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A lower bound on the spectrum of the sublaplacian

Amine Aribi, Sorin Dragomir', Ahmad El Soufi’

ABsTRACT. We establish a new lower bound on the first nonzero eigen-
value 1;(6) of the sublaplacian A, on a compact strictly pseudoconvex
CR manifold M carrying a contact form 6 whose Tanaka-Webster con-
nection has pseudohermitian Ricci curvature bounded from below.

1. INTRODUCTION AND STATEMENT OF MAIN RESULT

By a classical result of A. Lichnerowicz (cf. Theorem D.I.1 in [8], p.
179) and M. Obata (cf. [34]) for any m-dimensional compact Riemannian
manifold (M, g) with Ric, > kg the first nonzero eigenvalue 4,(g) of the
Laplace-Beltrami operator A, satisfies the estimate

6] A1(g) = mk/(m—1)

with equality if and only if M is isometric to the unit sphere S™ c R™*!. The
main ingredient in the proof of (1) is the Bochner-Lichnerowicz formula (cf.
e.g. (GIV.S5)in [8], p. 131)

1
@ —5 A (ldulP) = [Hess@)IP - g (Du. DAgu) + Ricy(Du, Du)

for any u € C*(M,R). The great fascination exerted by the Lichnerowicz-
Obata theorem on the mathematical community in the last fifty years promp-
ted the many attempts to extend (2) and (1) to other geometric contexts e.g.
to Riemannian foliation theory (cf. S-D. Jung & K-R. Lee & K. Richard-
son, [27], J. Lee & K. Richardson, [31], H-K. Pak & J-H. Park, [36]), to
CR and pseudohermitian geometry (cf. E. Barletta & S. Dragomir, [3], E.
Barletta, [4], S-C. Chang & H-L. Chiu, [10], H-L. Chiu, [11], A. Green-
leaf, [23], S. Ivanov & D. Vassilev, [24], S-Y. Li & H-S. Luk, [32]) and to
sub-Riemannian geometry (cf. F. Baudoin & N. Garofalo, [7]). The present
paper is devoted to a version of the estimate (1) occurring in CR geometry.
Given a compact strictly pseudoconvex CR manifold (M, T'; o(M)) endowed
with a positively oriented contact form 6, the pseudohermitian manifold
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(M, 0) carries a natural second order, positive, formally self-adjoint oper-
ator A, (the sublaplacian of (M, 6)), formally similar to the Laplacian in
Riemannian geometry, yet only degenerate elliptic (in the sense of J-M.
Bony, [9]). However A, is hypoelliptic and (by a result of A. Menikoff & J.
Sjostrand, [33]) it has a discrete spectrum

oAy ={4,0):veZ, v>0}, limA, =+oo,

V—00

) =0, A,(0) <A,,0), vzl

On the other hand, by a result of N.Tanaka, [37], and S.M. Webster, [38],
(M, 0) carries a natural linear connection V (the Tanaka-Webster connection
of (M, 0), ctf. also [12], p. 25) whose Ricci tensor field is formally similar
to Ricci curvature in Riemannian geometry. It is then a natural problem to
look for a lower bound on A,(6) whenever Ricy is bounded from below. By
strict pseudoconvexity (M, #) also carries a natural Riemannian metric gy
(the Webster metric of (M, ), cf. [12], p. 9) whose associated Riemannian
volume form is (up a multiplicative constant depending only on the CR
dimension n) ¥y = OA(dO)". Let div : X(M) — C*(M, R) be the divergence
operator associated to the volume form Wy. Then the sublaplacian may be
written in divergence form as A,u = —div(VZu) where V#u (the horizontal
gradient) is the projection of the gradient Vu with respect to gy, on the
Levi, or maximally complex, distribution H(M) = Re {To(M) & Ty 1(M)}.
Consequently the horizontal gradient V7u is the pseudohermitian analog to
the gradient Du in Riemannian geometry. The first step is then to produce
a pseudohermitian version of (2) i.e. compute A,(||V7u|?) (for an arbitrary
eigenfunction u of A,) in terms of the pseudohermitian Hessian V?u and
the Ricci curvature Ricy of the Tanaka-Webster connection. The first to
realize the difficulties in producing a pseudohermitian analog to (2) was A.
Greenleaf, [23]. Indeed his Bochner-Lichnerowicz type formula

(3) % A (IV"0ull?) = " (uaptias + ttopitzg) + 20 ) (iztto, = ugttan) +

@ ’B

+ Z Raﬁuauﬂ +in Z (Aaﬂuauﬁ - Aaﬁuauﬁ) + % Z {ug (Aput), + uy (Apu)z}
B B a
involves the torsion terms A,z (possessing no Riemannian counterpart).
Here V' = Y, usT, (notations and conventions as used in (3) are ex-
plained in §2). However the attempt to confine oneself to the class of
Sasakian manifolds (M, gy) (as in [4], since Sasakian metrics g4 have vanish-
ing pseudohermitian torsion i.e. A,z = 0) isn’t successful either: while tor-
sion terms may actually be controlled (when exploiting (3) integrated over
M) by the L? norm of V7y, the main technical difficulties really arise from
the occurrence of terms ), (ugtto, — UqlUoz) containing covariant derivatives
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of V7y in the ~bad” real direction T transverse to H(M) (the Reeb vector
field of (M, 6)).

The novelty brought by the present paper is to establish first a version
of Bochner-Lichnerowicz formula for a natural Lorentzian metric Fy (the
Fefferman metric of (M, 0), cf. [29], [21]) on the total space of the canoni-

cal circle bundle S' — C(M) "5 M. Fefferman metric F ¢ was discovered
by C. Fefferman, [20], in connection with the study of boundary behav-
ior of the Bergman kernel of a strictly pseudoconvex domain in C". An
array of problems of major interest in CR geometry e.g. the CR Yamabe
problem, [25], the study of subelliptic harmonic maps, [26], and Yang-
Mills fields on CR manifolds, [6], are closely tied to the geometry of the
Lorentzian manifold (C(M), Fy). Indeed the aforementioned problems are
projections on M via  : C(M) — M of Lorentzian analogs to the corre-
sponding Riemannian problems, as prompted by J.M. Lee’s discovery (cf.
[29]) that 7.0 = A,, where O is the Laplace-Beltrami operator of F, (the
wave operator on (C(M), Fy)). For instance any S !-invariant harmonic map
® : (C(M), Fg) — N into a Riemannian manifold N projects on a subellip-
tic harmonic map ¢ : M — N (in the sense of [26] and [6]). The arguments
in [8] carry over in a straightforward manner (cf. our § 3) to Lorenzian
geometry and give (cf. (21) below)

1
(4) 3 0(FDS.D) = Fy(D*f . D’f) = (DFYTS) + Ricp(Df . DY)

and the corresponding integral formula (22). The projection on M of (4)
then leads to another analog (similar to A. Greenleaf’s formula (3)) to
Bochner-Lichnerowicz formula and then to a new lower bound on A,(9).
Precisely we may state

Theorem 1. Let M be a compact, strictly pseudoconvex, CR manifold of
CR dimension n. Let 0 € P, be a positively oriented contact form on M
and Ay, the corresponding sublaplacian. Let Ricy be the Ricci tensor of the
Tanaka-Webster connection V of (M, 6) and 4,(0) € o(A,) the first nonzero
eigenvalue of Ay. If

5) Ricy(X, X) > k Gy(X, X)
for some constant k > 0 and any X € H(M) then

©) 40 =

n Po
—(n T3 {(n +3)k—(11n+ 197, — 2+ 1)}

with 7y = sup,cy, |7l and py = sup.,, p(x) > nk, where T and p are respec-
tively the pseudohermitian torsion and scalar curvature of (M, 9).

The lower bound (6) is nontrivial only for k sufficiently large (i.e. k must
satisfy (89) in § 6). Let (M, gy) be a Sasakian manifold (equivalently 7 = 0,
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cf. e.g. [12]). Then under the same assumption (i.e. (5) in Theorem 1) A.
Greenleaf established the estimate (cf. [23])

nk
7 A1(0) >
(7 1(0) = B
Lower bound (6) is sharper that (7) when
Lo
k )
®) ~ n(n+3)

If for instance M = S2"*! is the standard sphere in C**!, endowed with
the canonical contact form 6 = (i/2) (5 - 6) |z|*, then py = 2n(n + 1) and
k = 2(n + 1) hence (8) holds (and (6) is sharper than (7)).

The essentials of CR and pseudohermitian geometry are recalled in § 2
(by following mainly [12]). The projection of (4) on M gives

1 2
©) =5 8 (I9"ulF) = |1 Vu]|” = (V") (Apua)+
3(n+ 1
ATV 1) g) — (":2 ) AV u . 9+
n+3 . Jo,
R VH VH _ VH 2
+ Riew (Vu, V) St Dy

(the pseudohermitian Bochner-Lichnerowicz formula, cf. (79) in § 5) and
the corresponding integral formula (80). The main technical difficulty in the
derivation of (9) is to compute the Ricci curvature Ricp of the Lorentzian
manifold (C(M), Fy). This is performed by relating the Levi-Civita con-
nection D of (C(M), Fy) to the Tanaka-Webster connection V of (M, 0) (cf.
(23)-(27) in § 4, a result got in [6]) and adapting to S! — C(M) — M a
technique originating in the theory of Riemannian submersions (cf. [35])
and shown to work in spite of the fact that 7 : (C(M), Fy) — (M, gy) isn’t a
semi-Riemannian submersion (fibres of 7 are degenerate). The relationship
among D and V may then be exploited to compute the full curvature tensor
RP. Only its trace Ricp is evaluated in [29] and the formula there appears
as too involved to be of practical use. Our result (cf. (50)-(54) in Lemma 3
below) is simple, elegant and local frame free. This springs from the decom-
positions T(C(M)) = Ker(o) ®RS and Ker(o) = H(M)! ®RT", themselves
relying on the discovery (due to C.R. Graham, [21]) that o € Q'(C(M))
(given by (20) below) is a connection 1-form in the principal circle bundle
S! — C(M) — M. As a byproduct of Lemma 3 one reobtains the result by
J.M. Lee, [29], that none of the Fefferman metrics {Fy € Lor(C(M)) : 6 €
%.} is Einstein. Integration of (9) over M produces (by (78)) terms ||uol|;2
where uy = T(u) and u is an arbitrary eigenfunction of A,, corresponding
to a fixed eigenvalue A € o<(A,). The L? norm of the (restriction to the Levi
distribution H(M) of the) pseudohermitian Hessian I, V?u is estimated by
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using (82) (a result got in [4]). Torsion terms and Ricci curvature terms are
respectively estimated by (87) and as a consequence of the assumption (5)
in Theorem 1 (together with (86)). Finally to control ||ug||;> one exploits
a fundamental result got in [10], and referred hereafter as the Chang-Chiu
inequality (cf. (91) in Appendix A).

Spectral geometry (spectrae of Laplace-Beltrami and Schrodinger oper-
ators) on compact Riemannian manifolds has been intensely investigated
over the last twenty-five years by A. El Soufi & S. Ilias, [13], A. El Soufi
& S. Tlias & A. Ros, [14], A. El Soufi & B. Colbois, [15], A. El Soufi &
B. Colbois & E. Dryden, [16], A. El Soufi & N. Moukadem, [17], A. El
Soufi & H. Giacomini & M. Jazar, [18], and A. El Soufi & R. Kiwan, [19].
A program aiming to recovering the quoted works in the realm of CR and
pseudohermitian geometry was recently started by A. Aribi & A. El Soufi,
[1]. As part of that program A. Aribi & S. Dragomir & A. El Soufi studied
(cf. [2]) the dependence of spectrae of sublaplacians on the given contact
form. The present work is another step on this path (studying spectrae of
compact strictly pseudoconvex CR manifolds).

The paper is organized as follows. In § 2 we recall the needed elements
of calculus on a pseudohermitian manifold (including the curvature theory
for the Tanaka-Webster conection, cf. [37], [38] and [12]). The Lorentzian
analog (4) to the Bochner-Lichnerowicz formula (2) is derived in § 3. The
technicalities on curvature theory (needed to project (4) on M) are dealt with
in §4. In § 5 we relate the Lorentzian Hessian D*(u o ) to the pseudoher-
mitian Hessian V?u and derive the pseudohermitian Bochner-Lichnerowicz
formula (9). The lower bound (1) is proved in § 6. Appendix A contains a
proof of the Chang-Chiu inequality.

2. A ReEMINDER OF CR GEOMETRY

For all definitions and basic conventions in CR and pseudohermitian ge-
ometry we rely on [12]. Let (M, T o(M)) be an orientable CR manifold, of
CR dimension 7, and let , be the tangential Cauchy-Riemann operator. A
CR function is a C! solution to the tangential C-R equations dpf = 0. Let
H(M) be the maximally complex, or Levi, distribution on M and let J be
its complex structure. Let # be the space of all pseudohermitian structures
on M. For each 6 € P the Levi form is Gy(X,Y) = (dO)(X, JY) for every
X,Y € H(M). If M is nondegenerate then each 6§ € P is a contact form
1re. Wy = 0 A (d)" is a volume form on M. When M is strictly pseudo-
convex we denote by P, the set of positively oriented contact forms i.e. all
0 € P such that Gy is positive definite. If M is nondegenerate then for each
contact form 6 € P there is a unique nowhere zero, globally defined, vec-
tor field T € X(M) (the Reeb vector field of (M, #)) such that 6(T) = 1
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and T ]d6 = 0. By taking into account the direct sum decomposition
T(M) = HM)®RT one may extend the Levi form Gy to a semi-Riemannian
metric gy (the Webster metric of (M, 0)) given by go(X,Y) = Gy(X,Y),
8o(X,T) = Oand go(7T,T) = 1, for every X,Y € H(M). By a fundamen-
tal result of N. Tanaka, [37], and S. Webster, [38], for each contact form
6 € P there is a unique linear connection V (the Tanaka-Webster connec-
tion of (M, 0)) such that i) H(M) is parallel with respect to V, ii) Vg, = 0,
VJ = 0, and iii) the torsion tensor field Ty is pure i.e. Ty(Z, W) = 0,
Ty(Z, W) = 2iGy(Z,W)T and T o J + J o T = 0, for any Z, W € T o(M). For
all local calculations we consider a local frame {7, : 1 < @ < n} of T, o(M),
defined on the open set U, and set

85 =GoTo.Tg), Te=To, VTp=wp Ty,
wBA = réBQC , T(Ty) = AETE, Agp = goz7AZ,
a’ﬁ?’y’...e {]‘7... ’n}? A’B7C?... E {O?]‘?... ’n7 T?... ’ﬁ}'
Here {6" : 1 < @ < n} is the adpated coframe determined by 6*(Tp) = dj,
0*(T3) = 0 and 6*(T') = 0. Then (cf. e.g. (1.62) and (1.64) in [12], p. 39-40)
(10)  d9=2ig ;6" AP, do" =P AW +ONT, Ay =Ag,,

where ¢ = AgBE and Ag = A_g . Therefore, if we set A(X,Y) = go(7X,Y)

for any X,Y € X(M) then A is symmetric. Let RY be the curvature tensor
field of the Tanaka-Webster connection V. As to the local components of
RY we adopt the convention RY(Ty, Te)Tx = RuPpcTp (cf. [12], p. 50).
The Ricci tensor of V is Ricy(Y, Z) = trace {X e T(M) — RY(X, Z)Y} for
any Y, Z € T(M). Locally we set Ryp = Ricy(T4, Tg). The pseudohermitian
Ricci tensor is then R ;. By a result of S. Webster, [38] (to whom the notion
is due) Rz = R,",z. The pseudohermitian scalar curvature is p = g% Rz

_ -1
where [gaﬁ] = [gaﬁ] . Let us set
Haﬁ = dwaﬁ - wa/y A w‘yﬁ ’ QQ’B = HQIB - 2l9(l A 1-8 + ZiTa/ A 98 ’

where 6, = gaBHE, 0 =62, 1, = gaBTE and 78 = AEG“. By a result of S.M.
Webster, [38] (cf. also Theorem 1.7 in [12], p. 55)

(11) QF =R GO AT+ W0 N - W0 A0

where Wf i = &7V, Amz and WP = ¢"VzA,,. Givenu € C*(M,R) the
pseudohermitian Hessian is (V2u)(X,Y) = (Vxdu)Y for any X,Y € X(M).
Locally we set V up = (Vu)(T4, Tg). The pseudohermitian Hessian is not
symmetric. Rather one has the commutation formulae

(12) Voug = Vgu, , Vauﬁ = Vﬁua - Zigaﬁuo , ug =T,



(13) Voug = Vi — uzAj .

The 3" order covariant derivative of u is (V:u)(X,Y,Z) = (VxH,)(Y,Z) =
XH,(Y,2))-H,(VxY,Z)- H,(Y,VxZ) for any X, Y,Z € X(M), where H, =
V2u. Locally we set uape = (Vu)(Tu, Ty, Tc). Commutation formulae
for uspc have been established by J.M. Lee, [30] (cf. also [12], p. 426)
and are not needed through this paper. We shall use the divergence oper-
ator div : X(M) — C*(M,R) determined by Lx¥y = div(X) ¥, for ev-
ery X € X(M), where Ly is the Lie derivative. The horizontal gradient of
u € C'(M,R) is Vlu = T1yVu where Iy : T(M) — H(M) is the pro-
jection associated to the direct sum decomposition T(M) = H(M) @ RT
and Vu is the ordinary semi-Riemannian gradient of u with respect to g
re. go(Vu,X) = X(u) for any X € X(M). The sublaplacian of (M, 0) is
the second order differential operator A,u = —div (VH u), u € C*(M,R).
Another useful expression of the sublaplacian is Ayu = —traceg, Iy V?u or
Apu = — Zill {E.(E,(u)) — (Vg E,)(u)} for any local Gg-orthonormal frame
{E,: 1 <a<2nfof HM)on U c M. If {T, : 1 < a < n}is alocal frame
of T\ o(M) on U C M then

(14) Aput = =Vou® — Vyu® .

A complex valued differential p-form w € QP(M) ® C is a (p, 0)-form (re-
spectively a (0, p)-form) if T (M) Jw = O (respectively To (M) Jw = 0
and T |w = 0). Let A»°(M) — M and A®?(M) — M be the relevant bun-
dles and Q”°(M) and Q*P(M) the corresponding spaces of sections. Let
¥ be the flow on M tangent to the Reeb vector 7" (i.e. T(¥) = RT). Let
QL F) = {w € QM) : T]w = 0} be the space of all basic (1, 0)-
forms (on the foliated manifold (M, F), cf. also [5]). If w € Q;%F)
one may use the Levi form to define a unique complex vector field w* €
C>(Ty1(M)). Here w* is determined by w(Z) = Gy(Z, w¥) for any Z €
T o(M) hence locally wf = Tz where ¥ = g%w, and w = w,0". Let
op - Q;O(T) — C*(M, C) be the differential operator (due to [30]) defined
by dyw = div (w*) and 6,0 = 0 forany w € Q' (F). Similarly if n € Q!(M)
then let * € C*(T o(M)) be determined by n(Z) = Gy(7*, Z), Z € T, (M),
and let us consider

5y 1 Q¥ (M) - C°(M,C), 6, =div(n). neQ™ (M),

so that (locally) n* = n°T, where n = 7736‘5 and n* = g“BnE. Also 6w =
Ve and 5, = V1. For each f € C*(M, C) we set

(15) (PHZ = gP (V) (Z Ty, Tp) + 2ni A(Z. (V' )),



(PNZ=0, (PNT =0, ZeTioM).
Here X0 = I, o X forany X € H(M) and I,y : HM)®C — T, (M) is the
natural projection associated to H(M) ® C = T o(M) & Ty,;(M). Note that
g% (VT/;(V2 f)) (T4, Z) 1s invariant under a transformation 7', = UgT,g with
det [Ug] # 0on U N U’, hence (Pf)Z is globally defined. Locally one has

Pf = (Paf)6f, Pof = f5"5 + 2ni A f7,
(compare to Definition 1.1 ang (1.2) in [10], p. 263). Similar to P :
C*(M,C) — Q;°(F) we build P : C*(M, C) — Q%! (M) given by

(16)  (Pf)Z=g"(Vf)(Z T5. T) - 2niA(Z, (V" ))*),
(PNZ =0, (PNHT =0, ZeT M),

where X% = X0 for any X € H(M). Also let!

(17) Pof = 6,(Pf) +6(Pf), f€C (M,C).

From now on we assume that M is a compact strictly pseudoconvex CR
manifold and 6 € P,. Then g, is a Riemannian metric on M. It should
be observed that the operators above are complexifications of real operators
familiar in Riemannian geometry, as follows. For instance let #f be “raising
of indices” with respect to gy i.e. gy (aﬂ,X) = a(X) for any (real) 1-form
n € QY(M) and any (real) vector field X € X(M). Then the musical iso-
morphisms § : Qp(F) — C=(To (M) and § : Q> (M) — C*(T,o(M))
(as built above) are restrictions of the C-linear extension (to Q!(M) ® C =
C®(T*(M)®C)) of f : Q' (M) — X(M) to Q;°(F) and Q'(M) respec-
tively. Also let Qu(F) be the space of all basic 1-forms on (M, ¥) and
d, : C*(M) —> Qé(?’: ) the first order differential operator given by d,u =
du — ug 0 for every u € C*(M,R) where uy = T(u). Let d; be the formal
= (w, dpu)2, w € Qp(F), u € C*(M), with
respect to the L? inner products

(l/l, V)L2 = f uy \IJ@’ (a’ﬁ)L2 = f g;(a’ ﬁ) lPOa
M M

forany u,v € C*(M,R) and @, 8 € Q'(M). Letd,, : C*(M,C) - QL(F)RC
and d; : Q};(T) ® C — C*(M,C) be the C-linear extensions of dj, and d;.
Then

Lemma 1. i) Q,(F)®C = Q};O(T) @ Q"\(M), ii) d,f = dpf + Opf for any
f € C™(M,C), iil) &;| 10, = T} = =63, V) d 8, = —0p.

2

adjoint of dj i.e. (djw, u),

(F) |9°~1<M> -

IThe operator Py in this paper and [10] differ by a multiplicative factor %.
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Here the tangential C-R operator 6b is thought of as Q%!(M)-valued (i.e.
one requests that Z | Bb f=and T | 61, f = 0 to start with). Also d,f is the
unique element of Q. O(T ) coinciding with df on T o(M). Locally d,f =
f.6% and 8,f = f50F where f, = To(f) and fy = T(f). Also &, and 3,
are the formal adjoints of 9, : C®(M,C) — Q.°(F) and 8), : C*(M, C) —
Q!(M) with respect to the L? inner products

(f,g)Lz=ff§‘Pe, (wl,wz)y:fGZ(wl,Bz) ¥y,
M

M

for any f, g € C*(M, C) and any complex 1-forms w; , w, either in Qg’o(?‘)
or in Q®'(M). Statements (i)-(ii) in Lemma 1 are immediate. The last
equality in (iii) (respectively in (iv)) is due to [30] (cf. also [12], p. 280).
To prove (iii) one integrates by parts in (d,w, f),>. For every f € C*(M,R)

[ s(@+Pr @) wo=(Pr+Br ) = ~Pot P

(compare to (1.3) in [10], p. 263). By a result of S-C. Chang & H-L.
Chiu, [10], the operator P, is nonnegative i.e. fM(Pou)u Yy > 0 forany u €
C*(M,R). We end the preparation of CR and pseudohermitian geometry by
stating the identity (a straightforward consequence of (14))

(18) u® u, ﬂ+u u—ﬁ— —u® Pou — u® Pyu+

+2ni (Agpu il = Aggu™iP) = (V1) (Apu).
Compare to (2.3) in [10], p. 267.

3. BOCHNER-LICHNEROWICZ FORMULAE ON FEFFERMAN SPACES

Let S' — C(M) %, M be the canonical circle bundle over a strictly
pseudoconvex CR manifold M, of CR dimension n (cf. e.g. Definition
29 1n [12], p. 119). We set M = C(M) for simplicity. Let 6 € P, be
a positively oriented contact form on M and let Fy be the corresponding
Fefferman metric on 91 i.e.

(19) Fo=nGy+2(0) 00,

1 i ol
20 = ——1d Niw," —=¢g"dgy— ———0]|;.
@) o n+2{7+"(”’“ 28 T a1 )}
Cf. Definition 2.15 and Theorem 2.4 in [12], p. 128-129. As to the notations
in (19)-(20) we set Gy = Gy on H(M) ® H(M) and G(T, W) = 0 for every
W € X(M). Moreover v is a local fibre coordinate on 9. We recall that

Fy € Lor(9M) i.e. Fy is a Lorentzian metric on i (a semi-Riemannian
metric of signature (— + - - - +)).
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Let D be the Levi-Civita connection of (91, Fy). Given a point z, € M
let {E£, : 1 < p < 2n+ 2} be a local orthonormal (i.e. Fy(E,, E,) =
€,0,, With €, € {+1}) frame of T(M), defined on an open neighborhood
' (U) c M of zg, such that (Dg,E,)(z0) = 0 forany 1 < p,q < 2n + 2.
Such a local frame may always be built by parallel translating a given or-
thonormal basis {e, : 1 < p < 2n + 2} C T, (M) along the geodesics of
(O, Fy) issuing at zo. Let O be the wave operator (the Laplace-Beltrami
operator of (M, Fy)). If f € C*M,R) and g = Fyo(Df,Df) then Og =
— Zi’:ﬁ € {Ep (Ep(g)) — (DE[,E,,) (g)}. A calculation of (Og)(zp), merely
adapting the proof of (G.IV.5) in [8], p. 131, to Lorentzian signature, leads
to

1
(1) ~50(F(Df.Df)) = Fy(D*f . D’f) = (DF)BS) + Riep(Df , D).

Here Ricp(X, Y) = trace {Z e T(M) — RP(Z, Y)X} and RP is the curvature
tensor field of D. Let us assume that M is a closed manifold (i.e. M is com-
pact and OM = 0). Then 9t is a closed manifold, as well (as the total space
of a locally trivial bundle over a compact manifold, with compact fibres).
Integration of (21) over M leads (by Green’s lemma) to the (Lorentzian
analog to the) L?> Bochner-Lichnerowicz formula

(22) fm | {F;(D*f. D*f) + Ricp(Df , Df) = (DF)TS)} d vol(Fy) = 0.

4. CURVATURE THEORY

By a result in [21] the 1-form o € Q'(M) is a connection form in the
canonical circle bundle S' — M — M. Let X' € X¥(OM) denote the hor-
izontal lift of X € X(M) i.e. X! € Ker(d.n) and (d.m)X] = Xy for
any z € M. Let § € X(M) be the tangent to the S'-action i.e. locally
S =[(n+2)/2]0/dy. The Levi-Civita connection D of (I, Fy) is given by
(cf. Lemma 2 in [6], p. 03504-26)

(23) DY = (VyV)' +{QX. ¥) o} TT+{or (| X", ¥'|) - 24X, V) 0 7} S,

(24) Dy T" = {7(X) + ¢},
(25) D X' = (Ve X + ¢X)' + 4 (do) X", TN S,
(26) DyiS = DsX' = %(JX)T,

27) DTV =2V, DgS =DgT' = DS =0,
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where Q = —d6 while ¢ : H(M) — H(M) and V € H(M) are the bundle
endomorphism and vector field determined by
(28) Go(@X,Y) o = (do)(X", Y1), Go(V,X) = (do)(T", X),
for any X, Y € H(M). Locally ¢ and V are given by

B _ I g___ P B _ 0_
(29) o —2(“2){& 2(n+1)6§}, ¢.” =0, ¢, =0,

= 1
@ — gy V= =+ i Wy
(30) Vi=8tVe Vit 30 {4(n+ HeET! aﬁ}
In particular [/, ¢] = 0 (as a consequence of (29)). We recall (cf. (1.100) in
[12], p. 58)

. 1
(31) Rlcgg(T/l > TV) = _E R/IV + g/lV s

(32) Ry =i(n—=1)Au, Roy=SL, Ri=0, Ry=0.
Here Ric,, is the Ricci curvature of (M, gy). Also S(X,Y) = (Vx1)Y —

(Vy7r)X for any X, Y € X(M), so that Sl’_jv are among S,{[Tj =STy, Ty). As
a consequence of (31) one has R; = Ry,,. Take the derivative of (20)

(n+2)do =7 {ia’wa" - % ¢ A dg,s ﬁ d(pe)}
and observe that dg"” A dg,s = 0. Also (by Theorem 1.7 in [12], p. 55)
dw,” = Rz 0 NG + (W5, 0 = W 0') A 0.
By 31)-(32)
(33) Ricy(X, JY) = =2i (R56" A 97) (X,Y)— (n- DAX, Y)
for any X, Y € H(M). Also d(pf) = —p Q on H(M) ® H(M). Consequently

o,
n+2 {Z(n +1)
- (n-1DAX,Y)—Ricy(X,JY)}.

By a result in [28], Vol. I, p. 65, [X,Y]" is the horizontal component of
[XT, YT] for any X, Y € X(M). When X,Y € H(M) the vertical component
may be easily derived from (34). One obtains the decomposition

(34) 2(do)(XT, Y =

QX, Y)-

2

(35) [XT D ] =[x, Y] + — {Ricv(X, JY)+
P

+(n - DAX,Y) - SO Q(X, Y)} S.
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Similarly let us compute f € C*(M) in [XT, TT] = [X,T]" + fS. If ¢ =
i(We,0" — W 67) then

or

(36)

1
H(dw," )X, T) = (g NOX, T) = 5 ¢X),

2(n +2)(do) X", T = p(X) -

2n+ 1) dpO)X, T)

1
2do)(X", T" = P {SO(X) T A+ 1)

o)

as T ] d6 = 0. We conclude (as o(S) = 1)

(37)

(X", TN =X, T]" +

n+2 {4(n 1) X - "D(X)}S'

Lemma 2. Let M be a strictly pseudoconvex CR manifold, of CR dimension
n, and O € P, a positively oriented contact form. The curvature R of the
Lorentzian manifold (I, Fy) is given by

(38)

RP(XT,¥NZ' = (R'(X. 1)Z)' -

I S
2n+ D(n+2)
n+>5

+2

{(VxRicy)(Y, JZ) — (VyRicy)(Y, JZ)} S +

X)) QY. Z) = Y(p) X, Z)} S -

{(VxA)Y, 2) = (VYA)X,Z)} S +

+—
n+?2

T T_ P T
+Q(Y,Z){(TX) +(6X) Mt )t (JX) }

P

— T T rFr
QUX,72) {(TY) + (¢Y) Mt )t D)

Jy)! } +

s gy Riev(JZ) — (1 + 5 A 2)) (JX)'-

. _ T_
D) [Ricy(X, JZ) — (n + 5) A(X, Z)} (JY)

n Jlr 5 [Riev(X. 7Y) (72)! - 20(X. ) Riex(T. J2) S | -

HLED P __P T_
—n+2{(n DA(X, Y) 1)Q(X, Y)} JZ)

2(n +

1
[¢<Z> T 1)Z<p)]S}.

—-2Q(X,Y) {(¢Z)T +

n+?2
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(39) RP(XT, THZ! = (R (X, T)Z) + (Vx)2) +

+n]? {e@)(IX)" + e(X)(J2)" - [Ricy(X, J$Z) + Ricy(1X, JZ)] S | -
1
4+ D(n+2)

2
= (Vo7 —
+n+2{( x¢)

{ZoX)" + X(0)I2)"} +

2 1) VX )Z} 5=

———{(VrRicy)(X, JZ) — (n + 5)(V;A)X, Z2)} S +
n+2

_ t__ P ol
+{Q(X, 9pZ2) — Q(1X, Z)} {T ot Dt 2)S}

T(p) G 3m+3)
4n+1Hn+2)" | n+2

20X, Z) {VT - AX, $Z) — A(TX, Z)} S,

(40) RP(XT, $)Z' = -

0 12) {Ricy(X,Z2) + (n +5)AX, JZ)} S—

1 N 0
300 {1~ i )

41) RP(XT, YDTT = (Vx1)Y + (Vxp)V)T + 4Q(X, V)V
—n—iz {Ricy(JTX, Y) — Ricy(X, JTY) + Ricy(J¢X, Y) — Ricy(X, JoY)} S —

ntS {Ricy(7X, JY) — Ricy(JX, 7Y) + 2(n — DQ(TX, 1Y)},

2(n+27
42)  R°(XT,YDS =0, R(TT, $)TT =0, RUT', $)S =0,
43) RD(TT , S)ZT —
I 1
= m {SO(JZ) —2¢(2) - m [(JZ)(p) - 22@)]}5’

forany X,Y,Z € H(M).
Proof. As H(M) is parallel with respect to V one has VyZ € H(M). Then
(by (23) and (34))

T— 1 T_ P
(44) Dx1(Vy2) = (VxVy2) + Q(X, VyZ) {T TCERTES) s} +

+$ {Ricy(X, JVyZ) — (n + 5)A(X,Vy2)} S.
Next (by (23)-(24), (26), (34) and (44))
(45) DDy Z" = (VxVy2)T +
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P
4%XGXKZ»+‘XX“”Z”{T un+1Xn+mS}+

X(p) n+s
2t Dn+2) QY2)S - —= (XAX.2) + AKX, Vy2)} S +

+ {X(Ricy(Y, JZ)) + Ricy(X, JVyZ)} S +

n+?2

T T_ P 1
+Q(Y,Z){(TX) +(6X) Mt )t ) (JX) }+

+ {Ricy(Y,JZ) — (n + 5)A(Y, Z)} (JX)".

2(n+2)
The calculation of D[XT,YT]ZT is a bit trickier as [X, Y] ¢ H(M) in general. To
start with one uses the decomposition (35) followed by [X, Y] = [14[X, Y] +
O([X, Y]T. This yields (by (26))

2
D 7" =DiyxynZ' + —— B(X,Y)DsZ" =
[XT,¥1] (X1t P (X,Y) Dg

1
= Dy xxiZ' + 60X, Y) D Z" + — B(X,Y)(JZ)!
where we have set

B(X,Y) = Ricy(X, JY) + (n — ) A(X, Y) — —2

2(n+ 1) QX T)

for simplicity. At this point we may use (23) (as [I4[X, Y] € H(M)) and
(25) so that

Dy Z" = (ViyixnZ)' + QUI4[X, Y1, 2) T

—2{(do) (M [X. YD, Z7) + A(TT4[X. Y], 2)} S+

+0(X. YD{(Vr2)" + (92) + 4do)(Z", THS | + n—j-2 B(X,Y)(JZ)".
Next (by 7 | QQ =T ] A = 0 and the identities (34) and (36))
(46) D[XT’yT]ZT = (V[X’Y]Z)T +

0
2+ 1D(n+2)

+Q([X,Y],Z2) {TT - S} _ne 5A([X, Y,Z2)S+
n+2

1
+ {RicV(X, JY)(JZ)! + Ricy (ITy[X, Y], JZ) S} +
n+?2

P
2(n+ 1)

+L {(n - DAX,Y) - Q(X, Y)} J2)"+
n+?2

Ve 2oz !
+O([X, Y]){(¢Z) t [SD(Z) Tt 1)2(0)]5}-



Moreover (by (45)-(46))
@7 R°X', YNZ' = (IDx: . Dyl = Dyxr y) 21 = (VxVy2)' +

____ P gl_
+{X(QY, 2)) + QX, VyZ)} {T 2(n+ 1)(n+2) S}
X(p) n+5

2t D(n+2) QY2)S - —= (X(AX.2) + AX, Vy2)} S +

+

5 (XRicy(Y,JZ)) + Rics(X, JVyZ)} S +
n

P

0 e
+Q(Y,2) {<TX> HR TP )

(JX)T} +

1) {Ricy(Y, JZ) — (n + 5) A(Y, 2)} (JX)" - (VyVx2)" -
- o
(Y(QX.2)) + QY. V4 2)) {T e S} .

Y(p)

n+5
s D e ) QDS+ VAKX Z) + A VA 2)} S -

— [YRicy(X, J2) + Ricy(¥.JVxZ)} S -
n

_ 1 t_____ P tl_
QX,2) {(TY) + (oY) T ) 12) JY) }

_2(n ) {Ricy(X,JZ) — (n + 5)A(X, Z)} (JY)' - (V[X’Y]Z)T -

0
2+ 1D(n+2)

-Q[X,Y],2) {TT - S} + nT 5A([X, Y),Z2)S -
n+2

. Jlr 5 {RiCV(X, JY)(JZ)! + Ricy (Iy[X, Y1, JZ) S} -

L P __P T_
— {(n DAX,Y) i D QX, Y)} J2)
- T _ !
01X, Y]) {(¢Z) 5 |9 D D) ZP)|S (-
Using the identity
(48) [X,Y]=VxY -V X +2QX, V)T, X,Y € HM),
one has

XY, 2)) + QX, VyX) - Y(UX, Z)) - UY,VxZ) - Q[X,Y],Z) = 0
as VQ =0and T ] Q = 0. Similarly (again by (47)and T ] A = 0)
-XAWY,2) - AX,VyZ) + Y(A(X,Z2)) + A(Y,VxZ) + A([X, Y], Z2) =
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= =(VxA)Y. Z) + (VYA)(X, 2).
Next (by VJ = 0)
X(Ricy(Y, JZ)) + Ricy(X, JVyZ)—
—Y(Ricy(X, JZ)) — Ricy(Y, JVxZ) — Ricy(I1x[X, Y], JZ) =
= (VxRicy)(Y, JZ) — (VyRicy)(Y, JZ) + 2Q(X, Y) Ricy(T, JZ).
Consequently (47) yields (38). The remaining identities (39)-(43) may be
proved in a similar manner.

Using Lemma 2 one may compute the Ricci curvature of (I, Fy). Let
{E, : 1 < a < 2n} be an orthonormal frame of H(M) i.e. Gyo(E,, E}) = O4p.
Then{Ep:ISps2n+2} ={E}, T"+S : 1 <a<2nwithE, = E],
Frpey =TV =S and E,,.y = TT + S, is a local Fy-orthonormal frame of
T(M), so that Ricp(U, W) = £ €,Fy (RP(E,, W)U , E,)i.c.

2n
(49) Ricp(U, W) = " Fy(RP(E}, W)U , E])+

a=1
+2{Fy(R™(T", W)U, S) + Fy (R°(S, W)U , T")}
for any U, W € X(9t). We may state the following

Lemma 3. Forany X,Y € H(M)
n+1

(50) Ricp(X™, YT = — {Ricy(X,Y) + 3A(X, JY)} +
P
ETENTES R
(51) Ricp(X', TT) = Ricy(X, T) + trace {I15(V@)X} +
1 H
3 e(JX) -2Q(V, X) + Tt D s2) QUX, V'),
(52) Ricp(X',S) =0,

. 1 0
TN = - 2
(53) Ricp(T', T') = ) trace {4(n D Jop-3n+3)7 }+

1
5 traceg,I1y {Ricy(-, J¢-) + Ricy(r-, J-)—

+
n+
n+5 1
-V \Y VA — = (V7RI o J-
50"‘4(”_'_1) dp + y VT 2( T ICV)(,J)},
. 1 P . n
(54) Ricp(T',S) = Ricp(S,S) = <

4n+1)’ 2
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Proof. Let X, Y, E € H(M) and let us replace (X, Y, Z) in (38) by (E, Y, X)
and take the inner product of the resulting identity with ET. As
FoX', YN =Go(X,Y)om, FoX', T =0, FoX",S)=0,
and Gy¢(JX, JY) = Gy(X, Y) we obtain
Fo(RP(E, YNX', E") = G4 (RV(E.Y)X. E) +
+Q(Y, X){Go(TE, E) + Gy(¢E, E)} -

o

_QE.X) {GO(TY, E) 4G9V, E) = go s

Go(JY, E)} -

1 :
2t {Ricy(E, JX) — (n + 5) A(E, X)} Go(JY, E)—

1
———Ricy(E,JY)Gy(JX, E)—
n+?2

1 P
Th+2 {(" - DAEY) =0

Let us replace E by E, and sum over 1 < a < 2n. Since trace(r) = 0 one
obtains

(55) Z Fy(RP(E]. YDX', E]) = Ricy(X, V)+

Q(E, Y)} Go(JX,E).

Je

QY X) trace($) — QY X) — QWY X) + ooy

QUY, X)-

. 1 ‘
2+ 2) {Ricy(JY, JX) — (n + 5)A(JY, X)} — — Ricy(JX, JY)—
P

1
Th+2 {(" ~DAUX D) =527

Note that (by the symmetry of A together withto J + J o1 =0)
AUUX,Y) = AX, JY), Q@Y X)=AXJY).

To further simplify (55) we need some preparation. Let us replace X by JX
in (33). One has

Ricy(JX, JY) = =2i (Rs0" A 6") (JX,Y) - (n = ) A(JX.Y) =

QUX, Y)} .

= 2i (R0 A O) (Y, JX) = (n = D AX, JY) =
(by applying (33) once again)
= _Ricy(Y, J2X) — (n — DAY, JX) — (n — 1) A(X, JY)
or (as J2 = —I on H(M))
(56) Ricy(JX, JY) = Ricy(X, ¥) = 2(n — 1) AX, JY)
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for any X,Y € H(M). Here we have also used the symmetry of Ricy on
H(M)® HM) i.e. Ricy(X,Y) = Ricy(Y, X) which is an immediate con-
sequence of (31)-(32). Moreover trace(¢) = 0 as a corollary of (29) and
the fact that the trace of the endomorphism ¢ : H(M) — H(M) coincides
with the trace of its extension by C-linearity to H(M)®C (and ¢,” is purely
imaginary). Next one needs to compute Q(¢Y, X). If {T, : 1 <a <n}isa
local frame of Ty o(M) and X = X°T, + X?T for some X* € C*(U, C) (with
X% = X7) then (by (29))

(57) Q@Y , X) =
1
C2(n+2)

T oy (G X0 4 Gy (10, X))

where we have set X0 = X°T, and X! = X' (so that X = X0 + X°1). To
further compute (57) let us observe that (by (32))

Ricy (¥, X™') + Ricy (™!, X'0) =

[Ricy ("7, X*!) + Ricy (Y*!, X"°)} -

= Ricy(X,Y) —i(n - D {A (Y0, X") - A (Y™, x"1)} =
(as A vanishes on T o(M)® Ty (M), a consequence of 7 Ty o(M) C Ty 1(M))
= Ricy(X, Y) —i(n— 1) {A (¥, X) —A (YO’1 : X)}
or (as JY = i(Y'0 — YO1y)
(58) Ricy (Y“’, XOJ) + Ricy (YO’1 , XLO) = Ricy(X, Y) — (n — D) A(X, JY).
Substitution from (58) into (57) leads to

(59) QoY X) =

oY) [Ricy(X, Y) — (n — DA(X, JY)} -

__r
dn+ H(n+2)
for any X, Y € H(M). Substitution from (56) and (59) into (55) leads to

Gy(X,Y)

2n

(60) > Fy(RPE], YDXT, E]) =
a=1
_ "R n- 1) o
=— Ricy(X,Y) + 3 AX,JY) + T DEED) Go(X,Y).

Let us take the inner product of (39) with § and use

1
Fo(S,5) =0, Fe(TT,S)=5, Fo(X",8)=0, XeHM).
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Since (by (39))
RP (XT ,TT)ZT = (QX, ¢Z) - Q(X, Z)\TT, mod H(M)*, S,
we obtain
1

Therefore the last two terms in (49) (with U = X" and W = YT) may be
computed (by (61) and (59)) as
(62) Fo(RP(TT, YNX',8) + Fy (R(S, YNX', TT) =

= p GO
2(n+2) 4n+ 1)(n+2)
Finally formulae (49) and (62) lead to (50). The remaining identities (51)-
(54) may be proved in a similar manner.

{Ricy(X, Y) + (n + 5) A(X, JY)} — (X, Y).

5. PSEUDOHERMITIAN BOCHNER-LICHNEROWICZ FORMULA

Let f € C*(M). Then Df = 3,71 €,E(f)E; hence

(63) Dwon)= Y EwE]+2TwS = (V") +2uS

for any u € C*(M), where uy = T (u). Next (by (50), (52) and (54))
(64) Ricp(D(u o 1), D(u o ) = 2nug+
n+1 .. H  wH H H Y H |2
w2 {RICv(V M,V l/l) + 3A(V u, JV M)} + m ||V M” .
Letu € C*(M) and f = uonm € C*(IM). A straightforward calculation
shows that

+

(65) (D*HXT, YT = (V)X Y) = QX, YVug ,
(66) (D’ )X, TT) = (Vu)(T, X) — (¢X)(w),
(67) (D’ NHXT,8) = —-(1/2) UX)(w),

(68) (D*)TT, TT) = T(up) = 2V (w),

(69) (D> )T, 8) =0,

(70) (D*)(S,S) =0,

for every X, Y € H(M). Consequently
(1) Fy(D*f, D*f) = [ V2ul|” + 2 — 2 div (JV" 1) (u)+

4V 0 0) — (V7w + 679" u) ().



20

By aresult of J.M. Lee, [29], if f = u o 7w then Of = (A,u) o w hence
(72) (D) @f) = (V) Apu), Fo(Df.Df) = IV"ull®.
Finally (by taking into account the identities (64), (71) and (72) the Bochner-
Lichnerowicz formula (21) becomes
1
(73) =5 & (IV"ulP) = L V2u]|” + 4 — 2 div (IV ) ug+
+4{(IV u)uo) = (T u + IV ) ()] — (V) Apu) +
n+1 . ol
Ricy(V7u, V7u) + 3 A(V7u, JV" — V¥

+n+2{ icy(V7u, V7iu) + 3A(Vu u)}+2(n+1)(n+2)” u

The term (¢JV#u)(u) may be expressed in terms of pseudohermitian Ricci

curvature and torsion. As JV7u = i (u“Ta — uaTa) with u® = g“EuE and
up = TE(u) one has (by (29))

2
|

$IV"u = i ("¢ Ts — e T5) =
1

_ {gfﬁRicV ((VHM)LO : T;) Tyt

2(n+2)

+gEyRiCV ((VHM)OJ , Ty) TE} + m VHM

hence (as Ricy is symmetric on H(M) ® H(M))

(74) (V" 1)) = m IV )P~

s Rie ((7) (7)),

Formula (32) implies

1
(75) Ricy (X, X*1) = 5 [Ries(X, X) = (n = 1) AKX, JX))
for any X € H(M). Hence (by (75) with X = V#u) formula (74) becomes

(76) (V")) = p

H 12_
2t eV

_2(n1+ % {RiCV (VHM , VHM) —(m-DA (VHM ’ JVHM)} .

Let us substitute from (76) and (tJV7u)(u) = A(VZu, JV*u) into (73). We
obtain

(77) —% Ay (IV7ull?) = T V20" = (V7 ) (Ape) + 4rucd+

n+3

+A(IVH W) (o) — 2 div(IVHu) ug +
n+2

Ricy (VHu , VHu) -
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3(n+1)
By - 2
2(n+ 1)(n+2)
A straightforward calculation shows that for any u € C*(M)

(78) div (JV*u) = 2nuq .
By (78) identity (77) simplifies to

A(VTu, JVy).

1
(79) =5 8 (IV"ulP) = T V2| = (V) (A +

3
AV ) ) + 2 Ricy (V¥ V'u) -
n+2

P 3(n+1)
e V| - =

2(n+ 1)(n+2) 2
(the pseudohermitian Bochner-Lichnerowicz formula). Let us integrate over
M and observe that (by Green’s lemma and (78))

f(JVHu)(uo) Yy = —f uo div(JV7u) ¥,y = —2n ||uo||i2 .
M M

We obtain

AVAu, V).

(80) T V2|2, - 8 lluoll2: +
+f nt3 i (V7 9"u) - GRSV (Y, 79") L Wy =
wln+2 7 ’ n+2 ’ v

_ H ; H_ |2
_fM(v ) (Ap) \P9+2(n+1)(n+2)fMp V7 ul|” P

(the integral pseudohermitian Bochner-Lichnerowicz formula).

6. A LOWER BOUND ON A;(6)

Let 4 € o(A,) be an eigenvalue of A, and u € Eigen(A,, 1) an eigen-
function corresponding to 4. With these data

2
81) f (V7u) (Apu) Py = 2 [[V"u]], -
M

On the other hand (cf. (27) in [4], p. 88)

1
(82) T V%] > — (Apu)?

2n
everywhere on M. Moreover (by Green’s lemma)
(83) 1Apull;, = ﬂf upu Wo = A[|IV7ull7, .

M

By our assumption (5)

(84) fM Ricy (V/u, Vi) Wy > k |[9"ul, .
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Moreover (by (5) with X = E,)

(85) p > nk.
In particular py = sup,,, p(x) > 0 and
2
(86) [ oo, < oo o
M

For any X, Y € H(M) (by Cauchy-Schwartz inequality)
AKX, V)l = 1Go(X, TV < [IXI[ Y]] < Il IXTHIY ],
I7llx = sup{Gox (T2v, Tov) 1 v € HM),, Gou(v,v) =1}, xeM.
Consequently
(87) f AV, JV"u) < 7o [Vl
M

where 7y = sup,, lI7llx. The integral Bochner-Lichnerowicz formula (80)
reads (by (81))

0 = |10, V2ul[2, = 8n lluollZ, +

+ fM {” 3 Rico (V¥u, Vu) - 3(": 21) N\ JVHu)} ¥,

n+?2 n

2

1
S A el WA N R
(by (82) and (84)-(87))

> L AUll2> = 8 [luolly> +
2n

(n+3)k 3(n+ 1)7‘0] ||VHu||2 B
L2

n+?2 n+2
Jo
ol A m 97l
so that (by (83))
1 | 1f(n+3)k 3+
n +/l n+2  n+2

—m }”AbM”iz < 8n ||M0||iz .
Finally (by (83) and Chang-Chiu inequality (91) in Appendix A)
_2n+3+l{(n+3)k_(11n+19)‘ro_ 00 }<
n+2  A(2n+1) n+?2 2+ 1DH(n+2))

or

(88) A

{(n+3)k—(11n+19)70— ro }

n
2 T2+ 2(n+1)
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which is the announced lower bound on A;(8) (cf. (6) above). Of course
this is useful only when

. (I11n + 19)7 N 00
n+3 2+ DH(n+3)°
In particular (by (85)) it mustbe k > 2(n+ 1)(11n+ 19)7y/[(n + 2)(2n + 3)].

To parallel the estimate (6) in Theorem 1 to A. Greenleaf’s estimate (7) let
g be a Sasakian metric. If this is the case the assumption

(89) k

RuZ'ZF + % (4532°7° ~ ApZ2°Z) > kg.5Z'ZF

(with Z% = Z%) in [23], p- 192, is equivalent to (5). Also (6) becomes

2n

Lo
(90) 11(0) > m {(n + 3)k — 2+ 1)}

and right hand side of (90) is larger (closer to 4,(¢) from below) than right
hand side of (7) precisely when (8) holds. In particular if M = §2'*!
then the Tanaka-Webster connection of the canonical contact form 6 =
(i/2) (8 - 9) |2 has curvature (cf. [12])

RY(X,Y)Z = go(Y, 2)X — go(X, 2)Y + QX, 2)JY — Q(Y, Z)JX + 2Q(X, Y)JZ

for any X, Y,Z € H(S*""'). Consequently the pseudohermitian Ricci and
scalar curvature of the sphere are Rz = 2(n + 1) g,z and p = 2n(n + 1)
so that (8) becomes k > 2(n + 1)/(n + 3) (which is clearly satisfied by
k=2(n+1)).

APPENDIX A. THE CHANG-CHIU INEQUALITY

The purpose of Appendix A is to give a proof of

1 2
1) 4 luollz> < — Apullzy + 4o [[97u,
for any u € C*(M,R) (compare2 to (3.5) in [10], p. 270). This is referred
to as the Chang-Chiu inequality. To prove (91) let us contract (13) by ## so
that to obtain u?Vous = W’ Vug — Ansu®u” or

(92) P Voug = Vg (uouﬁ) — Uy Vﬂuﬂ - Aaﬁu"uﬁ.

2Discrepancies among (91) and (3.5) in [10], p. 270, are due to the different convention
as to wedge products of 1-forms producing the additional 2 factor in (12). Cf. also (1.62)
in [12], p. 39, and (9.7) in [12], p. 424. Through this paper conventions as to wedge
products and exterior differentiation calculus are those in [28], p. 35-36.
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On the other hand (by (12)) Vﬁuﬁ = V'guﬁ — 2inuy so that (by substitution
into (92))

93) uﬁVouﬁ + u VEuE =2in u(z) - Aaﬁu“uﬁ + Vg (uouﬁ) )

Next (again by (13)) ug VEME = VE (uouﬁ) —uP (Vouﬁ + uyAg) hence (by sub-
stitution of uo Vzu# into (93))
(94) i (1 Vouz — v Vou) =

= 2nu% + i(Aaﬁu“u'B - Aaﬁuauﬁ) + i{Va (uoua) -V, (uou“)}
(compare to (2.4) in Lemma 2.2, [10], p. 268). Calculations are performed
with respect to an arbitrary local frame {7, : 1 < @ < n} in T|o(M)
(rather than a Gy-orthonormal frame, as in [10]). The next step is to eval-
uate the left hand side of (94) in terms of the operator P + P. One has
uy = (i/2n) (Vﬁuﬁ — VEuE) hence (by (13))

7 l — — =
95) MQVOME = % u® (u577 — ua)’y) _ AEBMQMB .

Using Pzu = uz”, — 2ni Aaﬁuﬁ the identity (95) becomes

T 1 & y
(96) iu® Voug = o u (Pgu - uayy) .
Let us take the complex conjugate of (96) and add the resulting equation to
(96). We obtain

97) 2ni (ua Voug — vt Vouﬁ) = uPzu + u*Pyu — {ua u577 + u” uayy}
where Pou = u,’5 + 2niAquf. Let us replace u® u,?y + u” uaﬁﬁ from (18)
into (97). We obtain
(98) 2ni (u” Vouz — u” Vouy) = 2 (u” Pout + u” Psut) -
—2ni (Agpu®1l — Aggu™ul) + (V7u) (Apu).
Finally substitution from (98) into (94) leads to
99) 2 (u“ P, +u” Pau) + (VHu) (Apu) =
= 4n2u(2) + 4ni (A(,ﬁu“uﬁ - Aaﬁuaﬁ) + 2ni {Va (uoua) -V, (uou")} .
Let us observe that
i(A(,ﬁu“uﬁ - Aaﬁuaﬁ) =A (VHM , JVHu) ,

i{Va (uou®) — Vg (uoua)} = div (uo JVHu) ,



and u® P, + u® Pzu = gi(Lu, dyu) where L = P + P. Then (99) becomes
(100) 285 (L, dyu) + (V7u) (Apu) = 4n® ug+

+4n A (V"u, IV u) = 2n div (ug JV"u).
Let us integrate over M and use Green’s lemma. Then (by Lemma 1)

(101) -2 f (Pou)u¥y + f (VHu)(Abu)‘I’g:
M M

= 4n® |luolly, + 4n f A(VHu, JV"u) .
M

Also (again by Green’s lemma)

f (V¥u) (Apue) Wy = f (Apte)” Py = l|Aull}, .
M M
Finally as P, is nonnegative (87) and (101) lead to (91). Q.e.d.
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