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GLOBAL SOLUTIONS OF THE RANDOM VORTEX FILAMENT EQUATION

7. BRZEZNIAK', M. GUBINELLI* AND M. NEKLYUDOV'

ABSTRACT. We prove the existence of a global solution for the filament equation with inital
condition given by a geometric rough path in the sense of Lyons [17]. Our work gives a positive
answer to a question left open in recent publications: Berselli and Gubinelli [3] showed the
existence of a global solution for a smooth initial condition while Bessaih, Gubinelli, Russo [6]
proved the existence of a local solution for a general initial condition given by a rough path.

1. THE FILAMENT EQUATION

In this note we prove the existence of a global solution for the following rough filament
equation
d
DAL — O (()(©), t € [0,50),€ € [0,1],
7(0) =0,
where the initial condition 7q : [0,1] — R? is a geometric v-rough path (for some v € (%, 1)),
see Assumption Here y : [0,00) — D, C C is some trajectory in the subset D, of the

space C C C([0,1];R3) of continuous closed curves in R? parametrized by the interval [0, 1].
Finally u7, v € D,, is a vector field given by

(1.1)

1
() = /0 Vo(r —(E)) x dv(e), (1.2)

where ¢ : R? — R is a smooth function which satisfies certain assumptions (see Hypothesis
[B.2). The exact meaning of the line integral above and the definition of the set D, will be
given below. Equation (LI)) has its origin in the theory of the three dimensional Euler equa-
tions. It is well known that for the two dimensional Euler equations the vorticity w = curlu
is transported along the fluid flow. The situation changes drastically in three dimensional case.
Additional “stretching” term in the equation defining the vorticity leads to a possibility of its
blow up in finite time. Furthermore, a result of Beale, Kato, and Majda [2] suggests that a pos-
sible singularity of the Euler equations appears when the vorticity field of the fluid blows up.
Consequently, understanding the behaviour of the vorticity of an ideal incompressible fluid is an
important problem in fluid dynamics.

The properties of the motion of the vorticity has been studied for the last 150 years starting
from the works of Helmholtz and Kelvin [[16]. It has been suggested by Kelvin to use the
so called Biot-Savart law

T —y 3
u(x) = —— X w(y)dy, reR
@ = [ =t xul)
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2 Z.BRZEZNIAKT, M. GUBINELLI¥ AND M. NEKLYUDOV

where x denotes the vector product in R?, combined with an assumption that the vorticity is
supported by a smooth closed curve evolving in time v : R, x [0, 1] — R? via a formula

1
W(I,t) = F/O 5(56 _ W(t’g))a’)/(t 5)

5 de, reR3t>0
and definition of the flow

P = u(Xi(@),1), >0, (1.3)
Xo(x) = =
to formally deduce the filament equation
1

Iw(t 5) (t,n)l?’ on

The assumption that the vorticity is supported by some curve is coherent with numerical simula-
tions of 3D turbulent fluids which show that regions of large vorticity have a form of a “filament”,
see for instance [3]] and [21]].

Equation (I.4) has singularity when ¢ and 7 are close to each other and the initial curve 7 is
smooth. As a consequence, the energy of the solution of this equation given by the formula

rz ot 1 o(t,n) n(§)
- - ded
87T/o /0 V(&) —~(tm)| I o€ Sdn, 20

is infinite for any smooth curve (¢,-). In order to avoid the singularity Rosenhead [20] intro-
duced the regularized model

1
av(t g =-L V(t,€) = (tn) « ln)
S Jo (6 —AEmP 22 T an
which is widely used in aereonautics to study the dynamics of trailing vortices at the tips of
airplane wings.
The problem (L.I) has been studied by Berselli and Bessaih [4]] and then by Berselli and
Gubinelli [3]]. It contains the equation (I.3) as a particular case when, for for some p > 0,

r
t)= ———7, zcR.

(> + p?)2

Equation (L) is in fact a nonlinear PDE for a function v : [0,00) x [0,1] — R3. A natural
setting for the well-posedness of the corresponding Cauchy problem is obtained by requiring the
vector field u to be well defined and Lipshitz with respect to the space variable. To this effect
the approach followed in is to set up the equation as an evolution problem in the Sobolev
space H! of closed absolutely continuous curves in R? with square integrable first derivative
(with respect to the parameter). This approach implies that the vector field (once lifted to H')
does not allow strong enough estimates to deduce the global existence. This issue is ultimately
due to the fact that in the 3-dimensional incompressible flows, the vortices stretch and undergo
a complex dynamics and that a priori this could lead to a explosion of the H' norm. Such
a difficulty should be compared to the more stable behavior of 2d vortex points which, under
incompressible flows, are simply transported along the flow lines. Exploiting the conservation
of the kinetic energy of the flow and a control of the velocity field generated by the vortex line
via the associated kinetic energy Berselli and Gubinelli [5] showed the existence of a global
solution to equation (II) with initial conditions in .

(1.5)
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Bessaih, Gubinelli and Russo [6], partially motivated by the random filament models sug-
gested by Gallavotti [11] and Chorin [8], considered the above evolution problem when the
initial data is a random closed curve. For definiteness they considered the initial data sampled
from the law of a 3-dimensional Brownian loop (a Brownian motion starting at 0 € R? and con-
ditioned to return to 0 € R3 at time 1). In this case it is no more possible to set up the problem in
the Sobolev space H'! since Brownian trajectories almost surely do not belong to this space. A
more serious problem is the meaning to give to the generalized Biot-Savart relation (I.2)) since
the line integral along a Brownian trajectory does not allow a straighforward definition. More-
over stochastic integration (a la It or Stratonovich) does not provide a good framework to study
this problem since it does not posses a natural filtration on the parameter space stable under the
time evolution. For these reasons [[6]] identified the spaces of controlled rough paths as a natural
framework to have a well posed problem.

Rough path theory has been introduced by T. J. Lyons in the seminal paper (see also [10}
[18L[19]) as a way to overcome certain difficulties of stochastic integration theories and have
a robust analytical framework to solve stochastic differential equations and similar problems
involving integration of non-regular vector-fields. It turns out that rough paths theory and in
particular the notion of controlled paths introduced in allows to give a natural interpretation
to the Biot-Savart relation (I.2)) and obtain a well-posed problem. Using this approach Bessaih,
Gubinelli, Russo [6] obtained existence of a local solution to eq. (II) when the initial data is a
closed curve of Holder class with exponent v € (1/3, 1] (suitably lifted to rough path space).

The aim of the present paper is to extend the energy method of Berselli and Gubinelli to the
rough path setting and obtain a global existence result for the equation (LI]) when the initial data
is a geometric rough path, thus completing the analysis of [6].

Recently there have been some deep progresses in the study of evolution equations in the
space of controlled rough paths. In particular Hairer showed how to use controlled path
theory to have well-posedness of a multidimensional Burgers type equation driven by additive
space-time white noise and later [14]] used similar ideas to tackle the longstanding open problem
of the Kardar—Parisi—Zhang equation for which he described a notion of solution for which
existence and uniqueness can be proven.. The key technical tool to obtain these results has
been the observation that the more singular non-linear term involved in the fixed-point argument
has the same structure of the Biot-Savart relation (I2)) and thus can be similarly handled via
controlled paths techniques.

A major open problem which remains largely unexplored is the rigorous study of the un-
regularized filament equation (L.4), whose singularity seems to defy any reasonable analytic
approach. On this respect the very suggestive heuristic computations of Gallavotti seems
to hint to the fact that rapid oscillations of the curve + could provide a natural regularization.
Another very interesting problem is the study of the rough filament equation as an Hamiltonian
system on the space of parametrization invariant paths on the lines of [1]] and [[7]].

Acknowledgments. The authors would like to thank the anonymous referees for their careful
reading and the detailed comments which helped us to improve the presentation.
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2. DEFINITION AND PROPERTIES OF ROUGH PATH INTEGRALS

In this section we will present the controlled path framework and we will define the rough
path integral and state some of its properties. We will mainly follow the papers [12] and [6].

In what follows by V, W we will usually denote Banach spaces, by L(V, W) the Banach
space of bounded linear maps from V' to W and by C'(X,Y") the space of continuous function
from X to Y. Moreover we let T = [0, 1] and

Cn(V) = {f S C(Tn, V) : f(tl,tg, s ,tn) =0if t; = ti+1 for some ¢ = 1, = 1}.
We will understand that C'(V') = C1(V') and we will consider the Holder norm

|f(a) = f(b)

la=suplf@]+ sup v feow)

0<a<b<1i  |a— D[
on C1(V) and the following semi-norms on the spaces Ca(V') and C5(V')

o= swp L@V e g = s M@bl

0<a<b<1 |a —bJ¥ 0<a<b<e<1 la—clt g€ CsV).
The associated normed spaces are defined by
CHV)=Ci(V)={f € Ci(V) : |flu < o0},
Co(V)={f € Cao(V): |flu <00}, C5(V) ={g€C3(V): |glu < oo}
For n = 1,2 define the operators 6 — d,, : C,(V') — Cpp1(V) as
01f(a,b) = f(b) — f(a),  d29(a,b,c) = g(a,c) — g(a,b) — g(b,c)

for all a, b, ¢ € T. They satisfy the following fundamental property d f = 0, for all f € Cy (V).
Let ZCH(V) = C{(V) Nkerd and BCY (V) = CL(V) Nimd. If g € ZCH(V) then g €
BCE(V), ie. is there exists f € C1(V) such that 6f = g. Then following result has been
proved in [12]:

Proposition 2.1 (Sewing lemma). For any p > 1 there exists an unique linear map (Sewing
map) A : ZCY(V') — CY(V') such that

This map is continuous and we have

1
ARl < 5o llblls € ZCH).

Now, we define a class of paths for which rough path integral will be defined.

Definition 2.2. Assume that v € (0,1) and fix X € C¥(V). We say that apath’Y € C(V) is
weakly controlled by X if there exist a function Y’ € C¥(L(V,V)) such that the function

R(En) =Y () =Y =Y (X(E) - X(n), &neT, .1
belongs to C2¥ (V). We denote Dx the set of all the pairs (Y,Y') satisfying @I). This is a
vector space which can be endowed with the semi-norm || - ||p, given by the following formula

IV, Y )y = Y |ev + (| Rllcges (2.2)
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Furthermore, let us define a norm || - ||, in Dx by
1Y, Yoy = 1Y llpx + sup [Y(E)]. (2.3)
£eT
With these definitions (Dx, || - ||, ) is @ Banach space. While not necessary for the integration

theory it will convenient for our intended application to assume that all our controlled paths
take values in V.= R3 and are closed, that is Y (0) = Y (1).

In the present paper an element (Y,Y’) € Dy can always be canonically identified from
its first component Y by the mean of standard procedures discussed below. In this context we
denote by RY the corresponding remainder: RY = 6Y — Y’§X. Moreover we will often omit
to specify Y’ when it is clear from the context and write ||Y ||p, instead of ||(Y,Y”)|py.

We will repeatedly use the basic estimate

Yller < [IYllpy (1 + [ Xle)- (2.4)
Controlled paths are stable by mapping via sufficiently regular functions.
Lemma 2.3. Let ¢ € C?(R3,R3) and (Y,Y') € Dx. Then
(W, W) := (6(Y), ¢'(Y)Y") € Dx 2.5)
and the corresponding remainder has the following representation

RV n) = dV(E)R (&n)+ Y (n)-Y(©) x

1
x / VoY (€) + (Y ()~ Y(€) - VoY (©)dr,  £neT. 26)
0

Furthermore, there exists a constant K > 1 such that
o) oy < K[Vl IY [l (1+ Y [lpy ) (1 + [ X)) (2.7)
Moreover; if (Y,Y") € Dg and (W, W') := (¢(Y), ¢/ (Y)Y") then

W = W[, + |RY = R ||a, + |[W — W], <

- . ~ . (2.8)
CIX = Xl + Y =Yl + R = R ||z + [|Y = Y,
with
C = Kl[glles(1 + | Xlcv + [ Xlleo)* |1+ Y oy + 1V [lpg)*. (2.9)
When X = X we have
lo(Y) = ¢(V)llpxe <K[Volloz Y [lpx 2.10)

AHIY o + [V IDx)* (1 + [ Xl )Y = YDy

Proof. See [12]], Proposition 4 for all statements of the Lemma, except (2.6) (which is actually
also proven, though not stated explicitly). Let us show (2.6). Denote y(r) = Y (&) + (Y (n) —
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Y (&)),r € [0,1]. Then

1
B(u(1)) — By (0)) = / & (y(r)y (r)dr @.11)
0
1
= S0t - vHO) [ S rdr = 30 SO ) - YHE)
k o k
1
foler Ioler
+ 2w - ) 0/ e W) = - (V)]
¢ N I 0o Yk
= S SO - X(©) + 30 5 (V@R )

and the result follows. O

In order to define the integral for paths controlled by X we need a further ingredient: the
existence of basic integrals of X with respect to X itself. These objects are encoded into what
is refereed to as a rough path as follows.

Definition 2.4. Assume that v > 1/3. We say that couple X = (X,X?) where X € C¥(T,R?)
and X% € C2¥(L(R3,R3)) is a v-rough path if the following condition is satisfied:

X2(&,p) = X2(6m) = X2 (n,p) = (X(&) — X () ® (X(n) = X(p)), &mpeT. (212)

Remark 2.5. If v > 1/2 the solution X2 to @2.12) is unique. Indeed, assume that there exists
another X7 which satisfies definition 24 Put G(¢) = X2(¢&,0) — X2(&,0). Then by condition
C12)
and, since X2 € C%¥, G is a Holder function of order bigger than 1. Hence, G = 0 and thus
X2 = X2

1If v > 1 and X is a v-rough path, then X is given by the pair of constants (X (0),0). Indeed, in
this case X is Holder function with exponent more than 1 i.e. X is equal to a constant function
X (0) and the only possible choice for the second component is X2 = 0.

If v € (1/2,1] then X? is uniquely determined by X. Indeed, if we let

n
X2 (¢, ) = /(X;', _X0)dXT 6 eTij=1,23, (2.13)
3

where the integral is understood in the sense of Young (see [22]) it is possible to show that
X? € C2¥ and that this definition satisfies conditions of Definition 2.4} Since v > 1/2 it is the
only possible choice.
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Definition 2.6. We say that our v-rough path (X,X?) is a geometric v-rough path if there exist
a sequence (X, X2) such that X,, € C(T,R3) is piecewise smooth, and

lim [||X, — X[ + X2 — X?[l2] =0, (2.14)
n—od

where

n
X2 = [(Xi(p) - XuXA(p)  EmeTij =123
§

Example 2.7. Let {Bt}te[o,l] be the standard 3-dimensional Brownian bridge such that By =
By =z and let B>¥ 4, j = 1,2, 3, be the area processes defined by

n
B> (¢, m) :/ — B})dB),
3

where the integral can be understood either in the Stratonovich or in the It sense. Then, the
couple (B,B?) is a v-rough path for all v € (1/3,1/2) (see [6, p.1849]). Moreover, if the
integral is understood in the Stratonovich sense, then (B, B?) is also a geometric v-rough path.
Indeed, it follows from Theorem 3.1 in [9] that one can approximate X with piecewise linear
dyadic (X,,),>1 in the sense of Definition [2.6] where the limit is understood in the almost sure
sense.

From now on we suppose that the geometric v-rough path X = (X, X?) with v > 1/3 and
the corresponding Banach space Dx are fixed. For a finite partition 7 = {{p = { < & < -+ <
&, = 1} be of the interval [¢, 1], let d(7) = sup |[§;+1 — &;| denote the mesh size of the partition

i

.

Lemma 2.8. IfY, Z € Dx then the limit

n—1

Jm SV @) - ZE) + V@7 @R w8l = [ Yaz @19
1=0

exists and defined the integral on the r.h.s.
Proof. This statement is a direct consequence of the existence and properties of the sewing map

and of the definition of the controlled path space, see [12], Theorem 1. For the sake of the
presentation we sketch a proof. Let us denote

AE ) =Y (ENZ0) = 2(€)) +Y'(€)Z'(€)X*(n,€), € €T.

Let us note that, with the assumptions of the Lemma, d A € ng. Hence, provided that 3v > 1,
we can apply the sewing map and we have the decomposition A = 61 + A6 A where I € (.
But this implies that

n—1 n—1

A ZAQ,&H A Z (€i41) = 1(6)) + lim ZAM &, Eiv1))-
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The first term on the r.h.s. telescopes and since [ASA(&;, &41)| < €41 — &Y the second term
on the r.h.s converges to zero proving the existence of the limit and moreover

n—1
d(E)ng 2 A&, §iv1) = L(n) — 1(8).
]

The explicit representation in terms of the sewing map can be used to prove the various
estimates for the rough integral below.

Remark 2.9. In the case of v > 1/2 the line integral defined in Lemma [2.8] is reduced to the
Young definition of the line integral [ Y'dZ. Indeed, it is enough to notice that second term in
formula 2Z.13) is of the order O(|&; 11 — &%), 2v > 1. In this case the line integral does not
depend upon Y, Z'.

Integrals of controlled paths have very nice continuity property with respect to variations of
the controlled path and also with respect variations of the rough path on which the controlled
path space is modelled.

In the following X = (X,X?) and X = (X, X?) are two v-rough paths and Y € Dy and
Y eD  two path respectively controlled by X and X In this case we introduce the following
distance

DY, Y) = [ X=X ov +|X* =X cav + Y=Yl + | R =R ||z + Y =Y [|cv. (2.16)

Lemma 2.10. Assume Y,W € Dx, Y, W & D . Define maps @, Q : T?2 — R by the following
identities

"

Qn,§) = /g YAW =Y (&) (W(n) = W (&) =Y (W' (O)X*(n,€),  n,E €T, 217
and a similar expression for Q with Y,Y' W, W' X2 replaced by Y,Y',W, W' ,X2. Then
Q,Q € C3¥ and there exists a constant C = C(v) > 0 such that for all Y, W € Dx

1Qllcg < C(L+ [ Xllew + X[l cz) 1Y [loy W llDs - (2.18)
Furthermore,
1Q = Qllegr < C(L+ | Xllov + X[l cz0)
(1Y [lpx + Y lpg)ew + (W oy + [Wlng)ey +ex). (2.19)
where
ey =Y =Y'llov + |RY = R |lcav + Y = Ylcv,
ew = [[W = Wlcv + |RY = RV |l cav + [W = W|cv,

ex = (1Y lpx + 1Y o) (W oy + Wl )(1X = Xllov + 1X* = X[ c20).
Proof. See [[12]], Theorem 1. For formula (2.19) see [12]], p.104, formula (27). O
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By Lemmata 2.8l and 23] for any A € C%(R3, L(R?,R3)),Y € Dy we can a define a map
VY : R? — R by the means of the rough path integral as follows

1
VY(z):= /0 Alx =Y (£)dY (£), z€R3 (2.20)

For maps F' : R — W and n > 0 we denote by || F||c» the usual norms

[Pl = sup sup [VoF(z)]
0<|a|<n z€R3

We have following bounds on the regularity of VY.

Lemma 2.11. There exists C1 = C1(v), Cy = C2(X) such that for any integer n > 0 and all

IV VY |poe < 4C1CR(IV" Al [V I[D (1 + 1Y [l ) (2.21)

and
V"V = VY (e < CW)||AllensCh (1 + |[Yipy + [V]p,)?D(Y,Y) (222)

where

Ox =1+ [ Xlev + IXllov + X2l czr + X%l czv-
In the case of X = X, inequality @Z22) can be rewritten as
V"V =V VY e < 16C1C3 (V" Alle Y [y (L+ 1Y ok )Y = YDy (223)

Proof. By the results [6, Lemma 7] it is known that VY € C" if A € C™*2 and alsto that
eqns. (2.21) and 2.23) hold. Now we will show (2.22). It is enough to consider the case of

n = 0. By eq. (2.18) we have

Vi@) = Vi(@) = Alz=Y(0)(Y(1)-Y(0) - Az — 57(0))(5:/(1) —}7(0)[
+(A@ = Y)) (0)Y'(0)X%(0,1) = (A(z = ¥))'(0)Y"(0)X*(0,1)

+Qx(0’ 1) - Q$( ’1)’

where Q* and Q" (given by the eq. (ZI8)) satisfy inequality (Z19). Recall that Y'(1) = Y (0)
and Y (1) = Y'(0), hence we have

VY VY| < sup | (A(x — Y))'(0)Y'(0)X3(0,1) — (A(z — Y))'(0)Y'(0)X*(0,1)]

+sup|Q7(0,1) — Q"(0,1)].
(2.24)
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For the first term on the r.h.s. we have

(A = Y)) (0)Y'(0)X%(0, 1) — (A(z — Y))'(0)Y"(0)X*(0, 1)
< [(VA(z = Y(0)Y'(0)Y'(0) = VA(z — Y(0))Y"(0)Y(0))X(0, 1)
+|VA(z — Y(0))Y'(0)Y(0)(X*(0,1) — X*(0,1))]
< [1X2 ez VA2 = Y(0))Y'(0)Y'(0) = VA(z = Y(0))Y'(0)Y(0)]
+ [ All o2 [V [Foe 1X? = X2l g0
< X2l oo 1Y Foe | Alle2 1Y = Yz + X2 cgo [ Allor (1Y |z + 1Y ]| zo) Y
+ Al Y1200 1X2 = X2 oo

By (2.19) we can estimate second term as follows
Q" - @leg < O[(IAG ~ V) llpy + 14— V)l ey
+ (IYllox + 1V log)ea + x|,
where
ey =Y =Yllov +[[Y = Y'|cv + | R = RV [|czv,
ea=Az —Y) = Al = Y)|cv + Az = Y) = Az = Y)'|lev
+ ||RA(:1:7Y) RA z—Y) ||02u’
ex = (4@ = Y)loy + 4G - V)lpy)
X (Y llpx + 1Y )(1X = Xlev + X2 = X2|cgv).-
By formula (2.8) we can estimate € 4 as follows
ea < K|[Alles(L+ [ Xllov + X en)* (1 + 1Y by + 1V D)
X (X = Xllev + Y = Yev + IY = Yllov + R = RY [|zv)-
By inequality (2.7) we infer that
[A(z = Y)llpy < K[ Allc2llYllpx (1 + Y[y ) (1 + [[X]lev)?,
and similarly,
[A(z = Y)|lp, < K[ Allc2 ]V pe (14 Yo ) (1 + 1 X | ov)*.
Therefore, combining inequalities (2.26]) with (2.26), (2.27) and (2.28)) we get
107 = Q%llege < CONAllgres(1 + [ Xlow + [ Kllcw) (1 + [V IIpy + [T llog)?
(IX = Xllov + X2 =X cgo + Y = V' ]lov + IR = R |l + [IY = Ylev).
Hence, the result follows from (2.23) and (2.29)).

- YIHLOO

(2.25)

(2.26)

2.27)

(2.28)

(2.29)
O
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3. THE EVOLUTION PROBLEM FOR A ROUGH FILAMENT

Let Dx v = C([0,T],Dx), where the space Dx has been defined in Definition be a
vector space with the usual supremum norm

|F[|Dyr = sup [[F(t)]p,- (3.1)
te[0,7

Obviously Dx r is a Banach space. For an element v € Dx r, the time-dependent vector field

(t,2) > w00 (2 / Vo(r —(t,€)) x dy(t,€)

is well defined by the rough integral and it is meaningful to consider the Cauchy problem (L))
in Dx 7. The following local existence and uniqueness result been proved in [6], see Theorem
3, p-1842.

Theorem 3.1. Assume ¢ € CO(R3,R), v € (1/3,1), X = (X, X?) is a v-rough path, 7o € Dx.
Then there exists a time Ty = Ty(v, ) > 0 such that the problem (LI) has unique
solution in the space D~, 1, C Dx1,. Moveover if X, X are two v-rough paths, vy € Dx,
Yo € Dy and v, two solutions of (L) respectively in Dx 1, and DX,TO then there exists a

constant C = C(X,%, 6., [ ollip 5ol . ) such that

sup  D((t),7(t)) < CD(v(0),7(0)).
0<t<min(7p,Tp)

This result can be easily proven by applying the Banach Fixed Point Theorem in the space
Dx,r with a sufficiently small 7". The requirements on ¢ can be easily understood as follows.
In order for u7 to be well defined the function V¢ has to be twice differentiable. Moreover in
order to apply the fixed point theorem the function (¢, £) — u?® (v(t,&)) has to belong to Dx 7
and this can enforced by requiring that the map = — zﬂ(t)( ) has to be C2 in space, uniformly
in time. This requires V¢ to be at least 4 times differentiable. Furthermore we need a strict
contraction of the fixed-point map which holds at the price of an additional derivative of V¢
ending up with the requirement that ¢ has to be six times differentiable. It is not obvious how to
improve on this requirement for a general rough initial data and v € (1/3,1/2).

The arguments used in Theorem [3.1]does not allow to have a global solution. The aim of the
present paper is to enforce further structure condition on the kernel ¢ in order to be able to use
the energy method introduced in [3].

To prove the global existence result for the problem (L.I) we need the following additional
hypothesis

Hypothesis 3.2. Assume that the function ¢ appearing in eq. (L2) has a Fourier transform
¢ : R? — R which is real, even and non-negative and satisfying the integrability condition

/(1+|k|) S(k)dk < oo.
R3

Example 3.3. The function ¢,,, y1 > 0 defined by

b)) = ———

19 ot
(- 2+ g2
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is smooth and satisfies Hypothesis see p.6 of [5]. This function is also of C'*°-class so it
satisfy also the assumptions of Theorem [3.1]and as a result is an explicit example which satisfy
all the assumptions needed for the following global existence result.

Theorem 3.4. Assume that g is a geometric v-rough path, ¢ € C(R3,R) satisfies Hypothesis
B2land v € (1/3,1). Then for every T > 0, the problem (1)) has unique solution in D, 7.

We will need the following definition.

Definition 3.5. Let ¢ € C*(R3,R), v € Dx. Let

Y(z) = /O d(x —y(n))dy(n).

and
1 1 1
M) =5 [ 0@ @ =5 [ [ o0 -—1mi@re - mm). 62

The quantity H?((’y) is called the energy of path ~y. We will omit ¢ below.

Remark 3.6. Definition (3.2) is well posed. Indeed, by Lemma 21197 € C?(R3,R?) and,
therefore, it follows by Lemma2.3]that ¢)7 oy € Dyx. Moreover, if v > 1/2 and v € C}(T,R?),
then by Remark 2.9] the line integrals in the definition of the energy are understood in the sense
of Young.

Lemma 3.7. Assume that ¢ € C*(R3,R). Then there exists a constant C = C(v,X) such that
forall v € Dx
Hx (N < Cliglloallylip, (1 + [1vlloy ). (3.3)
Furthermore, for any R > 0 there exists C = C(R) such that for any v € Dx, ¥ € Dy
satisfying
Vlpx < R 7llpg < R,
Cx 5 = IXllcr + |1 Kllov + X2z + X2z < R
we have
[Hx(v) = Hz (V)] < C(R)D(v,7)- (3.4)
In particular the map Hx : Dx — R is Lipshitz on balls, i.e. for any R > 0 there exists
C = C(R) such that for any v,5 € Dx: ||7]lpx < R, |7llpxy < R we have

Hx(v) —Hx(I)] < CR)|ly —Allpy - (3.5)
Proof. First we will show inequality (3.3). By representation (Z.17) we have
Hx () = 507 (O) (1) = 2(0) + 87 (10)'(0)] 7 (O2(1,0) + Q(0,1)
= [+ II+III (3.6)

Since (1) = ~(0) we infer that I = 0. Concerning the second term by Lemma 2.T1] we have
the following estimate

11T < X2 [leze IV [ 17 17 < Cws X[l esllVlIDy (L + IyllDg)- B
For third term, from inequality (2.18]) we infer that
(I < ||Qllggr < C(w, X) |97 (M) llox I7llDx - (3.8)
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Then by Lemmata 2.3]and 2.11] we have

197 (Mlipy < CwX)[[97 lc2llVIDy (1 + lIvliDy)
< C,X)dlle Dy 1+ 17Dy ). (3.9)

Combining inequalities (3.7), (3.8) and (3.9) we get inequality (3.3). To prove inequality (3.4)
we start by formula (2.18) to get

Hx(y) —Hz () = % [(VW(W(O))W'(O)W'(O) = V47(3(0))7(0)7'(0))X*(1, 0)

+ VT (3(0)7 (07 (0)(X(1,0) — X2(1,0)) + Q(0,1) — Q(0,1)]
= I+1I1+111 (3.10)

The first term in (3.10Q) can be represented as follows

I = (VY7 (4(0)y'(0)y'(0) = V47 (3(0)7'(0)7(0)X*(1,0)
= [(V¢7(4(0)) = V47 (3(0)))7' (0)(0)
+ VT (3(0)(7'(0) = 5(0))7'(0)
+ V¥ (3(0)7(0)(7(0) — 3(0))] X?(1,0)= A+ B +C, (3.11)
and the first term in (3.11)) can be estimated as follows

Al = [(Ve7((0)) = V&7 (5(0))7'(0)7'(0)X*(1, 0| (3.12)
< IIXzchllv\lpx(IVW( (0))
VY7 (3(0))] + V47 (3(0) — V&7 (3(0))))
X2l ege 11D (197 2 4(0) = (0
Cxlldlles (1 + vlloyx + 1305 ) D(7: %)
KCx|[¢llos (1 + [1vllox + [1Fllog )> D(v, 7).

IN

IN +

Here the second inequality follows from inequality (2.22) and the third one from inequality
@2.21). For second term in (3.11]) we have by inequality (2.21))

1Bl < CIX*[lczvlvlpxllelles 131Dy (1 + 1705 ) D(v, 7)
< CCx(1+|vlpy + I7llp )’ D(7, 7). (3.13)

Similarly, we have for third term

IOl < CW X, [vllog: 7D ) D(7:7)- (3.14)

Going back to the term /7 in (3.10) we observe that it can be estimated as follows

11| < IV e 131 D(7,7) < CxlIglles (1 + [nllps + IFllpg )* Dy, 7).
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Thus it remains to estimate third term of equality (3.10). By inequality (2.19) we have
Q(0,1) = Q(0,1)] < Q ~ Qll g
< Cx [([W7(A)llpg + 197 (9)llpx ) D (7, 7)
+ (IFllog + 17D ) D@7 (F), 47 (7))
+ (17 @lpg + 10" Nlox) (g + 17lDy)
X (IX = Xllow + %2 = X2 30)]

By inequality 221), the term |[¢)7(7)|/p is bounded by the constant C' = C(v, X, ||7||py )
Therefore, to prove estimate (3.3)) it is enough to show that there exists a constant C' =
C(v, X, R) such that for 7,5 € Dx with || v||py, [|[¥|lpx < R

D(7(7),¢7(7)) < CD(v,7). (3.15)

By the triangle inequality we have

D(7(3),47 () < D@Y(3),47(7)) + D@ (7),47 (7))

=I+11. (3.16)
The first term can be estimated by using inequality (2.8)) as follows
11| < KCX (97 los (1 + [llpg + 17llox )2 D3, ). 3.17)
By inequality (2.21]) we have
17 llos < CllgllesllFb, (1 + 17llpx) (3.18)

Combining inequalities (3.17) and (3.I8]) we obtain the necessary estimate for I. It remains to
find an estimate for the term I1. By inequalities (2.7) and (2.23]) we have

IT = D@7 (), (1) < A+ I X[) 17 (3) = 47 () llox
< K|V =V lervlpx (14 7l ) (1 + 1 X]1)°
< K[|gllosCx (1 + Vllox + 13lp£)°D(3, ) (3.19)
Hence the inequality (3.4) follows. Finally the bound (3.3)) is a consequence of eq. (3.4). U

Let us recall the definition (I2) of the vector field u” generated by a controlled path ~:

1
W(z) = /0 Vé(x — () x dr(), v € Dx. (3.20)

Now we will show that if the energy functional of ~y is bounded then the associated velocity field
is a smooth function. We have

Lemma 3.8. Assume that ¢ € C*(R3,R) and Hypothesis holds. Then the energy function
Hx : Dx — R is continuous. Furthermore if v is a geometric rough path then

1 . L 2
_ i(k,v(E))
Hx(v) = ) /R3 gb(k‘)‘ /0 "\ dry (€)| dk > 0. (3.21)
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Moreover, if in addition the integral [g; k204 (k) dk is finite and ¢ € C"4(R3,R3), then
for any n € NO, we have following bound

1 -
V7|7 < Tk [ /R KPRk | Hx (7). v € Dx. (3.22)

provided that

Proof. For a smooth curve v Lemma[3.8 has been proved in [5, Lemma 3]. In the general case,
when v € Dy, it is enough to notice that both sides of eq. (3.21)) and of inequality (3.22]) are
locally Lipshitz and therefore, continuous w.r.t. distance D (Y, }7), Y € Dx, YeD ¢ defiend in
(2.16). Indeed the continuity of H x and continuity of ||V™u” ||z readily follows from Lemma

k11 O
Now we are going to show that energy is a local integral of motion for problem (L.

Lemma 3.9. Let vg a geometric v-rough path and v € D, 1, be a local solution of prob-
lem (1) (such a solution exists by Theorem[3.1). Then

dH, (7(s))
ds

Proof. Since v(0) = vy € D5, is a geometric rough path (we will denote its area component
by I'p) there exist sequence {j}°2; of piecewise smooth closed curves in R3 such that if we
denote by (~, ') their canonical lift to the space of v-rough paths we have

=0, s€e[0,Ty).

I8 = oller + TG = Tolleze = 0, n— oo.

Now observe that 7§ € Dy, 79 € Dy, since we can take (7§)' = (70)’ = 1 and R0 = R =
0. Hence we deduce that

D(vy,7v) — 0, n — 00.

Denote by v € C([0, 00), H! (T, R?)) the global solution of problem (LI) with initial condi-
tion (. Existence of such solution has been proved in Theorem 2 of [5]]. Moreover note that
for smooth functions 4" controlled by the rough path (¢,I'}) the integral defined via rough
paths coincide with the standard Lebesgue integral and the solution of the Cauchy problem in
C(]0,00), HY(T,R?)) with the rough solution whose local existence is stated in Theorem [3.11
The locally Lipshitz dependence of the rough solution on the initial data stated in Theorem [3.1]
implies that

lim sup D(y"(¢),7(t)) S lim D(7"(0),7(0)) =0

n—oo te[O,TO] n— o0

for a stricly positive Ty which depends only on the rough path norm of ~y. Therefore, by the
continuity of the energy functional #., we have

Hou(2(s) = lim Hog(27(s)), s € 0.Th) 6.2
Furthermore, by Lemma 2 of [5], we have
Hoyn(Y"(s)) = Hyp (), s €[0,Tp). (3.24)

As a result, combining inequalities (3.23) and (3.24) we get the statement of the Lemma. O

Now we are ready to prove Theorem 3.4
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Proof of Theorem[34l According to Theorem [3.1] there exists a unique local solution of prob-
lem (LI). Then, we can find 7% > 0 and a unique maximal local solution v : [0,7%*) — D,
which then satisfies
lim
t AT*
We need to show that 7% = oco. Therefore, it is enough to prove

v®)lp,, = oco. (3.25)

sup [[7(8)[lp,, < oc.
€[0,7%)

Indeed, by contradiction with (3.23), the result will follow. In the rest of the proof we show such
estimate. Notice that we will have

Hyo(V(5) = Hao(0), s €[0,T7), (3.26)

and recall that
t
¥(t) =0 + / w9 (y(s))ds. (3.27)
0
Firstly we have
@l < Tollz= + [ 10 lleds < e+ [ #2006

< |ollz + CHY2 (o)t e[0,77). (3.28)
It follows from (3.27)) that

t
2 (t) = b+ / V) (4 ()7 (s)ds, t € [0,T%). (3.29)
0

Therefore, by Lemmata and we have
t t
17" @)z < 7o llzee +/ IV || oo |7 (5) || oo ds < [17pl| oo +/O CHIP(v(3)) I (5) | oo s
= bl + [ CHLOOIN Glluwds,  te0.T) 330

Then by the Gronwall Lemma we infer our second estimate

1/2
17 ()| 2o < Vg || o0 00t e [0, 7). (3.31)

We will need one more auxiliary estimate. We have

t t
IW®ler < Iholler + / 17 (y(5) e l1ds < ollce + / V6| o [y (s) v s
< Ioller + / CHY2(y(3)) || (5) e ds

= oles + [ CHPOORGlords, e 0.7, (3.3
Thus, by the Gronwall Lemma we get

1/2 "
v (#)]lcv < [lyollcveCHo (0 ¢+ e [0, 7). (3.33)
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Now we can estimate C' norm of 7/. We have
t
I ®ller < Ioller +/0 IVa? @ ()7 ()| v s
t
< Iollev +/O (Ve g [ () lev + [ ()| 2o [ Va? ) (3(5)) e ) ds

t
< [oller +/0 (Ve e [ (8)llow + 1 ()2 1V 20| o [y (5) v ) s
< Iollcv

t 1/2
+/0 (CH2 (o) (I (9)ller + [7bllze[Irollev e 0 0%))ds, ¢ € [0,T),
(3.34)

where last inequality follows from Lemmata[3.9]and 3.8] Then by the Gronwall Lemma we get
the third estimate

1/2
IV ®)ller < (Woller + 7ollze nollov)eCo 00k ¢ e [0, T). (3.35)

It remains to find an estimate for || R7()||5,. We have

¢
RY® — R0 +/ Ru”(s)(v(S))dS’ tel0,T%). (3.36)
0

By identity (2.6) we have for s € [0, T™*)
w7 (y(s s s
RTIOEN (&) = VO (y(s, )R (€,m) + D (7 (s,m) = 7F(s,)

k
/
0

1(5) 1(5)
B (5.8 + () = (5, )) — T

Oy, (v(s,6))| dr. (3.37)

Therefore,
w¥(S) ((s s s 1 s *
IR 0D o < [V | oo | RV 20 + §||7(s)||20u||v21ﬂ( Np=, s€0,T7).

(3.38)
Thus, by inequalities (3.38) and (3.33) we have for ¢ € [0, T*)

t
1
1ROl < 18 lege + [ (V00O B g + (6 B 707 s
t 1
<IRPllgge+ [ U967 m | Bz + Il e 00 92070 ) ds
0
1/2
< IR lloge + Clllnller, M2 o0

t
- /0 CHYZ(10) | BT || ez ds, (3.39)
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where in the last inequality we used Lemmata [3.9] and Hence, by the Gronwall Lemma we
get

1/2

1/2 .
1RO oz < (1B lloge + Olllnollcs H2(0))e PR 0 CHT @, 4 ¢ [0,17)
(3.40)
and combining estimates (3.28)), (3.31), (3.33), and (3.4Q) we prove following a-priori estimate

1/2 .
Y (®)llp,, < K1 +H32(30)) (1 + [70llp,) 70 llp,, €70 C0F, -t € [0,7%), (341

and the result follows. O
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