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Nonlinear vortex propagation of electromagnetic coupled Rossby and Khantadze planetary waves

in the weakly ionized ionospheric E-layer is investigated with numerical simulations. Large scale,

finite amplitude vortex structures are launched as initial conditions at low, mid, and high latitudes.

For each k-vector the linear dispersion relation has two eigenmodes corresponding to the slow

magnetized Rossby wave and the fast magnetic Khantadze wave. Both waves propagate westward

with local speeds of the order of 10–20 m/s for the slow wave and of the order of 500–1000 km/s

for the fast wave. We show that for finite amplitudes there are dipole solitary structures emitted

from the initial conditions. These structures are neutrally stable, nonlinear states that avoid

radiating waves by propagating faster than the corresponding linear wave speeds. The condition for

these coherent structures to occur is that their amplitudes are such that the nonlinear convection

around the core of the disturbance is faster than the linear wave speed for the corresponding

dominant Fourier components of the initial disturbance. The presence of the solitary vortex states

is indicative of an initial strong disturbance such as that from a solar storm or a tectonic plate

movement. We show that for generic, large amplitude initial disturbances both slow and fast vortex

structures propagate out of the initial structure. VC 2013 AIP Publishing LLC.

[http://dx.doi.org/10.1063/1.4826592]

I. INTRODUCTION

In the atmosphere the large scale planetary waves and

vortex structures with wavelengths k> 103 km have periods

of several days and are called Rossby waves.1 At higher alti-

tudes in the E-layer of the ionosphere the weakly ionized

atmosphere is subjected to a Lorentz j�B force in addition to

the Coriolis force owing to the magnetized electron fluid that

is coupled by charge neutrality to the ion fluid which, in turn,

is fixed in the neutral gas by the ion-neutral collisions. The

electrodynamics of the E-layer gas modifies the Rossby wave

dynamics by coupling the waves to high frequency, fast group

velocity magnetic Khantadze waves.2 The partial differential

equations for the coupled neutral fluid and the weakly magne-

tized ionized gas component are derived in Ref. 3.

Here we present simulations showing that in the absence

of meridional variations of the background gas, dipolar vor-

tex structures propagate uniformly for many times the plane-

tary radius. A noisy, generic large amplitude initial condition

will launch both dispersive waves and faster, nonlinear dipo-

lar vortex structures at speeds just above the linear wave

speeds. Both the slow and fast structures propagate to the

west. Initial perturbations with small amplitudes propagate

as two types of waves: a slow dispersive wave corresponding

to a Rossby wave in neutral gas of the troposphere and a fast

magnetic wave with the unmagnetized ions and the inertial

given by the mass density of the neutral gas. These magnetic

waves in the E-layer are called Khantadze waves and propa-

gate slowly compared to the Alfven waves in the E-layer.

Thus, the E-layer has its own characteristic waves owing to

the fact that the density of the ionized component is six

orders of magnitude lower than that of the neutral gas den-

sity, yet the electrons are magnetized and E�B drift giving

a strong Hall current. The ion-neutral collision time is on the

order of tens of milliseconds so that in low frequency waves

the ions and neutrals move together. The winds in the neutral

gas component carry the ions with them which create a

dynamo electric field proportional to the velocity component

of the neutral gas perpendicular to the Earth’s magnetic field

B0. The motion of the ionized component in the crossed elec-

tric and magnetic field generates a substantial electron cur-

rent since the electrons are magnetized and E�B drift

producing a Hall current analogous to semiconductors.

The simulations show that nonlinear initial dipolar vor-

tex structures propagate as solitary structures while a small

amplitude dipole radiates a spectrum of waves. The Lorentz

force and Faraday’s law couple the dynamics of the magnetic

fluctuations and the stream function for the weakly ionized

gas. We show that when the initial magnetic fluctuation is

large, with a vanishing initial stream function a fast magnetic

dipolar solitary wave is generated, and, conversely, when the

initial stream function is large and magnetic perturbation is

zero, a slow dipolar Rossby wave structure is generated.

The reduction of the vector equations of motion introdu-

ces the stream function w for the horizontal flow velocity

field v and the magnetic flux function A for the perturbation

dB to the geomagnetic field. The coupling of the neutral gas

to the plasma component is strong owing to the ion-neutral

collision frequency of order �i,n being of order 100=s. The

coupled dynamics gives rise to the two types of low
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frequency waves with their associated nonlinear vortex struc-

tures from the Jacobian, or Poisson bracket, nonlinearities

intrinsic to the convective derivatives. Both structures are of

interest because of their significant influence on the global

atmospheric circulation and the ultra-low frequency mag-

netic signals emitted by the oscillating electron Hall currents

produced by the E�B motion of the electrons in the

E-layer. The magnetic signals are readily detected and are of

practical importance for the early detection of large scale

disturbances to the upper atmosphere and the ionosphere.

There is observational data that verifies the presence of

ultra low-frequency (ULF) electromagnetic (EM) planetary

scale perturbations in the ionosphere.6–10 Large amplitude ion-

ospheric disturbances are produced by phenomena like earth-

quakes, volcano eruptions, and the ionospheric response to

anthropogenic activity. Recent observations show that forced

oscillations of that kind appear in impulsive impacts on the

ionosphere from rocket launches, explosions or from magneto-

spheric compressions during severe magnetospheric storms.

The study of the generation and the dynamics of plane-

tary Rossby waves that are induced by the spatial inhomoge-

neity of the Earth’s angular velocity in the ionospheric

plasma has accordingly been a subject of a great deal of theo-

retical and experimental investigations in recent years.4,5 The

presence of charged particles from the low density ne plasma

component in the lower ionosphere adds a new branch of

low-frequency waves in the thermosphere-ionosphere system.

In Sec. II we give the nonlinear partial differential equa-

tions of the coupled dynamics of the neutral gas and the plasma

component of the lower ionosphere. The coupling gives rise to

a transfer of energy between the neutral and ionized compo-

nents. In Sec. III we show the linear dispersion relation for

small amplitude waves and define the slow Rossby wave and

the fast magnetic wave called the Khantadze wave in the litera-

ture. In Sec. IV we solve the coupled partial differential equa-

tions with numerical simulations. The simulations show that for

finite amplitude waves nonlinear vortex structures are formed

and propagate as nonlinear vortex structures. In Sec. IV com-

parisons are made between the initial perturbations that have

principally neutral gas flows and those with principally electro-

magnetic perturbations. The study gives the results of large

scale simulations for dipoles launched at low latitude, mid-

latitude, and high latitude. In Sec. V the conclusions are given.

II. MODELING FOR THE LOW FREQUENCY
STRUCTURES IN E-LAYER IONOSPHERE

Large scale, fast waves are generated when the latitudi-

nal gradient of vertical component of geomagnetic field,

and the Hall effect is taken into account in the dynamical

equations. The north-south convection of the fluid introdu-

ces a parameter bB measuring the change of the vertical geo-

magnetic field with latitude k as a horizontal element of

fluid dxdy moves in the vortex. The curl of the electric field

generated by v� ðB0z þ dBzÞ gives a contribution from bB

¼ @B0z

@y ¼ �2Beq cos ðk0Þ=R, and the magnetic perturbation

dBzðx; y; tÞ is then transported by Faraday and Ampere’s law

to move with velocity cB ¼ bB

enel0
, where ne is the electron

number density and Beq is the equatorial value of the

geomagnetic field at a distance R from the Earth’s center.

The linear part of the fast wave is a magnetic perturbation

propagating as dBzðx� cBtÞ, where cB is of order 500 m/s on

the day side to 5 km/s on the nightside owing to the decrease

in the electron density in the night time ionosphere. The der-

ivation of the nonlinear equations for the stream function

for the neutral fluid velocity measured with respect to the

surface of the Earth and the coupled magnetic perturbation

dBz are well known and not repeated here.2,3

The E-layer is weakly ionized with the electron and ion

density ne ¼ ni orders of magnitude lower than the density N
of the neutral gas component. The E-layer gas satisfies the

condition ne=N � 1. At temperatures of Te ¼ Ti < 600 K

the friction between the ions and neutrals dominates the ion

acceleration while the electron fluid force balance is domi-

nated by the electric field and the Lorentz force. Since the

ions and neutrals are tied together on a time scale of 10 ms,

the equations of motion reduce to that of the acceleration of

the neutral gas with a contribution from the j�B force that

arises from the plasma-ion force arising from the ion-neutral

drag force. The explicit electric field is eliminated in the neu-

tral gas component when the electron and ion momentum

balance equations are added to the system and quasineutral-

ity is used. The acceleration of such a weakly ionized gas is

determined by the inertia of the massive neutral gas compo-

nent that responds to the Corilois force for large scale struc-

tures and the Lorentz force from the Hall current density

j ¼ �eneðve � vÞ in the nonuniform geomagnetic field. The

derivation of the reduced two-dimensional motion in the tan-

gent plane to the Earth’s surface or beta-plane of geophysics

describes how the forces vary with latitude k from the verti-

cal components of the Earth’s rotation vector X and the ver-

tical component of the local geomagnetic magnetic field B0.

These latitudinal gradients are specified in the model by the

values of b and bB. These gradient parameters determine the

westward speeds of the two modes of the system.

For the typical ionization fractions of 10�6 in the

E-layer, the Lorentz force is comparable to the Coriolis force.

Hence, the effects of the spatially inhomogeneous geomag-

netic field B(x) and the vertical component of the Earth’s

rotation X, both of which are inherent in the case of EM plan-

etary waves and must be taken into account. The ionospheric

plasma is immersed in a dipole magnetic field B0, and we an-

alyze the wave motions in the E-layer localized in the vicinity

of a given latitude k¼ k0. We introduce a local Cartesian sys-

tem of coordinates (x, y, z) with latitude y ¼ ðk� k0ÞR and

longitude x ¼ uR cos k0, where R is the Earth’s radius. The

z-axis of the coordinate system coincides with the local verti-

cal direction. Furthermore, u is the longitude, and in this

coordinate system, the x-axis is directed from the west to the

east, and the y-axis is directed from the south to the north.

The corresponding derivatives with respect to the horizontal

coordinates are given by @=@u ¼ R cos k0@=@x and @=@k
¼ R@=@y. The magnitude of the dipole geomagnetic field is

defined by B0 ¼ Beqð1þ 3 sin2 kÞ1=2
, and the local compo-

nents of the geomagnetic field vector is B0 ¼ ð0;B0y;B0zÞ
¼ ð0;Beq cos k;�2Beq sin kÞ. For the angular velocity of the

Earth’s rotation X in the local system of coordinates, we have

X ¼ ð0;X0y;X0zÞ ¼ ð0;X0 cos k;X0 sin kÞ.
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In the E-layer, the wave motions are basically two-

dimensional, i.e., v¼ (u, v, 0), with u ¼ �@w=@y and

v ¼ @w=@x, where w is the stream function. Furthermore, we

will neglect the z-dependence of the perturbations. By means

of complex calculations, one finds that we can keep the @=@z
derivatives, integrate over the conductive slab using the

proper boundary conditions at the Earth’s surface and at the

magnetosphere and introduce the height integrated Hall con-

ductivity. The results, however, are the same as the simple

derivation with the constants modified by factors of order

unity. Thus, to a reasonable approximation, only the z-com-

ponent of the vorticity nz ¼ Dw is significant for the prob-

lem. Analysis of Ref. 5 shows that only the z-component of

the magnetic induction perturbation is significant, i.e.,

dBzðx; y; zÞ ¼ b. Then, from Eq. (3), we get the Rossby-

Khantadze waves equations which are derived in Ref. 11

@Dw
@t
þ b

@w
@x
� bAbB

@b

@x
¼ ½Dw;w�; (1)

@b

@t
þ bB

@w
@x
þ cB

@b

@x
¼ ½b;w�: (2)

Here, w is the stream function for the velocity of the neutral

gas with the ionized component tied to the neutral gas.

The magnetic induction perturbation in z-component is

b ¼ dBzðx; y; tÞ; bA ¼ 1=ðl0qÞ, where l0 is the magnetic

permeability and q is the mass density, ½a; b� ¼ @xa@yb
�@ya@xb which is Poisson’s brackets, and the two dimen-

sional Laplacian is D ¼ @2
x þ @2

y . In the vicinity of the lati-

tude k¼ k0, we use the b-plane approximation4 and

represent the Coriolis parameter as

f ¼ 2X0z ¼ 2X0 sin k ¼ f0 þ by; (3)

with

b ¼ @f

@y
¼ 2X0 cos k0

R
> 0: (4)

Analogously, for the geomagnetic field, we represent

B0z ¼ �2Beq sin k ¼ c0 þ bBy; (5)

with

bB ¼
@B0z

@y
¼ � 2Beq

R
cos k0 < 0: (6)

Thus, these two coupled nonlinear partial differential

equations describe the nonlinear dynamics of the electro-

magnetic planetary low-frequency wave perturbations in the

ionospheric E-Layer. There are two energy components in

the system: kinetic energy of the massive neutral fluid and

magnetic energy from the currents created by the electron

motion. From Eqs. (1) and (2) the total energy is the sum

given by

E ¼ 1

2

ð
qjrwj2dV þ 1

l0

ð
b2dV

� �
; (7)

where the first term is the kinetic energy in the motion of the

neutral atmosphere and the second term is the energy in the

fluctuating magnetic field.

III. LINEAR ANALYSIS OF ROSSBY-KHANTADZE
WAVES IN THE IONOSPHERIC E-LAYER

From Eqs. (1) and (2), the dispersion relation for the lin-

ear electromagnetic planetary waves is given by

ðxk2
? þ bkxÞðxþ kxjcBjÞ � bAjbBj2k2

x ¼ 0; (8)

where x is the wave frequency and k2
? ¼ k2

x þ k2
y , kx and ky

are components of the wave vector k along the x- and y-axes

x6 ¼ �
kx

2k2
?
jcBjk2

? þ b6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðjcBjk2

? � bÞ2 þ 4k2
?bAjbBj2

q� �
:

(9)

The þ root is the fast Khantadze wave and the � root is the

slow magnetized Rossby wave root. The speeds of the two

waves are pushed apart from the coupling of the flow velocity

and the magnetic force. Evaluating the eigenvectors for the

þ and � roots we find the ratio of the flow kinetic energy to

the magnetic energy in the two roots. The waves are coupled

by the nonlinear interactions as shown in the simulations. The

parameter bAjbBj2 that arises from the latitudinal gradient of

the geomagnetic field causes the coupling of two waves: the

Khantadze’s waves with xþ ¼ kxcB (fast waves) and ordinary

Rossby waves with x� ¼ �kxb=k2
? (slow waves).

The EM Rossby waves are studied for the latitude of

k¼ 45� which, for reference, is the latitude of Provence-
Alpes-Côte d’Azur in France. In this work, the neutral density

N is fixed as N ¼ 1019½m�3�. The values of coefficients of lin-

ear terms of Eqs. (1) and (2) will be given as the second col-

umn of Table I. Figure 1 shows the dispersion relation of Eqs.

(1) and (2). Khantadze wave (xþ) shows the strong variation

in kx. The system of the electromagnetic component for the

fast wave is anisotropic in x-direction (west-east direction)

with large frequency xþ � 1� 10�2½rad=s�. Rossby wave

(x�) gives the localized low frequencies in the vicinity of

kx¼ ky¼ 0 of the order of x� � �5� 10�6½rad=s�. The

localized frequency of x� in the vicinity of kx¼ ky¼ 0 in dis-

persion relation which exhibits large scale dynamics interacts

TABLE I. The reference coefficients of linear terms in Eqs. (1) and (2) at

mid-latitudes.

k ¼ 45½�� k ¼ 45½��
ne ¼ 1011½m�3�, ne ¼ 1010½m�3�,
N ¼ 1019½m�3� N ¼ 1019½m�3�

Mass density:

q ¼ N � 25mp ½kg:m�3�
q ¼ 4:175� 10�7 q ¼ 4:175� 10�7

Gradient of Coriolis force:

b ¼ 2X0 cosðkÞ=R ½m�1s�1�
b ¼ 1:1� 10�11 b ¼ 1:105� 10�11

Geomagnetic field:

bB ¼ �2Beq cosðkÞ=R ½T=m�
bB ¼ �1:1� 10�11 bB ¼ �1:105� 10�11

Rossby speed:

cB ¼ bB=ðenl0Þ ½m=s�
cB¼�549 cB¼�5500
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with the zonal flows. Figure 1 shows that there is a group ve-

locity in y-direction in the Rossby wave (x�) which domi-

nates the dynamics of the stream function and the vorticity.

However, there is another strong wave, Khantadze wave (xþ)

which dominates the electromagnetic component, is directed

to the west strongly. The linear analysis indicates that the

structure of the magnetic perturbation propagates to the west-

ward strongly while the structure of the stream function

moves imperceptibly.

IV. NONLINEAR SIMULATION RESULTS OF THE
MAGNETIZED ROSSBY AND KHANTADZE WAVES IN
THE IONOSPHERIC E-LAYER

We leave Eqs. (1) and (2) in dimensional form using

MKS units. Equation (1) has dimensions of ½s�2�, and Eq. (2)

has dimensions of ½Ts�1�. For the ionospheric E-layer, the

reference values are given by Table II. We note that it is use-

ful to use ½T� ¼ ½kgs�2A�1� and ½H=m� ¼ ½kgms�2A�2�.
Simulations are performed with the use of a double peri-

odic (in x- and y-components) Cartesian domain with a

1024� 1024 grid spatial resolution. The simulation box size

is Lx¼Ly¼ 5000 km for the large dipole structure study, as a

reference case. A finite difference method is used in which

the nonlinear terms are computed using a method developed

by Arakawa.14 The time stepping is performed using a

predictor-corrector scheme. We use a generic dipole struc-

ture function for the initial condition of the plasma stream

function, w, and magnetic fluctuations, b,

wt¼0 ¼ exp
�ððx� x0ÞÞ2 þ ððy� y0Þ þ ydÞ2Þ

2r2

� �

� exp
�ððx� x0ÞÞ2 þ ððy� y0Þ � ydÞ2Þ

2r2

� �
: (10)

The position of the dipole structures is defined by x0¼ y0

¼ 2500[km]. yd¼ 0.0035� Ly[km] is the distance between

the dipole, and the radius of the initial vortex r¼ 2.5

� 105[m]. The same initial dipole structures are given to the

magnetic fluctuations with the amplitude of b � 10�6½T�,
while to the stream function with the amplitude of w
� 107½m2=s� as a reference value of the amplitude of the ini-

tial dipole structure. The dipole structure traps particles

which remain frozen in by the magnetic field lines.

The most commonly seen vortex structures are the

monopole and dipole vortices. The monopole vortex repre-

sents a net excess of mass in the vortex and radiates a wake

field. Here we give preference to the dipole vortex structure

which has a shift in the mass density between the lobes in

dipole structure with no net change in the integrated mass

density. Introducing a background shear flow complicates

the problem considerably and will be considered in a subse-

quent work. Nonlinearity of the Rossby waves gives rise to

the formation of a solitary two-dimensional coherent vortex

structure, solitary localized in space as described in Ref. 12

and Horton and Hasegawa.13 Two important physical proper-

ties of solitary Rossby waves are that (i) they propagate with

speeds comparable to the speeds of the linear modes and (ii)

they posses a high degree of stability to perturbations.

A. Break down of the solitary vortical structures
in electromagnetic Rossby-Khantadze waves

The ratio of the nonlinear frequency given by vortex

rotation rate XE to the linear frequency xk is defined as the

FIG. 1. Dispersion relations at the latitude of k¼ 45�. The dispersion rela-

tion has two solutions for the frequency of the system. Khantadze wave

(xþðkx; kyÞ) has a strong variation in kx. The system of the electromagnetic

Khantadze waves has anisotropy in x-direction (west-east direction). The

Rossby waves (x�ðkx; kyÞ) function is localized in the vicinity of the small

kx, ky in k-space where the frequencies and phase velocities are low with

x� � �5� 10�6½rad=s�. The dispersion relation suggests the presence of

large scale dynamics which interacts with the zonal flows. For kx> 0, both

frequencies, xþ and x�, are negative which indicates the wave propagation

is directed from east to west.

TABLE II. The reference values. The order of the magnetic fluctuations is

b � 10�6½T� and the order of the stream function is w � 107½m2=s�. We note

that it is useful to use ½T� ¼ ½kgs�2A�1� and ½H=m� ¼ ½kgms�2A�2�.

Earth’s radius R ¼ 6:4� 106½m�
Rossby radius rR ¼ 106½m�
Earth’s angular velocity X0 ¼ 0:5� 10�4½rad=s�
Proton mass mp ¼ 1:67� 10�27½kg�
Electron charge e ¼ 1:602� 10�19 ½C�
Magnetic field Beq ¼ 0:5� 10�4½T�
Magnetic permittivity l0 ¼ 1:257� 10�6½H=m�
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E�B rotation number RE and is given by RE ¼ XEðkÞ=xk.

Since RE is the number of rotations that an E�B drifting

particle makes in the wave period Tk ¼ 2p=xk, the value of

RE is a Galilean invariant when xk is taken in the plasma rest

frame. When RE< 1, the dispersion of the wave packet dom-

inates and only when RE	 1 the rotation of vortex structures

traps the waves. This condition is the “wave trapping con-

dition.” In the first case, the dipole vortex which is the solu-

tion of the nonlinear system is initialized in order to make

sure of the facts of “wave trapping condition.” For small

amplitudes below the wave trapping condition the dipole

vortex is radiated away into many small waves. In contrast,

for initial amplitudes such that the rotation frequency around

the vortex structure is faster than the wave dispersion time

for the vortex structure of size r, the initial structure in Eqs.

(1) and (2) is kept but for many wave periods with k � 1/r.

Figure 2 shows the stream function, the vorticity, and

the magnetic fluctuations at t¼ 600 h. Note that the initial

amplitude is small, the stream function is wt¼0 � 1.0 and the

magnetic fluctuation is bt¼0 � 10�13. The first row is the full

system of Eqs. (1) and (2). The second row of Fig. 2 is the

typical Rossby-wave which is reduced from the Eqs. (1) and

(2) by switching off the magnetic fluctuations, i.e.,

bB¼ cB¼ 0. In the third row of Fig. 5, the nonlinear terms

from Eqs. (1) and (2) have been switched off in order to

check the effect of linear terms. The structures of the stream

function (the left column) show the character of linear re-

gime, the radiative dispersion of the initial dipole structure

while the structure of the magnetic fluctuation maintains its

initial shape. In all three cases, even when the nonlinear

terms are on, the structures of the stream function show the

character of the linear regime with the radiative dispersion of

the coherent structure into many elongated structures in the

east-west direction. The small scale structures (�100 km)

have been also investigated and we have observed that they

cannot keep the vortical shape because the rotation fre-

quency is not faster than the wave dispersion frequency.

Concerning the structure of magnetic perturbations (the right

column), the first row (full system of Eqs. (1) and (2)), and

the third row (without nonlinear terms) of Fig. 2 show the

FIG. 2. The stream function and the

magnetic fluctuations at t¼ 600 h.

Initial amplitude of the stream function

is wt¼0 � 1:0½m2=s� and the magnetic

fluctuation is bt¼0 � 10�13½T�. The ini-

tial amplitude is small, and the equa-

tions are essentially linear, so there is

dispersion if the vorticity equation pro-

duces a spectrum of waves while the

magnetic perturbation has weak disper-

sion that comes from the coupling term

of bB in Eq. (2). The second row of

Fig. 2 shows that the classic linear

Rossby wave propagates without a

magnetic perturbation when the mag-

netic fluctuation is switched off, i.e.,

bB ¼ cB ¼ 0. In the third row of Fig.

5, both the nonlinear terms from Eqs.

(1) and (2) have been switched off. In

all cases, even if the nonlinear terms

are on, the structures of the stream

function show the character of the lin-

ear regime with the radiative disper-

sion of the coherent structure into

many elongated structures in east-west

direction.
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propagation of the structure to the west direction with the ve-

locity of cB regardless of existence of nonlinear terms. The

structure of the magnetic perturbation which is shown in sec-

ond row of Fig. 2 does not move since the velocity cB is put

zero.

B. Nonlinear propagation of solitary vortical
structures in electromagnetic Rossby waves

The large amplitude of the dipole structure has the

strength to maintain its shape by trapping the waves in the

rotating structure, i.e., the disturbance propagates with a soli-

tary wave character. In order to study the nonlinear propaga-

tion of solitary vortical structures, the magnetic fluctuations

are initialized by giving them a dipolar structure with an am-

plitude of b � 10�6½T�, while the stream function perturba-

tions are given an initial amplitude of w � 107½m2=s�.
Figure 3 shows the snapshot of the stream function (left

panels) and the magnetic fluctuations (right panels) at

t¼ 0 min (top panels) and at t¼ 30 min (bottom panels). The

dipole structure of the stream function moves imperceptibly

during this time interval, while the dipole structure of the

magnetic fluctuations moves to the west with the speed of

556 m/s (2000 km/h). Secondary dipole magnetic structure

which is linear perturbations of the magnetic field is induced

by the stream function. The stream function and the mag-

netic perturbation interact each other. However, the influence

rate between mutual physical quantities is different. The

stream function carries a lot of influence on magnetic

perturbation but the converse is not true. Because the stream

function drives the system through the vorticity, furthermore

the magnitude of the stream function and the one of mag-

netic perturbation are different. Therefore, the induction of

the stream function by the magnetic perturbation is feeble

and not visible in the stream function as the dipole structure

is much larger. There is a standard Rossby wave here with

small magnetic fluctuations.

In the region of India which is at the latitude of k¼ 10�,
the parameters of (k,n,N) are ðk ¼ 10½��; n ¼ 1011;N ¼ 1019Þ
have been studied, with the values given in the third column

of Table I. The Coriolis force is 2v�X¼ 0 at the Equator

�2vX sin k and so is the gradient of the Lorentz force at

k¼ 10� which is higher than the case of k¼ 45�. One needs

a vertical component of the vectors X and B but they are

purely horizontal at the equator. The dispersion relation has

two solutions for the frequency of the system. x� gives the

localized value in the vicinity of kx¼ ky¼ 0 in the order of

x� � 7� 10�6½rad=s�. The amplitude of the frequency x�
is higher than the mid-latitude case. This follows from the

observation that the large b which is related to the larger gra-

dient of the Coriolis force. The nonlinear simulation shows

the movement of the dipole structures of the magnetic fluctu-

ation to be similar to the mid-latitude case in Fig. 3. The

structure of the stream function moves imperceptibly while

the structure of the magnetic fluctuations moves to the west

with the speed of 764 m/s (2750 km/h). The value of

the Rossby speed is close to the one which is obtained by

the linear system as given by Table I. The parameters of

FIG. 3. ðk;n;NÞ ¼ ðk¼ 45½��;n¼ 1011;
N ¼ 1019Þ. Snapshots of the stream

function (left column) and the mag-

netic fluctuations (right column) at the

initial condition (top rows) and 30 min

(bottom rows). The dipole structure of

the stream function moves less than

1 km while the dipole structure of the

magnetic fluctuation moves to the west

with a speed of approximately 556 m/s

(2000 km/h). The solitary wave of the

magnetic fluctuation propagates with

speeds comparable to the speed cB of

the linear modes which are given in

Table I.
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(k, n, N) are ðk ¼ 80½��; n ¼ 1011½m�3�;N ¼ 1019½m�3�Þ,
which roughly corresponds to Norway, are given by the sec-

ond column of Table III. The dispersion relation has a simi-

lar character compared to the other cases. However, the

wave frequency is lower owing to the smaller b value from

the gradient of the Coriolis force at high latitude. The lower

wave frequency makes the trapping of the waves in the vor-

tex structure occur at a smaller vortex amplitude. The

nonlinear simulation shows the dipole structure of the stream

function moves imperceptibly during this time interval while

the dipole structure of the magnetic fluctuations moves to the

west with the speed of 144 m/s (520 km/h). The value of the

Rossby speed is also close to the one which the linear calcu-

lation gives. The eigenvectors calculated from the eigenval-

ues in Eq. (9) show that the magnetic fluctuation for the xþ
roots are substantial, owing to the speed of propagation being

just faster than jcBj, while the magnetic fluctuation in the x�
Rossby wave root is small.

Figure 4 shows the profiles of the structure of magnetic

fluctuations for (a) high latitude, k¼ 80�, (b) middle latitude,

k¼ 45�, and (c) low latitude, k¼ 10� for several time slices.

From Fig. 4 one sees that at high latitude the structures in the

magnetic perturbation move less than 100 km in 30 min

while at the lowest latitude the magnetic structures moves

significantly, 500 km to the west in 30 min owing to the

stronger gradient of the vertical component of the geomag-

netic field. On the scale of this figure the stream function

moves imperceptibly for all latitudes. The propagation is

governed by the value of cB which is proportional to the

value of cos ðkÞ. The charge density n ¼ 1011½m�3� corre-

sponds to slow Rossby-Khantadze speed cB of the day-time

FIG. 4. The cross section of the dipole

structures (top panel: high latitude,

k¼ 80�; middle panel: middle latitude,

k¼ 45�; bottom panel: low latitude,

k¼ 10�). Solid lines are the horizontal

cut of the positive part of the dipole

structure, and the dashed lines are the

cut of the negative part of the dipole

structure. The structure of the stream

function moves imperceptibly while

the lower latitude has a faster propaga-

tion of the waves of magnetic fluctua-

tions owing to the stronger gradient of

the vertical geomagnetic field.

TABLE III. The reference coefficients of linear terms of Eqs. (1) and (2) at

high and low latitudes.

k ¼ 80½�� k ¼ 10½��
ne ¼ 1011½m�3�, ne ¼ 1011½m�3�,
N ¼ 1019½m�3� N ¼ 1019½m�3�

Mass density:

q ¼ N � 25mp ½kg:m�3�
q ¼ 4:175� 10�7 q ¼ 4:175� 10�7

Gradient of Coriolis force:

b ¼ 2X0 cosðkÞ=R ½m�1s�1�
b ¼ 2:71� 10�12 b ¼ 1:54� 10�11

Geomagnetic field:

bB ¼ �2Beq cosðkÞ=R ½T=m�
bB ¼ �2:71� 10�12 bB ¼ �1:54� 10�11

Rossby speed:

cB ¼ bB=ðenl0Þ ½m=s�
cB¼�135 cB¼�765
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E-layer while the charge density n ¼ 1010½m�3� corresponds

to fast Rossby-Khantadze speed cB of the night-time iono-

sphere. The Rossby-Khantadze speed cB varies inversely

with the electron density. The parameters of (k,n,N) are

ðk ¼ 45½��; n ¼ 1010½m�3�;N ¼ 1019½m�3�Þ, and they are

given by the third column of Table III. cB becomes 10 times

higher in this case than the case of n ¼ 1011½m�3�. The non-

linear simulation shows the dipole structure of the stream

function which hardly moves in this time interval while the

dipole structure of the magnetic fluctuations moves to the

west with the speed of 5500 m/s (19 800 km/h). The observed

propagation speed of the nonlinear solitary dipole structure

agrees with the speed derived from the linear modes.

Figure 5 shows the stream function and the magnetic

fluctuations at t¼ 600 h. The continuation of Fig. 3 is shown

in the first row of Fig. 5. The energy in these simulation is

well conserved and the energy loss is less than 0.0006% after

t¼ 600 h. Even after 600 h, we find that the dipole structure

retains its solitary vortex character because the amplitude of

the dipole satisfies the wave trapping condition. The second

row of Fig. 5 shows the typical Rossby wave which is

reduced from Eqs. (1) and (2), by set the parameters

bB¼ cB¼ 0. In the system which has been reduced to be

pure Rossby waves, the magnetic fluctuation b behaves as a

passive tracer. The simulation shows that the scalar field

propagates similar to the dipole structure of the stream func-

tion. In the third row of Fig. 5, the nonlinear terms in Eqs.

(1) and (2) have been turned off, and the linear system has

been solved. As shown in Fig. 5, i.e., linear simulation of the

electromagnetic Rossby waves shows the radiative disper-

sion of the coherent structure into many elongated structures

in east-west direction. The dynamics shown in Fig. 5 shows

that the simulations which are launched with the large ampli-

tude of the dipole structure are a strong nonlinear state which

generates the dipole structure as the solution of the system.

Comparison of Figs. 2 and 5 indicate the condition that the

FIG. 5. The stream function and the

magnetic fluctuations at t¼ 600 h. The

continuation of Fig. 3 reaches the first

row of Fig. 5. The classical Rossby

wave which the magnetic fluctuation is

turned off is shown in the second row

of Fig. 5. In the system which has been

reduced to be pure Rossby waves, the

magnetic fluctuation b behaves as a

passive tracer. The snapshots of stream

function show the existence of a non-

linear dipole structure as a solution of

solitary vortex. Concerning to the third

row of Fig. 5, the nonlinear terms in

Eqs. (1) and (2) have been switched

off. As shown in the third row of Fig.

5, the linear simulation of the electro-

magnetic Rossby waves shows that the

character of the structure is changed,

and the structure is forming the radia-

tive dispersive waves radiated into

many elongated structures in east-west

direction after the convective nonli-

nearity is turned off.
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dipole structure behaves as a solitary vortex. The nonlinear-

ity which satisfies the wave trapping condition grows even

stronger by the t¼ 600 h. The group velocity in the y-direc-

tion of the Rossby wave is replaced by a slightly faster non-

linear solitary wave velocity for the finite amplitude vortices.

In the strong nonlinear regime, the effects of the linear com-

ponents become very small, and there is no well defined

channel for keeping the structure in the latitude. For the ini-

tial condition used here in Eq. (10), there is a dominant non-

linear dipole vortex and small component of waves. The

exact nonlinear vortex structure is complicated and given by

Bessel functions in Ref. 12. In the collisions of the approxi-

mate vortex solitary structure with the residual waves, the

vortex is deflected northward and propagates with the resid-

ual northward group velocity which is small and proportional

to hkxkyi averaged over the linear mode spectra of the local-

ized structure. Regarding to the magnetic perturbations in

the first row of Fig. 5, what is happening to make the streaks

of the magnetic perturbations is at some earlier time some

wave or nonsoliton fields of magnetic perturbations b are

generated and the b is passively convected basically along

lines of x ¼ x0 � jcBjt; y ¼ y0. As the consequence, there are

streaks of the magnetic perturbations left at t¼ 600 h.

C. Couplings between the stream function
and the magnetic fluctuations

As the system of Eqs. (1) and (2) are coupled, there is an

interaction between the stream function for the neutral gas

velocity and the magnetic fluctuations. Figure 6 shows the

snapshots of the stream function (left panels) and the mag-

netic fluctuations (right panels). The initial condition of the

stream function has been put as zero, while the initial condi-

tion of the magnetic fluctuations is set to the dipole structure.

As time advances, the stream function is generated by the

structure of the magnetic fluctuations. What is interesting

here is that the movement of the magnetic fluctuations cre-

ates a new neutral gas flow structure. The stream function is

FIG. 6. Snapshot of the stream func-

tion (left column) and the magnetic

fluctuations (right column) at the initial

condition (top rows), 30 min (middle

rows) and 600 h (bottom rows). What

is interesting here is the rapid change

in the structure of the stream function.

The stream function which is gener-

ated by the rapidly propagating mag-

netic dipole structure (in the right

column) has a quadrupole structure.

We find that later in time the quadru-

pole structure of the stream function

splits into two dipoles (shown in movie

on the website. One stream function

dipole structures propagates from east

to west direction with the magnetic

dipole and the other dipole structures

moves imperceptibly as a Rossby vor-

tex remaining at the location where it

is generated.
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generated by the magnetic fluctuations forming the quadru-

pole structure after 30 min. Figure 7 shows the profiles of the

stream function and the magnetic fluctuations for several

time slices. The position of the structure moves westward

according to the propagation of the structure of the magnetic

fluctuations. We observe that the quadrupole structure splits

into two dipoles in later time slices. The magnetic dipole

structures will propagate rapidly from east to west while the

Rossby wave dipole structure remains at the location where

it is generated for time periods of the order of hours. The

stream function which is generated by the magnetic fluctua-

tions is radiated away into many small waves in later time.

Just after the generation of the stream function, its amplitude

is small. Therefore, the structure of the stream function does

not satisfy the wave trapping condition and the behavior is

similar with the study of a “small amplitude vortex

structure.” However, the dipole structure of the magnetic

fluctuations keeps the solitary behavior as it satisfies the

wave trapping condition.

Next, the generation of the magnetic fluctuations by the

stream function has been investigated. Figure 8 shows the

snapshot of the stream function (left panel) and the magnetic

fluctuations (right panel). The magnetic fluctuations are

formed by the dipole structure of the stream function. Figure

9 shows the profiles of the stream function and the magnetic

fluctuations for several time slices. The magnetic fluctuations

are generated by the stream function. During the generation

of the magnetic fluctuations, the structure of the magnetic

fluctuations propagates from east to west. The magnetic fluc-

tuation which is generated by the stream function behaves

nonlinearly, i.e., it forms the dipole structure. As to the dy-

namics of the magnetic fluctuations, just after the generation

of magnetic fluctuations its amplitude is small, and it should

be radiated away into many waves. However, the stream

function keeps the solitary behavior as it has enough ampli-

tude to be a soliton. In these structures the kinetic energy in

the flow of the neutral fluid dominates the magnetic energy

in Eq. (7) by a large factor. As a consequence, the behavior

of magnetic fluctuations is dominated by the dynamics of the

stream function, and, finally, the magnetic structure displays

a nonlinear dynamics, i.e., it forms a dipole structure.

V. CONCLUSION

We presented linear and nonlinear simulations of the

coupled system of the fast and slow waves in the E-layer that

FIG. 7. The profiles of the stream function and the magnetic fluctuations for

several time slices. Solid lines are the horizontal cut of the positive part of

the dipole structure, and the dashed lines are the cut of the negative part of

the dipole structure. The stream function is generated by the magnetic fluctu-

ations, forming the quadrupole structure. The position of the structure moves

according to the propagation of the structure the magnetic fluctuations. Note

that the quadrupole structure of the stream function will split into two

dipoles in later time slices. One dipole structures will propagate from east to

west direction with the speeds of the Khantadze and Rossby structures.

FIG. 8. Snapshot of the stream function (left column) and the magnetic fluc-

tuations (right column) at the initial condition (top rows), 30 min (middle

rows) and 600 h (bottom rows). The magnetic structure is generated by the

stream function, with forming the quadrupole structure.
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result from the coupling of Rossby wave dynamics of the

neutral gas component with the magnetic waves of the

weakly ionized plasma component of the gas. The nonlinear

simulation show that initial disturbances with significant

amplitudes will propagate as coherent vortex structures

while small amplitude initial perturbations will radiate a

spectrum of waves. The energy of waves is composed of the

kinetic energy of the neutral gas and the magnetic energy of

the perturbed magnetic field created by the Hall currents.

The behavior of the waves and the coherent E-layer struc-

tures are shown for several latitudes and initial conditions.

The simulations provide a deeper understanding of the theo-

retical considerations given in Kaladze et al.4 and Horton

et al.13 The two coupled nonlinear partial differential equa-

tions for vorticity of the neutral gas with the Lorentz force

term from the perturbation of the geomagnetic field produced

by the Hall currents give a complex dynamical system that is

solved numerically on a large domain of 5000 km � 5000 km

for long time periods up to 25 days. We show that in the

large space-scale long-time dynamics in the E-layer there are

two components to the dynamics: (1) a form of magnetized

Rossby waves that propagates with speeds of the order of

10–20 m/s and (2) a fast magnetic disturbance that carries a

neutral fluid disturbance with it, owing to the electromag-

netic force acting through the ion-neutral drag force. This

magnetic disturbance is the Khantadze wave propagating at

speeds of the order of 500–1000 m/s westward. The total

energy in either type of disturbance is conserved in the

model equations. In this model the flow kinetic energy and

the magnetic energy produced from the electron Hall current

(from the E�B currents) are dissipationless. In the Rossby-

Khantadze electromagnetic planetary waves, the propagation

speed of the solitary waves is of the same order as the speed

which is obtained by the linear modes. In future work, we

will add driving forces and dissipation to study the corre-

sponding problems of spectral cascades in driven-damped

two dimensional turbulence. We will also study how exter-

nally applied sheared flows in the neutral gas, spit off one

component of the dipole vortex, as well known from neutral

gas in geophysical dynamics.1

The simulations show for a variety of initial conditions,

that there is a slow, coherent Rossby wave structure similar

to those occurring in the lower altitude atmosphere and a fast

magnetic structure that propagates out from a generic initial

Rossby wave perturbation. The magnetic component is par-

ticularly important owning to the ability to detect weak mag-

netic signals in spacecraft magnetometers. Both wave

components of the system propagate westward relative to the

surface of the Earth. The results for variation with latitude

show that low latitude structures propagate faster than the

high latitude structures. At low latitudes the simulations

need to be expanded to include a global coordinate system

since the tangent plane approximation used here is breaking

down.

These large scale E-layer structures are important for

interpreting the low frequency magnetic pulsations observed

as precursors to, and during, large tectonic plate movements,

volcano eruptions, explosions, or large impulses to the mag-

netosphere from solar magnetic storms where high pressure

supersonic flows compress the magnetopause.
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