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Mathematical renormalization in quantum
electrodynamics via noncommutative generating
series

G. H. E. Duchamp - Hoang Ngoc Minh - Q. H. Ngo - K. Penson - P. Simonnet

Abstract In order to push the study of solutions of nonlinear differential equations
involved in quantum electrodynamics', we focus here on combinatorial aspects of
their renormalization at {0, I, 4-co}.

1 Introduction

During the last century, the functional expansions were common in physics as well
as in engineering and have been developped, by Tomonaga, Schwinger and Feyn-
man [ 18], to represent the dynamical systems in quantum electrodynanics. The main
difficulty of this approach is the divergence of these expansions at the singularity 0
or at +oo (see [2]) and leads to the problems of regularization and renormalization
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! The present work is part of a series of papers devoted to the study of the renormalization of di-
vergent polyzetas (at positive and at negatice indices) via the factorization of the non commutative
generating series of polylogarithms and of harmonic sums and via the effective construction of
pairs of bases in duality in ¢@-deformed shuffle algebras. It is a sequel of [6] and its content was
presented in several seminars and meetings, including the 66th and 74th Séminaire Lotharingien
de Combinatoire.
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which can be solved by combinatorial technics : Feynman diagrams [21] and their
siblings [15, 26], noncommutative formal power series [23], trees [11].

Recently, in the same vein, and based, on the one hand, on the shuffle and quasi-
shuffle bialgebras [6], the combinatorics of noncommutative formal power series
was intensively amplified for the asymptotic analysis of dynamical systems with
three regular singularities in> {0, 1,+c0} ; and, on the other hand with the mon-
odromy and the Galois differential group of the Knizhnik-Zamolodchikov equation
KZ; [42, 44] i.e., the following noncommutative evolution equation’

dG(z) _ <@ N x_'> G(2),

dz z l—z

the monoidal factorization facilitates mainly the renormalization and the computa-
tion of the associators® via the universal one, i.e. @g of Drinfel’d [44].

In fact, these associators are noncommutative formal power series on two vari-
ables and regularize the Chen generating series of the differential forms admitting
singularities at 0 or at 1 along the integration paths on the universal covering of

C without points 0 and 1 (i.e. C\ {0, 1}). Their coefficients are, up to a multiple of
powers of 2i7, polynomial on polyzetas, i.e. the following real numbers> [26, 46, 55]

1
o forr>1,s1 > 2,50,...,8 > 1,
ny...ny

C(s1y..,8r) = Z

ny>...>n.>0

and these numbers admit a natural structure of algebra over the rational numbers
deduced from the combinatorial aspects of the shuffle and quasi-shuffle Hopf al-
gebras. It is conjectured that this algebra is N-graded®. More precisely, for s; >
2,82,...,8, > 1, the polyzeta {(sy,...,s,) can be obtained as the limit of the poly-

s, (N), for N — oo

) an N 1
L, 5= Y ——adH;, ,N)= Y ——%.
ny>.>n>0 M - Tr ni>..>n>0M0 -1

Then, by a theorem of Abel, one has

C(Sl yeee 7Sr) = ;E?Lis'l""’s" (Z) = NEIEmHs'l,...,s', (N)

2 Any differential equation with singularities in {a,b,c} can be changed into a differential equation
with singularities in {0, 1,40} via an homographic transformation.

3 x = t12/2im and x; 1= —t273/2i7r are noncommuative variables and 7} 5,1, 3 belong to 73 =
{t12,11 3,123} satisfying the infinitesimal 3-braid relations, i.e. [t 3,112 +123] = [12.3,11,2+113] = 0.
4 They were introduced in QFT by Drinfel’d and it plays an important role for the still open problem
of the effective determination of the polynomial invariants of knots and links via Kontsevich’s
integral (see [7, 26]) and Pk, was obtained firstly, in [26], with explicit coefficients which are
polyzetas and regularized polyzetas (see [44, 45] for the computation of the other involving only
convergent polyzetas as local coordinates, and for algorithms regularizing divergent polyzetas).

Ss1+...+s, is the weight of {(s1,...,s,) , i.e. the weight of the composition (sy,...,s,).

6 One of us proposed a proof in [44, 45].
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Since the algebras of polylogarithms and of harmonic sums are isomorphic to
the shuffle algebra (Q(X), .1, 1x+) and quasi-shuffle algebra (Q(Y), w1, 1y+) respec-
tively both admitting the Lyndon words .ZynX over X = {xo,x; } and ZynY over
Y = {yi}i>1, as transcendence bases (recalled in Section 2.1) then, by using

e The (one-to-one) correspondence between the combinatorial compositions, the
words’ in Y* and the words in X*x| + 1x+, i.e.3

k k Xk sker1—1 sr—1
({1},skJrl,...,s,)<—>ylysk+l...ysr};x]fxo+ Xp.. Xy Xq. (1

e The ordering x; > xg and y; > yp > ... over X and Y respectively.

e The transcendence base {S;}/c #ynx (tresp. {Z;}iec yny) of (Q(X),, 1x+) (resp.
(Q(Y), w,1y+)) in duality’ with {Pi}ie.zyx (resp. {IT;}1c.#yny), a base of the
Lie algebra of primitive elements of the bialgebra'® .7, = (Q(X), conc, 1x+,4,,,€)
(resp. Hiws = (Q(Y), conc, ly+,Aws, €)) to factorize the following noncommu-
tative generating series of polylogarithms, hormanic sums and polyzetas

L= H exp(Lig, P;) and H = H exp(Hg, IT;),

leZLynX leZLyny
z,= [l exp@(S)P)and Zw =[]  exp(E(Z)I),
e ZLynX I#x( x| e LynY I#y,

we then obtain two formal power series over Y, Z; and Z,, such that

(—y1)k

- [HN) =22,

. 1 .
lgr}exp [yl log 1—1] nyL(z) =7, Algr;exp I;Hyk (N)

Moreover, Z;,Z; are equal and stand for the noncommutative generating series of
{C(W) bwer—y v+, or {C(W) hwexyx*x,» as one has Zy = Z, = nyZ,, [43, 44, 45].
This allows, by extracting the coefficients of the noncommutative generating se-
ries, to explicit the counter-terms eliminating the divergence of {Li,, },yex,x+ and of
{H,, }wey, v+ and this leads naturally to an equation connecting algebraic structures

- a ey ) >
eXP(C(Ez)Hz)—exp[Z c<k>—}m 0 ewds)PR)

e LynY I#y, k>2 k e LynX I#x(,x|

Identity (2) allows to compute the Euler-MacLaurin constants and the Hadamard
finite parts associated to divergent polyzetas {{(w) },ey, v+ and, by identifying local
coordinates, to describe the graded core of ker § by its algebraic generators.

7 Here, X* (resp. Y*) is the monoid generated by X (resp. ¥) and its neutral element of is denoted
by 1x« (resp. ly«).

8 Here, 7y is the adjoint of 7y for the canonical scalar products where 7y is the morphism of AAU
k(Y) — k(X) defined by mx (yx) = x5 'x;.

9 in a more precise way the S and X are the “Lyndon part” of the dual bases of the PBW expansions
of the P and the IT respectively.

10 ¢ is the “constant term” character.
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In this paper, we will focus on the approach by noncommutative formal power se-
ries, adapted from [22, 23], and explain how the results of [43, 44, 45], allow to study
the combinatorial aspects of the renormalization at the singularities in {0, 1,+o0} of
the solutions of linear differential equations (see Example 1 below) as well as the
solutions of nonlinear differential equations (see Examples 2 and 3 below) described
in Section 3.2 and involved in quantum electrodynamics.

Example 1 (Hypergeometric equation). Let ty,t1,t, be parameters and
2(1=2)9(2) + [r2 = (t0 +11 + 1)2]y(2) — to11¥(2) = 0.

Let ¢1(z) = —y(z) and ¢2(z) = (1 — 2)y(z). One has
(0)-(2)(2)
==+ ,
Up] z 1-z)\a
where My and M, are the following matrices
00 0 1
Mo =— (1‘01‘] l‘z) and My =— (0 l‘z—to—l‘l> :
Or equivalently,
. 1 1
4(z) =A0(Q)E +A1(Q): and y(z) = —q1(2),

where A and A; are the following parametrized linear vector fields

0 0 0
Ag = —(tot t — and A= —qgq1=— — (b —ty—t _—
0 (tot1q1 + zqz)aq2 and A q 70 (2 —10 1)612(9612

032 0)-) 05 6)-€)

acting by

Example 2 (Harmonic oscillator). Let ky , k, be parameters and
(@) +hiy(2) + ko (2) = wi (2).
which can be represented, with the same formalism as above, by the following state equations
4(z) = Ao(g) +A1(q)ui (z) and y(z) = q(2),
where A and A; are the following vector fields

d d
= — 2y 2 = —
Ao = —(kig+kagq )3q and A, 77

Example 3 (Duffing’s equation). Let a, b, ¢ be parameters and
§(@) +ay(2) + by(2) + ¢y’ (2) = w1 (2)-
which can be represented by the following state equations

G(z) =Ao(q) +A1(q)ui (z), and y(z) = ¢1(2),
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where Ag and A; are the following vector fields

0 0 0
Ag=— b* Ds—+qr5— and Aj = —.
o=—(agz+ 611+Cl]1)aq2+qzaql =35

Example 4 (Van der Pol oscillator). Let v, g be parameters and
02x(z) = ¥{1 +x(2)*]0:x(2) + x(2) = gcos(wz)

which can be tranformed into (with C is some constant of integration)

9.x(2) = {1 +x(2)%/3)x(z) — /fx(s)dﬁ 8 sin(@2) +C.

20

Setting y = [ x(s)ds and u; (z) = gsin(wz)/@ +C, it leads then to

02y(z) = Y[0:y(2) + (9:(2))* /3] = ¥(2) + u1 (2)

which can be represented by the following state equations (with n = 2)

9:q(z) = [Aouo(z) +A1u1(2)](q) and y(z) = q1(2)

where Ag and A; are the following vector fields
d 3 d d
Al =—=—and Ag = D+ 43/3)—qil=—+q=—.
= on Ma2+a2/3) —q ]aqz 25,

This approach by noncommutative formal power series is adequate for studying
the algebraic combinatorial aspects of the asymptotic analysis at the singularities in
{0,1,4-o0}, of the nonlinear dynamical systems described in Section 3.2 because

e The polylogarithms form a basis of an infinite dimensional universal Picard-Ves-
siot extension by means of these differential equations [42, 12] and their algebra,
isomorphic to the shuffle algebra, admits {Li; },c #ynx as a transcendence basis,

e The harmonic sums generate the coefficients of the ordinary Taylor expansions of
their solutions (when these expansions exist) [43] and their algebra is isomorphic
to the quasi-shuffle algebra admitting {H; };c ¢yny as a transcendence basis,

e The polyzetas do appear as the fondamental arithmetical constants involved in the
computations of the monodromies [39, 36], the Kummer type functional equa-
tions [40, 36], the asymptotic expansions of solutions [43, 44] and their algebra
is freely generated by the polyzetas encoded by irreducible Lyndon words [44].

Hence, a lot of algorithms can be deduced from these facts and more general
studies will be proceeded in [6, 12]. The organisation of this paper is the following

e In Section 2, we will give algebraic and analytic foundations, i.e. the combinato-
rial Hopf algebra of shuffles and the indiscernability respectively, for polyzetas.

e These will be exploited, in Section 3, to expand solutions, of nonlinear dynamical
systems with singular inputs and their ordinary and functional differentiations.
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2 Fundation of the present framework

2.1 Background about combinatorics of shuffle and stuffle
bialgebras

2.1.1 Schiitzenberger’s monoidal factorization

Let Q(X) be equipped by the concatenation and the shuffle defined by

VWEX*, wi Iy = Ixxiuw =w,

Vx,y € X,Vu,v € X*, xuwyv =x(uwyv) +y(xuwv),
or by their dual co-products, Aconc and A ||, defined by, for w € X* and x € X,

Aconc(W): Z M®vandALu(x):x®1+l®x,

u,veX* uv=w

A, is then extended to a conc-morphism Q(X) — Q(X) ® Q(X). These two comul-
tiplications satisfy, for any u,v,w € X*,

(Aconc(W) |u®@v) = (w]|uv) and (A, (W) |u@Vv) = (w]|uwv).
One gets two mutually dual bialgebras
%Lu = (@<X>a concg, ]X*7A|_u 78)5 %u\_[/ = (Q<X>7LU; IX*;Aconcag)-

After a theorem by Radford [49], ZynX forms a transcendence basis of (Q(X), i, Ixx)
and it can be completed then to the linear basis {w},,cx+ which is auto-dual :

Vv,v e X*, (u|v) = Oy, 3)

But the elements [ € .ZynX — X are not primitive, for A ,,, and then .ZynX does not
constitute a basis for Zieg(X). Chen, Fox and Lyndon [9] constructed {P,, },vex+,
so-called the Poincaré-Birkhoff-Witt-Lyndon basis, for % (Zieq (X)) as follows

P = X forx € X, 4
P, = |[P,P] forle ZLynX, standard factorization of [ = (s,r), (5)
P,=P]! P,; forw =1 LKy = o= Dyl € LynX. )

where here > stands for the lexicographic (strict) ordering defined'! by xy < xi.
Schiitzenberger constructed bases for (Q(X),.) defined by duality as follows :

VM,VEX*, <SM|PV> :5"4~,V

' In here, the order relation > on X* is defined by, for any u,v € X*, u > v iff u = vw withw € X+
else there are w,wi,wy € X* and a > b € X such that u = waw| and v = wbw.
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and obtained the transcendence and linear bases, {S;}/cc #ynx, {Sw }wex*, as follows

S = xSy, forl = xu € LynX,
TN

Sw = . .
it l]!...lk!

forw="11. 151 = ... = Iy

After that, Mélancon and Reutenauer [51] proved that, for any w € X*,

P,=w+ Z cyvand Sy, =w+ Z dyv. @)

v=w|vx =|wlx v=w,|v|x=|w|x

where |w|x = (|w|x)xex is the family of all partial degrees (number of times a letter
occurs in a word). In other words, the elements of the bases {S,, } wex+ and { P, }wex+
are lower and upper triangular respectively and they are of multihomogeneous (all
the monomials have the same partial degrees).

Example 5 (of {Py}wex+ and {Sy bwex+, [31]). Let X = {xo,x1 } with xo < x.

! il S
Xo X0 X0
X1 X1 X1
X0X1 [)Co,xl} X0X1
x3x1 [x0, [x0,x1]] x3x|
)C())C% H)C()7X1],)C1] XOX%
QX1 [x0, [0, [x0,1]]] QX1
5] [xo, [[x0,x1],x1]] X%}
xox? ([Fxo,x1],x1], x1] x0x}
xgxé [x0, [x0, [x0, [x0,x1]]]] xéx%
Xt | o, [xo, [[xo,xi],x1]]] X0%]
xgxixoxt|  [[xo, [x0,x1]], (X0, x1]] 26332 -+ X5x1 X1
o ) i
xox1x0x3 | [[xo,x1], [0, 1], x1]] 3x%x? + Xox1 X0X7
xox} | (ko xa] 2] x) X0
xpx1 | [vo, [xo, [xo, [xo, [x0,x1]]]]] X1
xpx1 |, [vo. [xo, [[xo,x1], 1] X0}
xgxlxoxl [x0, [[x0, [x0,x1]], [x0,x1]]] Zxéx%ergx]xoxl
" oo, ] )
xgr1x0xt | [xo, [[xo, x1], [[x0,x1], x1]]] 3] + g1 x0xy
x5x3x0x1 |[[xo, [0, x1 ], x1]], [xo,x1]] [ 6333 + 3xdxix0x2 + x5x2xoxy
x| Bos [{[lxo,xi]x1] x| oxt
xoxlxox? [[x0,x1], [[[x0, x1],x1],x1]] 4x%x‘]‘+x0x1xox?
XOX? H[H}Co,xl},X1]7X1]7X1],X1] )C()le

Then, Schiitzenberger’s factorization of the diagonal series Zx follows [51]

N
Ix:=) wow= )Y S,@P= [] expSi®nR) (8)

wex* wex* leLynX
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2.1.2 Extended Schiitzenberger’s monoidal factorization
Let us define the commutative product over Q(Y), denoted by u, as follows

VYm)’m €Y, N(Yruy'n) = Yn+m;

or by its associated coproduct, Ay, defined by

n—1
Vyn €Y, Au(yn) = Y yi®yn-i
i=1
satisfying,
Vx,y,z €Y, (Ay |y®z) = (x| 1(y2).

Let Q(Y) be equipped by

1. The concatenation (or by its associated coproduct, Aconc).
2. The shuffle product, i.e. the commutative product defined by [23]

VWEY*, ww lys = lyxiuw =w,

Vx,y € Y,u,v € Y*) xuwyv = x(uw yv) +y(xuv)
or with its associated coproduct, A, defined, on the letters, by
V€Y, Ay =@ 1+ 1@y
and extended by morphism. It satisfies
Yu,vyw €Y*, (A, w|u®v)=(w]|uwv).
3. The quasi-shuffle product, i.e. the commutative product defined by [47]

YweY", wwly =lpwmw=w,
Vx,y € Y,u,v €Y", J’i“‘-"’—’)’jvZYj(Yi“t“V)+Yi(“thjV)
(i yj) (e v)

or with its associated coproduct, Ay, defined, on the letters, by
Yy €Y, Ay = A, yi+ Auyk
and extended by morphism. It satisfies
Yu,vyw € Y™, (Aww | u®@v) = (w|uwv).

Hence, with the counit e defined by, for any P € Q(Y), e(P) = (P | 1y+), one gets
two pairs of mutually dual bialgebras
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A, = (Q(Y),conc, ly<,A , ,e) and f%ﬂuf = (Q(Y),uw, Iy, Aconc, €),
Hwr = (Q(Y),conc, Iy, A, e) and S, = (Q(Y), w, Iy+, Aconc, €).

By the CQMM theorem (see [6]), the connected N-graded, co-commutative Hopf
algebra .77, is isomorphic to the enveloping algebra of the Lie algebra of its primi-
tive elements which is equal to Zieg(Y) :

H,, 2 U (Lieg(Y)) and ) = U (Lieg(Y))".

Hence, let us consider [9]
1. The PBW-Lyndon basis {p, }wey+ for % (Zieg(Y)) constructed recursively
Py =Y foryey,
pi = [ps,pr] ~ forl € LynY, standard factorization of / = (s,r),
Pw = p;i p;’; forw="0"...[5 11 = ... l,ly....I[t € LynY,
2. And, by duality'?, the linear basis {5, }yey for (Q(Y),w, 1y+), i.e.
Yu,v € Y™, (pu|sv) = Sun-

This basis can be computed recursively as follows [51]

sy =, foryey,
S| = ysy, forl =yu € LynY,
L1 g LU iy
8, WS

Sy = —'lk forw:l’]'l ...l,l;",ll = ...l e LynY.

i] h.. Lt
As in (8), one also has Schiitzenberger’s factorization for the diagonal series Zy
N
Dy = Z WRw = Z Sy @ Py = H exp(s; ® py).
wey* wey* leZLynY

Similarly, by the CQMM theorem, the connected N-graded, co-commutative Hopf
algebra .71+, is isomorphic to the enveloping algebra of

Prim((x ) = Im(7; ) = spang {7 (w)[w € Y™},
where, for any w € Y*, ; (w) is obtained as follows [6, 44]

(-1
ﬂl(w):WJrZT Z (W lup s ooug) uy .oy 9)

k>2 Uy, up€Yt

12 The dual family of a basis lies in the algebraic dual which is here the space of noncommutative
series, but as the enveloping algebra under consideration is graded in finite dimensions (here by
the multidegree), these series are in fact (multihomogeneous) polynomials.
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Note that Equation (9) is equivalent to the following identity [6, 44, 45]

w= — Z <w|u||_+_v...tuuk>77:|(u])...7r](uk). (10)

t Uy, U €Y

In particular, for any y; € Y, we have successively [6, 44, 45]

-1 -1
”l()’k):)’kJFZ( l) Y vy (11)
1>2 Jpaeedy =1
j1ttip=k
1
=Yg L mbg)mby) (12)

Hence, by introducing the new alphabet ¥ = {7},cy = {71 (y) },cy. one has
(@6’), conc, Iy, A,,) = (Q(Y),conc, ly+, Aw)

as one can prove through (12) that the endomorphism y —  is, in fact, an isomor-
phism

112

(
(

(%‘—"’—’))a

S = U (Lieg(T))
v (Hm))"

S = U(Lieg(T))

I
I

% (Prim

% (Prim

By considering

1. The PBW-Lyndon basis {IT,, },,cy+ for % (Prim(#+)) constructed recursively
as follows [44]

II, =m(y) foryey,
I, = [I,II,] forl e £ynY, standard factorization of [ = (s,r),
11, :IT;]I IT;: fOI'W:ll]I ...l]l(k,ll ... >-lk,ll...,lk€Zan,

2. And, by duality, the linear basis {Z, },vey+ for (Q(Y), w1, 1y+), i.e.
Vu,ve Y™, (I, | Z,) = Suy-
This basis can be computed recursively as follows [5, 44]

=y, foryey,
ysk 4y
5 = Zﬁzl""b” forl =yy, ...y, € ZLynY,
©) '
Lt Lt ; j
le lll_-l-_l...L-HElk k forw:li]...llik,With
il i Vo= € LynY.

L, =

In (!), the sum is taken over all subsequences {ki,...,k;} C {1,...,k} and all
Lyndon words [ > --- > I, such that (yy,...,ys,) £ (yxk] R Y SEey B
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where < denotes the transitive closure of the relation on standard sequences,
denoted by < (see [5]).
We also proved that, for any w € Y*, [6, 44, 45]
Oy=w+ Y evandZ,=w+ Y  fv (13)

v-w,(v)=(w) v=w,(v)=(w)

In other words, the elements of the bases {X,, }ey+ and {IT,,},cy- are lower and
upper triangular respectively and they are of homogeneous in weight.
We also get the extended Schiitzenberger’s factorization of Zy [6, 44, 45]

\
=Y EyoI,= [] exp(ZeII).

wey* leZLynY
Example 6 (of {IL, }wey+ and {Z,, }wey+, [5]).
1 1, T,
Y2 Y2 — %}% y2
" " b+
3 y3— %Y1Y2 - %Y2Y1 + %Y? 1 3
y2yi y2y1 —y2)1 33 +Y2)1
yiy2 y2y1 — %)? yiy2
i 3 Lys+ Lyoyi + 4y +3
V4 Y4 — %}’1}’3 - %}% - %}’3}’1 V4
+1v3y0 + Syiyoyn + 4320 — 3y
y3y1 31— %yzy% —yiy3+ %)‘%yz %}’4 +y3yi
3 Y3 =3yt — 3y + ot Iya+y3
y2y? Y2¥7 = 2Y19251 +Y1y2 ya+ Sysyi + 3y vyt
yiys | yiys—3tv2 — gy + ot Y4+ y3y1 + 13
yiyavi Yiy2ay1 — ¥y Iya+yayi +33
323} + 3yiys v
¥y yivs — 3y Lya+yayi +33 + 3233
Y13+ Y1y2y1 +1y2
4 4 1,0 12000 2
Y1 Y1 24)}4+ 6y3y1+4y2+ﬂ2y1
+%y1y3 + %ylmw + %Y%m +Y?

2.2 Indiscernability over a class of formal power series

2.2.1 Residual calculus and representative series

Definition 1. Let S € Q((X)) (resp. Q(X)) and let P € Q(X) (resp. Q((X))). The left
and right residual of S by P are respectively the formal power series P<S and S P
in Q((X)) defined by (P<S | w) = (S| wP) (resp. (S>P | w) = (S| Pw)).

For any S € Q((X)) (resp. Q(X)) and P,Q € Q(X) (resp. Q((X))), we straightfor-
wardly get P<(Q<S) =PQ<S,(S>P)>Q=S>PQand (P<S)>0=P<a(S>Q).
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In case x,y € X and w € X*, we get'? xa(wy) = §w and xwy = & w.

Lemma 1. (Reconstruction lemma) Let S € Q((X)). Then

S=(S|1x)+ Y x(Spx)=(S|1x)+ ) (x<S)x.

xeX xeX

Theorem 1. Le § € Der(Q(X), ., Lx+). Moreover, we suppose that 8 is locally
nilpotent'*. Then the family (t8)"/n! is summable and its sum, denoted exp(t3§),
is is a one-parameter group of automorphisms of (Q(X),u, 1x+).

Theorem 2. Let L be a Lie series, i.e. A, (L) = L&1 + 1&L. Let 8,8} be defined
respectively by 8 (P) := P<L,8}(P) := L>P. Then §8J,58} are locally nilpotent
derivations of (Q(X),w, 1x+). Hence, exp(t8}),exp(t3]) are one-parameter groups
of Aut(Q(X), ., 1x+) and exp(t8])P = P<exp(tL),exp(t5} )P = exp(tL) > P.

Example 7. Since x;< and >xg are derivations and the polynomials {Z; }/cc #ynx—x
belong to xoQ(X)x; then x; </ = I>xp = 0 and x; <8, = S§;>x0 = 0.

Theorem 3. Let S € Q((X)). The following properties are equivalent:

1. The left C-module Resy(S) = span{w<S | w € X*} is finite dimensional.
2. The right C-module Res;(S) = span{S>w | w € X*} is finite dimensional.
3. There are matrices A € M1 ,(Q), N € Mn1(Q) and p : X* — My, such that

$= ¥ lutomlw=A( 1l 51 ).

wex* leLynX

A series that satisfies the items of Theorem 3 will be called representative series.
This concept can be found in [1, 14, 48, 17]. The two first items are in [22, 28]. The
third can be deduced from [8, 14] for example and it was used to factorize, for the
first time, by Lyndon words, the output of bilinear and analytical dynamical systems
respectively in [30, 31] and to study polylogarithms, hypergeometric functions and
associated functions in [33, 35, 42]. The dimension of Resg(S) is equal to that of
Res;(S), and to the minimal dimension of a representation satisfying the third point
of Theorem 3. This rank is then equal to the rank of the Hankel matrix of S, i.e. the
infinite matrix ({S | uv)), ex indexed by X* x X* so called Hankel rank of S [22,
28]. The triplet (A, 1,1n) is called a linear representation of S'° . § is called rational
if it belongs to the closure by +, conc and star operation of proper elements'’. Any
noncommutative power series is representative if and only if it is rational [3, 53].
These rationality properties can be expressed in terms of differential operators in
noncommutative geometry [14].

13 For any words u,v € X*, if u = v then 5} = 1 else 0.
14 ¢ € End(V) is said to be locally nilpotent iff, for any v € V, there exists N € N s.t. ¢V (v) = 0.
15 j.e. the dimension of span{S>IT | IT € C(X)} (resp. span{IT<S | IT € C(X)}).

16 The minimal representation of S as being a representation of S of minimal dimension. It can be
shown that all minimal representations are isomorphic (see [3]).

17 For any proper series S, i.e. (S| 1y+) = 0, the series §* = 1 +S+ 5>+ ... is called “star of §”
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2.2.2 Background on continuity and indiscernability

Definition 2. ([29, 43]) Let JZ be a class of C{((X)) and S € C{{(X)).

1. S is said to be continuous over FZ if for any ®@ € S, the following sum, denoted
by (S || @), is absolutely convergent ¥, cy+ (S | w)(D | w).
The set of continuous power series over # will be denoted by C"((X)).

2. S is said to be indiscernable over . if and only if, for any @ € 77, (S| &) =0.

Proposition 1. Ler S € C"((X)). 57 is a monoid containing X and {e" ;GG(%

1. If S is indiscernable over ¢ then for any x € X, x<S and S>x belong to

C"((X)) and they are indiscernable over F¢ .
2. S is indiscernable over ¢ if and only if S = 0.

Proof. 1. Of course, x<S and S>x belong to C™((X)). Let us calculate (x<S |
@) = (S || Px) and (S>x || @) = (S || xP). Since S is indiscernable over .7 and
note that x®, @x € 7 for evvery x € X; P € S, then

(S| @x) =0, and (S || xP) = 0.

Hence x<S and S©x belong to C"((X)) are indiscernable over ¢

2. §=0is indiscernable over .7. Conversely, if S is indiscernable over 7 then by
the previous point and by induction on the length of w € X*, w<S is indiscernable
over . In particular, (w<S | Id ») = (S| w) = 0. In other words, S = 0.

2.3 Polylogarithms and harmonic sums

2.3.1 Structure of polylogarithms and of harmonic sums

Let Q := C — (] —o0,0]U[1,4o0[) and let ¥ := Clz,1/z,1/1 —z]. Note that the
neutral element of ¢, for the pointwise product, is 1 : 2 — C such that z +— 1.
One can check that Liy, ., is obtained as the iterated integral over the differen-
tial forms @y (z) = dz/z and @;(z) = dz/(1 — z) and along the path 0 ~ z [32] :
"

. . |
Li .5 (2) = 0§(xg xi...xy " x) = Y (14)
n1>...>n,>on] R [

By (1), Liy, .5, is then denoted also by Lixf)lflx] ) or Liys] Vst [33, 35, 36].

ly

Example 8 (of Lip = Liyy, ).

i sds 5 dt <ds (3 ‘ 7 gkl =
a(;(xox1)=/0 T/o 71_t=/0 T/OdtZt =Z/OdsT:l§]k—2.

k>0 k>1
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The definition of polylogarithms is extended over the words w € X* by putting
Liy, (z) :=log(z). The {Liy },ex+ are €-linearly independent [12, 39, 36] and then
the following function, for v =y;, ...y, € Y™, are also C-linearly independent [12,
41]

1

Li,(z
- V( ) = Z HV(N) ZN, where HV(N) = T s
1—
. N>0 N>y >..>n,>0 1 - T

P,(2):

Proposition 2. ([41]) By linearity, the following maps are isomorphisms of algebras

Pe : (C{Y), 1) — (C{Py, }yey+,®), ur— Py,
He : (C{Y), 1) — (C{Hy }wey+,.), ur— H, = {H,(N)}n>o0-
Theorem 4. ([43]) The Hadamard €-algebra of {P, }wey+ can be identified with

that of {P;}ic yny. In the same way, the algebra of harmonic sums {H,, },,ey+ with
polynomial coefficients can be identified with that of {H; }c #yny-

Let L, P and H be the noncommutative generating series of respectively {Li,, },ex
{Py hwex+ and {H,,(N) }yey+, for |z|< 1 and N > 1 [39, 41] :

L(z)= Y Liw(x)w: P(z):&; HN)= Y H,(N)w. (15

wex* -z wey*

Definition 3 (Polylogarithms and harmonic sums at negative multi-indices). For
any sq,...,sr € (N)", let us define [16], for |z|< 1 and N > 0,

Liy, . 5 (2) = Z n'...ony 2" and Hoy, — (N) = Z n'...ny.

ny>..>n>0 N>ny1>..>n>0

The ordinary generating series, P_y,  _ (z), of {H_, _ (N)}n>0is

Now, let'® ¥y = Y U{yo} and let ¥; denotes the free monoid generated by Y,
admitting 1yg as neutral element. As in (1), let us introduce another correspondence

(S15.058r) EN" 3 yg .y, €Y.

In all the sequel, for some convenience, we will also adopt the following notations,
forany w =yy, ...ys, € Y5,

.....

Example 9 ( Li;r and H;r ). By Proposition (5), we have Li;() = A". Hence,
0 0

18 with yg > y1.
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Lig@ o y (1;/)2]\1 and then H,, (N) = (N>

1—z (I_Z)r+1 430 r

Definition 4. With the convention Hl’y* =1, we put
0

L™ (z):== Y Lij(gw: P (z):=

N *
weYy

: H (N):= Y H,(N)w.

N *
weYy

Since, for y, € Y,u € Y* (resp. yx € Yo,u € ¥) and N > 1, one has Hy,,(N) —
Hy, (N —1) = N"*H,(N —1) (resp. H; ,(N) —H,, (N — 1) = N*H, (N — 1)). Then

Proposition 3. H and H™ satisfy the following difference equations

H(N):(1y*+2%)H(N—1):II_VI(1y*+Z%):1y*+ Y H.(N)w

k>1 n=1 k>1 weY* >N

H (N) = <1yg + Zyka> H(N-1)= ﬁ <1yg + Zyknk> =ly+ Y H,(N)w

k>0 n=1 k>0 wGYS‘,\w\ >N

Hence, for any w € Y* (resp. w € Yy), H,,(N) (resp. H,,(N)) is of valuation N.

In all the sequel, the length and the weight of u = y;, ...y; € Y* are defined
respectively as the numbers |u|=k and (1) =i + ...+ i.

Definition 5. Let g,h € Q ((Yp)) [[#] be defined as follows (here,

lys |=(ly;) =0)

BE) = Y ()4 w5y and g(r) = Y 10y = (z t<>r>+ly)*.

weYy weYy NS

Remark 1. 1. The generating series & is an extension of the Euler series ) ,~qn!t"
and it can be obtained as Borel-Laplace transform of g.

2. The ordinary generating series % () := 1+Y,>y, " and its inverse are group-
like. The generating series A (1) = ¥,ey; 1)+ can be obtained from 1/% (1)
by use the following change of alphabet y, < ty, it can be expressed as

8(r) = <1 *rg,o(*tyr) tr)l = (r;)(tyr) t’>*.

Now, let us consider the following differential and integration operators acting
on C{Li, },yex* which can be extended over € {Li,, },yex= [42] :

d. =d/dz, 6y =zd/dz, 0, = (1 —z)d/dz,1p : Li,, — Liyw, 11 : Liy, — Ligw
Let ® and S be monoid morphisms such that @ (1x+) = 3(1x+) =Id and, for x; €

X,veX*, O(vx;) = O(v)6; and 3 (vx;) = 3(v)1;. By extension, we obtain H#Zonc =
(Q(O(X)),conc,Id, A, €) and 7, = (Q(I(X)),w,Id, Aconc, €). Hence,
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Proposition 4. 1. The operators {6y, 61,1,1; } satisfy in particular,

0+ 6y = [9] , 90] =0, and Vk=0,1,6,1, =1d,
[9()11 s 91 l()] =0and (9011 )(9] l()) = (9] lo)(@ol]) =Id.

2. Foranyw=y;, ...ys, € Y* (mx(w) :xf)'flxl .. .x(s)rflxl) andu =y, ...y, €Yy,
we can rephrase Li,,,Li,, as follows

Liv =1 0.0 ') lg and Li; = (60 'y ...60 )1,
60 Lixymy (w) = Liny(w) and 01 Lig gy () = Lizy (),
1o Llirx(w) = LlXO”X(W) and 1, Li,, = Lle”X(W) .

w

. €{Liy }wex+ =2 € @ C{Liy, }yex+ is closed under of 19,11, 6y, 6;.
4. Let A(2) :=z/(1 —2) € €. Then A and 1/ A are the eigenvalues of 611 and ;1
within € {Li, } wex+ respectively :

Vfe %{Liw}ng*, (Qol] )f = kf and (9] lo)f = f/)L
5. Forany n >0 and w € X*, one has"®

OW)Liy=1lgand 3! = Y (@®0)A,, (w).

wexn
6. For any P,Q € Q(X) and R € ZLieqg(X), one has
O(R)Lip,,, 0 = Li(p,,, g)r = (@(R)Lip)Lig +Lip(O(R)Lig).

Proof. The proofs are immediate.
Proposition 5. [16]

1. For any w € Y, one has Li, (z) = AM(2)A7 (2)(1 —2)~"), where A7 is the ex-
tended Eulerian polynomial defined recursively as follows

n—1
Y A ifw=yr X,
k=0

A;V (Z) = 51 Sl -
. P *
i;() ( l )AyiAy(S|+s2i)ysg“'y»?r lf‘W = Yk € YOYO ?
and A, i are Eulerian numbers satisfying A, y = l;':o(_] )/ (”erl) (k41— )"

2. Forany w € Y*, let us define {G,,(n) }nen by the following generating series

(m+1)0  Li,(2)
G o O T

n>w

Then H, (N) = (N+ 1)N(N—1)...(N— |w| +1)G,,(N).

19 For any w=ux;, ...X;, € X", we denote w =x;, ...X;,.
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3. Li, (z) €Q[(1—2)"'] € € and H,,(N) € Q[N] of degree |w| +(w).
Example 10. [16][Case of r = 1 by Maple]

1. Since Ay (2) /(1 —2)"™ = ¥ 202/ (j+1)" then Liy, (z) = 24,(z) /(1 —2)" " (see [20] for exam-
ple). For example,

Liy, (z) = 72(1—2)72 =—(1-2)7"+(1-2)72
Liy(2)= zlz+1)(1-27 =(1-27"'=3(1-22+2(1-2)
Liy, (z) = 2P Hdz+ 1) (12t =—1—2) " +7(1—2) 2= 12(1 —2) 3 +6(1 —z)~*.

2. For any positive integer m, one has
1 m m+1 1 m+1 [ m+1—k m+1 m+1—l
H, (N)=— By(N+1)" = —— B/| N
() m+1k:0(k>k(+) | &\ )P
where By, is the k-th Bernoulli’s number given by its exponential generating series
d—1 Z k
k>0
For example, (recall that B = 1,B; = —1/2,B, = 1/6,B3 =0,Bs = —1/30),
H; (N) = (N+1)2/2—(N+1)/2 =N(N+1)/2,
H,(N)= (N+1)*/3=(N+1)*/2+(N+1)/6 =N@2N+1)(N+1)/6,
— _ 4 3 274 2
Hy (N)= (N+1D)*/4—=(N+1)°/24+(N+1)*/4 = (N(N+1)/2)".
Example 11. [16][Case of r = 2 by Maple]

1. From what precedes, Li, , = (6’"+1l|)Li* = Gm(Goll)Li* Since, by Example 9, we have
(6ou)Liy, = Li, Liy, thenLi, . = 63'[Li, Li | = ( )Ll Li,

- . For example,

Lis (2) = Liy, (1) Liy, (2) + (L, (2))?

—(1—2) ' 4501 -2)2=7(1—-2) 3 +3(1—2)~*
Lij, (2) —le(,(Z) i, (2)+ 3Li*(Z)Liy§(Z)
(1—1) T 111 —2) 24311 —2) 3 =331 —2) *+12(1—-2) 3,
Lij\, (z) = Liy () Liy, (z) + Liy, (Z)LI‘Z(Z)
(1—z) L 9(1—2) 2 +23(1—2) 3 =231 —2) *+8(1—2)°

2. For any positive integers m, n, one has

n m4n+1—ky m+n+2—ky—ky Bk|Bk2

Hy € Z Z k;o (n4+1)(m+n+2—ki)

n+1\ /m+n+2—k m+n+2—ky—kp Ne
ky ko k3

For example,

Hp, (N) = N(N* — 1)(12N* + 15N +2) /120,
H,(N) = N(N = 1)(2N + 1)(2N = 1)(SN + 6)(N +1) /360,
H;Z;(N) = N(N —1)(N +1)(30N* + 35N — 33N% — 35N +2) /840,
H (N) = N(N—1)(N+1)(63N° +- 72N* — 133N? — 138N* + 49N + 30) /2520,
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H\ (N) = N(N —1)(N+1)(280N® + 315N — 920N* — 945N’ + 802N* + 630N — 108) /15120,

H (V) = N(N=1)(N+ 1)(21N’ +36N* —21N3 — 48N> +8) /672.
3

Example 12. [16][General case]

1. One has, for any ys, u =yy, ...y, €Yy,

S|
Liy, , = 65" (Bo11)Li, =6y (ALi,, )= ) (;:)(eglx)(eglfklu;),

k1=0
. (i\1+...+k.\-,)f)
s1 s1+s2—k 1tk 51 51450 — ki
)y
e /qz:’o kzzz'o k,Z:’O ki ka
S1F. ks —ki—...— ke . 2 .
( ’ . " )(eg 2)(622)... (85 2).

Denoting S (k;, j) Stirling numbers of the second kind, one has

A(2), if k; =0,

, ki _
Vi=1,..r, 6A(z) = (ki, )2 (2), if ki > 0.

HM>

In particular, if @ € Y* then (1 —z)M Li;, (z) is polynomial of degree (w) in A(z).
2. We define, firstly, the polynomials {Byn1 wome (@)} npey by their commutative exponential
generating series as follows, for z € C,

M A r
Z Ban . (Z) 1 =1.. .l‘rez(tl+'”+t">H(etk+”‘+r’ _ ])717

I, [
ny,...,n-€N nyl...ng: k=1
or by the difference equation, for n; € N,

B

Yoy Vi

z+1) =By, .y, @+m" "By, ., (2).
For any w € y,Y,s > 1, we have B, (1) = B,,(0). Then let also, for any 1 <k <r,

by, :=B,,(0) and B,,(z) :== B (z) —
r—1—k
U . /
by, := by, and bmk e = Dy, 26 By o3 Oy v
=

Then we have the extended Faulhaber’s identities

k
By"l"'y"r(N) - Z I]l yﬂk+l ~Ynr ;nlfl---}'uk—l(Ni 1)

k=1
ﬁynl+l“'yllr+l(N+ ) 2:k 1 )"k+1+‘ )nr+IBVu|+I---ynk+l(N+1)
i+ 1) '

o (N) =
Proposition 6. [16] The following maps are morphisms of algebras
H : (C(Yp), ws) — ((C{H;}Weyo*,.) and P~ : (C(Yp), 1) —> ((C{P7W}Wey5,®)

Proof. Recall that the quasi-symmetric functions on the variables t = {f;}y>>1, i.e.
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FS] yeeesSr (t) = F}’Sl <Ysr (t) = Z t;ll ce t;:

ny>..>n>0

satisfy the quasi-shuffle relation [51], i.e. for any u,v € ¥, Fu,(t) = F, (t)F,(t).
Since Hy, (N) can be obtained by specializing, in Fy, s, (t), the variables t at

VI<i<N,j=iandVi>N,t; =0

then H™ is a morphism of algebras. Therefore, P~ is also a morphism of algebras.

2.3.2 Global renormalizations via noncommutative generating series

By (2.3.2), L and H are images, by the tensor products Li®Id and H & Id, of the
diagonal series Zx and %y respectively. Then we get

Theorem 5 (Factorization of L and of H, [36, 39, 44]). Let
N

Lreg = H M5 and Hieg(N) = H e
leLynX—X leZLynY —{y;}

Hy (V) Ez'

Then L(z) = e 110801 =0 L., (2)€%01°2% and H(N) = 1 M) Y1 Hyeg (N).

For any [ € LynX —X (resp. LynY — {y;}), the polynomial S; (resp. X;) is a
finite combination of words in xoX x| (resp. Y* — y;Y*). Then we can state

Proposition 7 ([44]). Let Z,, := Lyeg(1) and Zixy := Hyeg(o0). Then Z,,, and Z+,
are group-like, for A |, and A ., respectively.

Proposition 8 (Successive integrations and differentiations of L, [42]). We have,
foranyn €N,

1. 1L = xg>L and 1{L = x> L.
2. d'L=D,Land 6jL =E,L, where? the polynomials D,, and E,, in € (X) are

deg(r) /ymi o i
b= XX TP e

wet(r)=n,cxdeg(r) i=1

E,

)M ﬁ( lr’ﬂ 1)Pr(w),

wet(r)=n,cxdeg(r) i=1

and for any w = x;, ---x;, and v = (ry,...,rx) of degree deg(r) = k and of
weight wgt(r) = k+ri +--- + 1, the polynomials t(w) = T (xi)) - Tr, (xi)
and pe(wW) = Py, (Xi,) - - - pr, (xi,) are defined respectively by, for any r € N,

20 Since 6y + 6) = 9, then we also have 0/'L(z) = [D,,(z) — E4(z)]L(z). The more general actions
of {®(w) }ex+ on L are more complicated to be expressed here.
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X0 —rlxg X rlxi
o) = = e and ) = =
(x0) = Orm =0and p,(x1) = o0 =L —Li (z)x
pPrXo) = 0 z - PriX1) = ol_Z* ﬂy(x671X|) I

Example 13 (Coefficients of 6yL). Since, for any u € X", 6yLiy, = Li, and 6; Liy, =
LipLi,, one obtains for example

e Forany n>1and w € X*, one has 6 Lixgw = Li,,. Hence,

6o Li,, = Lig, 62 Liy, =Li,, .65 Liy, =Li_ and 6 Liy, =Li_ o -

(x1) y (xox1) 0

o OoLip =LigLiy 0 Lip =Li_ Ly +Li5, 60 Lip =Liz (. Liy +3Li_  Lio because

(x0x1)

k—1
k—1
Vk > 1, e(’;Lix%:Z< ) )Li,jLizﬂ-,k.

=0\

The noncommutative generating series L satisfies the differential equation

dL = (xg@o +x; @ )L (16)
with boundary condition
L(z) g exp(xologz) and L(z) =7 exp(—xilog(1—2))Z,,. 17)

This implies that L is the exponential of a Lie series [39, 36]. Hence [42],

-1 k—1 ) )
logL =Y’ % Y Linw wiowe=Y Liy m(w).

k>1 IA],...,IAkEX+ wex*

Theorem 6 ([42]).

1. Let G,H be exponential solutions of (16). Then there exists a constant Lie series
C such that G = HeC.

2. Let Gal¢ (DE) be the differential Galois group associated to the Drinfel’d equa-
tion. Then Galc(DE) = {e“ | C € Liec((X))} and it contains the monodromy
group defined by /oL = Lexp(2inmg) and /L = LZ 'exp(—2inx)Z,, =

Lexp(2imm,), where mo = xo,m1 =[], vy eXp(—¢(S)) adp ) (—x1).

Then let us put?! A := 7yL and [43]

2! Here, the coefficient (B(y;) | y¥) corresponds to the Euler-Mac Laurin constant associated
to (Const(N) | y*), i.e. the finite party of its asymptotic expansion in the scale of comparison

{n"log (n) }aez pen.
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Mono(z) := ¢~ (1HDIE=) = § TP (o) o (18)

k>0

Const‘*ZH k— — (7yl)k

=) Hyyi=exp(—) Hy, ) (19)

=0 ! k>1

(=)
B(yl):=exp(ZC(yk) ’ ) (20)

k>1

and finally, B'(y1) := exp(yy1)B(y1). Hence, we get yP(z) -7 Mono(z)7yZ,,, and

H(N) N Const(N)nyZ,, as a consequence of (18)-(19). Or equivalently,

Theorem 7 (First global renormalizations of divergent polyzetas, [43]).

liZ)A(z) lim exp(ZHyk (zl)k>H(N)7ryZLu

limexp (y] log
21 Nt k=1

Theorem 8 ([19]). For any g € €{P,, }wey+, there exist algorithmically computable
coefficients cj,b; € C,a;,n; € Z,Bj, ki € N such that

82 =i Zcﬂ—z)‘”flogﬁf(l—z) (8(2) 12') gz, X bin™log™(n),
J =0

Theorem 8 means also that the {P,},cy+ admit a full singular expansion, at
1, and then their ordinary Taylor coefficients, {H,, },ey+ admit a full asymptotic
expansion, for +eo. More precisely,

Corollary 1. For any w € X* and for any k,i,j € N, k > 1, there exists uniquely
determined coefficients a;,b; j belonging to 2} Y, (), @ and Bi.j belonging to the
Q[y]-algebra generated by convergent polyzetas such that,

I L log ) o) k
Liy(z Za,log (I—2)+(Z,, |w) +Z Z bz; — ,j o, ((1-2)%) 21)
= j=1 i=
and, likely
hf k=l (+e0) i
Zallog +y7l'y + Z Z ﬁ”NJ log( )+0k (N7 ) (22)
j=1i=

Remark 2. 1) The two expansions (21) and (22) are asymptotic expansions of Li,, and
H,, with respect to the scales (1 —z)"log(1 —z)™; n,m > 0and N~ *log(N)™; k,m >
0 respectively.

ii) In (eq. 21), the error term o,((l)((l —2)¥) can be put to the form O,((l)((l —7)k+E)
for any € €]0,1].

More generally, by Theorem 6, we get
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Proposition 9. For any commutative Q-algebra A and for any Lie series C €

ZLiea(X), we set L=LeC, A = ayL and P(z) = (1 —z)"'A(z), then

1.Z,, =7, ¢ is group-like, for the co-product A,
2. L(z) ~ exp(—xilog(1—-2))Z,,,

z—1

3. P(z) ~ Mono(2)nyZ,

z—1

4. E(N) i COHSt(N)TEyZ_u,

where, for any w € Y* and N > 0, one defines the coefficient (H(N) | w) of w in
the power series H(N) as the coefficient (P,,(z) | 2V) of 2V in the ordinary Taylor

expansion of the polylogarithmic function Py,(2).
By Proposition 9, we get successively

Proposition 10 ([37]). Let Zl_u and € 4, be the characters of respectively (A(X),w)
and (A(Y), =) satisfying Zm (x0) = ZLU (x1) =0and €., (y1) = 0. Then

_ _ AN _
Y Cumw=Zy = TI ewn@s)n),
wey* leLynX—X

_ _ . _
Y Cowyw=Zw =] exp({(Z)IL).
wey* leZLynY —{y}

Proposition 11. Let {7,,}wey+ be the Euler-Mac Laurin constants associated to

{H,,(N)}wer+. Let Zy be the noncommutative generating series of these constants.
Then,

1. The following map realizes a character :
7. : (A<Y>7 Lt') — (]Ra')v wi— <7- | W> :7w'

2. The noncommutative power series 77 is group-like, for A+,.
3. There exists a group-like element Z_..._,,for the co-product A+, such that

77’ = Z 7w w= exp(yyl)z'—“'—' :

wey*

By Theorem 7, Propositions 9 and 11, we also get
Proposition 12. For any C € Liea(X) suchthatZ,,, = Z,,, ¢°. Then
Zy,=B(y1)nyZ,,, or equivalently by cancellation, Z\+; = B'(y1) Ty Z,,,,
where B(y1) and B'(y1) are given in (20).

By Proposition 9, the noncommutative generating series Z,,, and Z ., are group-
like, for the co-product A |, and A+, respectively, and we also have



Title Suppressed Due to Excessive Length 23

ZLJ_I = Z Z(SI)PI"" Z E._u (Sw) Py,

leZLynX-X w¢ LynX —X
Zw= Y LEym+ Y Cw(Z) .
leZynY —{yi} w¢ZLynY —{y1}

Hence, by Proposition 12, we deduce in particular,

Z Z(El) Hl-i-...:Bl(yl)( Z Z(nySl) 7l'yPl+)

leZLynY —{y1} leLynX—X

The elements of {7ty P, };c #ynx are decomposable in the linear basis {II,, },,cy+ of
% (Prim(#1+1)). Thus, by identification of local coordinates, i.e. the coefficients
of {ITi}jc #yny—{y,} in the basis {Z;};c oyny—(y, ), We get homogenous polynomial
relations on polyzetas encoded by {X;}jc #yny —{y,} [44].

Proposition 13. There exist A,B and C € Q(Yy) such that

_ 1 B 1 1 _
L @)5408| 1= ) P @B 128 7= | B W)y5.C0s).

where the series g,h were defined in the definition 5.

Proof. By Propositions 5, for w = yy, ...ys,, there exists a,b,c € Q such that

a b
o ) D SR - 00 S AN £ _ oNMEO)
Li, (Z)Zﬁl (1 _Z)\W\Jr(w)’ P, (Z)zﬁl (1 _Z)\w\+(w)+l » Hy, (N)N%+°°CN '

Putting (A | w) = (—1)Ma, (B | w) = (= 1)Mb, (C | w) = (—1)Mc, it follows the ex-
pected results.

Proposition 14. [16] For any w € Y, there are non-zero constants, namely C,; and
B,,, which only depend on w and r such that

. H,N) (W)
i e = b e By (N) oy, NYTHG,
1 — )W+ = N+ g—
lim (1 =2 ML, () _ 1, ie. Liy (2) 5
7—1 By, < (1 Z)

Moreover, C,, and B,, are well determined by

_ 1 _ _
.= JI O] € Qand B, = ((w)+ [w|)!C;, €N.

w=uv;v#1 ¥

Example 14. [16][of C,, and B}, ]
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w| C, |B, w C, B,

Yo 1 L[ yin 1/15 8

vil 1/2 [ 1] yays 1/28 180

| 1/3 2 y3v4 1/49 8064
yall/(n+ )| 0| yuye |1/[(n+1)(m+n+2)] n!m!('";ﬁrl)

il 12 1] yayays 1/280 12960

VI T/ [ 1| yovio)? 1/2160 9686476300

v 18 |3 |yyaysvi 1/2612736 4167611825465088000000

Proposition 15. [16] Let u,v € Yj. We get H,H, =H, .,,.
Proof. Let w € ¥ associated to s = (s1,...,s¢). The quasi-symmetric monomial
functions on the commutative alphabet r = {;};> are defined as follows

Mly(T ()=1land M,(t)= Y .. ¥

ny Iy
n>..>n>0

For any u,v € YJ, we have M,(t)M,(t) = My,(¢). Then, the harmonic sum

H;, ., (N) is obtained by specializing the indeterminates # = {£;};>1 from M,(t)
as follows: t; =ifor1 <i<Nandt;=0for N <i.

Theorem 9 (Second global renormalizations of divergent polyzetas).

1. The generating series H™ is group-like and logH™ is primitive. Moreover®?,

lim g” ' (N)OH (N) =1limh® ' ((1-2) oL () =C".

N—+oo z—1

2. kerH, is a prime ideal of (Q(Yy), 1), i.e. Q(Yy) \ kerH, is closed by 1.

Proof. The first result is a consequence of the extended Friedrichs criterion [6, 44,
45] and the second is a consequence of Proposition 13.

Definition 6. For any n € N, let P, := spang, {w € Y'|(w) + |w| =n}\ {0} be the
blunt®® convex cone generated by the set {w € Y;|(w) + |w| = n}.

By definition, C, is linear on the set IP,. For any u,v € Y, one has uwv =

U v+Y, wi<l+p Xww and the x,,’s are positive. Moreover, for any w which belongs
(w)=(u)+(v)
to the support of ¥ jwj<ju+pv| Xww, one has (w) + |w| < (u) + (v) + |u| + |v|, thus, by

(wW)=(w)+(v)
the definition of C, , one obtains

Corollary 2. 1. Letw,v € Y. Then C,,C,, =C,,,,, =C,,

wiy wlkly:
2. Forany P,Q ¢ kerH,, Cp Cy = Cpyyp and Q(Yo) \kerHy is a w — multiplica-
tive monoid containing Y.

Now, let us prove that C,” can be extended as a character, for ., or equivalently,
C™ is group-like (see the Freidrichs’ criterion [51]) and then logC™ is primitive.

22 Here, the Hadamard product is denoted by ® and and its dual law, the diagonal comultiplication
is denoted by A. . The series g, & are defined in Definition 5.

23 j.e. without zero or see Appendix A.
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Lemma 2. Let </ be an unitary R-associative algebra and f : U,>oP, — </ such

that

1. Forany u,v € Yy, f(uwv) = f(u)f(v). In particular, f(lyo*) =1y.
2. On every P, one has f(¥;c; 0tiwi) = Yics 0if (W), where o € RY,..

Then f can be extended uniquely as a character, i.e. Sy = ):weY(;‘ f(w)w is group-like

forA,,.

Proof. By definition of f and Sy, it is immediate (S | ]yJ> = 1,,. One can check

easily that A |, (Sy) = Sy ® Sy. Hence, Sy is group-like, for A, .

Corollary 3. The noncommutative generating series C~ is group-like, for A, .

Proof. It is a consequence of Lemma 2 and Corollary 2.

Example 15. [16][of C, | , and C,.,,] Let Yo = {yi};>0 be an infinite alphabet.
u C, v C, Uy Cov
Yo 1 Y0 1 2y5 1
% 1/2
Y1 1/2 y2 1/3 Y1y2 + 32y 1/6
yiy2 1/15 Yoy 1/10
ym_ |m+D7TT . [+ D)7 YinYn + YnYm [(m+D)(n+ D]
(nt1)1 (mt+1)71
YmYn (nt+m+2) YnYm (m+n+2)
Vi 1/2 y2Ys 1/54  |y1y2y5 +Y201Y5 + Y25V 1/108
yivays | 1/594 | yayiys | 1/528
yaysy1 | 1/176
Yoy 1/6 y2y3 1/28 YoY1Y2y3 +Yoy2y1Ys 1/168
+Yoy23¥1 + y2y3Y0)1
+Y2y0¥1Y3 +¥2Y0Y3)1
yoy1y2y3| 1/2520 |yoyayiy3| 1/2160
Yoy2ysyi| 1/1080 |yaysyoyi| 1/420
yayoyiys| 1/1 68? yayoysyi| 1/ 840] : :
Yo | e | e | (i | Yeowedtyaaws | i
+YaYeYayp + YeYaYaYp
TYeYaYbYd + YeYaYaYp
u C, v C, ultly C i,
Yo T ] 1 2y +Yo 1
Vi /2 [y | 1/3 Y12 +y2y1 +3 1/6
Y [(m4+1) "y [(n+1)7! YmYn & YnYm & Ynim [(m+1)(n+1)]"!
Vi 1/2 |yys| 1/54 Y1Y2Ys +Yay1ys + y2ysyi 1/108
+Y3¥5 +¥2)6
yovi| 1/6 |y 1/28 YoY1y2Y3 +Y0y2)1y3 1/168
+Y0y2y3¥1 +Y2Y3Y0)1
FY2Y0Y1Y3 + Y2Y0Y3Y1 + Yoy2Y4
+y0¥3 + Y2391 + Y2153
: : +y2yo0ya +Y2y3y1 +Y2ya : :
Y| ey veva| S YaYb¥eVd + YaYeVpVa s
tYaYeYaYp + YeYaYaYp + YeYaYbYd
+ycyayd Vb + YaYeYb+d + YaYb+cYd
tYeYaYbtd + YeYatalp
+Ya+cYbYd T Ya+rcYaYb T VatcYb+d
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In the above tables, it is clearly seen that C, is linear on P,. For example, let u = y; and v =
y2ys. Then uwsv = yiy2ys +y2y1ys + y2ysy1- Hence, we get Cy \ +Cy o +Cy iy
ﬁ + ﬁ = ﬁ =G, C\Tz)’s =Gy, L yays® Note that y1y2y5,251Y5,y2Y5y1 € P11. But we have also
ULy = y1y2ys5 + y2y1¥5 + y25y1 +¥3y5 + y2y6. Moreover, Cy o+ Gy v + Gy + Gy +
Choy = ﬁ + % ﬁ =, C,,,,- However, from y3ys, y2y6 € P19, we can conclude that

_ L
7594—"_

Cyl Llyyys — Cyl Y2¥s+Hyay1ys+yaysyiHyaystyave CVI)'Z.VS +y2y1Y5+Y2Y5)1

—1/108 =C;, C;,

Y17y2ys”

3 Polysystems and differential realization

3.1 Polysystems and convergence criterion

3.1.1 Estimates (from above) for series

Here, (K, ||.||) is a normed space.
Definition 7. ([29, 43]) Let &, x be real positive functions over X*. Let S € K((X)).
1. S will be said & — exponentially bounded from above if it satisfies

FK R, meNYwe X" ||(S|w)| <KE(W)/|w]|.

We denote by K&~¢™((X)) the set of formal power series in K ((X)) which are & —
exponentially bounded from above.
2. § satisfies the y —growth condition if it satisfies

FK R, MeNYwe X", (S| w)|| <Kx(w)|w]|.

We denote by KX ~8((X)) the set of formal power series in K{(X)) satisfying the
X —growth condition.

Lemma3.I[fR= Y |w[lwthen (R*2|w)= Y Jult|v|t<2M [w]L
wex* u,yeX*
supp(u| || v)ow

Proof. One has

W W | W | W
Y qultpp=Y) ) k!(|w|—k)!:Z(k)k!(|w|—k)!:Z|w|!.

u,veX* k=0 l=k.M=m—k k=0 k=0
supp(u || v)aw supp(u || v)ow

The last sum is equal to (14 |w|) |w|!. By induction on |w|, one has 1+ |w| < 2],
Then the expected result follows.

Proposition 16. I S1,S, satisfy the growth condition then S1 + S»,S11 83 do also.
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Proof. Tt is immediate for 1 + S,. Next, since ||(S; | w)|| < Kixi(w) |w]! then

StwSafwy= Y (Si|u)(S2]v),

supp(uL v)dw

= S wl <Kk Y Ga@) ul)0e@) v]).

u,veX*
supp(u || v)aw

Let K = K| K; and let x be a real positive function over X * such that, for any w € X*
x(w) = max{x(u)x2(v) | u,v € X* and supp(uv) > w}.

With the notations in Lemma 3, we get [|(S;w Sy | w)|| < Kx(w)(S1RM2 | w).
Hence, S| 11 S5 satisfies the y’-growth condition with x/(w) = 2"y (w).

Definition 8. ([29, 43]) Let & be a real positive function defined over X*, S will be
said &-exponentially continuous if it is continuous over K™ ((X)). The set of for-
mal power series which are &-exponentially continuous is denoted by K& ((X)).

Lemma 4. [29, 43] For any real positive function & defined over X*, we have
K(X) C KE=((X)). Otherwise, for & =0, we get K(X) = KO=¢((X)). Hence, any

polynomial is 0—exponentially continuous.

Proposition 17 ([29, 43]). Lez &, x be real positive functions over X* and P € K(X).

1. Let S € KS~*™((X)). The right residual of S by P belongs to K&=*™((X)).

2. Let R € KX~8((X)). The concatenation SR belongs to KX & ((X)).

3. Moreover, if & and x are morphisms over X* satisfying ¥ .cx x(x)&(x) < 1 then,
for any F € KX~2¢((X)), F is continuous over K&~ ((X)).

Proof. 1. Since S € K&~™((X)) then
JK eRy,Ine N, Yw e X=", (S| w)]| < KE(w)/|w]!.

If u € supp(P) then, for any w € X*, one has (S>u |w) = (S| uw) and S>u
belongs to K™ ((X )):

JKeR,IneNYwe X", ||(Sou|w)|| < [KEw))E(w)/|w]!.

It follows that S P is KS (X)) by taking Ky = K max,cqupp(p) & (1)
2. Since R € KX~£¢((X)) then

JK R, Ine N, Ywe X" (S| w)] < Kx(w) |w].

Let v € supp(P) such that v # €. Since Rv belongs to KX¥~¢°((X)) and one has,
forw e X*, (Rv|w) = (R|v<w), i.e. there exists K € Ry,n € N such that

IR [vaw)[| < Kx(vaw)(lw| = [v)I <K [w]x(w)/x()-
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Note if vaw = 0 then (Rv | w) = 0 and the previous conclusion holds. It follows
that RP is KX~£¢((X)) by taking K> = K min,cqupp(p) x(v)!

3. Let &, x be functions which satisfy the upper bound condition. The following
quantity is well defined

¥ 200500 = ( § 2000
wex* xeX

If F e KX2¢((X)),C € K~ ((X)) then there exist K; € R, ,n; € N,i = 1,2 such
that, forw € X=" || (F |w)|| < K1 x(w) |w|! and [[{C | w)|| < K2& (w)/|w]!. Thus,

Yw e X", [wl=max{n,na},  [[(Flw)(Clw)| < KiKax (w)§ (w),

=Y [E )] <Kk Y x(W)é(W)K1K2<Zx(X)€(x)) |

wex* wex* xeX

3.1.2 Upper bounds a la Cauchy

The algebra of formal power series on commutative indeterminates {q, ..., g, } with
coefficients in C is denoted by C[lg1,. .., gn]

Definition 9. ([29, 43]) Let f =€ Clg1,...,qx]. We set

E(f) : the interior of E(f) in R".
CV(f):={q€C":(|q1],---,|qn]) €EE(f)} : the convergence domain of f.

f is convergent if CV(f) # 0. Let % C C" be an open domain and g € C".
f is convergent on ¢ (resp. over %) if g € CV(f) (resp. % C CV(f)). We set

C¥lg1,---qnll :={f € Cllgu,...,qn] : CV(f) # 0}. Let g € CV(f). There exist
Cr € Ry,p € E(f),p € E(f) such that | g1 [< p1 < pi1,--.,|gn [< P < pn and
|ﬁ1 77777 in|pil...prll"§Cf',f0ri|,...,in20.

The convergence modulus of f at g is (Cy,p,p).

Suppose CV(f) # 0 and let g € CV(f). If (Cy,p,p) is a convergence modulus of
fatgthen |fi g} ...qn|<Cr(p1/p1)t...(P1/p1)". Hence, at g, f is majored

termwise by Cr[T{ (1 — pr/px) " and it is uniformly absolutely convergent in
{g€C":|q1|< P,...,|gn|< p} which is open in C". Thus, CV(f) is open in C".
Since the partial derivation D' ... Dy" f is estimated by

i : aj|+---+j,l m Dy -1
ID]! .. DY | < Crrm—sier (1_9_) |
P10 Pn g P

Proposition 18. ([29]) We have CV(f) C CV(D]'...Dj f).
Let f € C%[q1,...,qa]. Let {A;}i—01 be a polysystem defined as follows
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noo) .
A= ZA{a—q, Vi=1,...,n,Al(q) € C%[q1,....qn]. (23)
j=1 J

Let (p,p,Cr),{(p,P,Ci)}i=o,1 be convergence modulus at g € CV(f) Ni—o,1,j=1,...n

CV(A{) of f and {Alj}jzl’_,_?n. Let us consider the following monoid morphisms

&/ (1x+) = identity and C(1x+) =1, (24)
Vw=vwxj,x; €X,veX", o(w)=/(v)A;and C(w)=C(v)C;. (25)

Lemma 5. ([25]) Fori=0,1and j=1,...,n, one has A;oq; :A{. Hence,

u )
Vi=0,1, A=Y (Ajogj)—.
i ; i°qj aC]j
Lemma 6. ([23]) For any word w, </ (w) is continuous over C%[qy,...,q,] and,

forany f,g € CV[q1,...,qu], one has
d(wyo(fg)= Y (uwv|w)(e(w)of)(/(v)og).

u,veX*

These notations are extended, by linearity, to K(X) and we will denote </ (w) o fj,
the evaluation of &7 (w) o f at q.

Definition 10. ([23]) Let f € C*V[q1,...,qn]]- The generating series of the polysys-
tem {A;};—o 1 and of the observation f is given by

of =3 dwofw € C[q,....q (X))

wex*

Then the following generating series is called Fliess generating series of the
polysystem {A;}i—o | and of the observation f at g:

Gﬁq::ZM(w)oﬁqw e C{x).

wex*

Lemma 7. ([23]) The map o : (C[q1,...,qn],-) — (CV[q1,---,qu]] (X)), ) is
an algebra morphism, i.e. for any f,g € C|[q1,...,qn) and u,v € C, one has

o(vf+uh)=vof+uocgando(fg) =ofuog.
Lemma 8. ([25]) For any w € X*, (/' (w)o f) =w<of € CV¥(q1,...,qn]] {(X)).

Theorem 10. ([29])

1. Let T =min| <4<y, Pr and r = max <<, Pr/Px. We have
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n w)|wil n ‘W‘
o) 1 < €y St |

—r) (”*M*') T(l—r
n+1 n w
< cf((1 *r)lc(w)[r(lr)nﬂ} wlL.

2. Let K =Cy(n+1)(1 —r) ™" and x be the real positive function defined over X* :
Vi=0,1, x(x;)=Cn(1—r)~ /g,

Then** the generating series o f of the polysystem {Ai}i=0,1 and of the observa-
tion f satisfies the } —growth condition.
3.2 Polysystem and nonlinear differential equation

3.2.1 Nonlinear differential equation (with three singularities)

Let us consider the singular inputs uo(z) :=z~' and u;(z) := (1 —z)~!, and

y(@) = fqz),
q(z) = Aolq) uo(z) +A1(q) ui(2), (26)
q(20) = o,
where the state ¢ = (¢1,...,9,) belongs to a complex analytic manifold of di-
mension 1, go is the initial state, the observation f belongs to C®¥[[¢1,...,gn] and

{A;}i=0,1 is the polysystem defined on (23).

Definition 11. ([31]) The following power series is called transport operator® of
the polysystem {A;},—o,1 and of the observation f

T = ;(* o (w) o (w).

By the factorization of the monoid by Lyndon words, we have [31]
7= (@ o) ¥ wow) = [T ewla,(s) o (r]
wex* leLynX

The Chen generating series along the path zg ~~ z, associated to @y, @, is

24 1t is the same for the Fliess generating series 0 fiq of {Ai}i=o,1 and of f at g.

25 These singular inputs are not included in the studies of Fliess motivated, in particular, by the
renormalization of y at 4o [23, 25].

26 1t plays the role of the resolvent in Mathematics and the evolution operator in Physics.
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Sepwz =Y (S|w)wwith (S| w) = (w) (27)

wex*

which solves the differential equation (16) with the initial condition Sy..,, = 1.
Thus, S;,-.; and L(z)L(z9) ! satisfy the same differential equation taking the same
value at zp and S;..; = L(z)L(z0) ~!. Any Chen generating series Sy, is group like
[50] and depends only on the homotopy class of zg ~~ z [10]. The product of S, ...,
and Sz, 18 Szpenzy = Szyey 2z - Let € €]0, 1] and z; = gexp(if;), for i =0, 1.
We set B = B1 — Bo. Let Iy(g,Bo) (resp. Ii(g,B1)) be the path turning around O
(resp. 1) in the positive direction from zq to z;. By induction on the length of w, one
has | (Spep) | W) |= (2&)Mxi B /| w1, where |w | denotes the length of w and | w |y,
denotes the number of occurrences of letter x; in w, for i = 0 or 1. When &€ tends to
07, these estimations yield Sp gy = B+ o(g). In particular, if I (g) (resp. I (€))
is a circular path of radius € turning around O (resp. 1) in the positive direction,
starting at z = € (resp. 1 — €), then, by the noncommutative residue theorem [39, 36],
we get

SFU(S) = eZirch + 0(8) and SF] (&) = efzircx] + 0(8). (28)

Finally, the asymptotic behaviors of L on (17) give [36, 39]

S£W17£ e M logSZLu efxglogel (29)

e—0T

In other terms, Z,, is the regularized Chen generating series Se..|—¢ of diffferen-
tial forms @y and @;: Z |, is the noncommutative generating series of the finite parts
of the coefficients of the Chen generating series ¢*11°2¢ S, |, ¢%0102€,

3.2.2 Asymptotic behavior via extended Fliess fundamental formula

Theorem 11. ([43]) y(z) = T o fi, = (0], |Szz)-

This extends then Fliess fundamental formula [23]. By Theorem 5, the expansions
of the output y of nonlinear dynamical system with singular inputs follow

Corollary 4 (Combinatorics of Dyson series).

¥(z) = Z gw(2) & (W) o fig

wex*

_ ni N logzA
- Z Z gxnlxl...x"kx] (Z) adAoAl T adAoAle et Oﬁ%
k>0n1 ;>0 ° 0

= [ e (gsl (z) &(P) quu)

leLynX

_ exp< Y gul(2) o (m (w))of%)v

wex*

where, for any word w in X*, g,, belongs to the polylogarithm algebra.
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Since ... = L(z)L(z0) " and ofj, ,L(z0)~" are invariant by d. = d/dz and
0y = zd /dz then we get the n-th order differentiation of y, with respect to d; and 6 :
91y(2) = (0fj,, | 9"Sepez) = (i, | 'L(2)L(z0) "),
60y(2) = (0, | 0§S:0—s) = (0], | LEL0) ™).

With the notations of Proposition 8, we get respectively

Iy(z) = (0f,, | IDa(2)L(2)]L(z0) ") = (0 fj, > Da(2) | L(z)L(z0) "),
063(2) = (0f,,, | Ea(2)L(2)]L(z0) ") = (0 fj, > En(2) | L(2)L(z0) ")
For zo = € — 0™, the asymptotic behavior and the renormalization at z = 1 of

d’y and Oy (or the asymptotic expansion and the renormalization of its Taylor
coefficients at 4-oo) are deduced from (29) and extend a little bit results of [43, 44] :

Corollary 5§ (Asymptotic behavior of output).

1. The n-order differentiation of the output y of the system (26) is a € -combination
of the elements g belonging to the polylogarithm algebra and®’, for any n > 0,

azny(l) fpv.et Z (o (w)o 4o | wH(D,(1—¢)e ™ loge Z, g —Yologe W),
wex*

(1) ~= ¥ (W) fi, | W) (Eall — ) 108 7, ¢oloee |y
eX*

2. If the ordinary Taylor expansions of d!'y and 6y exist then the coefficients of
these expansions belong to the algebra of harmonic sums and there exist algo-
rithmically computable coefficients a;,a; € Z,b;,b; € N,c;,c; € Z|y] such that

9'y(z) = Z diZ" and dy [ Zcikai logbi k,

k>0 i>0
n _ k 11.d, b
Boy(z) = Z ez and t; [ Zcikal log”i k.
k>0 =0
27 Moreover, we get more out of this ie. 6y(z) = (0fi, | 01Szwc) = (Ofj, |

O7L(z)L(zp)!). Therefore, 8f'y(z) = (Gﬂ% | [Du(z) — En(2)]L(z)L(z0)" ") = (O‘f‘% >[Dy(z) —
Ey(2)] | L(z)L(z0)~"). Hence, 6fy(1) Lwex+ (& (w) o fi, | wH[Da(l — &) — En(1 —
8)]67)“ loge Z, e—Xologe | W).

The actions of 6y = up(z)~'d/dz and 6; = u;(z)~'d/dz over y are equivalent to those of the
residuals of o f\qo by respectively xg and x;. They correspond to functional differentiations [24]
while d; = d/dz is the ordinary differentiation and is equivalent to the residual by xo +x; .

e—0t
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3.3 Differential realization

3.3.1 Differential realization

Definition 12. The Lie rank of a formal power series S € K{(X)) is the dimension
of the vector space generated by

{S>II|IT € Lieg(X)}, or respectively by {II<S | II € Lieg(X)}.

Definition 13. Let S € K((X)) and let us put Ann(S) := {II € Liex (X) | S>IT =0},
and Ann* (S) := {0 € (K((X)), ) | Q> Ann(S) = 0}.

It is immediate that Ann™(S) > S. It follows then( see [25, 52] and Lemma 7),

Lemma 9. Let S € K((X)). Then

1. If S is of finite Lie rank, d, then the dimension of Ann*(S) is d.
2. Forany Q1 and Q> € Ann*(S), one has Q11 Q> € Ann™(S).
3. Forany P € K(X) and Q| € Ann™-(S), one has P< Q1 € Ann*(S).

Definition 14. ([25]) The formal power series S € K((X)) is differentially produced
if there exist an integer d, a power series f € K[gy,...,Gq4]], a homomorphism ./
from X* to the algebra of differential operators generated by

d. . p] .
‘Q{(-xl') = ZA{@hjd)aq_’ Where VJ: 1)"'adaAzj'(q1)"'7Qd) GK[[QI,,q_d]]
j=1 J

such that, for any w € X*, one has (S | w) = o7 (w) o f,.
The pair (<7, f) is called the differential representation of S of dimension d.

Proposition 19. ([52]) Ler S € K((X)). If S is differentially produced then it satisfies
the growth condition and its Lie rank is finite.

Proof. Let (<7, f) be a differential representation of S of dimension d. Then, by the
notations of Definition 10, we get

of,=8= g*(d(w)Of)‘o w.
We put
It (W)of)

Vi=1,...d, Tj=Y 37,
J

wex*

Firstly, by Theorem 10, the generating series o f satisfies the growth condition.
Secondly, for any IT € Ziek (X) and for any w € X*, one has

(ofeIl|w) = (of | w) = o/ (ITw)o f = & () o (& (w)o f).
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Since o7 (IT) is a derivation over K[gy,...,q4]:

d d
/) = $ /o) 77
S (o (A (w)of) = Ji(&f(ﬂ) R
then we deduce that
v X, <Gf>HIW>;i1(%(H)Oq]')<TjIW>,
— ofsI= vd (/(IT)0g)) T;.

J

This means that o f>I1 is a K-linear combination of {Tj}j:] ... and the dimension
of the vector space span{c f>IT | [T € Liex(X)} is less than or equal to d.

3.3.2 Fliess’ local realization theorem

Proposition 20. ([52]) Let S € K((X)) with Lie rank d. Then there exists a basis
S1,...,84 € K(X)) of (Ann*(S),w) = (K[Sy,...,8,]),.w) such that the S;’s are
proper and for any R € Ann™(S), one has

..... in

0= <R | 1X*>ari]....,id S K.

Ll L,
S, lu_l...LJ_lSd ¢ where r0.,...,

it |
i g >0 HL et

Proof. By Lemma 9, such a basis exists. More precisely, since the Lie rank of S is d
then there exist P, ...,P; € ZLieg(X) such that S>Py,...,S> Py € (K{(X)), 1) are
K-linearly independent. By duality, there exists Sy,...,S; € (K{(X)),us) such that

d
Vl',jil,...,d, <Si|Pj>:6i7j, andR:Hexp(Si}’i).
i=1

=

Expanding this product, one obtains, via PBW theorem, the expected expression for

ated by Sy,...,S4.
With the notations of Proposition 20, one has

Corollary 6. 1. If S € K[Sy,...,Sy] then, for any i = 0,1 and for any j=1,....d,
one has x;<S € Ann*(S) = K[Sy,...,S,].

2. The power series S satisfies the growth condition if and only if, for any i =
1,....d, S; also satisfies the growth condition.
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Proof. Assume there exists j € [1,...,d] such that S; does not satisfy the growth

condition. Since S € Ann" (S) then using the decomposition of S on Sy,...,S,, one

obtains a contradiction with the fact that S satisfies the growth condition.
Conservely, using Proposition 16, we get the expected results.

Theorem 12. ([25]) The formal power series S € K{(X)) is differentially produced
if and only if its Lie rank is finite and if it satifies the y-growth condition.

Proof. By Proposition 19, one gets a direct proof. Conversely, since the Lie rank of
S equals d then by Proposition 20, setting 6 f|, = S and, for j =1,...,d, 04; = S;,

1. We choose the observation f as follows

- - Tiy,..., in =i i - —
f(qh"'aqd): Z ﬁqlllqigEK[[qlvaqdﬂ
iyig>0 HLe et
such that
= = Tiyyeosin = 1 = 3
Gf\o(‘]la---v%i):_ Z>Oﬁ(0m)m”w---w(GQd)w“',
L] 5eeny =

2. It follows that, for i = 0,1 and for j = 1,...,d, the residual x; <6 belongs to
Ann' (o ,) (see also Lemma 9),

3. Since of satisfies the y-growth condition then, the generating series 0G; and
x;<og; (fori=0,1 and for j = 1,...,d) verify also the growth condition. We
then take (see Lemma 8)

Vi=0,1,Yj=1,....d, 6A%(qi,...,44) =xi<90q;,

by expressing GA; on the basis {6§;}i—1,..4 of Ann*(c f|,).
4. The homomorphism .27 is then determined as follows

4 d
VZ = Oa 1) ‘Q{(-xl') = ZAl](q157Qd)a_—a
=0 qj
where, by Lemma 5, one has A;(ql veesGa) = 9 (xi) 0 Gj.
Thus, (27, f) provides a differential representation®® of dimension d of S.

Moreover, one also has the following

Theorem 13. ([25]) Let S € K((X)) be a differentially produced formal power se-
ries. Let (&, f) and (7', f') be two differential representations of dimension n of
S. There exist a continuous and convergent automorphism h of K such that

YweX*VgeK, h(o(w)og)=a(w)o(h(g))and f' = h(f).

28 In [25, 52], the reader can find the discussion on the minimal differential representation.
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Since any rational power series satisfies the growth condition and its Lie rank is

less than or equal to its Hankel rank which is finite [25] then

Corollary 7. Any rational power series and any polynomial over X with coefficients
in K are differentially produced.
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