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QUANTITATIVE BOUNDS ON THE DISCRETE
SPECTRUM OF NON SELF-ADJOINT QUANTUM
MAGNETIC HAMILTONIANS

DIOMBA SAMBOU

ABSTRACT. We establish Lieb-Thirring type inequalities on non self-
adjoint unbounded perturbed operators, by a potential that is relatively-
compact. Furthermore, we apply our results to quantum Hamiltonians of
Schrédinger and Pauli with constant magnetic field of strength b > 0. In
particular, we use these bounds to derive information on the distribution
of eigenvalues around the essential spectrum of these operators.

1. INTRODUCTION

In this present article, we consider two important cases of unbounded
self-adjoint operators acting on a separable Hilbert space X. First, let us
introduce some conventional definitions we will use in this paper. We denote
by Sp(X), p € (0,4+00) the Schatten-von Neuman classes of compact linear
operators L on X for which the norm ||L||, := (Tr|L[P)}/? is finite. For an
operator 7 acting on X, its numerical range is defined by

(L.1) N(A) = {{Af, f): [ € dom(),|f|x =1}

The discrete spectrum of # denoted by ogisc(-#) and its essential spectrum
denoted by ess(#) are defined as in [32].

In the first part of this article, we consider unbounded self-adjoint oper-
ators Hy such that oess(Ho) = 0(Hp) = E is an infinite discrete set of the
form
(1.2)

E = U {Aj}, Ao >0, Ajy1>Aj, |Ajr1—Aj| <d=constant V j.
=1
Concrete examples of operators satisfying (1.2) are Schrodinger operators
acting on L? (RQd, (C), d > 1, and Pauli operators on L? (de’ (C2) with con-
stant magnetic field of strength b > 0, defined respectively by (3.1) and
(4.9). Tt is well known (see e.g [8]) that their spectrum consists respectively
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2 DIOMBA SAMBOU

to the Landau levels b(d + 2j) and 2bdj, j € N, and each Landau level is an
eigenvalue of infinite multiplicity.

On the domain of Hy, we introduce the perturbed operator
(1.3) H=Hy+YV,

where V' is a relatively non self-adjoint compact perturbation with respect to
Hy. This means that dom(V') D dom(Hy) and for A € p(Hp) the resolvent set
of the operator Hy, the Birman-Schwinger operator V (Hy— \)~! is compact.
Under this assumption on V', it is well known (see e.g. [17, Chap. VI]) that
there exists p; < 0 such that

(1.4) o(H)c{AeC: ReX > p1}.

In the sequel, we assume the same for its numerical range. That is

(1.5) o(H)C N(H)Cc{AeC: ReA > }.
Let us fix the constant
(16) Mo = (1 — 1.

Throughout this study we assume that the weighted resolvent V (Ho—puo)~! €
Sp(A) for any p > 0. This means that

(L.7) IV (Ho = o)™ < o

In the second part of this paper, we focus on (2d + 1)-dimensional self-
adjoint Pauli operators with constant magnetic field, acting on L? (R2d+1) =
L? (RQd“, C?), d > 1, defined by

(1.8) Po := (HOEM Hoibd) = (E;l ]I92>'
Here the constant b > 0 is the strength of the magnetic field and for the
cartesian coordinates X := (1,¥y1,...,2d,Yd, T) € R2d+1,
d 1?2 12 )
Hy := jzl { <Dl«j + §byj> + (Dyj — §bxj> } + D?C, D, := —i%

is the (2d + 1)-dimensional self-adjoint Schrodinger operator with constant
magnetic field originally defined on C§° (R2d+1, C). It is well known (see e.g
[8]) that the spectrum of the operator Py is absolutely continuous, coincides
with [0,+00) and has an infinite set of thresholds 2bdj, j € N, which are
called the Landau levels of Py. We shall denote again this set of thresholds
by

o .
(1.9) E={A;} ", Aj=2bdj
On the domain of the operator Py, we introduce the perturbed operator

(1.10) P=P+V,
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where we identify the perturbation V with the multiplication operator by
the matrix-valued function

(1.11) V(%) = {vk(¥) },p pco

Here we assume that V' is a bounded non self-adjoint perturbation such that
for any x € R2*1 and 1 < £,k < 2,

(1.12) loge ()| < CF(x)G (),

where C' > 0 is a constant, F' and G are two positive functions satisfying
F € LP(R**1) for p > 2, and G € (L2 N LOO) (R) Under this assumption
on V, for any A € p(IPg) the resolvent set of the operator Py, we obtain (see
lemma 6.1) that

(1.13) |F(Hy — NG, < 0.

Once again, this means that V is a relatively compact perturbation. Note
that since the potential V' is bounded, then the numerical range of the op-
erator [P satisfies

(1.14) o(P) CN(P) C {A€C: ReA > —2|V]|oo and |TmA| < 2[[V]so }-

Now for the transparence of the presentation, let us denote %) for the op-
erators Hy, Py, and JZ for the perturbed operators H, P defined respectively
by (1.3) and (1.10). Since V a relatively compact perturbation with respect
to the self-adjoint operator 74, then due to a version of the Weyl’s criterion
concerning the invariance of the essential spectrum |7, Corollary 2.3.3], we
have Gess(H) = Oess(Hp) s0 that oess(H) = U2, {A;} defined by (1.2),
and oegs(P) = [0,+00). However, the perturbation V' may generate some
discrete spectrum ogise(7) of eigenvalues. It can accumulate on gegs(7)
only. The aim of the present note is to investigate ogisc(-#°) with additional
assumptions on the perturbation V. We shall use bounds (1.7) and (1.13)
to derive quantitative estimates on the discrete spectrum ogisc(-7°) of the
operator 7. In particular, these bounds give a priori information on the
distribution of eigenvalues in a vicinity of the Landau levels A;, j € N. A
similar recent work by Demuth, Hansmann and Katriel [6] treats the case
Of Oess () = 0ess () = [0,00). They prove their main abstract result by
construct first a holomorphic function whose zeros coincide with the discrete
eigenvalues of J#. Further they use complex analysis methods and a theo-
rem of Borichev, Golinskii and Kupin [3] to get information on these zeros.
Because of the discrete form of the essential spectrum of the operator Hy,
and the existence of infinite thresholds in that of the operator Py, we use
different techniques to prove our results. That is, we reason similarly to [12]
and [32], using in particular a recent result by Hansmann [13]| and a techni-
cal distortion lemma (see Lemma 5.1) which leads us to the application of
complex analysis methods. The details of proofs can be found in [32] where
the particular case of 2d and (2d + 1)- dimensional magnetic Schrodinger
operators, d > 1 with bounded non self-adjoint potential V is study.
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We shall progress as follows. In section 2, we formulate our main results
(i.e. Theorem 2.1 and Theorem 2.2), and we discuss some of their immediate
corollaries on the discrete eigenvalues of the operators . In section 3 and
section 4 we apply respectively Theorem 2.1 to Schrédinger operators on
L? (RQd, (C), d > 1, and Pauli operators on L? (RQd, (C2) with constant mag-
netic field of strength b > 0. In this way, we shall prove that the assumptions
appearing in Theorem 2.2 can be concretely satisfied in some cases. In sec-
tion 5, we give a sketch of proof of Theorem 2.1, and in section 6 a sketch
of proof of Theorem 2.2. Section 7 is devoted to the proof of bounds on
the discrete spectrum of 2d-dimensional Schrodinger operators. In section 8,
we prove same estimates on the discrete spectrum of 2d-dimensional Pauli
operators.

2. STATEMENT OF MAIN RESULTS

2.1. An abstract result. We establish Lieb-Thirring type estimates on the
discrete eigenvalues of the operator H defined by (1.3). A sketch of proof of
the following theorem is given in section 3.

Theorem 2.1. Let Hy be a self-adjoint operator such that o(Ho) = 72, {A;}
as in (1.2) and H = Hy+ V. Assume that for some p > 0, the perturbation
V' satisfies

(2.1) IV (Ho — o) I < Ko,

with Ko a constant and py defined by (1.6), and that N(H) satisfies (1.5).
Then

dist (A, U {A; 1P
(2.2) > o= o jl{Qp]})
Aegdisc(H) (1 + ‘)\‘)

where Cy = C(p, o, Mo) is a constant depending on p, ug, and Ay.

< CpKo,

Using the following estimate

1 1 1 1 1
= N > ;
T+|A A1+ T A1+ 771

(2.3)

verified for any 7 > 0 with |A| > 7, we obtain the following corollary.

Corollary 2.1. Under the assumptions and the notations are of Theorem
2.1, the following bound holds for any ™ > 0,

(24) > it U, (1 + %)217 K.

|A[?P
A€ Oaiee(H)
|A[=T
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For instance, Theorem 2.1 gives immediate corollaries on sequences (Ag)
of isolated eigenvalues that converge to some \* € oess(H) = 72, {A;}.
Indeed, by estimate (2.2) we have

(2.5) > dist (A, U2 {As})P < oo
k

This means a priori that the accumulation of eigenvalues of H near the A; is
monotone with p. That is, the eigenvalues are getting less densely distributed
in a vicinity of the A; with growing p.

By Theorem 2.1, we can also obtain information about sequences of eigen-
values (\g) that diverge. For example if for some 1 > 0 the sequence (\g)
satisfies for any k the lower bound

(2.6) dist (A, U521 {A;}) >,

then estimate (2.4) implies that Y =, m < oo. This means that |A\g]
must converge to infinity sufficiently fast.

2.2. About the magnetic (2d+1)-dimensional Pauli operators, d > 1.
We establish Lieb-Thirring type inequalities on the discrete eigenvalues of
the (2d+1)-dimensional Pauli operator P defined by (1.10). We give a sketch
of proof of the following theorem in section 6; [r] denotes the integer part of
reR.

Theorem 2.2. Let P = Po+V with V satisfying (1.11) and (1.12). Assume
that F € LP(R?**) with p > 2[%] +2,d>1and G € (L*NL*>)(R). Define

d+5+35+
(2.7) K = |[F||7, (1G] 2 + 1Gllpee )" (1 + [V ]loo) 2727
for 0 <e < 1. Then we have

G

AE Odisc (P)

p_

dist (A, [0, +00)) 2 dist (A, U2 {A,) 5T
(1 +[A[)

< C5K7

where Aj are the Landau levels defined by (1.9), v > d —i—% and Cs5 =
C(p,b,d,e) is a constant depending on p, b, d and e.

Now since for any 7 > 0 estimate (2.3) happens, then we get the following
corollary.

Corollary 2.2. Under the assumptions and the notations of Theorem 2.2,
the following bound holds for any 7 > 0,

(2.9)
' Pilte . (5-1+e)+
dist(\, [0, +00) 2 dist (A, U2 {A,;})4 1\"
Z ( [ ) ( ]—1{ ]}) S C5 <1 + _) K.
Al T
A € aqisc (P)

Al =7
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Most of known results on the discrete spectrum of Pauli operators deal
with self-adjoint perturbations V and study its asymptotic behaviour near
the boundary points of its essential spectrum (see e.g. [15], [28]). In this
work, we study non-self-adjoint perturbations and, as in [32, Theorem 2.1],
it can be verified that Theorem 2.1 above implies that apriori the discrete
eigenvalues of the perturbed operator P are getting less densely distributed
near the Landau levels than elsewhere near its essential spectrum.

3. APPLICATION OF THEOREM 2.1 TO THE MAGNETIC 2d-SCHRODINGER
OPERATORS, d > 1

Let X| = (21,y1,...,24,9q) € R? d > 1 and b > 0 a constant. We
consider
d

(3.1) Hy:=>_ { (ij - %byj>2 + (Dyj —~ %bx])z} :

j=1

the Schrédinger operators acting on L? (]de) = L? (RQd,(C) with constant
magnetic field of strength . The self-adjoint operator H is originally defined
on C§°(R??), and then closed in L?(R??). It is well known (see e.g. [8]) that
its spectrum consists of the increasing sequence of Landau levels

(3.2) A; =b(d+2j), jeEN,

and the multiplicity of each eigenvalue A; is infinite. As in (1.3), define the
perturbed operator

(3.3) H=Hy+YV,

where we identify the non self-adjoint perturbation V' with the multiplication
operator by the function V : R?¢ — C. As it was reported in [32], most of
known results on the discrete spectrum of Schrédinger operators deal with
self-adjoint perturbations V' and study its asymptotic behaviour near the
boundary points of its essential spectrum. For V admitting power-like or
slower decay at infinity see [14, chap. 11-12|, [23], [25], [26], [34], [35], and
for potentials V' decaying at infinity exponentially fast or having a compact
support see [29]. For Landau Hamiltonians in exterior domains see [16], [21]
and [24].

According to condition (1.5), we first consider the class of non self-adjoint
electric potentials V' satisfying

(3.4) (Re(V)f, £) = ml fI?
and the following estimate
(3.5) V(X1)| <CF(Xy), FelILP(R™), p>2,

where C' > 0 is a constant and F' a positive function. Under these assump-
tions on V', we show that condition (1.7) according to (2.1) is in fact naturally
satisfied for any A € p(Hp). Namely, Lemma 7.1 says that the p-Schatten
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norm of the weighted resolvent F'(Hy— \)~! satisfies some bound depending
on the LP-norm of the function F'. Hence we come to the following theorem;
a sketch of its proof is given in section 7.

Theorem 3.1. Let H = Hy+V be the perturbed Schridinger operator defined
by (3.3) with V' satisfying conditions (3.4) and (3.5). Assume that F €
Lp (RQd), d>1 with p > 2[%] + 2. Then the following holds

dist (A, U {A;1)?
(3.6) > o= ( H{ij})
AEaqisc(H) (1 + |)\|)

where A; are the Landau levels defined by (3.2), and C1 = C(p, po, b,d) is a
constant depending on p, po == pu1 — 1, b and d.

< Cil|FIIL,

Since for any 7 > 0 with |A| > 7 estimate (2.3) holds, then we get the
following corollary.

Corollary 3.1. Under the assumptions and the notations of Theorem 3.1,
we have the following bound for any ™ > 0

dist (A, U2, {A;})P 1\%
(37) > 2l <o (14) i
Aeo’disc(H)
[A| >

By Theorem 3.1, a priori the isolated eigenvalues of H are distributed less
and less densely in a vicinity of the Landau levels with growing p.

Let us now consider the class of bounded non self-adjoint electric potentials
V. In this case, it can be easily checked that condition (3.4), then condition
(1.5) are satisfied with p; = —||V||~. More precisely we have

(38) o(H)CN(H)C{AeC: ReA> —||V|]| and |ImA| < ||V}
So as in Theorem 3.1, we get the following result.

Theorem 3.2. [32, Theorem 2.2| Let H = Ho+V be the perturbed Schrédinger
operator defined by (3.3) with V' bounded and satisfying condition (3.5). As-
sume that F € LP(RQd), d > 1 with p > 2[%] + 2. Then the following
holds

dist (A, U {A; 1P
(3.9) > o= & jl{Qp]})
Aeadisc(H) (1 + ‘)\‘)

where A; are the Landau levels defined by (3.2), and Cy = C(p,b,d) is a
constant depending on p, b and d.

2
< CzHFHIip (1 + HVHOO) p7

In the spirit of Corollary 3.1, we get the following inequality.
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Corollary 3.2. [32, Corollary 2.2] Under the assumptions and the notations
of Theorem 3.2, we have the following bound for any 7 > 0

sy AU

|A[?
Aeo’disc(H)
(A =7

1 2p 2p
<G (147) IR+ V)™

It is convenient to mention that the assumptions of theorem 3.1 are typi-
cally satisfied by the class of potentials V : R?¢ — C such that

(3.11) V(X)) <Cc(X )™, m>0, pm>2d, p>2,

where C' > 0 is a constant and (y) := (1 + |y|2)1/2, y € R" n > 1. Some
examples showing the sharpness of our results in the two-dimensional case
are discussed In [32, subsection 2.2].

4. APPLICATION OF THEOREM 2.1 TO THE MAGNETIC 2d-DIMENSIONAL
PAULI OPERATORS, d > 1

To simplify, we consider the two-dimensional Pauli operator H = Hy+ V
acting in L%(R?) := L?(R2 C?) and describing a quantum non-relativistic
spin—% particle subject to a magnetic field of strength b and a electric poten-
tial V. The general case can be treated in a same manner (see Remark 4.1
below). The self-adjoint unperturbed Pauli operator Hy given by

(41)  Ho:= <(_N _OA)2 -’ (—iV —OA)2 - b) B (fél }?2> ’

is defined originally on C§°(R?) and then closed in L*(R?). Here A =
(A1, A) : R? — R? is the magnetic potential, and

4.2 (X)) =—-—, X, =(z,y) €R
(42) (xX1) =52 - Fh K=
is the magnetic field. We focus on the case where b > 0 is a constant. In
this situation, the spectrum o(Hy) of the Pauli operator H (see e.g [8]) is
given by

[e.e]
(4.3) o(Ho) = | {A;}, A =205

J=1

Now consider the matrix-valued electric potential

(44) V(XJ_) = {UZR(XJ_)}lngﬁST X, = (.%',y) S R27
and introduce the perturbed operator
(4.5) H=Hy+V,

where we identify the potential V' with the multiplication operator by the
matrix-valued function V. As in the case of Schrédingers operators, most
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of known results on the discrete spectrum of Pauli operators deal with self-
adjoint perturbations V' (see e.g. [27]). According to condition (1.5) and as
in (3.4), we first consider the class of non self-adjoint electric potentials V'
satisfying

(4.6) (Re(V)f, f) = mllfI1%
and the following estimate
(4.7) lv(x)| < CF(x), 1<6k<2 FelLl(R™), p>2,

where C' > 0 is a constant and F' a positive function. Note that if the po-
tential V' is diagonal, i.e. v13 = vy; = 0, then assumption (4.6) is satisfied
trivially if inf (Re (v11), Re (v22)) > p1. In the case where V' is non-diagonal,
if inf; 5, (Re (Wk)) > wy for some wy < 0, then it can be checked that assump-
tion (4.6) holds with 1 = 2wg. Under these assumptions on the potential V|
relation (1.7) according to (2.1) is in fact naturally satisfied for any A € p(Hy)
(see Lemma 8.1). More precisely, we obtain that the p-Schatten norm of the
weighted resolvent F(Hp — A)~! is bounded by the LP-norm of the function
F up to a constant depending on A. The sketch of the proof of the following
theorem will be given in section 8.

Theorem 4.1. Let H = Hy+ V be the perturbed Pauli operator defined by
(4.5) with V satisfying conditions (4.6) and (4.7). Assume that F € LP(R?)
with p > 2. Then the following holds
dist (A, U2, {A;})"
(4.8) > =
AEaqisc(H) (1 + |)\|)

where A; are the Landau levels defined by (4.3), and Cs = C(p, po, b,d) is a
constant depending on p, po == u1 — 1, b and d.

S C3HFHPZ,P5

Remark 4.1. Theorem 4.1 remains valid if we replace the two-dimensional
Pauli operator Hy by the general 2d-Pauli operators acting on L? (RQd, (CQ),
d > 1, defined by

_ (Hp —bd 0 . Ha,i 0
(4.9) Ho "( 0 Ho,i—de) - ( 0 H, )
where
d 1 2 1 2
J:

is the 2d-Schrédinger operators defined by (
on p for the function F' € LP (RQd) isp>2 [%
given by 2bdj, j € N.

3.1). In this case the condition
] + 2 and the Landau levels are

As above, we have
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Corollary 4.1. Under the assumptions and the notations of Theorem 4.1,
we have the following bound for any ™ > 0

dist (A, U2, {A;})P 1\%*
(4.10) > NG - §03<1+;> IFIZs-
Aeadisc(H)
A>T

According to (2.5), by Theorem 4.1, a priori the isolated eigenvalues of H
are less densely distributed in a vicinity of the Landau levels with growing
values of p.

Let us now consider the class of bounded non self-adjoint electric potentials
V. In this case condition (4.6), then condition (1.5) are satisfied with p; =
—2||V||0o- More exactly we have

(411) o(H) Cc N(H) C {A € C: ReA > —2||V||o and [ImA| < 2|V }.
So we get the following theorem.

Theorem 4.2. Let H = Hy+ V be the perturbed Pauli operator defined by
(4.5) with V bounded and satisfying (4.7). Assume that F € LP(R?) with
p > 2. Then the following holds
dist (A, U2, {A,; 1)
(4.12) > ( “{Q,f})
Aeadisc(H) (1 + ’)\’)

where Aj are the Landau levels defined by (4.3), and Cy = C(p,b,d) is a
constant depending on p, b and d.

2
< C4HFHI£P (1 + HVHOO) p7

Remark 4.2. Remark 4.1 remains valid for Theorem 4.2.

Using the lower bound (2.3), we get the following corollary.

Corollary 4.2. Under the assumptions and the notations of Theorem 4.2,
we have the following bound for any ™ > 0

Wy 3 dist (A, U2 {A;})”

J
AP
Aeadisc(H)
A>T

<Ci(1+7) IR0+ 1VI) ™

5. SKETCH OF PROOF OF THE ABSTRACT RESULT

Constants are generic, ¢.e. changing from a relation to another. The fol-
lowing result of Hansmann [13, theorem 1| is the first crucial tool of the
proof. Let By = Bj be a bounded self-adjoint operator acting on a Hilbert
space, B a bounded operator satisfying B — By € S, p > 1. Then

(5.1) > dist(X, 0(Bo))” < C||B - Bollb,
Ae€oy(B)
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where the constant C' is explicit and depends only on p. Note that we can
not apply (5.1) to the unbounded operators Hy and H. To fix this, let us
consider the bounded resolvents

(5.2) Bo(po) = (Ho — pio)™" and  B(uo) = (H — o) ™",
where p is the constant defined by (1.6). Furthermore,

(H — po) ™" = (Ho — o) ™" = —(H — o) 'V (Ho — )",
we obtain
(5.3) [|B(10) = Bo(po)|[}) < [|(H — o) |||V (Ho — po) ™"

Since (1.5) implies that dist(uo, N(H)) > 1, then using |5, Lemma 9.3.14]
we get

p
p’

(5.4 107 =071 = e <

So by assumption (2.1) together with (5.3) and (5.4), we obtain finally

(5.5) |B(10) = Bo(ho) |, < Ko,

where K is the constant defined in (2.1). Thus we see

(5.6) > dist(z,0(Bo(mo)))’ < CKo
z€aq(B(po))

by applying (5.1) to the resolvents B(ug) and Bo(uo). Putting 2z = ¢, () =
(A — o)1, we have by the Spectral Mapping theorem

(5.7) 2 € oa(B(uo)) (z c J(Bo(uo))> —  Aeoy(H) </\ e J(H0)>.

Hence we come to a distortion lemma for the conformal map z = ¢, () =
(A — o)~ Y, which is the second important tool of the proof of the theorem.

Lemma 5.1. Let pip be the constant defined by (1.6) and A; the Landau
levels defined by (1.2). Then the following bound holds

C dist(A, U2 {A;})

(5.8)  dist(0u (N), ppo (UjZ1{A;})) = : €C,
where C' = C(uo, Ao) is a constant depending on ug and Ag.
Proof. Follows as in the proof of Lemma 6.2 of [32]. [

Now let us turn back to the proof of Theorem 2.1. Combining Lemma
5.1, estimate (5.6) and the identity (5.7), we get

> dist (A, U2 {A;})7
2
)‘eodisc(H) (1 + ’)\’) '

where Cy = C(p, po, Ao) is a constant depending on p, po and Ag. This
concludes the proof of Theorem 2.1.

< COHFHI[),IH
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k»—><pu0(k):z:>\7—1}m

Ho+Ag
2

o () = [0, 5525 |

FiGURE 5.1. Image of the complex plane by the con-
formal map ¢,: cpu()({)\ € C: ReX < /LO}) = {z €

C:Rez < O}; Puo (the gray disk) = {z €C:Rez > —Aoiﬂo};

Puo ({Mo <ReX < A0}> = {z € C:Rez > 0} Noutside the disk hatched;
Puo ({A € C:Re) > A0}> = the disk hatched.

6. SKETCH OF PROOF OF THEOREM 2.2

Let Py be the Pauli operator defined by (1.8) acting on L2 (R2d+1) =

L? (]RM) ® L? (]R), d > 1. In this section we give a sketch of proof of The-
orem 2.2 assuming that the matrix-valued electric potential V' satisfies as-
sumptions (1.11) and (1.12).

6.1. Estimate of the weighted resolvents of Py and P. Recall that the
spectrum of the Pauli operator Py consists of Landau levels A; defined by
(1.9), j € N. Let Py, £ =1, 2 be the Schrédinger operators defined in (1.8).
Obviously for any A in the resolvent set of Py we have

(6.1) (Po — )‘)71 = ((Pl _0)\)71 (P, _O)\)l> .

Denote by p; the orthogonal projection onto ker (Hal — Aj), where H{ are
the Schrodinger operators defined by (4.9). Then we have

Pr=N"'=)p® <D§ +A; - )‘) _1’
jEN

o™= 3 pae (D - R

(6.2)
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Consequently we obtain the following lemma which can be proved as in [32,
Lemma 3.1].

Lemma 6.1. Let d > 1 and A € C\ [0,+00). Assume that F € LP(R?¢H1)

with p > 2[%] +2 and G € (L2 N LOO) (R) Then there exists a constant
C = C(p,b,d) such that

C(1+ A4tz K,
dist (A, [0, +00)) ? dist(A, U2 {A;})

(6.3) [F(®y —N)'G|7 <

)

ES]

where A are the Landau levels defined by (1.9) and

(6.4) Ky :=||F |7, (|Gl 2 + 1Gl p)"
Now let Ag be such that

(6.5) min (|1mA0|,dist(Ao,W)) > 14+ Voo,

where PP is the perturbed operator defined by (1.10). We have the following
lemma which can be proved as in [32, Lemma 3.2|.

Lemma 6.2. Assume that \g satisfies condition (6.5). Under the assump-
tions of Lemma 6.1, there exists a constant C = C(p) such that

(6.6) [F(B =) 'GP < C(1+ Mo|)+2 Ko,
where the constant Ko is defined by
(6.7) Ky = | Fl 1G]

6.2. Proof of Theorem 2.2. Follows as in the proof of |32, Theorem 2.1]
with the help of Lemma 6.1 and Lemma 6.2. Since oess(P) = [0, +00) with
an infinite set of thresholds A;, we shall obtain two types of estimates. First,
we bound the sums depending on parts of ogisc(IP) concentrated around a
Landau level A; using the Schwarz-Christoffel formula (See e.g. [18, Theorem
1, p. 176]), and second, we get global estimates summing up the previous
bounds with appropriate weights.

7. ON THE MAGNETIC 2d-DIMENSIONAL SCHRODINGER OPERATORS,
d>1

Let Hy be the Schrodinger operator defined by (3.1) acting on L2 (de’ (C),
d > 1. In this section we shall give a sketch of proof of Theorem 3.1. We
assume that the perturbation V satisfies conditions (3.4) and (3.5).
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7.1. Estimate of the weighted resolvent. We recall that the spectrum
of the Schrédinger operator Hy consists of Landau levels A; defined by (3.2),
j € N. Thus for any A in the resolvent set of Hy, we have

(7.1) (Ho=N)7" =) (A =) 'p;,

JEN
where p; is the orthogonal projection onto ker (Hy — A;).
Lemma 7.1. [32, Lemma 6.1] Let A; be the Landau levels defined by (3.2)
and A € C\ U2 {A;}. Assume that F € LP(R*), d > 1 with p > 2[%] + 2.
Then there exists a constant C = C(p,b,d) such that

e CO+ DAL,
(7.2) 1 (Ho = N7, < dist (), U;?‘;l{Aj}L)p'

7.2. Proof of Theorem 3.1. It suffices to show that (2.1) happens with
Ky = C1||F||},, where C is the constant defined in (3.6). According to
assumption (3.4) on V, the choice of o defined by (1.6) implies that

dist(,uo, E) > 1.

Otherwise, if V' satisfies assumption (3.5), then there exists a bounded oper-
ator V such that for any X € R?? V(X )= VF(X_). Thus with the help
of Lemma 7.1, we conclude in particular that

V(Ho — po) || < C(p, 10, b, )| F I},
I

Now, Theorem 3.1 follows immediately using Theorem 2.1.

8. ON THE MAGNETIC 2d-DIMENSIONAL PAULI OPERATORS, d > 1

Let Hy be the Pauli operator defined by (4.1) acting on L?(R? C?). In
this section we give a sketch of proof of Theorem 4.1 and Theorem 4.2.
We assume that the matrix-valued electric potential V' satisfies assumptions
(4.4) and (4.7).

8.1. Estimate of the weighted resolvent. Recall that the spectrum of
the Pauli operator H consists of Landau levels A; defined by (4.3), j € N.
Let Hy, £ = 1, 2 be the Schrodinger operators defined in (4.1). Obviously
for any A in the resolvent set of Hy we have

-1 [((Hi =) 0

(5.1) a2 = (T ).

Denote by p; the orthogonal projection onto ker (H; — A;). Then

(82) (H1—A)7'=> (A=N)7'p; and (Hy=X)"'= ) (A;=N)""pj
JEN JEN*

So we obtain the following lemma which is the analogue of Lemma 7.1 in the

case of Pauli operator with d = 1.
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Lemma 8.1. Let A; be the Landau levels defined by (4.3) and X\ € C\
U?‘;l{Aj}. Assume that F' € LP (RQ) withp > 2. Then there exists a constant
C = C(p,b,d) such that

Ly CA+DAEI,
(8.3) 1 (Ho =27, < dist (A, U?‘;l{Aj}L)p'

8.2. Proof of Theorem 4.1. Follows as in the proof of Theorem 3.1.

8.3. Proof of Theorem 4.2. Follows as in the proof of Theorem 2.2 of [32]
with the help of Lemma 8.1.

Acknowledgments. This work is partially supported by ANR NOSEVOL-
11-BS01-019 01 and Franco-Ukrainian scientific cooperation program Dnipro
2013-14.

REFERENCES

[1] J. Avron, I. HErBST, B. SiMON, Schridinger operators with magnetic fields. I.
General interactions, Duke Math. J. 45 (1978), 847-883.

[2] J. F. BoNy, V. BRUNEAU, G. RAIKOV, Resonances and Spectral Shift Function near
the Landau levels, Ann. Inst. Fourier, 57(2) (2007), 629-671.

[3] A. BoricHiv, L. GouiNskil, S. KUPIN, A Blaschke-type condition and its applica-
tion to complex Jacobi matrices, Bull. London Math. Soc. 41 (2009), 117-123.

[4] V. BrRunEAU, A. PUSHNITSKI, G. RAIKOV, Spectral shift function in strong magnetic
fields, Algebra in Analiz, 16(1) (2004), 207-238.

[5] E. B. Davies, Linear Operators and their Spectra, Camb. Stu. Adv. Math. 106
(2007), Cambridge University Press.

[6] M. DeEmuTH, M. HANSMANN, G. KATRIEL, On the discrete spectrum of non-
seladjoint operators, J. Funct. Anal. 257(9) (2009), 2742-2759.

[7] M. DEMUTH, M. HANSMANN, G. KATRIEL, Fingenvalues of non-self-adjoint opera-
tors: a comparaison of two approaches, preprint on http://arxiv.org/abs/1209.0266.

[8] M. Dimassi, G. D. Raikov, Spectral asymptotics for quantum Hamiltonians in
strong magnetic fields, Cubo Math. Educ 3(2) (2001), 317-391.

[9] S. Favorov, L. GouiNskil, A Blaschke-type conditions for analytic func-
tions in the wunit disk: inverse problems and local analogs, preprint on
http://arxiv.org/abs/1007.3020.

[10] C. FERNANDEZ, G. D. Raikov, On the singularities of the magnetic spectral shift
function at the landau levels, Ann. Henri Poincaré, 5 (2004), no. 2, 381-403.

[11] G. B. FoLLAND, Real analysis Modern techniques and their applications, Pure and
Apllied Mathematics, (1984), John Whiley and Sons.

[12] L. Gouinskil, S. KUPIN, On discrete spectrum of complex perturbations of finite band
Schrédinger operators, to appear.

[13] M. HANSMANN, Variation of discrete spectra for non-self-adjoint perturbations of
self-adjoint operators, submitted, preprint on http://arxiv.org/abs/1202.1118.

[14] V. YA. Ivri, Microlocal Analysis and Precise Spectral Asymptotics, Springer-Verlag,
Berlin, 1998.

[15] A. IwaTsuxka, H. TAMURA, Asymptotic distribution of eigenvalues for Pauli opera-
tors with nonconstant magnetic fields, Duke Math. J. 93 (1998), 535-574.

[16] A. KACcHMAR, M. PERSSON, Remark on magnetic Schroedinger operators in exterior
domains, preprint on http://arxiv.org/abs/0907.1961.

[17] T. KaTo, Perturbation Theory for Linear Operators, Springer-Verlag, Berlin, 1966.



16
18]

[19]

[20]
21]
22]

23]

24]

[25]

[26]

[27]

(28]

29]

[30]
31]
32]
[33]

34]

[35]

[36]

DIOMBA SAMBOU

M. LAVRENTIEV, B. CHABAT, Méthodes de la théorie des fonctions d’une variable
compleze, Editions Mir, Moscou, 1977.

M. Loss, H. T. Yau, Stability of Coulomb systems with magnetic fields. I1I. Zero
energy bound states of the Pauli operators, Commun. Math. Phys. 104 (1986), 283-
290.

A. LuNARDI, Interpolation Theory, Appunti Lecture Notes, 9 (2009), Edizioni Della
Normale.

M. PERrssoN FEigenvalue asymptotics for the even-dimensional exterior Landau-
Neumann Hamiltonian, Adv. Math. Phys. Volume 2009 (2009). Article ID 873704.
CH. POMMERENKE, Boundary Behavior of Conformal Maps, Grund. Math. Wiss.
299 (1992), Springer-Verlag.

A. PusuniTski, G. D. Raikov, C. VILLEGAS-BLAS, Asymptotic Density
of FEigenvalue Clusters for the Perturbed Landau Hamiltonian , preprint on
http://arxiv.org/abs/1110.3098.

A. PusuNiTsKI, G. ROZENBLUM, Figenvalue Clusters of the Landau Hamiltonian in
the Exterior of a Compact Domain, Documenta Math. 12 (2007), 569-586.

G. D. Raikov, Figenvalue asymptotics for the Schrédinger operator with homoge-
neous magnetic potential and decreasing electric potential. 1. Behaviour near the es-
sential spectrum tips, Commun. P.D.E. 15 (1990), 407-434.

G. D. Raikov, Border-line eigenvalue asymptotics for the Schrodinger operator with
electromagnetic potential, Int. Equat. Op. Theory 14 (1991), 875-888.

G. D. Raikov, Spectral asymptotics for the perturbed 2D Pauli Operator with oscil-
lating magnetic Fields. I. Non-zero mean value of the magnetic field, Markov Process.
Related Fields 9 (2003), 775-794.

G. D. Raikov, Low Energy Asymptotics of the SSF for Pauli Operators with Non-
constant Fields, Publ. RIMS Kyoto Univ. 46 (2010), 565-590.

G. D. Raikov, S. WARZEL, Quasi-classical versus non-classical spectral asymptotics
for magnetic Schrédinger operators with decreasing electric potentials, Rev. in Math.
Physics, 14(10) (2002) 1051-1072.

M. RiEsz, Sur les mazima des formes bilinéaires et sur les fonctionnelles linéaires,
Acta Math. 49 (1926), 465-497.

D. SaMBoU, Résonances pres de seuils d’opérateurs magnétiques de Pauli et de Dirac,
Canad. J. Math. 65 (5), (2013), 1095-1124.

D. SamBou, Lieb-Thirring type inequalities for non self-adjoint perturbations of mag-
netic Schrodinger operators, preprint on http://arxiv.org/abs/1301.5169.

B. SimoN, Trace ideals and their applications, Lond. Math. Soc. Lect. Not. Series,
35 (1979), Cambridge University Press.

A. V. SoBOLEv, Asymptotic behavior of the energy levels of a quantum particle in a
homogeneous magnetic field, perturbed by a decreasing electric field. I, J. Sov. Math.
35 (1986), 2201-2212.

H. TaMURA, Asymptotic distribution of eigenvalues for Schrédinger operators with
homogeneous magnetic fields, Osaka J. Math, 25 (1988), 633-647.

G. O. THORIN, An extension of a convexity theorem due to M. Riesz, Kungl. Fys-
iografiska Saellskapet i Lund Forhaendlinger 8 (1939), no. 14.

INSTITUT DE MATHEMATIQUES DE BORDEAUX, UNIVERSITE BORDEAUX 1, 351 COURS
DE LA LIBERATION F-33405 TALENCE CEDEX

FE-mail address: diomba.sambou@math.u-bordeauxl.fr



