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✈❡rs✐♦♥s ♦❢ t❤❡ ♣r❡✈✐♦✉s str❛t❡❣✐❡s ❛r❡ ♣r♦♣♦s❡❞ ❜② ❈r❛♠❜❡s ❡t ❛❧✳ ✭✷✵✵✽✮❀ ❆③③❡❞✐♥❡ ❡t ❛❧✳
✭✷✵✵✽✮❀ ●❤❡r✐❜❛❧❧❛❤ ❡t ❛❧✳ ✭✷✵✶✸✮✳ ●✐❥❜❡❧s ❡t ❛❧✳ ✭✷✵✶✷✮ ✐♥✈❡st✐❣❛t❡ t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡
❞❡♣❡♥❞❡♥❝❡ ❜❡t✇❡❡♥ t✇♦ ✈❛r✐❛❜❧❡s ❝♦♥❞✐t✐♦♥❛❧❧② t♦ ❛ ❢✉♥❝t✐♦♥❛❧ ❝♦✈❛r✐❛t❡ t❤r♦✉❣❤ ❝♦♣✉❧❛
♠♦❞❡❧❧✐♥❣✳ ▼♦st ♦❢ t❤✐s ❧✐t❡r❛t✉r❡ ❢♦❝✉s❡s ♦♥ ❛s②♠♣t♦t✐❝ r❡s✉❧ts ✭❛❧♠♦st✲❝♦♠♣❧❡t❡ ❝♦♥✈❡r✲
❣❡♥❝❡✱ ❛s②♠♣t♦t✐❝ ♥♦r♠❛❧✐t②✱✳✳✳✮✳ ❇✐❛s✲✈❛r✐❛♥❝❡ ❞❡❝♦♠♣♦s✐t✐♦♥s ❛r❡ ♣r♦✈✐❞❡❞✳ ❍♦✇❡✈❡r✱
♦♥❧② t✇♦ ♣❛♣❡rs t❛❝❦❧❡ t❤❡ ♣r♦❜❧❡♠ ♦❢ ❜❛♥❞✇✐❞t❤ s❡❧❡❝t✐♦♥✿ ❋❡rr❛t② ❛♥❞ ❱✐❡✉ ✭✷✵✵✷✮
❛♥❞ ❘❛❝❤❞✐ ❛♥❞ ❱✐❡✉ ✭✷✵✵✼✮ s✉❣❣❡st ❝r♦ss✲✈❛❧✐❞❛t✐♦♥ ♣r♦❝❡❞✉r❡s ✇❤✐❝❤ ❛r❡ s❤♦✇♥ t♦ ❜❡
❛s②♠♣t♦t✐❝❛❧❧② ♦♣t✐♠❛❧ ✐♥ r❡❣r❡ss✐♦♥ ❝♦♥t❡①ts✳
❚♦ ♦✉r ❦♥♦✇❧❡❞❣❡✱ ❛❞❛♣t✐✈❡ ❡st✐♠❛t✐♦♥ ♣r♦❝❡❞✉r❡s ✐♥ ❛ ♥♦♥❛s②♠♣t♦t✐❝ ❢r❛♠❡✇♦r❦ ❝❛♥

♦♥❧② ❜❡ ❢♦✉♥❞ ✐♥ ❝♦♥❞✐t✐♦♥❛❧ ❞✐str✐❜✉t✐♦♥ ❡st✐♠❛t✐♦♥ ✇✐t❤ r❡❛❧ ♦r ♠✉❧t✐✈❛r✐❛t❡ ❝♦✈❛r✐❛t❡s✳
❲❡ r❡❢❡r t♦ ❇r✉♥❡❧ ❡t ❛❧✳ ✭✷✵✶✵✮ ❛♥❞ P❧❛♥❝❛❞❡ ✭✷✵✶✸✮ ❢♦r ❝✳❞✳❢ ❡st✐♠❛t✐♦♥ ✇✐t❤ ❛ r❡❛❧
❝♦✈❛r✐❛t❡ ❛♥❞ t♦ ❆❦❛❦♣♦ ❛♥❞ ▲❛❝♦✉r ✭✷✵✶✶✮ ❛♥❞ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥ ❢♦r ❝♦♥❞✐t✐♦♥❛❧ ❞❡♥✲
s✐t② ❡st✐♠❛t✐♦♥ ✇✐t❤ ❛ ♠✉❧t✐✈❛r✐❛t❡ ❝♦✈❛r✐❛t❡✳ ◆❡✈❡rt❤❡❧❡ss✱ t❤❡s❡ ✇♦r❦s ❛r❡ ❜❛s❡❞ ♦♥
♣r♦❥❡❝t✐♦♥ ❡st✐♠❛t♦rs ✇❤✐❝❤ ❝❛♥♥♦t ❜❡ ❡①t❡♥❞❡❞ ❞✐r❡❝t❧② t♦ ❛ ❢✉♥❝t✐♦♥❛❧ ❢r❛♠❡✇♦r❦ ✐♥ ❛
♥♦♥✲♣❛r❛♠❡tr✐❝ s❡tt✐♥❣✳

■♥ ❦❡❡♣✐♥❣ ✇✐t❤ t❤❡ st✉❞✐❡s ♦❢ ❢✉♥❝t✐♦♥❛❧ ❝♦♥❞✐t✐♦♥❛❧ ❞✐str✐❜✉t✐♦♥✱ ✇❡ ✐♥✈❡st✐❣❛t❡ t❤❡
♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♥♦♥♣❛r❛♠❡tr✐❝ ◆❛❞❛r❛②❛✲❲❛ts♦♥✲t②♣❡ ❡st✐♠❛t♦rs ♦❢ ❋❡rr❛t② ❡t ❛❧✳ ✭✷✵✵✻✮✱
❜✉t ✇✐t❤ ❛ ♥❡✇ ♣❡rs♣❡❝t✐✈❡✱ ♦♥❧② ✉s❡❞ s♦ ❢❛r ❢♦r r❡❛❧ ❛♥❞ ♠✉❧t✐✈❛r✐❛t❡ ❝♦✈❛r✐❛t❡s✳ ❚♦
❡st✐♠❛t❡ t❤❡ ❝✳❞✳❢✳ ❞❡✜♥❡❞ ❜② ✭✶✮✱ ✇❡ ❝♦♥s✐❞❡r

✭✷✮ F̂ x
h (y) :=

n∑

i=1

W
(i)
h (x)1{Yi≤y} ✇❤❡r❡ W

(i)
h (x) :=

Kh(d(Xi, x))∑n
j=1Kh(d(Xj, x))

,

❢♦r ❛♥② (x, y) ∈ H × R✱ ✇✐t❤ d ❛ ❣❡♥❡r❛❧ s❡♠✐✲♠❡tr✐❝ ♦♥ t❤❡ ❍✐❧❜❡rt s♣❛❝❡ H✱ Kh : t 7→
K(t/h)/h✱ ❢♦r K ❛ ❦❡r♥❡❧ ❢✉♥❝t✐♦♥ ✭t❤❛t ✐s

∫
R
K(t)dt = 1✮ ❛♥❞ h ❛ ♣❛r❛♠❡t❡r t♦ ❜❡ ❝❤♦s❡♥✱

t❤❡ s♦✲❝❛❧❧❡❞ ❜❛♥❞✇✐❞t❤✳ ❲❡ ❢♦❝✉s ♦♥ t❤❡ ♠❡tr✐❝ ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ♥♦r♠ ♦❢ t❤❡ ❍✐❧❜❡rt
s♣❛❝❡

✭✸✮ d(x, x′) := ‖x− x′‖, x, x′ ∈ H.

❚❤❡ ♠❛✐♥ ❣♦❛❧ ✐s t♦ ❞❡✜♥❡ ❛ ❢✉❧❧② ❞❛t❛✲❞r✐✈❡♥ s❡❧❡❝t✐♦♥ r✉❧❡ ❢♦r t❤❡ ❜❛♥❞✇✐❞t❤ h✱ ✇❤✐❝❤
s❛t✐s✜❡s ♥♦♥❛s②♠♣t♦t✐❝ ❛❞❛♣t✐✈❡ r❡s✉❧ts✳ ❚❤❡ ❝r✐t❡r✐♦♥ ✇❡ ♣r♦♣♦s❡ ❞r❛✇s ✐♥s♣✐r❛t✐♦♥ ❢r♦♠
❜♦t❤ t❤❡ s♦✲❝❛❧❧❡❞ ▲❡♣s❦✐ ♠❡t❤♦❞ ✭s❡❡ t❤❡ r❡❝❡♥t ♣❛♣❡r ♦❢ ●♦❧❞❡♥s❤❧✉❣❡r ❛♥❞ ▲❡♣s❦✐
✷✵✶✶✮ ❛♥❞ ♠♦❞❡❧ s❡❧❡❝t✐♦♥ t♦♦❧s✳ ❲❡ s❤♦✇ t❤❛t t❤❡ ❜✐❛s✲✈❛r✐❛♥❝❡ tr❛❞❡✲♦✛ ✐s r❡❛❧✐③❡❞ ❛♥❞
t❤❛t t❤❡ s❡❧❡❝t❡❞ ❡st✐♠❛t♦r ❛✉t♦♠❛t✐❝❛❧❧② ❛❞❛♣ts t♦ t❤❡ ✉♥❦♥♦✇♥ r❡❣✉❧❛r✐t② ♦❢ t❤❡ t❛r❣❡t
❢✉♥❝t✐♦♥✳ ❆s ✉s✉❛❧✱ t❤❡ ✈❛r✐❛♥❝❡ t❡r♠ ♦❢ t❤❡ r✐s❦ ❞❡♣❡♥❞s ♦♥ ❛s②♠♣t♦t✐❝ ♣r♦♣❡rt✐❡s ♦❢ t❤❡
s♠❛❧❧ ❜❛❧❧ ♣r♦❜❛❜✐❧✐t② ϕ(h) = P(d(X, 0) ≤ h) ✇❤❡♥ h → 0✳ ❚❤❡ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ s♠❛❧❧
❜❛❧❧ ♣r♦❜❛❜✐❧✐t② ✐s ❛ ❞✐✣❝✉❧t ♣r♦❜❧❡♠ ✇❤✐❝❤ ✐s st✐❧❧ t❤❡ s✉❜❥❡❝t ♦❢ r❡s❡❛r❝❤ st✉❞✐❡s✳ ❲❡
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❝♦♠♣✉t❡ ♣r❡❝✐s❡ r❛t❡s ❢♦r ♦✉r ❡st✐♠❛t♦r ✉♥❞❡r s❡✈❡r❛❧ ❛ss✉♠♣t✐♦♥s ♦♥ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢
t❤❡ ♣r♦❝❡ss X✱ ❢✉❧✜❧❧❡❞ ❡✳❣✳ ❜② ❛ ❧❛r❣❡ ❝❧❛ss ♦❢ ●❛✉ss✐❛♥ ♣r♦❝❡ss❡s✳ ❈♦♥s✐st❡♥t❧② ✇✐t❤
t❤❡ ♣r❡✈✐♦✉s ✇♦r❦s✱ t❤❡ r❛t❡s ✇❡ ♦❜t❛✐♥ ❛r❡ q✉✐t❡ s❧♦✇✳ ❍♦✇❡✈❡r✱ ✇❡ ♣r♦✈❡ t❤❛t t❤❡② ❛r❡
♠✐♥✐♠❛① ♦♣t✐♠❛❧✳ ❚❤❡ r❡s✉❧ts ❛r❡ ❛❧s♦ s❤♦✇♥ t♦ ❜❡ ❝♦❤❡r❡♥t ✇✐t❤ ❧♦✇❡r ❜♦✉♥❞s ❝♦♠♣✉t❡❞
❜② ▼❛s ✭✷✵✶✷✮ ❢♦r t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ r❡❣r❡ss✐♦♥ ❢✉♥❝t✐♦♥✳
❚♦ ❜②♣❛ss t❤❡ ❞✐✣❝✉❧t✐❡s ✐♥❤❡r❡♥t t♦ t❤❡ ✐♥✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ♥❛t✉r❡ ♦❢ t❤❡ ❞❛t❛✱ s♦♠❡

r❡s❡❛r❝❤❡rs ✭s❡❡ ❡✳❣✳ ▼❛sr② ✷✵✵✺❀ ❋❡rr❛t② ❡t ❛❧✳ ✷✵✵✻❀ ●❡❡♥❡♥s ✷✵✶✶✮ ❤❛✈❡ s✉❣❣❡st❡❞
r❡♣❧❛❝✐♥❣ t❤❡ ♥♦r♠ ‖ · ‖ ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❡st✐♠❛t♦r ✭✷✮ ❜② ❛ s❡♠✐✲♥♦r♠✳ ❚❤❡ ❝❛s❡ ♦❢
♣r♦❥❡❝t✐♦♥ s❡♠✐✲♥♦r♠s ❤❛s r❡❝❡✐✈❡❞ ♣❛rt✐❝✉❧❛r ❛tt❡♥t✐♦♥✳ ■♥ t❤❛t ❝❛s❡ t❤❡ ❡st✐♠❛t♦r ❝❛♥
❜❡ r❡❞❡✜♥❡❞ t❤✐s ✇❛②

✭✹✮ F̂ x
h,p(y) :=

n∑

i=1

W
(i)
h,p(x)1{Yi≤y} ✇✐t❤ W

(i)
h,p(x) :=

Kh(dp(Xi, x))∑n
j=1Kh(dp(Xj, x))

,

✇❤❡r❡ d2p(x, x
′) :=

∑p
j=1〈x − x′, ej〉2 ❛♥❞ (ej)j≥1 ✐s ❛ ❜❛s✐s ♦❢ H✳ ❉❡✜♥✐♥❣ t❤✐s ❡st✐♠❛t♦r

❛♠♦✉♥ts t♦ ♣r♦❥❡❝t t❤❡ ❞❛t❛ ✐♥t♦ ❛ p✲❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡✳ ❲❡ s❤♦✇ t❤❛t ✐t ❞♦❡s ♥♦t ✐♠✲
♣r♦✈❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡s ♦❢ t❤❡ ◆❛❞❛r❛②❛✲❲❛ts♦♥ ❡st✐♠❛t♦r s✐♥❝❡ t❤❡ ❧♦✇❡r ❜♦✉♥❞s
❛r❡ st✐❧❧ ✈❛❧✐❞✳ ■♥ ♦r❞❡r t♦ ✉♥❞❡rst❛♥❞ ✇❤❛t ✐s ❣♦✐♥❣ ♦♥✱ ✇❡ ❜r✐❡✢② st✉❞② ❛ ❜✐❛s✲✈❛r✐❛♥❝❡
❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ r✐s❦ ♦❢ t❤✐s ❡st✐♠❛t♦r✳

❚❤❡ ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✿ ✐♥ ❙❡❝t✐♦♥ ✷✱ ✇❡ ♣r♦✈✐❞❡ ❛ ❜✐❛s✲✈❛r✐❛♥❝❡ ❞❡❝♦♠♣♦s✐✲
t✐♦♥ ♦❢ t❤❡ ❡st✐♠❛t♦r ✭✷✮ ✐♥ t❡r♠s ♦❢ t✇♦ ❝r✐t❡r✐❛✱ ❛ ♣♦✐♥t✇✐s❡ ❛♥❞ ❛♥ ✐♥t❡❣r❛t❡❞ r✐s❦✳ ❚❤❡
❜❛♥❞✇✐❞t❤ h ✐s s❤♦✇♥ t♦ ✐♥✢✉❡♥❝❡ s✐❣♥✐✜❝❛♥t❧② t❤❡ q✉❛❧✐t② ♦❢ ❡st✐♠❛t✐♦♥✳ ■♥ ❙❡❝t✐♦♥ ✸✱ ✇❡
❞❡✜♥❡ ❛ ❜❛♥❞✇✐❞t❤ s❡❧❡❝t✐♦♥ ❝r✐t❡r✐♦♥ ❛❝❤✐❡✈✐♥❣ t❤❡ ❜❡st ❜✐❛s✲✈❛r✐❛♥❝❡ tr❛❞❡✲♦✛✳ ❘❛t❡s ♦❢
❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ r❡s✉❧t✐♥❣ ❡st✐♠❛t♦r ❛r❡ ❝♦♠♣✉t❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳ ❚♦ ❡♥s✉r❡ t❤❛t t❤❡s❡
r❛t❡s ❛r❡ ♦♣t✐♠❛❧✱ ✇❡ ❛❧s♦ ♣r♦✈❡ ❧♦✇❡r ❜♦✉♥❞s✳ Pr♦♣❡rt✐❡s ♦❢ t❤❡ ❡st✐♠❛t♦r ❞❡✜♥❡❞ ✇✐t❤ ❛
♣r♦❥❡❝t✐♦♥ s❡♠✐✲♠❡tr✐❝ ❛r❡ ✐♥✈❡st✐❣❛t❡❞ ✐♥ ❙❡❝t✐♦♥ ✺✳ ❋✐♥❛❧❧②✱ t❤❡ ♣r♦♦❢s ❛r❡ ❣❛t❤❡r❡❞ ✐♥
❙❡❝t✐♦♥ ✻✳

✷✳ ■♥t❡❣r❛t❡❞ ❛♥❞ ♣♦✐♥t✇✐s❡ r✐s❦ ♦❢ ❛♥ ❡st✐♠❛t♦r ✇✐t❤ ❢✐①❡❞ ❜❛♥❞✇✐❞t❤

✷✳✶✳ ❈♦♥s✐❞❡r❡❞ r✐s❦s✳ ❲❡ ❝♦♥s✐❞❡r t✇♦ t②♣❡s ♦❢ r✐s❦s ❢♦r t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ (x, y) 7→ F x(y)✳
❇♦t❤ ❛r❡ ♠❡❛♥ ✐♥t❡❣r❛t❡❞ sq✉❛r❡❞ ❡rr♦r ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ r❡s♣♦♥s❡ ✈❛r✐❛❜❧❡ y✳
❚❤❡ ✜rst ❝r✐t❡r✐♦♥ ✐s ❛ ♣♦✐♥t✇✐s❡ r✐s❦ ✐♥ x✱ ✐♥t❡❣r❛t❡❞ ✐♥ y✿

E

[
‖F̂ x0

h − F x0‖2D
]
,

❢♦r ❛ ✜①❡❞ x0 ∈ H✱ D ❛ ❝♦♠♣❛❝t s✉❜s❡t ♦❢ R ❛♥❞

‖f‖2D :=

∫

D

f(t)2dt,

❦❡❡♣✐♥❣ ✐♥ ♠✐♥❞ t❤❛t t❤❡ ❍✐❧❜❡rt ♥♦r♠ ♦❢ H ✐s ‖.‖✳ ❲❡ ❛❧s♦ ❞❡♥♦t❡ ❜② |D| :=
∫
D
dt t❤❡

▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ♦❢ t❤❡ s❡t D✳
◆❡①t✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛ s❡❝♦♥❞ ❝r✐t❡r✐♦♥✱ ✇❤✐❝❤ ✐s ❛♥ ✐♥t❡❣r❛t❡❞ r✐s❦ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡

♣r♦❞✉❝t ♦❢ t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ♦♥ R ❛♥❞ t❤❡ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ PX ♦❢ X✱ ❞❡✜♥❡❞ ❜②

✭✺✮ E

[
‖F̂X′

h − FX′‖2D1B(X ′)
]
=

∫

D

∫

B

(
F̂ x
h (y)− F x(y)

)2
dydPX(x),

✇❤❡r❡ X ′ ✐s ❛ ❝♦♣② ♦❢ X ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❞❛t❛ s❛♠♣❧❡ ❛♥❞ B ✐s ❛ s✉❜s❡t ♦❢ H✳
❚❤❡ ♠♦t✐✈❛t✐♦♥ ❢♦r st✉❞②✐♥❣ t❤❡ t✇♦ r✐s❦s ✐s t✇♦❢♦❧❞✳ ❋✐rst✱ ✐♥ ♣r❛❝t✐❝❡✱ ✇❡ ❝❛♥ ❡✐t❤❡r

❜❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ FXn+1 ✇❤❡r❡ Xn+1 ✐s ❛ ❝♦♣② ♦❢ X ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡
s❛♠♣❧❡ ♦r ✇❡ ❝❛♥ ❜❡ ✐♥t❡r❡st❡❞ ✐♥ ❡st✐♠❛t✐♥❣ t❤❡ ❝✳❞✳❢ ❝♦♥❞✐t✐♦♥❛❧❧② t♦ X = x0 ✇❤❡r❡



✹ ●✳ ❈❍❆●◆❨ ❆◆❉ ❆✳ ❘❖❈❍❊

x0 ✐s ❛ ♣♦✐♥t ❝❤♦s❡♥ ✐♥ ❛❞✈❛♥❝❡✳ ❙✉❝❤ ❛♥ ❛♣♣r♦❛❝❤ ✐s r❛t❤❡r ❝❧❛ss✐❝❛❧ ✐♥ ❢✉♥❝t✐♦♥❛❧ ❧✐♥❡❛r
r❡❣r❡ss✐♦♥ ✭❘❛♠s❛② ❛♥❞ ❙✐❧✈❡r♠❛♥✱ ✷✵✵✺❀ ❈❛r❞♦t ❡t ❛❧✳✱ ✶✾✾✾✮ ✇❤❡r❡ ❡✐t❤❡r ♣r❡❞✐❝t✐♦♥ ❡rr♦r
♦♥ r❛♥❞♦♠ ❝✉r✈❡s ✭❈r❛♠❜❡s ❡t ❛❧✳✱ ✷✵✵✾✮ ♦r ♣r❡❞✐❝t✐♦♥ ❡rr♦r ♦✈❡r ❛ ✜①❡❞ ❝✉r✈❡ ✭❈❛✐ ❛♥❞
❍❛❧❧✱ ✷✵✵✻✮ ❛r❡ ❝♦♥s✐❞❡r❡❞✳ ❙❡❝♦♥❞✱ ✐♥t❡❣r❛t❡❞ r✐s❦s ❤❛✈❡ ❜❡❡♥ r❡❧❛t✐✈❡❧② ✉♥❡①♣❧♦r❡❞ ✐♥
♥♦♥✲♣❛r❛♠❡tr✐❝ ❢✉♥❝t✐♦♥❛❧ ❞❛t❛ ❛♥❛❧②s✐s✳ ■♥❞❡❡❞✱ t❤❡r❡ ✐s ♥♦ ♠❡❛s✉r❡ ✉♥✐✈❡rs❛❧❧② ❛❝❝❡♣t❡❞
❛s t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ✐♥ ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ s❡tt✐♥❣ ✭s❡❡ ❡✳❣✳ ❉❡❧❛✐❣❧❡ ❛♥❞ ❍❛❧❧ ✷✵✶✵❀
❉❛❜♦✲◆✐❛♥❣ ❛♥❞ ❨❛♦ ✷✵✶✸✮✳ ❚❤❡ ♦♥❧② ♠❡❛s✉r❡ ❛t ❤❛♥❞ ✐s t❤❡ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ ♦❢ X✳

✷✳✷✳ ❆ss✉♠♣t✐♦♥s✳ ❍❡r❡❛❢t❡r✱ ✇❡ ❞❡♥♦t❡ ❜② ϕx t❤❡ s❤✐❢t❡❞ s♠❛❧❧ ❜❛❧❧ ♣r♦❜❛❜✐❧✐t②✿

ϕx(h) = P(‖X − x‖ ≤ h), h > 0, x ∈ H.

❲❡ ✇r✐t❡ ϕ(h) ✐♥st❡❛❞ ♦❢ ϕ0(h)✳ ■❢ X ′ ✐s ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡✱ ϕX
′
✐s t❤❡ ❝♦♥❞✐t✐♦♥❛❧ s♠❛❧❧

❜❛❧❧ ♣r♦❜❛❜✐❧✐t②✿ ϕX
′
(h) = PX′(‖X − X ′‖ ≤ h)✱ ✇❤❡r❡ ❤❡r❡❛❢t❡r t❤❡ ♥♦t❛t✐♦♥ PX′ ✭r❡s♣✳

EX′ ✱ ❱❛rX′✮ st❛♥❞s ❢♦r t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ♣r♦❜❛❜✐❧✐t② ✭r❡s♣✳ ❡①♣❡❝t❛t✐♦♥✱ ✈❛r✐❛♥❝❡✮ ❣✐✈❡♥
X ′✳ ❋♦r s✐♠♣❧✐❝✐t②✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ❝✉r✈❡ X ✐s ❝❡♥tr❡❞ t❤❛t ✐s t♦ s❛② t❤❡ ❢✉♥❝t✐♦♥
t 7→ E [X(t)] ✐s s✉♣♣♦s❡❞ t♦ ❜❡ ✐❞❡♥t✐❝❛❧❧② ❡q✉❛❧ t♦ ✵✳ ❲❡ ❛❧s♦ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣
❛ss✉♠♣t✐♦♥s✳ ❚❤❡ ✜rst ♦♥❡ ✐s r❡❧❛t❡❞ t♦ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ❦❡r♥❡❧✱ t❤❡ t✇♦ ❢♦❧❧♦✇✐♥❣ ❛r❡
r❡❣✉❧❛r✐t② ❛ss✉♠♣t✐♦♥s ❢♦r t❤❡ ❢✉♥❝t✐♦♥ t♦ ❡st✐♠❛t❡ ❛♥❞ t❤❡ ♣r♦❝❡ss X✳

HK ❚❤❡ ❦❡r♥❡❧ K ✐s ♦❢ t②♣❡ ■ ✭❋❡rr❛t② ❛♥❞ ❱✐❡✉✱ ✷✵✵✻✮ ✐✳❡✳ ✐ts s✉♣♣♦rt ✐s ✐♥ [0, 1] ❛♥❞
t❤❡r❡ ❡①✐st t✇♦ ❝♦♥st❛♥ts cK , CK > 0 s✉❝❤ t❤❛t

cK1[0,1] ≤ K ≤ CK1[0,1].

HF ❚❤❡r❡ ❡①✐sts β > 0 s✉❝❤ t❤❛t F ❜❡❧♦♥❣s t♦ t❤❡ ❢✉♥❝t✐♦♥❛❧ s♣❛❝❡ Fβ✱ t❤❡ ❝❧❛ss ♦❢
t❤❡ ♠❛♣s (x, y) ∈ H× R 7→ F x(y) s✉❝❤ t❤❛t✿
✕ ❢♦r ❛❧❧ x ∈ H✱ F x ✐s ❛ ❝✳❞✳❢❀
✕ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t CD > 0 s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ x, x′ ∈ H

‖F x − F x′‖D ≤ CD‖x− x′‖β.
Hϕ ❚❤❡r❡ ❡①✐st t✇♦ ❝♦♥st❛♥ts cϕ, Cϕ > 0 s✉❝❤ t❤❛t ❢♦r ❛❧❧ h ∈ R✱

cϕϕ(h)1B(X
′) ≤ ϕX

′
(h)1B(X

′) ≤ Cϕϕ(h)1B(X
′) ❛✳s✳,

✇❤❡r❡ X ′ ✐s ❛♥ ✐♥❞❡♣❡♥❞❡♥t ❝♦♣② ♦❢ X✳

❆ss✉♠♣t✐♦♥HK ✐s q✉✐t❡ ❝❧❛ss✐❝❛❧ ✐♥ ❦❡r♥❡❧ ♠❡t❤♦❞s ❢♦r ❢✉♥❝t✐♦♥❛❧ ❞❛t❛ ✭s❡❡ ❋❡rr❛t② ❡t ❛❧✳
✷✵✵✻❀ ❇✉r❜❛ ❡t ❛❧✳ ✷✵✵✾❀ ❋❡rr❛t② ❡t ❛❧✳ ✷✵✶✵✮✳ ❲❡ ❛r❡ ❛✇❛r❡ t❤❛t t❤✐s ✐s ❛ str♦♥❣ ❛ss✉♠♣t✐♦♥
❜✉t ❛❧❧❡✈✐❛t❡ ✐t ✐♥ ❛ ❢✉♥❝t✐♦♥❛❧ ❞❛t❛ ❝♦♥t❡①t r❡q✉✐r❡s ❛ ❧♦t ♦❢ t❡❝❤♥✐❝❛❧ ❞✐✣❝✉❧t✐❡s ❛♥❞ ✐t ✐s
st✐❧❧✱ t♦ ♦✉r ❦♥♦✇❧❡❞❣❡✱ ❛♥ ♦♣❡♥ ♣r♦❜❧❡♠✳
❆ss✉♠♣t✐♦♥ HF ✐s ❛♥ ❍ö❧❞❡r✲t②♣❡ r❡❣✉❧❛r✐t② ❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ ♠❛♣ x 7→ F x✳ ❚❤✐s t②♣❡

♦❢ ❝♦♥❞✐t✐♦♥ ✐s ♥❛t✉r❛❧ ✐♥ ❦❡r♥❡❧ ❡st✐♠❛t✐♦♥✳ ■t ✐s ✈❡r② s✐♠✐❧❛r t♦ ❆ss✉♠♣t✐♦♥ ✭❍✷✮ ♦❢
❋❡rr❛t② ❡t ❛❧✳ ✭✷✵✵✻✮ ♦r ❆ss✉♠♣t✐♦♥ ✭❍✷✬✮ ♦❢ ❋❡rr❛t② ❡t ❛❧✳ ✭✷✵✶✵✮✳ ◆♦t❡✱ ❤♦✇❡✈❡r✱ t❤❛t✱
s✐♥❝❡ ❜♦t❤ ❝♦♥s✐❞❡r❡❞ r✐s❦s ❛r❡ ✐♥t❡❣r❛t❡❞ ✇✐t❤ r❡s♣❡❝t t♦ y✱ ♥♦ r❡❣✉❧❛r✐t② ❝♦♥❞✐t✐♦♥ ♦♥
t❤❡ ♠❛♣ y 7→ F x(y) ✐s r❡q✉✐r❡❞ ❤❡r❡✳ ❆ s✐♠✐❧❛r ♣❤❡♥♦♠❡♥♦♥ ❛♣♣❡❛rs ❢♦r t❤❡ ❡st✐♠❛t✐♦♥
♦❢ t❤❡ ❝✳❞✳❢ ✇❤❡♥ t❤❡ ❝♦✈❛r✐❛t❡ ✐s r❡❛❧✿ ❢♦r ✐♥st❛♥❝❡✱ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡ ❣✐✈❡♥ ❜② ❇r✉♥❡❧
❡t ❛❧✳ ✭✷✵✶✵✱ ❈♦r♦❧❧❛r② ✶✮ ♦♥❧② ❞❡♣❡♥❞s ♦♥ t❤❡ r❡❣✉❧❛r✐t② ♦❢ F ✇✐t❤ r❡s♣❡❝t t♦ x✳
❆ss✉♠♣t✐♦♥ Hϕ ✐s ✈❡r② s✐♠✐❧❛r t♦ ❛ss✉♠♣t✐♦♥s ♠❛❞❡ ❜② ❋❡rr❛t② ❡t ❛❧✳ ✷✵✵✻❀ ❇✉r❜❛ ❡t ❛❧✳

✷✵✵✾❀ ❋❡rr❛t② ❡t ❛❧✳ ✷✵✶✵✳ ❚❤✐s ❝♦♥❞✐t✐♦♥ Hϕ ✐s r❡❛s♦♥❛❜❧❡✱ s✐♥❝❡ t❤❡ ❝❧❛ss ♦❢ ●❛✉ss✐❛♥
♣r♦❝❡ss❡s ❢✉❧✜❧❧ ✐t ♣r♦✈✐❞❡❞ t❤❛t B ✐s ❛ ❜♦✉♥❞❡❞ s✉❜s❡t ♦❢ H✳ ■♥❞❡❡❞ t❤❡ ✉♣♣❡r ❜♦✉♥❞
✐s ✈❡r✐✜❡❞ ✇✐t❤ Cϕ = 1 t❤❛♥❦s t♦ ❆♥❞❡rs♦♥✬s ■♥❡q✉❛❧✐t② ✭❆♥❞❡rs♦♥✱ ✶✾✺✺✮ ✭s❡❡ ❛❧s♦ ▲✐
❛♥❞ ❙❤❛♦ ✷✵✵✶✱ ❚❤❡♦r❡♠ ✷✳✶✸ ♦r ❍♦✛♠❛♥♥✲❏ør❣❡♥s❡♥ ❡t ❛❧✳ ✶✾✼✾✱ ❚❤❡♦r❡♠ ✷✳✶✱ ♣✳✸✷✷✮
❛♥❞ ❢r♦♠ ❍♦✛♠❛♥♥✲❏ør❣❡♥s❡♥ ❡t ❛❧✳ ✭✶✾✼✾✱ ❚❤❡♦r❡♠ ✷✳✶✱ ♣✳✸✷✷✮ ✇❡ ❦♥♦✇ t❤❛t t❤❡ ❧♦✇❡r
❜♦✉♥❞ ✐s ✈❡r✐✜❡❞ ✇✐t❤ cϕ := e−R

2/2 ✇❤❡r❡ R := max{‖x‖, x ∈ B} ✳



❊❙❚■▼❆❚■❖◆ ❖❋ ❚❍❊ ❈✳❉✳❋ ●■❱❊◆ ❆ ❋❯◆❈❚■❖◆❆▲ ❈❖❱❆❘■❆❚❊ ✺

✷✳✸✳ ❯♣♣❡r ❜♦✉♥❞✳ ❯♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥s ❛❜♦✈❡ ✇❡ ❛r❡ ❛❜❧❡ t♦ ♦❜t❛✐♥ ❛ ♥♦♥✲❛s②♠♣t♦t✐❝
✉♣♣❡r ❜♦✉♥❞ ❢♦r t❤❡ r✐s❦✿

❚❤❡♦r❡♠ ✶✳ ❙✉♣♣♦s❡ ❛ss✉♠♣t✐♦♥s HK ❛♥❞ HF ❛r❡ ❢✉❧✜❧❧❡❞✳ ▲❡t h > 0 ❜❡ ✜①❡❞✳

✭✐✮ ❋♦r ❛❧❧ x0 ∈ H ✇❡ ❤❛✈❡

✭✻✮ E

[∥∥∥F̂ x0
h − F x0

∥∥∥
2

D

]
≤ C

(
h2β +

1

nϕx0(h)

)
,

✇❤❡r❡ C > 0 ♦♥❧② ❞❡♣❡♥❞s ♦♥ cK✱ CK✱ |D| ❛♥❞ CD✳
✭✐✐✮ ■❢✱ ✐♥ ❛❞❞✐t✐♦♥✱ ❆ss✉♠♣t✐♦♥ Hϕ ✐s ❢✉❧✜❧❧❡❞✱

✭✼✮ E

[
‖F̂X′

h − FX′‖2D1B(X ′)
]
≤ C

(
h2β +

1

nϕ(h)

)
,

✇❤❡r❡ C > 0 ♦♥❧② ❞❡♣❡♥❞s ♦♥ cK✱ CK✱ cϕ✱ Cϕ✱ |D| ❛♥❞ CD✳
❚❤❡ ✜rst t❡r♠ ♦❢ t❤❡ r✐❣❤t✲❤❛♥❞✲s✐❞❡ ♦❢ ✐♥❡q✉❛❧✐t✐❡s ✭✻✮ ❛♥❞ ✭✼✮ ❝♦rr❡s♣♦♥❞s t♦ ❛ ❜✐❛s

t❡r♠✱ ❛♥❞ t❤❡ s❡❝♦♥❞ ✐s ❛ ✈❛r✐❛♥❝❡ t❡r♠✱ ✇❤✐❝❤ ✐♥❝r❡❛s❡s ✇❤❡♥ h ❣♦❡s t♦ 0 ✭s✐♥❝❡ ϕx0(h)
❛♥❞ ϕ(h) ❞❡❝r❡❛s❡ t♦ 0 ✇❤❡♥ h → 0✮✳ ◆♦t❡ t❤❛t t❤❡ ✉♣♣❡r ❜♦✉♥❞s ❛r❡ ✈❡r② s✐♠✐❧❛r t♦
t❤❡ r❡s✉❧ts ♦❢ ❋❡rr❛t② ❡t ❛❧✳ ✭✷✵✵✻✱ ❚❤❡♦r❡♠ ✸✳✶✮ ❛♥❞ ❋❡rr❛t② ❡t ❛❧✳ ✭✷✵✶✵✱ ❈♦r♦❧❧❛r② ✸✮✳
❍♦✇❡✈❡r✱ ✇❡ ❞♦ ♥♦t ❤❛✈❡ ❛♥ ❡①tr❛✲lnn ❢❛❝t♦r ✐♥ t❤❡ ✈❛r✐❛♥❝❡ t❡r♠✳
❲❡ ❞❡❞✉❝❡ ❢r♦♠ ❚❤❡♦r❡♠ ✶ t❤❛t t❤❡ ✉s✉❛❧ ❜✐❛s✲✈❛r✐❛♥❝❡ tr❛❞❡✲♦✛ ♠✉st ❜❡ ❞♦♥❡ ✐❢ ♦♥❡

✇❛♥ts t♦ ❝❤♦♦s❡ h ✐♥ ❛ ❢❛♠✐❧② ♦❢ ♣♦ss✐❜❧❡ ❜❛♥❞✇✐❞t❤s✳ ❚❤❡ ✐❞❡❛❧ ❝♦♠♣r♦♠✐s❡ h∗ ✐s ❝❛❧❧❡❞
t❤❡ ♦r❛❝❧❡✱ ❛♥❞ ✐s ❞❡✜♥❡❞ ❜②

✭✽✮ h∗ = ❛r❣min
h

E

[∥∥∥F̂X′
h − FX′

∥∥∥
2

D
1B(X

′)

]
.

■t ❝❛♥♥♦t ❜❡ ✉s❡❞ ❛s ❛♥ ❡st✐♠❛t♦r s✐♥❝❡ ✐t ❜♦t❤ ❞❡♣❡♥❞s ♦♥ t❤❡ ✉♥❦♥♦✇♥ r❡❣✉❧❛r✐t② ✐♥❞❡①
β ♦❢ F ❛♥❞ ♦♥ t❤❡ r❛t❡ ♦❢ ❞❡❝r❡❛s❡ ♦❢ t❤❡ s♠❛❧❧ ❜❛❧❧ ♣r♦❜❛❜✐❧✐t② ϕ(h) ♦❢ X t♦ 0✳ ❚❤❡
❝❤❛❧❧❡♥❣❡ ✐s t♦ ♣r♦♣♦s❡ ❛ ❢✉❧❧② ❞❛t❛✲❞r✐✈❡♥ ♠❡t❤♦❞ t♦ ♣❡r❢♦r♠ t❤❡ tr❛❞❡✲♦✛✳

✸✳ ❆❞❛♣t✐✈❡ ❡st✐♠❛t✐♦♥

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❢♦❝✉s ♦♥ t❤❡ ✐♥t❡❣r❛t❡❞ r✐s❦✳ ❲❡ r❡❢❡r t♦ ❘❡♠❛r❦ ✶ ❜❡❧♦✇ ❢♦r t❤❡
❡①t❡♥s✐♦♥ ♦❢ t❤❡ r❡s✉❧ts ❢♦r t❤❡ ♣♦✐♥t✇✐s❡ ❝r✐t❡r✐♦♥✳

✸✳✶✳ ❇❛♥❞✇✐❞t❤ s❡❧❡❝t✐♦♥✳ ❲❡ ❤❛✈❡ ❛t ♦✉r ❞✐s♣♦s❛❧ t❤❡ ❡st✐♠❛t♦rs F̂h ❞❡✜♥❡❞ ❜② ✭✷✮
❢♦r ❛♥② h > 0✳ ▲❡t Hn ❜❡ ❛ ✜♥✐t❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❜❛♥❞✇✐❞t❤s✱ ✇✐t❤ ❝❛r❞✐♥❛❧✐t② ❞❡♣❡♥❞✐♥❣ ♦♥
n ❛♥❞ ♣r♦♣❡rt✐❡s ♣r❡❝✐s❡❞ ❜❡❧♦✇✳ ❋♦r ❛♥② h ∈ Hn✱ ❛♥ ❡♠♣✐r✐❝❛❧ ✈❡rs✐♦♥ ❢♦r t❤❡ s♠❛❧❧ ❜❛❧❧
♣r♦❜❛❜✐❧✐t② ϕ(h) = P(‖X‖ ≤ h) ✐s

✭✾✮ ϕ̂(h) =
1

n

n∑

i=1

1{‖Xi‖≤h}.

❋♦r ❛♥② h ∈ Hn✱ ✇❡ ❞❡✜♥❡

✭✶✵✮ Â(h) = max
h′∈Hn

(∥∥∥F̂X′
h′ − F̂X′

h∨h′
∥∥∥
2

D
− V̂ (h′)

)

+

, V̂ (h) =




κ
ln(n)

nϕ̂(h)
✐❢ ϕ̂(h) 6= 0

+∞ ♦t❤❡r✇✐s❡,

✇❤❡r❡ κ ✐s ❛ ❝♦♥st❛♥t s♣❡❝✐✜❡❞ ✐♥ t❤❡ ♣r♦♦❢s ✇❤✐❝❤ ❞❡♣❡♥❞s ♥❡✐t❤❡r ♦♥ h✱ ♥♦r ♦♥ n✱ ♥♦r
♦♥ FX′

✳ ❚❤❡ q✉❛♥t✐t② V̂ (h) ✐s ❛♥ ❡st✐♠❛t❡ ♦❢ t❤❡ ✉♣♣❡r ❜♦✉♥❞ ❢♦r t❤❡ ✈❛r✐❛♥❝❡ t❡r♠ ✭s❡❡



✻ ●✳ ❈❍❆●◆❨ ❆◆❉ ❆✳ ❘❖❈❍❊

✭✼✮✮ ❛♥❞ Â(h) ✐s ♣r♦✈❡❞ t♦ ❜❡ ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ❜✐❛s t❡r♠ ✭s❡❡ ▲❡♠♠❛ ✻✮✳ ❚❤✐s
♠♦t✐✈❛t❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤♦✐❝❡ ♦❢ t❤❡ ❜❛♥❞✇✐❞t❤✿

ĥ = ❛r❣♠✐♥h∈Hn

{
Â(h) + V̂ (h)

}
.

❚❤❡ s❡❧❡❝t❡❞ ❡st✐♠❛t♦r ✐s F̂ĥ✳

❚❤✐s s❡❧❡❝t✐♦♥ r✉❧❡ ✐s ✐♥s♣✐r❡❞ ❜♦t❤ ♦♥ t❤❡ r❡❝❡♥t ✈❡rs✐♦♥ ♦❢ t❤❡ s♦✲❝❛❧❧❡❞ ▲❡♣s❦✐ ♠❡t❤♦❞
✭s❡❡ ●♦❧❞❡♥s❤❧✉❣❡r ❛♥❞ ▲❡♣s❦✐ ✷✵✶✶✮ ❛♥❞ ♠♦❞❡❧ s❡❧❡❝t✐♦♥ t♦♦❧s✳ ❚❤❡ ♠❛✐♥ ✐❞❡❛ ✐s t♦
❡st✐♠❛t❡ t❤❡ ❜✐❛s t❡r♠ ❜② ❧♦♦❦✐♥❣ ❛t s❡✈❡r❛❧ ❡st✐♠❛t♦rs✳ ●♦❧❞❡♥s❤❧✉❣❡r ❛♥❞ ▲❡♣s❦✐ ✭✷✵✶✶✮

♣r♦♣♦s❡ t♦ ✜rst ❞❡✜♥❡ ✑✐♥t❡r♠❡❞✐❛t❡✑ ❡st✐♠❛t❡s F̂X′
h,h′ ✭h, h

′ ∈ Hn✮✱ ❜❛s❡❞ ♦♥ ❛ ❝♦♥✈♦❧✉t✐♦♥
♣r♦❞✉❝t ♦❢ t❤❡ ❦❡r♥❡❧ ✇✐t❤ t❤❡ ❡st✐♠❛t♦rs ✇✐t❤ ✜①❡❞ ❜❛♥❞✇✐❞t❤s✳ ❍♦✇❡✈❡r✱ t❤✐s ❝❛♥ ♦♥❧②
❜❡ ❞♦♥❡ ✇❤❡♥ t❤❡ ❜✐❛s ♦❢ t❤❡ ❡st✐♠❛t♦r ✐s ✇r✐tt❡♥ ❛s t❤❡ ❝♦♥✈♦❧✉t✐♦♥ ♣r♦❞✉❝t ♦❢ t❤❡
❦❡r♥❡❧ ✇✐t❤ t❤❡ t❛r❣❡t ❢✉♥❝t✐♦♥✳ ❙✐♥❝❡ ✐t ✐s ♥♦t t❤❡ ❝❛s❡ ✐♥ ♦✉r ♣r♦❜❧❡♠✱ ✇❡ ♣❡r❢♦r♠ t❤❡
❜❛♥❞✇✐❞t❤ s❡❧❡❝t✐♦♥ ✇✐t❤ F̂X′

h,h′ = F̂X′
h∨h′ ✐♥ ✭✶✵✮✳ ❚❤✐s ✐s s✐♠✐❧❛r t♦ t❤❡ ♣r♦❝❡❞✉r❡ ♣r♦♣♦s❡❞

❜② ❈❤❛❣♥② ✭✷✵✶✸❛✮ ♦r ❈♦♠t❡ ❛♥❞ ❏♦❤❛♥♥❡s ✭✷✵✶✷✮ ❢♦r ♠♦❞❡❧ s❡❧❡❝t✐♦♥ ♣✉r♣♦s❡✳ ❚❤✉s✱
V (h) ❝❛♥ ❛❧s♦ ❜❡ s❡❡♥ ❛s ❛ ♣❡♥❛❧t② t❡r♠✳ ❲❡ ❛❧s♦ r❡❢❡r t♦ t❤❡ ♣❤❉ ♦❢ ❈❤❛❣♥② ✭✷✵✶✸❜✱
♣✳✶✼✵✮ ❢♦r t❡❝❤♥✐❝❛❧ ❞❡t❛✐❧s ❧❡❛❞✐♥❣ t♦ t❤✐s ❝❤♦✐❝❡✳

✸✳✷✳ ❚❤❡♦r❡t✐❝❛❧ r❡s✉❧ts✳ ❚♦ ♣r♦✈❡ ♦✉r ♠❛✐♥ r❡s✉❧ts✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❤②♣♦t❤✲
❡s✐s✱ ✐♥ ❛❞❞✐t✐♦♥ t♦ t❤❡ ❛ss✉♠♣t✐♦♥s ❞❡✜♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✷✳

Hb ❚❤❡ ❝♦❧❧❡❝t✐♦♥ Hn ♦❢ ❜❛♥❞✇✐❞t❤s ✐s s✉❝❤ t❤❛t✿
Hb1 ✐ts ❝❛r❞✐♥❛❧✐t② ✐s ❜♦✉♥❞❡❞ ❜② n✱
Hb2 ❢♦r ❛♥② h ∈ Hn✱ ϕ(h) ≥ C0 ln(n)/n✱ ✇❤❡r❡ C0 > 12 ✐s ❛ ♣✉r❡❧② ♥✉♠❡r✐❝❛❧

❝♦♥st❛♥t ✭s♣❡❝✐✜❡❞ ✐♥ t❤❡ ♣r♦♦❢s✮✳

❆ss✉♠♣t✐♦♥Hb1 ✜①❡s t❤❡ s✐③❡ ♦❢ t❤❡ ❜❛♥❞✇✐❞t❤ ❝♦❧❧❡❝t✐♦♥✿ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❛ss✉♠♣t✐♦♥s
♦❢ ●♦❧❞❡♥s❤❧✉❣❡r ❛♥❞ ▲❡♣s❦✐ ✭✷✵✶✶✮✱ ✇❡ ❝♦♥s✐❞❡r ❛ ❞✐s❝r❡t❡ s❡t ❛♥❞ ♥♦t ❛♥ ✐♥t❡r✈❛❧✱ ✇❤✐❝❤
♣❡r♠✐ts t♦ ✉s❡ t❤❡ ❝❧❛ss✐❝❛❧ t♦♦❧s ♦❢ ♠♦❞❡❧ s❡❧❡❝t✐♦♥ t❤❡♦r② ✐♥ t❤❡ ♣r♦♦❢s✳ ❲❡ ♥♦✇ st❛t❡
t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✳

❚❤❡♦r❡♠ ✷✳ ❆ss✉♠❡ HK✱ Hϕ✱ HF ✱ Hb ❛♥❞ t❤❛t n ≥ 3✳ ❚❤❡r❡ ❡①✐st t✇♦ ❝♦♥st❛♥ts c, C > 0
❞❡♣❡♥❞✐♥❣ ♦♥ cK✱ CK✱ cϕ✱ Cϕ✱ |D|✱ CD s✉❝❤ t❤❛t

✭✶✶✮ E

[∥∥∥F̂X′

ĥ
− FX′

∥∥∥
2

D
1B(X

′)

]
≤ c min

h∈Hn

{
h2β +

ln(n)

nϕ(h)

}
+
C

n
.

❚❤❡ ♦♣t✐♠❛❧ ❜✐❛s✲✈❛r✐❛♥❝❡ ❝♦♠♣r♦♠✐s❡ ✐s r❡❛❝❤❡❞ ❜② t❤❡ ❡st✐♠❛t♦r✱ ✇❤✐❝❤ ✐s t❤✉s ❛❞❛♣✲
t✐✈❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✉♥❦♥♦✇♥ s♠♦♦t❤♥❡ss ♦❢ t❤❡ t❛r❣❡t ❢✉♥❝t✐♦♥ F ✳ ❚❤❡ s❡❧❡❝t❡❞

❜❛♥❞✇✐❞t❤ ĥ ✐s ♣❡r❢♦r♠✐♥❣ ❛s ✇❡❧❧ ❛s t❤❡ ✉♥❦♥♦✇♥ ♦r❛❝❧❡ h∗ ❞❡✜♥❡❞ ✐♥ ✭✽✮✱ ✉♣ t♦ t❤❡
♠✉❧t✐♣❧✐❝❛t✐✈❡ ❝♦♥st❛♥t c✱ ✉♣ t♦ ❛ r❡♠❛✐♥❞✐♥❣ t❡r♠ ♦❢ ♦r❞❡r 1/n ✇❤✐❝❤ ✐s ♥❡❣❧✐❣✐❜❧❡✱ ❛♥❞
✉♣ t♦ t❤❡ ln(n) ❢❛❝t♦r✳ ❚❤✐s ❡①tr❛✲q✉❛♥t✐t② ❛❧s♦ ❛♣♣❡❛rs ✐♥ t❤❡ t❡r♠ V (h)✳ ❚❤❡ ❧♦ss ✐s
❞✉❡ t♦ ❛❞❛♣t❛t✐♦♥✳ ■♥ ❙❡❝t✐♦♥ ✹✱ ✇❡ ♣r♦✈❡ t❤❛t ✐t ❞♦❡s ♥♦t ❛✛❡❝t t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡s ♦❢
t❤❡ ❡st✐♠❛t♦r ✇❤✐❝❤ ✐s ♥❡✈❡rt❤❡❧❡ss ♦♣t✐♠❛❧ ✐♥ t❤❡ ♠✐♥✐♠❛① s❡♥s❡ ✐♥ ♠♦st ♦❢ t❤❡ ❝❛s❡s✳

❚❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷ ✐s ♠❛✐♥❧② ❜❛s❡❞ ♦♥ ♠♦❞❡❧ s❡❧❡❝t✐♦♥ t♦♦❧s✱ s♣❡❝✐✜❝❛❧❧② ❝♦♥❝❡♥✲
tr❛t✐♦♥ ✐♥❡q✉❛❧✐t✐❡s✳ ❆ s♣❡❝✐✜❝ ❞✐✣❝✉❧t② ❝♦♠❡s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t t❤❡ ✈❛r✐❛♥❝❡ t❡r♠ ✐♥ ✭✼✮
❞❡♣❡♥❞s ♦♥ t❤❡ ✉♥❦♥♦✇♥ ❞✐str✐❜✉t✐♦♥ ♦❢ X✱ t❤r♦✉❣❤ ✐ts s♠❛❧❧ ❜❛❧❧ ♣r♦❜❛❜✐❧✐t②✳ ❚❤✉s✱ t❤❡
♣❡♥❛❧t② t❡r♠ V (h) = κ ln(n)/(nϕ(h))✱ ✇❤✐❝❤ ♠❛② ❤❛✈❡ ❜❡❡♥ ❝❧❛ss✐❝❛❧❧② ❞❡✜♥❡❞ ❝❛♥♥♦t

❜❡ ✉s❡❞ ✐♥ ♣r❛❝t✐❝❡✳ ❚❤✐s ❡①♣❧❛✐♥s ✇❤② ✇❡ ❞❡✜♥❡ ❛♥❞ ♣❧✉❣ ✐♥ V̂ (h) t❤❡ ❡st✐♠❛t♦r ✭✾✮✳

❍♦✇❡✈❡r✱ ❢♦r t❤❡ s❛❦❡ ♦❢ ❝❧❛r✐t②✱ ✇❡ ❜❡❣✐♥ t❤❡ ♣r♦♦❢ ❜② ❡st❛❜❧✐s❤✐♥❣ t❤❡ r❡s✉❧t ✇✐t❤ V̂ (h)
r❡♣❧❛❝❡❞ ❜② ✐ts t❤❡♦r❡t✐❝❛❧ ❝♦✉♥t❡r♣❛rt V (h) = κ ln(n)/(nϕ(h))✳
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❘❡♠❛r❦ ✶✳ • ■♥ ♣r❛❝t✐❝❡✱ ✐t ✐s ✐♠♣♦ss✐❜❧❡ t♦ ✈❡r✐❢② ❆ss✉♠♣t✐♦♥ Hb2 s✐♥❝❡ t❤❡ ❢✉♥❝✲
t✐♦♥ ϕ ❛♥❞ t❤❡ ❝♦♥st❛♥t C0 ❛r❡ ✉♥❦♥♦✇♥✳ ❍♦✇❡✈❡r✱ t❤✐s ❞✐✣❝✉❧t② ❝❛♥ ❜❡ ❝✐r✲
❝✉♠✈❡♥t❡❞ ❜② ✐♥tr♦❞✉❝✐♥❣ ❛ r❛♥❞♦♠ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❜❛♥❞✇✐❞t❤s Ĥn ✈❡r✐❢②✐♥❣✱ ❢♦r ❛❧❧
h ∈ Ĥn✱ ϕ̂(h) ≥ 2Ĉ0 ln(n)/n ✇❤❡r❡ ϕ̂ ❛♥❞ Ĉ0 ❛r❡ s♦♠❡ ❡st✐♠❛t♦rs ♦❢ ϕ ✭s❡❡ ❊q✉❛✲
t✐♦♥ ✭✾✮✮ ❛♥❞ C0✳ ❍♦✇❡✈❡r✱ s✐♥❝❡ ✐t ❞♦❡s ♥♦t ❛❞❞ s✐❣♥✐✜❝❛♥t ❞✐✣❝✉❧t② ✭s❡❡ ❈♦♠t❡
❛♥❞ ❏♦❤❛♥♥❡s ✷✵✶✷❀ ❇r✉♥❡❧ ❡t ❛❧✳ ✷✵✶✸✮ ❜✉t ✇♦✉❧❞ ❝♦♠♣❧✐❝❛t❡ t❤❡ ✉♥❞❡rst❛♥❞❛❜✐❧✐t②
♦❢ ♣r♦♦❢s✱ ✇❡ ❝❤♦♦s❡ t♦ ❦❡❡♣ ❆ss✉♠♣t✐♦♥ Hb2 ✳

• ❲❡ ❝♦✉❧❞ ❜✉✐❧❞ ❛♥ ❛❞❛♣t✐✈❡ ❡st✐♠❛t♦r ❢♦r t❤❡ ♣♦✐♥t✇✐s❡ r✐s❦✳ ❚♦ ❞♦ s♦✱ r❡♣❧❛❝❡
ϕ̂(h) ✐♥ ✭✶✵✮ ❜② ϕ̂x0(h) =

∑n
i=1 1{‖Xi−x0‖)≤h}/n ❛♥❞ X ′ ❜② x0 ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢

Â(h)✳

✹✳ ▼✐♥✐♠❛① r❛t❡s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❝♦♠♣✉t❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡ ♦❢ t❤❡ ♦r❛❝❧❡ F̂h∗ ✇✐t❤ h∗ ❞❡✜♥❡❞ ❜②
✭✽✮✱ t❤❡ r❛t❡ ♦❢ t❤❡ s❡❧❡❝t❡❞ ❡st✐♠❛t♦r F̂ĥ✱ ❛♥❞ ♣r♦✈❡ ❧♦✇❡r ❜♦✉♥❞s ❢♦r t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❝✳❞✳❢✳
❡st✐♠❛t✐♦♥ ♣r♦❜❧❡♠ ✉♥❞❡r ✈❛r✐♦✉s ❛ss✉♠♣t✐♦♥s ♦♥ t❤❡ r❛t❡ ♦❢ ❞❡❝r❡❛s❡ ♦❢ t❤❡ s♠❛❧❧ ❜❛❧❧
♣r♦❜❛❜✐❧✐t② ♦❢ t❤❡ ❝♦✈❛r✐❛t❡ X✳

✹✳✶✳ ❙♠❛❧❧ ❜❛❧❧ ♣r♦❜❛❜✐❧✐t✐❡s✳ ❚❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ♦r❛❝❧❡ h∗✱ ❛s ✇❡❧❧ ❛s t❤❡ ❝♦♠♣✉✲
t❛t✐♦♥ ♦❢ t❤❡ ♠✐♥✐♠✉♠ ✐♥ t❤❡ r✐❣❤t✲❤❛♥❞✲s✐❞❡ ♦❢ ✭✶✶✮ r❡q✉✐r❡ t♦ ✜① ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ r❛t❡
♦❢ ❞❡❝r❡❛s❡ ♦❢ t❤❡ s♠❛❧❧ ❜❛❧❧ ♣r♦❜❛❜✐❧✐t② ϕ(h)✳ ❚❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ❛ss✉♠♣t✐♦♥s ✐s ❝r✉❝✐❛❧ ❛♥❞
❞❡t❡r♠✐♥❡s t❤❡ r❛t❡s ♦❢ ❝♦♥✈❡r❣❡♥❝❡ t♦ ③❡r♦ ♦❢ ♦✉r ❡st✐♠❛t♦rs✳ ❙♠❛❧❧ ❜❛❧❧ ♣r♦❜❧❡♠s ❤❛✈❡
❛r♦✉s❡❞ ❝♦♥s✐❞❡r❛❜❧❡ ✐♥t❡r❡st ❛♥❞ ❛tt❡♥t✐♦♥ ✐♥ t❤❡ ♣❛st ❞❡❝❛❞❡s✱ ❛♥❞ ❧♦ts ♦❢ st✉❞✐❡s ♣r♦♣♦s❡
t♦ ❝♦♠♣✉t❡ ❧♦✇❡r ❛♥❞ ✉♣♣❡r ❜♦✉♥❞s ❢♦r ϕ(h)✱ ✐♥ t❤❡ ❝❛s❡ ♦❢ ♣❛rt✐❝✉❧❛r t②♣❡s ♦❢ ♣r♦❝❡ss
X✳ ■❢ ♠✉❝❤ ❛tt❡♥t✐♦♥ ❤❛s ❜❡❡♥ ❣✐✈❡♥ t♦ ●❛✉ss✐❛♥ ♣r♦❝❡ss❡s ✭s❡❡ ❢♦r ❡①❛♠♣❧❡ t❤❡ ❝❧❡❛r
❛❝❝♦✉♥t ♣r♦✈✐❞❡❞ ❜② ▲✐ ❛♥❞ ❙❤❛♦ ✷✵✵✶✮✱ s②st❡♠❛t✐❝ st✉❞✐❡s ❤❛✈❡ ❛❧s♦ ❜❡❡♥ ✉♥❞❡rt❛❦❡♥ t♦
❤❛♥❞❧❡ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡ ♦❢ ✭✐♥✜♥✐t❡✮ s✉♠ ♦❢ ✐♥❞❡♣❡♥❞❡♥t r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✭▲✐❢s❤✐ts✱ ✶✾✾✼❀
❉✉♥❦❡r ❡t ❛❧✳✱ ✶✾✾✽❀ ▼❛s✱ ✷✵✶✷✮✳ ❲❡ ❝♦♥s✐❞❡r ✐♥ t❤❡ s❡q✉❡❧ ♦♥❡ ♦❢ t❤❡ t❤r❡❡ ❢♦❧❧♦✇✐♥❣
❤②♣♦t❤❡s✐s ✇❤✐❝❤ ❛❧❧♦✇ t♦ ✉♥❞❡rst❛♥❞ ❤♦✇ t❤❡ s♠❛❧❧ ❜❛❧❧ ♣r♦❜❛❜✐❧✐t② ❞❡❝❛② ✐♥✢✉❡♥❝❡s t❤❡
r❛t❡s ✭s❡❡ ❙❡❝t✐♦♥ ✹✳✷✮ ❛♥❞ ✇❤✐❝❤ ❛r❡ ❢r❡q✉❡♥t❧② ✉s❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✳ ❲❡ ❞❡s❝r✐❜❡ ❜❡❧♦✇
❧❛r❣❡ ❝❧❛ss ♦❢ ♣r♦❝❡ss❡s ❢♦r ✇❤✐❝❤ t❤❡② ❛r❡ ❢✉❧✜❧❧❡❞✳

HX ❚❤❡r❡ ❡①✐st s♦♠❡ ❝♦♥st❛♥ts c1, C1 > 0 s✉❝❤ t❤❛t ϕx0(h) s❛t✐s✜❡s ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣
t❤r❡❡ ❛ss✉♠♣t✐♦♥s✱ ❢♦r ❛♥② h > 0✿
HX,L ❚❤❡r❡ ❡①✐st s♦♠❡ ❝♦♥st❛♥ts γ1, γ2 ∈ R✱ ❛♥❞ α > 0 s✉❝❤ t❤❛t

c1h
γ1 exp(−c2h−α) ≤ ϕx0(h) ≤ C1h

γ2 exp(−c2h−α)❀
HX,M ❚❤❡r❡ ❡①✐st s♦♠❡ ❝♦♥st❛♥ts γ1, γ2 ∈ R✱ ❛♥❞ α > 1✱ s✉❝❤ t❤❛t

c1h
γ1 exp(−c2 lnα(1/h)) ≤ ϕx0(h) ≤ C1h

γ2 exp(−c2 lnα(1/h))❀
HX,F ❚❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t γ > 0✱ s✉❝❤ t❤❛t c1h

γ ≤ ϕx0(h) ≤ C1h
γ✱

✇❤❡r❡ ✇❡ s❡t x0 = 0 ✐❢ ✇❡ ❝♦♥s✐❞❡r t❤❡ ✐♥t❡❣r❛t❡❞ r✐s❦✳

❙✉❝❤ ✐♥❡q✉❛❧✐t✐❡s ❛r❡ ❤❡❛✈✐❧② ❝♦♥♥❡❝t❡❞ ✇✐t❤ t❤❡ r❛t❡ ♦❢ ❞❡❝r❡❛s❡ ♦❢ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢
t❤❡ ❝♦✈❛r✐❛♥❝❡ ♦♣❡r❛t♦r Γ : f ∈ H 7→ Γf ∈ H ✇✐t❤ Γf(s) = 〈f,❈♦✈(X., Xs)〉✳ ❘❡❝❛❧❧ t❤❡
❑❛r❤✉♥❡♥✲▲♦è✈❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ♣r♦❝❡ss X✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ✇r✐tt❡♥

✭✶✷✮ X =
∑

j≥1

√
λjηjψj,

✇❤❡r❡ (ηj)j≥1 ❛r❡ ✉♥❝♦rr❡❧❛t❡❞ r❡❛❧✲r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✱ (λj)j≥1 ✐s ❛ ♥♦♥✲✐♥❝r❡❛s✐♥❣ s❡q✉❡♥❝❡
♦❢ ♣♦s✐t✐✈❡ ♥✉♠❜❡rs ✭t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ Γ✮ ❛♥❞ (ψj)j≥1 ❛♥ ♦rt❤♦♥♦r♠❛❧ ❜❛s✐s ♦❢ H✳ ❲❤❡♥
X r❡❛❧❧② ❧✐❡s ✐♥ ❛♥ ✐♥✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡✱ t❤❡ s❡t {j ≥ 1, λj > 0} ✐s ✐♥✜♥✐t❡✱ ❛♥❞
✉♥❞❡r ♠✐❧❞ ❛ss✉♠♣t✐♦♥s ♦♥ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ X✱ ✐t ✐s ❦♥♦✇♥ t❤❛t ϕ(h) ❞❡❝r❡❛s❡s ❢❛st❡r
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t❤❛♥ ❛♥② ♣♦❧②♥♦♠✐❛❧ ♦❢ h ✭s❡❡ ❡✳❣✳ ▼❛s ✷✵✶✷✱ ❈♦r♦❧❧❛r② ✶✱ ♣✳✶✵✮✳ ❚❤✐s ✐s t❤❡ ❝❛s❡ ✐♥
❆ss✉♠♣t✐♦♥s HX,L ❛♥❞ HX,M ✳ ▼♦r❡♦✈❡r✱ t❤❡ ❢❛st❡r t❤❡ ❞❡❝❛② ♦❢ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ✐s✱ t❤❡
♠♦r❡ t❤❡ ❞❛t❛ ❛r❡ ❝♦♥❝❡♥tr❛t❡❞ ❝❧♦s❡ t♦ ❛ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡✱ ❛♥❞ t❤❡ s❧♦✇❡r ϕ(h)
❞❡❝r❡❛s❡s✳
❋♦r ❡①❛♠♣❧❡✱ ✇❤❡♥ X ✐s ❛ ●❛✉ss✐❛♥ ♣r♦❝❡ss ✇✐t❤ ❡✐❣❡♥✈❛❧✉❡s (λj)j s✉❝❤ t❤❛t cj−2a ≤

λj ≤ Cj−2a✱ a ≥ 1/2 ✭c, C > 0✮✱ ❆ss✉♠♣t✐♦♥ HX,L ✐s s❛t✐s✜❡❞ ✇✐t❤ γ1 = γ2 = (3−a)/(2a−
1)✱ c2 = a(2a/(2a − 1))1/(2a−1) ❛♥❞ α = 1/(a − 1/2) ✭❍♦✛♠❛♥♥✲❏ør❣❡♥s❡♥ ❡t ❛❧✳ ✶✾✼✾✱
❚❤❡♦r❡♠ ✹✳✹ ❛♥❞ ❡①❛♠♣❧❡ ✹✳✺✱ ♣✳✸✸✸✲✸✸✹✮✳ ❚❤✐s ❝❧❛ss✐❝❛❧ s✐t✉❛t✐♦♥ ♦❢ s✉❝❤ ♣♦❧②♥♦♠✐❛❧
❞❡❝❛② ❝♦✈❡rs t❤❡ ❡①❛♠♣❧❡ ♦❢ t❤❡ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥✱ ✇✐t❤ a = 1 ✭s❡❡ ❆s❤ ❛♥❞ ●❛r❞♥❡r
✶✾✼✺✮✳ ▼♦r❡ ❣❡♥❡r❛❧❧②✱ ✐❢ X ✐s ❞❡✜♥❡❞ ❜② ❛ r❛♥❞♦♠ s❡r✐❡s X =

∑
j≥1 j

−2aZj✱ ❢♦r ✈❛r✐❛❜❧❡s
Zi ✇✐t❤ ❛ ❝✳❞✳❢✳ r❡❣✉❧❛r❧② ✈❛r②✐♥❣ ❛t ✵ ✇✐t❤ ♣♦s✐t✐✈❡ ✐♥❞❡①✱ ♦♥❡ ❝❛♥ ❛❧s♦ ❞❡✜♥❡ γ1, γ2✱
❛♥❞ α s✉❝❤ t❤❛t HX,L ✐s ❢✉❧✜❧❧❡❞ ✭s❡❡ ❉✉♥❦❡r ❡t ❛❧✳ ✶✾✾✽✱ Pr♦♣♦s✐t✐♦♥ ✹✳✶ ♣✳✶✶ ❛♥❞ ❛❧s♦
▼❛s ✷✵✶✷✱ ✭✶✾✮ ♣✳✾✮✳ ❚❤❡ s❡❝♦♥❞ ❝❛s❡ HX,M t②♣✐❝❛❧❧② ❤❛♣♣❡♥s ✇❤❡♥ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢
t❤❡ ❝♦✈❛r✐❛♥❝❡ ♦♣❡r❛t♦r ❡①♣♦♥❡♥t✐❛❧❧② ❞❡❝r❡❛s❡ ✭s❡❡ ❉✉♥❦❡r ❡t ❛❧✳ ✶✾✾✽✱ Pr♦♣♦s✐t✐♦♥ ✹✳✸
♣✳✶✷✮✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ❛ ●❛✉ss✐❛♥ ♣r♦❝❡ss ✇✐t❤ c exp(−2j)/j ≤ λj ≤ C exp(−2j)/j✱ ✇❡
❤❛✈❡ c2 = 1/2 ❛♥❞ α = 2 ✐♥ HX,L ✭❍♦✛♠❛♥♥✲❏ør❣❡♥s❡♥ ❡t ❛❧✳✱ ✶✾✼✾✱ ❚❤❡♦r❡♠ ✹✳✹ ❛♥❞
❡①❛♠♣❧❡ ✹✳✼✱ ♣♣✳ ✸✸✸ ❛♥❞ ✸✸✻✮✳
❋✐♥❛❧❧②✱ ✐t ❛❧s♦ r❡s✉❧ts ♦❢ t❤❡ ❛❜♦✈❡ ❝♦♥s✐❞❡r❛t✐♦♥s t❤❛t HX,F ♦♥❧② ❝♦✈❡rs t❤❡ ❝❛s❡ ♦❢

✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ♣r♦❝❡ss❡s ✭t❤❡ s❡t {j, λj > 0} ✐s ✜♥✐t❡✱ t❤❛t ✐s t❤❡ ♦♣❡r❛t♦r Γ ❤❛s ❛
✜♥✐t❡ r❛♥❦✮✳ ❚❤✐s ✐s t❤❡ ❡①tr❡♠❡ ❝❛s❡ ♦❢ HX,M ✭✇✐t❤ α = 1✱ γ1 = γ2 = 0✮✳ ◆❡✈❡rt❤❡❧❡ss✱
❡✈❡♥ ✐❢ ♦✉r ♠❛✐♥ ♣✉r♣♦s❡ ✐s t♦ st✉❞② ❢✉♥❝t✐♦♥❛❧ ❞❛t❛✱ t❤❡ ♠♦t✐✈❛t✐♦♥ t♦ ❦❡❡♣ t❤✐s ❝❛s❡ ✐s
t✇♦❢♦❧❞✳ ❋✐rst✱ ✇❡ s❤♦✇ ❜❡❧♦✇ t❤❛t ♦✉r ❡st✐♠❛t✐♦♥ ♠❡t❤♦❞ ❛❧❧♦✇s t♦ r❡❝♦✈❡r t❤❡ ❝❧❛ss✐❝❛❧
r❛t❡s ✭✉♣♣❡r ❛♥❞ ❧♦✇❡r ❜♦✉♥❞s✮ ♦❜t❛✐♥❡❞ ❢♦r ❝✳❞✳❢✳ ❡st✐♠❛t✐♦♥ ✇✐t❤ ♠✉❧t✐✈❛r✐❛t❡ ❝♦✈❛r✐❛t❡s✳
❚❤❡♥✱ ♣r♦❝❡ss❡s ✇❤✐❝❤ ❢✉❧✜❧❧ HX,F ❝❛♥ st✐❧❧ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ❢✉♥❝t✐♦♥❛❧ ❞❛t❛ s✐♥❝❡ t❤❡ ✜♥✐t❡
s♣❛❝❡ t♦ ✇❤♦♠ X ❜❡❧♦♥❣s ✐s ✉♥❦♥♦✇♥ ❢♦r t❤❡ st❛t✐st✐❝✐❛♥✳

✹✳✷✳ ❈♦♥✈❡r❣❡♥❝❡ r❛t❡s ♦❢ ❦❡r♥❡❧ ❡st✐♠❛t♦rs✳ ❲❡ ♥♦✇ ❝♦♠♣✉t❡ t❤❡ ✉♣♣❡r ❜♦✉♥❞s
❢♦r t❤❡ ♣♦✐♥t✇✐s❡ ❛♥❞ ✐♥t❡❣r❛t❡❞ r✐s❦s ♦❢ t❤❡ ❡st✐♠❛t♦rs✱ ✉♥❞❡r t❤❡ ♣r❡✈✐♦✉s r❡❣✉❧❛r✐t②
❛ss✉♠♣t✐♦♥s✳

❚❤❡♦r❡♠ ✸✳ ✭❛✮ ❯♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✶✱ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡s ♦❢ t❤❡

♣♦✐♥t✇✐s❡ r✐s❦ E[‖F̂ x0
h∗ − F x0‖2], ❛♥❞ t❤❡ ✐♥t❡❣r❛t❡❞ r✐s❦ E[‖F̂X′

h∗ − FX′‖2D] ♦❢ t❤❡

♦r❛❝❧❡ F̂h∗ ❛r❡ ❣✐✈❡♥ ✐♥ ❚❛❜❧❡ ✶✱ ❧✐♥❡ ✭❛✮✳
✭❜✮ ❯♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✷✱ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡s ♦❢ t❤❡ ✐♥t❡❣r❛t❡❞ r✐s❦

E[‖F̂X′

ĥ
− FX′‖2D1B(X ′)] ♦❢ t❤❡ ❡st✐♠❛t♦r F̂ĥ ❛r❡ ❣✐✈❡♥ ✐♥ ❚❛❜❧❡ ✶✱ ❧✐♥❡ ✭❜✮✳

❋♦r ❜♦t❤ ❝❛s❡s✱ t❤❡ ✉♣♣❡r ❜♦✉♥❞s ❛r❡ ❣✐✈❡♥ ✉♣ t♦ ❛ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❝♦♥st❛♥t✱ ❛♥❞ ❢♦r t❤❡
❞✐✛❡r❡♥t ❝❛s❡s HX,L✱ HX,M ✱ ❛♥❞ HX,F ✳

▲❡t ✉s ❝♦♠♠❡♥t t❤❡ r❡s✉❧ts✳ ❚❤❡ ❢❛st❡r t❤❡ s♠❛❧❧ ❜❛❧❧ ♣r♦❜❛❜✐❧✐t② ❞❡❝r❡❛s❡s ✭t❤❛t ✐s t❤❡
♠♦r❡ ❝♦♥❝❡♥tr❛t❡❞ t❤❡ ♠❡❛s✉r❡ ♦❢X ✐s✮✱ t❤❡ s❧♦✇❡r t❤❡ r❛t❡ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❡st✐♠❛t♦r
✐s✳ ■♥ t❤❡ ❣❡♥❡r✐❝ ❝❛s❡ ♦❢ ❛ ♣r♦❝❡ss X ✇❤✐❝❤ s❛t✐s✜❡s HX,L✱ t❤❡ r❛t❡s ❛r❡ ❧♦❣❛r✐t❤♠✐❝✱ ✇❤✐❝❤
✐s ♥♦t s✉r♣r✐s✐♥❣✳ ■t r❡✢❡❝ts t❤❡ ❝✉rs❡ ♦❢ ❞✐♠❡♥s✐♦♥❛❧✐t② ✇❤✐❝❤ ❛✛❡❝ts t❤❡ ❢✉♥❝t✐♦♥❛❧ ❞❛t❛✳
❙✐♠✐❧❛r r❛t❡s ❛r❡ ♦❜t❛✐♥❡❞ ❜② ❋❡rr❛t② ❡t ❛❧✳ ✭✷✵✵✻✮ ✭s❡❝t✐♦♥ ✺✳✸✮ ✐♥ t❤❡ s❛♠❡ ❢r❛♠❡✇♦r❦✱ ❛♥❞
❜② ▼❛s ✭✷✵✶✷✮ ❢♦r r❡❣r❡ss✐♦♥ ❡st✐♠❛t✐♦♥ ✭s❡❝t✐♦♥ ✷✳✸✳✶✮✳ ❍♦✇❡✈❡r✱ ✇❡ s❤♦✇ t❤❛t t❤❡ r❡s✉❧ts
❝❛♥ ❜❡ ✐♠♣r♦✈❡❞ ✇❤❡♥ t❤❡ ♣r♦❝❡ss X ✐s ♠♦r❡ r❡❣✉❧❛r✱ ❛❧t❤♦✉❣❤ st✐❧❧ ✐♥✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧✳
❯♥❞❡r ❆ss✉♠♣t✐♦♥ HX,M ✱ t❤❡ r❛t❡s ✇❡ ❝♦♠♣✉t❡ ❤❛✈❡ t❤❡ ♣r♦♣❡rt② t♦ ❞❡❝r❡❛s❡ ❢❛st❡r t❤❛♥
❛♥② ❧♦❣❛r✐t❤♠✐❝ ❢✉♥❝t✐♦♥✳ ❆ss✉♠♣t✐♦♥ HX,F ✐s t❤❡ ♦♥❧② ♦♥❡ ✇❤✐❝❤ ②✐❡❧❞s t♦ t❤❡ ❢❛st❡r
r❛t❡✱ t❤❛t ✐s t❤❡ ♣♦❧②♥♦♠✐❛❧ ♦♥❡✳
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HX,L HX,M HX,F

✭❧♦✇❡r r❛t❡✮ ✭♠❡❞✐✉♠ r❛t❡✮ ✭❢❛st r❛t❡✮

✭❛✮ ❘❛t❡s ❢♦r F̂h∗ (ln(n))−2β/α exp

(
− 2β

c
1/α
2

ln1/α(n)

)
n
− 2β

2β+γ
✭✉♣♣❡r ❜♦✉♥❞s✮

✭❜✮ ❘❛t❡s ❢♦r F̂
ĥ (ln(n))−2β/α exp

(
− 2β

c
1/α
2

ln1/α(n)

) (
n

ln(n)

)− 2β
2β+γ

✭✉♣♣❡r ❜♦✉♥❞s✮

✭❝✮ ▼✐♥✐♠❛① r✐s❦
(ln(n))−2β/α exp

(
− 2β

c
1/α
2

ln1/α(n)

)
n
− 2β

2β+γ
✭❧♦✇❡r ❜♦✉♥❞s✮

❚❛❜❧❡ ✶✳ ❘❛t❡s ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ♦r❛❝❧❡ ❡st✐♠❛t♦r ✭❧✐♥❡ ✭❛✮✮ ❛♥❞ t❤❡
❛❞❛♣t✐✈❡ ❡st✐♠❛t♦r ✭❧✐♥❡ ✭❜✮✮✳ ▼✐♥✐♠❛① ❧♦✇❡r ❜♦✉♥❞s ✭❧✐♥❡ ✭❝✮✮✳

❘❡♠❛r❦ ✷✳ ❲❡ t❤✉s ♦❜t❛✐♥ ✈❛r✐♦✉s r❛t❡s✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ r❡❣✉❧❛r✐t② ❛ss✉♠♣t✐♦♥s ♦♥ X✳
❚❤✐s ♣❤❡♥♦♠❡♥♦♠ ❛❧s♦ ♦❝❝✉rs ✐♥ ❛ ❞❡❝♦♥✈♦❧✉t✐♦♥ ♠♦❞❡❧✿ t❤❡ r❛t❡s ❢♦r t❤❡ ❦❡r♥❡❧ ❡st✐♠❛t♦rs
❛r❡ ❧♦❣❛r✐t❤♠✐❝ ✐❢ t❤❡ ♥♦✐s❡ ✐s ✑s✉♣❡rs♠♦♦t❤✑ ❛♥❞ t❤❡ s✐❣♥❛❧ t♦ r❡❝♦✈❡r ✑♦r❞✐♥❛r②s♠♦♦t❤✑✱
❜✉t ❝❛♥ ❜❡ ✐♠♣r♦✈❡❞ ❜② ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❝❛s❡ ♦❢ ❛ ✑s✉♣❡rs♠♦♦t❤✑ s✐❣♥❛❧✱ t♦ r❡❝♦✈❡r ❛t ❧❡❛st
r❛t❡s ✇❤✐❝❤ ❛r❡ ✐♥t❡r♠❡❞✐❛t❡ ❜❡t✇❡❡♥ ❧♦❣❛r✐t❤♠✐❝ ❛♥❞ ♣♦❧②♥♦♠✐❛❧ ✭s❡❡ ❡✳❣✳ ▲❛❝♦✉r ✷✵✵✻❀
❈♦♠t❡ ❛♥❞ ▲❛❝♦✉r ✷✵✶✵✮✳

❲❡ ❤❛✈❡ ❛❧r❡❛❞② ♥♦t✐❝❡❞ t❤❛t ♦✉r ❛❞❛♣t✐✈❡ ♣r♦❝❡❞✉r❡ ❧❡❛❞s t♦ t❤❡ ❧♦ss ♦❢ ❛ ❧♦❣❛r✐t❤♠
❢❛❝t♦r ✭s❡❡ t❤❡ ❝♦♠♠❡♥ts ❢♦❧❧♦✇✐♥❣ ❚❤❡♦r❡♠ ✷✮✳ ◆❡✈❡rt❤❡❧❡ss✱ ❜② ❝♦♠♣❛r✐♥❣ ❧✐♥❡ ✭❛✮ t♦
❧✐♥❡ ✭❜✮ ✐♥ ❚❛❜❧❡ ✶✱ ✇❡ ♦❜t❛✐♥ t❤❛t t❤❡ ❛❞❛♣t✐✈❡ ❡st✐♠❛t♦r st✐❧❧ ❛❝❤✐❡✈❡s t❤❡ ♦r❛❝❧❡ r❛t❡ ✐❢
HX,L ♦r HX,M ❛r❡ ❢✉❧✜❧❧❡❞✳ ❚❤❡ ❧♦ss ✐s ❛❝t✉❛❧❧② ♥❡❣❧✐❣✐❜❧❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ r❛t❡s✳

✹✳✸✳ ▲♦✇❡r ❜♦✉♥❞s✳ ❲❡ ♥♦✇ ❡st❛❜❧✐s❤ ❧♦✇❡r ❜♦✉♥❞s ❢♦r t❤❡ r✐s❦s ✉♥❞❡r ♠✐❧❞ ❛❞❞✐t✐♦♥❛❧
❛ss✉♠♣t✐♦♥s✱ s❤♦✇✐♥❣ t❤❛t t❤❡ ❡st✐♠❛t♦rs s✉❣❣❡st❡❞ ❛❜♦✈❡ ❛tt❛✐♥ t❤❡ ♦♣t✐♠❛❧ r❛t❡s ♦❢
❝♦♥✈❡r❣❡♥❝❡ ✐♥ ❛ ♠✐♥✐♠❛① s❡♥s❡ ♦✈❡r t❤❡ ❝❧❛ss ♦❢ ❝♦♥❞✐t✐♦♥❛❧ ❝✳❞✳❢✳ Fβ ✭❞❡✜♥❡❞ ✐♥ ❙❡❝✲
t✐♦♥ ✷✳✷✮✳ ❚❤❡ r❡s✉❧ts ❢♦r t❤❡ ✐♥t❡❣r❛t❡❞ r✐s❦ ❛r❡ ♦❜t❛✐♥❡❞ t❤r♦✉❣❤ ♥♦♥✲str❛✐❣❤t❢♦r✇❛r❞
❡①t❡♥s✐♦♥s ♦❢ t❤❡ ♣♦✐♥t✇✐s❡ ❝❛s❡✳

❚❤❡♦r❡♠ ✹✳ ❙✉♣♣♦s❡ t❤❛t HX ✐s ❢✉❧✜❧❧❡❞✱ ❛♥❞ t❤❛t n ≥ 3✳

✭✐✮ ❚❤❡ ♠✐♥✐♠❛① r✐s❦ inf F̂ supF∈Fβ
EF [‖F̂ x0 − F x0‖2], ✐s ❧♦✇❡r ❜♦✉♥❞❡❞ ❜② ❛ q✉❛♥t✐t②

♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ♦♥❡s ✐♥ ❧✐♥❡ ✭❝✮ ✐♥ ❚❛❜❧❡ ✶✳
✭✐✐✮ ❆ss✉♠❡ ♠♦r❡♦✈❡r t❤❛t B ❝♦♥t❛✐♥s t❤❡ ❜❛❧❧ {x ∈ H, ‖x‖ ≤ ρ} ✇❤❡r❡ ρ > 0 ✐s ❛

❝♦♥st❛♥t t♦ ❜❡ s♣❡❝✐✜❡❞ ✐♥ t❤❡ ♣r♦♦❢✱ ❛♥❞ t❤❛t t❤❡r❡ ❡①✐st t✇♦ ❝♦♥st❛♥ts c2, C2 > 0
s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ h > 0✱ ❢♦r ❛❧❧ x ∈ B✱

✭✶✸✮ ϕ(h) > 0 ❛♥❞ c2ϕ(h) ≤ ϕx(h) ≤ C2ϕ(h).

❚❤❡♥ t❤❡ ♠✐♥✐♠❛① r✐s❦ inf F̂ supF∈Fβ
EF [‖F̂X′−FX′‖2D1B(X ′)], ✐s ❛❧s♦ ❧♦✇❡r ❜♦✉♥❞❡❞

❜② ❛ q✉❛♥t✐t② ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ♦♥❡s ✐♥ ❧✐♥❡ ✭❝✮ ✐♥ ❚❛❜❧❡ ✶✳

❋♦r ❜♦t❤ ❝❛s❡s✱ t❤❡ ✐♥✜♠✉♠ ✐s t❛❦❡♥ ♦✈❡r ❛❧❧ ♣♦ss✐❜❧❡ ❡st✐♠❛t♦rs ♦❜t❛✐♥❡❞ ✇✐t❤ t❤❡ ❞❛t❛✲
s❛♠♣❧❡ (Xi, Yi)i=1,...,n✳ ■♥ ✭✐✮✱ EF ✐s t❤❡ ❡①♣❡❝t❛t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❧❛✇ ♦❢ {(Xi, Yi), i =
1, . . . , n} ❛♥❞ ✐♥ ✭✐✐✮✱ EF ✐s t❤❡ ❡①♣❡❝t❛t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❧❛✇ ♦❢ {{(Xi, Yi), i =
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1, . . . , n}, X ′} ✇❤❡♥✱ ❢♦r ❛❧❧ i = 1, . . . , n✱ ❢♦r ❛❧❧ x ∈ H✱ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❝✳❞✳❢✳ ♦❢ Yi
❣✐✈❡♥ Xi = x ✐s F x✳

❚❤❡♦r❡♠ ✹ ♣r♦✈❡s t❤❛t t❤❡ ✉♣♣❡r ❜♦✉♥❞s ♦❢ ❚❤❡♦r❡♠ ✸ ❝❛♥♥♦t ❜❡ ✐♠♣r♦✈❡❞✱ ♥♦t ♦♥❧②
❛♠♦♥❣ ❦❡r♥❡❧ ❡st✐♠❛t♦rs ❜✉t ❛❧s♦ ❛♠♦♥❣ ❛❧❧ ❡st✐♠❛t♦rs✱ ✉♥❞❡r ❛ss✉♠♣t✐♦♥s HX,L ❛♥❞

HX,M ✳ ❚❤❡ ❡st✐♠❛t♦r F̂ĥ ✐s t❤✉s ❜♦t❤ ❛❞❛♣t✐✈❡ ✐♥ t❤❡ ♦r❛❝❧❡ ❛♥❞ ✐♥ t❤❡ ♠✐♥✐♠❛① s❡♥s❡s✳
❚❤❡ ❝♦♠♣✉t❛t✐♦♥s ❛r❡ ♥❡✇ ❢♦r ❝♦♥❞✐t✐♦♥❛❧ ❝✳❞✳❢✳ ❡st✐♠❛t✐♦♥ ✇✐t❤ ❛ ❢✉♥❝t✐♦♥❛❧ ❝♦✈❛r✐❛t❡✳

❯♥❞❡r HX,F ✱ ✇✐t❤ γ = 1✱ t❤❡ ❧♦✇❡r ❜♦✉♥❞s ✇❡ ♦❜t❛✐♥ ❛r❡ ❝♦♥s✐st❡♥t ✇✐t❤ ❚❤❡♦r❡♠ ✷ ♦❢
❇r✉♥❡❧ ❡t ❛❧✳ ✭✷✵✶✵✮ ♦r Pr♦♣♦s✐t✐♦♥ ✹✳✶ ♦❢ P❧❛♥❝❛❞❡ ✭✷✵✶✸✮ ❢♦r ❝✳❞✳❢✳ ❡st✐♠❛t✐♦♥ ✇✐t❤ ❛
♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❝♦✈❛r✐❛t❡✱ ♦✈❡r ❇❡s♦✈ ❜❛❧❧s✳ ■♥ t❤❡ ❢✉♥❝t✐♦♥❛❧ ❢r❛♠❡✇♦r❦✱ t❤❡ r❡s✉❧ts ❝❛♥
♦♥❧② ❜❡ ❜r♦✉❣❤t ❝❧♦s❡ t♦ t❤♦s❡ ♦❢ ▼❛s ✭✷✵✶✷✮ ✭❚❤❡♦r❡♠ ✸✮ ❢♦r r❡❣r❡ss✐♦♥ ❡st✐♠❛t✐♦♥✳

✺✳ ■♠♣❛❝t ♦❢ t❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢ t❤❡ ❞❛t❛ ♦♥t♦ ❢✐♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡s

❲❡ ❤❛✈❡ s❡❡♥ ✐♥ ❙❡❝t✐♦♥ ✹✳✷ t❤❛t✱ ✇❤❡♥ X ❧✐❡s ✐♥ ❛♥ ✐♥✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡ ✭❛ss✉♠♣✲
t✐♦♥s HX,M ❛♥❞ HX,L✮✱ t❤❡ r❛t❡s ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ❛r❡ s❧♦✇✳ ❚❤✐s ✑❝✉rs❡ ♦❢ ❞✐♠❡♥s✐♦♥❛❧✐t②✑
♣❤❡♥♦♠❡♥♦♥ ✐s ✇❡❧❧ ❦♥♦✇♥ ✐♥ ❦❡r♥❡❧ ❡st✐♠❛t✐♦♥ ❢♦r ❤✐❣❤ ♦r ✐♥✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ❞❛t❛s❡ts✳
❚❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ t❤❡ ♣r♦❥❡❝t✐♦♥ s❡♠✐✲♠❡tr✐❝s dp✱ ❧❡❛❞✐♥❣ t♦ t❤❡ ❡st✐♠❛t♦rs ✭✹✮✱ ❤❛s t❤✉s
❜❡❡♥ ♣r♦♣♦s❡❞ ✐♥ ♦r❞❡r t♦ ❝✐r❝✉♠✈❡♥t t❤✐s ♣r♦❜❧❡♠✳ ❉❡✜♥✐♥❣ s✉❝❤ ❡st✐♠❛t♦rs ❛♠♦✉♥ts t♦
♣r♦❥❡❝t t❤❡ ❞❛t❛ ✐♥t♦ ❛ p✲❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡✳ ■♥❞❡❡❞✱ t❤✐s ♣❡r♠✐ts t♦ ❛❞❞r❡ss t❤❡ ♣r♦❜❧❡♠
♦❢ ✈❛r✐❛♥❝❡ r❡❞✉❝t✐♦♥ s✐♥❝❡ ϕp(h) := P (dp(x, 0) ≤ h) ∼h→0 C(p)h

p ❛♥❞ t❤❡♥ t❤❡ ✈❛r✐❛♥❝❡ ✐s
♦❢ ♦r❞❡r 1/(nhp)✳ ◆♦t✐❝❡ t❤❛t✱ ❡✈❡♥ ✐❢ t❤❡ ✈❛r✐❛♥❝❡s ♦r❞❡r ❛r❡ t❤❡ s❛♠❡✱ t❤❡ s✐t✉❛t✐♦♥ ❤❡r❡
✐s ❞✐✛❡r❡♥t ❢r♦♠ ❆ss✉♠♣t✐♦♥ HX,F ✇✐t❤ γ = p✿ HX,F ❛♠♦✉♥ts t♦ s✉♣♣♦s❡ t❤❛t t❤❡ ❝✉r✈❡
X ❧✐❡s ❛✳s✳ ✐♥ ❛♥ ✉♥❦♥♦✇♥ ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡ ✭s❡❡ ❙❡❝t✐♦♥ ✹✳✶✮ ✇❤❡r❡❛s✱ ❤❡r❡✱ t❤❡
❞❛t❛ ❛r❡ ♣r♦❥❡❝t❡❞ ✐♥t♦ ❛ ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡ ❜✉t ♠❛② ❧✐❡ ✐♥ ❛♥ ✐♥✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧
s♣❛❝❡✳
❆ ✜rst t❤✐♥❣ ✇❡ ❝❛♥ s❛② ✐s t❤❛t✱ ✉♥❞❡r ♦✉r r❡❣✉❧❛r✐t② ❛ss✉♠♣t✐♦♥HF ✱ ❚❤❡♦r❡♠ ✹ r❡♠❛✐♥s

tr✉❡ ❛♥❞ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡ ♦❢ t❤❡ r✐s❦ ♦❢ F̂h,p ❝❛♥♥♦t ❜❡ ❜❡tt❡r t❤❛♥ t❤❡ ❧♦✇❡r ❜♦✉♥❞s

❣✐✈❡♥ ✐♥ ❚❛❜❧❡ ✶✱ ❧✐♥❡ ✭❝✮✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t✱ ✐♥ ♦✉r s❡tt✐♥❣✱ t❤❡ ❡st✐♠❛t♦r F̂h,p ❝❛♥♥♦t

❝♦♥✈❡r❣❡ ❛t s✐❣♥✐✜❝❛♥t❧② ❜❡tt❡r r❛t❡s t❤❛♥ ♦✉r ❛❞❛♣t✐✈❡ ❡st✐♠❛t♦r F̂ĥ ❡✈❡♥ ✐❢ t❤❡ ❝♦✉♣❧❡ ♦❢
♣❛r❛♠❡t❡rs (p, h) ✐s ✇❡❧❧ ❝❤♦s❡♥✳ Pr❡❝✐s❡❧②✱ ❛s s❤♦✇♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✱ ♣r♦❥❡❝t
❞❛t❛ ❛❧s♦ ❛❞❞s ❛♥ ❛❞❞✐t✐♦♥❛❧ ❜✐❛s t❡r♠ ✇❤✐❝❤ ❝♦♠♣❡♥s❛t❡s ❢♦r t❤❡ ❞❡❝r❡❛s❡ ♦❢ t❤❡ ✈❛r✐❛♥❝❡✳

✺✳✶✳ ❆ss✉♠♣t✐♦♥s✳ ■♥ ♦r❞❡r t♦ st❛t❡ t❤❡ r❡s✉❧t✱ ✇❡ ♥❡❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss✉♠♣t✐♦♥s✳

H ′
ϕ ❚❤❡r❡ ❡①✐st t✇♦ ❝♦♥st❛♥ts cϕ, Cϕ > 0 s✉❝❤ t❤❛t ❢♦r ❛❧❧ h ∈ R✱ ❢♦r ❛❧❧ p ∈ N∗✱

cϕϕp(h)1B(X
′) ≤ ϕX

′
p (h)1B(X

′) ≤ Cϕϕp(h)1B(X
′) ❛✳s✳,

✇❤❡r❡ X ′ ✐s ❛♥ ✐♥❞❡♣❡♥❞❡♥t ❝♦♣② ♦❢ X ❛♥❞ ϕX
′

p (h) := PX′ (dp(X,X
′) ≤ h)✳

Hξ ▲❡t ξj := 〈X, ej〉/σj ✇❤❡r❡ σj := ❱❛r(〈X, ej〉)✳ ❖♥❡ ♦❢ t❤❡ t✇♦ ❢♦❧❧♦✇✐♥❣ ❛ss✉♠♣✲
t✐♦♥s ✐s ✈❡r✐✜❡❞✿
H ind
ξ t❤❡ s❡q✉❡♥❝❡ ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s (ξj)j≥1 ✐s ✐♥❞❡♣❡♥❞❡♥t ❛♥❞ t❤❡r❡ ❡①✐sts ❛

❝♦♥st❛♥t Cξ s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ j ≥ 1

E

[
ξβj

]
≤ Cξ;

Hb
ξ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t Cξ s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ j ≥ 1✱

|ξj| ≤ Cξ ❛✳s✳

❘❡♠❛r❦ t❤❛t ❆ss✉♠♣t✐♦♥ H ′
ϕ ✐s t❤❡ ❡q✉✐✈❛❧❡♥t ♦❢ ❆ss✉♠♣t✐♦♥ Hϕ r❡♣❧❛❝✐♥❣ d ❜② dp✳

■❢ X ✐s ❛ ●❛✉ss✐❛♥ ♣r♦❝❡ss✱ t❤❡ ✈❡❝t♦r (〈X, e1〉, . . . , 〈X, ep〉) ✐s ❛ ●❛✉ss✐❛♥ ✈❡❝t♦r ❛♥❞
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❆ss✉♠♣t✐♦♥ Hϕ ✐s ❛❧s♦ ✈❡r✐✜❡❞ ♣r♦✈✐❞❡❞ t❤❛t B ✐s ❜♦✉♥❞❡❞✳ ❆ss✉♠♣t✐♦♥ H ind
ξ ✐s tr✉❡ ✐❢

X ✐s ❛ ●❛✉ss✐❛♥ ♣r♦❝❡ss ❛♥❞ (ej)j≥1 ✐s t❤❡ ❑❛r❤✉♥❡♥✲▲♦è✈❡ ❜❛s✐s ♦❢ X ✭s❡❡ ✭✶✷✮ ❛❜♦✈❡✮✱
❛♥❞ ❛❧s♦ ❆s❤ ❛♥❞ ●❛r❞♥❡r ✶✾✼✺✮ ❛♥❞ ❆ss✉♠♣t✐♦♥ Hb

ξ ✐s ❡q✉✐✈❛❧❡♥t t♦ s✉♣♣♦s❡ t❤❛t X ✐s

❜♦✉♥❞❡❞ ❛✳s✳ ❲❡ ❛r❡ ❛✇❛r❡ t❤❛t ❜♦t❤ ❛ss✉♠♣t✐♦♥s H ind
ξ ❛♥❞ Hb

ξ ❛r❡ str♦♥❣ s✐♥❝❡ ✐♥ ♠♦st
❝❛s❡s t❤❡ ❑❛r❤✉♥❡♥✲▲♦è✈❡ ❜❛s✐s ✐s ✉♥❦♥♦✇♥✳ ❲❡ ❣✐✈❡ ❤❡r❡ Pr♦♣♦s✐t✐♦♥ ✶ ❜❡❧♦✇ ✐♥ t❤❡
♦♥❧② ❛✐♠ ♦❢ ❜❡tt❡r ✉♥❞❡rst❛♥❞✐♥❣ t❤❡ ❜✐❛s✲✈❛r✐❛♥❝❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ r✐s❦ ✇❤❡♥ t❤❡
❞❛t❛ ❛r❡ ♣r♦❥❡❝t❡❞✳ ❆ ❢✉rt❤❡r st✉❞② ✇♦✉❧❞ ❜❡ ♥❡❡❞❡❞ t♦ ♦❜t❛✐♥ ✇❡❛❦❡r ❛ss✉♠♣t✐♦♥s ❜✉t
t❤✐s ✐s ❜❡②♦♥❞ t❤❡ s❝♦♣❡ ♦❢ t❤✐s ♣❛♣❡r✳

✺✳✷✳ ❯♣♣❡r ❜♦✉♥❞✳

Pr♦♣♦s✐t✐♦♥ ✶✳ ❙✉♣♣♦s❡ ❛ss✉♠♣t✐♦♥s HK✱ HF ❛♥❞ Hξ ❛r❡ ❢✉❧✜❧❧❡❞✳ ▲❡t h > 0 ❛♥❞ p ∈ N∗

❜❡ ✜①❡❞✳

✭✐✮ ❋♦r ❛❧❧ x0 ∈ H ✇❡ ❤❛✈❡

✭✶✹✮ E

[∥∥∥F̂ x0
h,p − F x0

∥∥∥
2

D

]
≤ C


h2β +

(
∑

j>p

σ2
j

)β

+

(
∑

j>p

〈x0, ej〉2
)β

+
1

nϕx0p (h)


 ,

✇❤❡r❡ C > 0 ♦♥❧② ❞❡♣❡♥❞s ♦♥ Cξ✱ β✱ cK✱ CK✱ |D| ❛♥❞ CD✳
✭✐✐✮ ■❢✱ ✐♥ ❛❞❞✐t✐♦♥✱ ❆ss✉♠♣t✐♦♥ Hϕ ✐s ❢✉❧✜❧❧❡❞✱

✭✶✺✮ E

[
‖F̂X′

h,p − FX′‖2D1B(X ′)
]
≤ C


h2β +

(
∑

j>p

σ2
j

)β

+
1

nϕp(h)


 ,

✇❤❡r❡ C > 0 ♦♥❧② ❞❡♣❡♥❞s ♦♥ Cξ✱ β✱ cK✱ CK✱ cϕ✱ Cϕ✱ |D| ❛♥❞ CD✳

❲❡ ❤❛✈❡ ❛❞❞✐t✐♦♥❛❧ ❜✐❛s t❡r♠s ❝♦♠♣❛r❡❞ t♦ ❋❡rr❛t② ❡t ❛❧✳ ✭✷✵✵✻✱ ✷✵✶✵✮✳ ❚❤✐s ✐s ❞✉❡
t♦ t❤❡ ❢❛❝t t❤❛t ♦✉r r❡❣✉❧❛r✐t② ❛ss✉♠♣t✐♦♥ HF ✭s❡❡ ❙❡❝t✐♦♥ ✷✳✷✮ ✐s ❤❡r❡ ❞✐✛❡r❡♥t ❢r♦♠
❆ss✉♠♣t✐♦♥ ✭❍✷✮ ♦❢ ❋❡rr❛t② ❡t ❛❧✳ ✭✷✵✵✻✮ ♦r ❆ss✉♠♣t✐♦♥ ✭❍✷✬✮ ♦❢ ❋❡rr❛t② ❡t ❛❧✳ ✭✷✵✶✵✮✳
❖✉r ❛ss✉♠♣t✐♦♥ ✐s ❡①♣r❡ss❡❞ ✇✐t❤ t❤❡ ♥♦r♠ ♦❢ H ✇❤❡r❡❛s t❤❡✐r ❛ss✉♠♣t✐♦♥s ❛r❡ ❡①♣r❡ss❡❞
✇✐t❤ t❤❡ s❡♠✐✲♥♦r♠ ✉s❡❞ ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❡st✐♠❛t♦r ✭❤❡r❡ dp✮✳ ❘❡♠❛r❦ t❤❛t✱
✇✐t❤ ♣r♦❥❡❝t✐♦♥ s❡♠✐✲♥♦r♠s✱ t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ❋❡rr❛t② ❡t ❛❧✳ ✭✷✵✵✻✱ ✷✵✶✵✮ ✐♠♣❧② t❤❛t
t❤❡ ❢✉♥❝t✐♦♥ F x ♦♥❧② ❞❡♣❡♥❞s ♦♥ (〈x, ej〉)1≤j≤p✳ ■♥❞❡❡❞✱ ✐❢ ✇❡ t❛❦❡ x ❛♥❞ x′ s✉❝❤ t❤❛t
〈x, ej〉 = 〈x′, ej〉 ❢♦r j = 1, . . . , p ✭❜✉t 〈x, ej〉 6= 〈x′, ej〉 ❢♦r ❛ j > p✮✱ ❜♦t❤ ✭❍✷✮ ❛♥❞ ✭❍✷✬✮
✐♠♣❧② t❤❛t F x(y) = F x′(y) ❢♦r ❛❧❧ y✳ ❖✉r ❛ss✉♠♣t✐♦♥ ✐s t❤❡♥ ❧❡ss r❡str✐❝t✐✈❡✳

❘❡♠❛r❦ ✸✳ ◆♦t✐❝❡ t❤❛t t❤❡ ❡st✐♠❛t♦r ✭✹✮ ✐s ♥♦t ❝♦♥s✐st❡♥t ✇❤❡♥ p ✐s ✜①❡❞✳ ❚❤✐s ✐s ❛❧s♦
♥♦t❡❞ ❜② ▼❛s ✭✷✵✶✷✮ ✭s❡❡ ❘❡♠❛r❦ ✷✱ ♣✳✹✮✳ ■t ✐s ❝♦❤❡r❡♥t ✇✐t❤ t❤❡ ❢❛❝t t❤❛t ✇❡ ❧♦♦s❡
✐♥❢♦r♠❛t✐♦♥ ✇❤❡♥ ✇❡ ♣r♦❥❡❝t t❤❡ ❞❛t❛✳ ■♥❞❡❡❞✱ s✉♣♣♦s❡ t❤❛t t❤❡ s✐❣♥❛❧ X ❧✐❡s ❛✳s✳ ✐♥

(s♣❛♥{e1, . . . , ep})⊥✱ t❤❡♥ dp(Xi, x) =
√∑p

j=1〈x, ej〉2 ❛✳s✳ ❛♥❞ F̂ x
h,p(y) =

1
n

∑n
i=1 1{Yi≤y} ✐❢

Kh

(√∑p
j=1〈x, ej〉2

)
6= 0 ❛♥❞ ✵ ♦t❤❡r✇✐s❡✳ ❚❤❡ ❜✐❛s ♦❢ s✉❝❤ ❛♥ ❡st✐♠❛t♦r ✐s t❤❡♥ ❝♦♥st❛♥t

❛♥❞ ♥♦♥ ♥✉❧❧ ❛s s♦♦♥ ❛s t❤❡r❡ ❡①✐sts F x(y) 6= P(Y ≤ y) ♦♥ ❛ s✉❜s❡t ♦❢ D ♦❢ ♣♦s✐t✐✈❡
▲❡❜❡s❣✉❡ ♠❡❛s✉r❡✳ ❍❡♥❝❡ ✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥ ❛ ❝♦♥s✐st❡♥t ❡st✐♠❛t♦r ✐♥ t❤❡ ❝❛s❡ ✇❤❡r❡
σj > 0 ❢♦r ❛❧❧ j✱ ✇❡ ❤❛✈❡ t♦ ✐♠♣♦s❡ t❤❛t limn→+∞ p = +∞✳

✺✳✸✳ ❉✐s❝✉ss✐♦♥✳ ❚❤❡ r❛t❡s ♦❜t❛✐♥❡❞ ❝❛♥ ❜❡ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❧♦✇❡r ❜♦✉♥❞s ❣✐✈❡♥ ✐♥
❚❛❜❧❡ ✶ ✐♥ t❤❡ ●❛✉ss✐❛♥ ❝❛s❡ ✉♥❞❡r ❛ss✉♠♣t✐♦♥s HX,F ❛♥❞ HX,M ✳
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✺✳✸✳✶✳ ❈♦♠♣❛r✐s♦♥ ✇✐t❤ r❛t❡s ♦❜t❛✐♥❡❞ ✉♥❞❡r ❆ss✉♠♣t✐♦♥ HX,F ✳ ❲❡ st❛rt ❢r♦♠ t❤❡ ❑❛r❤✉♥❡♥✲
▲♦è✈❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ X ❞❡✜♥❡❞ ✐♥ ✭✶✷✮✳ ❋♦r ❛ ●❛✉ss✐❛♥ ♣r♦❝❡ss✱ t❤❡ ✈❛r✐❛❜❧❡s ηj ❛r❡
✐♥❞❡♣❡♥❞❡♥t st❛♥❞❛r❞ ♥♦r♠❛❧✱ (λj)j≥1 ✐s ❛ ♥♦♥✲✐♥❝r❡❛s✐♥❣ s❡q✉❡♥❝❡ ♦❢ ♣♦s✐t✐✈❡ ♥✉♠❜❡rs
❛♥❞ (ψj)j≥1 ❛ ❜❛s✐s ♦❢ H✳ ■❢ λγ+1 = 0 ❛♥❞ λγ > 0 ❛♥❞ ✐❢ t❤❡ ❧❛✇ ♦❢ (η1, . . . , ηγ) ✐s
♥♦♥✲❞❡❣❡♥❡r❛t❡ t❤❡♥ ❆ss✉♠♣t✐♦♥ HX,F ✐s ❢✉❧✜❧❧❡❞✳ ❚✇♦ ❝❛s❡s ♠❛② t❤❡♥ ♦❝❝✉r✳

• ■❢ ej = ±ψj ❢♦r ❛❧❧ j✱ t❤❡♥ σ2
j = E[〈X, ej〉2] = E[〈X,ψj〉2] = λj ❛♥❞ σj = 0 ❢♦r

j > γ✳ ❚❤❡♥ ❢r♦♠ ■♥❡q✉❛❧✐t② ✭✶✺✮✱ ✇✐t❤ ❛ ❣♦♦❞ ❝❤♦✐❝❡ ♦❢ (p, h)✱ t❤❡ ✐♥t❡❣r❛t❡❞ r✐s❦
✐s ✉♣♣❡r ❜♦✉♥❞❡❞ ❜② Cn−2β/(2β+γ) ✇❤✐❝❤ ✜ts ✇✐t❤ t❤❡ ❧♦✇❡r ❜♦✉♥❞✳ ❆❝❝♦r❞✐♥❣ t♦
■♥❡q✉❛❧✐t② ✭✶✹✮✱ t❤❡ ♣♦✐♥t✇✐s❡ r✐s❦ ✐s ♣❡♥❛❧✐③❡❞ ❜② t❤❡ t❡r♠

∑
j>p〈x0, ej〉2 ❛♥❞ t❤❡

♠✐♥✐♠❛① r❛t❡ ✐s ❛tt❛✐♥❡❞ ♦♥❧② ✐❢ x0 ∈ s♣❛♥{e1, . . . , ep}✳
• ❍♦✇❡✈❡r✱ ✐❢ t❤❡ ❜❛s✐s (ej)j≥1 ✐s ♥♦t ✇❡❧❧✲❝❤♦s❡♥ ❢♦r ✐♥st❛♥❝❡ ✐❢ ej = ψj ❢♦r j /∈
{γ, γ + l} ✭l > 0✮✱ eγ = ψγ+l ❛♥❞ eγ+l = ψγ✱ t❤❡ ✐♥t❡❣r❛t❡❞ r✐s❦ ♦❢ t❤❡ ❡st✐♠❛t♦r ✐s
✉♣♣❡r ❜♦✉♥❞❡❞ ❜② Cn−2β/(2β+γ+l) ✇❤❡r❡❛s t❤❡ ♠✐♥✐♠❛① r❛t❡ ✐s n−2β/(2β+γ)✳

✺✳✸✳✷✳ ❈♦♠♣❛r✐s♦♥ ✇✐t❤ r❛t❡s ♦❜t❛✐♥❡❞ ✉♥❞❡r ❆ss✉♠♣t✐♦♥ HX,M ✳ ❚❤❛♥❦s t♦ Pr♦♣♦s✐t✐♦♥ ✶✱
✇❡ ❛r❡ ❛❜❧❡ t♦ ♦❜t❛✐♥ t❤❡ r❛t❡ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ❢♦r t❤❡ ❡st✐♠❛t♦r✳

❈♦r♦❧❧❛r② ✶✳ ❙✉♣♣♦s❡ t❤❛t t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ Pr♦♣♦s✐t✐♦♥ ✶ ❛r❡ ❢✉❧✜❧❧❡❞ ❛♥❞ t❤❛t (ξ1, . . . , ξp)
❛❞♠✐ts ❛ ❞❡♥s✐t② fp ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ♦♥ Rp s✉❝❤ t❤❛t t❤❡r❡ ❡①✐sts ❛
❝♦♥st❛♥t cf ✈❡r✐❢②✐♥❣

fp(0) ≥ cpf .

❆ss✉♠❡ ❛❧s♦ t❤❛t t❤❡r❡ ❡①✐st δ > 1✱ c > 0 s✉❝❤ t❤❛t
∑

j>p σ
2
j ≤ cp−2δ+1✳

✭✐✮ ❚❤❡♥✱ ❢♦r ❛❧❧ x0 ∈ H s✉❝❤ t❤❛t t❤❡r❡ ❡①✐st δ′ > 1✱ c′ > 0 s✉❝❤ t❤❛t
∑

j>p〈x0, ej〉2 ≤
c′p−δ

′+1 ✇❡ ❤❛✈❡

E

[
‖F̂ x0

h,p − F x0‖2D
]
≤ C

(
ln(n)

ln(ln(n))

)β(1−2min{δ,δ′})
,

❢♦r ❛ ✇❡❧❧✲❝❤♦s❡♥ ❜❛♥❞✇✐❞t❤ h ❛♥❞ ❛ ❣♦♦❞ ❝❤♦✐❝❡ ♦❢ p✱ ❛♥❞ ✇❤❡r❡ C > 0 ✐s ❛
♥✉♠❡r✐❝❛❧ ❝♦♥st❛♥t✳

✭✐✐✮ ❲❡ ❛❧s♦ ❤❛✈❡

E

[
‖F̂X′

h,p − FX′‖2D
]
≤ C

(
ln(n)

ln(ln(n))

)β(1−2δ)

,

❢♦r ❛ ✇❡❧❧✲❝❤♦s❡♥ ❜❛♥❞✇✐❞t❤ h ❛♥❞ ❛ ❣♦♦❞ ❝❤♦✐❝❡ ♦❢ p✱ ❛♥❞ ✇❤❡r❡ C > 0 ✐s ❛
♥✉♠❡r✐❝❛❧ ❝♦♥st❛♥t✳

■❢ cj−2a ≤ λj ≤ Cj−2a✱ ❢♦r t✇♦ ❝♦♥st❛♥ts c, C > 0✱ t❤❡♥ ❆ss✉♠♣t✐♦♥ HX,M ✐s ❢✉❧✜❧❧❡❞
✇✐t❤ α = 1/(a − 1/2)✱ t❤❡ ❡st✐♠❛t♦r ❝♦♥✈❡r❣❡s ✇✐t❤ t❤❡ ♠✐♥✐♠❛① r❛t❡ ✐❢ δ = a ✭❛❞❞✐♥❣
t❤❡ ❝♦♥❞✐t✐♦♥ δ′ ≥ a ❢♦r t❤❡ ♣♦✐♥t✇✐s❡ r✐s❦✮✳ ❚❤❡ ❝♦♥❝❧✉s✐♦♥ ✐s s✐♠✐❧❛r t♦ P❛r❛❣r❛♣❤ ✺✳✸✳✶✿
✐❢ ej = ±ψj ❢♦r ❛❧❧ j ≥ 1 ✭r❡❝❛❧❧ t❤❛t t❤✐s ❝♦♥❞✐t✐♦♥ ✐s ✉♥r❡❛❧✐st✐❝ s✐♥❝❡ ✐♥ ♠♦st ❝❛s❡s t❤❡
❜❛s✐s (ψj)j≥1 ✐s ✉♥❦♥♦✇♥✮ t❤❡♥ ✇❡ ❝❛♥ ❝❤♦♦s❡ p ❛♥❞ h s✉❝❤ t❤❛t t❤❡ ♠✐♥✐♠❛① r❛t❡ ✐s
❛❝❤✐❡✈❡❞✱ ✉♣ t♦ ❛ ❧♦❣❛r✐t❤♠✐❝ ❢❛❝t♦r✱ ❢♦r t❤❡ ✐♥t❡❣r❛t❡❞ r✐s❦ ❛♥❞ t❤❡ ♣♦✐♥t✇✐s❡ r✐s❦ ✉♥❞❡r
❛♥ ❛❞❞✐t✐♦♥❛❧ ❝♦♥❞✐t✐♦♥ ♦♥ x0✳ ❖t❤❡r✇✐s❡✱ ✇❡ ❞♦ ♥♦t ❦♥♦✇ ✐❢ t❤❡ ♠✐♥✐♠❛① r❛t❡ ❝❛♥ ❜❡
❛❝❤✐❡✈❡❞✳

❈♦♥❝❧✉❞✐♥❣ r❡♠❛r❦s

• ❚❤❡ ❡st✐♠❛t✐♦♥ ♣r♦❝❡❞✉r❡ ✇❡ ♣r♦♣♦s❡ ✐s ♥♦t r❡str✐❝t❡❞ t♦ t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ❝♦✲
✈❛r✐❛t❡ X ✐s ❢✉♥❝t✐♦♥❛❧✳ ■♥❞❡❡❞ t❤❡ ❛❞❛♣t✐✈❡ ❡st✐♠❛t♦r F̂ĥ ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ ❛s
s♦♦♥ ❛s t❤❡ ❝♦✈❛r✐❛t❡ X t❛❦❡s ✈❛❧✉❡s ✐♥ ❛ ❣❡♥❡r❛❧ ❍✐❧❜❡rt s♣❛❝❡ (H, ‖ · ‖)✳ ❚❤❡
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r❡s✉❧ts ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ t♦ ❛ ❢✉♥❝t✐♦♥ s♣❛❝❡ s✉❝❤ ❛s L2(I) ✭I ⊂ R✮✱ L2(Rd) ♦r ❛
❙♦❜♦❧❡✈ s♣❛❝❡ ❜✉t ❛❧s♦ Rd✱ Cd✱ ℓ2(N)✱✳✳✳ ❚❤❡ r❡s✉❧ts ❣✐✈❡♥ ✐♥ s❡❝t✐♦♥s ✷ ❛♥❞ ✸
r❡♠❛✐♥ ✈❛❧✐❞✳ ❋♦r ✐♥st❛♥❝❡✱ ✐♥ t❤❡ ❝❛s❡ ✇❤❡r❡ X ∈ Rd✱ ❛♥ ✐♠♠❡❞✐❛t❡ ❝♦♥s❡q✉❡♥❝❡
♦❢ ❚❤❡♦r❡♠ ✶✱ ✐s t❤❛t ❜♦t❤ ♣♦✐♥t✇✐s❡ ❛♥❞ ✐♥t❡❣r❛t❡❞ r✐s❦s ♦❢ F̂ĥ ❝♦♥✈❡r❣❡ t♦ ✵ ❛t

t❤❡ r❛t❡ (n/ ln(n))−2β/(2β+d)✳
• ■s t❤❡r❡ ❛ s♦❧✉t✐♦♥ t♦ t❤❡ ❝✉rs❡ ♦❢ ❞✐♠❡♥s✐♦♥❛❧✐t② ❄ ❲❡ ♣r♦✈❡ t❤❛t✱ ✉♥❞❡r ♦✉r
❛ss✉♠♣t✐♦♥s✱ t❤❡ ❝❧❛ss✐❝❛❧ ◆❛❞❛r❛②❛✲❲❛ts♦♥ ❡st✐♠❛t♦r ✭✷✮ ✇✐t❤ d(x, x′) = ||x−x′||
❛tt❛✐♥s t❤❡ ♠✐♥✐♠❛① r❛t❡ ♦❢ ❝♦♥✈❡r❣❡♥❝❡✳ ❚❤❡♥✱ ✐♥ ♦✉r s❡tt✐♥❣✱ ❡✈❡♥ ✐❢ t❤❡s❡ r❛t❡s
❛r❡ s❧♦✇✱ t❤❡② ❝❛♥♥♦t ❜❡ s✐❣♥✐✜❝❛♥t❧② ✐♠♣r♦✈❡❞ ❜② ❝❤❛♥❣✐♥❣ t❤❡ s❡♠✐✲♥♦r♠ d ✐♥ t❤❡
❦❡r♥❡❧✳ ❆ r❡✢❡①✐♦♥ ✐s ✉♥❞❡r ✇❛② ♦♥ ❞❡t❡r♠✐♥✐♥❣ ✐❢ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ♠♦❞✐❢② t❤❡ r❛t❡s
❝♦♥s✐❞❡r✐♥❣ ♠♦r❡ r❡❣✉❧❛r ❢✉♥❝t✐♦♥s ❋ t❤❛♥ t❤❡ ♦♥❡s ♦❢ t❤❡ ❝❧❛ss Fβ✱ ❢♦r ✐♥st❛♥❝❡
t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❞❡r✐✈❛t✐✈❡s ♦❢ t❤❡ ❝♦✈❛r✐❛t❡ X ✐♥ t❤❡ s♣✐r✐t ♦❢ ❋❡rr❛t② ❛♥❞
❱✐❡✉ ✭✷✵✵✷✮✳❆♥♦t❤❡r ❛♣♣r♦❛❝❤ ♠❛② ❜❡ t♦ r❡❞✉❝❡ t❤❡ str✉❝t✉r❛❧ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡
♠♦❞❡❧ ❝♦♥s✐❞❡r✐♥❣ ❡✳❣✳ s✐♥❣❧❡ ♦r ♠✉❧t✐♣❧❡✲✐♥❞❡① ♠♦❞❡❧s ✭❈❤❡♥ ❡t ❛❧✳ ✷✵✶✶❀ ❆✐t✲❙❛ï❞✐
❡t ❛❧✳ ✷✵✵✽✮ ✳

✻✳ Pr♦♦❢s

❲❡ ✇✐❧❧ ♠❛✐♥❧② ❢♦❝✉s ♦♥ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ r❡s✉❧ts ❢♦r t❤❡ ✐♥t❡❣r❛t❡❞ r✐s❦ ✭s✐♥❝❡ ✐t ✐s t❤❡
♦♥❡ ❢♦r ✇❤✐❝❤ ❛❞❛♣t❛t✐♦♥ r❡s✉❧ts ❛r❡ ♣r♦✈✐❞❡❞✮✱ ❛♥❞ ♦♥❧② ❤✐❣❤❧✐❣❤t t❤❡ ❞✐✛❡r❡♥❝❡s ✇❤❡♥
❝❤♦♦s✐♥❣ t❤❡ ♣♦✐♥t✇✐s❡ ❝r✐t❡r✐♦♥✳
❲❡ ❞❡♥♦t❡ ❜② EX′ ✭r❡s♣✳ PX′ ✱ ❱❛rX′✮ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❛t✐♦♥ ✭r❡s♣✳ ♣r♦❜❛❜✐❧✲

✐t②✱ ✈❛r✐❛♥❝❡✮ ❣✐✈❡♥ X ′✳ ❲❡ ❛❧s♦ ✐♥tr♦❞✉❝❡❞ t❤❡ ❝❧❛ss✐❝❛❧ ♥♦r♠ ‖.‖Lq(R) ♦❢ t❤❡ s♣❛❝❡ ♦❢
✐♥t❡❣r❛❜❧❡ ❢✉♥❝t✐♦♥ Lq(R) ✭t❤❡ ♥♦t❛t✐♦♥ ✇✐❧❧ ❜❡ ✉s❡❞ ✇✐t❤ q = 2 ❛♥❞ q = ∞✮✳
❘❡❝❛❧❧ t❤❛t Kh(x) := h−1K(h−1x)✳ ❆ss✉♠♣t✐♦♥s HK ❛♥❞ Hϕ ✐♠♣❧② t❤❛t✱ ❢♦r ❛❧❧ l ≥ 1✱

✭✶✻✮ h−lmlϕ(h)1B(X
′) ≤ EX′

[
K l
h(d(X,X

′))
]
1B(X

′) ≤ h−lMlϕ(h)1B(X
′) ❛✳s✳

✇❤❡r❡ ml := clKcϕ ❛♥❞ Ml := C l
KCϕ✳ ❚❤❡s❡ ✐♥❡q✉❛❧✐t✐❡s ❛r❡ ✉s❡❢✉❧ ✐♥ t❤❡ s❡q✉❡❧✳

✻✳✶✳ ❆ ♣r❡❧✐♠✐♥❛r② r❡s✉❧t✳ ❖♥❡ ♦❢ t❤❡ ❦❡② ❛r❣✉♠❡♥ts ✐♥ t❤❡ ♣r♦♦❢s ♦❢ ❚❤❡♦r❡♠s ✶✱ ✷✱
❛♥❞ Pr♦♣♦s✐t✐♦♥ ✶ ✐s t❤❡ ❝♦♥tr♦❧ ♦❢ t❤❡ ❞❡✈✐❛t✐♦♥s ✭✐♥ ♣r♦❜❛❜✐❧✐t② ❛♥❞ ❡①♣❡❝t❛t✐♦♥✮ ♦❢ t❤❡
♣r♦❝❡ss Rx

h✱ ❢♦r x ∈ H✱ ❞❡✜♥❡❞ ❜②

✭✶✼✮ Rx
h =





1

n

n∑

i=1

Kh(d(Xi, X
′))

EX′ [Kh(d(X,X ′))]
, ✐❢ x = X ′,

1

n

n∑

i=1

Kh(d(Xi, x))

E [Kh(d(X, x))]
, ✐❢ x ∈ H ✐s ✜①❡❞✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ❡st❛❜❧✐s❤❡s t❤❡ r❡s✉❧t ✇❤✐❝❤ ✐s ✉s❡❢✉❧ t♦ ❝♦♥tr♦❧ t❤❡ ✐♥t❡❣r❛t❡❞ r✐s❦
♦❢ t❤❡ ❡st✐♠❛t♦rs✳ ❚❤❡ ♣r♦♦❢ ❝❛♥ ❜❡ ❢♦✉♥❞ ❜❡❧♦✇✳

▲❡♠♠❛ ✶✳ ❆ss✉♠❡ HK ❛♥❞ Hϕ✳ ❋♦r ❛♥② η > 0✱ ♦♥ t❤❡ s❡t {X ′ ∈ B}✱ t❤❡ ❢♦❧❧♦✇✐♥❣
✐♥❡q✉❛❧✐t② ❤♦❧❞s ❛✳s✳

✭✶✽✮ PX′

(∣∣∣RX′
h − 1

∣∣∣ > η
)
≤ 2 exp


− nη2ϕ(h)

2
(
M2

m2
1

+ CKη
m1

)


 .

▼♦r❡♦✈❡r✱ ❛ss✉♠❡ ❛❧s♦ Hb2✱ ❛♥❞ ❞❡♥♦t❡ ❜② VR(h) = κR ln(n)/(nϕ(h))✱ ✇❡ ❤❛✈❡ ❛✳s✳

✭✶✾✮ EX′

[((
RX′
h − 1

)2
− VR(h)

)

+

]
≤ min

(
4M2

m2
1

,
64C2

K

m2
1

)
1

nα
,
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❢♦r ❛♥② α > 0✱ ❛s s♦♦♥ ❛s κR > max(4M2α/m
2
1, 32C

2
Kα

2/m2
1C0)✳

❋✐① ❛ ♣♦✐♥t x0 ∈ H✳ ❚❤❡♥ ■♥❡q✉❛❧✐t② ✭✶✽✮ ❜❡❝♦♠❡s

✭✷✵✮ P (|Rx0
h − 1| > η) ≤ 2 exp


− nη2ϕx0(h)

2
(
M2

m2
1

+ CKη
m1

)


 .

✻✳✶✳✶✳ Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✶✳ ❚♦ ♣r♦✈❡ ■♥❡q✉❛❧✐t② ✭✶✽✮✱ t❤❡ ❣✉✐❞❡❧✐♥❡ ✐s t♦ ❛♣♣❧② ❇❡r♥st❡✐♥✬s
■♥❡q✉❛❧✐t② ✭s❡❡ ❇✐r❣é ❛♥❞ ▼❛ss❛rt ✶✾✾✽✮✱ ❢♦r t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ♣r♦❜❛❜✐❧✐t② PX′ ✳

▲❡♠♠❛ ✷✳ ▲❡t T1, T2, . . . , Tn ❜❡ ✐♥❞❡♣❡♥❞❡♥t r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ❛♥❞ Sn(T ) =
∑n

i=1(Ti − E[Ti])✳
❆ss✉♠❡ t❤❛t

❱❛r(T1) ≤ v2 ❛♥❞ ∀l ≥ 2,
1

n

n∑

i=1

E
[
|Ti|l

]
≤ l!

2
v2bl−2

0 .

❚❤❡♥✱ ❢♦r η > 0✱

P

(
1

n
|Sn(T )| ≥ η

)
≤ 2 exp

(
− nη2/2

v2 + b0η

)
,

≤ 2min

{
exp

(
−nη

2

4v2

)
, exp

(
− nη

4b0

)}
.✭✷✶✮

❍❡r❡✱ Ti = Kh(d(Xi, X
′))/EX′ [Kh(d(Xi, X

′))]✱ ❛♥❞ RX′
h − 1 = Sn(T )/n ✭r❡❝❛❧❧ t❤❛t

✇❡ ❝♦♥s✐❞❡r ❤❡r❡ ❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❛t✐♦♥ ❛♥❞ ♣r♦❜❛❜✐❧✐t② ✇✐t❤ r❡s♣❡❝t t♦ X ′✮✳ ▲❡t ✉s
❝♦♠♣✉t❡ t❤❡ q✉❛♥t✐t✐❡s v ❛♥❞ b0 ✐♥✈♦❧✈❡❞ ✐♥ t❤❡ ✐♥❡q✉❛❧✐t②✳ ❋✐rst✱ ♦♥ t❤❡ s❡t {X ′ ∈ B}✱
■♥❡q✉❛❧✐t② ✭✶✻✮ ✐♠♣❧✐❡s t❤❛t

❱❛rX′(T1) ≤ EX′
[
T 2
1

]
=

EX′ [K2
h(d(X1, X

′))]

(EX′ [Kh(d(X1, X ′))])2
≤ h−2M2ϕ(h)

(h−1m1ϕ(h))
2 =

M2

m2
1

1

ϕ(h)
:= v2.

❙✐♠✐❧❛r❧②✱ ❢♦r l ≥ 2✱

1

n

n∑

i=1

EX′
[
|Ti|l

]
= EX′

[
|T1|l

]
=

EX′
[
K l
h(d(X1, X

′))
]

(EX′ [Kh(d(X1, X ′))])l
≤ hlMlϕ(h)

(hϕ(h)m1)
l
=
Ml

ml
1

1

ϕl−1(h)
.

❇② s♣❧✐tt✐♥❣ Ml = C l
KCϕ =M2C

l−2
K ✱ t❤❡ ❧❛st ✉♣♣❡r ❜♦✉♥❞ ❝❛♥ ❜❡ ✇r✐tt❡♥

1

n

n∑

i=1

EX′
[
|Ti|l

]
≤ M2

m2
1

1

ϕ(h)

C l−2
K

ml−2
1

1

(ϕ(h))l−2
= v2bl−2

0 ,

✇✐t❤ b0 = CK/(m1ϕ(h))✳ ❲❡ ♥♦✇ ❛♣♣❧② t❤❡ ✜rst ✐♥❡q✉❛❧✐t② ♦❢ ▲❡♠♠❛ ✷✱ t❤✐s ❝♦♠♣❧❡t❡ t❤❡
♣r♦♦❢ ♦❢ ■♥❡q✉❛❧✐t② ✭✶✽✮✳ ❚❤❡ ♣r♦♦❢ ♠❛② ❜❡ ❛❞❛♣t❡❞ ❡❛s✐❧② t♦ ❞❡♠♦♥str❛t❡ ■♥❡q✉❛❧✐t② ✭✷✵✮✳
❋♦r ■♥❡q✉❛❧✐t② ✭✶✾✮✱ ✇❡ ❢♦❧❧♦✇ t❤❡ s❛♠❡ str❛t❡❣② ❛s ❈♦♠t❡ ❛♥❞ ●❡♥♦♥✲❈❛t❛❧♦t ✭✷✵✶✷✮✱
♣❛❣❡s ✷✵✲✷✶✳ ❋✐rst

EX′

[((
RX′
h − 1

)2
− VR(h)

)

+

]
=

∫ ∞

0

PX′

(((
RX′
h − 1

)2
− VR(h)

)

+

≥ u

)
du,

≤
∫ ∞

0

PX′

(∣∣∣RX′
h − 1

∣∣∣ ≥
√
VR(h) + u

)
du,

≤ 2min

{∫ ∞

0

exp

(
−n(u+ VR(h))

4v2

)
du,

∫ ∞

0

exp

(
−n
√
u+ VR(h)

4b0

)
du

}
,
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t❤❛♥❦s t♦ ■♥❡q✉❛❧✐t② ✭✷✶✮✳ ◆♦✇✱

n(u+ VR(h))

4v2
= nϕ(h)u

m2
1

4M2

+ ln(n)
m2

1κR
4M2

,

✇❤✐❝❤ ❧❡❛❞s t♦∫ ∞

0

exp

(
−n(u+ VR(h))

4v2

)
du = n

−m2
1
κR

4M2

∫ ∞

0

exp

(
−nϕ(h) m

2
1

4M2

u

)
du,

≤ 4M2

m2
1

1

n1+κRm
2
1
/4M2

1

ϕ(h)
.

❙✐♥❝❡✱ ❜② ❆ss✉♠♣t✐♦♥ Hb2 ✱ ϕ(h) ≥ C0 ln(n)/n✱ ✇❡ ♦❜t❛✐♥
∫ ∞

0

exp

(
−n(u+ VR(h))

4v2

)
du ≤ 4M2

C0m2
1

1

ln(n)nκRm
2
1
/4M2

,

❛♥❞ t❤❡ ❧❛st ✉♣♣❡r ❜♦✉♥❞ ✐s s♠❛❧❧❡r t❤❛♥ (4M2/C0m
2
1)/n

α ❛s s♦♦♥ ❛s κR > 4M2α/m
2
1✳

❋♦r t❤❡ ♦t❤❡r ✐♥t❡❣r❛❧✱ ✇❡ ❜❡❣✐♥ ✇✐t❤ ❛ ❧♦✇❡r ❜♦✉♥❞ ❢♦r n
√
u+ VR(h)/4b0✱

n
√
u+ VR(h)

4b0
≥ m1

4CK
nϕ(h)

1√
2

(√
VR(h) +

√
u
)
,

=
m1

4
√
2CK

√
κR
√
ln(n)

√
nϕ(h) +

m1

4
√
2CK

nϕ(h)
√
u,

≥ m1

√
C0

4
√
2CK

√
κR ln(n) +

m1C0

4
√
2CK

ln(n)
√
u,

❜② ✉s✐♥❣ ϕ(h) ≥ C0 ln(n)/n ❛♥♦t❤❡r t✐♠❡✳ ❚❤✉s✱

∫ ∞

0

exp

(
−n
√
u+ VR(h)

4b0

)
du ≤ n

−m1

√
C0

√
κR

4
√
2CK

∫ ∞

0

exp

(
−m1C0 ln(n)

4
√
2CK

√
u

)
du

=
64C2

K

m2
1C

2
0

∫ ∞

0

s exp(−s)ds 1

ln2(n)n
m1

√
C0

√
κR

4
√
2CK

=
64C2

K

m2
1C

2
0

1

ln2(n)n
m1

√
C0

√
κR

4
√
2CK

≤ 64C2
K

m2
1C

2
0

1

nα
.

❛s s♦♦♥ ❛s κR > 32C2
Kα

2/m2
1C0✳ ❚❤✐s ❡♥❞s t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✶✳

✻✳✷✳ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳

✻✳✷✳✶✳ ▼❛✐♥ ♣❛rt ♦❢ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ■♥❡q✉❛❧✐t② ✭✼✮✳ ❋♦❧❧♦✇✐♥❣ ❋❡rr❛t② ❡t ❛❧✳ ✭✷✵✵✻✱ ✷✵✶✵✮✱
✇❡ ❞❡✜♥❡

F̃X′
h (y) :=

n∑

i=1

W̃
(i)
h (X ′)1{Yi≤y}, ✇❤❡r❡ W̃

(i)
h (X ′) =

Kh (d(Xi, X
′))

nEX′ [Kh (d(X1, X ′))]
.✭✷✷✮

❲❡ ❛❧s♦ ❤❛✈❡ RX′
h :=

∑n
i=1 W̃

(i)
h (X ′) ✭s❡❡ ❉❡✜♥✐t✐♦♥ ✭✶✼✮✮✳ ❋✐rst✱ ♥♦t✐❝❡ t❤❛t s✐♥❝❡ F̂X′

h ≤ 1
❛♥❞ FX′ ≤ 1 ❛✳s✳✱

E

[
‖F̂X′

h − FX′‖2D1{RX′
h <1/2}1B(X

′)
]

≤ 2E
[(

‖F̂X′
h ‖2D + ‖FX′‖2D

)
1{RX′

h <1/2}1B(X
′)
]
,

≤ 4|D|P
({
RX′
h < 1/2

}
∩ {X ′ ∈ B}

)
.
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◆♦✇✱ ✇✐t❤ P({RX′
h < 1/2} ∩ {X ′ ∈ B}) ≤ P({|RX′

h − 1| > 1/2} ∩ {X ′ ∈ B}) ❛♥❞ ✇✐t❤
▲❡♠♠❛ ✶ ✇❡ ❣❡t

E

[
‖F̂X′

h − FX′‖2D1{RX′
h <1/2}1B(X

′)
]
≤ 8|D| exp

(
− m1

8 (M2/m1 + CK/2)
nϕ(h)

)
≤ C

nϕ(h)
,

✇❤❡r❡ C = 64|D|e−1M2/m1+CK/2
m1

✳

❚❤❡ ❧❛st ✐♥❡q✉❛❧✐t② ❝♦♠❡s ❢r♦♠ t❤❡ ❜♦✉♥❞ xe−x ≤ e−1✱ x > 0✳

❲❡ ♠✉st ♥♦✇ ❝♦♥tr♦❧ E
[
‖F̂X′

h − FX′‖2D1B(X ′)1{RX′
h ≥1/2}

]
✳ ❘❡❝❛❧❧ t❤❛t F̂X′

h = F̃X′
h /RX′

h ✳

❲❡ t❤✉s ❤❛✈❡✱

E

[
‖F̂X′

h − FX′‖2D1B(X ′)1{RX′
h ≥1/2}

]
≤ 3E



∥∥∥∥∥
F̃X′
h

RX′
h

− EX′

[
F̃X′
h

RX′
h

]∥∥∥∥∥

2

D

1B(X
′)1{RX′

h ≥1/2}




+3E



∥∥∥∥∥EX′

[
F̃X′
h

RX′
h

]
− FX′

RX′
h

∥∥∥∥∥

2

D

1B(X
′)1{RX′

h ≥1/2}


+ 3E

[∥∥∥∥
FX′

RX′
h

− FX′
∥∥∥∥
2

D

1B(X
′)1{RX′

h ≥1/2}

]

≤ 12E

[∥∥∥F̃X′
h − EX′

[
F̃X′
h

]∥∥∥
2

D
1B(X

′)

]
+ 12E

[∥∥∥EX′

[
F̃X′
h

]
− FX′

∥∥∥
2

D

]

+12E

[(
1−RX′

h

)2 ∥∥∥FX′
∥∥∥
2

D
1B(X

′)

]
.✭✷✸✮

❚❤❡ ✜rst ❛♥❞ t❤✐r❞ t❡r♠s ❛r❡ ✈❛r✐❛♥❝❡ t❡r♠s✱ ❜♦✉♥❞❡❞ ❜② ▲❡♠♠❛s ✸ ❛♥❞ ✹ ♣r♦✈❡❞ ❜❡❧♦✇✳
❚❤❡ s❡❝♦♥❞ ♦♥❡ ✐s ❛ ❜✐❛s t❡r♠✱ ❝♦♥tr♦❧❧❡❞ ❜② ▲❡♠♠❛ ✺✳

▲❡♠♠❛ ✸✳ ❯♥❞❡r ❆ss✉♠♣t✐♦♥s HK ❛♥❞ Hϕ✱ ♦♥ t❤❡ s❡t {X ′ ∈ B}✱

EX′

[∥∥∥F̃X′
h − EX′

[
F̃X′
h

]∥∥∥
2

D

]
≤ |D|M2

m2
1

1

nϕ(h)
.

▲❡♠♠❛ ✹✳ ❯♥❞❡r ❆ss✉♠♣t✐♦♥s HK ❛♥❞ Hϕ

E

[(
RX′
h − 1

)2
1B(X

′)

]
≤ M2

m2
1

1

nϕ(h)
.

▲❡♠♠❛ ✺✳ ❯♥❞❡r ❆ss✉♠♣t✐♦♥ HF ✱

E

[∥∥∥FX′ − EX′

[
F̃X′
h

]∥∥∥
2

D

]
≤ C2

Dh
2β.

❚❤✐s ❡♥❞s t❤❡ ♣r♦♦❢ ♦❢ ■♥❡q✉❛❧✐t② ✭✼✮✳ ❚❤❡ s❝❤❡♠❡ ❝❛♥ ❡❛s✐❧② ❜❡ ❛❞❛♣t❡❞ t♦ ♣r♦✈❡ ✭✻✮✳

�

✻✳✷✳✷✳ Pr♦♦❢ ♦❢ ▲❡♠♠❛s ✸ ❛♥❞ ✹ ✭✉♣♣❡r ❜♦✉♥❞s ❢♦r t❤❡ ✈❛r✐❛♥❝❡ t❡r♠s✮✳
Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✸✳ ❇② ❋✉❜✐♥✐✬s ❚❤❡♦r❡♠

EX′

[∥∥∥F̃X′
h − EX′

[
F̃X′
h

]∥∥∥
2

D

]
=

∫

D

EX′

[(
F̃X′
h (y)− EX′

[
F̃X′
h (y)

])2]
dy

=

∫

D

❱❛rX′

(
F̃X′
h (y)

)
dy.
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❙✐♥❝❡✱ ❢♦r ❛❧❧ y ∈ D✱ F̃X′
h (y) ✐s ❛ ♠❡❛♥ ♦❢ ✐♥❞❡♣❡♥❞❡♥t ❛♥❞ ✐❞❡♥t✐❝❛❧❧② ❞✐str✐❜✉t❡❞ r❛♥❞♦♠

✈❛r✐❛❜❧❡s ✭❝♦♥❞✐t✐♦♥❛❧❧② t♦ X ′✮✱ ✇❡ ❤❛✈❡✱ ♦♥ t❤❡ s❡t {X ′ ∈ B}✱

EX′

[∥∥∥F̃X′
h − EX′

[
F̃X′
h

]∥∥∥
2

D

]
=

1

n

∫

D

❱❛rX′

(
Kh (d(X1, X

′))1{Y1≤y}
EX′ [Kh (d(X1, X ′))]

)
dy

≤ |D|
n

EX′

[
K2
h (d(X1, X

′))

(EX′ [Kh (d(X1, X ′))])2

]
≤ |D|

n

M2

m2
1

1

nϕ(h)
,

✇❤❡r❡ t❤❡ ❧❛st ✐♥❡q✉❛❧✐t② ❝♦♠❡s ❢r♦♠ ■♥❡q✉❛❧✐t② ✭✶✻✮✳

�

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✹✳ ❙✐♥❝❡ EX′
[
RX′
h

]
= 1✱ r❡♠❛r❦ t❤❛t✱

E

[(
RX′
h − 1

)2
1B(X

′)

]
= E

[
❱❛rX′

(
RX′
h

)
1B(X

′)
]

=
1

n
E

[
❱❛rX′

(
Kh(d(X1, X

′))

EX′ [Kh(d(X1, X ′))]

)
1B(X

′)

]
,

❛♥❞ t❤❡ r❡s✉❧t ❝♦♠❡s ❛❧s♦ ❢r♦♠ ■♥❡q✉❛❧✐t② ✭✶✻✮✳

✻✳✷✳✸✳ Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✺ ✭✉♣♣❡r ❜♦✉♥❞ ❢♦r t❤❡ ❜✐❛s t❡r♠✮✳ ❋✐rst r❡♠❛r❦ t❤❛t✱ ❢♦r y ∈ D✱
❛✳s✳

EX′

[
F̃X′
h (y)

]
= nEX′

[
E

[
W̃

(1)
h (X ′)1{Y1≤y}|X1

]]
= nEX′

[
W̃

(1)
h (X ′)FX1(y)

]

❛♥❞ s✐♥❝❡ nEX′

[
W̃

(1)
h (X ′)FX′

]
= FX′

✱

FX′
(y)− EX′

[
F̃X′
h (y)

]
= nEX′

[
W̃

(1)
h (X ′)

(
FX′

(y)− FX1(y)
)]
.

❚❤❡♥✱

E

[∥∥∥FX′ − EX′

[
F̃X′
h

]∥∥∥
2

D

]
≤ n2E

[
EX′

[
W̃

(1)
h (X ′)

∥∥∥FXi − FX′
∥∥∥
D

]2]

≤ C2
Dn

2E

[
EX′

[
W̃

(1)
h (X ′) ‖X1 −X ′‖β

]2]
,✭✷✹✮

❜② HF ✳ ◆♦✇✱ s✐♥❝❡ K ✐s s✉♣♣♦rt❡❞ ♦♥ [0, 1]✱ ✐❢ d2(X1, X
′) = ‖X1 − X ′‖2 > h t❤❡♥

W̃
(1)
h (X ′) = 0✱

E

[∥∥∥FX′ − EX′

[
F̃X′
h

]∥∥∥
2

D

]
≤ C2

Dn
2E

[
EX′

[
W̃

(1)
h (X ′)hβ

]2]
.

❇✉t EX′

[
W̃

(1)
h (X ′)

]
= 1/n✱ ✇❤✐❝❤ ❡♥❞s t❤❡ ♣r♦♦❢✿

E

[∥∥∥FX′ − EX′

[
F̃X′
h

]∥∥∥
2

D

]
≤ C2

Dh
2β.

�
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✻✳✸✳ Pr♦♦❢ ♦❢ ❛♥ ✐♥t❡r♠❡❞✐❛t❡ r❡s✉❧t ❢♦r ❚❤❡♦r❡♠ ✷✿ t❤❡ ❝❛s❡ ♦❢ ❦♥♦✇♥ s♠❛❧❧

❜❛❧❧ ♣r♦❜❛❜✐❧✐t②✳ ❚❤✐s s❡❝t✐♦♥ ✐s ❛♥ ✐♥tr♦❞✉❝t✐♦♥ t♦ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✿ ✇❡ ✜rst ❞❡❛❧
✇✐t❤ t❤❡ t♦② ❝❛s❡ ♦❢ ❦♥♦✇♥ s♠❛❧❧ ❜❛❧❧ ♣r♦❜❛❜✐❧✐t②✳ ■t ✐s t❤✉s ♣♦ss✐❜❧❡ t♦ ❞❡✜♥❡ ❛ s❡❧❡❝t✐♦♥
r✉❧❡ ❜② h̃ = ❛r❣♠✐♥h∈Hn

{A(h) + V (h)}✱ ✇✐t❤

✭✷✺✮ V (h) = κ
ln(n)

nϕ(h)
❛♥❞ A(h) = max

h′∈Hn

(∥∥∥F̂X′
h′ − F̂X′

h∨h′
∥∥∥
2

D
− V (h′)

)

+

.

❈♦♠♣❛r❡❞ t♦ t❤❡ ❞❛t❛✲❞r✐✈❡♥ ❝r✐t❡r✐♦♥ ✭✶✵✮✱ t❤❡ ✈❛r✐❛♥❝❡ t❡r♠ V (h) ✐s ❞❡t❡r♠✐♥✐st✐❝ ❤❡r❡✳

❆ss✉♠❡ t❤❛t HK ✱ Hϕ✱ HF ✱ Hb1 ❛♥❞ Hb2 ❤♦❧❞✳ ❚❤❡ ♣s❡✉❞♦✲❡st✐♠❛t♦r F̂h̃ ✐s s✉❝❤ t❤❛t

✭✷✻✮ E

[∥∥∥F̂X′

h̃
− FX′

∥∥∥
2

D
1B(X

′)

]
≤ c min

h∈Hn

{
h2β +

ln(n)

nϕ(h)

}
+
C

n
,

✇❤❡r❡ c ❛♥❞ C ❛r❡ ❝♦♥st❛♥ts ✇❤✐❝❤ ❞❡♣❡♥❞ ♦♥ cK ✱ CK ✱ cϕ✱ Cϕ✱ |D|✱ ❛♥❞ CD✳
❚❤❡ ♣r♦♦❢ ♦❢ s✉❝❤ ✐♥❡q✉❛❧✐t② ✐s s✐♠♣❧❡r t❤❛♥ ❚❤❡♦r❡♠ ✷✱ ❛♥❞ ✐s ❛ ❣♦♦❞ ✐❧❧✉str❛t✐♦♥ ♦❢ t❤❡

♠♦❞❡❧ s❡❧❡❝t✐♦♥ t♦♦❧s r❡q✉✐r❡❞ t♦ ❞❡❛❧ ✇✐t❤ ❛ ❞❛t❛✲❞r✐✈❡♥ s❡❧❡❝t❡❞ ❜❛♥❞✇✐❞t❤✳ ❚♦ ♣r♦✈❡
❚❤❡♦r❡♠ ✷✱ ✇❡ ✇✐❧❧ t❤❡♥ ❝♦♠❡ ❞♦✇♥ t♦ ■♥❡q✉❛❧✐t② ✭✷✻✮✳

✻✳✸✳✶✳ ▼❛✐♥ ♣❛rt ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ■♥❡q✉❛❧✐t② ✭✷✻✮✳ ▲❡t h ∈ Hn ❜❡ ✜①❡❞✳ ❲❡ st❛rt ✇✐t❤ t❤❡

❢♦❧❧♦✇✐♥❣ ❞❡❝♦♠♣♦s✐t✐♦♥ ❢♦r t❤❡ ❧♦ss ♦❢ t❤❡ ❡st✐♠❛t♦rF̂X′

h̃
✿

∥∥∥F̂X′

h̃
− FX′

∥∥∥
2

D
≤ 3

∥∥∥F̂X′

h̃
− F̂X′

h̃∨h

∥∥∥
2

D
+ 3

∥∥∥F̂X′

h̃∨h − F̂X′
h

∥∥∥
2

D
+ 3

∥∥∥F̂X′
h − FX′

∥∥∥
2

D
.

❚❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ A(h)✱ A(h̃) ❛♥❞ t❤❡♥ t❤❡ ♦♥❡ ♦❢ h̃ ❡♥❛❜❧❡ t♦ ✇r✐t❡

3
∥∥∥F̂X′

h̃
− F̂X′

h̃∨h

∥∥∥
2

D
+ 3

∥∥∥F̂X′

h̃∨h − F̂X′
h

∥∥∥
2

D
≤ 3

(
A(h) + V

(
h̃
))

+ 3
(
A
(
h̃
)
+ V (h)

)
,

≤ 6 (A(h) + V (h)) .

❇❡s✐❞❡s✱ t❤❡ q✉❛♥t✐t② ‖F̂X′
h − FX′‖2D ✐s t❤❡ ❧♦ss ♦❢ ❛♥ ❡st✐♠❛t♦r ✇✐t❤ ✜①❡❞ ❜❛♥❞✇✐❞t❤ h

❛♥❞ ❤❛s ❛❧r❡❛❞② ❜❡❡♥ ❜♦✉♥❞❡❞ ✭s❡❡ ❚❤❡♦r❡♠ ✶ ■♥❡q✉❛❧✐t② ✭✼✮✮✳ ❍❡♥❝❡ ✇❡ ♦❜t❛✐♥

✭✷✼✮ E

[∥∥∥F̂X′

h̃
− FX′

∥∥∥
2

D
1B(X

′)

]
≤ 6E [A(h)1B(X

′)] + 6V (h) + 3C

(
h2β +

1

nϕ(h)

)
,

✇❤❡r❡ C ✐s t❤❡ ❝♦♥st❛♥t ♦❢ ❚❤❡♦r❡♠ ✶ ✭■♥❡q✉❛❧✐t② ✭✼✮✮✳ ❚❤❡ r❡♠❛✐♥❞✐♥❣ ♣❛rt ♦❢ t❤❡ ♣r♦♦❢
✐s t❤❡ r❡s✉❧t ♦❢ t❤❡ ❧❡♠♠❛ ❤❡r❡❛❢t❡r✱ t❤❡ ♣r♦♦❢ ♦❢ ✇❤✐❝❤ ✐s ♣♦st♣♦♥❡❞ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣
s❡❝t✐♦♥✳

▲❡♠♠❛ ✻✳ ▲❡t h ∈ Hn ❜❡ ✜①❡❞✳ ❯♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✷✱ t❤❡r❡ ❡①✐st t✇♦
❝♦♥st❛♥ts C ❛♥❞ C1 s✉❝❤ t❤❛t✱

✭✷✽✮ E [A(h)1B(X
′)] ≤ Ch2β +

C1

n
.

❚❤❡ ❝♦♥st❛♥t C1 ❞❡♣❡♥❞s ♦♥ C0✱ |D|✱ M2✱ m1 ❛♥❞ CK ❛♥❞ t❤❡ ❝♦♥st❛♥t C ♦♥❧② ❞❡♣❡♥❞s
♦♥ CD✳

❆♣♣❧②✐♥❣ ■♥❡q✉❛❧✐t② ✭✷✽✮ ✐♥ ✭✷✼✮ ✐♠♣❧✐❡s ■♥❡q✉❛❧✐t② ✭✷✻✮ ❜② t❛❦✐♥❣ t❤❡ ✐♥✜♠✉♠ ♦✈❡r
h ∈ Hn✳

�
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✻✳✸✳✷✳ Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✻ ✭❯♣♣❡r ❜♦✉♥❞ ❢♦r A(h)✮✳ ❋✐① h, h′ ∈ Hn✳ ❲❡ ❞❡✜♥❡ t❤❡ s❡t
Ωh,h′ = {RX′

h′ ≥ 1/2} ∩ {RX′
h∨h′ ≥ 1/2} ❛♥❞ s♣❧✐t

∥∥∥F̂X′
h′ − F̂X′

h∨h′
∥∥∥
2

D
≤
∥∥∥F̂X′

h′ − F̂X′
h∨h′
∥∥∥
2

D

(
1Ωh,h′ + 1Ωc

h,h′

)
.

❘❡❝❛❧❧ t❤❛t ✇❡ ✇r✐t❡ t❤❡ ❡st✐♠❛t♦r F̂X′
h (y) = F̃X′

h (y)/RX′
h ✱ ✇✐t❤ F̃X′

h ❞❡✜♥❡❞ ❜② ✭✷✷✮ ❛♥❞
RX′
h ❜② ✭✶✼✮✳ ❲❡ s♣❧✐t ❛❣❛✐♥

∥∥∥F̂X′
h′ − F̂X′

h∨h′
∥∥∥
2

D
1Ωh,h′ =

∥∥∥∥∥
F̃X′
h′

RX′
h′

− F̃X′
h∨h′

RX′
h∨h′

∥∥∥∥∥

2

D

1Ωh,h′ ≤ 4
(
T ah′ +Bh,h′ + T̃h∨h′ + T bh∨h′

)
,

✇❤❡r❡
✭✷✾✮

T ah′ =

∥∥∥∥
1

RX′
h′

(
F̃X′
h′ − EX′

[
F̃X′
h′

])∥∥∥∥
2

D

1Ωh,h′ , T bh∨h′ =

∥∥∥∥
1

RX′
h∨h′

(
F̃X′
h∨h′ − EX′

[
F̃X′
h∨h′
])∥∥∥∥

2

D

1Ωh,h′

Bh,h′ =
1

(
RX′
h′
)2
∥∥∥EX′

[
F̃X′
h′

]
− EX′

[
F̃X′
h∨h′
]∥∥∥

2

D
1Ωh,h′ ,

T̃h∨h′ =

(
1

RX′
h′

− 1

RX′
h∨h′

)2 ∥∥∥EX′

[
F̃X′
h∨h′
]∥∥∥

2

D
1Ωh,h′ .

❚❤✉s✱ ❜② s✉❜tr❛❝t✐♥❣ V (h′) ❛♥❞ t❛❦✐♥❣ t❤❡ ♠❛①✐♠✉♠ ♦✈❡r h′ ∈ Hn✱ ✇❡ ♦❜t❛✐♥

A(h) = max
h′∈Hn

(∥∥∥F̂X′
h′ − F̂X′

h∨h′
∥∥∥
2

D
− V (h′)

)

+

✭✸✵✮

≤ max
h′∈Hn

(
4T ah′ −

V (h′)

3

)

+

+ max
h′∈Hn

(
4T bh∨h′ −

V (h′)

3

)

+

+ max
h′∈Hn

(
4T̃h∨h′ −

V (h′)

3

)

+

+4 max
h′∈Hn

Bh,h′ + max
h′∈Hn

(∥∥∥F̂X′
h′ − F̂X′

h∨h′
∥∥∥
2

D
1Ωc

h,h′

)
.

❲❡ ❤❛✈❡ ♥♦t s✉❜tr❛❝t❡❞ V (h′) t♦ t✇♦ ♦❢ t❤❡ ❛❜♦✈❡ t❡r♠s✿ ✇❡ s❤♦✇ ❜❡❧♦✇ t❤❛t t❤❡② ❛r❡
❞✐r❡❝t❧② ♥❡❣❧✐❣✐❜❧❡✳ ❲❡ ♥♦✇ ❞❡❛❧ ✇✐t❤ ❡❛❝❤ ♦❢ t❤❡ t❡r♠s ✐♥✈♦❧✈✐♥❣ ✐♥ ✭✸✵✮ ♦♥ t❤❡ s❡t
{X ′ ∈ B}✳

• ❯♣♣❡r ❜♦✉♥❞ ❢♦r t❤❡ t❡r♠ ❞❡♣❡♥❞✐♥❣ ♦♥ Bh,h′ ✳ ❲❡ ✜rst ✉s❡ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡
s❡t Ωh,h′ ✱ ❛♥❞ s♣❧✐t t❤❡ t❡r♠ t♦ ♦❜t❛✐♥ t❤❡ ❜✐❛s t❡r♠s✿

max
h′∈Hn

Bh,h′ ≤ 4 max
h′∈Hn

∥∥∥EX′

[
F̃X′
h′

]
− EX′

[
F̃X′
h∨h′
]∥∥∥

2

D

= 4 max
h′∈Hn
h′≤h

∥∥∥EX′

[
F̃X′
h′

]
− EX′

[
F̃X′
h∨h′
]∥∥∥

2

D

≤ 8 max
h′∈Hn
h′≤h

{∥∥∥EX′

[
F̃X′
h′

]
− FX′

∥∥∥
2

D
+
∥∥∥FX′ − EX′

[
F̃X′
h∨h′
]∥∥∥

2

D

}

≤ 8


max
h′∈Hn
h′≤h

C2
D(h

′)2β + C2
Dh

2β


 ≤ 16C2

Dh
2β,✭✸✶✮
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t❤❛♥❦s t♦ ▲❡♠♠❛ ✺✳
• ❯♣♣❡r ❜♦✉♥❞ ❢♦r t❤❡ t❡r♠ ❞❡♣❡♥❞✐♥❣ ♦♥ 1Ωc

h,h′
✳ ■t ✐s t❤❡ s❡❝♦♥❞ t❡r♠ ✇❤✐❝❤ ❞♦❡s

♥♦t ❞❡♣❡♥❞ ♦♥ V (h′)✿

max
h′∈Hn

(∥∥∥F̂X′
h′ − F̂X′

h∨h′
∥∥∥
2

D
1Ωc

h,h′

)
≤ 2 max

h′∈Hn

1Ωc
h,h′

(∥∥∥F̂X′
h′

∥∥∥
2

D
+
∥∥∥F̂X′

h∨h′
∥∥∥
2

D

)
,

s✐♥❝❡ |F̂X′
h′ (y)| ≤ 1 ❛♥❞

∣∣∣F̂X′
h′∨h(y)

∣∣∣ ≤ 1✳ ❚❤✉s✱

E

[
max
h′∈Hn

(∥∥∥F̂X′
h′ − F̂X′

h∨h′
∥∥∥
2

D
1Ωc

h,h′
1B(X

′)

)]
≤ 4|D|

∑

h′∈Hn

P
(
Ωc
h,h′ ∩ {X ′ ∈ B}

)
.

▼♦r❡♦✈❡r✱

P
(
Ωc
h,h′ ∩ {X ′ ∈ B}

)
≤ P

({
RX′
h′ <

1

2

}
∩ {X ′ ∈ B}

)
+ P

({
RX′
h∨h′ <

1

2

}
∩ {X ′ ∈ B}

)

≤ P

({∣∣∣RX′
h′ − 1

∣∣∣ > 1

2

}
∩ {X ′ ∈ B}

)
+ P

({∣∣∣RX′
h′∨h − 1

∣∣∣ > 1

2

}
∩ {X ′ ∈ B}

)
.

❚❤✉s ✇❡ ❛♣♣❧② ■♥❡q✉❛❧✐t② ✭✶✽✮ ♦❢ ▲❡♠♠❛ ✶✱ ✇✐t❤ η = 1/2✿

∑

h′∈Hn

P
(
Ωc
h,h′ ∩ {X ′ ∈ B}

)
≤

∑

h′∈Hn

2 exp


− nϕ(h′)

8
(
M2

m2
1

+ CK

2m1

)


+ 2 exp


− nϕ(h ∨ h′)

8
(
M2

m2
1

+ CK

2m1

)


 .

❘❡❝❛❧❧ ♥♦✇ t❤❛t t❤❛♥❦s t♦ Hb2 ✱ ϕ(h) ≥ C0 ln(n)/n ❢♦r ❛❧❧ h ∈ Hn✱ ✇✐t❤ C0 > 16(M2/m
2
1+

CK/2m1)✳ ❯s❡ ❛❧s♦ Hb1 t♦ ❞❡❞✉❝❡

∑

h′∈Hn

P
(
Ωc
h,h′ ∩ {X ′ ∈ B}

)
≤ 4× n× n

− C0

8

(

M2

m2
1

+
CK
2m1

)

<
4

n
.

❚❤✉s✱ ✇❡ ❤❛✈❡ ♣r♦✈❡❞ t❤❛t

✭✸✷✮ E

[
max
h′∈Hn

(∥∥∥F̂X′
h′ − F̂X′

h∨h′
∥∥∥
2

D
1Ωc

h,h′

)
1B(X

′)

]
≤ 16|D|

n
.

• ❯♣♣❡r ❜♦✉♥❞ ❢♦r t❤❡ t❡r♠ ❞❡♣❡♥❞✐♥❣ ♦♥ T̃h,h′ ✳ ❚❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤✐s t❡r♠ ✐♠♣❧✐❡s
t❤❛t

T̃h,h′ =

(
RX′
h∨h′ −RX′

h′

RX′
h′ R

X′
h∨h′

)2 ∥∥∥EX′

[
F̃X′
h∨h′
]∥∥∥

2

D
1Ωh,h′ ,

≤ 16
(
RX′
h∨h′ −RX′

h′

)2 ∥∥∥EX′

[
F̃X′
h∨h′
]∥∥∥

2

D
,

≤ 16|D|
(
RX′
h∨h′ −RX′

h′

)2
,

≤ 32|D|
{(

RX′
h∨h′ − 1

)2
+
(
RX′
h′ − 1

)2}
,
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✉s✐♥❣ t❤❛t E
[
F̃X′
h∨h′
]
≤ 1✳ ❲❡ r♦✉❣❤❧② ❜♦✉♥❞ t❤❡ s✉♣r❡♠✉♠ ♦✈❡r h′ ∈ Hn ❜② ❛ s✉♠ ♦✈❡r

h′ ❛♥❞ ✉s❡ t❤❡ ❧❛st ✐♥❡q✉❛❧✐t②✿

E

[
max
h′∈Hn

(
4T̃h∨h′ −

V (h′)

3

)

+

1B(X
′)

]
≤ 4

∑

h′∈Hn

E

[(
T̃h∨h′ −

V (h′)

12

)

+

1B(X
′)

]
,

≤ 4
∑

h′∈Hn

E

[(
32|D|

{(
RX′
h∨h′ − 1

)2

+
(
RX′
h′ − 1

)2}
− V (h′)

12

)

+

1B(X
′)

]
,

≤ 4

{
∑

h′∈Hn

E

[(
32|D|

(
RX′
h∨h′ − 1

)2
− V (h′)

24

)

+

1B(X
′)

]

+
∑

h′∈Hn

E

[(
32|D|

(
RX′
h′ − 1

)2
− V (h′)

24

)

+

1B(X
′)

]}
,

≤ 128|D|
{
∑

h′∈Hn

E

[((
RX′
h∨h′ − 1

)2
− V (h′)

768|D|

)

+

1B(X
′)

]

+
∑

h′∈Hn

E

[((
RX′
h′ − 1

)2
− V (h′)

768|D|

)

+

1B(X
′)

]}
.

❚❤❡♥✱ ■♥❡q✉❛❧✐t② ✭✶✾✮ ♦❢ ▲❡♠♠❛ ✶ ✭✇✐t❤ α = 2✮ ♣r♦✈❡s t❤❛t✱ ♦♥ t❤❡ s❡t {X ′ ∈ B}✱ ❛✳s✳✱

EX′

[((
RX′
h′ − 1

)2
− VR(h

′)

)

+

]
≤ min

(
4M2

m2
1

,
64C2

K

m2
1

)
1

n2
,

✇✐t❤ VR(h
′) = κR ln(n)/nϕ(h′) ❛♥❞ κR > max(8M2/m

2
1, 128C

2
K/m

2
1C0)✳ ❈❤♦♦s✐♥❣ κ >

768|D|κR ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ V (h′) ✭s❡❡ ✭✷✺✮✮ ❧❡❛❞s t♦ V (h′)/768|D| ≥ VR(h
′)✱ ❛♥❞ ❤❡♥❝❡

✇❡ ❛❧s♦ ❤❛✈❡
∑

h′∈Hn

E

[((
RX′
h′ − 1

)2
− V (h′)

768|D|

)

+

1B(X
′)

]
≤ min

(
4M2

m2
1

,
64C2

K

m2
1

)
1

n
,

t❤❛♥❦s t♦ ❆ss✉♠♣t✐♦♥ Hb1 ✳ ❙✐♥❝❡ ϕ(h) ≤ ϕ(h ∨ h′)✱ V (h′) ≥ V (h ∨ h′)✱ t❤❡ ♦t❤❡r t❡r♠ ✐s
❜♦✉♥❞❡❞ ❛s ❢♦❧❧♦✇s

E

[((
RX′
h∨h′ − 1

)2
− V (h′)

768|D|

)

+

1B(X
′)

]
≤ E

[((
RX′
h∨h′ − 1

)2
− V (h ∨ h′)

768|D|

)

+

1B(X
′)

]
,

❛♥❞ s❛♠❡ ❝♦♠♣✉t❛t✐♦♥s ❛❧❧♦✇ t♦ ❞❡❛❧ ✇✐t❤ ✐t✳ ❲❡ t❤✉s ❞❡❞✉❝❡ t❤❛t

E

[
max
h′∈Hn

(
4T̃h∨h′ −

V (h′)

3

)

+

1B(X
′)

]
≤ 256|D|min

(
4M2

m2
1

,
64C2

K

m2
1

)
1

n
.✭✸✸✮

• ❯♣♣❡r ❜♦✉♥❞ ❢♦r t❤❡ t❡r♠s ❞❡♣❡♥❞✐♥❣ ♦♥ T ah′ ♦r T
b
h′ ✳ ❋✐rst✱ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ Ωh,h′ ✱

T ah′ ≤ 4‖F̃X′
h′ − EX′ [F̃X′

h′ ]‖2D✳ ❋✉rt❤❡r♠♦r❡✱ ♥♦t✐❝✐♥❣ t❤❛t F̃X′
h′ ❜❡❧♦♥❣s t♦ L1(D) ∩ L2(D)✱

t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛❧✐t② ✐s ❝❧❛ss✐❝❛❧✿
∥∥∥F̃X′

h′ − EX′ [F̃X′
h′ ]
∥∥∥
2

D
= sup

t∈S̄D(0,1)

〈F̃X′
h′ − EX′ [F̃X′

h′ ], t〉2D,
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✇❤❡r❡ S̄D(0, 1) ✐s ❛ ❞❡♥s❡ ❝♦✉♥t❛❜❧❡ s✉❜s❡t ♦❢ t❤❡ s♣❤❡r❡ {t ∈ L1(D) ∩ L2(D), ‖t‖D = 1}
✭s✉❝❤ ❛ s❡t ❡①✐sts t❤❛♥❦s t♦ t❤❡ s❡♣❛r❛❜✐❧✐t② ♦❢ L2(D)✮✳ ▼♦r❡♦✈❡r✱ ✇❡ ✇r✐t❡ t❤❡ s❝❛❧❛r

♣r♦❞✉❝t 〈F̃X′
h′ − EX′ [F̃X′

h′ ], t〉D1B(X ′) = νn,h(t)✱ ❢♦r t ∈ S̄D(0, 1)✱ ✇❤❡r❡

νn,h(t) =
1

n

n∑

i=1

ψt,h(Xi, Yi)− EX′ [ψt,h(Xi, Yi)] ,✭✸✹✮

✇✐t❤ ψt,h(Xi, Yi) =
Kh(d(Xi, X

′))

EX′ [Kh(d(Xi, X ′))]
〈1[Yi;∞[, t〉D1B(X ′).

❈♦♥s❡q✉❡♥t❧②✱

E

[
max
h′∈Hn

(
4T ah′ −

V (h′)

3

)

+

1B(X
′)

]
≤ 16

∑

h′∈Hn

E

[(
sup

t∈S̄D(0,1)

ν2n,h′(t)−
V (h′)

48

)

+

1B(X
′)

]
.

❲❡ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✱ ✇❤✐❝❤ ♣❡r♠✐ts t♦ ❝♦♥tr♦❧ t❤❡ ❡♠♣✐r✐❝❛❧ ♣r♦❝❡ss ❞❡✜♥❡❞ ❜②
✭✸✹✮✳

▲❡♠♠❛ ✼✳ ❯♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✷✱ ❢♦r δ0 > max(3528C2
K |D|/M2C0, 12)✱

t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C > 0 ✭❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ m1✱ M2✱ δ0✱ C0 ❛♥❞ |D|✮ s✉❝❤ t❤❛t

∑

h∈Hn

E

[(
sup

t∈S̄D(0,1)

ν2n,h(t)− 6δ0
|D|M2

m2
1

ln(n)

nϕ(h)

)

+

1B(X
′)

]
≤ C

n
.

❈❤♦♦s✐♥❣ κ > 288δ0|D|M2/m
2
1 ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ V (h′) ✭s❡❡ ✭✷✺✮✮ ❧❡❛❞s t♦ V (h′)/48 ≥

6δ0|(D|M2/m
2
1) ln(n)/(nϕ(h))✳ ❚❤✐s ♣r♦✈❡s t❤❛t

✭✸✺✮ E

[
max
h′∈Hn

(
4T ah′ −

V (h′)

3

)

+

1B(X
′)

]
≤ 16C

n
.

❘❡❝❛❧❧ ✜♥❛❧❧② t❤❛t V (h′) ≥ V (h∨ h′)✱ s✐♠✐❧❛r ❝♦♠♣✉t❛t✐♦♥s ❛❧❧♦✇ t♦ ❛❧s♦ ♦❜t❛✐♥ t❤❡ s❛♠❡
❜♦✉♥❞ ❢♦r E[maxh′∈Hn

(
4T bh∨h′ − V (h′)/3

)
+
]✳

●❛t❤❡r✐♥❣ ■♥❡q✉❛❧✐t✐❡s ✭✸✶✮✱ ✭✸✷✮✱ ✭✸✸✮✱ ❛♥❞ ✭✸✺✮ ✐♥ ■♥❡q✉❛❧✐t② ✭✸✵✮ ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢
♦❢ ▲❡♠♠❛ ✻✳

�

✻✳✸✳✸✳ Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✼ ✭❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ t❤❡ ❡♠♣✐r✐❝❛❧ ♣r♦❝❡ss✮✳ ❚❤❡ ❛✐♠ ✐s t♦ ❝♦♥tr♦❧
t❤❡ ❞❡✈✐❛t✐♦♥s ♦❢ t❤❡ s✉♣r❡♠✉♠ ♦❢ t❤❡ ❡♠♣✐r✐❝❛❧ ♣r♦❝❡ss νn,h ❞❡✜♥❡❞ ❜② ✭✸✹✮✳ ❙✐♥❝❡ ✐t ✐s
❝❡♥tr❡❞ ❛♥❞ ❜♦✉♥❞❡❞✱ t❤❡ ❣✉✐❞✐♥❣ ✐❞❡❛ ✐s t♦ ❛♣♣❧② t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❝❡♥tr❛t✐♦♥ ✐♥❡q✉❛❧✐t②✳

▲❡♠♠❛ ✽✳ ❬❚❛❧❛❣r❛♥❞✬s ■♥❡q✉❛❧✐t②❪ ▲❡t ξ1, . . . , ξn ❜❡ ✐✳✐✳❞✳ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✱ ❛♥❞ ❞❡✜♥❡
νn(r) = 1

n

∑n
i=1 r(ξi) − E[r(ξi)]✱ ❢♦r r ❜❡❧♦♥❣✐♥❣ t♦ ❛ ❝♦✉♥t❛❜❧❡ ❝❧❛ss R ♦❢ r❡❛❧✲✈❛❧✉❡❞

♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥s✳ ❚❤❡♥✱ ❢♦r δ > 0✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐✈❡rs❛❧ ❝♦♥st❛♥t C s✉❝❤ t❤❛t

E

[(
sup
r∈R

(νn (r))
2 − c(δ)(Hν)2

)

+

]
≤ C

{
vν

n
exp

(
−δ
6

n(Hν)2

vν

)

+
(M ν

1 )
2

C2(δ)n2
exp

(
− 1

21
√
2
C(δ)

√
δ
nHν

M ν
1

)}
,

✇✐t❤✱ C(δ) = (
√
1 + δ − 1) ∧ 1✱ c(δ) = 2(1 + 2δ) ❛♥❞

sup
r∈R

‖r‖L∞ ≤M ν
1 ✱ E

[
sup
r∈R

|νn(r)|
]
≤ Hν✱ ❛♥❞ sup

r∈R
❱❛r (r (ξ1)) ≤ vν .



❊❙❚■▼❆❚■❖◆ ❖❋ ❚❍❊ ❈✳❉✳❋ ●■❱❊◆ ❆ ❋❯◆❈❚■❖◆❆▲ ❈❖❱❆❘■❆❚❊ ✷✸

■♥❡q✉❛❧✐t② ✭✽✮ ✐s ❛ ❝❧❛ss✐❝❛❧ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❚❛❧❛❣r❛♥❞ ■♥❡q✉❛❧✐t② ❣✐✈❡♥ ✐♥ ❑❧❡✐♥ ❛♥❞
❘✐♦ ✭✷✵✵✺✮✿ s❡❡ ❢♦r ❡①❛♠♣❧❡ ▲❡♠♠❛ 5 ✭♣❛❣❡ ✽✶✷✮ ✐♥ ▲❛❝♦✉r ✭✷✵✵✽✮✳

❲❡ ✜rst ❝♦♠♣✉t❡ Hν ✱ M ν ❛♥❞ vν ✱ ✐♥✈♦❧✈❡❞ ✐♥ ▲❡♠♠❛ ✽✳

• ❋♦r M ν ✱ ❧❡t t ∈ S̄D(0, 1)✱ x ∈ H ❛♥❞ y ∈ R ❜❡ ✜①❡❞✳ ❇② t❤❡ ❈❛✉❝❤②✲❙❝❤✇❛r③
■♥❡q✉❛❧✐t②✱

|ψt,h(x, y)| ≤ |D|‖t‖D
‖Kh‖L∞(R)

m1h−1ϕ(h)
≤ |D|CK
m1ϕ(h)

:=M ν
1 ,

t❤❛♥❦s t♦ ✭✶✻✮✳
• ❋♦r Hν ✱ r❡❝❛❧❧ t❤❛t

EX′

[
sup

t∈S̄D(0,1)

ν2n,h(t)

]
= EX′

[∥∥∥F̃X′
h′ − EX′ [F̃X′

h′ ]
∥∥∥
2

D

]
≤ |D|M2

m2
1

1

nϕ(h)
:= (Hν)2

❛✳s✳ ♦♥ t❤❡ s❡t {X ′ ∈ B} ✇✐t❤ t❤❡ s❛♠❡ ❝♦♠♣✉t❛t✐♦♥ ❛s ❢♦r t❤❡ ✈❛r✐❛♥❝❡ t❡r♠✱ s❡❡
▲❡♠♠❛ ✸✳

• ❋♦r vν ✱ ✇❡ ❛❧s♦ ✜① t ∈ S̄D(0, 1)✱ ❛♥❞ ❝♦♠♣✉t❡✱

❱❛rX′ (ψt,h(X1, Y1)) ≤ EX′
[
ψ2
t,h(X1, Y1)

]
,

= EX′

[(∫

D

1Y1≤yt(y)dy

)2
K2
h(d(x,X

′))

(EX′ [Kh(d(x,X ′))])2

]
1B(X

′).

❚❤❡ ✐♥t❡❣r❛❧ ✐s ❝♦♥tr♦❧❧❡❞ ✇✐t❤ t❤❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ■♥❡q✉❛❧✐t②✿ (
∫
D
1Y1≤yt(y)dy)

2 ≤
|D|‖t‖2D = |D|✱ ❛♥❞ t❤❡ ♦t❤❡r q✉❛♥t✐t② ❤❛s ❛❧r❡❛❞② ❜❡❡♥ ❜♦✉♥❞❡❞✿ ✇❡ ♦❜t❛✐♥

❱❛rX′ (ψt,h(X1, Y1)) ≤ vν :=
|D|M2

m2
1ϕ(h)

.

❚❤❡♥✱ ▲❡♠♠❛ ✽ ❣✐✈❡s✱ ❢♦r δ > 0✱

E

[(
sup

t∈S̄D(0,1)

ν2n,h(t)− 2(1 + 2δ) (Hν)2
)

+

1B(X
′)

]
≤ C

{ |D|M2

m2
1

1

nϕ(h)
exp

(
−δ
6

)

+
1

C2(δ)

C2
K |D|2
m2

1

1

n2ϕ2(h)
exp

(
− 1

21
√
2
C(δ)

√
δ

√
M2

√
nϕ(h)√

|D|CK

)}
.

❲❡ ❝❤♦♦s❡ δ = δ0 ln(n)✱ ❢♦r ❛ δ0 ❧❛r❣❡ ❡♥♦✉❣❤✱ ❛♥❞ ❣✐✈❡♥ ❜❡❧♦✇✳ ❲❡ ❝♦♠♣✉t❡ t❤❡ ♦r❞❡r
♦❢ ♠❛❣♥✐t✉❞❡ ♦❢ t❤❡ ❧❛st ✉♣♣❡r ❜♦✉♥❞✱ ✉s✐♥❣ ❆ss✉♠♣t✐♦♥s Hb1 ❛♥❞ Hb2 ✳ ❘❡❝❛❧❧ t❤❛t t❤❡②
✐♠♣❧②

∑
h∈Hn

1/ϕ(h) ≤ n2/C0 ln(n) ❛♥❞
∑

h∈Hn
1/ϕ2(h) ≤ n3/C2

0 ln
2(n)✳ ❋✐rst✱

∑

h∈Hn

1

nϕ(h)
exp

(
−δ
6

)
=

1

n1+δ0/6

∑

h∈Hn

1

ϕ(h)
≤ 1

C0nδ0/6−1 ln(n)
≤ 1

C0n
,

❛s s♦♦♥ ❛s δ0 ≥ 12 s✐♥❝❡ ✇❡ ❝❛♥ r❡❛s♦♥❛❜❧② ❛ss✉♠❡ n ≥ 3✳ ❚❤❡♥✱ C(δ0 ln(n)) =√
1 + δ0 ln(n) − 1 ≥ 1✱ ✐❢ δ0 ln(n) ≥ 3✱ t❤❛t ✐s ln(n) ≥ 3/δ0✳ ❚❤✐s ✐s s❛t✐s✜❡❞ s✐♥❝❡

δ0 > 12 ❛♥❞ n ≥ 2✳ ❍❡♥❝❡
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1

n2C2(δ)

∑

h∈Hn

1

ϕ2(h)
exp

(
− 1

21
√
2
C(δ0 ln(n))

√
δ0 ln(n)

√
M2√

|D|CK

√
nϕ(h)

)

≤ 1

n2

∑

h∈Hn

1

ϕ2(h)
exp

(
− 1

21
√
2

√
δ0 ln(n)

√
M2√

|D|CK

√
nϕ(h)

)
,

≤ 1

n2

∑

h∈Hn

1

ϕ2(h)
exp

(
−

√
C0

21
√
2

√
δ0

√
M2√

|D|CK
ln(n)

)
,

= n
−2−

√
C0M2δ0

21
√

2|D|CK

∑

h∈Hn

1

ϕ2(h)
≤ 1

C2
0 ln

2(n)
n
−

√
C0M2δ0

21
√

2|D|CK
+1 ≤ 1

C2
0n
,

❛s s♦♦♥ ❛s
√
C0M2δ0/(21

√
2|D|CK) − 1 > 1 t❤❛t ✐s δ0 > 3528C2

K |D|/C0M2 ✇✐t❤ C > 0
❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ m1✱ M2✱ δ0✱ C0 ❛♥❞ |D|✳ ❚❤✐s s❤♦✇s t❤❛t

∑

h∈Hn

E

[(
sup

t∈S̄D(0,1)

ν2n,h(t)− 2(1 + 2δ0 ln(n)) (H
ν)2
)

+

1B(X
′)

]
≤ C

n
,✭✸✻✮

❢♦r (Hν)2 = |D|(M2/m
2
1)/(nϕ(h)) ❛♥❞ C > 0 ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ m1✱ M2✱ δ0✱ C0 ❛♥❞ |D|✳

❙✐♥❝❡

2(1 + 2δ0 ln(n)) (H
ν)2 ≤ 6δ0

|D|M2

m2
1

ln(n)

nϕ(h)
,

■♥❡q✉❛❧✐t② ✭✸✻✮ ✐s ❛❧s♦ s❛t✐s✜❡❞ ✇❤❡♥ ✇❡ r❡♣❧❛❝❡ 2(1+2δ0 ln(n)) (H
ν)2 ❜② t❤✐s ✉♣♣❡r ❜♦✉♥❞✳

❚❤✉s✱ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✼ ✐s ❝♦♠♣❧❡t❡❞✳

�

✻✳✹✳ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳ ❚❤❡ ✐❞❡❛ ✐s t♦ ❝♦♠❡ ❞♦✇♥ t♦ ■♥❡q✉❛❧✐t② ✭✷✻✮✳ ▲❡t Λ ❜❡ t❤❡
s❡t

Λ =
⋂

h∈Hn

{∣∣∣∣
ϕ̂(h)

ϕ(h)
− 1

∣∣∣∣ <
1

2

}
.

❲❡ s♣❧✐t t❤❡ ❧♦ss ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❡st✐♠❛t♦r

∥∥∥F̂X′

ĥ
− FX′

∥∥∥
2

D
≤
∥∥∥F̂X′

ĥ
− FX′

∥∥∥
2

D
(1Λ + 1Λc) .

❲❡ ✇✐❧❧ ❛r❣✉❡ ❛s ❢♦❧❧♦✇s✿ ✜rst✱ ♦♥ t❤❡ s❡t Λ✱ ϕ̂(h) ✐s ❝❧♦s❡ t♦ ϕ(h)✱ ❛♥❞ ✇❡ ✉s❡ t❤❡ s❛♠❡
❛r❣✉♠❡♥ts ❛s ❢♦r ✭✷✻✮✳ ❙❡❝♦♥❞✱ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ t❤❡ s❡t Λc ✐s ♥❡❣❧✐❣✐❜❧❡✳ ▲❡t ✉s ♣r♦✈❡
t❤❡s❡ t✇♦ ❝❧❛✐♠s✳

• ❯♣♣❡r ❜♦✉♥❞ ❢♦r ‖F̂X′

ĥ
− FX′‖2D1Λ✳ ■t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts ❛s ✐♥ t❤❡

❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ■♥❡q✉❛❧✐t② ✭✷✻✮ ✭s❡❡ ❙❡❝t✐♦♥ ✻✳✸✳✶✮✱ t❤❛t

∥∥∥F̂X′

ĥ
− FX′

∥∥∥
2

D
1Λ ≤

{
6Â(h) + 6V̂ (h) + 3

∥∥∥F̂X′
h − FX′

∥∥∥
2

D

}
1Λ.
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◆♦t❡ t❤❛t

Â(h) = max
h′∈Hn, V̂ (h′)<∞

{∥∥∥F̂X′
h − F̂X′

h′

∥∥∥
2

D
− V (h′) +

(
V (h′)− V̂ (h′)

)}

+

,

≤ max
h′∈Hn, V̂ (h′)<∞

{∥∥∥F̂X′
h − F̂X′

h′

∥∥∥
2

D
− V (h′)

}
+ max

h′∈Hn, V̂ (h′)<∞

(
V (h′)− V̂ (h′)

)
+
,

≤ A(h) + max
h′∈Hn

(
V (h′)− V̂ (h′)

)
+
.

❲❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡❝♦♠♣♦s✐t✐♦♥✿

∥∥∥F̂X′

ĥ
− FX′

∥∥∥
2

D
1Λ ≤

{
6A(h) + 6V (h) + 3

∥∥∥F̂X′
h − FX′

∥∥∥
2

D
✭✸✼✮

6 max
h′∈Hn

(
V (h′)− V̂ (h′)

)
+
+ 6

(
V̂ (h)− V (h)

)}
1Λ.

❋♦r h′ ∈ Hn✱ s✉❝❤ t❤❛t V̂ (h′) <∞✱ ✇❡ ❤❛✈❡

V (h′)− V̂ (h′) = κ
ln(n)

n

(
1

ϕ(h′)
− 3

2

1

ϕ̂(h′)

)
.

❇✉t ♦♥ t❤❡ s❡t Λ✱ ❢♦r ❛♥② h′ ∈ Hn✱ |ϕ̂(h′)− ϕ(h′)| < ϕ(h′)/2✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ t❤✉s ❤❛✈❡

ϕ̂(h′)− ϕ(h′) < ϕ(h′)/2✱ t❤❛t ✐s ϕ̂(h′) < (3/2)ϕ(h′)✳ ❚❤✐s ♣r♦✈❡s t❤❛t V (h′)− V̂ (h′) < 0✱
❛♥❞ ❤❡♥❝❡

max
h′∈Hn

(
V (h′)− V̂ (h′)

)
+
= 0.

▼♦r❡♦✈❡r✱ ♦♥ Λ✱ ✇❡ ❛❧s♦ ❤❛✈❡✱ ❢♦r h ∈ Hn✱ ϕ(h)−ϕ̂(h) < ϕ(h)/2✱ t❤❛t ✐s 2/ϕ(h) > 1/ϕ̂(h)✳
❚❤✉s✱

V̂ (h)− V (h) = κ
ln(n)

n

(
3

2

1

ϕ̂(h)
− 1

ϕ(h)

)
≤ κ

ln(n)

n
2

1

ϕ(h)
= 2V (h).

●❛t❤❡r✐♥❣ t❤❡ t✇♦ ❜♦✉♥❞s ✐♥ ✭✸✼✮ ❧❡❛❞s t♦
∥∥∥F̂X′

ĥ
− FX′

∥∥∥
2

D
1Λ ≤ 6A(h) + 8V (h) + 3

∥∥∥F̂X′
h − FX′

∥∥∥
2

D
.

❲❡ t❤✉s ♦❜t❛✐♥✱ ❧✐❦❡ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ■♥❡q✉❛❧✐t② ✭✷✻✮✱

E

[∥∥∥F̂X′

ĥ
− FX′

∥∥∥
2

D
1Λ1B(X

′)

]
≤ 8V (h) + 3C

(
h2β +

1

nϕ(h)

)
.

• ❯♣♣❡r ❜♦✉♥❞ ❢♦r ‖F̂X′

ĥ
− FX′‖2D1Λc✳ ❲❡ r♦✉❣❤❧② ❜♦✉♥❞

∥∥∥F̂X′

ĥ
− FX′

∥∥∥
2

D
1Λc ≤ 2

(∥∥∥F̂X′

ĥ

∥∥∥
2

D
+
∥∥∥FX′

∥∥∥
2

D

)
1Λc ≤ 4|D|1Λc .

■t r❡♠❛✐♥s t♦ ❝♦♥tr♦❧ P(Λc)✿

P(Λc) ≤
∑

h∈Hn

P

(
|ϕ̂(h)− ϕ(h)| ≥ ϕ(h)

2

)
,

=
∑

h∈Hn

P

(∣∣∣∣∣
1

n

n∑

i=1

1{d(0,Xi)≤h} − E
[
1{d(0,Xi)≤h}

]
∣∣∣∣∣ ≥

ϕ(h)

2

)
.
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❲❡ ❛♣♣❧② ❇❡r♥st❡✐♥✬s ■♥❡q✉❛❧✐t② ✭▲❡♠♠❛ ✷✮✱ ✇✐t❤ Ti = 1{d(0,Xi)≤h} ❛♥❞ η = ϕ(h)/2✳ ❙✐♥❝❡
0 ≤ Ti ≤ 1✱ ✇❡ s❡t b0 = 1✱ ❛♥❞ v2 = ❱❛r(T1) = ϕ(h)(1− ϕ(h))✳ ❲❡ ❞❡r✐✈❡

P(Λc) ≤ 2 exp

(
− nϕ2(h)/8

ϕ(h)(1− ϕ(h)) + ϕ(h)/2

)
= 2 exp

(
− nϕ(h)

8(1− ϕ(h)) + 4

)
≤ 2 exp

(
−nϕ(h)

12

)
.

❲❡ t❤✉s ♦❜t❛✐♥

E

[∥∥∥F̂X′

ĥ
− FX′

∥∥∥
2

D
1Λc1B(X

′)

]
≤ 8|D|

∑

h∈Hn

exp

(
−nϕ(h)

12

)
≤ 8|D|n1−C0/12.

t❤❛♥❦s t♦ ❆ss✉♠♣t✐♦♥s Hb1 ❛♥❞ Hb2✳ ❙✐♥❝❡ C0 > 12✱ n1−C0/12 < n−1 ✇❤✐❝❤ ❡♥❞s t❤❡ ♣r♦♦❢✳

�

✻✳✺✳ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳

✻✳✺✳✶✳ Pr♦♦❢ ♦❢ ✭❛✮✳ ❲❡ ❤❛✈❡ t♦ ❝♦♠♣✉t❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ✉♥❞❡r t❤r❡❡ r❡❣✉❧❛r✐t② ❛ss✉♠♣✲
t✐♦♥s ✭HX,L✱ HX,M ❛♥❞ HX,F ✮✱ ❛♥❞ ❢♦r t❤❡ t✇♦ ❝r✐t❡r✐❛ ✭♣♦✐♥t✇✐s❡ ❛♥❞ ✐♥t❡❣r❛t❡❞✮✳ ■t
❢♦❧❧♦✇s ❢r♦♠ ✭✼✮ ♦❢ ❚❤❡♦r❡♠ ✶ t❤❛t t❤❡ r✐s❦ ♦❢ t❤❡ ❡st✐♠❛t♦r ✐s ❜♦✉♥❞❡❞ ❜②

R̃(h) = h2β + 1/(nϕx0(h)),

✉♣ t♦ ❛ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❝♦♥st❛♥t✳ ❚♦ ♦❜t❛✐♥ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡s✱ ✐t ✐s t❤✉s s✉✣❝✐❡♥t t♦
❝♦♠♣✉t❡ t❤❡ ❜❛♥❞✇✐❞t❤ h ✇❤✐❝❤ ♠✐♥✐♠✐③❡s t❤❡ ❜♦✉♥❞ R̃(h) ✇❤❡♥ ❛ss✉♠✐♥❣ HX ✱ ♦r ❛t
❧❡❛st t♦ ❝❤♦♦s❡ ❛ ❣♦♦❞ ✈❛❧✉❡ ❢♦r ✐t✳
❈♦♥✈❡r❣❡♥❝❡ r❛t❡ ✉♥❞❡r ❆ss✉♠♣t✐♦♥ HX,F ✳ ❲✐t❤ t❤❡ ❧♦✇❡r ❜♦✉♥❞ ♦♥ ϕ ♦❢ HX,F ✱ t❤❡ q✉❛♥✲

t✐t② R̃(h) ❛♥❞ t❤✉s ❛❧s♦ t❤❡ r✐s❦s ❛r❡ ✉♣♣❡r ❜♦✉♥❞❡❞ ❜② ❛ q✉❛♥t✐t② ✇✐t❤ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡

R(h) := h2β + h−γ exp
(
c2h

−α)n−1.

❈❤♦♦s✐♥❣ t❤❡ ❜❛♥❞✇✐❞t❤ h0 s✉❝❤ t❤❛t

h0 =

(
lnn

c2
− κ ln

(
lnn

c2

))−1/α

,

✇✐t❤ κ := c−1
2 (γ/α + 2β/α) ❡♥❞s t❤❡ ♣r♦♦❢✱ s✐♥❝❡ R(h0) ❤❛s t❤❡ ❛♥♥♦✉♥❝❡❞ ♦r❞❡r✳

�

❈♦♥✈❡r❣❡♥❝❡ r❛t❡ ✉♥❞❡r ❆ss✉♠♣t✐♦♥ HX,M ♦r HX,F ✳ ❋✐rst ❛ss✉♠❡ HX,M ✳ ❚❤❡ r✐s❦ ✐s
❜♦✉♥❞❡❞ ✭✉♣ t♦ ❛ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❝♦♥st❛♥t✮ ❜② t❤❡ q✉❛♥t✐t②

R(h) = h2β + n−1h−γ1 exp (c2 ln
α(1/h)) .

❈❤♦♦s✐♥❣

h0 = exp

(
−
(
1

c2
lnn− c

−(α+1)/α
2 (2β − γ1) ln

1/α n

)1/α

+

)
,

❧❡❛❞s t♦ ✇❤❛t ✇❡ ✇❛♥t t♦ ♣r♦✈❡✱ t❤❛t ✐s

✭✸✽✮ R(h0) ≤ C exp

(
− 2β

c
1/α
2

ln1/α n

)
.

■♥❞❡❡❞✱ ✐❢ n > exp
(
c
1/(1−α)
2 (2β − γ1)

α/(α−1)
+

)
✱ ✇❡ ❤❛✈❡

1

c2
lnn− c

−(α+1)/α
2 (2β − γ1) ln

1/α n > 0
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❛♥❞

h0 = exp

(
−
(
1

c2
lnn− c

−(α+1)/α
2 (2β − γ1) ln

1/α n

)1/α
)
.

◆♦✇✱ ❧❡t sn := exp

(
− 2β

c
1/α
2

ln1/α n

)
✱ ✇❡ ❤❛✈❡

h2β0
sn

= exp

(
2β

c
1/α
2

ln1/α n

(
1−

(
1− c

−1/α
2 (2β − γ1) ln

1/α−1
)1/α)

)
→n→∞ 1,

✉s✐♥❣ t❤❛t✱

(1− c
−1/α
2 (2β − γ1) ln

1/α−1 n)1/α = 1− 1

α
c
−1/α
2 (2β − γ1) ln

1/α−1 n+ o(ln1/α−1 n).

❚❤❡♥ h2β0 ≤ Csn✳ ❲❡ ❞❡❛❧ s✐♠✐❧❛r❧② ✇✐t❤ t❤❡ s❡❝♦♥❞ t❡r♠ ♦❢ R(h)✱

n−1h−γ10 exp(c2 ln
α(1/h))

sn

= exp

(
γ1c

−1/α
2 ln1/α n

(
1−

(
1− c

−1/α
2 (2β − γ1) ln

1/α−1
)1/α))

→n→∞ 1,

✇❤✐❝❤ ❧❡❛❞s t♦ ✭✸✽✮✱ ❛♥❞ ❡♥❞s t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ r❛t❡ ✉♥❞❡r HX,M ✳

❲❤❡♥ ❛ss✉♠✐♥❣HX,F ✱ t❤❡ ♦♣t✐♠❛❧ h ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞✿ t❤❡ ♦♥❡ ✇❤✐❝❤ ♠✐♥✐♠✐③❡s R(h) =
h2β + h−γ ❤❛s t❤❡ ♦r❞❡r n1/(2β+γ) ❛♥❞ ✐♠♠❡❞✐❛t❧② ❣✐✈❡s R(h) ≤ Cn−2β/(2β+γ)✳

�

✻✳✺✳✷✳ Pr♦♦❢ ♦❢ ✭❜✮✳ ❚❤❡ ♣r♦♦❢ ❝♦♠❡s ❞♦✇♥ t♦ t❤❡ ♣r♦♦❢ ♦❢ ✭❛✮ s✐♥❝❡ ❚❤❡♦r❡♠ ✶ ❣✐✈❡s ❛

❜♦✉♥❞ ♦❢ t❤❡ r✐s❦s ♦❢ F̂ĥ ✇✐t❤ t❤❡ ❢♦r♠ minh R̃(h) ✭R̃(h) ❞❡✜♥❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ✭❛✮✮✳
❚❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ✭❛✮ ❜♦✉♥❞ ❢♦r t❤✐s ♠✐♥✐♠✉♠ ❤❛s t❤✉s ❜❡❡♥ ❞♦♥❡ ✐♥ t❤❡ ♣r❡✈✐♦✉s
s❡❝t✐♦♥✳
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✻✳✻✳✶✳ Pr♦♦❢ ♦❢ ✭✐✮✱ ✉♥❞❡r ❆ss✉♠♣t✐♦♥ HX,L✳ ❚❤❡ ♣r♦♦❢ ✐s ❜❛s❡❞ ♦♥ t❤❡ ❣❡♥❡r❛❧ r❡❞✉❝t✐♦♥
s❝❤❡♠❡ ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✷ ♦❢ ❚s②❜❛❦♦✈ ✭✷✵✵✾✮✳ ▲❡t x0 ∈ H ❜❡ ✜①❡❞ ❛♥❞ rn =
(ln(n))−β/α t❤❡ r❛t❡ ♦❢ ❝♦♥✈❡r❣❡♥❝❡✳ ❲❡ ❞❡✜♥❡ t✇♦ ❢✉♥❝t✐♦♥s F0 ❛♥❞ F1✱ ❝❛❧❧❡❞ ❤②♣♦t❤❡s❡s✱
s✉❝❤ t❤❛t

✭❆✮ Fl ❜❡❧♦♥❣s t♦ Fβ✱ ❢♦r l = 0, 1✱
✭❇✮ ‖F x0

0 − F x0
1 ‖2D ≥ crn ❢♦r ❛ ❝♦♥st❛♥t c > 0✱

✭❈✮ K(P⊗n
1 ,P⊗n

0 ) ≤ α ❢♦r ❛ r❡❛❧ ♥✉♠❜❡r α <∞ ✭✇❤✐❝❤ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ x0✮✱ ✇❤❡r❡
P⊗n
0 ✭r❡s♣✳ P⊗n

1 ✮ ✐s t❤❡ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ♦❢ ❛ s❛♠♣❧❡ (X0,i, Y0,i)i=1,...,n ✭r❡s♣✳
(X1,i, Y1,i)i=1,...,n✮ ❢♦r ✇❤✐❝❤ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❝✳❞✳❢✳ ♦❢ Y0,i ∈ R ❣✐✈❡♥ X0,i ∈ H ✭r❡s♣✳
♦❢ Y1,i ❣✐✈❡♥ X1,i✮ ✐s F0 ✭r❡s♣✳ F1✮✳ K(P,Q) ✐s t❤❡ ❑✉❧❧❜❛❝❦ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t✇♦
♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥s P ❛♥❞ Q✿ K(P,Q) =

∫
ln(dP/dQ)dP ✐❢ P << Q✱ ❛♥❞

K(P,Q) = +∞ ♦t❤❡r✇✐s❡✳

❚❤❡♥✱ t❤❛♥❦s t♦ ❚❤❡♦r❡♠ ✷✳✷ ✐♥ ❚s②❜❛❦♦✈ ✭✷✵✵✾✮ ✭♣✳✾✵✮✱ t❤❡ r❡s✉❧ts ❤♦❧❞ ✇✐t❤ c′ ✐♥❞❡♣❡♥✲
❞❡♥t ♦♥ x0✳ ■♥ t❤❡ s❡q✉❡❧✱ ✇❡ ❞❡✜♥❡ F0 ❛♥❞ F1 ❛♥❞ ❝❤❡❝❦ t❤❡ t❤r❡❡ ❝♦♥❞✐t✐♦♥s✳
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❈♦♥str✉❝t✐♦♥ ♦❢ F0 ❛♥❞ F1 ❛♥❞ ♦❢ t❤❡ ❛ss♦❝✐❛t❡❞ s❛♠♣❧❡s✳ ❋♦r (x, y) ∈ H × R✱ ❧❡t F x
0 ❜❡

t❤❡ ❝✳❞✳❢✳ ♦❢ t❤❡ ✉♥✐❢♦r♠ ❞✐str✐❜✉t✐♦♥ ♦♥ D✱ t❤❛t ✐s F x
0 (y) =

y
|D|1y∈D + 1y>supD✳ ❈❤♦♦s❡ ❛

r❡❛❧ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ Y0 ✇✐t❤ ❛ ✉♥✐❢♦r♠ ❞✐str✐❜✉t✐♦♥ PUD
♦♥ t❤❡ ❝♦♠♣❛❝t s❡t D✱ ❛♥❞ t❛❦❡

❛♥② ♣r♦❝❡ss X0 ♦♥ H✱ ✐♥❞❡♣❡♥❞❡♥t ♦♥ Y0✱ ✇✐t❤ ❞✐str✐❜✉t✐♦♥ PX ✈❡r✐❢②✐♥❣ HX,L✳ ❋♦r t❤❡
s❡❝♦♥❞ ❢✉♥❝t✐♦♥✱ s❡t

F x
1 (y) = F x

0 (y) + LηβnH

(‖x− x0‖
ηn

)∫ y

−∞
ψ(t)dt,

✇❤❡r❡

• ψ : R → R ✐s ❛ ♥♦♥✲③❡r♦ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ ✇✐t❤ s✉♣♣♦rt D ✇✐t❤
∫
R
ψ(t)dt = 0✳

• H : R+ → R+ ✐s ❛ ❢✉♥❝t✐♦♥ s✉♣♣♦rt❡❞ ❜② [0; 1] s✉❝❤ t❤❛t |H(u)−H(v)| ≤ |u−v|β✱
❢♦r ❛♥② (u, v) ∈ R2

+✳
• L ✐s ❛ r❡❛❧ ♥✉♠❜❡r s✉❝❤ t❤❛t 0 < L < 1/(supn∈N∗{ηβn}|D|‖K‖L∞(R)‖ψ‖L∞(R))✳
• ηn ✐s ❛ ♥♦♥✲♥❡❣❛t✐✈❡ r❡❛❧ ♥✉♠❜❡r s✉❝❤ t❤❛t

✭✸✾✮ η2βn ≥ c(B)rn ❛♥❞ η2βn ϕ
x0(ηn) ≤

c(C)

n
,

❢♦r t✇♦ ❝♦♥st❛♥ts c(B) > 0 ❛♥❞ c(C) > 0✳

❋r♦♠ HX,L✱ ❛ ♣♦s✐t✐✈❡ ♥✉♠❜❡r ηn ❢♦r ✇❤✐❝❤ t❤❡ ♣r♦♣❡rt✐❡s ❛❜♦✈❡ ❤♦❧❞ ✐s ❣✐✈❡♥ ❜②

✭✹✵✮ ηn =

(
lnn− ((2β + γ)/α) ln lnn

C1

)−1/α

.

❲❡ ❛❧s♦ ❝❤♦♦s❡ ❛ ✈❛r✐❛❜❧❡ Y1✱ s✉❝❤ t❤❛t✱ ❢♦r ❛♥② x ∈ H✱ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢
Y1 ❣✐✈❡♥ X0 = x ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜② t❤❡ ❝✳❞✳❢✳ F x

1 ✳ ❚❤❡ ♥♦t❛t✐♦♥ P1 ✐s t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢
(X0, Y1)✳

✻✳✻✳✷✳ ❈❤❡❝❦s ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥s ✭❆✮ t♦ ✭❈✮✳
❈❤❡❝❦ ✭❆✮✿ ❜❡❧♦♥❣✐♥❣ t♦ t❤❡ s♣❛❝❡ Fβ✳ ❋♦r ❛♥② x ∈ H✱ t❤❡ ❢✉♥❝t✐♦♥ F x

0 ✐s ❛ ❝✳❞✳❢✳ ❜②
❝♦♥str✉❝t✐♦♥ ✭✐t ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ x ❛♥❞ ✐s s✐♠♣❧② t❤❡ ❝✳❞✳❢✳ ♦❢ t❤❡ ✉♥✐❢♦r♠ ❞✐str✐❜✉t✐♦♥
♦♥ D✮✱ ❛♥❞ ‖F x

0 − F x′
0 ‖2 = 0 ✭x, x′ ∈ H✮✳ ❚❤✉s✱ F0 ❜❡❧♦♥❣s t♦ Fβ✳

▲❡t x ∈ H ❜❡ ✜①❡❞✳ ❚❤❡ ❢✉♥❝t✐♦♥ y 7→ F x
1 (y) ✐s ❝♦♥t✐♥✉♦✉s✱ ✇✐t❤ ❧✐♠✐t 0 ✇❤❡♥ y ❣♦❡s

t♦ −∞ ✭r❡❝❛❧❧ t❤❛t D ✐s ❛ ❜♦✉♥❞❡❞ s❡t✮✱ ❛♥❞ 1 ✇❤❡♥ y ❣♦❡s t♦ +∞ ✭s✐♥❝❡
∫
R
ψ(t)dt = 0✮✳

■❢ y /∈ D̄✱ (F x
1 )

′(y) = 0 ✭t❤❡ s✉♣♣♦rt ♦❢ ψ ✐s ✐♥❝❧✉❞❡❞ ✐♥ D✮ ❛♥❞ ✐❢ y ∈ D̊✱

(F x
1 )

′(y) =
1

|D| + LηβnH

(‖x− x0‖
ηn

)
ψ(y) ≥ 1

|D| − Lηβn‖H‖L∞(R)‖ψ‖L∞(R) > 0,

t❤❛♥❦s t♦ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ L ❛❜♦✈❡✳ ❚❤✉s F x
1 ✐s ✐♥❝r❡❛s✐♥❣✱ ❛♥❞ F x

1 ✐s ❛ ❝♦♥❞✐t✐♦♥❛❧
❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥✳ ▼♦r❡♦✈❡r✱ ❢♦r ❛♥② x, x′ ∈ H✱ ❞❡♥♦t✐♥❣ ❜② Iψ =

∫
D
(
∫ y
−∞ ψ(t)dt)2dy✱

‖F x
1 − F x′

1 ‖2D = L2η2βn Iψ

(
H

(‖x− x0‖
ηn

)
−H

(‖x′ − x0‖
ηn

))2

,

≤ L2η2βn Iψ

(‖x− x0‖
ηn

− ‖x′ − x0‖
ηn

)2β

≤ L2Iψ‖x− x′‖2β,

t❤❛♥❦s t♦ t❤❡ r❡❣✉❧❛r✐t② ♣r♦♣❡rt② ♦❢ t❤❡ ❢✉♥❝t✐♦♥ H✳ ❚❤❡r❡❢♦r❡✱ F1 ❛❧s♦ ❜❡❧♦♥❣s t♦ Fβ✳
❈❤❡❝❦ ✭❇✮✿ ❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ ❧♦ss ‖F x0

0 − F x0
1 ‖2D✳ ❲❡ ❤❛✈❡✱ t❤❛♥❦s t♦ t❤❡ ❧♦✇❡r ❜♦✉♥❞ ❢♦r

ηn✱
‖F x0

1 − F x0
0 ‖2D = L2η2βn H

2(0)Iψ ≥ L2H2(0)Iψc(C)rn.
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❈❤❡❝❦ ✭❈✮✿ ❯♣♣❡r ❜♦✉♥❞ ❢♦r t❤❡ ❑✉❧❧❜❛❝❦ ❞✐✈❡r❣❡♥❝❡ K(P⊗n
1 , P⊗n

0 )✳ ■♥ ❛ ✜rst st❡♣✱ ✇❡
♣r♦✈❡ t❤❛t t❤❡ ♠❡❛s✉r❡ P1 ✐s ❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t t♦ P0✱ ❛♥❞ ❝♦♠♣✉t❡ t❤❡
❘❛❞♦♥✲◆✐❦♦❞②♠ ❞❡r✐✈❛t✐✈❡✳ ❋✐rst✱ ♥♦t✐❝❡ t❤❛t

F x
1 (y) =

∫ y

−∞

1

|D|1D(t) + LηβnH

(‖x− x0‖
ηn

)
ψ(t)dt.

❚❤❡r❡❢♦r❡✱ ❦❡❡♣✐♥❣ ✐♥ ♠✐♥❞ t❤❛t
∫
R
ψ(t)dt =

∫
D
ψ(t)dt = 0✱ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❞✐str✐❜✉t✐♦♥

♦❢ Y1 ❣✐✈❡♥ X0 = x ❛❞♠✐ts ❛ ❞❡♥s✐t② ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ♦♥ D ❣✐✈❡♥ ❜②

fx1 (y) =

(
1

|D| + LηβnH

(‖x− x0‖
ηn

)
ψ(y)

)
1D(y).

❲❡ ❝❛♥ t❤✉s ❝♦♠♣✉t❡ t❤❡ ❞✐str✐❜✉t✐♦♥ P1 ♦❢ t❤❡ r❛♥❞♦♠ ❝♦✉♣❧❡ (X0, Y1)✳ ❋♦r ❛♥② t❡st
❢✉♥❝t✐♦♥ Φ ♦♥ H× R✱

∫

H×R

Φ(x, y)dP1(x, y) = E [Φ(X0, Y1)] = E [E [Φ(X0, Y1)|X0]] ,

=

∫

H

E [Φ(x, Y1)|X0 = x] dPX0
(x),

=

∫

H

(∫

R

Φ(x, y)fx1 (y)dy

)
dPX0

(x),

=

∫

H×R

Φ(x, y)|D|fx1 (y)
(

1

|D|1D(y)
)
dydPX0

(x),

=

∫

H×R

Φ(x, y)|D|fx1 (y)dP0(x, y).

❈♦♥s❡q✉❡♥t❧②✱ P1 << P0✱ ❛♥❞ dP1/dP0(x, y) = |D|fx1 (y)✳ ❚❤✐s ❡♥❛❜❧❡s t♦ ❝♦♠♣✉t❡ t❤❡
❑✉❧❧❜❛❝❦ ❞✐st❛♥❝❡

K(P1,P0) =

∫
ln

(
dP1

dP0

)
dP1 =

∫

H×R

ln (|D|fx1 (y)) fx1 (y)dydPX0
(x),

= E

[∫

D

ln
(
|D|fX0

1 (y)
)
fX0

1 (y)dy

]
,

= E

[∫

D

ln

(
1 + |D|LηβnH

(‖X0 − x0‖
ηn

)
ψ(y)

)(
1

|D| + LηβnH

(‖X0 − x0‖
ηn

)
ψ(y)

)
dy

]
.

◆♦t✐♥❣ t❤❛t ln(1 + u) ≤ u ❢♦r ❡✈❡r② u > −1✱ ✇❡ ♦❜t❛✐♥

K(P1,P0) ≤ E

[∫

D

|D|LηβnH
(‖X0 − x0‖

ηn

)
ψ(y)dy

]

+E

[∫

D

|D|
(
LηβnH

(‖X0 − x0‖
ηn

)
ψ(y)

)2

dy

]
,

= 0 + |D|L2η2βn

∫

D

ψ2(y)dyE

[
H2

(‖X0 − x0‖
ηn

)]
,

≤ |D|L2η2βn ‖ψ‖2L2(R)‖H‖2L∞(R)P (‖X0 − x0‖ ≤ ηn)

= |D|L2η2βn ‖ψ‖2L2(R)‖H‖2L∞(R)ϕ
x0(ηn),

❜② ✉s✐♥❣ s✉❝❝❡ss✐✈❡❧② t❤❛t
∫
R
ψ(y)dy = 0 ❛♥❞ t❤❛t t❤❡ s✉♣♣♦rt ♦❢ H ✐s [0; 1]✳
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❚❤✉s✱ t❤❛♥❦s t♦ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ηn✱ ✇❡ ❣❡t K(P1,P0) ≤ |D|L2‖ψ‖2L2(R)‖H‖2L∞(R)c(C)/n✱
❛♥❞ ✜♥❛❧❧②✱

K(P⊗n
1 ,P⊗n

0 ) = nK(P1,P0) ≤ |D|L2‖ψ‖2L2(R)‖H‖2L∞(R)c(C),

✇❤✐❝❤ ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢ ♦❢ ✭❈✮✳

�

✻✳✻✳✸✳ Pr♦♦❢ ♦❢ ✭✐✮✱ ✉♥❞❡r ❆ss✉♠♣t✐♦♥ HX,M ♦r HX,F ✳ ❚❤❡ ♣r♦♦❢s ❡①❛❝t❧② ❢♦❧❧♦✇ t❤❡ s❛♠❡
s❝❤❡♠❡ ❛s ❢♦r ✭✐✮ ✉♥❞❡r HX,L✳ ❚❤❡ ♦♥❧② ❞✐✛❡r❡♥❝❡ ✐s t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ s❡q✉❡♥❝❡ (ηn)n ✭s❡❡
✭✹✵✮✮✳

• ❯♥❞❡r HX,M ✱ ✇❡ s❡t rn = exp

(
− 2β

c
1/α
1

ln1/α n

)
✱ ❛♥❞ r❡♣❧❛❝❡ t❤❡ ♣r❡✈✐♦✉s ❝❤♦✐❝❡

✭✹✵✮ ♦❢ ηn ❜② ηn = exp(−(c−1
1 lnn− c

−(α+1)/α
1 (2β + γ2) ln

1/α n)1/α)✳ ■t ✈❡r✐✜❡s ❜♦t❤
♦❢ t❤❡ r❡q✉✐r❡❞ ❝♦♥❞✐t✐♦♥s ✭✸✾✮✳

• ❚❤❡ ❝❛s❡ HX,F ✐s t❤❡ ❡①tr❡♠❡ ❝❛s❡ α = 1 ✐♥ HX,M ✳ ❲❡ s❡t ηn = n1/(2β+γ) ❛♥❞
❛tt❛✐♥ t❤❡ ❧♦✇❡r ❜♦✉♥❞ rn = n−2β/(2β+γ)✳

�

✻✳✻✳✹✳ Pr♦♦❢ ♦❢ ✭✐✐✮✳ ❚❤❡ r✐s❦ ✭✺✮ ✐s ❛♥ ✐♥t❡❣r❛❧ ✇✳r✳t t❤❡ ♠❡❛s✉r❡ PX ⊗ PUD
✇❤❡r❡ PUD

✐s
t❤❡ ✉♥✐❢♦r♠ ❞✐str✐❜✉t✐♦♥ ♦♥ t❤❡ s❡t D✳ ❚❤❡ t♦♦❧s ❞❡✜♥❡❞ t♦ ♣r♦✈❡ ✭✐✮ ❛r❡ ✉s❡❢✉❧ ❛♥❞ ✇❡
r❡❢❡r t♦ ✐t✳ ❇✉t ✐t ❝❛♥♥♦t ❜❡ str❛✐❣❤t❢♦r✇❛r❞❧② ❛❞❛♣t❡❞✱ s✐♥❝❡ ❢♦r ❛♥ ✐♥t❡❣r❛t❡❞ ❝r✐t❡r✐♦♥✱
t✇♦ ❤②♣♦t❤❡s❡s ❛r❡ ♥♦t s✉✣❝✐❡♥t✳ ❲❡ ❢♦❝✉s ♦♥ t❤❡ ❝❛s❡ ♦❢ ❆ss✉♠♣t✐♦♥ HX,L ✭t❤❡ s✇✐t❝❤ t♦
❆ss✉♠♣t✐♦♥ HX,M ❛♥❞ HX,F ✐s t❤❡ s❛♠❡ ❛s ✐♥ ✭✐✮✮✳ ❉❡♥♦t❡ ❜② rn = (ln(n))−2β/α t❤❡ r❛t❡
♦❢ ❝♦♥✈❡r❣❡♥❝❡ ❛❣❛✐♥✳ ❲❡ ♠✉st ❜✉✐❧❞ ❛ s❡t ♦❢ ❢✉♥❝t✐♦♥s (Fω)ω∈Ωn ✇❤❡r❡ Ωn ✐s ❛ ♥♦♥✲❡♠♣t②
s✉❜s❡t ♦❢ {0, 1}mn ❛♥❞ mn ✐s ❛ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r ✇❤✐❝❤ ✇✐❧❧ ❜❡ ♣r❡❝✐s❡❞ ❧❛t❡r✱ s✉❝❤ t❤❛t✱

✭❆✬✮ Fω ❜❡❧♦♥❣s t♦ Fβ✱ ❢♦r ❛❧❧ ω ∈ Ωn✱
✭❇✬✮ ❋♦r ❛❧❧ ω, ω′ ∈ Ωn✱ ω 6= ω′✱ E

[
‖FX′

ω − FX′
ω′ ‖2D1B(X ′)

]
≥ crn ✇❤❡r❡ c > 0 ✐s ❛

❝♦♥st❛♥t✱
✭❈✬✮ ❋♦r ❛❧❧ ω ∈ Ωn✱ Pω ✐s ❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t t♦ P0 ❛♥❞

1

❈❛r❞(Ωn)

∑

ω∈Ωn

K(P⊗n
ω ,P⊗n

0 ) ≤ ζ ln(❈❛r❞(Ωn))

❢♦r ❛ r❡❛❧ ♥✉♠❜❡r ζ✱ ✇❤❡r❡ P⊗n
ω ✐s t❤❡ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ♦❢ ❛ s❛♠♣❧❡ (Xω,i, Yω,i)i=1,...,n

❢♦r ✇❤✐❝❤ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❝✳❞✳❢✳ ♦❢ Yω,i ❣✐✈❡♥ Xω,i ✐s ❣✐✈❡♥ ❜② Fω✳

❚❤❡♥ t❤❡ r❡s✉❧t ❝♦♠❡s ❢r♦♠ ❚❤❡♦r❡♠ ✷✳✺ ♦❢ ❚s②❜❛❦♦✈ ✭✷✵✵✾✮ ✭♣✳✽✺✲✽✻✮✳ ❲❡ ❢♦❧❧♦✇ t❤❡
s❛♠❡ st❡♣s ❛s ♣r❡✈✐♦✉s❧②✳

✻✳✻✳✺✳ ❈♦♥str✉❝t✐♦♥ ♦❢ t❤❡ s❡t ♦❢ ❤②♣♦t❤❡s❡s Fω ❛♥❞ ♦❢ t❤❡ ❛ss♦❝✐❛t❡❞ s❛♠♣❧❡s✳ ❚❤❡ ✜rst
❢✉♥❝t✐♦♥ (x, y) 7→ F x

0 (y) ✐s ❞❡✜♥❡❞ ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ✭✐✮✳ ❋♦r ❛❧❧ ω = (ω1, . . . , ωmn) ∈
{0, 1}mn ✱ ❧❡t

F x
ω (y) = F x

0 (y) + Lηβn

∫ y

−∞
ψ(t)dt

mn∑

k=1

ωkH

(‖x− xk‖
ηn

)
,

✇❤❡r❡ ψ✱ H✱ L✱ ❛♥❞ (ηn)n ❛r❡ ✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ✭✐✮ ✭❛ ❣♦♦❞ ❝❤♦✐❝❡ ♦❢ ηn ✐s ✭✹✵✮✮✱
❛♥❞ ✇✐t❤ xj =

√
2 supn∈N∗{ηn}ej✱ ❢♦r ❛❧❧ j ≥ 1✱ ✇❤❡r❡ (ej)j≥1 ✐s ❛♥ ♦rt❤♦♥♦r♠❛❧ ❜❛s✐s ♦❢

L2([0, 1])✳
❲❡ ❛❧s♦ ❝❤♦♦s❡ ❛ ✈❛r✐❛❜❧❡ Yω✱ s✉❝❤ t❤❛t✱ ❢♦r ❛♥② x ∈ H✱ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢

Yω ❣✐✈❡♥ X = x ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜② t❤❡ ❝✳❞✳❢✳ F x
ω ✳ ❚❤❡ ♥♦t❛t✐♦♥ Pω ✐s t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢

(X, Yω)✳
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❘❡♠❛r❦ t❤❛t t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ (xj)j=1,...,mn ✐♠♣❧✐❡s t❤❛t✱

✭✹✶✮ H

(‖x− xk‖
ηn

)
H

(‖x− xj‖
ηn

)
= 0 ❢♦r ❛❧❧ x ∈ H, ❛s s♦♦♥ ❛s j 6= k.

■♥❞❡❡❞✱ s✉♣♣♦s❡ t❤❛t H(‖x − xk‖/ηn) 6= 0✱ s✐♥❝❡ H ✐s s✉♣♣♦rt❡❞ ♦♥ [0, 1]✱ ✇❡ ❤❛✈❡ ‖x −
xk‖ ≤ ηn✳ ◆♦✇ r❡♠❛r❦ t❤❛t✱ ❛s (ej)j≥1 ✐s ❛♥ ♦rt❤♦♥♦r♠❛❧ ❜❛s✐s✱ ❢♦r ❛❧❧ j 6= k✱ ‖xj−xk‖2 =
2 supn∈N∗{η2n} (‖ej‖2 − 2〈ej, ek〉+ ‖ek‖2) = 4 supn∈N∗{η2n}✳ ❚❤❡♥ ‖x− xj‖ ≥ ‖xj − xk‖ −
‖x− xk‖ ≥ 2 supn∈N∗{ηn} − ηn > ηn ❛♥❞ H(‖x− xk‖/ηn) = 0✳

✻✳✻✳✻✳ ❈❤❡❝❦s ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥s ✭❆✬✮ t♦ ✭❈✬✮✳
❈❤❡❝❦ ✭❆✬✮✳ ❲❡ ❤❛✈❡ ❛❧r❡❛❞② ❝❤❡❝❦❡❞ t❤❛t F0 ❜❡❧♦♥❣s t♦ Fβ✳ ▲❡t ω ∈ {0, 1}mn ❜❡ ✜①❡❞✳
❚♦ ♣r♦✈❡ t❤❛t F x

ω ✐s ♥♦♥ ✐♥❝r❡❛s✐♥❣ ✭x ∈ H ✜①❡❞✮✱ ❛s ❢♦r F x
1 ✱ ✇❡ ❜♦✉♥❞✱

(F x
ω )

′(y) ≥ 1

|D| − Lηβn‖H‖L∞(R)‖ψ‖L∞(R)

≥ 1

|D| − L sup
n∈N∗

{ηβn}‖H‖L∞(R)‖ψ‖L∞(R) > 0,

❢♦r y ∈ D✱ t❤❛♥❦s t♦ Pr♦♣❡rt② ✭✹✶✮ ❛♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ L ❛❜♦✈❡✳ ❚❤✉s✱ ❛s F1 ✐♥ t❤❡ ♣r♦♦❢
♦❢ ✭✐✮✱ Fω ✐s ❛ ❝♦♥❞✐t✐♦♥❛❧ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥✱ ❛♥❞ ✇❡ ❛❧s♦ s✐♠✐❧❛r❧② ♦❜t❛✐♥ Fω ∈ Fβ✳
❈❤❡❝❦ ✭❇✬✮✳ ❋♦r ❛❧❧ ω, ω′ ∈ {0, 1}mn ✱

E

[
‖FX′

ω − FX′
ω′ ‖2D1B(X ′)

]
= L2η2βn IψE



(

mn∑

k=1

(ωk − ω′
k)H

(‖X ′ − xk‖
ηn

))2

1B(X
′)


 ,

✇✐t❤ Iψ ❞❡✜♥❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ✭✐✮✳ ❋r♦♠ Pr♦♣❡rt② ✭✹✶✮✱ ✇❡ ❣❡t✿

E

[
‖FX′

ω − FX′
ω′ ‖2D1B(X ′)

]
= L2η2βn Iψ

mn∑

k=1

(ωk − ω′
k)

2E

[
H2

(‖X ′ − xk‖
ηn

)
1B(X

′)

]
.

◆♦✇ s❡t cH := minx,‖x‖≤1/2H(x)✱ s✐♥❝❡ H ✐s ❝♦♥t✐♥✉♦✉s ❛♥❞ H(x) > 0 ❢♦r ❛❧❧ x ∈ H✱
s✉❝❤ t❤❛t ‖x‖ ≤ 1✱ ✇❡ ❤❛✈❡ cH > 0 ❛♥❞

E

[
H2

(‖X ′ − xk‖
ηn

)
1B(X

′)

]
≥ E

[
H2

(‖X ′ − xk‖
ηn

)
1{ ‖X′−xk‖

ηn
≤1/2

}1B(X
′)

]

≥ c2HP ({‖X ′ − xk‖ ≤ ηn/2} ∩ {X ′ ∈ B}) .
◆♦✇ r❡❝❛❧❧ t❤❛t✱ ❜② ❞❡✜♥✐t✐♦♥✱ ‖xk‖ =

√
2 supn∈N{ηn}✱ ❛♥❞ t❤❛t B ❝♦♥t❛✐♥s t❤❡ ❜❛❧❧ ♦❢

H ❝❡♥tr❡❞ ❛t ✵ ❛♥❞ ♦❢ r❛❞✐✉s ρ✳ ❚❤❡♥✱ ❛s s♦♦♥ ❛s✱ ρ > (1/2 +
√
2) supn∈N{ηn}✱ ✇❡ ❤❛✈❡

{‖X ′ − xk‖ ≤ ηn/2} ⊂ {‖X ′‖ ≤ ρ} ⊂ {X ′ ∈ B}✳ ❚❤❡♥✱ s✐♥❝❡ ‖xk‖ < ρ✱ ✇❡ ❛❧s♦ ❤❛✈❡
xk ∈ B ❛♥❞ ✇❡ ❝❛♥ ❛♣♣❧② ❈♦♥❞✐t✐♦♥ ✭✶✸✮ t♦ ❣❡t ❛ ❧♦✇❡r ❜♦✉♥❞ ♦♥ t❤❡ s❤✐❢t❡❞ s♠❛❧❧ ❜❛❧❧
♣r♦❜❛❜✐❧✐t② P (‖X ′ − xk‖ ≤ ηn/2) = ϕxk(ηn/2)✳ ❲❡ ❣❡t

E

[
H2

(‖X ′ − xk‖
ηn

)
1B(X

′)

]
≥ c2Hc2ϕ(ηn/2),

❛♥❞

E

[
‖FX′

ω − FX′
ω′ ‖2D1B(X ′)

]
≥ L2c2Hc2η

2β
n Iψϕ(ηn/2)ρ(ω, ω

′),

✇❤❡r❡ ρ ✐s t❤❡ ❍❛♠♠✐♥❣ ❞✐st❛♥❝❡ ♦♥ {0, 1}mn ❞❡✜♥❡❞ ❜② ρ(ω, ω′) =
∑mn

j=1 1{ωk 6=ωk}✳ ◆♦✇✱
❢r♦♠ ❱❛rs❤❛♠♦✈✲●✐❧❜❡rt ❜♦✉♥❞ ✭▲❡♠♠❛ ✷✳✼ ♦❢ ❚s②❜❛❦♦✈ ✷✵✵✾✮✱ t❤❡r❡ ❡①✐sts ❛ s✉❜s❡t Ωn
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♦❢ {0, 1}mn s✉❝❤ t❤❛t

✭✹✷✮ ρ(ω, ω′) ≥ mn

8
, ❢♦r ❛❧❧ ω, ω′ ∈ Ωn, ω 6= ω′, ❛♥❞ ❈❛r❞(Ωn) ≥ 2mn/8.

❚❤❡♥ ✜① mn := ⌊ϕ(ηn/2)−1⌋ ✇❤❡r❡ ⌊·⌋ ✐s t❤❡ ✐♥t❡❣❡r ♣❛rt✳ ❋♦r ❛❧❧ ω 6= ω′✱ ❜② ❞❡✜♥✐t✐♦♥ ♦❢
ηn

E

[
‖FX′

ω − FX′
ω′ ‖2D1B(X ′)

]
≥ 1

8
L2c2Hc2η

2β
n Iψmnϕ(ηn/2) ≥

1

8
L2c2Hc2rn.

❈❤❡❝❦ ✭❈✬✮✳ ❲❡ ❛❧s♦ ♣r♦✈❡ t❤❛t t❤❡ ♠❡❛s✉r❡ Pω ✐s ❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t t♦
P0✱ ✇✐t❤ ❞❡r✐✈❛t✐✈❡ dPω/dP0(x, y) = |D|fxω(y) ❛♥❞ dPω(x, y) = fxω(y)dydPX(x)✱ ❧✐❦❡ ✐♥ t❤❡
♣r♦♦❢ ♦❢ ✭✐✮✳ ❆r❣✉✐♥❣ ❛❣❛✐♥ ❛s ✐♥ ✭✐✮✱ ✇❡ ❣❡t

K(Pω,P0) ≤ |D|L2η2βn

∫

D

ψ2(y)dy
mn∑

k=1

ωkE

[
H2

(‖X − xk‖
ηn

)]
,

≤ mn|D|L2η2βn ‖ψ‖2L2(R)‖H‖2L∞(R)P (‖X − xk‖ ≤ ηn) .

◆♦✇✱ ❛r❣✉✐♥❣ ❛❣❛✐♥ ❛s ✐♥ ❈❤❡❝❦ ✭❆✬✮✱ ✇❡ ❝❛♥ ❛♣♣❧② ❆ss✉♠♣t✐♦♥ ✭✶✸✮ ❛♥❞ ❣❡t t❤❛t P(‖X−
xk‖ ≤ ηn) ≤ C2P(‖X‖ ≤ ηn) = C2ϕ(ηn). ❚❤❛♥❦s t♦ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ηn✱ ✇❡ ♥♦✇ ♦❜t❛✐♥
✭❛s ✐♥ ✭✐✮✮

K(P⊗n
ω ,P⊗n

0 ) ≤ C2mn|D|L2‖ψ‖2L2(R)‖H‖2L∞(R)c(C).

❋✐♥❛❧❧②✱ ❝♦♥❞✐t✐♦♥ ✭✹✷✮ ♦♥ t❤❡ ❝❛r❞✐♥❛❧ ♦❢ Ωn ❧❡❛❞s t♦ mn ≤ (8/ ln 2) ln(❈❛r❞(Ωn)), ✇❤✐❝❤
❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢ ♦❢ ✭❈✬✮✱ ❛♥❞ ❛t t❤❡ s❛♠❡ t✐♠❡ t❤❡ ♣r♦♦❢ ♦❢ ❛❧❧ t❤❡ ❧♦✇❡r ❜♦✉♥❞s✳

�

✻✳✼✳ Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✳

✻✳✼✳✶✳ ▼❛✐♥ ♣❛rt ♦❢ t❤❡ ♣r♦♦❢✳ ❚❤❡ ♣r♦♦❢ st❛rts ❧✐❦❡ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳ ❋♦r ■♥❡q✉❛❧✐t②
✭✐✐✮✱ ✇❡ ✜rst ❜♦✉♥❞ E[‖F̂X′

h −FX′‖2D1{RX′
h <1/2}1B(X

′)] ❜② C/(nϕp(h))✱ ✇✐t❤ d r❡♣❧❛❝❡❞ ❜②

dp ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ RX′
h ✳ ❋♦r E[‖F̂X′

h −FX′‖2D1{RX′
h ≥1/2}1B(X

′)] ✇❡ ♦❜t❛✐♥ t❤❡ s♣❧✐tt✐♥❣

✭✷✸✮✳ ▲❡♠♠❛s ✸ ❛♥❞ ▲❡♠♠❛s ✹ r❡♠❛✐♥ ✈❛❧✐❞ ✭❜② r❡♣❧❛❝✐♥❣ ❛❣❛✐♥ d ❜② dp ✐♥ ❡✈❡r② t❡r♠s✱
❛♥❞ ❜② ✉s✐♥❣ H ′

ϕ ✐♥st❡❛❞ ♦❢ Hϕ✮✳ ❚❤✐s ✜rst ♣❛rt ✐s ❛❧s♦ ❡❛s✐❧② ❛❞❛♣t❡❞ t♦ t❤❡ ♣r♦♦❢ ♦❢
■♥❡q✉❛❧✐t② ✭✐✮✳

❚❤❡ ❞✐✛❡r❡♥❝❡ ❧✐❡s ✐♥ t❤❡ ❝♦♥tr♦❧ ♦❢ t❤❡ ❜✐❛s t❡r♠✳ ❲❡ s✉❜st✐t✉t❡ t♦ ▲❡♠♠❛ ✺ t❤❡
❢♦❧❧♦✇✐♥❣ r❡s✉❧t✱ t❤❡ ♣r♦♦❢ ♦❢ ✇❤✐❝❤ ❝❛♥ ❜❡ ❢♦✉♥❞ ❜❡❧♦✇✳ ❚❤✐s ❡♥❞s t❤❡ ♣r♦♦❢✳

▲❡♠♠❛ ✾✳ ❙✉♣♣♦s❡ t❤❛t ❆ss✉♠♣t✐♦♥s HF ❛♥❞ Hξ ❛r❡ ❢✉❧✜❧❧❡❞✳ ❚❤❡♥

E

[∥∥∥FX′ − EX′

[
F̃X′
h,p

]∥∥∥
2

D

]
≤ C


h2β +

(
∑

j>p

σ2
j

)β



❛♥❞

E

[∥∥∥F x0 − E

[
F̃ x0
h,p

]∥∥∥
2

D

]
≤ C


h2β +

(
∑

j>p

σ2
j

)β

+

(
∑

j>p

〈x0, ej〉2
)β



✇❤❡r❡ C > 0 ♦♥❧② ❞❡♣❡♥❞s ♦♥ CD✱ β✱ ❛♥❞ Cξ✳

�
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✻✳✼✳✷✳ Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✾✳ ▲❡t ✉s ❜❡❣✐♥ ✇✐t❤ t❤❡ ✜rst ✐♥❡q✉❛❧✐t② ✭✐♥t❡❣r❛t❡❞ r✐s❦✮✳ ▲✐❦❡ ✐♥
t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✺✱ ✇❡ ❛❧s♦ ♦❜t❛✐♥ ✭✷✹✮✳ ❚❤❡♥✱

E

[∥∥∥FX′ − EX′

[
F̃X′
h,p

]∥∥∥
2

D

]
≤ C2

Dn
2E


EX′


W̃ (1)

h (X ′)

(
d2p(X1, X

′) +
∑

j>p

σ2
j (ξ

(1)
j − ξ′j)

2

)β/2


2
 ,

✇❤❡r❡ ξ
(1)
j := (〈X1, ej〉−µj)/σj ❛♥❞ ξ

′
j := (〈X1, ej〉−µj)/σj ❛r❡ t❤❡ st❛♥❞❛r❞✐③❡❞ ✈❡rs✐♦♥s

♦❢ 〈X1, ej〉 ❛♥❞ 〈X ′, ej〉✳ ❚❤❡ s❛♠❡ ❛r❣✉♠❡♥ts ❛s ✐♥ ▲❡♠♠❛ ✺ ❧❡❛❞ t♦

E

[∥∥∥FX′ − EX′

[
F̃X′
h,p

]∥∥∥
2

D

]
≤ C2

Dn
2E


EX′


W̃ (1)

h (X ′)

(
h2 +

∑

j>p

σ2
j (ξ

(1)
j − ξ′j)

2

)β/2


2
 .

◆♦✇✱ ✜rst❧②✱ ❢♦r ❛❧❧ a, b > 0✱ (a+ b)β/2 ≤ (2max{a, b})β/2 ≤ 2β/2(aβ/2+ bβ/2) ❛♥❞ s❡❝♦♥❞❧②

EX′

[
W̃

(1)
h (X ′)

]
= 1/n✳ ❲❡ t❤✉s ♦❜t❛✐♥

E

[∥∥∥FX′ − EX′

[
F̃X′
h,p

]∥∥∥
2

D

]
≤

2β+1C2
D


h2β + n2E


EX′


W̃ (i)

h

(
∑

j>p

σ2
j (ξ

(i)
j − ξ′j)

2

)β/2


2


 .✭✹✸✮

❯♥❞❡r ❆ss✉♠♣t✐♦♥ Hb
ξ ✱ t❤❡ r❡s✉❧ts ❝♦♠❡s ❢r♦♠ t❤❡ ❢♦❧❧♦✇✐♥❣ ❜♦✉♥❞

E


EX′


W̃ (1)

h (X ′)

(
∑

j>p

σ2
j (ξ

(1)
j − ξ′j)

2

)β/2



2
 ≤ 4βC2β

ξ

(
∑

j>p

σ2
j

)β
1

n2
.

❯♥❞❡r ❆ss✉♠♣t✐♦♥ H ind
ξ ✱ r❡♠❛r❦ t❤❛t

E


EX′


W̃ (1)

h (X ′)

(
∑

j>p

σ2
j (ξ

(1)
j − ξ′j)

2

)β/2



2


= E


EX′

[
W̃

(1)
h (X ′)

]2
EX′



(
∑

j>p

σ2
j (ξ

(1)
j − ξ′j)

2

)β/2


2


≤ n−2E



(
∑

j>p

σ2
j (ξ

(1)
j − ξ′j)

2

)β/2


2

.

◆♦✇ ❛♣♣❧②✐♥❣ ▲❡♠♠❛ ✶✵ ❜❡❧♦✇ ✇✐t❤ ηj = ξ
(1)
j − ξ′j ❛♥❞ CM = 2βCξ✱ ✇❡ ❣❡t

E



(
∑

j>p

σ2
j (ξ

(1)
j − ξ′j)

2

)β/2


2

≤ 24βC2
ξ

(
∑

j>p

σ2
j

)β

,

❛♥❞ t❤❡ r❡s✉❧t ❝♦♠❡s ❢r♦♠ ■♥❡q✉❛❧✐t② ✭✹✸✮✳ ❚❤❡ ♣r♦♦❢ ♦❢ t❤❡ ✜rst ✐♥❡q✉❛❧✐t② ♦❢ ▲❡♠♠❛ ✾
✐s ❝♦♠♣❧❡t❡❞✳
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❋♦r t❤❡ s❡❝♦♥❞ ✐♥❡q✉❛❧✐t② ✭♣♦✐♥t✇✐s❡ r✐s❦✮✱ t❤❡ ♦♥❧② ❞✐✛❡r❡♥❝❡ ✐s t❤❛t✱ ❢r♦♠ ✭✷✹✮✱ ✇❡
r❛t❤❡r ✉s❡

‖X1 − x0‖β =

(
d2p (X1, x0) +

∑

j>p

(σjξj − 〈x0, ej〉)2
)β/2

≤ 3β/2


dβp (X1, x0) + 2β/2

(
∑

j>p

σ2
j ξ

2
j

)β/2

+ 2β/2

(
∑

j>p

〈x0, ej〉2
)β/2


 .

❚❤❡ ✜♥❛❧ ❜♦✉♥❞ t❤❡♥ ❢♦❧❧♦✇s s✐♠✐❧❛r❧②✳

�

▲❡♠♠❛ ✶✵✳ ▲❡t (ηj)j≥1 ❛ s❡q✉❡♥❝❡ ♦❢ r❡❛❧ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ❛♥❞ (σj)j≥1 ❛ s❡q✉❡♥❝❡ ❛ r❡❛❧
♥✉♠❜❡rs ✈❡r✐❢②✐♥❣✱ ❢♦r β > 0✱

∑

j≥1

σ2
j < +∞ ❛♥❞ ∀j ≥ 1, E

[
ηβj

]
≤ CM ,

❢♦r ❛ ❝♦♥st❛♥t CM > 1✱ t❤❡♥✱ ❢♦r ❛❧❧ p ∈ N

E



(
∑

j>p

σ2
j η

2
j

)β/2

 ≤ CM

(
∑

j>p

σ2
j

)β/2

.

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✶✵✳ ❋✐rst s✉♣♣♦s❡ t❤❛t β/2 ∈ N∗✱ ✇❡ ❤❛✈❡

(
∑

j>p

σ2
j η

2
j

)β/2

=
∑

j1,...,jβ/2>p

β/2∏

l=1

σ2
jl
η2jl ,

❛♥❞✱ ❜② ❛ ❝❧❛ss✐❝❛❧ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ ❍ö❧❞❡r✬s ■♥❡q✉❛❧✐t②

E



(
∑

j>p

σ2
j η

2
j

)β/2

 =

∑

j1,...,jβ/2>p

β/2∏

l=1

σ2
jl
E



β/2∏

l=1

η2jl


 ≤

∑

j1,...,jβ/2>p

β/2∏

l=1

σ2
jl

β/2∏

l=1

E

[
ηβjl

]2/β

≤ CM
∑

j1,...,jβ/2>p

β/2∏

l=1

σ2
jl
≤ CM

(
∑

j>p

σ2
j

)β/2

.

◆♦✇ s✉♣♣♦s❡ t❤❛t β ∈ Q∩]0,+∞[✱ ✇❡ ❝❛♥ ✇r✐t❡ ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② t❤❛t β/2 = p/q
✇✐t❤ p ∈ N∗ ❛♥❞ q > 1 ✭✐❢ q = 1✱ β/2 ∈ N∗✮✳ ❚❤❡♥ t❤❡ ❢✉♥❝t✐♦♥ x 7→ x1/q ✐s ❝♦♥❝❛✈❡ ❛♥❞
❜② ❏❡♥s❡♥✬s ■♥❡q✉❛❧✐t②✿

E



(
∑

j>p

σ2
j η

2
j

)β/2

 ≤ E

[(
∑

j>p

σ2
j η

2
j

)p]1/q
≤ C

1/q
M

(
∑

j>p

σ2
j

)β/2

≤ CM

(
∑

j>p

σ2
j

)β/2

.

❚❤❡ ❝❛s❡ β > 0 ❢♦❧❧♦✇s ✐♠♠❡❞✐❛t❡❧② ❢r♦♠ t❤❡ ❞❡♥s✐t② ♦❢ Q ✐♥t♦ R✳

�

✻✳✽✳ Pr♦♦❢ ♦❢ ❈♦r♦❧❧❛r② ✶✳ ❚❤❡ ♣r♦♦❢ ✐s ❜❛s❡❞ ♦♥ t❤❡ s❛♠❡ ✐❞❡❛s ❛s t❤❡ ♦♥❡s ✉s❡❞ t♦
♣r♦✈❡ ❚❤❡♦r❡♠ ✸ ✐♥ ❙❡❝t✐♦♥ ✻✳✺✳ ❲❡ ❜❡❣✐♥ ✇✐t❤ t❤❡ r❡s✉❧t ✭✐✐✮ ✭✐♥t❡❣r❛t❡❞ r✐s❦✮✳
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✻✳✽✳✶✳ Pr♦♦❢ ♦❢ ✭✐✐✮✳ ❚❤❛♥❦s t♦ Pr♦♣♦s✐t✐♦♥ ✶ ✭✐✐✮✱ t❤❡ r✐s❦ ♦❢ t❤❡ ❡st✐♠❛t♦r ✐s ❜♦✉♥❞❡❞ ❜②
h2β + (

∑
j>p σ

2
j )
β + n−1ϕ−1

p (h)✱ ✉♣ t♦ ❛ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❝♦♥st❛♥t✳ ❘❡♠❛r❦ t❤❛t

ϕp(h) =

∫

{x∈Rp,
∑p

j=1
σ2
jx

2
j≤h2}

fp(x1, . . . , xp)dx,

✇❤❡r❡ fp ✐s t❤❡ ❞❡♥s✐t② ♦❢ (ξ1, . . . , ξp)✳ ❇② ♥♦t✐❝✐♥❣ t❤❛t

{
x ∈ Rp,

p∑

j=1

σ2
jx

2
j ≤ h2

}
⊃



x ∈ Rp, |xj| ≤

h√∑p
j=1 σ

2
j



 ,

✇❡ ❣❡t

ϕp(h) ≥ 2php
∫
[
0,(

∑p
j=1

σ2
j )

−1/2
]p fp(hx1, . . . , hxp)dx ≥ cphp,

✇❤❡r❡ c ♦♥❧② ❞❡♣❡♥❞s ♦♥
∑

j≥1 σ
2
j ❛♥❞ cf ✳ ❲✐t❤ t❤❡ ❛ss✉♠♣t✐♦♥ ♦♥ σj✱ ✇❡ t❤✉s ♦❜t❛✐♥ t❤❡

❢♦❧❧♦✇✐♥❣ ✉♣♣❡r ❜♦✉♥❞ ❢♦r t❤❡ r✐s❦✱ ✉♣ t♦ ❛ ❝♦♥st❛♥t R(h, p) := h2β+pβ(1−2δ)+c−pn−1h−p.
❲❡ t❤❡♥ ❝♦♠♣✉t❡ t❤❡ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡s

∂R

∂h
(h, p) = 2βh2β−1 − pc−pn−1h−p−1,

∂R

∂p
(h, p) = β(1− 2δ)pβ(1−2a)−1 − ln(ch)c−pn−1h−p.

■❢ (h∗, p∗) ✐s t❤❡ ♠✐♥✐♠✐③❡r ♦❢ R ✇❡ ❤❛✈❡ ∂R
∂h
(h∗, p∗) = 0✱ ✇❤✐❝❤ ❧❡❛❞s t♦

h∗ =

(
p∗c−p

∗

2β

)1/(2β+p∗)

n−1/(2β+p∗).

▼♦r❡♦✈❡r✱ ❢♦r ❛❧❧ p ∈ N∗✱

R(h∗, p∗) =

(
p∗c−p

∗

2β

)2β/(2β+p∗)

n−2β/(2β+p∗) + (p∗)β(1−2δ)

+c−pn−1

(
p∗c−p

∗

2β

)−p∗/(2β+p∗)
n−p∗/(2β+p∗)

≤
(
pc−p

2β

)2β/(2β+p)

n−2β/(2β+p) + pβ(1−2δ)

+c−pn−1

(
pc−p

2β

)−p/(2β+p)
n−p/(2β+p),

❛♥❞ t❤✐s ❧❛st ❜♦✉♥❞ ❤❛s t❤❡ ♦r❞❡r n−2β/(2β+p)+pβ(1−2δ)✳ ❈❤♦♦s✐♥❣ h = (pc−p/2β)
1/(2β+p)

n−1/(2β+p)

❛♥❞ p = [ln(n)/(δ − 1/2) ln ln(n)− 2β] ❣✐✈❡s t❤❡ r❡s✉❧t✳

✻✳✽✳✷✳ Pr♦♦❢ ♦❢ ✭✐✮✳ ❲❡ ❞❡❞✉❝❡ ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✶ ✭✐✐✮✱ ❢r♦♠ t❤❡ ❛ss✉♠♣t✐♦♥
∑

j>p〈x0, ej〉 ≤
C
∑

j>p σ
2
j ✱ ❛♥❞ ❢r♦♠ t❤❡ ❧❡❢t✲❤❛♥❞✲s✐❞❡ ✐♥❡q✉❛❧✐t② ♦❢ Hϕ t❤❛t t❤❡ r✐s❦ ✐s ✉♣♣❡r ❜♦✉♥❞❡❞

❜② h2β + (
∑

j>p σ
2
j )
β + n−1ϕ−1

p (h)✱ ✉♣ t♦ ❛ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❝♦♥st❛♥t✳ ❚❤✉s✱ t❤❡ r❡❛s♦♥✐♥❣ ✐s
t❤❡ s❛♠❡ ❛s ❢♦r ✭✐✐✮✳

�



✸✻ ●✳ ❈❍❆●◆❨ ❆◆❉ ❆✳ ❘❖❈❍❊

❘❡❢❡r❡♥❝❡s

❆✳ ❆✐t✲❙❛ï❞✐✱ ❋✳ ❋❡rr❛t②✱ ❘✳ ❑❛ss❛✱ ❛♥❞ P✳ ❱✐❡✉✳ ❈r♦ss✲✈❛❧✐❞❛t❡❞ ❡st✐♠❛t✐♦♥s ✐♥ t❤❡ s✐♥❣❧❡✲
❢✉♥❝t✐♦♥❛❧ ✐♥❞❡① ♠♦❞❡❧✳ ❙t❛t✐st✐❝s✱ ✹✷✭✻✮✿✹✼✺✕✹✾✹✱ ✷✵✵✽✳

◆✳ ❆❦❛❦♣♦ ❛♥❞ ❈✳ ▲❛❝♦✉r✳ ■♥❤♦♠♦❣❡♥❡♦✉s ❛♥❞ ❛♥✐s♦tr♦♣✐❝ ❝♦♥❞✐t✐♦♥❛❧ ❞❡♥s✐t② ❡st✐♠❛t✐♦♥
❢r♦♠ ❞❡♣❡♥❞❡♥t ❞❛t❛✳ ❊❧❡❝tr♦♥✳ ❏✳ ❙t❛t✳✱ ✺✿✶✻✶✽✕✶✻✺✸✱ ✷✵✶✶✳

❚✳ ❲✳ ❆♥❞❡rs♦♥✳ ❚❤❡ ✐♥t❡❣r❛❧ ♦❢ ❛ s②♠♠❡tr✐❝ ✉♥✐♠♦❞❛❧ ❢✉♥❝t✐♦♥ ♦✈❡r ❛ s②♠♠❡tr✐❝ ❝♦♥✈❡①
s❡t ❛♥❞ s♦♠❡ ♣r♦❜❛❜✐❧✐t② ✐♥❡q✉❛❧✐t✐❡s✳ Pr♦❝✳ ❆♠❡r✳ ▼❛t❤✳ ❙♦❝✳✱ ✻✿✶✼✵✕✶✼✻✱ ✶✾✺✺✳

❘✳ ❇✳ ❆s❤ ❛♥❞ ▼✳ ❋✳ ●❛r❞♥❡r✳ ❚♦♣✐❝s ✐♥ st♦❝❤❛st✐❝ ♣r♦❝❡ss❡s✳ ❆❝❛❞❡♠✐❝ Pr❡ss ❬❍❛r✲
❝♦✉rt ❇r❛❝❡ ❏♦✈❛♥♦✈✐❝❤ P✉❜❧✐s❤❡rs❪✱ ◆❡✇ ❨♦r❦✱ ✶✾✼✺✳ Pr♦❜❛❜✐❧✐t② ❛♥❞ ▼❛t❤❡♠❛t✐❝❛❧
❙t❛t✐st✐❝s✱ ❱♦❧✳ ✷✼✳

▲✳ ❆s♣✐r♦t✱ ❑✳ ❇❡rt✐♥✱ ❛♥❞ ●✳ P❡r❡r❛✳ ❆s②♠♣t♦t✐❝ ♥♦r♠❛❧✐t② ♦❢ t❤❡ ◆❛❞❛r❛②❛✲❲❛ts♦♥
❡st✐♠❛t♦r ❢♦r ♥♦♥st❛t✐♦♥❛r② ❢✉♥❝t✐♦♥❛❧ ❞❛t❛ ❛♥❞ ❛♣♣❧✐❝❛t✐♦♥s t♦ t❡❧❡❝♦♠♠✉♥✐❝❛t✐♦♥s✳ ❏✳
◆♦♥♣❛r❛♠❡tr✳ ❙t❛t✳✱ ✷✶✭✺✮✿✺✸✺✕✺✺✶✱ ✷✵✵✾✳

◆✳ ❆③③❡❞✐♥❡✱ ❆✳ ▲❛❦s❛❝✐✱ ❛♥❞ ❊✳ ❖✉❧❞✲❙❛ï❞✳ ❖♥ r♦❜✉st ♥♦♥♣❛r❛♠❡tr✐❝ r❡❣r❡ss✐♦♥ ❡st✐♠❛✲
t✐♦♥ ❢♦r ❛ ❢✉♥❝t✐♦♥❛❧ r❡❣r❡ss♦r✳ ❙t❛t✐st✳ Pr♦❜❛❜✳ ▲❡tt✳✱ ✼✽✭✶✽✮✿✸✷✶✻✕✸✷✷✶✱ ✷✵✵✽✳

▲✳ ❇✐r❣é ❛♥❞ P✳ ▼❛ss❛rt✳ ▼✐♥✐♠✉♠ ❝♦♥tr❛st ❡st✐♠❛t♦rs ♦♥ s✐❡✈❡s✿ ❡①♣♦♥❡♥t✐❛❧ ❜♦✉♥❞s
❛♥❞ r❛t❡s ♦❢ ❝♦♥✈❡r❣❡♥❝❡✳ ❇❡r♥♦✉❧❧✐✱ ✹✭✸✮✿✸✷✾✕✸✼✺✱ ✶✾✾✽✳

❊✳ ❇r✉♥❡❧✱ ❋✳ ❈♦♠t❡✱ ❛♥❞ ❈✳ ▲❛❝♦✉r✳ ▼✐♥✐♠❛① ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❝✉♠✉❧❛t✐✈❡
❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥✳ ❙❛♥❦❤②❛ ❆✱ ✼✷✭✷✮✿✷✾✸✕✸✸✵✱ ✷✵✶✵✳

❊✳ ❇r✉♥❡❧✱ ❆✳ ▼❛s✱ ❛♥❞ ❆✳ ❘♦❝❤❡✳ ◆♦♥✲❛s②♠♣t♦t✐❝ ❆❞❛♣t✐✈❡ Pr❡❞✐❝t✐♦♥ ✐♥ ❋✉♥❝t✐♦♥❛❧
▲✐♥❡❛r ▼♦❞❡❧s✳ ❙✉❜♠✐tt❡❞✱ ❤❛❧✲✵✵✼✻✸✾✷✹✱ ✷✵✶✸✳
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