 0.
R3 R3

The lower order tem is O(1) and appreciably affects the fields for times ¢t = O(1).
In this section only, we replace Hypothesis [Tl by the following that allows (81I). The
perturbations are larger by a factor ! than in the diffractive case.

Hypothesis 8.1. T'= O(1) hypothesis.

3
(8.2) 0 = P"t,z,0,,0,)u" = O,(Apu") + ZAjaxjuh + MM

J=1
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The coefficients A;, for j =1,2,3, are the constant 6 x 6 matrices

. 0 L . 0 Jo o 0 Js
T R O I

0 00 00 -1 010
(8.4) Jy=10 011, Jo=(00 01}, Jg:=|-12020
0 -1 0 10 0 000

The coefficient Ab and M" are of the form
(8.5) Ab(t,x) = Ada/h)+hAN(tx,o/h),  MP = M(t,z,a/h),
where AY and A} satisfy Hypothesis [

Remark 8.2. It follows that the growth rate C(m,h) from Theorem [{.1] (and Remark
[4.3) is of order O(1) as h — 0.

Motivated by the special case of purely periodic media in Section [Z.4] and the linear
case of Lax [22] (see also [25]) try the ansatz of two scale WKB type,

(86) Uh(t,l‘) = eiS(t7$)/hW<hataxa %)7 W(hataxay) = wo(t,x,y)+hw1(t,x,y),

where the w;(t,z,y) are periodic functions of y with period 27. The case when S is a
linear function of (¢, z) is our principal interest

S(t,z) = wt+0.z, (w,0) € R*3\ {0} .

For this phase the rays will be parallel straight lines and one finds Schrodinger type
equations at the diffractive scale t = O(1/h).
Three identities are at the heart of checking the accuracy of the ansatz

o, [Ag oIS (L) /h W(h,t, x,y)] _ eiS(t,z)/h<%‘J 1 @) [Aloz W(h, t o, y)} ’

(8.7) curl , [eiS(t’x)/h W(h, t,x, y)] = Sta)/h (69[: + %) A W(h, t,x, y) ,
1 : : 1
%curly [e’s(t’x)/h W(h, t,x, y)] = Sta)/h 7 Oy N W(h, t,x, y) .
These yield
(8.8) PMt,x,0,,0,)0" = eSGDM zh(t o2 /h), with
» 0 (0 +%2)A 1
b Zﬁ ho A z h . 0 n 8y/\
Then

(8.9) ZMt,x,y) = htr_y + 1o + hry + hPry, r; = ri(t,z,y).
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Since one substitutes y = x/h, it would suffice to satisfy r; = 0 on the subspace of (¢, z,y)
with x parallel to y. We achieve the more ambitious goal of choosing the w; so that
r_1 =19 = 0 everywhere.

8.1. The leading order term. The leading two orders in Z" are
h oy + 1o = A7l L{w,8,y,0,)W + (M(w,@,y,@t,&c,ﬁy) 4 oiwAl 4+ M)W,
where L is from (L6]) and

0 A
(8.10) (.00 = Ao (5, %)
The highest order term in (8.9]) is
(8.11) ro1 = L(w,8,y,0,) wp.

In order that r_; = 0 have nontrivial solutions, it is necessary that
kerL(w,0,y,0,) # {0}.

According to the Floquet-Bloch theory of Section [6] L(w, 8, y, 0,) has a nontrivial kernel
on periodic functions if and only iw = iw(f) is an eigenvalue of (L4]). From now on we
make the choice of § and w(#) so that the constant multiplicity hypothesis [[L4]is satisfied.

Definition 8.3. In addition to Definition[Z0 denote by Q € Hom (H*(T3); HT(T3)) the
partial inverse of I defined by
QII=1IQ=0, QL = LQ = I —1I.
The equation r_; = 0 is equivalent to wy € K := ker L, that is

(812) H’wo = Wy -
Using the definitions of I and M, the term rq is given by,
(8.13) ro = Lwy + (M+ iwAj+ M)uw,
so 1o = 0 if and only if,
(8.14) Lw; + M+ iwAj+ M)wy = 0.
Equation (814]) involves both wy and w;. Since L is selfadjoint on L?(T?) its range is
perpendicular to its kernel so IIL = 0. This is true only because II is the orthogonal
projection on the kernel K for the L?(T?) scalar product (not for the other scalar product
in Definition [[L6]). The equation IIry = 0 yields an equation for wy alone,

II(M + iwAj+ M)wy = 0.
Taking into account (8.I2), this is equivalent to
(8.15) (M + iwAg+ M)Iw, = 0.
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Proposition 8.4. For any w(t,x,y) € C*,

(8.16) IMHOw = ITAJIL (8, + V.0,) w,

with the group velocity V from Definition[I.3. The operator 11 AJ 11 is a linear isomorphism
of K to itself.

Proof. Prove the last sentence first. Since K is finite dimensional, it suffices to prove
injectivity. If I AgITk = 0 then

0 = (AL, k) = (Aglk, IIk) > c|/Ik|?, c>0,

since Ag is strictly postive. Therefore k = 1k = 0 proving injectivity.
From the definition of II and M one automatically has for arbitrary w,

3
0
IIMITw = <a08t + Zaj a—)Hw,
j=1 i

with matrices a;(y). It suffices to compute the a;. This is done by computing the dif-
ferential operator on the test functions ¢+, and z;v, with ¢ € K. Applying to ) and
setting t = 0 yields
(8.17) agll = MASTI .
Applying to ;1 and setting z; = 0 yields

0 €; VAN
—€j A 0
The identification of a; from (R.I8) and (8.I7) requires first order perturbation theory as
in (8I9) of the next proposition. Second order perturbation theory as in (820) is needed

for diffractive geometric optics. The identites are proved by differentiating the identities
IIL=0and LIl =0. We refer the reader to [2], [25] for detailed proof.

(8.18) a;II = —1II ( ) IT, {e1, €, €3} is the standard basis of R?.

Proposition 8.5. Suppose that § and w satisfy the constant multiplicity hypothesis [1.4).
Suppose that the coefficient A and 0 depend smoothly on a parameter o with their unper-
turbed values attained at «. With' denoting differentiation with respect to o, the following
perturbation formulas hold,

(8.19) LI = 0,
and
(8.20) LI — 2L QL'II = 0.

Returning to the formula for a;, use (8I9) with « equal to the 5™ component of 6 and

"= 0/00;. Then,
r_ ow 0 0 ’lej/\
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The above identity in combination with (819) and (8I8]) yeilds

Ow
I = —TLAY(y) 1T ——.
a] O(y) 88]
This together with (8I7) completes the proof of Proposition 84l O

Recall Definition [L7l The map ~ inherits the regularity of the coefficients,
(8.21) 07,y € L*(R'?; HomK) .
Then r_; = Irg = 0 exactly when wy = Ilw, satisfies the transport equation
(8.22) <8t + Vo, + At x))wo ~ 0.
The equation rq = 0 is equivalent to the pair

IIry = 0, Qro = 0.

Equation (8I3]) shows that Qrq = 0 if and only if
(8.23) (I -Mw = —Q(M+ iwAy+ M)w.
The choice of Il w; does not influence rq, rg. Choose
(8.24) [MTw, =0.

Theorem 8.6. If g € C*(R3;K) there is a unique wy € C®(R; H®(R3;K)) satisfying
B22) with wy(0) = g. Define wy and v" by B23), B24) and ([B.6) respectively. If u" is

the ezact solution of Phu" = 0 with uh’tzo = vh} then for all o

sup  |[(hOpe)*(u" — v
t€[0,T]

t=0’

h>HL2(R3) < Cla)h, 0<h<l.

Proof. 1. Estimate for P"v". Use (88) together with (83) and the fact that the equa-
tions satisified by the functions w; guarantee that r_; = ro = 0. Therefore for h €]0, 1]

HafwahHLOOGO’T]XRSXW) < C(a)h, suppZ"cC {(t,:c +Vt,y) : © € supp g}.
This implies the fundamental residual estimate

| (R Op0)* (P"0") < C(a)h, h €]0,1].

HLOO([O,T]xRS) =

Using the compact support one has

(8.25) |(h 0y 2)* (Po") < C(a)h,  helo1].

HLOO([O,T];L?(RS))
I1. Stability for P". For T > 0 and m fixed Theorem E.1] shows that there is a
constant C' = C(T',m) so that for 0 < ¢ < T and h €]0, 1]

(8.26) Jw®)]],., < C(Hw(O)Hm,h + /0 [P w(s)],, ds).
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III. Combining. Apply (826) to w" := u" — v" to find
6 0l < (0 =Py + [ 1P =)
= ol =M, + [ 1P, )

— (- MO, + Om).

where the last step uses the residual estimate (8.25]).

h

It remains to show that w” = u* — v" satisfies for for all m,

(8.27) |w"(O) | = O(h),  h—0.
To do that it suffices to show that for all 0 < k € N and s,
(8.28) 1B 0" (Ol zesy = OR),  h—0.

Since the initial values vanish, the case k = 0 is automatic. Prove (828) by induction on
k. Suppose (B28)) known for 0 < k < k and all s. We prove it for k£ + 1 and all s. Begin
with the identity
h(AD) T P = h(A) T (Afow" + (DAY W+ A;0;u" + M),
J
The first term on the right is hd,w". Therefore

(B0 1" = () how” = (hOYE(AL) ™ R (P = (9,A8) = > Ay — M" u'
J

The inductive hypothesis implies that ||(h d;)E+u(0)|| mz®s) = O(h). This completes the
inductive proof of (828) and therefore the proof of the theorem. O

9. BLOCH WAVE PACKETS ON A MODULATED BACKGROUND AND t = O(1/h)

This section considers solutions of the Maxwell’s equations with coefficients and lower
order terms satisfying Hypothesis [T so as to become pertinent at ¢ ~ 1/h.

Remark 9.1. With permittivities satisfying Hypothesis[11), the growth rate C(m,h) from
Theorem [{-1] satisfies C(m,h) < c(m)h with a constant c¢(m) independent of h €]0, hl.
The time evolution is uniformly bounded so long as the product t X h remains bounded.

Motivated by the special case of purely periodic media in Section [[4] the ansatz ex-
pected to be valid for times ¢t = O(1/h) is of two scale WKB type,

(9.1) v (t, ) = eis(t’m)/hW(h, ht,t,x,%), S(t,z) = wt+0.x,

W(haTataxay) - wO(Tataxay) + hwl(T,t,l‘,y) + h2w2(Tat7$ay)a
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where the w;(7T,t,z,y) are periodic functions of y with period 27. To go further in time
requires the additional corrector ws. In order to preserve the relative ordering of the size
of the terms for t = O(1/h) it is crucial to insist that the w;(T,t,z,y) are sublinear in t,

i Wity

t—00 t
uniformly in 7, z,y. We construct profiles satisfying a stronger hypothesis.
Compute using (8.7)

(9.2) PMt,x, 0y, 0,)0" = eSO ZN Ttz x /), with
ZMT b x,y) = (% +8t+h8¢)A’g -
o 0 (0x +1i0/h)A 0 FO,A
(—(8x+i9/h)/\ " )_<—%8y/\ "o )+hM w.
Then
(9.4)  ZMt,xy) = hlrog + g+ hry 4+ BPrg + Birs, rp = it my).

As in the case of ¢ = O(1), we achieve the ambitious goal of choosing the w; so that the
leading r_; = 79 = 11 = 0 everywhere. This reduces the residual to O(h?) which allows
us to justify for times t = O(1/h).
One has
r_; = Lwy and ro = Lw; + Muwy

with L and M defined by (L6) and (8I0) respectively. The next coefficient is

r1 = 0y Afwr + 0 (AJwo) + iw(Afws + Afwo) — ( 0 amA) "

— 0N 0
0 (@0 + 9y ) A
(—(i9+8y)A 0 )w2+Mw°
= Lwy + Muw; + Nuwy ,
where
(9.5) N = 0rA) +iwAy+ M.

As in Section @ r_; = 0 and II ro = 0 if and only if
Mwy = wy , and (O +V.0,)wy =0,
with V as in Definition Thus there is a reduced K valued profile wy such that

wO(T,t,a:,y) = ﬁo(T,x—Vt,y)
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In order to determine wy one needs a dynamic equation in 7. The equation Q rg = 0

yields

(9.6) (I =Mw; = —Q My,
and thus

(9.7) (0 +V.0,) (I —Mw, = 0.

The equation Ilr; = 0 yields the Schrodinger equation determining the dynamics of wy.
Plugging (@.6)) into the equation Ilr; = 0 yields

(9.8) IIM IMw; —IITM Q M Iwy + IT N ITwy = 0.

Proposition 84 and (@.7)) imply that equation (0.8)) is equivalent to

(9.9) (INII-TIMQMIw, = —II A I1(0; + V.0,) w; .

The next proposition identifies the operator on the left hand side of ([@.9)).

Proposition 9.2. On smooth functions w(T,t,x,y) that satisfy (0, + V.0,)w =0,

(9.10) mNH——HMQMHyu:IM&%%+%M%A@@J+%L@%L

Remark 9.3. [t is surprising to find that the operator
(H%Hr%HNH-HMQMHQ

acting on K wvalued functions has leading terms that are scalar. Coupling only occurs
through the zero order term ~. A related zero order coupling occurs in §6 of [4]

Proof. With k = (ki, ko, k3) € R3 fixed, 0 := 0+ ok, o € R, differentiate L(w, 0, y, k) with
respect to a to find

o) L' = ik A% — (_Z.Ok N “BA) — iM(y, ), k) — iA2D(8,, k),
L = i(kdp)*wAy.
Using the first identity yields
NL QL' I = —IITMQMII—1II A) D(9,, k) Q A) D(0;, k) TI.
Applying (8.20) yields
(9.12) ?H/H:—HMQMH—H%D@%N@QM%@H.

Equation (9.12) and the definition of N in (@.3), give

(HNH-HMQMHQw
(9.13) .
— I [aTAg +iw A+ M+ i (k) wAf + A D3, k) Q AJD(D), k)]nw.
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Next replace k by 0, and simplify the right hand side of ([@.I3]) using
D(0, 0,)w = 0.
This yields
<HNH - HMQMH) w = H[@TAS +iwAL + M + %z 02w (D, ax)Ag] Tw

= TTAJI [87 + %z 05w (0,, 0,) + (1, SL’)}U)

0

9.1. Ray averages. In general it is impossible to satisfy (0.9]) exactly since all the terms
are annihilated by 0, + V0, except the (¢, z) term. If the coefficients are constant on
group lines the v term is constant too and one can construct infinitely accurate solutions
(see [2]). In the present case we replace v by its average on rays to find a solvable equation.
Then estimate the error. For that estimate we impose an assumption on v slightly stronger
than the existence of ray averages. The material is recalled from [2] where the proofs and
additional information can be found.

Assume that v € C*°(R'"? ; Hom(K)) satisfies (8.2I)) and that the averages on rays exist
as in (L8)). It follows that the 7 is smooth and that the ray averages of the derivatives of
~ exist uniformly on compacts and satisfy

= 0.

Loo(RN)

T
(9.14) lim H%/ NP~(t,x+Vt) dt — (=V.0,)9%(x)
0

T—+o0

We need more than this. The function 7(z) is the average on the ray intersecting ¢ = 0
at z. The ray passing through the point (¢, z) intersects ¢ = 0 at x — Vt. The function
which assigns to (¢, x) the average value of v on the ray through (¢, z) is equal to 7(z —Vt).
The function that subtracts from (¢, z) its average on the group line through (¢, x) is
equal to y(t,z) — y(x — Vt).

Consider the Hom(K) valued solution g of the transport equation

(9.15) (0 + va)g = vta) =A==V, g]_,=0.
Then

g(tt,x) _ %/t7(5,5+]}3)d8 — (%), T:=xz—Vt.
Assumption ([L8) is equivaleng to the fact that this is o(1) as t — +o0,
- i oy 18

Assume that v satisfies the ray average hypothesis in Definition
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Example 9.4. i. If y(t,z) = f(l(t,x)) where f(0) is a smooth periodic function of
arbitrary period and ( is a linear functional then the ray average hypothesis is satisfied
with B = 0.

ii. If M RN 5 RM s linear and satisfies the (generic) small divisor hypothesis

3C >0, meN, vneNY aM(LV)£0 = |(nM(LV)| > C|n| ™™,

then, for h(6y,...,0y) € C®(TM) the quasiperiodic function y(t,z) = h(M(t,z)) satisfies
the hypothesis with B =0 (see [17]).

iii. Consider smooth almost periodic v of the form
017 S T

neR1+N
where a, vanish for all but a countable family of n and satisfy
(9.18) VneN, Y ()" ay| < oo (n):i= (1402
7
Then ~y(t,x) — Y(z—=Vt) = 32, 1 v)x0 e &) - Suppose that there is an o > 0 so that
for alln
(9.19) Y ay| = 0%,  §-0.
0<|n.(1,V)|<d

Then the ray average hypothesis of Definition .8 holds with 8 = a/(a+ 1).

9.2. Using ray averages. Rewrite (@.9) as

1 ~ -
(9.20) (aT+§¢ B2 (, 8$)+7(x—Vt))w0 = (04 V.0,) TTw, — ((z) A (z— Vi) wy
This equation is satisfied by choosing wy and ITw; so that both sides are identically zero.

The left yields equation (L3)). The initial value, wy(0, z) € S(R?; K) is arbitrary.

Lemma 9.5. For any f € S(R?;K) there is a unique solution ((T,z) € C*(Ry; S(R?;K))
to the Schrodinger initial value problem

(9.21) (6T+%i 892w(0m,8x)+;?(:c))g“ =0, (0 = f.

For each m,s,r € N, |a| < m, |k| < s there exist constants ¢(m, s,r),b(m,s) so that for

all T

1205 03¢ (T) || L2 g3y < e(m, 5, 1)Uy )T (1 4 [§ygnce) D Nt Fllmss—ever
1£=0

Proof. We present only the a priori estimates. Multiplying the equation by ¢ and taking

the real part yields
—— dr + R dr = 0.
so7 LI e [ G6,0) ds
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Estimate
R / (5¢,0) dz < 7], / C[? dr.,
R3 R3

and integrate with respect to 7 to find

1 1 ~ T
3 [ cmpan<g [t de + Bl [ [ 1P do.

Gronwall’s inequality gives

(9.22) IC(T) I re@sy < elMeT || £l r2s) -

The Duhamel relation

0,,C(T) = K(T.0)0,,¢(0) / K(T,s) P(0,,C)(s) ds

— K(T,000,,f + / K(T,s) (—0,7)C(s) ds

then yields the estimate

,,
100, ¢ (T l2es) < T (10, llaes) + / e 79|75 e 1€ (5) | p2qa) ds
0

This combined with (9.22]) gives

-
ST sy < 2 e T || £l sy + / el e T2 73| e [1C (5) || 2esy ds
0
Now apply Gronwall’s inequality to get

v T
1T sy < 26 hwroe T || £l o)

By induction one proves that

ol 1@ (D 2y < 2w =T flLimes)

Let us prove the weighted estimate z"0%. The commutator of z; with the Schrodinger
operator S in ([@.2])) is the first order scalar differential operator

[S, {L‘j] == zZ(@ﬁw)U@J .

I
Therefore, for |a] < m

5CT) = K(T,0)2,00¢(0 / K(T, 5) $(2;0°C)(s) ds

— K(T, 005,00 f + / K(T, s) [8,2;(02¢)(s) ds,
which yields

o9 ey < e+ D Thmes)T [ilmiasy + 1 lmones ]
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By induction one proves, for |k| < s,
_ S
(923> ”SL’H&?C(T) HLQ(R?’) < c(m, 8)6(1+b(m,s)||7||wm+s,oo )T Z ”ZUZfHHerkl _
¢[=0

The time derivative commutes with the Schrodinger operator, therefore, for each r € N,
7-( satisfies the same equation as ¢ with initial condition

07O < CU)(L+ [Fllwee)" Y |07f1.

j<2r

Apply (@23) to 0% to find

1202 05-C (T)|| 12y < e(m, s, Py )T (1 4 [F]fyyre ) > Nl £l gmse-rsar
|6|=0

O

Given wy(0) = f € S(R3; K) choose wy the solution provided by Lemma It satisfies
for all «,

(9.24) (x,0742)%wo € L¥([0,T)7 x R, x R2; K).

Setting the right hand side of ([9.20) equal to zero yields an equation that is solved using
a Hom(K) valued integrating factor g(t, z),

(9.25) Mwy = g(t, z) wo,

where g is the solution of (@.I5]). The ray average hypothesis with parameter 0 < g < 1
yields estimates for the derivatives of g and therefore those of ITwy,

({t)P (x,00)*Mwy) € L=([0,T] x R, x RY; K).
The component (I — IT)w; is given by (Q.0) in terms of wqy so (@.24) implies,
(.07 10y)* (I —wy € L=([0,T] x R, x RS x RY),

with w; is periodic in y. This completes the determination of wy and w;. At this stage
one has r_1 = ry = IIr; = 0. We choose wy to that (I — II)r; = 0. The latter equation
holds if and only if

This determines (I —IT)ws. On the other hand, [Twy does not affect the profiles r_q, 7o, 7.
It is chosen equal to zero,

(9.27) Mw, = 0.
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The estimates for wg,w; imply that the y-periodic w, satisfies estimates analogous to
those of w; so,
(9.28) )P (2,07 40y) w; € L([0,T] xRy x RE xRY),  j=1,2.
This completes the determination of the profiles so that
(929) T_lz’l"o:?“l:O.
Theorem 9.6. If f € S(R*;K) there is a unique wy € C*(R; S(R3;K)) satisfying (LI)
with wo(0) = f. Define wy, wy and v" by (@6), @25), (226), (A.27) and @) respec-

tively. If u" is the exact solution of P"u" =0 with uh}tzo = then for all o

(9.30) sup | H(:c, h 0y ) (u" — v

te[0,T/h

"l
t=0’

h)HLQ(RS) < C(a) hliﬁ O0<h<l.

Proof. Let m € N. The bound (9.28)) and the identity (0.29) yield the residual estimate
— e} h_ h

(9.31) [(t) % (z, h&y.)* (P )HLDO([O’T/WR% < Cla)h?, h €]0,1].

This combined with Theorem .1 and Remark shows that there exists a constant

C(m,T) such that for all ¢ € [0,T/h]

T

VAN

/h
=0,y < O T) (=)0, + [ NP, )

(9.32) = C(m,T,B) (H(uh — M)+ o(hl—ﬁ)) .
For the first term in the rhs of ([@.32) we follow the proof of Theorem .6 which yields in

this case

(=)0, < O ).
The error estimate with polynomial weights z® requires an additional weighted stability
estimate. We will use the following notation. For a function u(¢,z), integers ¢, m > 0,

define
lu@llemn = D e (hhe) u(®)] po(ges -

181<L, |a|<m
Lemma 9.7. Under the assumptions of Theorem[{.]], there exist constants c¢(¢,m), C(m, h)
such that
(9.33) () lmn < c(€,m) e D u(0)]|g -

Proof. Tt is a commutator argument resembling the proof of Theorem (4.1l The proof is
inductive in ¢. The case ¢ = 0 is provided by Theorem Al Assume that (@.33]) holds for
¢ = (. The case { + 1 is proved by applying the inductive hypothesis to zju for j =1,2,3
and using the commutator relation

[Pra]=4;  j=1,23.
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An application of Gronwall’s inequality finishes the proof of the lemma.

Using the weighted estimates as above proves the theorem.

Proof of Theorem Write

gh—yh — (uh_vh> 4 (uh_uh> 4 (Uh—yh).

The preceding theorem estimates the first term. It suffices to show that the differences

uh

— " and v" — v" have similar upper bounds. The first follows from the stability for

Maxwell’s equations proved in Lemma [0.7. The second follows from Lemma O
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