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Consumption-investment optimization problem in a
Lévy financial model with transaction costs and ladlag
strategies.

E. LEPINETTE and T.Q. TRAN

Abstract We consider the consumption-investment optimization problem for the fi-
nancial market model with constant proportional transaction rates and Lévy price
process dynamics. Contrarily to the recent work in [4], portfolio process trajectories
are only left and right limited. This allows us to identify an optimal ladlag strategy,
e.g. in the two dimensional case, as it is possible to suitably rebalance the portfolio
processes when they jump outside the no trade region of the solvency cone.

Keywords - Consumption-investment Problem - Transaction costs - Hamilton-
Jacobi-Bellman equation - Viscosity solution - Lévy process.
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1 Introduction

We study a consumption-investment problem with infinite horizon for financial market
models including proportional transaction costs and when price’s dynamics is driven
by a Lévy process. This problem originates from the seminal paper of [2]. Davis and
Norman [3] rigorously solved the problem and provided the optimal consumption plan
in a diffusion model with transaction costs. Although the value function W is in general
not smooth, Soner and Shreve [12] shows that W is solution to the HIB equation in a
weak sense, i.e. is a viscosity solution. When the risky asset prices follow exponential
Lévy processes, Framstad et al. [6] have obtained the same results as those of [12]
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under some mild conditions. An extension to the jumping diffusion case is studied by
Kabanov et al. [4] where a general market model with conic constraints is considered.

The present paper extends [4] to the case where the controls (the portfolio strategies
and consumption plans) are only left and right limited (ladlag). This generalization is
important as we need it to identify an optimal strategy, as conjectured in the two-
dimensional case by Framstad et al. [6]. Indeed, in [6], the set of controls is the family
of all right continuous and left limited strategies but the conjectured optimal scontrol
is only ladlag. Actually, despite this contradiction, considering ladlag strategies is the
good intuition as the negative effects induced by price process jumps on portfolio
processes may be corrected by an immediate re-balancement. The economic intuition
is also straightforward. When asset prices move in response to unpredictable events,
which is typically the case at jumping times of a Lévy process, a trading response
should be immediately be made after the event i.e. the strategy or control should only
be right limited. However, if a market information is announced at a predictable time,
e.g. in the presence of a predictable labor income stream, a trade may be executed
immediately before the announcement, i.e. the strategy is right-continuous at that
predictable time.

Although the main results in this paper extend the results of [4] and [6], one needs
to re-examine carefully each step of the proofs. One of the most difficult part is to
show that the Bellman function is the unique viscosity solution to the HJB equation.
In the presence of one bond and one risky asset, we study the regularity of the Bellman
function and give a construction of the optimal strategy which is conjectured in [6].

The paper is organized as follows:

— Section 2: Description of the consumption optimization problem.

— Section 3: Elementary properties of the value function (Bellman function) W.

— Section 4: We show that W is a viscosity solution of a Hamilton-Jacobi-Bellman
(HJB) equation.

— Section 5: We show that the (HJB) equation admits a unique solution under some
mild conditions and as soon as there exists a Lyapunov function.

— Section 6: We propose a condition under which W is finite. This is in particular the
case when there exists a non negative classical supersolution to the (HJB) equation.

— Section 7: We show that W is continuous when finite.

— Sections 8,9: For the power utility function, we construct a Lyapunov function and
a non negative classical supersolution for Sections 5 and 6.

— Section 10: We apply the general results to a two-dimensional model. Under some
conditions, we prove that the value function is continuously twice differentiable and
we construct an optimal control. To do so, we solve a Skorokhod problem. Note
that we introduce in this part a new definition of viscosity solution in a weaker
sense. This allows us to change the global operator by a local one and then deduce
that the Bellman function is C2.

— Appendix: Resolution of the Skorokhod problem for Section 10.

Notations:

In Rd, we use standard notations like |z|, the Euclidean norm of = € Rd, d(z,y) =
|z — y|, etc. The Euclidean scalar product between two vectors z,y € R? is denotes by
zy € R.

We shall use the notations AT and A~ to designate the left (resp. right) limit of a
process A and we also denote by A;— and Ay its left and right limit at time ¢. If A is
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a ladlag predictable process of finite variations, the left and right jump processes are
denoted by

AA:=A— A", ATA:= AT — A,
and we introduce the associated cadlag processes:

AL =" A4, AT =" A%A, >0
s<t s<t

The continuous part of A is defined as
A® = A— AT - A%

We denote A° the optional version of the Radon-Nikodym derivative dA¢/d||A°| where
[|A€|| is the total variation of A°.

2 Optimal consumption investment problem

We consider the financial market model with jumps adopted in [4]. The price return
process is modeled by a d-dimensional Lévy process (Yt)tzo defined on a stochastic
basis (£2, F, (Ft)+>0, P) satisfying the usual conditions. We denote by p(dz, dt) its jump
measure and q(dz,dt) = II(dz)dt its compensator. We suppose that IT(dz) is a non
negative measure concentrated on (—1, 00)? and

/Rd (|z|2 A \z|) 11(dz) < oo. (2.1)

The dynamics of Y is given by

dYy = pt + 5dW; + / z (p(dz,dt) — q(dz,dt)), (2.2)
Rd

where p € Rd, W is a m-dimensional standard Brownian motion and = is a matrix of
dimension d x m. In the identification of an optimal strategy, we shall only consider
a pure jump Lévy process with finite activity, i.e. [g |2[m(dz) < co. The general case
remains open.

Two constant cones K and C are given. They are supposed to be closed and proper,
iie. KN(—K) = {0} and CN (—C) = {0}. We assume that C C int K # . In finance
K and C stand respectively for the set of transaction constraints (solvency cone of
financial positions with non negative liquidation values) and consumption constraints,
respectively. The dynamics of a portfolio process is defined by:

dVi = Vi dYy +dBi —dCi, i=1,....d, Vo=Vo_ =z, (2.3)

where the controls m = (B, C) are ladlag predictable processes of finite variations. The
dynamics (2.3) means that the portfolio process V is self-financing. The variations of
V are only due to the increments of Y. The transaction costs described by B are with-
drawn from the portfolio value. At last, C represents the cumulated sum of consumed
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wealth. If 2 € R? is an initial endowment, we assume that = = (B, C) belongs to the
class denoted by Az of all admissible controls satisfying the following properties:

1) B¢ € —K, dP, d|| B|| a.e., C°eC,dP, d||C| a.e.,
2) AYB; € —K, ATC: € C, a.s. for all stopping times 7,
3) ABr € —K, AC; € C, a.s. for all predictable stopping times T,

H UV =V" 1= (B,C) € Az, is such that V- € int K for some stopping time 7,
then V;5f =V, + ATB, — ATC, €int K,

5YIfV =V", 7= (B,C) € Az, is such that V,_ € int K (resp. K) for some stopping
time 7, then V-— + AB; — AC; € int K (resp. K),

6) z+ AT By € int K.

The three last conditions mean that portfolio manager does not deliberately get his
position out of the solvency cone. It is also assumed that ABSr =ACy=ATCyH=0
and dC¢ is absolutely continuous with respect to the Lebesgue measure and we write
dC§{ = cidt.

Using the monotonicity of the controls B, C with respect to the partial order in-
duced by K (i.e. Va,y € Rd,x <y<y—z € K), we may deduce that B and C are
of finite variations. Indeed, since int K # @, by an appropriate change of coordinates
we may assume w.l.o.g. that all coordinates of B, C' are monotonic, hence are of finite
variations.

Without loss of generality, we assume that C = C°¢ is continuous as the jumps
of C are ignored in the optimization problem we consider. Precisely, we assume that
dC't = c¢dt almost everywhere w.r.t. the Lesbegue dt measure on R.

For every control 7 € Ay, let us introduce the stopping time
0" =inf {t: V{" ¢ int K }, (2.4)

where V™ is the portfolio process starting from z € R? and satisfying (2.3). We suppose
that the strategy m = (B, C) is frozen after the exit time, i.e. ATBg = 0 and dB; =
ct = 0 for t > 0. Throughout the paper, we fix a discount coefficient 5 > 0.

For every control m = (B,C) € Az, = € int K, we define the utility process

tAO™
Ji (z) = / e P5U(cs)ds,
0

where U is a non-negative utility function defined on C. We assume that U is concave,
U(0) = 0 and U(z)/|z| — 0 as |z| = oco. The optimal consumption problem consists
in optimizing the utility process J™(z) over the set of all admissible strategies. To do
so, we define the Bellman function as

W(zx) := seu}\) EJ5(z), =z €intK. (2.5)
TEA,

Showing that the Bellman function is finite is not a trivial task. Indeed, this is based
on the existence of classical supersolutions to the associated HJB equation, see Lemma
6.2. Moreover, the continuity of W is proven in Theorem 7.4 in Appendix.
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3 Some elementary properties of the Bellman function

We denote by > the partial order defined by K, i.e. if z,y € Rd, r-ysr—ye K.
Proposition 3.1 The function W is increasing with respect to the partial order >.

Proof. Suppose that zo = z1. Let 7 = (B,C) € Az, and VD be such that

VO(P = 1,
avV = vy} 4 dBi —dci, t>0,i=1,--- d.

Let us define VO(E) = x2 and Vt(Q) = Vt(l) if t > 0. From the dynamics of V) we
deduce that

VO(E) = T2,
where B = B} + (2} — xé)l[oyoo)(t) is still a ladlag and predictable process of finite
variations satisfying Aét € —K a.s. since 1 —x2 € —K. As VO(E), VO(P € int K it is
straightforward that §2 = 0 where 0%, i = 1,2, are the stopping times defined by (2.4)

respectively for V() and V(Y It follows that # = (B,C) € Ay, and we deduce that
W(f£1) < W(fﬂg) O

In the following, we obtain lower bounds for the Bellman function. To do so, let us
define the liquidation function associated to the solvency cone K, i.e. for x € K,

l(z) :=sup{z € Ry iz —ze1 € K}

We have x — l(z)e1 € K. Then, consider the strategy ABg := l(z)e; — = and
Bt = Bg for t > 0. For a given consumption plan ¢, the corresponding portfolio
process is: V3 = (X¢,0) where

t
X :=1(z)S} —S}/ (S8) eudu.
0
If the consumption plan is ¢s = kX, then Y; := Xt(Stl)71 satisfies

t
Yt::z(x)fn/ Yadu,
0

ie. Yy = I(x)e " Tt follows that X; = S}I(z)e "'. We deduce that the process X
does not hit zero, i.e. the process V stays in the interior of the solvency cone. With the
strategy 7 := (B, C) above,

oo
JT = / e P U (kSH(z)e ) dt,
0

and then,

(o]
W(z) > supE/ e PU(kSH(x)e ™ ) dt.
k>0 0

In the particular case where Yl =0, i.e. S} = 1, we have the following:
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Lemma 3.2 With S* = 1 and the power utility function U(x) = u(weo), where
uy(t) =t7/v,v € (0,1), we have

(1_57)7_%7@), (3.6)

where ki« := B/(1 — 7).

4 The HJB equation

In the following, we denote by Cp(K) the set of all continuous functions f on K such
that sup,e i |f(2)|(1 4 |2[) 7P < co. The set of all functions f which are C?, i.e. twice
continuously differentiable on int K is denoted by C?(K). We use the notation C?(z),
S RQ7 for the functions having only these properties on a neighbourhood of z. For
each m = (B,C) € Ay, x € int K, and every function f € C1(K) N C?(x) which are
increasing with respect to the order <, we consider the integro-differential operator

H(f,z): = /Rd [f(x + diag (z)2)I(z,2) — f(z) — f’(m)diag (x)z] II(dz), (4.7)

where I(v,2) = I4diag (v)zcintk- Applying a Taylor expansion to f € C1(K), we
claim that

|f(z + diag ()2)I(z, 2) — f(z) — f'(x)diag (z)z] < Cu(l2| A |2[?),

where C; is a constant depending on x. Therefore, the operator H is well defined. Let
us now define

G: = (—K)Nnooi(0),

Yalp): = sggpm,
xr

U*(p) : = sup (U(z) — px),
zeC

Av: = (diagv).E ((diagv).E)T7 v e RY,

and the operators:

Fo(X,p, HW,z): = %T& A(z)X + pT (diagz)p + H — W, (4.8)
Lod: = Fo(¢"(2), ¢ (w), H (9, ), 6(x), 2), (4.9)
F(X,p,HW,z) : = max {Fo(X,p, H,W,z) + U"(p), Xc(p) } , (4.10)
Lo:=F(¢"(x),¢'(x), H(¢,2), (), ). (4.11)

Let us introduce the Dirichlet problem associated to the HJIB equation:
FW"(z), W (z), HW,z), W(x),z) =0, x¢€intK, (4.12)

W(x) =0, ondK. (4.13)
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We consider a possible solution to the HJB equation in the viscosity sense. Observe
that the integro-differential operator H is not locally defined because of the operator
H. Therefore, we define viscosity solutions in the global sense as follows:

Deﬁnitim} 4.1 A function v € C(K) is called a viscosity supersolution of (4.12) on
a subset K C K if for every x € int K and every f € C1(K) N C%*(z) such that
v(z) = f(z) and v > f on K, the inequality Lf(z) < 0 holds.

Definition 4.2 A function v € C(K) is called a viscosity subsolution of (4.12) on
a subset K C K if for every © € int K and every f € C1(K) N C%(z) such that
v(z) = f(z) and v < f on K, the inequality Lf(z) > 0 holds.

Definition 4.3 A function v € C(K) is called a viscosity solution of (4.12) on a subset
K C K if v is simultaneously a viscosity super- and subsolution on the subset K C K.

When, the subset K= K, we just say that v is a viscosity solution (resp. super- or
subsolution). At last, a function v € C1(K)NC?(int K) is called classical supersolution
of (4.12) on a subset K C K if Lv < 0 on int K. We add the adjective strict when
Lv < 0 on the set int K.

Lemma 4.4 A function v € C(K) is a viscosity supersolution of (4.12) on a subset
K C K if and only if, for every point x € int K, the inequality Lf(z) < 0 holds for
any function ¢ € C2 (z), such that the difference v — ¢ attains its global minimum on
K at x.

Proof. The proof of this result is the same than the proof of [9, Lemma 4.2.4] except
that we replace the notion of local minimum by the global one. O

Remark 4.5 In the classical theory developed for differential equations, the notion of
viscosity solution admits an equivalent formulation in terms of super- and subjets JT,
J™ (see definition in [4]). But this is not the case in our formulation due to the non-
local property of the integro-differential operator. Although, there is a link between the
notion of viscosity solutions and super- and subjets as stated in [4, Section 7].

Theorem 4.6 Suppose that W takes finite values. Then,
i) The Bellman function W is a viscosity supersolution to (4.12).
it) The Bellman function W is a viscosity subsolution to (4.12).

Theorem 4.6 implies that the Bellman function is a viscosity solution to (4.12). We
shall see conditions under which W is finite.

4.1 Proof of Theorem 4.6

The proof is based on preliminary results we formulate before. The proof of the following
lemma is given in [4].

Lemma 4.7 For every portfolio processV = V™, w € Ay, the process Iv_cor|AY |[1[g,6m]
is indistinguishable from zero.



8 E. LEPINETTE and T.Q. TRAN

Let us define for each n the compact set
1
nh

Note that (Kn)n21 is an increasing sequence whose union is int K. For every control
7= (B,C) € Az and x € int K, we define VP as the stopped portfolio process.

Knp:={zeK:|z|<n}n{zeK: d(z,0K) >

VOJ7z = Vﬂ-’z’eJ7z = Vﬂ’mf[oygn[ + szl[gnyoo[ (4.14)

i

where 0" is the first instant when the portfolio exits K. We also define B 0% similarly.
Note that the value of Vé;’x may be outside int K due to a possible jump of the Lévy
process at 0" but, in this case, V(;:;f ¢ OK by virtue of Lemma 4.7. From the dynamics
of V™% we deduce that

n

t
0 . or _ on n
v g +/ Tig.omy()ding (V) (usds + Zaws) + B — ",
0

t
. o
+ / / ) diag (V,*)zI0,0n1(s) (p(dz, ds) — q(dz, ds)) .
0o JR
We propose to study the quantity
— _ 9"1 en
X = e PRV, AYipg,) + T, (4.15)

by means of the Ito formula. We set f(Vthr*)I(Vte_*, AY;pp, ) = 0 by convention when

on _
I(V,*, AYinp, ) = 0 so that th’n is well defined even if f is only defined on K. If Kj,
is replaced by K we write X’tf instead of X’tf ™ We also introduce

‘/tn = VtJrI[Oﬂn[(t) + Vgg I[G",oo[(t)'
We have the following key result:

Lemma 4.8 (It6 expansion) Let f € C1(K) N C%(int K) be an increasing function
with respect to the order <. Then, we have

X" = f(2) + Nepon + Rinor
tno" N N
+ / eBu {ﬁof(v,ﬁ) _ P Yew+ Ulen)| du,
0

where N is a local martingale and R is a decreasing process such that Rg = 0.

Proof. Note that we do not assume any regularity of f on K. Therefore, we can
not directly apply the Ito formula to th ‘™. To overcome this difficulty, instead of

considering Vgi, we study the process VO defined by
on
V e VI[Oﬁn[ + ng I[9n7oo[. (4,16)

We also have a representation for Vo,

t
on L em _ on .
v +/ Tio.gmy()ding (VO™ ) (usds + Zaws) + BY- — €
0

t n
+ /0 /Rd diag (Ve: )21[07971)(8) (p(dz,ds) — q(dz,ds)) .
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For a sake of simplicity, we write Vi = V::f = Vtg* +A+Bf’ . The It6 formula applied
~ 971
to the process e Pt f(V;) := e_’Btf(VtJr’) yields

) = F@)+ [P T =8 [T T ()
0 0
+ 1/t BT AV, " (Vs V1o g1 (5)d
D) o S_ S_ [079n] s)as
+ e AV = £V ) — P (V) (V= Ve ).
s<t

Using (4.16) and the fact that B; - + AT B}~ = Biy 119 gn) + Bon _ 1gn o0, we deduce
that

t t
/ B S (Vi )dV = / P (Vi VI gy (u)ding (Vi) (ud + EdVW,)
0 0

t t
+/ e*ﬂuf’(vu,)ngJr/ e P (Vi eudu
0

0

+ > e g,y (5) 1/ (V) (AT By + ABy)
s<t

t
+ / / e P (Vu_ )diag (Vi_ )2Ijo gny (s) (p(dz, ds) — q(dz, ds)) .
0 JRA
Note that Vs = Vi_ + diag Vs_ AY; + AT B, + AB,. We then rewrite

Z —Bs [f("} ) _ f(‘z,) — f/(‘,;s,)(‘ﬂ\/is — ‘7:;,)}

{f(Vs — f(Vs_ +diag‘7574Ys)} Ij0,6m)(s)

s<t
>’
s<t
+> e’ [ (Vq + diag (‘Z,)AYS) — f(Vs_) — f'(Vs_ )diag (‘7?97)41@} Tj0,6m)(s)
s<t
=) e (Vi) (AT By + ABs) Ijg gn) ().

s<t

Moreover,

e £ (Vo + ding (Vo )AYS) = (V) = (Vs )ding (V) AV | Tg,0m) (s)
s<t

t
= [ [ ding (T 2) = (Th) = (T ding (7 )2] Ty 5) ol )

Since I(‘~/L R AYS) =1 for s < 0", we may omit the indicator I within the operator H
for s < 0". We deduce that

e PUF(Vi) = f(x) + Nepgn + Ringn (4.17)

tAO™
+ / e P {cof(%,) - f’(%,)cu} du, (4.18)
0
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where

t
Ny = / e P (Vi )diag (Vu— ) E 1o gn) (u) AW (4.19)
0

! = ~ ~
+ /0 /Rd e Pu [f(Vu, +diag (Vu_)z) — f(Va_ )} Iig,0m) (u) (p(dz, du) — q(dz, du)) .

The residual term is

Re:=Y e P10 (s) {f (175, + diag (Vs_)AYs + ABS + ABS)
s<t
~ ~ t ~
_ f(VS_ + d1ag (Vs_ )AY9)1| + / efﬁuf/(vu_ )I[O’gn,)(u)dBZ. (420)
0

The process R is decreasing due to the monotonicity of f with respect to K. Finally,
observe that

n

X[ — e P V) = I+ € P [f (Vg )T (Vgn—, AYy,) — F(Van )] Ly,
— JF e P [f(v9n+) — (Vg + diag(Vgg)AYen)} I(Vgn_, AYy V1y_gn

LBe" [f(vgn_ + diag (Vgn ) AYga )] (Vgn _, AY,, ) — f(Vgn_)} Lygn.

(4.21)
Plugging the r.h.s of (4.21) into (4.17), as the Lesbesgue measure d¢ does not charge
any point, we conclude the theorem with
~ t
Ny = / P f (Vi )ding (V) E 1o goy(u)dWa (4.22)
0

t
+ / / P (Vi + ding (Vo )2) (Vi , AYa) — F(Va )] I g () (p(dz, du) — g(d, du))
0 Rd
nd

a.

Ri:=Y e PIiggu(s)[f (Vs_ + diag (Vs )AYs + AT B, + ABy)
s<t

— f(Vs_ +diag (Vs_)AYs)|I(Vs_, AYs) +/t e*ﬁuf’(vu,)l[o,en](s)dBE.
’ (4.23)
O
Remark 4.9 If the function f € C*(R?), we may directly apply the Ito formula to

th = e P f(Viy) + JT and we obtain the following result:

tAO
th = f(iE) + Nt + Rt + / e—ﬁu |:LOf(Vu,) - fl(vu,)cu + U(Cu) du,
0

where N is a local martingale and R is a decreasing process with Ro = 0. Moreover,
th = th if f vanishes outside int K.
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We now formulate a strict supersolution property which is the key point to deduce
that W is a global viscosity subsolution of the HJB equation by using the dynamic
programming principle. We fix a closed ball such that Or(z) C O2,(z) C int K and
we define the stopping time 7™ := 7,7 as the exit time of V™ from O, (z), i.e.

T i=inf{t > 0: |[V]"" —z| >} (4.24)

Lemma 4.10 Let f € C*(K) N C1(K) be such that Lf < —e < 0 on Op(z). There
exists a constant 1 := n(e,r) and an interval (0,to] such that

sup EX[". < f(@)—nt, te(0,to], (4.25)
TEAL

where t — Xf’T,r is defined by (4.15).

Proof. We fix a strategy m and omit its symbol in the notations below. Observe
that only the behaviour of the processes we consider does matter on [0, 7]. For n large
enough, we have Oa,(z) C int K. Therefore, 7™ < 6™ hence we may apply Lemma
4.8 so that

tAT
X = f(z) + Near + Renr + / e P [Lof (V) + U™ (Vuo)] du
0
/ —@”[ _>+f’<vu,>Cu—U<cu>]du,

tAT
= f(x) + Niar + Rinr + / e PULF(Vi )du
0

/W —Pu [ Vi) + ' (Vu_ Yeu — U(cU)] du
/

tAT

+ e P [Lof(Vu) + U™ (Vue) = LF(Vu )] du.

We deduce that
. tAT
K = [(@) + Noar + Bonr + / LI (Va )du
0

_ /MT e Pu {U*(Vuf) + ' (Vau_)ew — Ulcu) | du, (4.26)
0

where R is a decreasing process such that Ro =0 and N is a local martingale. As it is
shown in Lemma 8.3 [4], the stopped process N7 is a martingale hence EN‘AT = 0.

By assumption, £Lf(y) < —e for all y € Or(z) and so X (f'(y)) < —€ on [0, 7]. It
follows that f’(y)k < —e|k| whatever k € —K so that f'(Or(x)) C int K* on [0, 7].
In particular, for s € [0,7], f'(Vs_)BS < —e|BS|. We deduce that the following term
above (appearing in the expression (4.23) of R) is bounded as follows:

tAT . InT .
/ P (Vo Vueo BEd| B Ju < —< / P Lo BE|dI| B .
0 0

On the other hand, the other terms defining R in (4.23) can be estimated as follows:
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f (Ve + diag (Vs_ ) AY: + ABY + ABy) — f(Vs_ + diag (Vs_ ) AY:)
= (f(Vsr) = f(Vs)) 1lag,=o0 + (f(Vs.) — F(Vs-)) LaB, 0,
= f'(7s)(ABs + AT By),
where vs € [V, Vs+] on the set {ABs = 0} and s € [Vs—, Vs+] on the set {ABs # 0}.
Observe that vs € Op(x) if s < 7. If s = 7 we may assume without loss of generality

that the controls AB;" = AB; = 0 hence V; = V-4 as we consider the supremum
given in (4.25). Therefore, we have

[f (‘/s_ + diag (VG_)AKS + AB;_ + ABQ) — f(‘/s_ + diag (VS'_)AYS)] ISST
< —€(JABS |+ |ABs|) Ii<,.

Therefore, by Equality (4.26), we deduce that

E)?gc/’\?_ < flz) —ee Pt nr) — e PEZ,

where

tAT AT
Ziim [ rlenf Wi ds e [ BB e Y (1ABY ]+ |AB).
0 0

s<tAT
r(c,p) : = U (p) + pc — U(c).
Recall that U*(p) = sup,cc(U(xz) — pz) > 0 since U(0) = 0. Moreover, by as-

sumption,

~inf pc > e.
pES (Or(x)), ceC, |c|=1

Since U(c)/|c| — 0 as |c| — oo, we finally deduce that there exists a constant x > 1

such that

inf  r(e,p) >k, VeelC, ¢ >k
pef(Or(x))

Therefore,
tAT 1 tAT
/ r(cs, f'(Vs_))ds > Kk~ / Iic,|>kles|ds.
0 0

Moreover, the second integral defining Z dominates k1| B€||¢tanr for some k1 > 0.

Indeed, recall that all norms in R? are equivalent, in particular ¢ |.| < |.|1 < ¢|.| for
d

some ¢ > 0 where |z|; := Z |z;| and |.| is the Euclidean norm. It follows that
i=1

¢ YIBC| < Var B° < o B,
where Var B¢ is the total variation of B¢ with respect to |.|1. At last, we have:

_— d i d - d
Bh=)_ 1B =) =X
=1 =1 =1

dBCi
dVar B¢

dBCi
d||B<|

dVar B°* _ dVar B
df| Bl dl|Be|| -
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The claimed property follows. We deduce some constant v > 0 such that
Ex],, < f(@) —e "y EZ,

where
tAT
Z Z:t/\T+/O Iic,1>rleslds + || Bllear+-
Observe that
tAT
Zi >t AT+ ||IBlliaryt */0 Iie,|<rleslds > (1 = K)EAT + || Bllear+-

Using the stochastic formula of V', we immediately get the existence of a number tg > 0
and a measurable set I" with P(I") > 0 on which

V" = 2] <r/2+6]Bliy,  t€[0,to],

whatever the control # = (B, (). Diminishing to, we may assume without loss of
generality that ktg < r/(49). For any ¢ < to, the inequality ||B||-+ > r/(2d) holds on
the set I' N {7 < t}. Therefore, if ¢ < tg,

Zi > (1 — k)T 4 2Kty > Kto > t.

On the set I' N {7 > t}, the inequality Z; > ¢ obviously holds. Thus, EZ; > tP(I") if
t € [0,t0] and the result is proven. O

Observe that, if n is large enough, 7 < 0™ hence thA’TTL,r does not depend on n.

Lemma 4.11 Suppose that W is continuous on int K. Then, for any stopping time
T €Ty , we have:

W(z) > sup E (Jf(x) + e_’gTW(fo)IT<9) )
TEA,

Proof. The proof is an adaptation of the proof of [4, Lemma 9.2|. In the latter, it

suffices to replace p by p:=inf{j > 1: Vf_;_ﬂ €0,}.0

Lemma 4.12 Let Ty be the set of finite stopping times. Then,

W(z) < sup inf E (Jf +e_ﬂTW(Vf’”)IT<9>. (4.27)
ncA, TET;

Proof. This lemma is proved in [4] since it corresponds to [4, Lemma 9.1] which does

not depend on the structure imposed on the controls B. O

Proof of Theorem 4.6.

i) We adapt the proof of [4, Lemma 10.2] since the arguments of the proof are
based on a strategy m = (B, C) such that B = 0 and, in our case, we need Lemma 4.11
to replace [4, Lemma 9.2]). In that case, Vi = V4 for all ¢ > 0 and the Ito formula is
valid as observed in Remark 4.9 but also in [4].

ii) Let = € int K and ¢ € C1(K) N C?(K) be a function with ¢(z) = W (zx) and
W < ¢ on K. Suppose that ¢ is not a subsolution, i.e. there exists € int K such that
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the required inequality fails. Precisely, by continuity, suppose that L¢ < —e, € > 0, on
a neighborhood O, (z) C int K of z. By virtue of Lemma 4.10, there exists a constant
n :=n(e) and an interval (0, o] such that

s€u£ E (JfA’:TW + 67ﬁ(t/\ﬁr:)¢(vﬁ\7::+)1(vf/:\f;'—’AY%/\Tf)) < é(x) —nt, te(0,t0],
TEA,

(4.28)

where 77 := 77 is given by (4.24). We may assume w.l.o.g. that r = r’. Fix an arbitrary
t € (0,t0]. Applying Lemma (4.12) to V4, we deduce that there exists m € Az such
that

. — 1

W(w) < inf B (J5T+e PODWVET ) Iinr<o ) + it (4.29)
TETs T T 2

As W < ¢ and since I(V;y]x _, AYiparr) = 0 implies that [;prx <9 = 0, we obtain from

above that W (z) < ¢(z) — 3nt, in contradiction since W (z) = ¢(z). O

5 Uniqueness theorem

Definition 5.1 We say that a positive function £ € C1(K)NC?(int K ) is a Lyapunov
function if the following properties are satisfied:

1) ¢ (z) € int K* and Lol(z) <0 for all x € int K,

2) £(z) — oo as |z| — oo.

In other words, £ is a classical supersolution of the truncated equation (excluding
the term U™), continuous up to the boundary, and increasing to infinity at infinity.
Let us introduce the following condition on IT which guaranties the uniqueness of the
HJB equation we consider, under the condition that there exists a Lyapunov function
as stated in the next theorem.

Condition I7°: Vz € int K, IT(z : = + diagzz € dK) = 0.

Remark 5.2 This condition holds in the two dimensional case if the first component
of the underlying asset is a bond B = 1 so that II = dg ® ™ where we suppose that 7
does not charge the singletons.

Theorem 5.3 Suppose that there exists a Lyapunov function £ and the Lévy measure
11 is such that

II(z: £+ D3zz€ 0K}) =0 Vi € int K.

Then the Dirichlet problem (4.12) has at most one viscosity solution in the class of
continuous functions satisfying the growth condition

W(z)/l(z) =0, |z|— co. (5.30)

Moreover, W 1is concave.
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5.1 Proof of Theorem 5.3

Uniqueness is an immediate consequence of Theorem 5.4 below. Moreover, Theorem
5.5 ensures that the unique solution W is concave. Notice that Proposition 8.34 ensures
the existence of a Lyapunov function under mild assumptions.

Theorem 5.4 (Maximum principle) Suppose that there exists a Lyapunov function
0 and II satisfies Condition IT°. Let K be a nonempty subset of K with nonempty
interior. Let W be a continuous viscosity subsolution of the Dirichlet problem (4.12)
on K satisfying the growth condition

[W(2)|/€(z) =0, |z|— cc. (5.31)

Let W be a continuous viscosity supersolution of the Dim’ch~let problem (4.12) on K
such that W > W on OK. Suppose that either W > 0 or W salisfies (5.31). Then,
W>W on K.

Proof. The proof is an easy adaptation of the proof of [4, Theorem 11.2 |. Indeed, we
follow the same reasoning but we consider the supremum of Ay,on the set K. O

Theorem 5.5 If the HIB equation (4.12) admits a unique global viscosity solution in
Co(K), then the Bellman function is concave.

Proof. Consider the (modified) Bellman function w only defined by the (non empty)
class of admissible strategies generating the portfolio processes evolving in (int K)U{0}
on Ry, ie

Ag:={re A: V7 e (intK)u{0},vt>0}#0,"

and

W(z) := sup EJL(z), =€ intkK,
‘ITEA\z

We also consider the corresponding stopping times
0=0"" :=inf{t: V"7 ¢ int K}

for m € .Zl\m and we have V;" = 0 for ¢ > 6.Therefore, the consumption strategy c is
zero after 0. We deduce that the Bellman function W is a global viscosity solution to
the same HJB equation as W. Indeed, we use Lemma 4.12 or equivalently [4, Lemma
9.1] and we adapt [4, Lemma 9.2, where we replace the random variable p in the proof
of [4, Lemma 9.2] by p:=inf{j >1: V" € O;} and the strategy 7 is replaced by

oo
Fi=rlom) + Y[ — VIT,0) + ﬁn)k][[ﬂc,oo[]{p:n}I{ka’f—ynEK}]{‘rk<9}‘
n=1
For t < 7y, it is clear that V;" € (int K)U{0} as 7 € Ay Moreover, on {p = n}, VE =
yn € int K provided that VTi’f —yn € K and 7, < 6. Otherwise, Vﬂ;’ﬁ = V,:;;’I =0 by
Lemma 4.7. It follows that # € A, and we may conclude as in [4, Lemma 9.2] since
u > 0.
__ By assumption, the global viscosity soluti/(gl of this HJB equation is unique hence
W = W. It is well known that the function W is concave (the proof of it is given in
Framstad et al. [6]). Therefore, W is also concave. O

L Observe that A, # (). Indeed, rebalance the portfolio starting from z € int K so that
Vi =0.
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6 Finiteness of the value function

We denote by @ the set of all continuous functions f : K +— R increasing with respect
to the partial ordering > and such that for every z € int K and 7 = (B,C) the
positive process th = e_’Bt/\ef(Vtﬂ) + J{, t >0, is a supermartingale. The following
lemma (see also [4]) is a consequence of Lemma 4.8:

Lemma 6.1 Let f € C? (Rd) be a non negative classical supersolution of (4.12) which
vanishes outside int K, then f € @.

Proof. First, we claim that a classical supersolution is increasing with respect to the
partial ordering on K. Indeed, by the finite increments formula, for any x, h € int K,

Fl@+h) = f(x) = f'(@+vh)h
for some v € [0, 1]. The right-hand side is non negative because for the supersolution f

we have the inequality X (f'(y)) < 0 whatever is y € int K, or, equivalently, f’(y)h >
0 for all h € K. As a classical supersolution of (4.12), f satisfies the inequality

Lof(Vau_ )= f'(Vu_)ew +Ulcu) <0, Yu < 6.

By Remark 4.9, as (an)tzo is a local martingale bounded from below by —f(z), the

local martingale N; := limy,— o0 Nte " is also bounded from below. Therefore, it is a
supermartingale. In particular, N; is integrable and so is the non positive process

N0
R+/ e Pu {Eof(f/u_) — ' (Va ew + U(cu) | du.
0

We then conclude that (th ) is a supermartingale. O

The following proposition formulates finiteness and continuity up to boundary 0K
of the Bellman function in term of @. This corresponds to [4, Lemma 8.1 |].

Proposition 6.2
a) If f € &, then W < f on K. Hence, if & # 0, then W is finite.

b) If zo € OK is such that, for every € > 0, there exists fe € ® with fe(zo) < e,
then W is continuous at xo and W (xzg) := 0.

Corollary 6.3 Let f € CQ(Rd) be a non negative classical supersolution of (4.12)
which vanishes outside int K, then W is finite.

Proof. By Lemma 6.1, @ # (). We conclude by Proposition 6.2. O

7 Continuity of the value function

Lemma 7.1 Let us consider xo € int K. Then, limsup,_,; W(Azo) < W(zo).
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Proof. We may find 7" = (B",C") € Az, depending on X such that

ew’ﬂ
W (Azo) < E/ e P UE)ds + % (7.32)
0

Observe that, if 7 = (B",C™) € Ajg,, then #"/X\ := (B"/\,C"/\) € Az, and
07" /* = 07" We rewrite 7" as @ = Ar™ where " := (B",C") € As,. By (7.32),
we deduce that

n

o
W (Azg) < E/ e PSU(AD)ds + L.
0 n
As A71 €]0,1[ and & — U(x) is concave with U(0) = 0, we get that
U() =U (A*l(,\cg) LAY x 0) > A U,

We then get W (Azo) < AW () +n~ ! and the conclusion follows as n — co. O
Lemma 7.2 We have V;_ € int K if t € [0,0].

Proof. Suppose that V;— € 0K for some ¢t < 6. Then, by Lemma 4.7 and Assumption
5) of the model, we have AY; = AB; = AC: = 0. Therefore, V; = V;_ € 0K hence a
contradiction. O

Note that we also deduce from Lemma 4.7 that the portfolio process exits K either

in a continuous manner (in the case Vy_ € JK) or due to a jump (in the case Vp_ €
int K).

Lemma 7.3 Let us consider a sequence xn — o € int K and T € (0,00). Then, for
any T € Ag,, the sequence of portfolios V™) = V™% with initial values Vo(f) =Tn 1S

such that
TAO<liminfl, AT
n

where 6, Oy, are the stopping times defined by V := V™% V") respectively in (2.4).

Proof. Note that V(™) and V are uniquely defined by (2.3). Moreover, V" := V(™ — v/
satisfies the dynamics

V" = ViMaYY, ViL = an - wo.

Hence V"' = (2}, — 2})S} or equivalently V;* = diag ((zn — x0)/S0) S¢. We deduce

that
|zn — 20|

S*
E

sup [V — V4| <
t<T

where ST := sup;<r |St|. On the other hand, if § > 0 is small enough, we may write

inf  d(Vs;0K) = limd(Vs,,; 0K),
s<TAO—5 n

where sp € [0,T A 6 — &] converges to so € [0,T A 6 — 8] by compactness argument.
First assume that sn T sg. Then,

SSYIWI/l\feiad(Vs;aK) =d(Vs,_;0K) > 0,
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by virtue of Lemma 7.2. Otherwise, we get that

sg’ll“I/l\feféd(VS; aK) = d(V90+; aK) > 0.

Therefore, there exists ¢ > 0 such that
d(Vs;0K) > €, Vse[0,TAO—4].

Applying the triangular inequality d(Vs; 0K) < d(Vs; V') +d(Vs'; OK) we then deduce
that

_ |z — @0l

AV 0K) > € — d(Vs; V') > e S
0

Sk, se[0,TAO—6]

It follows that for n large enough
d(Vg;0K) >0, se[0,TA0—24].

We deduce that 0™ > T A0 — § if n is large enough. We have shown that whatever
d > 0 is small enough, there exists a.s. ng such that, for every n > ng, TA0 — 4§ < 0™,
Therefore, T A0 — § < inf, >, 0" and finally T A 6 < liminf, 6, AT. O

Theorem 7.4 Assume that W(zo) < co where zg € int K. Then, W is continuous at
zo.

Proof. It suffices to show that W is both upper semicontinuous and lower semicontin-
uous.

e Let us first show that limsup,_,, W(z) < W(xo). In the contrary case, we have
limsup,, _,, W (z) > W(zo). Note that limsup,_,, W(x) = limy W (z}) where z}, is
a subsequence converging to xzg. As g € int K, we may assume that z; € int K. We
define T, = (1 + k= ')xo € int K such that T, € z¢ + int K if k is large enough. As
z — xo and Ty — int K is an open set containing xg, there exists a subsequence
such that xzn, € Tj — int K hence zp, =< T}. Since W is increasing with respect to
=, we obtain that limsup, W(zy) > limg W(zn,) > W(zo). On the other hand, by
virtue of Lemma 7.1, W (z)) < W(zo) hence a contradiction.

e Let us show that liminfy, 4, W(zn) > W(xo). For an arbitrary e > 0, there exists
m € Ag, such that

o
W(zo) <€ —f-E/ e P5U(cs)ds.
0
We then deduce T € (0, 00) such that
0™ AT
W(zo) < Qe—l—E/ efﬁsU(cs)ds.
0

We introduce the stopping times 6™ associated to the portfolios defined by the strategy
m and the initial values z;,. Observe the inequality

Is <imint, o7 AT < 1iH}11nf Is<gnat-
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So, by virtue of Lemma 7.3 and Fatou’s lemma, we then deduce that

0" AT
W(zo) < 26—|—1imianE/ e 72U (¢s)ds,
" 0
W(zo) < 2¢ + liminf W (zy).
n

Since € > 0 is arbitrarily chosen, we deduce that W (zg) < liminf, W(zy). O

8 Existence of Lyapunov functions

In this subsection, we study the existence of Lyapunov functions. We only focus on the
case Where the matrix A = (aij) is diagonal with a;; = ai, such that ¢° = 0, ,uo =0
and ¢’ # 0,i = 1...d, i.e. the first asset is a numéraire and the others are risky assets.
We also suppose that the utility function is U(x) = uy(zeo), where uy (t) =7 /y,v €
(0,1), and C = R4-ep. In this subsection we work under the following condition

/Rd 1211(d=) < .

For p € int K*, we construct a Lyapunov function of the form v(x) := uy(pz),where
up(z) = %” and v < < 1. Note that the Bellman function is homogeneous of degree
~. Therefore, we choose n > ~ so that the Lyapunov function is growing faster than
the Bellman function. If such a Lyapunov exists, the HJB equation admits a unique
concave solution in C' by Theorem 5.3.

We have uy,(z) = (pz)" 'p € int K* as required for v to be a Lyapunov function.

Moreover,
Lov(e) = 5 (A)p. Py (p2) + (), Py (p) — Buun (p)
[ [+ ping (2)2)1e.2) = ) = o) v (0)2] 21C02)

Let us denote the integral expression above by Hy(z). Our goal is to choose u such
that Lov(x) < 0 on intK, or equivalently

su ia n(px) 1 . u%/(pm) Hn(z)
2 up oI + St S0+ S

Let us introduce

up(pz) |1 uyp (px)
Ly(p, z) = pdiag (z)pu— + = (A(x)p, 0 .
77(p ) p g( )Mun(pl‘) 2< ( )p p>un(px)
We have
1 d u? o1 < OiPi%; i 2
L 7x — = L 1_ 1t _ K3 ,
"](p ) 2 §: Z2 277( 77) ;_1( px 0_7((1 _77))
d 2
1 7
<57 § :%~
i=1 g;
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We then choose 3 such that

d
21l > B g Ho(@)
2 = z2 xEK un(px)
Put k(p,z) = p%,p diag (z). We have

Hy ()
up(pr) ~

< [ 0+ K02 a0y — 1= k(. 2)2] 1(d).

Note that k(p,tz) = k(p,z) for t > 0. Therefore, instead of considering the r.h.s of the
equality above on K, we may simply consider it on By := K N O1, where Oy is the
unit ball {z : |z| = 1}. It is easy to prove that this expression is bounded on Bi. We
then define

h(n) := _inf 1+k m 1k 1(d
(n):= nf  sup /R [+ k(P 2)2)" L {14 k(p.a)=>0) nk(p, )z] 1(d2),

and we chose 8 such that

(8.33)

=D

L\D"d
‘7;
SSIEaN

We may deduce the following:

Proposition 8.1
1) If the condition (8.33) holds, then v(x) = (pz)”71 > n > v is a Lyapunov
function with respect to Lo for some p € K* with p* = 1.

ii) Set h(7y) := lim inf h(n) and suppose that
Ny

(8.34)

EDEE

Then, the HJB equation admits a unique solution under the conditions of Theorem 5.3.

l\)\»—l
‘t
EEVIEAN

9 Classical supersolution

The hypothesis of this section are those of Section 8 and the notations are the same.
By Lemma 6.1, if we construct a non negative classical supersolution f € C? (Rd) of
(4.12) which vanishes outside int K, then f € &. Therefore, by Proposition 6.2, W is
finite.

Let us define v(x) := ku(pz). By definition,

U*(v'(z)) = sup (Uly) =/ (z)y) = sup (Uly) — ku, (px)py) ,

= sup (@ - k(px)”_lplyl)

y120
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Then, with p1 = 1, U*(¢/(z)) = k77 (pz)?(1/y — 1). Since v/ > 0, G C —K, and

p € K*\{0}, we have
2 (W' (x)) = sup v (p.x)pz < 0.
zeG

Our goal is to choose p, k so that, on int K, we have

BT (pa) (1 = 1) + 5 {AG@)p, Pl (pr) + k(u(z), oy (p) — K (p)

+/ [u’y (pz + *pdiag (2)2)1(z, 2) — uy(pz) — ), (pz)'pdiag (m)z} II(dz) <0

Adapting the reasoning of the previous subsection, we choose 3 such that
Yo .
ZU—; + h(y) + k71 (1= 7). (9.35)

1
/8>§1—7

i=1 "1t

Proposition 9.1
i) Suppose that Condition (9.35) holds. Then, the function

o(@) = 2 ()",

is a classical supersolution to the HJB equation for some p € K* with p* = 1.

1) In the two—dimensional model with the power utility function, assume that the

Merton parameter satisfies

1 v
KM = 1_7(/87202(1_7) *h(’)/)) > 0.

Then, there exists p € K* with p* = 1 such that the function f(z) = m(pz)? is a
classical supersolution of the HJB equation and m > (1/7)/{1{21.
Combining Propositions 8.1 and 9.1, we obtain the following result

Corollary 9.2 Let h* be defined as h*(7y) := max(h(y), h(7)). If

(9.36)

there exists a classical supersolution to the HJB equation and a Lyapunov function with

higher growing order than the Bellman function one.
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10 Application to the two-asset model

We investigate the properties satisfied by the Bellman function and we construct an
optimal policy in the case d = 2. We use the notation z = (x,y) = (21,22)" to
designate a generic element z of R? where ’ is the transpose operator. The canonical
basis of R? is (e1,e2) where e = (1,0)’ and ez = (0,1)’. The risk-free asset (a Bond)
is supposed to be a constant, and the risky asset follows a geometric Lévy process:

dst =0, S5 =1,
dsi = 57 (udt + odW; +/ x(p(dy, dt) — q(dy, dt))) , 58 =1,
R
where p is the jump measure of S? and ¢(dy,dt) = =(dy)dt is its compensator. We

suppose that m(dy) is a positive measure concentrated in (—1,00) which does not
charge the singletons and satisfies the following condition

Condition (I):
oo
/ max (1, |t])7(dt) < oo. (10.37)
-1
The inequality (10.37) ensures that 7 is a finite measure such that the associated

Lévy process has a finite activity. This implies that

Ny
Y'=0, Y =oWitpt+» xi

i=1

where Ny = Y >° | 17, <; is a Poisson process of intensity A > 0 and (x;);>1 is a
sequence of i.i.d. w-distributed random variables independent of N. A portfolio process
satisfies by definition the following dynamics:

dVit = dL?t — (14 A'?)dLi? — ¢idt,

dvi@ = VA <udt + odW; +/ z(p(dy, dt) — q(dy, dt))) +dL? — (1 + X*HdLit,
R

where LY i, j = 1,2, are the transfer processes supposed to be ladlag and (Aij)i,jzl,g
are the transaction costs coefficients. We rewrite the dynamics of a portfolio process
under the vector form:

dv; = diag Vi (;]dt + &AWy + / 2(p(dz, dt) — fY(dz)dt)) + dB; — dC:.

In the following, we use the notations i = (0, u)",& = (0,0)" and, with z = (z,y)’,
p(dz, dt) = do(dz)dt ® S oy, (dy)dNy, TI(dz) = Ao (dz) @ m(dy).

This means that A = diag (0, 0?) is the diagonal matrix with diagonal elements 0 and
o2. Morever, we introduce dC; = (cdt,0)" and

dBy = (dL?' — (14 A')dLi?, dLi? — (14 2*Y)dLity.
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The optimization problem reads as
(4
E/ e P%u(cs)ds — max,
0

where v : R4 — R is a concave utility function. In the sequel, we consider the case
of power utility functions, i.e. u(r) = %,’y € (0,1). Therefore, W is homogeneous of
degree ~:

W(vz) =v"W(z), VzeK,v>0. (10.38)

In this framework, the solvency cone K is simply a sector generated by the vectors
g1 = (1—1—)\12)61 —e2, ga = (1—1—/\21)62 —e1. The dual cone of K is K* = cone {p1,p2}
with p1 = (1 + M?)ea +e1, p2 = (1 + A?!)es + ea. For the sake of simplicity, we
suppose that A2 = A2 = )\ The consumption region is C' = Re;. Therefore, the
HJB equation is given by:

FW"(2),W'(2), HW,2), W(2),2) = 0, (10.39)
W(z) =0 on K, (10.40)
where
1
Fo(X,p, HW,2): = §J2yX22 + pyp2 + H — W, (10.41)

F(X,p,HW,z): = max {Fo(X,p, H,W,2) + U (p), Xc(p)} . (10.42)

0

By simple computation, we get that U*(p) = %(pl) =1, if p = (p1,p2)’. Moreover

Ya(p) <04 max{—gip, —g2p} <0,

and

H(u,2) = /R [z, y(1+ )T (=, £) — e, y) — il (,y)yt] w(dt),

where I(2,t) 1= 1{(z yyy)eintk)s 2 = (@, y)’. We now formulate properties satisfied by
the operator H(u, z):

Lemma 10.1

i) If u € C1(K) N CY(K \ Re1) is a non negative concave function such that
Yo(') €0 on K (i.e. u is increasing with respect to the natural order on K ), then
the operator H(u,z) is non positive.

i) If u € C (K \Re1) is homogeneous of degree v < 1 and m(R) < oo then H(u,.)
is continuous on K N{(z,y) : y > 0}. Moreover, if uy(z, 0+) exists and is finite, then
s0 is H(u, (z,0T)).

i) If u € C%(K \Re1) is homogeneous of degree v < 1 and w(R)) < oo then H(u,.)
is C* on K N {(x,y) : y > 0}. Moreover, if uy(x,07), uyy(x,0") exist and are finite,
then so is H(u, (z,0™)).
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Proof. i) We aim to prove that P(z,t) <0 where

P(z,t) == u(z,y(1 +))1(2,t) — u(z,y) — uy(z, y)yt. (10.43)

It is clear that P(z,t) = 0 in the case where y = 0. Otherwise, since u > 0, we deduce
that P(z,t) < u(w,y(1+1t)) — u(z,y) — uy(z,y)yt. So,

(z,y(1+1)) = ulz,y) — uy(z,y)yt,

P(z,t) <u
< ( (z,02) uy(l’,y)) yt,

where 0 € [y, y(1+t)]. Since the function y — u(z,y) is concave, y — uy(z,y) is non
increasing on C*(K \ Rey) hence P(z,t) < 0.

ii) Assume that (z,y) € K and y > 0. Let zn, := (zn,yn) € K, yn > 0 be a
sequence convergent to z := (x,y). Since u is locally Lipschitz on K \ Re1, we have for
n large enough P((zn,yn),t) — P((z,y),t) = o(1) uniformly on ¢ € (—1,0). We now
consider ¢ > 0. Using the homogeneity of u, we obtain

u(x"7yn+ynt)7u(x7y+yt):(1+t)’y( ( 7y”)7 ( 7y)_(1+t)’y ( )

1—|—t 1—|—t

uniformly on ¢ > 0. Finally,

u(‘r’ﬂ:yn) - u(m,y) = 0(1)7

and, similarly,
Uly (xn, yn)ynt - U;(xa y)yt = O(t)'
We deduce that

P((zn,yn),t) = P((z,y),t) = o(1)max (1, [¢]).

This implies that H(u, zn) — H(u, 2) when n — co. The case y = 0 is proved similarly,
using the boundedness of (uy(zn))n>1 when yn — 0.

iii) The proof is similar than ii). O
Let us also suppose the following:
Condition (II):

v .
B> 202(1=7) + (),

where the function h* is given in Corollary 9.2. By Corollary 9.2, Condition (I) and
(IT) implies the existence of a Lyapunov function with higher growing order than the
Bellman function and a classical supersolution to the HJB equation. Therefore, using
Proposition 6.2, we deduce that the Bellman function is finite on K and continuous
up to the boudary 9K, see Theorem 7.4. Therefore, we deduce by Theorem 5.3 that
the HJB equation admits a unique concave solution in the class Cl(K). Actually, we
prove that W € C?(K) in Subsection 10.1. To do it, we first formulate some well
known results from the literature on the Bellman function. Recall that these results
hold provided that W is continuous, concave and monotone with respect to K. The
proofs (for continuous diffusion processes, see [12] and [9]) may be extended to the
processes with jumps, as we shall see.
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Theorem 10.2 The cone K can be splitted into three non-empty open disjoint cones
Ki,i = 07 1,2, such that K = ROURlURQ with RO = cone {51752}’[?1 = cone {917§1}
and K2 = cone {g2,92} for some vectors g1, ga. Moreover, K1 contains cone (gl,el)
and Ko contains cone (2uo ™ 2(1 —~) (1 +X) "tga +e2,92) . On K1 UKo, W is C™
and is given by
W(z) = a1u(p1z), onkKi, (10.44)
W(z) = azu(p2z), onKa, (10.45)

where a1, a2 are some constants such that

B\ BN
“1Z<ﬁ) ’a22<177> T+17

Proof. We adapt the proof of [9, Proposition 4.8.2]. With ¢(z) := a1u(p1z), we need
to show that

Lop(x) +u” (pz) + H(p,z) <0,

for all z € cone (g1, e1). By Lemma 10.1 (i), we have H(p,x) < 0. Moreover, as in the
proof of [9, Proposition 4.8.2], Lop(z) + u* (pz) < 0 due to the lower bound given by
Lemma 3.2. This implies that ¢ is a classical super solution of our HJB equation on
the subset K = cone (g1, e1). Moreover, by construction, W = ¢ on K. By Theorem
5.4, we deduce that W < ¢ on K. Similarly, we follow the proof of [9, Proposition
4.8.2, statement b)| using Theorem 5.4. We then define K1, K2 as the largest sectors
on which (10.44) and (10.45) hold. O

-2 ()

then the axis of the abscises is not the common boundary of K1 and Ko.

Lemma 10.3 If

Proof. We follow the proof of [9, Lemma 4.8.4 |. Suppose the opposite. Then, the
function 1 (z) = a2(p2z)” coincides with W (z) on the sector cone (g2,e1). Then, we
may deduce the value of a2 using the assumption of the lemma. Hence, we deduce with
z = (z,y) that

Loble) 4 (e (2) = a2 = 1)L )+ ).

With z = (z,y) where z,y > 0 and z is fixed, the first term in the r.h.s. above admits
a lower bound cgy provided that y is sufficiently close to 0 and ¢z > 0 only depends
on z, az, v, 4 and A. On the other hand, we may write

2 rM )
H(w.) =% / W (2 + 40 2r(dt) + / Pz, t)m(dt), (10.46)
—1 M
where |6 < [t| for all ¢ > —1, and P is defined by (10.43). We choose M large
enough such that 7([M, 00)) is close to 0. Precisely, as 1y (2) = a2 ((1+N)z+y)?" "1 is
bounded by a constant depending on z when y is small enough, we deduce that ¥ (z, -)
is Lipschitz and finally

< exy

‘ /MOO Pz, 1) (dt)
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where €, is arbitrarily small provided that we choose M large enough. We fix M such
that ez < /3. If t € (=1, M), the factor ¥ (z + y6)|t| appearing in the first term
of the r.h.s. of (10.46) is also bounded by a constant depending on M but we may
choose y small enough such that " (z + y64)|tly is as small as we want. We finally
deduce that |H (), z)| < (2¢4/3)y provided that y is small enough. This implies that
Lo(z) + u*(¢z(2)) > 0 for some z small enough. This yields a contradiction. O

10.1 Reduction to one variable and regularity of the value function.

Using the homogeneity property of the Bellman function we reduce our problem to
the case of one variable by considering the restriction of the Bellman function on the
intersection of the line {z=(x,y) : x+y=1} with the interior of K. Indeed, if we define
() = WA —tt),te A:= [f%, 1+ %], so that we may reconstruct W from ) by
the formula

W(z,y) = (ai-l—y)%/f(xj/_y), (z,y) € int K.

As in [12] and [9], we may show that 1 is the viscosity solution to the new HJB equation
obtained by the change of variables above:

iir(l)z)mf& Li(f)=0, (10.47)
with the two first-order operators
L(f) == Mf+ A+ [, ba(f) =2 — (1 +r=r2)f,
and the second-order operator
1-— o

lo(f) = fof" + f1f + fof + thf —2f 17T + H(z, £, £(2), £ (2)),

where
1 99 2
fo(z) : = 502 (1-2)7,

fi(z) == (1=7)z(1=2)(z—0), 6:=(1—~) tuo 2,
fo(z) : = %027(7 — 1)z +yuz - B,

o0
H(z, foo0) : = / [0 P s v =t + (1= )] )
Recall that W is concave by Theorem 5.5. Then, the function v defined above is
also concave on A and its derivatives 1’, 9" exist almost everywhere. Therefore, (10.47)
holds in the classical sense as stated in [4, Lemma 6.1]. Moreover, ¢ being concave, it
admits left and right derivatives which are respectively left and right continuous and
such that the inequality D74y < D74 holds and is strict only on a countable set.
Moreover, by Theorem 10.2, ¥(z) > 0 when z is sufficiently close to A™! or 1+ A71.

Since ) is concave, we deduce that 1) > 0 on int A.
We now adapt some results from the literature about regularity of the Bellman
function. We mainly focus on the extra term H(z,%,1(2), ¢’ (2)).
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Proposition 10.4 The function ¢ is continuously differentiable on the interval int A
except, maybe at zero. If ¢’ has a discontinuity at 0, then

(1= 1,
w(0>—7< 5 ) = m (10.48)

Proof. We adapt the proof of [9, Lemma 4.8.6]. The only difference is due to the
operator H. Clearly, this does not change the proof when z ¢ {0,1} as H takes fi-
nite values. When z = 1, we need to show the extra property that H(Zn,’(/),’L/)/) —
H(l,w,Dii/)) as zp — 1 with 2z, < 1 and z, > 1 respectively. To see it, observe
that 11—, .(14¢))ex = 1, 7(dt) as., if z € [0,1]. If the sequence zn > 1 is such
that zn — 1, then 1(,_, . 14¢)yex — 1if t > —1. Moreover, if z bounded in a
neighbourhood of 1, the quantity z(1 + t)/(1 + zt) is uniformly bounded in ¢ > —1
and in z. As DFy(1) exists, we then deduce that the integrand defining H (zn, 1, 9')
is uniformly bounded by cmin(1, |¢|) for some constant ¢ > 0 independent of n. This
implies that the dominated convergence theorem applies. Finally, when z, 1 1, we get
that H(zn,¢,v") — H(1,4, D). As in [9, Lemma 4.8.6], we finally get that

Jo(M)(1) + ™ (y¢(1) = D™ (1)) + H(1,4, D" ¢) <0, (10.49)
fo(D)(1) +u*(vp(1) — D¥y(1)) + H(1, %, D¥y) <0, (10.50)

where u*(z) := 270D Letae (0,1) be such that p = aD~ ¢ + (1 — a)D 4. By
(10.49) and (10.50), we deduce that

fo(1)¥(1) + aw” (v9(1) = D™9(1)) + (1 — e)u” (y9p(1) = D™ (1)) + H(1,4,p) < 0.

Since u* is strictly convexe, we get that fo(1)w(1)4u*(y¢(1)—p)+H(1,¢, D7) < 0,
in contradiction with [9, Lemma 4.8.6, Inequality (4.8.20 |. The conclusion follows in
the case where z = 1.

In the case of z = 0, we also need to verify the convergence of H(zn,w,vj/) to
H(0,,v") as zn, — 0 with z, € (0,1). In this case, 11_,_ . (14+¢)ex = 1 for all
n if t > —1. We verify that the quantity z(1 + ¢)/(1 + 2t) is uniformly bounded in
t > —1and z > 0. With 2 > 0, we have 1 +tz > 2 +tz = 2(1 +¢) > 0 hence
0 <z(1+1t)/(1+ 2t) < 1. Therefore, the dominated convergence theorem also applies
and we get that fo(0)¥(0) + vw*(y(0)) + H(0,4,0) < 0 and finally fo(0)1(0) +
u*(y4(0)) + H(0,%,0) = 0 if 9" admits a discontinuity at zero. Since H(0,,0) = 0,
the conclusion follows. O

A direct consequence of the proposition above is that the Bellman function is C!
on int K \ R4e1. More precisely we have:

Corollary 10.5 The value function is C* on int K \Rie1. If ¢ is not Cl onRye,
then (10.48) holds. Furthermore, even if ¥ is not ct oon R e, the partial derivative
Wy is defined and continuous, and the one-sided derivatives Wy(x,0%) are also defined
and satisfy the one-sided continuity conditions

Wy (z,04) = Wy(€m) = 7" (v0(0) + DF4(0)), @ >0.

lim
(&m—(z,0%)

Proof. The first claim is an immediate consequence of Proposition 10.4. When y = 0,
W(z,y) = 27 (0) so that Wy (x,y) exists and is given by Wa(z,y) = ~vz7~14(0).
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Otherwise, when y # 0 or equivalently z = z(z,y) = y/(z + y) # 0, then ¢ is
differentiable at the point z hence W (z,y) = (z +y) ¢ (2(x,y)) exists and is given by

Wa(z,y) = y(z+ )" " 9(2(x,9) + (= + ) 2z (2, 9)¢ (2(2,9).  (10.51)

Since DT (0) exists, it is natural to take the convention 0 x ¢'(0) = 0 even if 3'(0)
does not exist. It follows that (10.51) holds everywhere. In particular, W is continuous.
Similarly, when y # 0, i.e. z(z,y) # 0, Wy(x,y) exists and is given by

Wy(z,y) = 7(z + )" 9 (2(2,9)) + (@ + ) 2y (2, 9)¢ (2(z,9)).  (10.52)
The claim follows. O
Lemma 10.6 The interior of Ko is nonempty.
Proof. Tt suffices to micmic the proof of [9, Lemma 4.8.7] by virtue of Proposition 10.4

and Lemma 10.3. O
Since Ko # () and K1 contains cone (g1, e1), there exists two real numbers z1, 22 €
A satistying
1
0§21<22<1+X,

such that
. Yy
Ko = tK: — .
o= {(z,y) €in Zl<x+y<22}

Moreover, we have

¥(z) = k1(1+X2)7, z€ [f)fl,zl],
w(Z) :Iiz(l-i-)\sz)’y, ze[z271+)\71].

for some constants x;, ¢ = 1, 2.
Proposition 10.7 The point e1 belongs to int K.

Proof. We adapt the proof of [9, Proposition 4.8.8]. In the case where YW (el) > m;y_l,
the proof is based [9, Lemma 4.2.5.] that we need to verify for global viscosity solutions,
i.e. when replacing local minimum by global minimum. As a real-valued continuous
function admits a global minimum on a compact subset, we may easily adapt the proof
provided that [9, Lemma 4.2.4] also holds. To see it, we adapt the proof of the latter
replacing local by global domination. At last, if yW(el) > x] ', we observe that
H(zn,z/),w’) — 0 as zn — 0. This is indeed shown in the last part of the proof of
Proposition 10.4. We then conclude. O

Corollary 10.8 The function v is C*.
Proposition 10.9 We have l19(z) < 0 and l2¢(z) < 0 for all z € (21, 22).

Proof. We follow the reasoning given in [12, Section 6]. Using the same notations, as
P is 6’17 we deduce by [12, Proposition 6.2.] that the sub differential is a singleton, i.e.
oW (z,y) = {W'(x,y)}. Therefore, the functions 8" and #~ defined in [12, Section 6]
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coincide with the function 62 := (1 + A) " 1gaW’ ?. We parametrize the half-line Do
originating at (0, g1) and parallel to (0, g2) as in [12], i.e.

zh:{@wwwy:Q—T§y7§7+Q,pz@.

Since W is concave, [12, Property (6.6)] holds hence the function p — 6%(z(p),y(p))
is non increasing as stated by [12, Lemma 6.3, (6.7)]. Let us define the coefficient *

p2 :i=inf{p: 6°(x(p),y(p)) = 0.

Observe that p2 € (0,00) by Theorem 10.2. By [12, Lemma 6.3 , (6.8)], and by con-
tinuity, we get the property 6%(z(p),y(p) = 0 for all p > pa since #* > 0 on K and
p = 60%(x(p),y(p)) is non increasing. Moreover, it is trivial that 6%(z(p),y(p)) > 0 for
all p < p2. This implies that the conic sector generated by the points of D2 parametrized
by p > p2 coincides with K2 of Theorem 10.2. Similarly, We parametrize the half-line
D; originating at the (0, g2) and parallel to (0, g1):

1 p
= == - > .
Dy {(x(p),y(p)) i tel-13): p_O}
We also define 01 := (14 X\)"1g; W’ and

pr:=inf{p: 0'(x(p),y(p)) = 0.

Similarly, we obtain that the conic sector generated by the points of Dy parametrized
by p > p1 coincides with K7 of Theorem 10.2. Moreover, by definition of p1, we get
that 6" (2(p),y(p)) > 0 for all p < p1. This means that 1 (¥)) < 0 and l2(x)) < 0 on
(,217 22). O

In order to apply the Ité formula and construct an optimal control, we need for
the value function W to be C? across the boundary of the cone Kj, except at 0. To
do so, we introduce the following local operator deduced from the global operator lg
by freezing the value function 1.

mn:hﬂ+ﬁf+mwi;%w—d%%+H@ﬂafwxuma

where H(z,v,v") = H(z,9,v,v"). Although, by doing so, ¢ is no more a viscosity
solution of the (new) local operator but it is only a viscosity solution in a weak sens
we precise:

Definition 10.10 A function v € C(K) is a weak viscosity supersolution (resp. sub-
solution) of (4.12) on a subset K C K if and only if, for every point z € int K, the
inequality Lf(x) < 0 (resp. Lf(x) > 0) holds for any function ¢ € C?*(z) satisfying
(v—29)(z) <0 (resp. (v—¢)(z) > 0) such that the difference v — ¢ attains its global
minimum (resp. mazimum) on K at x.

As usual, weak viscosity solution is both a weak viscosity supersolution and weak
viscosity subsolution. Adapting the proof of [9, Lemma 4.2.5], we get the following:

2 Note that the coefficient (1 + \) in our paper corresponds to the coefficient (1 — \)~1 =
(1 —p)~1 of [12].
3 Denoted by po in [12].
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Lemma 10.11 Let ¢ € Cl(a, b) be a weak viscosity solution of the (local) equation

P (2) = G (2),9(2), 2)

on a nonempty subinterval (a’,b’) C (a,b). Suppose that z — G('(2),9(2),2) is
continuous on [a',b']. Then, ¢ € C?%(a’,b') and the equation holds in the classical
sense.

Proof. It suffices to repeat the proof of [9, Lemma 4.2.5]. Indeed, with the same nota-
tions, the case of interest is when the minimum of 1 — 1. is negative. In that case, we
use the weak supersolution property. Otherwise, ¥ — e > 0, i.e. ¥ > e on [z1, 22],
which is the desired conclusion. Symmetrically, when the maximum of ¢ — 1) is posi-
tive, we use the weak subsolution property. On the contrary, we have ) < 1 and the
conclusion follows. O

Proposition 10.12 Suppose that 119 (z0) < 0 and lay(z0) < 0 at some point zg €
(0,1 +A"Y\{1}. Then, if 7(R) < oo, ¥ € C%(z0).

Proof. By continuity, we may assume that l11(2) < 0 and l2%(2) < O for all z in some
interval [a,b] where a < 29 < b. As zp # 1, we may suppose that 1 & [a,b]. We show
that ¢ is a weak viscosity solution to the equation lptp = 0 on [a, b].

First, as v is a viscosity supersolution to the equation max;—g,1,2 ;% = 0, this is
also a viscosity supersolution to lpy) = 0. Indeed, max;—g 1,2 ;¢ < 0 implies lpp < 0
for any test function ¢.

Let us now consider any function f € c? (20) where 209 € (a,b) and suppose that
that the difference 1) — f attains its global minimum on K at zg such that (v — f)(z0) <
0. Let us consider f" := f&"+1(1—£") where, by the one dimensional version of Lemma
11.1, € € [0,1] is infinitely differentiable, vanishes outside the ball of center z¢ and
radius r — 0 and £€” = 1 on a smaller ball around zg. Note that ¢ — f" = (¢ — f)¢".

Since & > 0, (4~ [)(2) > (&~ N)(0)€"(2). As (16— f)(z0) < 0 and € < 1,
(= F)(20)€"(2) > (= f)(20). This implies that (¥ —f")(2) > (¥—f")(20), i-e. p—f"
admits a global minimum at zg. Therefore, lof"(20) < 0. Notice that by assumption
f(20) > v¥(z0) so that, by continuity of f, we may choose r — 0 and € > 0 small
enough such that f"(z) > ¢(z) — eh(z) on z € Dy, where h is a continuous function we
may choose arbitrarily. Actually, we choose h on a set Dy, 3 2o such that h(zo) = 1.
Precisely, if z9 > 1, h is defined on Dy, = [1,00) with h =0on [1, (z0+1)/2]. If 20 < 1,
h is defined on Dy, = [0,1] and h = 0 on [(20 + 1)/2,1]. Notice that the range of the
mapping § : ¢ — (z0 + 20t)/(1 + 20t) is Dy, when 1+ 2ot > 0 and lim; 0 6(¢) = 1.
Therefore, the integral

i 20 + zot
[1 1+ Zot)vh(m)1(1—z0,z0(1+t))eKd7T(t)

is well defined and finite as h[(z0 + 2z0t)/(1 + 20t)] vanishes when (20 + zot)/(1 + zot)
is closed to 1, i.e. when t is closed to oco. From the inequalities lofr(zo) < 0 and
f > 1 —ehon z € Dy, we then deduce that lof(20) <0ase— 0, i.e. we have replaced
f by ¢ in the global operator.

Since 9 is a viscosity subsolution of the equation max;—g 1,20;% = 0, for any
test function dominating 1, we have max;—g 1,2 /;¢ > 0. Moreover, max;—1 2lj¢ =
max;—1,2 ;3 < 0 since I1 and Il are local operators only depending on the values
of ¢ and its first derivative at the considered point z € (a,b). It follows that lo¢ =
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max;—o,1,2 l;i¢ > 0. As above, we deduce that 1) is a weak viscosity subsolution of the
equation lg1) = 0 on [a, b] hence 1 is finally a weak viscosity solution of the equation
loyy =0 on [a,b].

Let us define the local operator ¢(f,2) := lof(2) — f2(2)f"(2). Since 7(R) < oo,
we deduce by Corollary 10.8 and Lemma 10.1 (ii) that z — ((¢, 2) is continuous on
(0,1 + A7 We deduce that z + G(¢'(2),¢(2), 2) := —C(f,2)/f2(2) is continuous.
Recall that the operator which appears in the definition of G is local as we have frozen
the dependence in the test function 1 before. Therefore, by the weak solution property
and Lemma 10.11, ¢ € C?[a,b]. O

The following result corresponds to [12, Proposition 8.5]. Its proof may be easily
adapted to the case with jumps. To do so, we use the continuity of the function z —
H(z,9,7') as stated by Lemma 10.1 i).

Proposition 10.13 Suppose that 7(R) < co. The function 1 is C* on the set (21, z2)\
{1} and satisfies the HIB equation ) = 0 on this set in the classical sense.

The proposition above implies that the value function satisfies the HJB equation
Lo(W) + U*(Wz) = 0 on Ko \ Rea in the classical sense and it is C? on this set.
It remains to study W on the set Rez. To do so, we follow the proof of in [12, Theo-
rem 9.1].

Proposition 10.14 The second derivative Wyy is well defined and is continuous ac-
cross Ryez. Moreover, W satisfies the equation Lo(W) 4+ U*(Wz) = 0 on Ko in the
classical sense.

Finally, we deduce the following;:

Corollary 10.15 Suppose that m(R) < co. Then, the value function W is c2.

10.2 Optimal control

The following important result provides an optimal policy for the optimization problem.
The proof is based on the resolution of a Skorohod problem described in Appendix.

Theorem 10.16 Suppose that the boundaries of Ko are different from the x- and y-
azes. Let (x,y) € Ko, then the Skorokhod problem (11.62) with a(V;) := (me(Vt)ﬁ Vi)
admits a unique solution. Moreover, the portfolio process V' participating in the solution

of this problem is an optimal portfolio. An optimal strategy is given by the formula

t
By :/ g(Vs)dksa (10.54)
0

1
o =Wo L, (10.55)
where W is the Bellman function.

Proof. Existence of a solution to the Skorohod problem holds by Theorem 11.4.
Note that 6™ = co since V; € Ko, Vt, and Wy, is positive (hence (10.55) makes sense).
We shall only consider the case where Ky is included in the first quadrant. Otherwise,
we refer to Remark 10.18. By Propositions 10.9 and 10.13, the function v coincides
on the interval (z1,22) with a C%-function ¢ defined on (—=A~%,1 4+ A1), Indeed, it
suffices to replace v by suitable parabolic functions outside (21, z2). In particular, since
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¢’ is Lipschitz on [z1, z2] and W (z) = (z + )¢ (2) where z = y/(z + y) on Ko, we
also deduce that W' is also Lipschitz on Kq. Moreover, by [9, Lemma 4.7.1,Corollary
4.7.6], W # 0 implies that W’(z) € K*\{0} C (0,00)? hence W, (z) > 0 for all z. Tt
follows that o is locally Lipschitz on the set Kg. We then deduce that the Skorokhod
problem admits a unique solution. We check the second assertion. Applying Lemma
4.8, since the term R of the expansion is negative, we have

e W)+ JF < W(,y) + Ne
t
+ / e Pu [L:OW(Vu,) — W (Vi )ew + Ulcw) | du.
0

Moreover, when c is defined by (10.55), we have W4 (V_ )cu +U(cu) = U™ (cu). There-
fore, the last integral term in the equality above is zero by virtue of Proposition 10.14.
It remains to prove that N is a martingale and

lim Ee Pw (V") — 0, (10.56)
n— oo n

for a sequence of real numbers ¢, — co. To prove (10.56), we observe that |W(z)| <
K|z|7 and |Wz(2)| < k|27~ where & is an upper bound of W and Wy on the inter-
section Ag of the set Ko with the line x + y = 1. This is deduced from the continuity
of W on Ag and the fact that ¢’ (0+) < co. We deduce the existence of a constant »
such that

o0 oo oo
E/ e Ptw (v hdt < nIE/ e PV at < nE/ e Plu(cy)dt < kW (z). (10.57)
0 0 0

Since W is finite, this implies the existence of a sequence ¢, 1 oo such that (10.56)
holds. Details of this assertion are given in Lemma 10.17. We now prove that Ny is a
true martingale. Indeed, by a similar argument, we have

|2Wy(2)] < klz|” < (1+]2]), z€ Ko.

Hence, we infer that the stochastic process [, e PUWy (V2 )V2_0dW, is a martingale.
The second process defining N is the integral with respect to the Lévy measure. Observe
that, for each fixed s, we have I(Vs_,z) =1 (because Vit e Ko, ¥ s). Moreover, using
the finite Taylor expansion, we get

|W (Vi + diag (Va_)2) = W(Vao)| < W/() lding (Va_)z,
where 7 € [Vs_, Vs_ + diag (Vs_ )z satisfies || < |Vs_|(1 4 |2|). It follows that
W (Vi +diag (Va_)2) = W(Va_)| < sln"~"[diag (Va_)2l < £V |?(1+ |2 |2,
where the last inequality is deduced from the inequality |W’(n)| < s|n|?~!. We then
obtain that _ B B B
W (Vs + ding (Vs )2) = W(Ta )| < wlTa [zl

Therefore, as the Lévy process is of finite activity and (10.57) holds,

t
E//e_ﬁu
0 JR

W (Vs +diag (Vs )2)I(Vs_,2) — W(VS,)( n(dz)ds < kW (z) < co.
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By [8, Theorem 1.1.33 b., p73], we deduce that the purely discontinuous local martingale
N satisfies Evar(N)oo < co hence is a martingale. O

To complete the proof of the theorem, we need the following lemma

Lemma 10.17 Suppose that fooo Xudu < oo where X, = ]Ee_B“W(Vu_,.) > 0. Then
limt*)oo Xt — 0.

Proof. Observe that e PtW (V") + JFf = W(z) + Ny. With Yy, = e P4W (Vyq), we
get that for u > s, Yy, — Ys = Ny — Ns — (J§ — JI) where J; — JI > 0. Since N
is a martingale, we deduce that X, — Xs < 0, i.e. X is decreasing. Therefore, the
integrablity of fooo Xudu ensures that limy—, o0 X¢ — 0. Indeed, if lim¢—yo0 Xt — ¢ > 0,
then fooo Xudu > fooo cdu = 0o, hence a contradiction. O

Remark 10.18 The situations where x € K;,1 = 1,2, are easily reduced to the one
treated in the theorem above. Indeed, recall that the function W restricted on the set K;
is constant along the direction g;, i = 1,2. Instead of considering the initial position x €
K;,i =1,2, we consider the point T lying on the boundary of Ko by projecting x onto
Ko parallel to g;. This translation does not change the value of the Bellman function,
meaning that W (xz) = W(Z). Therefore, the optimal strategy for x is constructed simply
by adding the initial jump ABgy := T — x to the optimal strategy given by the Skorokhod
problem with the initial point Z.

11 Appendix: the Skorokhod problem
11.1 Skorokhod problem for continuous diffusion processes

The construction of the optimal control for the two-dimensional optimal consumption
problem we consider in Section 10 is based on the resolution of the so-called Skorokhod
problem. This problem is about existence and uniqueness of the solution to a S.D.E.
with reflection. We first recall some known results for the continuous diffusion case.
We provide the proof for the sake of completeness. In the next section, we extend these
results to finite activity pure-jumps Lévy processes.

Let v : Ko — R? be a vector-valued function with g(z) = —g; on (0KoNdK;)\{0}
and 7(0) = 0. Let Y be the process Y; = (Yo, Y$) + (t,Wi), t > 0, where W is
a standard Brownian motion. Let 0 = R? — R? x R? be a matrix-valued function
which is Lipschitz-continuous.

On the closed cone Kq of Section 10, we consider the Skorokhod problem formulated
as follows: find a pair of adapted continuous processes V € R? and k € R, starting
respectively from x € K¢ and zero, such that k is non decreasing and

dVi = o(V)dY: + (Vi) dke, (11.58)
dkt = Iy, cox,dkt, (11.59)
Vi € Ko,Vt > 0. (11.60)

For any compact subset C of R? and for all € > 0, let us define
Ce:=J Bl(c,0), (11.61)
ceC

where B(c,€) is the closed ball of radius € and center c. Recall the well known result:
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Lemma 11.1 For any compact subset C of R? and for all € > 0, there exists x¢ €
C>®(R?2,[0,1]) such that x* =1 on Ce and X vanishes outside Cae.

The aim of this section is to show that the R.S.D.E (11.58) admits a solution on the
set Ko which is trapped at zero. To do so, we shall prove several intermediate lemmas.
The main proof is based on the existence of a solution to a R.S.D.E. on a bounded
domain G if the direction of the reflection is given by a function v € C? satisfying the
following condition (see [5]):

C1: v € C*(R? R?) and there is b € (0, 1) such that

U B@—ty(x),th) CG°=R*\ G, forallz € 9G.
0<t<b

Theorem 11.2 The Skorokhod problem (11.58) admits a solution which is trapped at
zero.

Proof. Let us introduce the polygons
K§ = Kon{(z,y): &' <z+dy<en},

where €, — o0o0. Let D be the bisector of the cone K{ and d > 0 such that D :=
{(z,y): —dz+y =0} Let x € OK{ be a starting point. The case z = 0 being trivial,
we assume that x # 0 hence x € K{j if n is large enough.

e Step 1. There exists closed regions K¢ such that K§ C K§ C KJ™" which satisfy
Condition C1 for some reflection function 7y, such that vn(z) — v(z) for all z € dKj.
Indeed, we denote by ay,, and by, the two points of 9Ky N {(z,y) : en = x + dy} such
that ya, > yp, . Observe that by is the symmetric of an with respect to the bisector D.
Similarly, ¢, and d;, are the two symmetric points of dKo N {(z,y) : en' = = + dy}.
We then define K as the polygon

K§ = Kon{(z,y) : (en' +ep41)/2 <a+dy < (en + €ny1)/2},

and denote by @, and b, the two points of Ko N {(x,y) : (en + ent1)/2 = = + dy}
such that yg, > y; . Similarly, ¢n and dp are the two points of dKo N {(z,y) : (ep '+
e;j_l)/Q =z + dy} such that yz, >y .

Let 71 be the outward normal to 0Ko N K1 and 72 be the outward normal to
0K N K2. We consider a unit vector g3 such that gsm > 0 and g3(1,d) > 0. Similarly,
we define g4 as a unit vector such that gans > 0 and g4(1,d) > 0, g5 is a unit vector
such that gsm > 0 and gsnm2 > 0. Let us introduce the smooth function v, (z) =

(v (2), 74 (z)) with
o (2) = — (g1x1(9:) + 2% (2) + g3(1 — x' (2))(1 — X4(x))x3(a:)) ,

@) = = (9a(1 = (@) = @)x*@) + 951 =X} @) (1 = @)X (@)) -

By Lemma 11.1, x; € C*®°(R2,[0,1]) for all i = 1,--- ,5,. Moreover, with the notation
given by (11.61) above, if v, is sufficiently closed to 0, these functions satisfy :

x'(z) = 1 on [dn,bn]y, and x*(z) = 0 on R?\[dn, bn]2-,,,

X°(z) = 1 on [cn, anly, and x*(2) = 0 on R*\[en, an]2y,,

X3(x) =1on (C%)y, = ([én,bn] U [En,bn})% and Xg(x) =0on RQ\(C’Q)Q%,
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X' (@) =1 on (CF)y, = ([én,an] U [an, an)).,, and x*(z) = 0 on R*\(C])2y,.
X5(a¢) =1lon (C§), := ([cn,én] U [En,cin] U [Jn,dn])% and X5(m) =0on RQ\(C’Q)Q%.
Let us denote by n(x) the outward normal at each point of 8[2'3. The mapping
n: Bﬁ'g — R? is continuous except at the points dn,l;n,én,cin where it admits left
and righ limits we denote by 7(x+). Moreover, by construction we have v, (z)n(z—) > 0
and vy, (z)n(z+) > 0 for all z € K.
Observe that

d(z — tyn(z),0K) > min d(z — tyn(x), 0KY) :=m™, Ve OK{.
T€OKE

By a compactness argument, m" = d(oo — tyn(zoc), OKE) for some zoo € K§. Since
d(zoo — tn(2o0), OKE) > —tyn(Too)n(Teot) = 20,

where 2b := —yp(Too )n(T0E) > 0, we finally deduce that Condition C1 holds.

e Step 2. By virtue of [5, Corollary 5.2], since o is globally Lipschitz on the bounded
domain K, there exists a unique strong solution (V™ k"), starting from z, to the
reflected S.D.E. (11.58) on the domain K. Let us introduce

" =1nf{t: V/*(1,d) = 651}7
p" =inf{t: V;*(1,d) = en},

and p™ := 7" A p". On the intervall [0, u"], the process (V", k™) is solution to (11.58)
on the domain [?SL'H with respect to 7”1 Indeed, on the intervall [0, u"], the re-
flection only occurs on the boundary 0Kg on which 'y"'H and 7" coincides with ~.
By the uniqueness property given by [5, Corollary 5.2], we deduce that (V" k™) =
(VL BT on [0, 4™, Tt follows that p" < p"*!. The rest of the proof is done as
in [9, page 229]. O

11.2 Skorokhod problem for pure-Jumps Lévy processes

The setting of this subsection is given in Subsection 11.1. Let v : 8K — R? be a
vector-valued function with g(z) = —g; on (0Ko N 0K;)\{0} and v(0) = 0. Recall
that, as the Lévy process we consider is of finite activity, it can be represented as the
sum of a compound poison process and a Wiener process. So, consider a process Y
defined by

Ye = (Yq, Y$,0) + (¢, Wi, Ny), t>0,

where W is a standard Brownian motion and N is a pure jump process of finite activity.
This means that

N,
Ni=>_ ANg,
k=1

where ANy, are i.i.d. random variables and Ny = Zk 17, <¢ is a Poisson process with
jump stopping times (T})p>1. Let 0 = R? — R? x R? x R? be a matrix-valued
function which is Lipschitz—gontinuous.

We consider the Skorokhod problem on Ky formulated as follows: find a pair of
adapted ladlag (resp. caglad) processe V, starting from x € Ko and real-valued process
k, starting at zero and increasing, such that
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dVy = (Vi )dYy + 7 (Vi) dke,
dkt = Iy, c k\int i, 3kt
Vit € Ko, ¥t > 0. (11.62)

The goal is to show that this R.S.D.E has a solution on the set Ko. To do so, we
shall use the following:

Lemma 11.3 [Projection onto Ko parallel to —K |

Assume that K C R? is a constant cone satisfying the hypothesis of the introduction
and Ko C K 1s a closed cone with 0Ky C int K and int Ko # 0. For every v € K,
there exists a unique y := ]P’;{UK (z) € Ko such that

—y|| = mi —kl:x—ke K}
lz = yll = min{|lz — kf| : = }

We omit the proof which is standard. It is easily observable that the direction of
x f}P’;{g{(az) is given by g2 if z € K2 and g; if x € K.

Theorem 11.4 There exists a unique solution to the Skorokhod problem (11.62).

Proof. Let (Tk)k21 be the jump stopping times of the process Y. Assume that we have
already constructed a solution (V, k) to (11.62) on the interval [0, T} ). Define

VTk = Vka + U(VTk,)AYTk-

Let us introduce
Vi y =P (Vpw) € LY(R?, Fri) € 0K,

where the projection operator P is defined in Lemma 11.3. We define A+ka by the
equality

A-'_‘/T,c = ’V(VTk)A+]€Tk .
Applying Theorem 11.2 and the strong markov property, there exists a solution (V,k)
to (11.62) from the starting point Vo := Vpu, with respect to N := Npwyy — Ny
and Wy := Wk, — Wy defined on the interval [0, 7% — T*]. We then define

Vi :=V,_qw, and kg := kp o + ky_qi, t e (TP, TFT).

Uniqueness follows from uniqueness on each interval [T, T 11). O
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