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COUNTING FUNCTION OF MAGNETIC EIGENVALUES FOR
NON-DEFINITE SIGN PERTURBATIONS

DIOMBA SAMBOU

ABSTRACT. We consider the perturbed operator H(b, V) := H(b,0)+V, where H(b,0) is
the 3d Hamiltonian of Pauli with non-constant magnetic field, and V' is a non-definite sign
electric potential decaying exponentially with respect to the variable along the magnetic
field. We prove that the only resonances of H(b,V) near the low ground state zero of
H(b,0) are its eigenvalues and are concentrated in the semi axis (—oo,0). Further, we
establish new asymptotic expansions, upper and lower bounds on their number near zero.

1. INTRODUCTION

In this article, we consider a three-dimensional Pauli operator H(b,V) = H(b,0) + V'
acting in L*(R?) := L*(R® C?). Its describes a quantum non-relativistic spin-1 particle,
subject to an electric potential V' and a non-constant magnetic field B : R? — R3 of
constant direction. With no loss of generality, we may assume that the magnetic field has
the form

(11) B(l‘l,ZL‘Q,ZL'g) = (0,0,b(l'l,l‘z)).

Throughout this paper, b : R?> — R will be assumed to be an admissible magnetic field.
That is, there exists a constant by > 0 satisfying b(x, z2) = by + b(x1, x2), where b is a
function such that the Poisson equation

(1.2) Ap=0b, A:=0}+03

admits a solution ¢ € C*(R?) verifying sup,, ,,)erz [D*@(21,72)| < 00, a € N?, |a| < 2,
(we refer for instance to 25, section 2.1] for more details on admissible magnetic fields).
Notice that b = 0 coincides with the constant magnetic field case.

Let A = (A, Ay, A3) : R?® — R? be a magnetic potential generating the magnetic field B.
That is,

(13) B(X) = curlA(X), X = (XJ_,SL’g) € R3, XJ_ = (%1,.272) € R2.
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2 DIOMBA SAMBOU

The self-adjoint unperturbed Pauli operator H (b, 0) is defined originally on C§°(R3, C?) by

(1.4) H(b,0) := ((_N _0A>2 - (=iV —OA)2 + b) ’

and then closed in L?*(R?). Since b is independent of 3, then with no loss of generality, we
may assume that 4;, j = 1, 2, are independent of z3 and Az = 0. Set ¢o(X 1) := bo| X |?/4
and ¢ := @y + @, so that we have Ay = b. Introduce the operators

0 0
(1.5) a=a(b) = —2@'6""%6“’ and a" =a*(b) := —2ie“"$e’“’,
originally defined on C§°(R?, C), where z := x;+iz and Z := x1 —ixy. Define the operators
(1.6) Hy(b) :=a*a and Hs(b) :=aa".

By choosing A; = —dyp and Ay = 9y, the operator H(b,0) can be rewritten in L?(R3) =
L*(R?) ® L*(R) as

_(Hi(b)@1+1@ (—85) 0 _ . (Ha() 0
(L7)  H(b,0) = ( 0 Hyb)®1+1@(-03)) "\ 0  Hab))
where —02 is originally defined on C{°(R,C). From |24, Proposition 1.1], we know that
the spectra sp (H,) of H;, j =1, 2, satisfy the following properties:
(1.8) sp(Hy) C {0} U [, +o0) with 0 an eigenvalue of infinite multiplicity,
' sp(Hz) C [¢, +00),

where
(1.9) ( 1= 2bge 2%¢¥ > (),

with osc@ := supy cpe @(X 1) —infx, er2 @(X (). Since the spectrum of the operator —d5
coincides with [0, +00) and is absolutely continuous, then (1.7) and (1.8) imply that this
of H(b,0) is equal to [0, 400) and is absolutely continuous (see |25, Corollary 2.2]).

Remark. It is well known (see e.g. [12]) in the constant magnetic field case, the spectrum
of H; consists of the Landau levels 2bgN. Further, the multiplicity of each eigenvalue 2byq,
g € N, is infinite. In particular, this implies that the spectrum of H, consists of the Landau
levels 2bpN*. Further, { = 2b,.

On the domain of the operator H(b,0), we introduce the perturbed operator
(1.10) H(b,V)=H(b,0)+V,
where we identify V' with the multiplication operator by the function V.

In [29], we investigated the resonances (see Definition 4.1 below) of the operator H (b, V)
near zero. We required V' = {Vj; }1<jx<2 to be a hermitian matrix-valued electric potential
satisfying

(1.11) Vi(X)| < C(X ) ™e @) m) >0, §>0,
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where (u) := /1 + |ul?, u € R, d > 1. For V of definite sign, we obtained in [29, Theorem
2.2| an asymptotic expansion of the number of resonances near zero. Further, we showed
that they are concentrated in some sector. For V' of non-definite sign, we obtained in
[29, Theorem 2.1] an upper bound of the number of resonances near zero without their
localization.

The aim of this paper is to study the same problem by considering the class of anti-diagonal
matrix-valued electric potentials

(1.12) V(X) = (U&) U(OX)), X eR?, U(X)eC,

where the function U satisfies the estimate
(1.13) U(X)| < C(X ) ™™e 208 ;) >0, §>0,

with C' > 0 a constant.

Remark. Notice that potentials V' satisfying (1.12) are of non-definite sign. Indeed, its
eigenvalues are £|U(X)|.

Novelty in this paper is that we prove the only resonances of H(b,V') near zero are its
eigenvalues. Further, they are localized in the semi axis (—00,0). We give new estimates
on the number of negative eigenvalues H (b, V) near zero. In particular, they show that
the behaviour of magnetic eigenvalues for unsigned perturbations is different from that for
signed perturbations. The crucial tool is that we exploit the form (1.12) of V' in such a way
we reduce the analysis of the resonances of H (b, V') near z = 0 to that of the semi-effective

effective Hamiltonian Hy — U (Hy — Z)flU (see Section 4).

The paper is organized in the following manner. Our main results (Theorems 2.1 and 2.2)
are stated in Section 2. In Section 3, we recall auxiliary results on Toeplitz operators and
characteristic values of meromorphic operator-valued functions. In Section 4, we reduce
the analysis of the resonances near zero to a characteristic value problem. Section 5 is
devoted to the proofs of Theorems 2.1 and 2.2.

2. STATEMENT OF THE MAIN RESULTS

In order to formulate our main results, some notations are needed. For T a linear
compact self-adjoint operator in a Hilbert space, we denote

(2.1) n4 (s, T) :=rank P, o)(T), s> 0,

where P(; o)(7T") is the orthogonal projection of T in the interval (s, 00). The set of negative
cigenvalues of the operator H(b, V) is denoted spg, (H(b,V)), namely its discrete spec-
trum. The orthogonal projection onto Ker H;(b) defined by (1.6) is denoted p := p(b). The
corresponding orthogonal projection in the constant magnetic field case will be denoted
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Po = p(bo)-

For a bounded operator # € £ (L?*(R?)), we define on L*(R?) the operator W (%) by

(22) (W(e@)f) (Xl) = %/RLU(Xl,ffg)@(Uf)(XL,fL‘g)dl‘g, XL c RQ.

Clearly, if I denotes the identity on L?*(R?), then W (I) is the multiplication operator by
the function

1
(2.3) X, — 5/ \U|*(X L, z3)dws.
R

The function (2.3) will be denoted W (I) again. Let H, be the operator defined by (1.7).
If U satisfies (1.13), then [25, Lemma 2.4] implies that the positive self-adjoint operators
pW(I)p and pW (H;")p are compact on L*(R?).

We are thus led to our first main result, where the resonances are defined in Definition 4.1
below.

Theorem 2.1. Assume that (1.12) and (1.13) hold for V' and U respectively. Then, there
exists a discrete set £ C R* such that for any v € R* \ &, the operator H(b,vV') has the
following properties:

(i) Localization: near zero, the resonances are its negative eigenvalues.

(ii) Asymptotic: suppose that n, <r, pW (H;l)p) — 400, r \( 0. Then, there exists a

sequence (r¢), tending to 0 such that
(24)  #Spaisc (H(b,vV)) N (= 00, —17) = ny (m,pW(?—[;l)p> (1+0(1), ¢— oo.

(iii) Upper-bound: let I be the identity on L*(R3). If W (I) < U, with U, satisfying the
assumptions of Lemma 3.1, then

(2.5) #5Pgic (H (b, V) N (= 00, —1%) < ny <r, %pW(I)p) (1+0(1)), r\0.

Remarks. Notice that in virtue of Lemma 3.1, the right hand side of (2.5) implies that
the number of negative eigenvalues of H (b, V) near zero is of order O(ril/mL), r N\ 0.
This order is better than the order (9(7“_2/ mi) obtained in [29] for general perturbations
V satisfying (1.11). Otherwise, if the function U, is compactly supported, then (2.5) and
[25, Lemma 3.4] imply that the number of negative eigenvalues of H (b, vV') near zero is of
order O((In|In7|)~![In7|), » \, 0, which is similar to that from [29].

In the constant magnetic field case B = (0,0, by), we obtain, in additional, a lower bound
of the number of negative eigenvalues near zero.
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Imk

Resonances

Rek

FIGURE 2.1. Resonances near 0 with respect to the variable k: For
r < 1, the only resonances z(k) = k* of H(b,0)+V near zero are its negative
eigenvalues and they satisfy k € i]0, +00).

Before to state our result, some additional notations are needed. If the function U satisfies
U(X,,x3) =UL(X1)U(x3), where U; and U are not necessarily real functions, we define

<(—a§ + 2b0)‘1u,u>

(26) Kl = 9 ’

and

r\ 2 r .
(2.7) M <<E) ,poULPo> =Ny (E’ (poULpo) pOULpO) :

Theorem 2.2 (Lower bound). Let the magnetic field B be constant. Assume that (1.12)
and (1.13) hold for V' and U respectively. Then, there exists a discrete set € C R* such
that for any v € R*\ &, the following holds:

Suppose that U(X,x3) = U (X )U(x3). If we have

o\
Ty <<E) ,poULPo> =o(r)(140(1)), 7\0,
where the function ¢(r) is as in Lemma 3.5, then

r

(2.8)  #SDPgisc (H(b, VV)) N ( — 00, —r2) > Ny <<E) ’ ,pOULp()) (1 + 0(1)), r N\, 0.

In particular, if Uy > 0 and satisfies the assumptions of Lemma 3.1, then

1

(2.9)  #SDyisc (H(b, VV)) N ( — 00, —r2) >ng ((E) ’ ,pOULp()) (1 + 0(1)), r N\, 0.
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Remarks. Notice that estimates (2.9) and (2.5) imply, in the constant magnetic field case,
the number of negative eigenvalues of (H (b, VV)) near 0 is such that

CmLKll/mlr—l/mL (1 + 0(1)) <
(2.10) #SDgisc (H(b, VV)) N ( — 00, —7’2)
< leK;/er_l/ml (1+0(1)), r\0,

where (), is the constant defined in Lemma 3.1, and
(211) K2 = (4b0)_1/ |U(l‘3)|2dl‘3
R

It is easy to check that K; < Kj. On the other hand, the lower bound in (2.10) implies
that the negative eigenvalues of H (b, V') accumulate to zero. One can compare (2.10)
with the results of [25] on the asymptotic of the counting function of the eigenvalues of
H(b, V) near zero, when V' = {Vj;}1<j k<2 has a fixed sign. Indeed, in [25, Corollary 3.6],
the author shows that if the coefficients of the potential V' > 0 satisfy

Vi(X) =0((X)™), 1<j k<2,

for some v > 3, then the behaviour near zero of the counting function of the negative
eigenvalues of H (b, V) is of order

O(T_Q/(”_l)) (1+0(1)), r\0.

In particular, this shows that the behaviour of eigenvalues for unsigned perturbations is
different from that for signed perturbations.

3. AUXILIARY RESULTS

3.1. Some results on Berezin-Toeplitz operators by Raikov [25], [22]. Consider
U, € L®(R?). The asymptotic eigenvalues of the Berezin-Toeplitz operator pUp is the
subject of the next lemma. An integrated density of states (IDS) for the operator H; =
H,(b) is defined as follows. For X, € R2?, let Xr,x, be the characteristic function of the

square X | + (—%, %)2 with 7' > 0. Denote P;(H;) the spectral projection of H; in the
interval I C R. A non-increasing function g : R — [0, 00) is called an IDS for H; if it
satisfies for any X, € R?

g(t) = lim T Tr [x7x, Poopy(H1)xr.x, ],
for each point ¢ of continuity of g (see e.g. [25]). If the magnetic field is constant, then
there exists naturally an IDS for the operator H; given by

b

0
g(t) = o ; Xr, (t —2boq), tER,

where xr, is the characteristic function of R, .
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Lemma 3.1. [22, Theorem 2.6] Consider U; € C'(R?) such that
0<UL(XL) <C(X1)™7 [VULXL) <X, X) eR?

where o« > 0 and C, > 0. Assume that
o Ui (X1)=u (X1 /|X X1 +0(1)) as | X1| = oo, where ug is a
continuous function on St which does not vanish identically,
e b is an admissible magnetic field,
e there exists an IDS g for the operator Hy(b).
Then we have
ny(s,pU.p) = Cas_Q/O‘(l +0(1)), s\/0,

where

(3.1) C, = b—o

= £)2/eqt.
47T st u(]( )

3.2. Results on characteristic values by Bony-Bruneau-Raikov [7]. Let J# be a
separable Hilbert space. We denote Sy (#) (resp. GL(.#)) the set of compact (resp.
invertible) linear operators acting in 7.

Let D C C be a connected open set, Z C D be a discrete and closed subset, A : D\Z —
GL() be a finite meromorphic operator-valued function (see e.g. |7, Definition 2.1]) and
Fredholm at each point of Z. The index of A, with respect to a positive oriented contour
v, is defined by
(3.2) Ind, A := L,Tr/A’(z)A(z)ldz = iTr/A(z)lA’(z)dz.

i ” it ),
Here, the operator A does not vanish on the integration contour 7. Let D be a domain
of C containing 0. Consider a holomorphic operator-valued function 7' : D — S ().
For a domain 2 C D\ {0}, a complex number z € € is said to be a characteristic value
of z = F(z) =1— @ if the operator .7 (z) is not invertible. The multiplicity of a
characteristic value zq is defined by

(3.3) mult(z) := Ind, (I — 7 (-)),

where v is a small contour positively oriented, containing zy as the unique point z satisfying
T (z) is not invertible.

Define

T
Z(Q) = {Z eQ: - (2) is not invertible} :
z

If there exists zg €  such that I — %ﬁo) is not invertible, then Z(Q) is a discrete set (see

e.g. |15, proposition 4.1.4]). So we define
N(Q) = #Z(Q).
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Assume that T'(0) is self-adjoint. Introduce @ € C\ {0} and the sector
(3.4) Cola,b) ={z+iyeC:a<z<b—ar<y<az},
with a > 0 tending to 0 and b > 0. Let

n(A) :=Tr1,(7(0))

be the number of eigenvalues of the operator 7'(0) lying in the interval A C R*, and counted
with their multiplicity. Denoted Il the orthogonal projection onto KerT'(0).

Lemma 3.2. [7, Corollary 3.4| Let T be as above and I — T"(0)Iy be invertible. Assume
that Q@ € C\ {0} is a bounded domain with smooth boundary OS2 which is transverse to the
real azis at each point of 02 N R.

(i) If QNR = 0, then N'(sQ) = 0 for s small enough. This implies that the characteristic
values z € Z(D) near 0 satisfy |Im z| = o(]z]).

(ii) Moreover, if the operator T'(0) has a definite sign (£T(0) > 0), then the characteristic
values z near 0 satisfy =Rez > 0, respectively.

(iii) If T'(0) is of finite rank, then there are no characteristic values in a pointed neigh-
bourhood of 0. Moreover, if the operator T(0)1(y 100\ (£T'(0)) is of finite rank, then there are
no characteristic values in a neighbourhood of 0 intersected with {+Rez > 0}, respectively.

Lemma 3.3. |7, Theorem 3.7| Let T' be as above and I —T'(0)I1y be invertible. For o > 0
fized, let Co(r,1) C D be defined as in (3.4). Then, for all § > 0 small enough, there exists
s(0) > 0 such that, for all 0 < s < s(6), we have

N(Ca(r, 1)) = n([r, 1]) (1 + (9(5| 1n5|2))
+O(|mé*)n([r(1 —8),r(1+48)]) + Os(1),

where the O’s are uniform with respect to s, § but the Os may depend on 9.

(3.5)

Lemma 3.4. |7, Corollary 3.9| Let the assumptions of Lemma 3.3 hold true. Assume that
there exists v > 0 such that

n([r, 1) = 0(r™7), 70,
and that n([r,1]) grows unboundedly as r 0. Then there exists a positive sequence (ry)y
tending to O such that

(3.6) N(Cuo(ri, 1)) = n([re, 1])(1 + 0o(1)), k — oc.

Lemma 3.5. [7, Corollary 3.11| Let the assumptions of Lemma 3.3 hold true. Suppose
that

n([r,1]) = ®(r)(1+o0(1)), 70,
with ®(r) =r=7, or ®(r) = |Inr|7, or ®(r) = (In| lnr|)71\ Inr|, for some y > 0. Then

(3.7) N(Ca(r,1)) = @(r)(1+0(1)), 7\ 0.
4. RESONANCES

From here to the end, we assume that V' and U satisfy (1.12) and (1.13) respectively.
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4.1. A preliminary property. We establish the main property allowing to reduce the
study of the resonances of H(b,V') near z = 0 to that of the semi-effective Hamiltonian

Hl — U(Hz - Z)_lU.

Let z € C be small enough. We have

(H(b,V) - 2) (_% ! WU (Ha ’ z)l)

(4.1) _ _

. Hq —Z—U(HQ—Z)ilU U(Hg—z)fl

= 0 1 )
Therefore,
(4.2) H(b,V) — z is invertible < H; — 2z — U(Hy — 2)"'U is invertible.
Further,

-1 1 0
(H(ba V) - Z) = (_(7_[2 _ Z)ilU (HQ _ Z)l)

(4.3)

% ((H1 —z— U(?(—)Lg - z)*lU)f1 —(H1—2z—U(H2 — zl)lU)IU(Hg — z)l)

Hence, for z small enough, property (42_) allows to reduce the non-invertibility of the
operator H(b,V) — z to that of Hy — 2 — U(Hs — 2)'U.

4.2. Reduction to a semi-effective problem. Consider z lying in the upper half-plane
C*. Make the change of variables

(4.4) z:=2(k) =k for ke Cf, = {keC":k*cC"}.

Introduce the punctured disk

(4.5) D(0,e)* :=={keC:0<|k| <€}, e<min (5, \/E> ,

where the constants § and ¢ are respectively defined by (1.13) and (1.9).

Proposition 4.1. |29, Proposition 4.1|
Let R(z) denote the resolvent of the operator H(b, V). Then, the operator valued-function

k— (R(2(k)) : e 2@ LA(R?) — ) LA(R?))

admits a meromorphic extension from CT/Z N D(0,¢e)* to D(0,¢)*. We shall denote this
extension R(z) again.

Definition 4.1. We define the resonances of H(b, V') near zero as the poles of the mero-
morphic extension R(z).
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Set #(z) == (H1— 2z —U(Ha — z)_lU)f1 and Ry(z) := (Ho — 2)~!. From (4.3) we deduce
that

(4.6)
ef5<x3>R(z)efé<mg>
. efé<1'3>%(z)efé<1'3> _efé<1'3>%(z)UR2(Z)efé<1'3>
—e %) Ry (2) U (2)e %) e=0(3) Ry(2)UR(2)U Ry(z)e0®3) 4 e=0(=3) Ry(2)e=0®3) |-

This together with Proposition 4.1 and assumption (1.13) show that the poles of R(z)
coincide with those of %(z). Then, near z = 0, the investigation of the resonances of
H(b,V) is reduced to that of the semi-effective Hamiltonian H; — U(Hy — 2)71U.

4.3. Study of the semi-effective problem. With the help of the decomposition

-1
(4.7) (Hy — 2)7' = Hy* (1 - 27-[2_1) = H,! Z KU
k>0
z being sufficiently small, we obtain
(4.8 (Ha = =) =y 2 (2 4 34,0 (2)),
where
(4.9) M(z) =2 2"
k>0
So, (4.8) implies that
(4.10) U(Hs — 2)"'U = UH,; ? (H;WU + H;WM(Z)U) :
Now define the operator
(4.11) w=H, *U.
Thus, putting together (4.10) and (4.11) we obtain
(4.12) UMy —2)"'U =w(1+ M(2))w.

We therefore have proved the following

Lemma 4.1. For z small enough, the operator U(Hy — 2)~*U admits the representation
(4.13) U(Ho—2)"'U =w(1+ M(2))w.
Further, the operator-valued function z — M (z) is analytic near z = 0.

Let Ry(z) denote the resolvent of the operator ;. Under the notations of Lemma 4.1, the
following lemma holds:

Lemma 4.2. For z small enough, the operator valued-function
D0, )" 5 k— Ty (2(k)) == (1 + M(z(k:)))le (2(k))w",

is analytic with values in S, (L*(R?)).
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Proof. The analyticity of Ty (z(k)) holds since M (z(k)) and R;(z(k)) are well defined
and analytic for k € D(0,€)*.

The compactness of Ty (z(k)) follows from that of UR;(z(k))U, using the diamagnetic
inequality and [32, Theorem 2.13]. O

We have the following characterization of the resonances.

Proposition 4.2. For k near zero, the following assertions are equivalent:
(i) z(k) = k* is a resonance of H(b,V),
(ii) 1 is an eigenvalue of Ty (2(k)).

Proof. The equivalence follows directly from the identity

(4.14) (1 ~(1+ M(z))le(z)w*> (1 +(1+ M(z))w%(z)w*) =1,

and the fact that the poles of R(z) coincide with those of Z(z). O
So, the multiplicity of a resonance z := z(k) is defined by

(4.15) mult(z) := Ind, (1 - Tv(z(.))),

where 7 is a small positively oriented contour containing k£ as the unique point satisfying
z(k) is a resonance of H(b, V) (see (3.2)).

Using the terminology of characteristic value recalled in Subsection 3.2, Proposition 4.2
can be formulated as follows:

Proposition 4.3. For k near zero, the following assertions are equivalent.

(i) z = z(k) is a resonance of H(b,V),

(ii) k is a characteristic value of I — Ty (z(-)).
Further, according to (4.15), the multiplicity of the resonance z(k) coincides with this of
the characteristic value k.

5. PROOF OF THE MAIN RESULTS

First, let us introduce some tools. For p = p(b), set ¢ := I — p. Define on L*(R3) the
projections P := p® 1 and ) := ¢ ® 1. If 2 lies in the resolvent set the operator H;, we

have
(5.1) (Hi—2)"" = (Mo = 2) P+ (Hy ‘_5)1@
:p®R(z)+(H1 —Z) Q’

where the resolvent R(z) := ( — 95 — z)fl admits the integral kernel
(5.2) N (23 — ) = iVl /(23/2), Im+/Z > 0.
5.1. Proof of Theorem 2.1.
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5.1.1. Preliminary results. Firstly, we need to split the operator 7}(2(1{:)) of Lemma 4.2
with the help of (5.1). We get

Tv (2(k)) = wp @ R(K*)W" + M (2(k)) wp @ R(k*)w”
(14 M(2(0) )win (=(8) Qw".

The operators M (z(k)) and R;(z(k))Q are analytic near zero. Then, it is not difficult to
see that the third term of the right hand side of (5.3) is holomorphic near zero, with values
in So (L?(R%)). By (5.2), the integral kernel of N(k) := e 9@ R(k?)e %3} is given by

(5.3)

 nik|zz—zh|

1e
2k

This together with (4.9) imply that the second term of the right hand side of (5.3) is
analytic in a vicinity of zero, with values in S, (L*(R?)).

(5.4) e~0@s)

Now let us focus on the first term wp ® R(k*)w*. According to (5.4), we can write

1
(5.5) N(k) = zat b(k),
where a : L?(R) — L*(R) is the rank-one operator defined by
(5.6) a(u) = %<u7e,5<.>>e,5<x3>’

and b(k) is the Hilbert-Schmidt operator (for k € D(0,€)*) with integral kernel

eik|mgfzvg\ -1

(57) e_6<$3>iTe_5<xé>.
Thus,
1
(5.8) wp @ R(E*)w* = % X 5w(p®7')w* +w(p@s(k))w,

where 7 and s(k) are operators acting from e~ L2(R) to ¢’®*3) L?(R), with integral kernels
respectively given by 1 and

1— eik|mgfzvg\

5.9
(59) 21k
We therefore have proved the following
Proposition 5.1. Let k € D(0,¢)*. Then,
(5.10) To (z(h)) =i Y EETY | ),
where
B(k) := w(p® s(k))w* + M(z(k))wp @ R(k*)w*
(5.11)

+ (1 + M(z(k)))wliﬁ (2(k)) Qw",
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is holomorphic in D(0,€) := D(0,€)* U {0}, with values in Sy (L?(R?)).

Notice that w(p® 7)w* is a positive self-adjoint compact operator. Indeed, if we define ey
as the multiplication operators by the functions ey : x5 — e*9%3) it is easy to check that

(5.12) wp )W =wey(p@co)esw' = ((p® c)e+w*)* (p®c)esw™).

Here, ¢ : L*(R) — C is defined by c(f) := (f,e_), so that ¢* : C — L?*(R) is given by
c¢*(A) = Xe_. Now, with the help of (5.12), we deduce that

(5.13) o (r, wlp@r)w’ > =ny <7“, (@ clerwwe(p®c )> , >0,

2 2

where the quantity n,(r,-) is defined by (2.1). By the definition (4.11) of w, we have
w*w = UH,'U. This together with sp(Hs) C [(, +00) imply that

® c)exwwey(p ® c* _ W (I
where for 2 € .2 (L*(R?)), W(£) is the operator defined by (2.2). Then, by combining
(5.13) with (5.14) we obtain

n, <r, M) =ny (r,pW(H51)p>

<ng (r, pWé[)p> , r>0.

Otherwise, according to Proposition 4.3, the study of the resonances z(k) = k* of H(b, V)
near zero, is reduced to that of the characteristic values of the operator
2 T'(ik)

I—Tw(z(k) =T+v —r

(5.15)

Here, taking into account Proposition 5.1, T'(ik) := W — ikB(k) so that T(0) =
w. Let IIp be the orthogonal projection onto Ker7'(0). Since 7"(0)Il, is com-
pact, then, there exists a sequence (v,), such that I — vT"(0)Ily is invertible for any
v € R\{v,,n € N}. Note that we can take v, = A\ ! where {\,,n € N} is the set of
eigenvalues of the operator 7"(0)I1y.

5.1.2. Back to the proof of Theorem 2.1. Notations are those from Subsection 3.2.
(i): its follows immediately from Lemma 3.2 with 2z = —ik /1%

(ii): Theorem 2.1 (i) shows, in particular, for |k| small enough the resonances z(k) = k?
are concentrated in the sector {k € D(0,€)* : —ik/v? € Co(r,79)}, for any a > 0. Hence,
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if Res(H (b, V) denotes the set of resonances of H (b, V'), we have
#{z(k) = k* € Res(H(b,vV)) : 7 < |k| < 7o}
(5.16) = #{z(k) = k* € Res(H(b,vV)) : —ik/v* € Co(r, 1)} + O(1)
=N (Ca(r,m9)) + O(1), 7 \,0.
On the other hand, we have

(5.17) n(['r’, TO]) =Tr1p,, (T(O)) =n, (r, M) + O(1).

This together with the inequality in (5.15) imply that

n([r,ro]) < ny (r, pWéI)p) +O(1).

Then, Theorem 2.1 (ii) follows from (5.16) together with Lemma 3.4, (5.17) and the equal-
ity in (5.15).

(iii): if we have W (I) < U, with U, satisfying the assumptions of Lemma 3.1, then

(5.18) ng (r, pWé[)p) = C,A,LL(CT)’I/mL (1 + 0(1)), r N\, 0,

where m is the constant defined by (1.13). Similarly to the inequality in (5.15), we can
show that

(5.19) n([r,ro]) < Trlp <pW<(I)p) =:n([r,ro]).

Note that due to (5.18),
n

(5.20) ([r,70]) = Cony (Cr) ™™= (1+0(1)), 7\, 0.
Now if ¢(r) = r™, v > 0, then ¢(r(1 £v)) = r 71 £v) = ¢(r)(1 + O(v)). 1If
ii([r,1]) = ¢(r)(1 + o(1)) with ¢(r(1 £9)) = ¢(r)(1 + o(1) + O(J)), then
(5.21) A([r(1—v),r(1+v)]) =n([r,1])(o(1) + O(v)).

Then, Theorem 2.1 (iii) follows from (5.16) together with Lemma 3.3, (5.19), (5.20) and
(5.21).

5.2. Proof of Theorem 2.2. To obtain (2.8), it suffices to prove that if the function U
satisfies U(X |, x3) = U, (X, )U(x3), then the following operator inequality holds:

(5.22) K (poUlpo)*(poULpo) < pOW(Hgl)Po-
Indeed, if (5.22) is true, then with respect to the constant magnetic field, the quantity
n([r,mo]) = Tr 1y (M) =Trlp,, (pOW(Hgl)p()) satisfies

(5.23) n*([r, 7’0]) = Tr1p . [Kl (pOULpO)* (poUlpo)] < n(['r’, ro]).
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SIS

r

Further, if we have
;poULpo | == ny (f’ (poULpo)*poUlpo)
1

”
ne | | —
K,
=¢(r)(1+o(1)), r\0,
where the function ¢(r) is as in Lemma 3.5, then

(5.24) n.([r,ro]) = o(r) (1 +0(1)), r\,0.
Thus, (2.8) follows by arguing as in the proof of Theorem 2.1 (iii) above.

Now let us proof (5.22). If the magnetic field is constant, then #, satisfies
Hy' > Hy'po = po© (— 02 +2by) .

This together with the definition (2.2) of W (H; ") imply that, if U(X |, 23) = U, (X 1)U (x3),
then for any f € L? (RQ)

(5.25) (WY1 1) > K(TopoUsf. f).
This means that we have the operator inequality

W (Hy") = KT ipoU..
Thus,

poW (H3)po > Ki(poU1po)” (poU1po),
which is exactly (5.22). This concludes the proof of Theorem 2.2.
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