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POISSON LAW FOR SOME NONUNIFORMLY
HYPERBOLIC DYNAMICAL SYSTEMS WITH
POLYNOMIAL RATE OF MIXING

FRANCOISE PENE AND BENOIT SAUSSOL

ABSTRACT. We consider some nonuniformly hyperbolic invertible dy-
namical systems which are modeled by a Gibbs-Markov-Young tower.
We assume a polynomial tail for the inducing time and a polynomial
control of hyperbolicity, as introduced by Alves, Pinheiro and Azevedo.
These systems admit a physical measure with polynomial rate of mixing.
In this paper we prove that the distribution of the number of visits to a
ball B(z,r) converges to a Poisson distribution as the radius r — 0 and
after suitable normalization.
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1. INTRODUCTION

Many dynamical systems with some hyperbolicity enjoy strong statistical
properties. Let us mention a few of them: existence of physical measure,
exponential decay of correlations, central limit theorem, large deviation prin-
ciples, etc. That is, the probabilistic behavior of these systems mimics an
i.i.d. process. Beyond uniform hyperbolicity the situation may be different.
This has a visible consequence for example in the validity of the CLT, which
is often related to a summable decay of correlation.
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We will consider here a class of nonuniformly hyperbolic systems for which
the polynomial decay of correlation can be arbitrarily slow. The setting, in-
troduced by Alves and Pinheiro [2] and generalized by Alves and Azevedo [1]
is a system modeled by a Young tower on which we have a uniform polyno-
mial control on the contraction along stable manifolds and backward con-
traction along unstable manifolds. The full description of the setting is in
Section 2.

Let f be an invertible map defined on a riemaniann manifold M giving
rise to a metric d. Suppose that p is an invariant measure for f. Given z
in M, we are interested in the statistical behavior, with respect to u, of the
number of occurences of entrance times in the ball B(z,r). Namely, setting

N(z,7)(y) ﬁ{n eN:d(f"y,z) <r,1<n< u(B(:U,r))}

we are interested in the limit distribution of N(x,r), as r goes to 0. The main
result of the paper is that this limit is the Poisson distribution, for u-a.e.
x. This question has been adressed for many different dynamical systems.
Our result is a generalization of the recent work by Collet and Chazottes [7]
who studied towers with exponential tail of return time to a setting where
the tail is only polynomial (We refer to [7] and references therein for details
on previous works). Our work applies for example to stadium like billiards.
During the preparation of this work Freitas, Haydn and Nicol [10] obtained a
similar result on Poisson distribution for these billiards by a different method
(inducing the billiard map on a suitable reference set where the induced map
has a tower with exponential tail). We also mention Haydn and Wasilewska
[18] whose approach needs a polynomial tail of sufficiently large order, in a
nonuniformly expanding setting.

Our limit theorem relies on precise mixing estimates for sets defined with
balls. For some systems the indicator functions of balls have a bounded
norm in a good Banach space of functions for which one can use the de-
cay of correlations directly. This leads to a Poisson distribution and even
gives stronger results [3]. Here in our situation one cannot expect to im-
plement this strategy and we need to approximate our balls to get mixing
estimates. That is why we need a control on the measure of neighborhood of
balls as in (3). Outside absolutely continuous measure this leads to delicate
questions. In [7] a general result is obtained for SRB measure with one-
dimensional unstable manifold. The generalization to higher dimensional
systems or polynomial tower being open, we left the condition (3) as an
assumption. We emphasize that this condition is the weakest that one can
ask in our setting.

A major step in our proof of the Poisson distribution is to bypass the
lengthy and delicate study of short returns by a simple argument based on
recurrence rates. Indeed we show that for our systems

min{n > 1: d(f"z,x) < r} ~ - dma s

for p-a.e. x, where dimpy p stands for the Hausdorff dimension of u (See
Section 6 for precise statement). There are some systems with polynomial
decay of correlation for which the above behavior does not hold and it turns
out that the Poisson distribution cannot happen in these cases (See [11]).
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2. ASSUMPTIONS

We consider an invertible transformation f : M — M on a finite-
dimensional Riemannian manifold satisfying assumptions of [1]. These as-
sumptions ensure the existence of a f-invariant SRB probability measure p
and that (M, f, ) can be modeled by a Gibbs Markov Young tower with
good properties as described briefly below for completeness.

Recall that a stable (resp. unstable) manifold is an embedded disk v C M
such that, for every x,y € v, dist(f™z, f*y) — 0 (resp. dist(f "z, f~"y) —
0) as n goes to infinity.

Consider two continuous families I'* and I'® of respectively unstable and
stable C! manifolds such that there exists amin > 0 so that, for every
(v%,7%) € T'* x T'", we have

dim~® +dim~* = dimM, #(*N4*) =1 and [Z(7*,7")| > amin-

We set A := (U, ueru ") N (U, sers 7°) and assume that the following prop-
erties hold

(P1) Markov: there exists a family (A;);>1 of pairwise disjoint subsets of
the form A; = (U, ugpe ") N (Uvserf v*¥) for some family (I'f); of
pairwise disjoint subsets of I'* such that

(a) for some v € I'*, we have Leb,(A) > 0 and Leb, (A \ |J; Ai) = 0;
(b) For every i > 1, there exists an integer R; > 1 such that f%i(A;) =
(Uyuery Y*) N (Uysers v*) for some I} € I'™. Moreover, for every
v% € T'¢, there exists 7§ € I'* such that ffi(y%) C ~§ and, for
every " € I', there exists 7¢ € T'% such that 7@ C f&(y4).
This enables us to define a particular return time R : A — N and the
associated return map f%: A — A by setting

R\Ai = Rl and (fR)\AZ = fRi.

We also define a separation time s : A x A — N U {oo} for the return map
as follows:

Ve,y € A, s(z,y) :=min{n >0:3j > 1, (fR)"(x) € Ajand (fR)"(y) ZAj}.

With these notations, we assume that there exist « > 0, § € (0,1) and
C > 0 such that, for every v, € I'* and every 7* € I'*, we have
(P2) Polynomial contraction on stable leaves: for every x,y € v* and every
n > 1, we have dist(f"(z), f"(y)) < Cn™%;
(P3) Backward polynomial contraction on unstable leaves: for every z,y €
v and every n > 1, we have dist(f~"(z), f"(y)) < Cn™%;
(P4) Bounded distortion: for every z,y € 7§ N A, we have

o det D(f1),,(x)
det D(f%)u(y)
(P5) Regularity of the stable foliation: consider the map ©.u 4 : y¢NA —

71 N A defined by ©.,u u(z) is the unique ' for which there exists
v € I'* such that z € y N 4§ and 2/ € y N ~j'. We assume that

< 0B U@ W)
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(a) ©,u v is absolutely continuous and

_ d((On 1)« Leby) _ H det Df, o f* _
d Leb.u det Df, o fio®} '

Yo
(b) for every z,y € v¥, we have log(U(z)/U(y)) < CB5@Y),
We assume that ged(R;,7 > 1) = 1. We consider here the case when the

return time R has a polynomial tail distribution, more precisely we assume
that

>0

Leb, (R >n) < Cn™¢, for some ¢ > 1, (1)

which ensures the integrability of R with respect to Leb,. Under these
conditions, the systems admits a SRB measure u: p has no zero Lyapunov
exponent and the conditional measures on local unstable manifolds are abso-
lutely continuous with respect to the Lebesgue measure on these manifolds.
We recall the definition of the Hausdorff dimension of the measure p as
dimg p = inf dimpgY.
m(Y)=1

We make the standing assumption that
1

o> .
dimpg p

(2)

We say that u = v to express that there exists a constant C' > 0 (depending
only on the dynamical system) such that u < Cv. We also write u ~ v when
u S vand v 3 u.

3. POISSON LAW FOR THE NUMBER OF ENTRANCE TO BALLS

For any z € M and r > 0, we write B(z,r) for the ball of center x and
radius r for the Riemannian distance on M. The main result of the paper
states that for typical centers x, the time spent into the ball B(z,r), up to
time t/u(B(x,r)), follows asymptotically the Poisson law with mean ¢.

We assume that, for y-almost every = € M, there exists § € (1, adimp )
such that

p(B(z,r +7°)\ B(z,r)) = o(u(B(,7))) (3)
(see appendix for discussion on (3)).
Theorem 3.1. Let (M, f, i) be as above. For p-a.e. x € M such that (3)
holds,
[t/n(B(z,r))]
1 . ‘7 = = — _t
lim 4y € M: ZO Lpen(fly) =k € (4)
J:
for any k>0 and any t > 0.

The condition (3) on the coronas is always satisfied for a subsequence:
(see the appendix for details).

Proposition 3.2. Let 0 < 1. For every x € M, there exists a sequence
ro(z) € (0711, 0™) such that for any § € (1,adimpy p), (3) holds for the
sequence T = 1y(x).
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A quick look at the proof of Theorem 3.1 (especially Proposition 5.1)
shows that the convergence (4) along the subsequence r,(x) still holds in
this case, provided the other assumptions are satisfied.

3.1. An abstract Poisson approximation result. We use the method
developed by Chazottes and Collet, Theorem 2.1 in [7]. We recall that, for
any probability measures P and ) on a same measurable space (E,£), the
total variation distance dpy (P, Q) between P and @ is

drv(P,Q) = sup P(A) —Q(A).

If Y and Z are random variables taking integer values, the total variation
distance between their law is written dry (Y, Z) (with a small abuse of no-
tation) and is given by

drv (Y, Z) Z]]P’ —P(Z = k)|
By Poisson(\) we denote a Poisson random variable with mean A > 0,
namely
P(Poisson(\) = k) =

Theorem 3.3 ([7]). Let (Xy)nen be a stationary {0,1}-valued process and
e:=P(X;=1). Set S =X;+ -+ X, for any 0 < i < j. Then, for all
positive integers p, M, N such that M < N — 1, and 2 < p < N, one has

dry (X1 + -+ + Xn,Poisson(Ne)) < R(e, N,p, M)

with
R(e,N,p, M) = 2NM[Ri (e, N, p) + Ry(c,p)] + Ra(e, N, p, M)
where
Ri(e, N.p) = sup ‘P(Xl = 1,8, =q) —<P(S,y = q)‘

0<q<N—-j—p

Ry(e,p) :=P(X; =1,55 > 1)

R — (EN)M —Ne 2
s(e, N,p, M) =4 Mpe(1+ Ne) + ¢ + Ne“ |.

The definition of Ry given here differs slightly from the original statement,
but an eye to the proof shows that the arguments go trough with this tiny
change. However, this modification plays an essential role in the present
paper since it allows a very efficient estimate of the term Rs.

3.2. Proof of the main theorem. For a fixed x € M, we will apply
Theorem 3.3 to the processes defined for y € M by Xy, 11(y) = 1w ("),
n € N, r > 0. For any integers p < ¢, we write S{(z,r) for the number of
visits to B(z,r) of the orbit of f between times p and g, i.e.

VyeM, Skz,r)(y) =#{l=p,....q : f“(y) € B(z,r)}.
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We denote the error terms R; and Rp for this process by Ri(x,r, N,p)
and Ro(x,r,p). That is

R N,p) = C 1 1, v
l(xara 7p) OSjgf_}}fSN_p OV,U,( B(z,r)» {Sgﬁ-lj(xvr)ZQ}) 5
Ro(a,r,p) = u({y € Bz, r): S3(a,r) > 1)),

Proof of Theorem 3.1. Let t > 0. Let 0 < d := dimpg p be such that cae > 6
(with  as in (3)). For p-a.e. z, due to (2), by Proposition 5.1, we have with

pr=[r77] and N, = [t/u(B(z,7))],
Ra(a,, Ny, pr) < Cou(B(z,r +1°)p T+ 1(C, s (2)) (1 + Nep(Bla, r + 1))
= O(u(B(x,)r" ™Y + o(u(B(z,r)))(1 + t + o(1))
= o(u(B(z,7)),
due to (3) and since ¢ > 1 (see (1)). By Proposition 7.1 we have
Ra(z,r,pp) = o(u(B(z,7))).

The conclusion follows from Theorem 3.3 by taking M, — oo sufficiently
slowly. O

4. CORRELATION ESTIMATES ON TOWERS
We define the tower A and the map F': A — A as follow
A:={(x,l) e AxXZ : 0<{<R(x)},
F(z,0) = (z,0+1)if £ < R(z) — 1 and F(z, R(z) — 1) = (ff(z),0). We
define a family of partitions (Qj)r>0 by

k
Qo:={Aix{¢}, i>1, (<R} and Vk >1, Qp:=\/ F Q.
i=0
Now we define the projection 7 : A — M by 7(z,£) := f(x). Observe that
fom=moF. Due to Lemma 3.1 in [1], there exists Co > 0 such that, for
every non negative integer k and every ) € Qop, we have

diam (7 F*(Q)) < Cok™. (5)

Now we consider the quotient tower A := A/ ~ with (z,¢) ~ (y,£') if £ = ¢
and if 2 and y are on a same ° € I'*. We define 7 : A — A as the canonical
projection and the map F : A — A such that F o7 =7 o F. We define Qy,
as the projection of the partition Q) on A. It will be also useful to consider
the separation time 5: A x A — Z U {oo} as follows:

5((z,0), (y,0) = s(x,y) if £ =15 3((x, 0), (y,0)) =0if L £ 1.

We fix a 4 € I'* and consider the measure m on A such that the measure
on Ay corresponds to Lebs. Recall that there exist probability measures p,
v and 7 on M, A and A respectively such that

faip=p, Fov=v, F,U =0, U =T, jt =TV
and such that

e the measure v admits a density function p with respect to m;
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e For every c > 0, there exists C’ such that, for every probability mea-
sure A absolutely continuous with respect to m, with density proba-
bility ¢ : A — R satisfying

YQ € Q. Vr.y € Q. |p(x) — @(y)] < () 57,
we have
Vn > 1, dpy(FI'A D) < C'n ¢t (6)
(see Theorem 3.5 in [1]).

This leads to the following decorrelation result at the core of our estimates.

Lemma 4.1. There exists C' > 0 such that, for every non negative inte-
gers k,n with n > 2k, for every A union of atoms of Q. and every B in
0 (Um>09m), we have

| Cov, (14,15 0 F™)| < C'n~ Ty (A).

Proof. Notice that A = 7 '4 and B = #~'B with A := 7A and B := 7B.
Therefore, we have

|Covy(1a,1p0 F™")| = |Covy(lg,150F™)|
— [En 04— ()15 0 F7]|
= #(A) [Ea[(0—p)150 |
< u(A)dry (FrH(F*X), ),

writing \ for the measure whose density with respect to m is p1 5/ v(A) and
¢ for the density function of F¥X. Now, due to (20) in [2] (see also Lemma
4.5 in [1]), we observe that

¥Q € Qo, Vy,z € Q, |6(y) — ¢(2)| < $(y)eTTR(Cp + Op) )
and, due to (6) and to n — k > n/2, we obtain
|Covy(1a, 10 F™)| < C/V(A)n_c"'l, (7)

for some C’ > 0. O

5. DECORRELATIONS BETWEEN SUCCESSIVE RETURNS

The aim of this section is to estimate R;.
Proposition 5.1. There exists C}, > 0 such that for any integer p we have
Ri(z,7, N,p) < Cou(B(z,r + 8))p~ " + p(Crs(2)) (1 + Npu(B(z, 7 + 9))),
where Cy s(x) is the corona B(x,r + s) \ B(x,r) and s = Ca|p/4|™“.

Proof. Let K := |p/4]|. We have to estimate the following quantity:

Ru(z.r.N.p) = Cov,(1p(pms 1, vy .
1(@,m, N, p) 0<i<irech—pl ¥ (B Lsi i @r)=a)

Using successively fiu = u, p = mev and fom = mo F, we obtain
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Cov,(1 1, .~ ‘ =
‘ H( B(z,r)» {SII)V+1J (9577“):‘1})

- ‘COVM (13(90,1“) © f L gy gy © fmp)‘

= ‘COVU (13(%,,) omo FX, l{SN—j—p( owoFK+p)‘
1

z,r)=q}
= ‘Covl, <1F7K7r71(3(1,7,,)), 1F7Kﬂ_71({5{\7—j7p($’r):q}) o FP)’ .

First we approximate the sets appearing in this last formula with union of
elements of the Qy’s. More precisely, we approximate F~X7~1(B(z,r)) by

Dg(g) with
Dgg) = U Q= U Q
QEQok:QNF~Kr=1B(z,r)#0 QeQoi T FEQNB(z,r)#0

and F*Kﬂfl({SfV_j_p(x,r) =q}) by {S{V_‘j_p’(K)(x,r) = ¢} where

S @, r)(y) = #{0 =1k ¢ y € DUSTOY.

Let us set
A =D, A:=Fr'Bz,r), A= U Q,

QEQ2k:QN(DSS\F~Kn=1B(x,r))#0

B ={8) T @) @) =g}, B=FEa {7 () = q})

and

Nf
B" = U U Q.
=1 QeQuk 10 @MDY TNF-K~tr=1B(x,r)) 0
Observe that A c A’ c AU A” and B ¢ B’ ¢ BU B” so that we obtain
| COVV(lA7 1B o Fp) - COVV(lA/, 1B’ o Fp)| <
S |E[(1A/—1A)1B/OFP]+]E[1A(1B/—1B)OFp]
—(w(A) —v(A)v(B') —v(A)(v(B') —v(B))|
‘ Cov,(147,1p 0 Fp)‘ + ‘ COVV(IA/, 1pr o Fp)’ +
+2v(A"v(B") + 2v(A")v(B"). (8)

Now, due to (5) and (3), we observe that

Jj—p

IN

(A" < v(FFr YB(x,r +s)\ B(z,7)))
< p(Crs(z)) (9)
and that

v(B") < Z I/(Dgg—M)\F_(K—M)?T_l(B(QS,’I“)))
¢

N—j—p

=z

_py(Ff(KM)ﬂ*l(B(x, r+s)\ B(z,r))

IN

=1

C'r,s(x))- (10)

IA
2
=}
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Proposition 5.1 follows from (8), (9), (10), v(A") < u(B(z,r+s)), v(B') <1
together with Lemma 4.1 applied three times (with (A’, B"), (A’, B”) and
(A", B') respectively). O

6. RECURRENCE RATE FOR TOWER SYSTEMS

Recall the definition of the recurrence rate

log 7
Rec(z) = lim 1227(%)
r—0 —logr

Y

when the limit exists, where
() = inf{n > 1: d(f"z,z) < r}. (11)

A large lower bound for Rec will allow a more efficient estimate of the second
error term Ro in the next section. For systems modeled by a Young tower
as described in Section 2, we show below that the recurrence rate is as large
as it can be.

Since the measure p is hyperbolic, its pointwise dimension exists a.e. [5]

and we have
1 B
lim log w(B(x,1)) =dimy p p-ae.. (12)
r—0 logr

In the case of super-polynomial decay of correlation, [16] applies and gives
Rec = dimpy p p-a.e.. In our setting this decay might be only polynomial
hence the general result above may not apply. However, thanks to the
Markov-tower structure we can refine the argument in [16].

Theorem 6.1. For a system (f,u) modeled by a Young tower we have
Rec = dimpy p p-a.e.

First, we need the following decorrelation lemma (we use the notation
d = dimg p).

Lemma 6.2. There exists C' > 0 such that for all x and r > 0 we have
p(B(w,r) N fT S (x,7) = 1}) < Clu(B(z,r+ 5))n~ ' 4+ Lu(B(z,r + 5))?]
where s = |n/4]~*.

Proof. We define the set A’ := Dgp as in the proof in Section 5, but here

we take K = [n/4|. We have F~X7=1B(z,r) Cc A’. In the same way, the
set F~5a=1{S{(x,r) > 1} is contained in B := U{_; F~7A’. Hence, due to
Lemma 4.1,

w(B(x,r) N fTYS(x,r) > 1}) < v(A'NF "B
< C'v(ANn~ T 4 (A w(B).
We remark that v(A") < u(B(x,r + K~%)) since 7(FXA") C B(z,r + K~%)

due to (2). Moreover, by invariance of v, v(B’) < v(A’), which finishes the
proof. O

The proof of Theorem 6.1 follows the lines of Lemma 16 in [16] but takes
advantage of the (Markov) tower structure, which allows to use the much
more efficient decorrelation Lemma 6.2 above instead of an approximation
by Lipschitz functions.
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Proof of Theorem 6.1. Let ¢ > 0 and take § = d%% with € > 0 so small
that 8 < a and 14 2¢8 < (. Set

G(e,7) = {x € M: Vr < 7,79 < u(B(z,7)) <r?¢}
with 7 so small that that u(G(e,7)) > 1 — ¢ (see (12)).

Choose ¢ = |[1/(¢ — 1 —2¢f)]. Let £ = k? and set ngy1 = 1 + - + Cg.
We have np ~ k%t Set r, = n;’B. We have n, ¢ < ry since f < o
By Lemma 6.2 we have for z € G(e,7) and k sufficiently large so that
T + n,;o‘ <r

p(B(x, ) O fT{S (2, ry) > 1)) < 2201 on, St 4 2%,
Conditioning on B(z, 1)) we get
(S ) > 1B ) < 220 0, o+ b,

Let Ty = {y € M: 35 = np +1,...,n1,d(f7(y),y) < r/2}. Take a
maximal r/4-separated subset Gy C G(g,7). The balls B(z,r;/2), x €
Gy, cover G(g,7). Moreover the balls B(z,7) cover it with a multiplicity
bounded by some constant C” depending only on the finite dimensional
manifold M. Summing up over x € G we get

w(Ge,7)NTy) < Z w(B(x,re/2) NTy)
zeGy,

< D u(B(,m) O F TS () > 1)
z€Gy,

< 22dCC”[’I“I;2ETL];C+1 + fkTZﬁSE]

< O (klatD(=CH2e8) y pa—(a+1)B(d=32)y

This upper bound is summable in k by construction. An application of Borel-
Cantelli lemma shows that for p-a.e. x € G(e, 7) there exists k(x) such that
x & Ty for k > k(x). For x non periodic we have 7,.(x) — oco. Hence there
exists r(z) such that 7,;)(z) > nye). Let r < min(r(z), 7)) /2. Take
k > k(x) such that rp11 < 2r < ri. Since x does not belong to any of the
Tj’s, k(z) < j <k, we get 7.(x) > ng. Hence

log 7,- () log ng,

v

1
“logr = —logrgs1/2 B

Since € is arbitrary this proves that for uy-a.e. x
lim log 7,-(x)
r—0 —logr
On the other hand the limsup is always bounded by the dimension [6],

whence the convergence of the recurrence rate and its equality with the
dimension of pu. (]

> dimg p.

7. ESTIMATE OF SHORT RETURNS : Ry

We now provide an optimal estimate of Ro in the following sense: By
Kac’s Lemma the mean return time into B(x,r) cannot be larger than
1/p(B(z,7)). Thus it is clear that any o > dimy p would contradict (13).
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Proposition 7.1. Let 0 < dimg p. For p-a.e. © € M we have
Ra(B(z,7), [r™7]) = o(u(B(z,))). (13)
Proof. Let n > 0. Let r; > 0 and define
Kop, ={z e M:¥r <ry, mor(z) >r 7}

Let ¢ > 0. By Theorem 6.1 there exists r; > 0 such that y(M \ K, ) < ¢.
Let K, ,, be the set of the Lebesgue density points of K, ,, with respect to
the measure pu. For x € K, ,, we have

lim w(B(z,r) N Kypy)
r—0  u(B(z,r))

=1.

Let r9 < r1 and set

Ko ro = {x e M:Vr <rg,

w(B(z,r) N Kyr,) B
WBar) "}‘

Take 79 > 0 so small that (K, \ Koryrs) <t I 2 € Kypy oy and 7 < 19
we get

Ra(B(z,r), [r77]) = n{y € B(z,7): Tp(a,n(y) <777})

(
< pu({y € B(x,r): mar(y) <777}
< p(B(z, )\ Kory)
< nu(B(z,r)).
This concerns all points in M except a subset of measure 2¢ arbitrary small,
which proves the proposition. O

8. APPLICATION TO SOLENOID WITH INTERMITTENCY

We can apply our main theorem to the example considered by [2]: Let

g: Tt — T! (with T! = R/Z) be a continuous map of degree d > 2 such that

e gis C?on T\ {0} and ¢’ > 1 on T*\ {0},

e g(0) =0, ¢'(0+) = 1 (right derivative at 0) and there is v > 0 such

that —x f”(x) ~ |z|7 in the right vicinity of 0,

e ¢'(0—) > 1 (left derivative at 0).
Let Jy = (0,21), J1 = (z1,22),....,J3-1 = (£4—1,0) be the successive intervals
(from the left to the right) on which g defines a bijection onto T!\ {0} (the
x; are the non zero preimages of 0 by g). Let I C C be the unit disk and
consider the solid torus M = T! x D. We define the map

F(z.2) = (9(a), 0= + 5e*™),

where 6 € (0,1) is such that 6]|¢'[lcc <1—6 (ie. 0 <0 <1/(1+4 ||¢'[|c0))-

It was already proven by Alves and Pinheiro that this map fits into the
general scheme described in Section 2 with the parameters ( = 1/ > 1 and
a =1+1/~. In particular the map f admits an SRB measure p if and only
if v < 1. Let

d((z, 2), (2',2")) = max(|z — 2’|, |z — 2']).
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Theorem 8.1. For any v < v/2/2, the conclusion of Theorem 8.1 holds for
w-almost every x € M, i.e. for p-almost every x € M, the number of visits
to B(x,r) up to time [t/u(B(x,r))| converges in distribution (with respect
to i) to a Poisson random variable of mean t.

The only condition that is left to verify to prove Theorem 8.1 is that (3)
about coronas. This condition is in principle highly dependent on the choice
of the metric we put on M. We will prove it for d, which is the most natural
metric on T! x C, but the proof could be adapted to the Euclidean metric
as well.

Proposition 8.2. Ify < v/2/2, for p-almost every x € M, the assumption
(3) on the coronas is satisfied.

The measure y is supported on the attractor A = (1,5, f"M. Let Z be
the essential partition of M into K; = J; x D (j = 0,....,d —1). This is
a Markov partition for f. We denote by Z = \/?;}1 f~IZ. Its elements
Z € Z' will be denoted indifferently by their code [am,, ..., a,—1] meaning
that f17 ¢ K, for any j=m,...,n—1.

Let fi be the marginal of y on T!. It is indeed the SRB measure of g, we
denote its density h. The partition (mod i) Z = {Jo, - ,Jg_1} is again a
Markov partition for g.

Let Z" = ZVg 1 ZV---vg "1 Z. We denote indifferently by [ag . . . an_1] €
Z" the element Z € Z" such that ¢/Z C Jo; for any j =0,...,n.

We collect below some elementary facts on the interval map g needed to
study its statistical properties.

Proposition 8.3 (e.g. [14, 20]). (i) The density is uniformly controlled on
cylinders:

2 h
H :=sup sup mf,iXZ— < o0. (14)
n [On];ﬁZEZn man h

(ii) For any ng there exists a constant D(ng) > 0 such that: for any integer
n > ng, for any y,y' € Z =ag...an—1] € Z" such that an—n, # 0 we have

(9")' () D(no)lg™ (') —g"
T < D(ng)eP o)l @) =g" W)l (15)
) =0
In particular for any subintervals I,J C Z
Il D(no) 11
< D(ng)ePmo) = (16)
lg"J| /]

(iii) There exists a constant D1 > 0 such that, for every nonnegative
integers m and k and, for every cylinder Z = [0Fapy1 - apym] € ZmTF
with a1 # 0, and any z € Z we have

1 - 1)~ Z
EEL <) < Dy, R < 2] < Di(k+1)"' 70
Dy 1 lak+1 - agyml|
(17)
and so

UZ) = (k+ 1) g g - (18)
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Lemma 8.4. Let p < min(2,1/7). For p-a.e. £ € M we have
l

> 1 (FH(€)) < plEo)e + o(n'/?).

=0
Proof. By Theorem 1.6 in [9] we have

00 k

1 .

.y . Je) — ki 1/p
Eonu T: max .EOIJO(g x) —kp(Jo)| >n < oo
n= Jj=

and using the invariance of p we get that

[e%S) k
1 . —ntjey _ 1/p
nz_;)nu &: 1211?§Xn jZOIKO(f &) — ku(Ko)| >n < 00.

We now conclude accordingly that for u-a.e. &

| Sk o Lk (f 7€) — kp(Ko))|

n nl/p

< 0.

The conclusion follows since p < 1/ was arbitrary. (]

From now on we fix p < 1/v and £ = (z, z) € A satisfying the conclusion
of Lemma 8.4. The code 2°, (¢) = [a_p, . ..,a_1] is such that £, = o(n'/?),
where ¢, is the minimal integer ¢ > 0 such that a_,1, # 0.

We also take ng > 1 the minimal integer such that a_,, # 0.

An immediate computation gives

n—1

1 o
fn(.’E, Z) _ (gn(l,), 0"z + 5 Z 0n—1—362z7r93(a:)). (19)
=0

We consider the natural projections 7x : M — T' and 7mp : M — D.

Lemma 8.5. For any £ = (x,2) € M\ 0Z and any r < |z — 0] we have
frHfM)N B(E,r) € 22,,(6).

with n = |log(r)/log(0)] — ko, for some constant kg independent of &, r.

Observe that, with the notations of this lemma, we have 7kl < ¢ <
gk,

Proof of Lemma 8.5.

Claim 8.6. Let ¢ € f™(M) such that d(&,€) < r. There exists £ €
Z0 (&) such that nx€& = nx&" and |mpé — mpc”| < 4r.

Proof. Taking y the preimage by ¢" of mx€£ lying in the same branch of g™

than 7y f~"(¢') gives a point &” = f(y, mp(f~"(€))) € 2°,,(¢') such that
x§ = nx§" and |mp§ — mp&"| < T < 4r. O

Claim 8.7. There ezists a constant kg such that wx f~" k¢ = gy ftkog!
in particular " € 29n+k0(§), where n is the smallest integer such that
r<6r.



14 FRANCOISE PENE AND BENOIT SAUSSOL

Proof. Set " = (x,2") with |z — 2”| < 4r. Remark that if g(u ) g(v)

and u # v we have ]62”” — ™| > 2sin(n|u — v|) > 2sin( 7= ). Set

(a:_n, z_p) = f"¢ and (2 ”n) = f"¢”. Let k denote the largest integer
< n — 1 such that g¥(z_,) 7& g*(2",) (if any). We have

k
1 . . I w7l
dr > |z = 2" = 0" (2—p — 2",) + B E gn1=d (2img’ (Bn) _ o2img’ (@25))

from which we get

n—k
"1k gin < 8r 4+ 40™ +
NFIs =0
and thus p
< sin < 129Ftt 4 _T
7= = S 0

Taking ko the smallest integer £ such that the above formula does not
hold shows that the section {z} x Dy, (z) is contained in a unique cylin-
der 20 . (€). O

A change of indices finishes the proof of the lemma. O

Let us write D(z,7) := {2’ € C : [z —2'| <r} for the open disc of center
z and radius r in C. If Zgj(ﬁ) = la_j---ag|, we set (g77)¢ for the inverse

branch of ¢7 restricted to Zg (mx fI€).
Lemma 8.8. The cylinder Z° (€) is the tube

2% (€) ={(z,2) € Tx D: 2 €)0,1],2 € D(ve.n(z),0™)}.
around the curve e, 10,1[— C defined by

1S3 . L
Yem(x) = 5 291—162W(9 e ()
j=1

with slope ¢ ,,(x) = un(yen(z)) where
/ gi—1 2i7r7rXf_j§"
n =T Z —ﬂ’X'f ]5/) e
Proof. A change of indices in Expression 19 shows the first assertion, the

second follows by derivation. O

For every & = (2/,2) € A, we also define u (') as follows

— 0] 1 eZ’L’ﬂ'ﬂ'xf_jf/.
; TFXf 7¢’)

Observe that (1, us(£')) corresponds to the direction of the solenoid at &'.

Lemma 8.9. There exist ¢ >0, ¢g > 0, ¢; > 0 and C(ng) > 0 such that for
any n > ng and r < |x — 0|, we have

(i) The direction uy,(§) is uniformly bounded away from zero and infinity:
co < |un(§)] < c1.
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(ii) For any & € 29, (&) such that |mx& — mx¢&'| <r, and any k > 0, the
directions satisfy
"
1-6

|un(€) — 41 (&)] < Clno)r +

Proof. (i) The upper bound ¢; = 7/(1—6) is obvious since |¢'| > 1. Isolating
the 7 =1 term gives the lower bound

T ‘ 0 - ( 1 0 ) .
— >l ——— —— | = .
g (mx(f1E)] 1-0 19"l 10
(ii) The sum in wu, (&) differs from that of u,(§’) only by the last terms
j=mn+1,...,n+k, and this is bounded by the rest of the convergent series,

so it suffices to prove the claim for k = 0. The distortion bound (15) yields,
since |[mx fI¢ —mxf¢ <rforalj=1,...,n,

(¢7) ([ Iemmss ¢

(9 (mx fIE )BT e

<D (no)eD(no)rJr%rr )

We now prove Proposition 8.2.
Proof. Let £ = (x,2) € M with x # 0. Since
B, r)=(x—r,x+r)x D(z,r),
setting C,s(z) and Cys(2) the coronas in T! and C respectively, we get
Crs(§) = (Cris(x) X D(z,m + ) U ((z — 7,3 4 7) X Crs(2)).

The first term is roughly bounded by the help of the marginal measure fi,
whose density is bounded in a neighborhood of = # 0, hence

1(Cr,s(x) x D(z,7 + 5)) < 1(Crs(x)) < cs,

provided r is sufficiently small and s < r. For typical £ the decay of
w(B(&,r)) is ruled by the dimension dimg p (see(12)), hence choosing § =
12 dimpy p and s = r° the last bound satisfies cs = o(u(B(€,7))).

The second term deserves more attention. It suffices to show that

pu(W) =o(u(B(&,r))), where W :=(x —r,x+ 1) xCprs(2).

Without loss of generality we will suppose, for this part of the proof only,
that s = r0 for some fixed §, 1 < § < min(2, adimg p). Let k be such that
Otk = 5. Let f = 2n” for some exponent v that will be fixed later. Note
that 72 < s < r < 3. Recall that /,, is the minimal integer ¢ > 0 such that
A—niozo.- Welet Z = 2% (€) and set U == gnx(f"Z) € 2" . Note
that the code of U starts with a non zero symbol. To simplify the exposition
we introduce the notation

IxB:={(t,z):t€l,(t,2) € B} =n(I)NB,

for I ¢ T' and B € M. We decompose W with the pieces of element Z’ of
the partition Zgn_ . Which intersect it.
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Lemma 8.10. Each Z' W (with Z' € Z°,_, ) is contained in a tube Ty
ZNW CIxZ CTy={(tz)eM:tel,|z—z — (t—to)uz| < Dis}

where D1 =2+ C(ng)+7/(1—=0), I C (x—r,z+7), (to,20) € Z'NW and
luzr — un(§)] < cr.

There are two type of intersections, transversal and non transversal (See
Figure 1).

FIGURE 1. The green rods represent the pieces of cylinders
7' intersecting W. The non transversal intersections happen
in the red boxes.

Let vy, = un(&)/|un(§)|. We say that Z’ intersects W non transversally
if there exists & = (2/,2) € Z' N A such that the angle between (&)
and the circle of center z and radius |z — 2/| is smaller than 3. But since
Z(vn, uso(€')) 37 < B, such a transversal intersection can only occur in

(z—raz+r)x{z€C : 2 =z+4 (£r+qve?, |q| <s, |p| 3 B}

Now, for any £” € ((z —r,xz + 1) x Z") N A, we have Z(uco(£”),ux0(&))| 2
r < . So for such a Z’, the intersection Z’ N AN W is contained in one of
the boxes NT

NT = (z —r,z+71) X {2+ pvp + (£r + q)iva: [p| < 2rB,|q| < s}

(since r|sin 8] < 7B and 7(1 — cos 8) < rB% < s). These two boxes are
parallel to the plane defined by the z-axis and the vector wu, (&), of length
r, height of order rf3 and thickness s. There are at most Cr/s different
7' intersecting W non transversally, since they are separated by a distance
of order s and they point in the same direction bounded away from the
horizontal axis (the z-axis). Moreover, each Z’ N W is contained in a set
Iz x Z' for some interval Iz of length at most crf.

Lemma 8.11. For any interval I C T'\ {0} and any cylinder Z' € 29,
such that Z' C Z we have

(I w 2y ~ (21
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Proof. The set f~"~*(I x Z') is of the form J x D where the interval J is
a subset of the cylinder 7' = nx(f™%Z) € Z"**¥ and ¢"*kJ = I. By
invariance we have u(I x Z’) = ji(J). Observe that Z’ and Z have the same
code. By distortion (16) we have

gl il
1z T
This ratio of length transfers to a ratio of measures by (14), proving the
lemma since by invariance again ji(Z’) = u(Z’). O

Note that except the very particular cylinder Z’ = [0*Z] € 2° _, which
has a measure

u((072]) ~ (k+ £,) UL = kU],
(due (18)), all the other Z’ € Z° , contained in Z do have at least a non

zero symbol in their code at some position —n—mg € {—-n—k,...,—n—1}.
Applying (18) to them, we obtain

w(Z') = (k= mo + 1) [a—n—m, -~ a|
2 (k= mo+ 1) (mg + £,) VU
S+ L) RO
(considering separately the cases mo < k/2 and mg > k/2). Therefore the

total measure coming from non transversal intersections is bounded by
w |J 23+ D= Y71 + 0,)7 1V 4 kYU erB. (20)
Z'NNT#D s

For transversal intersections, the angle is at least 5. Thus Z’ N W C
Iz x Z' for some interval Iz of length less than s/f3. Hence the measure of
the intersection p(Z' N W) 3 5u(Z’). Therefore

p U 23 5u(2) 3 5e(t+ )01, (21)
Z'g¢NT

Finally, the ball B(£, ) contains the set I x Z, for some cylinder Z, € Z° .
Z, C Z, and an interval I of length say r/4. Thus

u(B(E,r) = n(I x 2,) % w(Ze)r 7 (14 £a) " (U (22)
Putting (20), (21) and (22) together, we obtain

(W)

By SO UDFUID+ (V)

where
(I) = k" VB + £,)H1/7 = 20 (=1 r+vH+141/9)/p)
T

T Y e R YRSy
(1) = k™72 = O(n )

(II1) = k—l—l/vﬂu + £,)Y/ 7 = Ot/ /by
S

S

5L+ ) = O™ H1n).

(1v) =
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O

The first term (I) goes to zero exponentially fast in n. The second term
(II) goes to zero provided v < 1/, the third one provided v < 1/y +
1—(1/y+1)/p and the last one provided v > 1/p. If v > 1/2, all these
conditions are satisfied whenever the interval (v,1/v — ) is nonempty (i.e.
whenever v < 1//2), taking v in the interval and p sufficiently close to 1/7.
If v <1/2, (1), (II), (I1I) and (IV) go to zero provided p is close enough
to 2.

9. BILLIARD IN A STADIUM

Let ¢ > 0. We consider the convex domain @ of the plane corresponding
to the union of the rectangle [—¢/2,¢/2] x [—1, 1] with the two discs of radius

1 centered at (—¢/2,0) and (¢/2,0) respectively. This domain @ is called
stadium.

FIGURE 2. The stadium billard

The billiard system (M, f, 1) will describe (at reflection times) the evolu-
tion of a point particle moving in @) with elastic reflection off Q) and going
straight on between two reflection times. The phase space M corresponds
to the set of unit vectors based on dQ and pointing inwards. We define it
as follows:

R T T
M= iz X} 29 [
A particle has configuration =z = (r,¢p) € M if its position p € 9Q has
curvilinear abscissa r (0Q being oriented counterclockwise and r = 0 corre-
sponding to the point (¢£/2,—1)) and if its reflected vector makes the angle ¢
with 7(p), where 7i(p) is the unit normal vector to Q) at p oriented inwards.

The transformation f : M — M maps a configuration at a reflection time
to the configuration at the next reflection time.

This transformation preserves the probability measure p on M given by

Here again we consider the metric d((r, ), (', ¢)) := max(|r —r'|, [ — ¢'|)
(but our result also holds for the other usual metrics).
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)

Ficure 3. The billard map f.

Theorem 9.1. For the billiard system (M, f, ) in the stadium described
above, the conclusion of Theorem 3.1 holds true for p-almost every x € M,
i.e. for p-almost every x € M, the number of visits to B(x,r) up to time
|t/u(B(z,7))] converges in distribution (with respect to p) to a Poisson
random variable of mean t.

Proof. The fact that (M, f, u) can be modeled by a Young tower satisfying
(P1)—(P5) can be found in [15, 8, 4]. Namely, the fact that (P2)—-(P3) hold
with o =1 (and so (2)) comes from Propositions 2.1 and 2.3 of [4] and the
fact that (1) holds with ¢ = 2 is proved in Section 9 of [8]. Finally, because
of the continuity and positivity of the density function of u with respect to
the Lebesgue measure, (3) holds for every z € M (See the Appendix for
details). O

APPENDIX A. MEASURE OF CORONAS

In this section we discuss various conditions under which Assumption (3)
holds and more precisely on the following condition: 3Cy,r¢ > 0 such that

VO <s<r, uB(x,r+s)\Blx,r) < Cos®r u(B(z,2r)). (23)

Indeed, we observe that, if adimy u > b/a, (23) implies (3) for any ¢ €
(b/a,adimy p).

Proposition A.1. Suppose that p is absolutely continuous with respect to
the Lebesgue measure.
(i) For any continuity point x of the density, we have (23) witha =b =1
and so (3) since adimpr p > 1.
(ii) If the density is in Li.. for some p > 1 then Assumption (23) holds
a.e. witha=1/q andb= (1+d(q—1))/q, where 1/p+1/q=1.

Proof. (ii) Suppose that the density h is in LP on some open set V' and take
x € V with B(x,2r) C V. By the Holder inequality for any s < r

/j,(B(LL’,T—l—S)\B(ID,T’)) = [/hlB(x,r+s)\B(m,r) < ||h||LP(V)C((r+S)d_rd)l/q'

The upper bound is of order r(@=1)/4s1/4 while the measure of the ball is
lower bounded by Const x ¢ for a.e. x. (|
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In particular for Billiard systems one can take a = b = 1.

Proposition A.2. If i is non-atomic and satisfies (23) at some x € supp(u),
then b > a.

Proof. Assume that p satisfies (23) with b < a. Let n € (0,a —b). Then
there exists ng such that, for every integer n > ng, we have

u(B(x, 27\ B, 27"7Y) < 27" u(Bla, 27),

ie. (1 —2"")u(B(z,27")) < u(B(z,27"1)). Therefore, for any n > ng,
we have

n—1
p(B(a,27) [T @ =27") < p(B(x,27™)
k=ng
and so p({z}) = limy— 4o p(B(x,27™)) > 0 if p(B(x,27m)) > 0. O

Now let us prove Proposition 3.2

Proposition A.3. Let 6 < 1. For any a € (0,1), for every x € M, there
exists a constant Cy such that there exists a sequence ,(x) € (0"T1,0™) such
that, for all n, (23) holds with b = a for the sequence 1 = rp(x).

Proof. Up to a change of 8 in one of its integer roots, we assume without
loss of generality that 1/2 < 0 < 1. Fix 2 € M and n € N. Let A < 1/2
and set p = (1 —2X)/3. We define a measure on [0, 1] by setting m([0,t]) =
w(B(z, 0"t + (0™ — 07 F))) — wu(B(z,0™ 1)) for t € [0,1]. We construct
a sequence of nested intervals I}, by dichotomy as follows. Let Iy = (0,1).
Given I}, (for some k > 0), we consider two intervals of length A|Ij| included
in I, at distance p|l;| from the left and right endpoints of I} respectively
and we define Ij, | as the one with smallest measure. We have |I;| = A\¥ and
m(Iy) < 27F¥m(Iy). Let {t.} be the intersection of the I;’s. By construction,
since t, € Ij the pA*-neighborhood of t, is contained in I;,_;. Let us prove
that the radius r = 077! + ¢, (6" — 0"1) satisfies (23) with a = —In2/In A,
with a constant Cy not depending on n. Let sy, := pAF6"(1 — 6). For every
k > 1 and every s € [syy1, S|, we observe that

u(B(z,r+s)\ B(z,r)) u(B(z,r + s) \ B(z,7))
m(I-1) = 27" m(lo)
27" (B2, 0™\ B(x, "))

27 1 (B(x,2r)), since 0" < g < 2r

4597 <p(19_9)> u(B(x,2r)),

since s > st | = 27k=1(pg"(1 — 0))® and r—* > (A")~*~. Now, for
s € [s1,r], we have s/r > pA(1 — 0) and so

W(B(a,r+ )\ Blz,r) < p(B(z,2r)) < sr(pA(1 — 6)) " u(B(x, 2r)).
O
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