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Self normalized central limit theorem for some mixing
processes
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Abstract

We prove a self normalized central limit theorem for a new mixing class of processes
introduced in Kacem et al. (2013). This class is larger than the classical strongly mix-
ing processes and thus our result is more general than Peligrad and Shao’s (1995)
and Shi’s (2000) ones. The fact that some conditionally independent processes satisfy
this kind of mixing properties motivated our study. We investigate the weak consis-
tency as well as the asymptotic normality of the estimator of the variance that we
propose.
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Invariance principle.
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1 Introduction

It is well-known that asymptotic theorems allow to obtain approximations of various
laws. One of these theorem, which is fundamental in probability theory, is the central
limit theorem (C.L.T.).

In [15] we have considered processes of dependent random variables (r.v.s) that are
conditionally independent given a factor. In particular, we have assumed that the con-
ditioning is with respect to an unbounded memory of the factor. These processes are
of interest for example in risk theory. Our main result consisted in deriving some mix-
ing properties for such processes and proving a Central Limit Theorem for processes
satisfying this new mixing property. We restate here the following definition of mixing
provided in [15].

In the definition below || ||, and || ||» are norms on bounded functions (or on subspaces
of bounded functions).
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Self normalized C.L.T. for some mixing processes.

Definition 1.1. Let u, v be integers, a sequence (X, )n,en Of rv.s is said to be n?u,’u)_
mixing, if there exist a function r — n*(r) decreasing to 0 as r goes to infinity and a
constant C(u,v) > 0 such that for any real valued bounded functions f and g and for
any multi-indices satisfying the relation (x):

i < <y Sy <y + 7 < g1 < <y < o, (*)

we have
sup |Cov (f(Xiy, .., Xi,), (X, -, X)) < Clu, 0)n™ (r) [ fllallglle, (1.1)
where the supremum is taken over all the sequences (iy,...,i,) and (ji,...,J,) satisfy-

ing (x) and r < j; — 1, is the gap of time between past and future.

Depending on the norms used in Definition 1.1, we have various kind of mixing (see
[2]). For example, if || la = || [ls = [| [, we shall say that the process is af, , -mixing
and we shall write o*(r) instead of *(r). If the process is af, ,-mixing for all u, v and if
sup,, ,ew C(u,v) < C < oo then the process is a-mixing in the sense of [23] and we shall
write a(r) instead of n*(r).

Remark 1.2. Let h: R* — R, be an arbitrary function and denote his lipschitz modulus
by Lip(h) = sup,.4, [h(z) — h(y)| / [|lz — yll,. If

sup [Cov (f(Xiy, -, Xi,)s 9( Xy, - X5,))| < Cu,0)n™ (r) Lip(f) Lip(g), (1.2)

where C(u,v) = (uLip(f) +vLip(g) +uvLip(f)Lip(g)) and n*(r) — 0 as r goes to infinity,
then the process is said A\-weakly dependent. For more details on this type of mixing
and on its applications we refer to [5].

In the case of classical mixing sequences (see i.e. [13, 6]), mixing coefficients are
uniform on » and ». This is not the case for mixing sequences satisfying our mixing
condition (1.1). The usefulness of this kind of mixing coefficients has been shown in
[15] where conditionally independent examples that satisfy (1.1) are given.

Mixing processes have very interesting asymptotic properties especially in the sta-
tionary case. Many authors have investigated the classical central limit theorem (C.L.T.)
for the sum S,, = ZLI X; where X; are r.v.s satisfying mixing conditions (see for exam-
ples [5, 23, 14]).

Note that when the real variance in a C.L.T. is replaced by an estimate from the
given data, then the estimator is called a self-normalizer and we say that a self nor-
malized central limit theorem (S.N.C.L.T.) holds. While for independent and identically
distributed r.v.s it is very simple to estimate the variance, this is not the case for de-
pendent r.v.s for which we should construct an estimator which takes into account the
dependence structure. The present paper aims at providing a self-normalizer and a
S.N.C.L.T. for mixing sequences satisfying (1.1). For a-mixing sequences, [25] took over
the class of estimator introduced in [19] for p-mixing sequences and showed that this
class gives consistent estimators for strongly mixing sequences of r.v.s. For stationary
sequences of associated r.v.s we refer to [20] in which the self normalizer arises from
classical Bernstein-Block-Technique (see [1]). [7] dealt with random vectors of A-weakly
dependent sequences. They use non-overlapping blocks denoted by

(i—1)(m+€)+m

1
Aim = NG > X;,

=(i=1)(m+0)+1
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Self normalized C.L.T. for some mixing processes.

in the construction of their estimator. The fact that blocks are non-overlapping leads
to choose two parameter m and ¢ while for Peligrad and Shao’s (1995) estimator the
blocks denoted by

N 1 +m

Ai,m = = Z va

S

are overlapping and only the parameter m must be chosen. In addition, choosing non-
overlapping blocks enables [7] to provide not only an estimator of the variance but also
an estimator of the variance of the estimator.

We have proved in [15] that conditionally independent processes of r.v.s (X, ),en given
a factor (V1,...,V,,) satisfy n{u’v)- mixing conditions. For such processes mixing coef-
ficient may be exponentially bounded with respect to « and v (namely C(u,v) < K“*v
with K > 0) where the mixing coefficient for A-weakly dependent r.v.s is a polynomial
function of u and v and of Lipschitz functions (see Remark 1.2). This is our main moti-
vation for providing a S.N.C.L.T. for nEku,v)- mixing processes.

In this work we provide a self-normalizer which is a modified version of the one ob-
tained in [19]. As in [25] we adapt this estimator to our kind of mixing. We investigate
its weak consistency as well as its asymptotic normality. In this frame we derive use-
ful tools such as a covariance inequality of Davydov’s kind and moment inequalities of
Rosenthal’s kind which are adapted with our structure of mixing.

This work is organized as follows. In Section 2 we give our main preliminary results:
moment inequalities, covariance inequality and uniform integrability property. These
are the main tools for the proofs of our results. In Section 3 we present our main re-
sults: we provide an estimator of the variance and we derive a S.N.C.L.T. (see Theorem
3.5). Also, the asymptotic normality of our estimator is proved (see Theorem 3.7). Sec-
tion 4 is devoted to the proofs. In Section 5, we recall some examples that satisfy our
assumptions. These examples may be relevant for example in risk theory contexts, they
have already been presented in [15].

2 Main tools: moment inequalities, covariance inequality and
uniform integrability

In all this paper, we shall use indifferently E(|f(X )\P)% or ||f||, when there is no
ambiguity.

2.1 Covariance inequality

In the following proposition we restate a covariance inequality which is adapted with
our structure of mixing and which is proved in [15].

Proposition 2.1. Let (X,,),cn be a stationary o, ., -mixing sequence. Let I £ll, < oo
and ||g||, < oo, where 1 < p,q < oo and % + é < 1, then

1 L o4 s
|Cov(f(Xiy, -, Xi, ), 9(Xjys - X5, < (Clus v) + 8)(ELfP) 7 (Elg|*)7a”(r)®,  (2.1)
where s =1 — % — % and j, — i, = r where r is a positive integer.

Remark 2.2. Note that if (X, )nen is a sequence of complex valued r.v.s then by sepa-
rating the real and imaginary parts of the complex number, we obtain inequality (2.1)
with 4 x (C(u,v) + 8) instead of (C'(u,v) + 8).
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2.2 Moment inequalities

Moment inequalities of partial sums play a very important role in various proofs of
limit theorems. For independent r.v.s we have the following Rosenthal type inequality

E|IX: + ...+ Xol? < C,OQ EIXi|7+ O EIX[)¥?). (2.2)

i=1 i=1

In Lemmas 2.4 and 2.5 we provide Rosenthal type inequalities for mixing sequences
that satisfy the of(ku ,U)-mixing condition defined by inequality (1.1). Recall the definition
of the coefficients of weak dependence introduced in [8].

Definition 2.3. For positive integer r, define the coefficients of weak dependence as
the non-decreasing sequence (C, 4)(4>2) Such that

Chrq :=sup|Cov(Xy, x ... x X; x.ox X))l

m? Xtm+1
where the supremum is taken over the multi-indices 1 <ty < --- <t, witht,,.1—t, = .

We give the following lemma for bounded r.v.s satisfying the a’(k U)-mixing condition.

u’

Lemma 2.4. Let (X,,),en be a sequence of random variables such that

sup | X;| < M. In addition assume that (X,,),ecn is aZ‘m q_m)-mixing with1 < m < q. Then
i€N ’

for any positive integer r, we have
Cr,q S ch(mv q— m)a*(r).

For non bounded r.v.s we derive the following lemma which is straightforward from
Proposition 2.1 and Lemma 4.6 in [5].

n
Lemma 2.5. Assume that the sequence of r.v.s (X, )nen is centered and let S,, = Z X;.
i=1
If the sequence (X, )nen is afy 1y-mixing and for some § > 0, sup [ Xill, 5 < oo then
’ i€lN

n—1
E(S2) < 2nK> Y a*(r) 7. (2.3)
r=0

If the sequence (Xn)nen is oy 5 -mixing such that sup || X[, s < oo for some § > 0 then
’ ieN

n—1 2 n—1
E(Sp) < 4n*K3 (Z a*(ﬂsiz) +nKy Y (r+ 1)2a%(r)5%2, (2.4)

r=0 r=0

where
Ky =(C(1,1) +38) sup IXil3.s and Ky = (C(3,3) + 8) sup Xl 406 -
1€ 1€

In Section 3 we need an estimation of the moments of the sum of order p greater
than 2 where p is not necessary an integer. To this aim we prove the following theorem
which apply to a*-mixing processes. It is a generalized version of Theorem 4.1 in [24].
For § > 0 fixed, n € IN*, p > s > 0, we define

n—1 ) (53:+1)
Dysp = (Z(l + Q)”_Sa*(Q)W> . (2.5)
q=0
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Theorem 2.6. Let2 <p<r <oo,2< v <rand(X,),en be an az‘m o) -IMixXing sequence

of rv.s where 1 < m < [§] + 1. Let EX,, = 0 and assume for all neN, Xoll, < oo.
Assume that for some C > 0 and 6 > 0
a(n) < Cn=?. (2.6)
Then, for any ¢ > 0 there exists A = A(e,r,p,0,C) < oo such that
E|S,[P < A (nP/Q(K2D717272)P/2 + pp=(r=p)0/r)v(1+e) sup |Xz|f> ) (2.7)
i<n
In particular, for any e > 0, if § > (p — 1)r/(r — p) then
E|S,P< A <np/2(K2Dn,272)P/2 + n+) sup ||Xi||f) : (2.8)
i<n
. pr
and if 6 > eIC=) then
E|S,|P < AnP/? ((f@])n,my’/2 + sup Xz-|ff> . (2.9)
i<n

2.3 Uniform integrability

The concept of uniform integrability (U.I.) is essential in the proof of our limit theo-
rems. Recall that if Aim sup E(| X, [1x,|>4) = 0then the family of r.v.s (X, ),c is said
— 00 nelN

uniformly integrable. Lemma 2.5 leads to the following corollary which gives sufficient
conditions to have U.L. condition of order p where p € {2,4}.

Corollary 2.7. Choose p an integer in {2,4}. Let (X,,)nen be a stationary a?p_l p1)
mixing sequence. Without loss of generality consider that IE(X;) = 0 and assume that
E(|X;[P*%) < oo for some § > 0. If for each s in {2, p}

Doo,2,s < 00,
then »
Shn
—_— >1
{ i e }

is uniformly integrable.

Remark 2.8. Let (X, ),en be a stationary azm,z)-mixing sequence of random variables,

where 1 < m < [§] + 1. Assume that for some, C > 0,6 > 0,p > 2,a > ”(’;7;”;),

a*(n) < Cn~%, E|X, [P < oo,
then Theorem 2.6 implies that

[

3 Self Normalized Central Limit Theorem for stationary strongly
mixing sequences

P
,n > 1} is uniformly integrable.

In the literature, to prove limit theorems for strongly mixing sequences of r.v.s, one
may approximate the strongly mixing sequence by another sequence. For examples, [9,
10] considers a direct approximation of mixing sequences by a sequence of martingale
differences (for more details we refer to [26] and [11]). Another method known as
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Bernstein’s method (see [1]) is to consider a direct approximation of mixing sequences
by a sequence of independent r.v.s. This is the method used in the proof of the central
limit theorem derived in [13]. We refer to [3, 5, 6] for a survey on C.L.T. for mixing
sequences.

Remark 3.1. Assume that (X, ),en is a stationary centered sequence.
If 777 | B(XoX;) < oo then

o? = E(X?) +2§:1E(X0Xj) < 0. (3.1)
j=1
If o > 0 then,
o2 = E(Zn: X;)? =nE(X]) + 2Zn:(n — §)Cov(Xo, X;) = no*(1 + o(1)). (3.2)
j=0 j=1
Before stating a S.N.C.L.T. for o}  ,— mixing sequence of r.v.s we recall the following

(u,'U)
theorem proved in [15] for az‘w))-mixing process.

Theorem 3.2. Let (X,)new be a stationary af, , -mixing process for all (u,v) € N*. Let
E(X,) = 1 and assume for a fixed § > 0

E|X1|2+6 < oo and Za*(r)% < 00. (3.3)

r=1

If in addition there exist M > 0 and K > 0 such that for any u, v, and r,

Clu,v) < K¥tv
" (3.4)
a*(r) < 22, a>max{2In(K) —1,2}.
Then, g
n— NH L
~ o = N(0,1). (3.5)

Remark 3.3. Condition (3.3) or (3.4) on o* implies (3.1).

The invariance principle has been extensively investigated for weakly dependent
and mixing sequences (see i.e. [17, 18, 22, 4]). In particular [16] derived a weak in-
variance principle (W.I.P.) for dependent r.v.s which is extended by [12] for a-mixing
sequence of r.v.s. In the following theorem we provide a W.I.P. for a’(*u’v)-mixing se-
quence. Let {W(t),0 <t <1} be a standard Wiener process and define by W, (t) =
(S[nt] — [ntJu)/on,0 <t < 1.

Theorem 3.4. Let (X,,),cn be a stationary aZ‘u_U)—miXing process for all (u,v) € IN* xIN*.
Let E(X;) = p and assume that (3.3) and (3.4) hold. Then,

W, =W, (3.6)
where = stands for the weak convergence.

Now we introduce the following estimator which is a modified version of some esti-
mators introduced in [19] (we write ¢,, = /).

n—~ 2
2 _ 1 Sj<£)_XZ
B"’Q_nféJrlZ N7

Jj=0
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and
n—~{ 2
~ 1 S:(6) — by
2 J
B"’2_n—€+1j20( N7
with
Jj+e o 1 n—~0
k=j+1 7=0

Note that as n — 0o, (3.2) may be written as follows

Var (S, 2
M = In - o2, (3.7)
n n

The following result proves that B , is a consistent estimator of 2.

Theorem 3.5. Let (X,)nen be a stationary process wich is az‘u o) -mixing for all integers
u and v. Assume that (3.3) holds. In addition assume that there exists K > 0 such that
for all integers u and v,

C(u,v) < K*"" and consider {,, = {, { = [In(n)/5In(K)] + z, (3.8)
where [y] denotes the integer part of y and z is an integer. If0 < o < oo, then
Bno — oin L2 (3.9)

Remark 3.6. Note that a consequence of (3.5) and (3.9) is that

Sn—np ¢

——FF = N(0,1). 3.10

VB 0D (3.10)
This proves a S.N.C.L.T. for mixing processes satisfying our af = mixing condition.

u,v

Finally, we state the asymptotic normality of B, 5.

Theorem 3.7. Let (X,,),cn be a stationary oz’(" )-mixing process for all integers u and

v, with IE(X;) = u. Denote by S(¢) = Zf;:l X, and let ¢ be as in (3.8). Assume (3.3),
(3.7), it exists § > 0 such that E(|X;|*"3%) < oo and that there exist K > 0, C > 0 such
that for all integers u, v, r

C(u,v) < K¥t°, (3.11)
af(r) < &, Witha>max{(6+2)g$36),2ln(K)—1}7 ’
Then,
n S =P\ - o2
"B, —E (|2 H N0, 2. 3.12
3 (B (‘ - 5 N0, %) (312

Remark 3.8. Note that the choice of ¢ depends on the behavior of C(u, v). Assume that
there is K > 0 such that for all (u,v) we have

1. Case 1: C(u,v) < K we may choose ¢,, = o(n) and Theorems 3.5 and 3.7 hold.

2. Case 2: C(u,v) < K(u+v)? i.e. C(u,v) is a polynomial on u and v then we can
choose {,, = n* with s < ; if 3 <4 and s < ﬁ if 8 > 4 and Theorems 3.5 and 3.7
hold.
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4 Proof of the main results

Proof of Theorem 2.6. Because in our case the mixing coefficients depend on v and v,
classical theorems such as Theorem 4.1 in [24] don’t hold. We may nevertheless follow
the lines of their proof. We shall prove inequality (2.7) by induction on n. Assume that

BISW < A (K2 (KaDp 20?2 + k5572059 | X |17) (1)

holds for each 1 < k < n. Note that (4.1) is obvious for k£ = 1. We shall prove that (4.1)
holds for £ = n. Define

nA(2i—1)m nA2im
G= ), Xpm= Y, X (4.2)
j=142(i—1)m j=1+(2i—1)m

where 1 < i < k,, := 1+ [n/(2m)]. Note that for fixed ¢ there exists a gap of length m
between &; and 7;. Let a be a constant such that 0 < a < % and take m = [an] + 1. By
Minkowski inequality we write

kn kn
E|S,|P < 2P7HEY &P+ B milP) = 207N + I). (4.3)

i=1 i=1
The proof of Theorem 2.6 requires the following Lemma due to [24].

Lemma 4.1 ([24], Lemma 4.1). Let¢;,1 < i <n be a sequence of r.v.s and let F; be the
o-field generated by (£;,7 < i). Then for any p > 2 there is a constant D = D(p) such
that

B Y &GP <Dx[Y_EE)? + Y EGP +n" 'Y EEGIF 1)+
i=1 =1

i=1 =1

P57 x| Y BB F ) — BE) ]

i=1

In order to simplify the notations, in what follows,

X||, stands for sup || X, -
i<n

Replacing n by k,, in Lemma 4.1 yields to

kn ko .

L<Dx [ BIGP)E+ > ElGP + kY BEGIF-)P+
i=1 i=1 =1

Iy Iy 2

kn
ki Y BB(E|Fy) — B(E2)[3).

i=1

I3
We begin with the bound for /; ;. From (2.3) and (2.5) we deduce that

p
p p 5 ya
2 2 2 2

Il,l S (kWLQmKQDm,Q,Q) S 2%(knm)g(K2Dm,2,2) S 2pK2 (nDn,Q,Q)
where k,m < 2n.

Now we consider [; 3. Define Y; = E(§2|F;—1)—E(¢?) and denote by F; 1 = o(&1, ..., &1).
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Y; is a measurable function with respect to F;_;. Write E(|Y;|?/?) = E|Y;|?/2~1sgn(Y;)Y;
then we have
E(|Y;[P/?) = E(|Yi| 2~ sgn(Y;) (&7 — E(&7)))
< sup z Cov(|Yi]* ™, X; X, — B(X; X))).

I 9i—1ym<il<nA(2i-1)m
Consider that
FX 126 1)ms - - - Xnaionym) = [Yi|P/* 71 and g(X;, X)) = | X;X; — E(X;X))].

Choose p in (2.1) equals to ﬁ and ¢ = § such that % + % < 1, in this case by
Proposition 2.1 we have

p— 2
T

p,P=2 * 2_
[Cov (Vi [P/27%, X, X, — B(X; X)) | < (Clm,2) + $)(BIVIE) T 1X,Xill, 0 (m)? 7,

Then
p— 2

p,p=2 2
EIY;["? < (C(m,2) + 8)m>(EYi| )5 [ X7 " (m)5 7.

Hence
EIYi|?/2 < (C(m,2) + 8)Em? | X|I7 o (m) .

Let B be a constant. By inequality (2.6) and as § > 0 and p < r we write
Iis <k (C(m,2) +8)5m? | X7 a*(m)'~+
< P B(C(m, 2) + 8)PnP+o FV+e) 0252

Now, let us focus on I; 5. Define Z; = E(§;|F;—1) and denote by
F(X1t2i—1yms s Xna@i—1ym) = Vi’ and g(X;) = [X; — E(X;)|.

Now choose p in (2.1) equals to p%l and ¢ equals to r where % + ”’%1 < 1. Then in this
case we have

E(|Zi|P) = E(1Z:["~ 'sgn(Z:) (&) < sup > Cov[(|ZiP~, X;)]
2(>i—1)m<j<nA(2i—1)m
p—1

< (O(m. 1) +8)m(E|Zi")7 | X[, a*(m)> 7.

Hence,
P

E(|Z;[") < (C(m,1) + 8)Pm” | X[} a*(m)' .
By inequality (2.6) and as 6 > 0 and p < r we have

1o < 2°C(C(m, 2) + 8PP0 VAte) 0252 x
where C' is a constant, whence

kn
L < D[S EIGIP + 2P K (nDy20)% +
i=1 (4.4)

P+ B(C(m,2) + 8)pn(p+9 “”Z"))v(1+5)a9 s 1X ][]

Similarly for

kn
L < D[Y ElmlP + 27 K3 (nDy2,)*
=1

+ 2P+1B(C(m, 2) + 8)pn(17+6' (P;r) )\/(lJrE)aG(p,,;,r) HX”fZ]
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Consequently, we have

kn kn
E|S,[" <22 D[S BI&I + Y Blmil? + 277K (nDy 55) ¥
=1 =1

(p=r)

+2B(C(m, 2) + 8P+ oV 05 e p).

Remark that 3", B¢, [P + S5 Blni|P < 2k, E|¢, [P = 2k, E[S,,|7.
_1 P

Take a = (2PT4D) "¢ ~722, Assume that (4.1) is true for all k¥ < n where
A=2r+1D [2p +27HLC (C(m, 2) + 8)” aef“’:”} .

In this case by (4.3), (4.4) and (4) we get

E |Sn|p < 2" Dk, A {mp/2(K2Dm,2’2)p/2 + mpt? =)y (1+e) ||X||ﬂ

A p p p—T
+ 5 (B (2D 208+l 0%0 | x| 1) (4.5)

<A [np/2(K2Dn 2.0)P/% 4 n(PH TV (4) ||XHP} :

So that, finally (4.1) is valid for k£ = n. O

Before proceeding to the proof of Theorem 3.5, we give the following lemma which
is useful in the proof of this theorem. This lemma is a variant of Lemma 2.3 in [25].

Lemma 4.2. Let (X,,,n > 1) be a7 )-miXing sequence where 1 < ¢, < n. Let f be

(bn ln
a real function on R*» and put Z; = f(X41,..., Xite, ). Assume that E | Z|*T

some ¢ > 0 and sup ||Zj||§+5 < 0o. Then we have
jEN

< oo for

Var()_ Z) < 20Kty sup 1Zi155 (C(ln, £n) +8) o (r)5
k=1 J

where K is a constant.

Proof of Lemma 4.2. Let f be a real function on R’ and denote by Z; = f(X;41,--., Xite, )-
Write
n [

Var(z Zy) < 2 mjaxVar( Zit,+5)
k=1 i=0

S

and use Proposition 2.1. O

Proof of Theorem 3.4. To prove this theorem we follow the proof of the W.I.P. pro-
vided by [12] for a— mixing sequences. Note that the proof of the Theorem of [12] is
done in a simplified version in [3]. Following their proof, the W.I.P. holds for a— mixing
sequences if a C.L.T. holds and if tightness is verified. We note that a sufficient condi-
tions for tightness is the following: for any ¢ > 0, n > 0, there exista §, 0 < § < 1, and
an integer ng such that, for 0 <t <1,

1IP { sup |Wy(s) — Wy (t)| > e} <n, n>mng. (4.6)
0 t<s<s+d

Recall that a C.L.T. (Theorem 3.2) holds for oz’(*u 0~ mixing sequences, so that, the key
to prove Theorem 3.4 lies in verification of (4.6). A careful analysis of the proof of [3]

EJP 0 (2012), paper O. ejp.ejpecp.org
Page 10/21


http://dx.doi.org/10.1214/EJP.vVOL-PID
http://ejp.ejpecp.org/

Self normalized C.L.T. for some mixing processes.

shows that if in addition to (3.3) and (3.4), there exists a positive integer p = o(n) such
that as n — oo,

(n/p) max ]P{ max |Smtr — Sm| > e\/ﬁ} —0 for any €>0, (4.7)
)

0<m<n—p 1<r

then the tightness is verified. Equation (4.7) is implied by

m—+p 2 m+p
. _}(2 i— Xz
max Licmr | Xil I MX V) S o0asn— oo, (4.8)
0<m<n—p VP VP P

and (4.8) is satisfied provided that {| Z:’:;fﬂ Xi/\/pl*p> 1} is uniformly integrable

which follows from Corollary 2.7. The proof is completed. O

Proof of Theorem 3.5. Without loss of generality consider that ;4 = 0. We have
S a*(n)% < oo then, for large n, oz"‘(n)ﬁ;2 < 1 whence o (n)ns < a*(n)ééﬁ. First
we prove that

|Bpa — Bnao| =0 in L?. (4.9)

By Minkowski inequality we have

n—~¢ ~
S'(g)—XZQL j 2\ 1 £2\1
O <>_| )2+ (Q_1=—7=1)?
j=0 Vi j=0 Ve iz VI
Hence,
n—~¢ n— < n—~¢
. 1 S:(6) o1 X¢ 1 Si(6) o1
Bpo—Bpa| < —— x AN A SR i(6) 1243
‘ 2 ,2| \/m [(J:0| \/Z ‘ ) (j:0| €| ) (7:0| \/Z | ) ]
We obtain
n—{ <5 2
~ 1 Xy o1 X
E|B, 2 — Bpo|? < E 262y512 = 2L
Buz = Bual’ < — B 122 PP = B
Jj=0
Moreover,

—2 n—~

IE|%| - %vfﬂ(m) _ mvmz S,(0)).

We write S(¢) = Sy(¢). From Lemma 4.2

! S 2UCUN48) o T
m\/ar(;osj(z)) < (n——Hl)”S(@”?” S ar(r)t,

r=0

where A’ is a constant. The choice of ¢,, depends on the behavior of C(u,v) with respect
to v and v. Since we assume that

In(n)
< Kutv = 4.1
C(u,v) < ;L [BIH(K)]+I’ (4.10)
we get (using Theorem 2.6):
(74141
2A/ I} 2 2 f
= *(r)572 (K% ns +8) ||S(¢ =0(—) = o(1).
Gt X @O 8IS0, = 0 ) = o)
EJP 0 (2012), paper O. ejp.ejpecp.org
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Hence (4.9) holds. In order to prove that B, 2 — 0 as n — oo it suffices to prove that

Bns—oinL?as n— oo. (4.11)
Now we first prove that
E|B2, —E(i?)ﬂ — 0asn — . (4.12)
Define
2= (1B < (0% ana 2,0 = D pr B2 Gy,
We have

n—~0 n—~
BB, - BOU = B Y (2~ B ) + Y (i~ B(Z0)

Vi —{+1 = =
n—~0
< K'n ' E|Y Zj1 —E(Z1)| + nE|Z )
j=0
n—~
_ 1 S(0) |S(0)] n
< K'[(nVar()  Zj1))? + B(—=)2I1("—=+ > ()8
< K'[( (j:0 1)) (\/Z) ( N/ (7))
where K’ is a constant. From Lemma 4.2 we obtain
n—~¢ 4 [nT%]""l
_ 241 4(n—0+1) b
wVar(Y 2,0 < 2O D 0 18202, Y ot
j=0 r=0
where A is a constant. With our choice of ¢:
~ S(¢) In(n)
E|BZ, — E(—=)% = O(—5>).
B2~ B2 = 0 )
2
On the other hand, the uniform integrability of (S )/ \/Z) implies that
L
B0V sy y0a] 0.

N I CORA

2
Then (4.12) holds. Moreover, the uniform integrability of (S(é) / \/Z) implies

S(0) 4 S(0) 4
and recall that from Remark 3.1
S | o
E(—=)* - o0c“as ¥l — oo. (4.13)
( Vi )
So that (4.12) implies R
E|B., - 0*| + 0as n— . (4.14)

Finally, for any z,y > 0, for any p > 1.
o —y* < K'la? —y7|7,

so that (4.11) holds. As a conclusion, by (4.9) and (4.11) we have B,,» — 0 in L? as
n — 00. O
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Remark 4.3. Note that if C(u, v) isa po]ynomia] function of u and v such that C(u,v) <
K(u+v)? and if we choose ¢ = n® with s < {i+p) then Theorem 3.5 holds with the same
proof.

1+B)

In the proof of Theorem 3.7 we need the following lemma on triangular arrays.

Lemma 4.4. Let (X,,),>1 be oz( »)-mixing sequence of r.v.s for every 1 < u < v <
n. Assume that (3.3) and and 3. 4 hold. Let {ank;1<k<n} be a triangular array of real
numbers such that
. 2
supZank < oo and sup |ank| — 0 as n — co. (4.15)
" k=1

Assume that {|Xk|2+5} is a uniformly integrable family and that

VaI"(Z anka) — 0
k=1

Then

M 5 N0, 1) (4.16)

asn — oQ.

In order to prove Lemma 4.4 we need the following lemma whose proof follows the
proof of Lemma 3.2 in [21].

Lemma 4.5. Let (Xy)nen be an of, ;) -mixing sequence with sup I |Xk|2+6 < oo for
kelN

some ¢ > 0. Let {anr;1 < k < n} be a triangular array of real number such that

oo
Zank<ooand sup |ank| — 0 as n — oo. (4.17)
Pt 1<k<n

Assume that (3.3) holds then for every0 < a <b<n

b

b
Var() ~anXi) < C1 Y _aly, < oo, (4.18)
k=a k=a

where C; = 2(C(1,1) + 8) sup | X ||2+5 Za
r=0

Proof of Lemma 4.5. Proceed as in [21] to get

b

b b
Var(D " aneXi) <2 al, > |Cov(Xy, X))
k=a k=

k,j=a
and use Lemma 2.5. O

Remark 4.6. Let (X,,),cn be a stationary centered sequence and let {a,x1<k<n} be a
triangular array of real numbers.
If forany k > 1,

ZamE(Xth) < 0
t=1
then -
s% = ZankamE(Xth) < 00, (4.19)

t=1
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and
n

n 2
o2 :=F (Z anka> => st (4.20)
k=1

k=1

Clearly, we have

. 2 2 2
n inf s <oZ<n sup s;.
1§k§nk n P Sk

1<k<n
Now we prove Lemma 4.4
Proof of Lemma 4.4. We use a truncation technic. Let N be a constant, we write
X; = XiI(1Xi| < N) = B(XGI(X:| < N)),
X, = X;I(|Xi| > N) = B(X,I(|X;] > N)),
From Lemma 4.5 and by the uniform integrability condition of | X;|?>*° we have
A}i_r)noo s%p Var(Z; ankX;;i) =0.
so to prove this lemma it suffices to prove that
21 Onk X
VVar(Yl ) ank X))
We follow the proof of Theorem 3.2 given in [15] which is based on Bernstein’s method.

We note that Lemma 4.4 holds if conditions (4.21) and (4.22) below are satisfied for
some p = o(n),q = [n/p| and k = [n/(p + q)].

5 N(0,1),

2
n SuPlgkgn Ay

lim —/ 22dF,(z) = 0, (4.21)
|Z|>eop

n—ro0 po;,
with F, the distribution function F},(z) = P(an1X] + ...+ anp X, < 2) and
lim B(— Zk:n»)Q — 0, where 7; — (M)%m)qa X, (0<i<k—1).  (4.22)
SN i 7 ’ . . W e ' .
i=0 (i4+1)p+ig+1
Using Markov’s inequality, we have

P

2 4

nsu a n su . a,;.

M/ 22dF,(z) < WE(E XN (4.23)
poy, |Z|>eomn €°pon i=1

Assume without loss of generality that E(X/) = 0. Using that Z;’il a*(j) < oo, the
inequality [E(Xg, X})| < C(1, 1)N2%a*(j) and following Remark 4.6 we get

2 4 P 14
. msup a . nsup a, EO i X!
lim ———=r=nnk ”’f/ 22dF,(2) < lim i=ksn _nk (4 =1 ) (4.24)
n—0co po;, |Z|>ean n—oco e?inf1<p<y, s3,pN

n

Lemma 4.6 in [5] implies that E(Z XDt =0(n?)if

i
i=1

oo
Zja*(j) < oo. Hence the right hand of (4.23) is O(Z) and goes to zero provided that
=1

p = o(n). For the second condition (4.22) we have

k 2 k
. 1 . SUPi<k<n Onk 2
lim E[(— )2 < lim ——="S PN R (g2 4 2 E(n;n;)]. (4.25)
Jim B[(~ ;n) o [; () K;k n)
Following the proof of Theorem 3.2 in [15], we get Lemma 4.4. O
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Theorem 3.7 follows from the proposition below which is the same result as in The-
orem 3.7 but for B, 5 instead of B, 5.

Proposition 4.7. Let (X,,).cn be a stationary a’("u )~ mixing process for all (u,v) € IN*

with E(X;) = u. Denote by S({) = Zizl X, and let ¢ be as in (3.8). Assume (3.3), (3.7),
(3.11) and E(| X;|*+39) < co. Then,

no SO — b s o2
VB -2 £ N0, T, (4.26)

Proof of Propeosition 4.7. Assume without loss of generality that E(X;) = 0. Let r =
o(n) and ¢ = o(r). Define

m(26+r)+r—1

Emm = Z [(S7 (Z)

j=m(24+r)

(m+1)(2047)-1 ,
T Z [( SJ(@)Z _ E(SJ (6))2]’

j=m(20+r)+r

where m =0,1,...,k, :=[(n— €+ 1)/(20+r)] — 1, £ is a partial sum of r terms and n is
a partial sum of 2/ terms.

We follow the strategy of proof of Theorem 2.1 in [19] and Theorem 1.3 in [25]. Recall

that these results do not apply directly because of the form of our mixing.
It is easy to see that

Wi S0 fn 1 S0, S0,

\/}Bn,z—E(ﬂn—ﬁ(n[H)jz_;[<ﬂ> n 2y,
1 kn

Va2 e

n—~¢
n 1 S;(0) o S;(0) o
NG O () IR T
t(n—L+1) G=(kn+1)(2047) Vit Vit
= Jl,n + J2,n + J3,n-

By Lemma 4.2 we have

n—~{
Var((]&n) = %(n%var[ Z ((SJ(E))Q i E(Sj(g) )2)]

Dk D VO Vi
[#]+1
2A5n(2¢0 + 1) S(0) 5 s e
Sm(c(z )+ 8)II( \/Z) 1246 ; o*(r)5,

where A}, is a constant. Also by Lemma 4.2 as k,, < (n/r) we have

Var(Jz,) = 0 _€+1 Var Z Nimon)
(2] 41 (4.27)
2n2Ag(C(6,0) +8), S() N
< r(n—€+1)2 H( \/Z) H2+6 Z «Q (T) ’

r=1
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where A; is a constant. Consider » = /n, and ¢ = [In(n)/(5In K)] + z, then Var(Jz,,)
and Var(Js ,,) go to 0.
Therefore to complete the proof of Proposition 4.7 it remains to show that

4
Jin 5 N0, %) (4.28)
or equivalently,
1 & c 4o
7 7;:05 n N, =) (4.29)
We have .
1 /
nt m=0 m=0

where we denote by ¢, , = Hﬁfm,n- Recall that by (3.11) and
E(1X; %) < oo,

4426
’Sj(f)/\/Z’ is UL (4.31)

In addition with our choice of ¢ and r we have
(PRI ZPPPIE 20 2 54/3) = o)) (4.32)

By stationarity and (4.32) we have

50
Vi

U BlGn 1G] > ) < 27 Dy 2y B s B

Ve

=o0(l) asn — oo.

1
2\ ¢ (4.33)

which means that { 2+5} is uniformly integrable. Now we will prove that

r Fn 404
Var(\/; > Cnm) — - (4.34)

m=0

kn kn L_l kn
r r /r r
Var(\/; Z Cm,n) = E E m,n Z ]E( an,n\/;Ci,n)'
m=0 =0 j=i+1

m=0

We have

Using (2.1) and with our choices of ¢ = [In(n)/5In(K)] + z and » = y/n we have V j > i

- - . . i(2047)+r—1 §(204+r)+r—1
B Gy Som) = SBlEingi) = O S SHO. > 50

k=i(20+4r) s=j(26+r)
A/ i(204+7r)+r—1j(26+r)+r—1 ) s
< ng; > ST (O +8)|S2O)|;, 50 (s — k)=

k=i(20+r)  s=j(20+r)

A' K2 2z ]) 72
4( n7;3+ )r ||52(

A, (n% + 8)
—

[N

IN

£)||;+5 a* ((j—i+1)(20+ r))riéﬁ

)

< 18205, 5 0" (G — i+ 1)(26 + 7)) 7 |

(4.35)
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where A} is a constant. Using Theorem 2.6 to bound ||S?(¢) |35 and with our hypothesis
on the coefficients o* (specifically, the assumption that
> ((4436)(6 +2))/0), we get:

kn—1 k,
Sy E(\/ZCi,n\/ZCj,n)zo(l)~ (4.36)
i=0 j=i+1

So that, it remains to control - Zk”_ E((.,) = %Zﬁ:'ZO]E(Cgm). By our choices of ¢

m=0
and 7 it remains that as n — oo, £ Y ¥ E((S ) ~ E((,.)-
We have
r—1 o2 2
1 S7(0) S2(0)
E(Cg,n) = E[i ! - E( . )}2
rt i Vi Vi
1 r—1 r—2 r—1
=5 ZVar (S3(¢ B Z Z Cov(S3(0), S7(0))
7=0 7=01i=35+1
1 r—2 r—1
= —Var(5%(¢)) Cov(S? (¢ ¢
5 Var(5%(0) + > S () + W
N—— j=r—Li=j+1
T Tan
r—0—1j+0—1 27"217"1
7"23 Z z:CovS2 S2(0)) + ZCOVS2 S2(0))
=0 i=j+1 =0 i=j+¢
T3.n Ta,n

= Tl,n + TZ,n + T3,n + T4,n-

With our choices of £ and r and the hypothesis on the mixing coefficients, we show that
T n, T2, and Ty ,, go to 0 as n — oo. Also, we have

-1 2 2
1 S Si (€
2— Z Cov (()> , ( ( )> .
Bt Vi Vi
At this stage, we need the following lemma which is another writing of Lemma 2.5 of
[25] which itself is derived by a careful analysis of Theorem 1.2 in [19].

Lemma 4.8. Let (X,),>1 be a stationary a( )~ Inixing sequences for all (u,v) € IN*
with E(X;) = 0. Assume that (3.3) and (3.4) ho]d then

1< (30 5O !
Q) [ 2 2 2 2 _ 2
Jim ~ g \/Z 2 ( i )2) /0 Cov(a®W (1)%,62(W (1 4+ t) — W (t))?)dt s
201
3 )
where (W (t),0 <t < 1) is a standard wiener process and Var(S({))/v{ — o2 as { — .

Remark 4.9. We note that Lemma 4.8 holds by Theorem 3.4 and by the uniform inte-
grability of (S(¢) /€)%, > 1.

Lemma 4.8 leads to

-1
lim 21 COV((S(K)

o) )2) =27 (4.39)
l—oo A P \/Z

)%, (=

EJP 0 (2012), paper O. ejp.ejpecp.org
Page 17/21


http://dx.doi.org/10.1214/EJP.vVOL-PID
http://ejp.ejpecp.org/

Self normalized C.L.T. for some mixing processes.

Finally as it was proved in [25] we have

§n’2 _E(|M|2)é

N/ 1 .
= — — in probability. (4.40)
S(0)—¢
B2, —B((227)2) 20
and by (4.39) we get
n =~ SW) — by 5.1, o>
—Var(B,, s — E(———*)2)—>—. 441
§Var(Buz — B2 b o0 (1.41)
Finally Proposition 4.7 is a consequence of (4.41) and of (4.16). O

Remark 4.10. Note that if C(u,v) < K(u+v)? i.e. C(u,v) is polynomial in u and v and
if ¢ = n® then by the same reasoning (4.36) holds.

Proof of Theorem 3.7. Theorem 3.7 is a corollary of Proposition 4.7. Without loss of
generality, assume that ¢ = 0. Recall that

— 1
X¢= mzsj(”

(4+36)(2 +4)
5

() o)

is uniformly integrable. To conclude the proof of the theorem, it suffices to prove that

We remark that since a > , Remark 2.8 implies that

\/E]E ‘E,%Q - B,2L72’ — 0, as n goes to infinity,
which can be done by following [25] and [19]. O

5 Some examples

In [15], we have given some examples of conditionally independent r.v.s (X;)iecn)
given a factor (V4,...,V,,) that are relevant from the risk theory point of view. In fact,
we considered that the structure of dependence between r.v.s (X;)(;cn) may come from
a time-varying common factor which represents the evolution of socio-economic and
natural environment. For these examples we have considered that r.v.s X,,, n > 1, are
controlled by an unbounded memory of the factor. It should be noted that by unbounded
memory of the factor we mean that the conditional independence is with respect to a
length varying factor vector.

We have proved in [15] that these example satisfy the a?u,v)_ mixing property. We
recall these examples here for completeness. Also, we have noticed that for these
example the coefficients C'(u,v) are exponential in (u,v), so that we cannot obtain the
mixing property with the classical a or ®-mixing coefficients.

5.1 A discrete example

Consider the process (I;)(;cn) such that /;’s are Bernoulli r.v’s conditionally to V; =
(V1...,V;) and conditionally independent with respect to V; where (V;);cn) is @ mixing
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sequence of independent and identically distributed Bernoulli r.v.s with parameter gq.
We shall assume that the conditional law of /; has the following structure:

(1+V))
P(I; =1|V,) Z S

where K is a constant of normalization. This example is inspired from insurance risk
theory: (I;)(;en) may modulate the frequency claim processes such that if I; = 1 then
there is a claim. On may consider the process (X;)(cn), modeling individual claim
amounts in non-live insurance for example, such that X; = I; x B;, where

* the I;’s are Bernoulli r.v’s, conditionally independent with respect to V;, as above,
e the claim amount B;’s are considered independent and independent of the I;’s and
of V,.
* (Vi)(ien) is a mixing sequence of Bernoulli random variables.
It has been shown in [15] that if the process (V;);en is a(u U)-mixing then so is (X, )nen-

Moreover, if the mixing coefficients of (V;);ew are denoted «f (r) and Cy (u,v) then,
there exists A > 1, B > 1 such that the mixing coefficients of (X,,),cn are such that

g) and C'x (u,v) < max(24°, B Cy (u, v)).

[N

ax(r) <272 4 ay(

5.2 Example in an absolutely continuous case

Let the sequence of r.v.s (X;);en) be such that for all i € IN, X; are conditionally
independent with respect to the vector of the factor V;. Consider that (X;);cn) are
Pareto r.v.s and that the sequence (V;);cn) is a sequence of i.i.d Bernoulli r.v.s with
parameter ¢. In this case, the conditional law of X; given V, is Pareto(a, 6;) where
«a > 2 is the shape parameter and 6; > 0 is the scale parameter. We assume that for all
¢ € IN, the conditional density of X; given V, has the form

. 0&
fv (@isa,0;) = a x — =5 for x; > 0;,
i

where the scale parameter §; is a r.v. depending on V; and on « such that

K2

It has been shown in [15] that if the process (V;);en is a’(*u )-mixing then so is (X, )nen-
As in the previous example, explicit bounds on the mixing coefficients of (X,,),cn, de-

pending on those of (V;);cn may be obtained.

Concluding remarks

Our results (Theorems 3.5 and 3.7) apply for sequences of stationary r.v.s. Below,
we mention that if a mixing sequence is converging toward a stationary state, then the
limit process is also mixing.

Assume that (Xn)(ne]N) is a sequence of asymptotically stationary r.v.s. That is, there
is a stationary sequence (Y,)en such that for all bounded function g : R* — R and
n € IN we have for all k € N,

E(g(Xn, ..., Xnir) "= E(g(Yo,. .., Yi)). (5.1)
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Proposition 5.1. Assume that (Xy)nen IS af, )~ mixing and (Yy,)enw) is a stationary
process satisfying (5.1). Then (Y,,)nen) satisfy the af,., )~ mixing property with the
same coefficients.

Proposition 5.1 implies if (X,,)nen) is @ aZ‘u 0~ mixing and asymptotically stationary
sequence then our results apply to the limit process. Examples considered above are
asymptotically stationary.
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