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Abstract

A second-order variational inclusion for control systems under state constraints is derived and
applied to investigate necessary optimality conditions for the Mayer optimal control problem. A new
pointwise condition verified by the adjoint state of the maximum principle is obtained as well as a
second-order necessary optimality condition in the integral form. Finally, a new sufficient condition
for normality of the maximum principle is proposed. Some extensions to the Mayer optimization
problem involving a differential inclusion under state constraints are also provided.
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1 Introduction

This paper is devoted to second-order necessary optimality conditions for control problems in the
presence of pure state constraints together with endpoint constraints. Let us consider first an abstract
optimization problem

min ¢(c), (1)

ceC
where C is a subset of a Banach space X and ¢ : X — R is a twice Fréchet differentiable function.
Assume that ¢ € C' is an optimal solution, i.e.
¢(¢) = min é(c),
and denote by ¢’ and ¢” the first and second-order derivatives of ¢. If ¢ lies in the interior of C, then

the classical results guarantee the first-order necessary optimality condition ¢'(¢) = 0 (Fermat rule) and
the second-order condition ¢”(¢) > 0. Let us assume now that ¢ is a boundary point of C' and denote
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by T2(¢) the adjacent cone to C' at ¢. Recall that u € T2 (¢) whenever there exist § > 0 and a “path”
z 1 [0,6] — C satisfying 2(0) = ¢ and such that the difference quotients +(z(h) — z(0)) converge to u
when h — 04. The Fermat rule becomes then:

P @u>0 YVueThe). (2)

This is a first-order necessary optimality condition for problem (1). Furthermore, if the set C' is convex
and for some ¢ € C, we have
inf ¢ (e)u > 0,

ueTg(é), [|ul]=1
then it is not difficult to justify that ¢ is a local minimum for the problem (1). Observe that the
second-order derivative of ¢ has no influence on this conclusion. In particular it may happen that
¢"(€)(u,u) < 0 for some u € T%(C).
The second derivative starts to play a role in the expression of optimality conditions when u € T, g(é) is
such that ¢/(¢)u = 0. In this case it is natural to consider not only the second-order derivative of the
function ¢ but also a second-order “linearization” of the constraint. To this end, one uses second-order
tangents, whose definition we recall next.
With every u € T2(¢) we associate the set of second-order tangents to C' at (¢, u). Namely v € Tg(z)(é, u)
if we can find § > 0 and a “path” x : [0,0] — C satisfying x(0) = ¢ such that the difference quotients
%(x(h) — 2(0) — hu) converge to v when h — 0+. The Taylor formula implies then that the following
second-order optimality condition holds true:

¢ (e)v + %d)"(é)(u, uw) >0 YVueTh(e), ve TE(Q)(E, u) such that ¢'(¢)u = 0. (3)

The optimality conditions (2) and (3) are classical in mathematical programming, see for instance [5]
for an overview of this subject, and were largely explored in the optimal control theory, where they have
led to various second-order necessary optimality conditions, mostly in the form of an integral inequality.
See for instance [4, 16, 22, 27] and the bibliographies contained therein. The space X is then usually
the space of essentially bounded controls and it is assumed that every control determines a unique
state trajectory, see for instance [4, 16]. The map associating to each control the corresponding state
trajectory is then, under suitable assumptions on the system dynamics, Fréchet differentiable. The set
C' incorporates restrictions imposed on trajectories and controls.

To derive necessary optimality conditions, the optimal control problem at hand is usually reformulated
as an infinite dimensional abstract optimization problem involving inequality and equality constraints.
Then first and second-order optimality conditions that are dual to (2) and (3) are obtained, see for
instance [5, 7, 19]. This approach requires Robinson’s like constraint qualifications. The obtained
necessary conditions have to be translated then in terms of the original optimal control problem.
Verification of Robinson’s constraint qualifications and translation of the abstract necessary conditions
in terms of control problems is not an easy task and it often requires strong assumptions on control
systems and on optimal controls. This is the reason why in many published papers it is assumed that
optimal controls are piecewise continuous, that the control system depends on time in a continuous way
and the equality and inequality constraints satisfy qualification hypotheses like linear independence of
gradients of active constraints. Moreover, in some works on second-order necessary optimality conditions
in optimal control, see for instance [16, 22], the proposed first and second-order conditions are strictly
linked, that is each u appearing in (3) gives rise to a pair of first/second-order conditions. This is
usually inconvenient for the analysis of possible candidates for optimality. Let us also underline that,
especially in the context of state constrained problems, it is more natural to expect optimal controls to
be merely measurable and very general first-order necessary optimality conditions are already known in



this context, see for instance [26]. This creates an important gap between generality of the available
results on first and second-order necessary optimality conditions.

Avoiding the reformulation of optimal control problems under state constraints in an abstract way by
using a direct variational approach allows to work under less restrictive hypotheses. In particular, in
[26], several very general first-order necessary optimality conditions were derived from the Ekeland
variational principle stated on metric spaces. The main tools used there are penalization, limiting
gradients, generalized normals and their calculus.

An alternative approach was proposed in [6, 25] by considering the space X = C([0, 1];R™) of continuous
mappings defined on the time interval [0, 1] and taking values in R and the subset C' equal to the set
of trajectories of the control system satisfying state and endpoint constraints.

It was shown that solutions of a linearized control system under linearized constraints (along a given
trajectory) are tangent to the set of trajectories of the original control system under state constraints.
This, inequality (2) and the duality theory of convex analysis allowed then to obtain a direct proof of
the maximum principle in the presence of state constraints.

The aim of our paper is to go beyond these first-order results and to investigate second-order necessary
optimality conditions using second-order tangents.

In the context of optimal control theory this approach was applied in [17, 18] by considering second-order
tangents to the sets of admissible controls. An important difference with the existing literature is the
fact that the analysis takes place in the framework of measurable controls and therefore larger sets of
second-order tangents are considered, since weaker convergence properties are imposed (L! versus L*°).
In particular, an optimal control may be merely measurable. The derived integral type second-order
necessary conditions for weak optimality were obtained in primal form for general control and state
constraints.

In the present work we address second-order necessary optimality conditions for strong local minima
(that is we work with trajectories instead of controls). To investigate the second-order tangents to the
set of trajectories of a control system under constraints, we derive a second-order variational differential
inclusion. Applying it to the Mayer optimal control problem under state and end point constraints, we
obtain a pointwise second-order maximum principle and a second-order necessary optimality condition
in the form of an integral inequality which extends some earlier known results to the case of strong
local minimizers. The second-order maximum principles derived in Theorems 5.10, 6.9 and Corollaries
5.11, 6.10 seem to be new even in the case without state constraints.

Furthermore, for the Mayer optimization problem involving a differential inclusion under state constraints,
we also obtain a second-order maximum principle. Since the presence of end point constraints requires
some additional assumptions, to simplify the discussion, we first state results not involving the end
point constraints, postponing to the last section their analogues in a more general setting.

We would like to underline that, in the difference with the traditional approach to the first-order
necessary optimality conditions based on normal cones, see for instance [26], in the present work we
explore first- and second-order tangents and the associated graphical derivatives/variations of set-valued
maps. In particular, we prove here several new properties of second order graphical variations, see
section 2. The first-order graphical derivatives having a wide range of applications, see for instance [1],
[9] and the bibliographies contained therein, we believe that further analysis of second-order graphical
variations may bring new results also to other areas of variational analysis.

The outline of the paper is as follows. In Section 2 we introduce some notations and provide a few
preliminary results. In Section 3 a second-order variational differential inclusion is derived. Section 4
is devoted to a second-order approximation of differential inclusions under state constraints and to
second-order necessary optimality conditions for a Mayer problem. Section 5 deals with the Mayer
optimal control problem under state constraints. Finally Section 6 extends results of Sections 4 and 5
to the case when endpoint constraints are present.



2 Preliminaries

The spaces of continuous and essentially bounded maps from [0, 1] into R™ are denoted respectively by
C([0,1];R™) and L>°([0,1]; R™) and their norms by |||, , while W11([0,1); R") and L'([0, 1]; R™) stand
respectively for the spaces of absolutely continuous and of integrable maps from [0, 1] to R™ with the
usual norms [|-||y;1.1 and [|-||;. The space of mappings from [0, 1] to R™ having bounded total variation
that are right continuous on ]0, 1] and vanish at zero is denoted by N BV ([0, 1]; R"™). The norm || f||,
of f € NBV([0,1];R"™) is the total variation of f on [0, 1].

Partial derivatives are denoted with subscripts, for instance f, = %. Similarly, partial second-order

derivatives are denoted by a double subscript, i.e. fi, = zz.. Moreover, for yi, y2 € R" we will
abbreviate fu(to, o, uo)(y1,y2) by fzz(to,zo,uo)v1ye. If f: R™ — R is differentiable at z, then we
denote by V f(x) its gradient.

We denote the norm in R™ by |-| and by (-,-) the inner product. For a set K C R", let K be its
closure, 0K its boundary, int K its interior, K¢ its complement and co K its convex hull. K~ stands
for the (negative) polar cone to K, i.e. K~ = {v € R" | (v,k) <0, Vk € K}. The open unit ball in
R™ is denoted by B = {x € R" | |z| < 1}. Write B(xz,r) for an open ball with radius » > 0 and center
x € R" and S"~! for the unit sphere.

Let X be a Banach space and K C X. The distance between a point x € X and K is defined by
distg (z) == infiek ||z — k|| . When K is a nonempty proper subset of R", the oriented distance by ()
from K is a real valued function defined by bx(z) := distx(x) — distge(x) for all x € R™. We set
br () =0 if K = R"™. Note that any closed set K C R™ can be represented via an inequality constraint
involving the oriented distance function:

K = {z € R" | bx(z) < 0}.

Let
By ={v=(vi,...,o5) € B|lv,=0} & B_:={v=(v1,...,v,) € B|v, <0}.

A proper closed subset K of R™ is said to be of class C? at xg € OK if there exist an open neighborhood
N of xg and a bijective map ¥ : N’ — B such that 9(-) € C2(N; B), its inverse ¥~ 1(-) € C?>(B; N') and

9 YB_) = (int K) NN, 97Y(By) =0K NN =T, dT) = By.
We say that K is of class C? if it is so for every zo € 0K.

Remark 2.1. If K is of class C? at ¢ € OK, then there exists a neighborhood W of zg such that the
oriented distance bx (-) € C2(W;R), see for instance [8, Theorem 4.3].

We recall next some definitions concerning tangent sets to a nonempty subset K of a Banach space X.
Let T be a metric space and {K;},c7 be a family of subsets of X. The lower limit of K, at 7o € T is
defined by:

Liminf K, == {v eX

T—T0

lim distg (v) = 0} .

T—T0

Moreover, we will write z; K x, when a sequence x; converges to x and x; € K for all 7. First and
second-order adjacent subsets are defined next.

Definition. Let K be a closed subset of X and x € K. The adjacent cone to K at x is the set,

K—=x

Th(z) := Lhigléilf
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The second-order adjacent subset to K at (z,u) € K x X is the set defined by,
7°(2)

.. K—2—hu
i (#u) = Liminf =, —.

Note that T;(@) (z,u) # 0 implies u € T%(x). If K is convex, then T%(z) coincides with the tangent
cone of convex analysis to K at z and is denoted by Tk ().
Below Ck () stands for the Clarke tangent cone to K at x and Ni(x) = Ck(z)”. If X = R" then it is

convenient to abbreviate,
Ni(z) = Ng(z)n S 1,
A set K is called sleek if for all x € K the contingent cone and the Clarke tangent cone to K at x do

coincide (see [1] for the definition of contingent cone). In this case also T%(2) = C () for every = € K.

Remark 2.2. If K C R" is of class C? at some zo € K, then for all 2 € 0K sufficiently close to zg,
To(x) = {u € R" | (Vbg(x),u) <0} and Vbg(x) is the unit outward normal to K at . Furthermore
v e le(@)(x,u) if and only if either (Vb (z),u) < 0 or (Vb (z),u) = 0 and (Vbg (2),v) + 50 (x)uu < 0.
Consequently, in this case, T %2)(30, u) is a closed affine halfspace.

Example 2.3. Let K = ﬂ§:1Kz‘, where K; C R" are of class C? for every i = 1, ..., k. Denote by b; the
oriented distance associated to K; and by I(x¢) the set of active indices at zg, that is, i € I(x¢) if and
only if 29 € 0K;. If 0 ¢ co {Vb;(xp) | i € I(x)} for every xg € 0K, then it is well known that K is
sleek and

Tj(yo) = N Tk, (yo) Vo € OK.
i€1(yo)
It is not difficult to check that if x9 € K, then for every u € T% (o), a vector v € T%m (xo,u) if and
only if
1
(Vbi(zo), v) + b (zo)uu <0 Vi€ I (20, ),

where IM (9, u) = {i € I(zq) | (Vb;(x0),u) = 0}. That is if I (zg,u) # 0, then T%Q) (2o, u) is a closed
convex polytope in R™ (an intersection of a finite family of affine halfspaces in R™).

For any K C X we adopt the following convention: K + @ = ) + K = (. A useful property of the
second-order adjacent set is given in the following lemma.

Lemma 2.4. Let K C X, 2 € K and u € Ty (z). Then,
T (@, u) = T (2, u) + Cre ().

Proof. Since 0 € Ck(x), the inclusion C is obvious. To prove the opposite, let v € T' %2) (z,u) and
u € Ck(x). We have to show that for all h; — 0+, there exists a sequence w; — v + @ such that,

x—&-hm%—h?wieK, V1.
Fix a sequence h; — 04. Since v € TE((Z) (z,u), there exist v; — v such that,

x—i—hiu—i—h?vieK, Y i.
Further, by the very definition of Ckx(x), for every sequence z; LS x, there exists @, — @ such that
z; + h?ﬁ; € K for all 4. Thus, in particular, there exists %; — @ such that,

x+hiu—|—h?(vi—l—ﬂi)€K, Y 1.

Setting w; = v; + @;, we end the proof. ]



Let K C R" be closed and define K := {z € C([0,1];R") | z(t) € K VYt € [0,1]}.

Lemma 2.5. Let z,y,w,w € C([0,1];R™) be such that w € T,bC(Q)(x,y) and for all t € [0,1], w(t) €
Ck(x(t)) and int Cx(x(t)) # 0. Then w+w € T,Z(Q)(a:,y).

Proof. Let z, y, w, w be as above. Since w € T,bC(Q) (z,y), for every h > 0 there exists wy, such that

wp, — w uniformly when A — 04 and for all A > 0,
x4 hy + hwy, € K. (4)

It follows from [6, Lemma 4.1] that there exists w € C([0, 1]; R"™) satisfying w(t) € int Cx (z(t)) for all
t €[0,1]. Thus, by convexity of Clarke’s tangent cone, for every i € N, w;(t) = 2(t) + (1 — 1) w(?) €
int C(z(t)) for all ¢ € [0,1]. We claim that for every i € N, there exists £; > 0 such that for all
t e 0,1],

24 [0,&;]B(w;(t);e;) C K, Vze€ B(z(t),e;) N K. (5)

Indeed, from [24, Thm. 2] it follows that for all i € N and all ¢ € [0, 1] there exists €t > 0 for which (5)
is satisfied with ; replaced by e!. Then one can use the compactness of z([0,1]) to deduce (5) for some
g; and all t. Applying (4) and (5) and using that @ + hy + h%w;, — 2 uniformly when h — 0+, we find
that for all A small enough,

z(t) + hy(t) + h? (op(t) +wi(t)) € K Vtelo,l].

It follows that w + w; € T,bc(2) (z,y) for all i € N. Finally, since w + w; — w + w uniformly and the

second-order adjacent set T;:(Q) (x,y) is closed, we deduce that w + w € T,bC(Q)(ac, Y). O

Lemma 2.6. Let z,w € C([0,1]; R™) be such that for allt € [0,1], w(t) € Cx(z(t)) andint Ck(z(t)) # 0.
Then w € T}-(x).

Proof. Consider a sequence h; > 0 converging to 0+ and let @, w; be as in the proof of Lemma 2.5.
Then by (5) for every i we have x + hjw; € K for all j large enough and therefore w; € T, ,bc (z). Since
Tp-(z) is closed in C([0,1); R™) and w; converge uniformly to w the proof follows. O

We shall also need the following tangent sets.

Definition. Let K be a closed subset of R” and x € K. The Dubovitskii-Milyutin cone to K at z is
the set,
Dg(z):={veR" | 3e>0,Vhel0,¢], v+ hB(v,e) C K}.

For any (z,u) € K x R", define
D% (z,u):={v€R" | 3e>0,Yhec0,e], v+ hu+h?’Bv,e) C K}.
Remark 2.7. The set D% (z,u) was introduced in [20], see also [21]. Observe that Dy (x) and D% (x, u)

are open and

int Ce(x) € D (z) C Toe(x), D%(x,u) C T;(@)(CC,U).

Lemma 2.8. Let K be a closed subset of R", x € K and u € R". Then,

D% (z,u) + int Cx(z) C D% (x,u).



Proof. Let v € D%(x,u) and @ € int Ck(x). It is enough to show that there exists ¢ > 0 such that for
all small h > 0
z+hu+h?Bv+1i,e) C K. (6)

Since v € D% (z,u), for some g, > 0 and for all h € [0,&,], z + hu + h?B(v,&,) C K. Moreover, since
@ € int Ck (), there exists e > 0 such that for all 2’ € K N B(x,e;) we have 2’ + [0,e5]B(u,e4) C K.
Thus, in particular, for ¢ = min{e,, 4} and all h > 0 sufficiently small, (6) holds true. O

We define next the first and second-order directional derivatives/variations of set-valued maps.

Definition. Let F': R® ~» R™ be a set-valued map, locally Lipschitz around some z € R™ and let
y € F(z). The adjacent derivative dF(x,y) is the set-valued map defined by,

F(z + hu)

dF(xz,y)(u) = Liminf —Y vueRrn

h—0+ h

For vy € dF(x,y)(u1), the second-order adjacent variation d*F(x,y,u1,vy) is the set-valued map defined
by,

Y ug € R"™.

2
F =1L f
d*F(z,y,ur,v1)(us2) imin e

Remark 2.9. It is well-known that if F' has convex images and is Lipschitz around x, then for any
y € F(x), the images of dF(x,y) are convex and,

dF(2,y)(0) = Tr()(y) and  dF(z,y)(u) + Tr)(y) = dF(z,y)(u), (7)
see for instance [1, Prop. 5.2.6].
The adjacent variations can also be expressed using the distance function:

Proposition 2.10. Let F': R" ~» R™ be Lipschitz around x, y € F(x) and vi € dF(z,y)(u1). Then
for all uy € R™, the following holds true: va € d*F(x,y,u1,v1)(u2) if and only if,
diStF(x+hu1+h2u2)(y + hvy + h?vy)

lim =
h—0+ h?

The next result provides a useful property of the second-order adjacent variation.

Proposition 2.11. Let F': R™ ~ R™ be a set-valued map with convexr images which is Lipschitz around
z,y € F(x) and v1 € dF (z,y)(u1). Then for all up € R™,

Tr(2) () + Tap (o)) (V1) + & F (2, y,u1, v1) (ug) = d*F(z,y,u1,v1) (ug). (8)
In particular,
dF (z,y)(0) 4+ dF(z,y)(uy) + d°F(z,y,u1,v1)(uz) = vy + d*F(z,y, u1,v1)(us2). 9)
Proof. Step 1: We start by showing that,
Tp(@)(y) + EF (2, y, w1, 01) (ug) = d*F(x,y, u1,v1)(uz). (10)

Since 0 € Tp(y)(y), the inclusion “D” is obvious. To show the opposite, let w € Tr(;)(y), v2 €
d*F(z,y,u1,v1)(uz) and h; — 0+ be an arbitrary sequence. By the very definition of the second-order
adjacent derivative, there exists a sequence v4 — vy such that,

y + hivy + h2vh € F(x + hyup + hiug) VieN. (11)



Moreover, since vy € dF (x,y)(u1), by (7), w+v1 € dF(z,y)(u1). Hence for some 8¢ — w + v1 we have
y + hiBi € F(x + hyuy) C F(z + hjuy + h?us) + o(h;)B VieN, (12)
where o(a)/a — 0, when a — 0+. Then, multiplying (11) by 1 — h; and (12) by h;, and taking their
sum, we obtain, thanks to the convexity of the images of F',
Y+ hivr + k7 (vh + Bi —v1) € F(z + hjur + hiug) + o(h?)B.

Using that 3; — v1 +w when i — 0o, we get w + vo € d*F(x,y, u1,v1)(uz).
Step 2: By (10), to prove (8) it suffices to show that,

Tar(ey)(w) (V1) + A2 F(z,y,u1,v1)(u2) = d*F(z,y,u1,01)(u2). (13)

First of all, since dF'(z,y)(u1) is a convex set, we know that Typ(g ), )(v1) is equal to the closure of
the set Ry (dF(z,y)(u1) —v1). Hence, it is enough to show that for arbitrary A > 0, v € dF(z,y)(u1)
and ve € d?F(x,y,u1,v1)(uz), we have A(v — v1) + va € d*F(x,y,u1,v1)(uz). Fix such A, v, vo and a
sequence h; — 0+. Let (vé)ieN be as above and v* — v when i — 0o, be such that,

y 4 ho' € F(x + hjuy) C F(z + hjuy + hiug) + o(h;)B VieN. (14)

Then, multiplying (11) by 1 — Ah; and (14) by Ah;, taking their sum and using that for 7 large enough
Ah; < 1, we have,

y+ hjvr + h? (v% + Mt — )\vl) € F(x + hjuy + h?u2) + o(h?),

which allows to conclude that A(v —wvy) +vg € d2F(z,y, ur, v1)(uz). Hence the proof of (13) is complete.
Step 3: The inclusion “C” in (9) follows directly from (8) and the convexity of dF(x,y)(u1). The
converse inclusion “D” is due to the fact that 0 € dF'(z,y)(u1) — v1. The proof is complete. O

Lemma 2.12. Let F: R" ~» R™ be a set-valued map with convex images which is Lipschitz around
r€R", y € F(x) and v1 € dF(z,y)(u1), v2 € T (y). Then,

b(2
TF((m)) (y,v2) C TdF(m,y)(ul)(Ul + v9).

Proof. By (7) we have vi + Tp(,(y) C dF(z,y)(u1). It follows (see for instance [1, Table 4.3]) that,

T (2,y)(un) (V1 + v2) D Ty 11y () (V1 +v2) = Ty ) (02).

Since by [7, Prop. 3.1] it is known that be,((zw)) (y,v2) C Ty, (y)(v2), the statement follows. O
The graph of a set-valued map F': R™ ~» R™ is the set Gr (F') == {(z,y) € R" x R™ |y € F(x)}. Let
F:R™ ~» R™ be a set-valued map which is Lipschitz on a neighborhood of some x € R™ and let
y € F(x). The circatangent derivative CF(z,y) is the set-valued map defined by,

/ )
CF(z,y)(u) :== Liminf Pl +hu) =y
Gr(F) h
(xlv y/) — (x’ y)
h — 0+

VueR™

It is not difficult to realize that Gr (CF(x,y)) is equal to the Clarke tangent cone to Gr (F) at (z,y).
Hence CF(z,y): R™ ~ R™ is a closed convex process, i.e. a set-valued map whose graph is a closed
convex cone. For a closed convex process A: R™ ~» R™ its adjoint process A*: R™ — R"™ is defined by,

A'(p) = {q €R" | (qu) < (p.v) ¥ (u,v) € Gr(A)}.



Below, for a set-valued map [0,1] x R" 3 (¢,z) ~ F(t,z) and g € [0, 1] such that F'(to,-) is Lipschitz
on a neighborhood of some zg € R”, we denote the partial derivatives with respect to the second
variable by a subscript x. That is d,F(to, o, yo) is equal to the adjacent derivative of F'(tg,-) at
(z0,y0) for any yo € F(to,zo). Similarly, C, F(to, xo,yo) denotes the circatangent derivative of F'(tg, )
at (zo,%0) € Gr (F(to,")).

3 Second-order variational inclusion
We consider the following differential inclusion with state constraints:

i(t) € F(t,z(t)) a.e. in [0,1]
z(0) € Ko (15)
z(t)e K Vtelo,1],
where the set-valued map F: [0,1] x R™ ~ R™ and the closed nonempty sets Ko, K C R" are given.
Denote by F': [0, 1] xR"™ ~» R™ the set-valued map defined by F'(¢, z) := co F(t, z) for all (¢, z) € [0, 1] xR".
Moreover we introduce the following sets:
S(xg) = {:c e wh([o,1];R™) ‘ i(t) € F(t,z(t)) ae. and z(0) = xo}
S (xp) = {x € WH([0,1); R") | &(t) € F(t,z(t)) a.e. and z(0) =z}

(16)
K={zeC(0,1;R") |z(t) e K Vtel0,1]}
Sk (z0) = S(xo) VK Si(x0) = 8™ (o) N K.
The following regularity assumptions on the dynamics are imposed throughout this section:
F has nonempty, compact images and is locally bounded at every (t,z) € [0,1] x 0K
F(-,z) is Lebesgue measurable for every x € R (A)
Ja; € LY([0,1];R,) such that SUD, ¢ (1 ) v <a1(t)(1+|z|) V¥ (t,z)€]0,1] x R™;
VR >0,3 kg € L*([0,1); R) such that F(t,-) is kp(t)-Lipschitz on RB for a.e. t € [0, 1].
In addition, we need the following inward pointing condition:
Vtel0,1], Vo e oK, 3Q, C[0,1] of zero Lebesgue measure such that
Vo e Li F(s,y) with v) >0,
v 1msup(svgé5t(’i@) (s,y) wi MaX,e N1 (2) (n,v) > (IPC)
Jw € Liminf(, ), ) F (s, y) satisfying MaX,c N1 (z) (n,w—wv) <0.
S%Qt’x

Remark 3.1. Assumption (IPC) implies that for every € K, the interior of Cx(x) is nonempty. The
above inward pointing condition is needed to handle the case of F' merely measurable with respect to
time. If moreover F is left absolutely continuous in time, then a simpler condition proposed in [3] can
be used instead of (IPC).

Consider a reference trajectory z € Sk (z°) where z° € Ky. The corresponding set of admissible
first-order variations V() (Z) is the set of absolutely continuous maps y € W1(]0, 1]; R") satisfying,

(i) y(t) € de F(t,z(t), z(t))(y(t)) for a.e. t € [0,1];

(i) y(0) € T, (2%);



(i) y € Tp(%);
(iv) Jaz € LY([0,1];R,), 3 ho > 0 such that for all h € [0, ko] and a.e. t € [0,1],
dist (¢, z(0)+hy(ey) (E(8) + by (1)) < aa(t)h?.
For a given y € V) (Z), we abbreviate (t,Z(t), Z(t), y(t),(t)) by [t] and define the set of admissible
second-order variations V() (Z, y) as the set of absolutely continuous maps w € W11([0, 1]; R") satisfying,
(i) w(t) € d2F[t](w(t)) for a.e. t € [0,1];
.. b(2) /=
(it) w(0) € Ty, (2(0), y(0));

(i) w e T\ (Z,y).

Remark 3.2. Let K be as in Example 2.3. Then it is known that y € Tj(z) if and only if for all
t €[0,1], (Vbi(z(t)),y(t)) <0 for all i € I(Z(t)) (the set of active indices at z(t)), see for instance [13,

Remark 4.2]. The situation is more complicated for T,bcm (Z,y) where the condition

(Vbi(2(t)), w(t)) + %bé’(f(t))y(t)y(t) <0 VielID(@@),yt) Vtelo1], (17)

in general, does not imply that w € T,IJC@) (Z,y). A pointwise characterization of T, ,2(2) (Z,y) is given in
[19] for the case when K is the cone of nonnegative continuous functions. Further investigations of this
subject can be found in [7, 20]. It turns out that a convenient pointwise condition is an appropriate
strengthening of inequality (17), see for instance [18, (TV)].

We are ready to state the main result of this section:

Theorem 3.3. Assume (A) and (IPC). Let € Sk (z°) for some 2° € Ko, y € V(&) and w €
V®)(z,y). Consider any sequences h; — 0+, w9 — w(0) such that £(0) + hiy(0) + h2w? € Ky. Then
there exist

i € Si(2(0) + hiy(0) + hjwy)

such that #(ml — & — hyy) converge uniformly to w when i — oo.

Proof. Let Z,y,w be as above and fix any sequences h; — 0+, w? — w(0) such that z(0)+h;y(0)+h?w) €
Ky. To simplify the notations we set y° := y(0) and w" := w(0). Define for all i € N,

z(t) = Z(t) + hay(t) + hiw(t) + k2 (w? — w?).

Note that with this definition x}(0) = 2° + h;y® + h?w € Ko and 3} (t) = 2(t) + hiy(t) + h2i(t).
First, we show that there exist 22 € S"(2° + h;y° + h2w)) such that,

% H%l - l’?HWLl — 0, when i — oo. (18)
i

For this aim define,
7i(t) = diStF(t,ggg(t))(3'311 (t))-
Let R > 0 be such that for all t € [0,1] and 7 > 1,

|Z(t) + hay(t)] + |Z(t) + hay(t) + R2w(t)| + |zl (t)] < R.
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Then it follows from the kg(t)-Lipschitz continuity of F'(¢,-) that for all ¢ large enough,

i(t) < dist g a(e)+hey(t) - h2w (e (E(E) + hag(t) + B (t)) + kr(t)h] [w) — o
< dist g g0y +hay(e)) (E(E) + hag (1) + i (kr(t) (w]l o + Jw] — w®]) + i(2)]) (19)
<7 (kr(t) ([wllo + Jwf —w®[) + [ (t)] + as(1)) -

By (19), the sequence %—(Qt) is integrably bounded. Since w(-) € V() Z,Y),
hi Jien

1

2 diStF(t,:f(t)+h¢y(t)+h?w(t))(i'(t) + hig(t) + h2i(t)) — 0 for a.e. t € [0, 1].

.1t Lt
tim g it = [ (i ) e =

This and Filippov’s theorem, see for instance [1, Thm. 10.4.1], imply the existence of 2 € " (z° +
hiy® + h2wY) satisfying (18).

Next, [13, Thm. 3.3] implies that for a constant L > 0 and for every i € N, there exists z3 €
Srl (2% + hiy® + h2wY) such that,

Hence

|27 — 23| ya < L max dist g (22(1)).

Note that for all 4,

dist g (z7(t)) < distg (2(t) + hiy(t) + hjw(t)) + 7 |wy — w°| + |27 (t) — 2 (t)], (20)

and for every z € C([0,1]; R"™) and all ¢ € [0, 1],

distc(e(t)) = inf [o(t) = K| < inf [o(t) — (t)] < dist (o).

Thus, maxe 1) distx (2(t) + hay(t) + hiw(t)) < distic (& + hiy + hiw). Since w € V@) (. y), this implies
by (18) and (20) that,

hlg HiL’ZQ — x?le,l — 0, when 7 — +00. (21)
Furthermore, by [13, Cor. 3.4], for every i € N, there exists ; € Sk (7° + h;y® + h?w)) such that,
lo? = il < B (22)
Finally, by the very definition of z}, we find that,
|2+ hay + hiw — w|| < b |[w) —w®] +||@f — 27 ||y + (|27 — 2 ||y + [|2f — 2| -
Thus, from (18), (21) and (22) it follows that,

0.
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4 Second-order optimality conditions: differential inclusions

We study here necessary optimality conditions for a Mayer optimization problem involving the differential
inclusion (15). Throughout this section we associate with any z € Sk (xo) the linearized differential

inclusion:
{y(t) € doF(t,2(1), 2(1) (y(1)) a.c.
y(0) € T, (2(0)).
Our first goal is to define subsets of the sets of admissible variations that are convenient for the expression

of necessary optimality conditions. For every ¢ € [0,1] such that z(t) € F(t,Z(t)) define the closed
CONVEX Process

(23)

A(t) = CLF (1, 7(), 5 (1))

and the closed convex cone

L(t) = Trzw)((t)).
Moreover, for every trajectory y(-) of (23) and ¢ € [0, 1] such that y(t) € d,. F(t,z(t),z(t))(y(t)) we write

EWst) =Ty, pezw),s) ) U(1))-

Since d, P (t, 2(t), #(1)(4(6)) = daF (4, 2(2), #(1)(y(1) + L(¢) we have

E(y;t) + L(1) = E(y3 1) (24)
For a fixed solution y of (23), we introduce the set-valued map Fj(y;-): [0,1] ~ R™ given by

Fi(y:1) = Liminf F(t z(t) + hy(222) — hy(t) — #(t)

Vite|o,1],

and define the second-order approximation of the differential inclusion from (15) as follows:

{w(t) € Al)w(t) + Fr(y;t) + E(y;t)  ace. (25)

(2) /=
w(0) € Ty (2(0), 4(0)).
This definition is motivated by (8) and the following fact:

Proposition 4.1. Assume (A) and let T € S(zg), y € WH([0,1]; R™) be a solution of (23). Then for
a.e. t €[0,1],
At)w + Fr(y;t) € d2F[t)(w) Y w € R™

Proof. Let R == ||z + 1, kr € L'([0,1];R4) be as in (A) and ¢ € [0,1] be such that F(t,-) is
kgr(t)-Lipschitz on RB, z(t) € F(t,z(t)), y(t) € d. F(t,z(t),z(t))(y(t)). If A(t)w or Fr(y;t) is empty,
then there is nothing to prove.

Fix w € R", v € Fi(y;t), a € A(t)w and a sequence h; — 0+. By the very definition of F;(y;t), there
exists a sequence v; — v such that,

Z(t) + hiy(t) + hiv; € F(t,Z(t) + hyy(t)) YieN.

On the other hand, since Gr (A(t)) is equal to the Clarke tangent cone to Gr (F'(t,-)) at (z(t),z(t)),
there exist sequences (w;, ;) — (w, «) satisfying,

Gr (F(t,-)) 3 (2(t) + hay(t), £(t) + hagy(t) + hivi) + h (wi, a;)
= (% + hiy(t) + hiw;, 2(t) + hiy(t) + hZ(v; + o)),

which implies, by the Lipschitz continuity of F(t,-), that v + a € d2F[t](w). The proof is complete. [J
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Thanks to Propositions 2.11 and 4.1, for any y € V(! () we can define the following subset of second-order
admissible variations:

V](z) (Z,y) = {w e V@ (z,y) | w solves (25)}.
Consider now the Mayer problem
Minimize {p(x(1)) | z(-) € Sk (x0), o € Ko}, (26)

where p: R” — R is a given twice differentiable function.

A trajectory z(-) € Sk (K)y) is called a strong local minimizer of the above Mayer problem if there exists
e > 0 such that for every z(-) € Sk (Ky) satisfying ||z — Z||oo < € we have ¢(Z(1)) < p(z(1)).

Let us start by recalling the first-order necessary optimality conditions of [6, Corollary 3.8] in the form
of a maximum principle. We need the following additional assumption:

3¢ >0 such that A(t) : R" ~ R" is ¢ — Lipschitz for a.e. ¢t € [0, 1]. (A)

Remark 4.2. Assumption (ﬁ) concerns a reference trajectory z. It was imposed in [6] to apply the
duality theory of convex analysis to closed convex processes. In the next section, when dealing with
control systems, we do not need such assumption, because in this case a more direct approach not
involving abstract duality theorems is used.

Recall that the domain of A(%) is equal to R" if and ony if A(t) is Lipschitz with a constant c(t) > 0.
Assumption (A) requires c(-) to be essentially bounded.

If for almost every ¢ € [0, 1], the set Gr(F(t,-)) is sleek and kr(-) in (A) is essentially bounded for every
R > 0, then (A) is satisfied for any reference trajectory z.

Theorem 4.3 (Maximum Principle). Let Z be a strong local minimizer of Problem (26) and for all
t €[0,1], int Cx(Z(t)) # 0. Assume (A) and that (A) holds true with a bounded a1 (-). If int Ck,(Z(0))N
int Cx(2(0)) # 0, then there exist A € {0,1}, ¢ € NBV([0,1];R") and p € W1([0,1];R™) such that
A+ [[9llgy # 0 and

(i) p(t) € A@)"(=p(t) —¢(t))  a.e. in [0,1]

(ii) p(0) € A (Nk, (2(0)) + Nk ((0)))

(i) p(1) = =AVp(z(1)) — (1)

(iv) (p(t) + (1), 2(t)) = max.epraey) (P() +9(t),2)  ae in0,1].

Furthermore,
¥(0+) € Nk (2(0)), o(t) —v(t—) € Nx(z(t), ()= /[0 ] v(s)du(s) — Vte€]0,1],

for a non-negative (scalar) Borel measure y on [0,1] and a Borel measurable mapping v: [0,1] — R"™
satisfying o
v(s) € Nk(z(s))NB p-a.e.

Moreover, the following non degeneracy conditions hold true

A+ s [P0+ £0 and A var(p.]0.1) 0,
t€]o,1

13



where var (1,0, 1]) denotes the total variation of ¢ on |0,1]. Finally, if there exists a solution to the
constrained differential inclusion

y(t) € A)y(t) + L(t) a.e.
y(t) € int Cx(z(t)) Vtel0,1] (27)
y(0) € int Ck,(z(0)),

then the above holds true with A = 1.

An extremal is a tuple (Z,p, v, u, v, A), where Z is a feasible trajectory of (15) and p, ¥, u, v, A are as
in the maximum principle (Theorem 4.3). An extremal is normal if A = 1.

Note that (iv) of Theorem 4.3 is equivalent to (p(t) + (), z — z(t)) < 0 for all z € F(t,z(t)) and a.e.
t € [0,1]. In other words,

p(t) + 1[)(15) S NF(t,a‘;(t))(i(t)) for a.e. t € [0, 1]. (28)

Corollary 4.4. Under all the assumptions of Theorem 4.3 consider \,p, as in its conclusions. Then
for almost every t € [0,1] and all v € L(t) satisfying (p(t) + ¥ (t),v) = 0 we have

(p(t) + (1), w) <O Ywe Tyl o (E(1),v). (29)

Proof. Indeed, let t € [0,1] be such that (iv) of Theorem 4.3 holds true and w € T' ((t)x(t))(i“(t), v) for
some v € L(t) satisfying (p(t) 4+ 1(t),v) = 0. By the very definition of the second-order adjacent set,
for every h > 0 there exists wy, such that wy, — w when h — 0+ and z(t) + hv + h?wy, € F(t,z(t)) for
all h. Since (p(t) + 1 (t),v) = 0 it follows from (28) that h? (p(t) + ¥(t),wy,) < 0. Dividing by h? and

passing to the limit, we get (29). O

Consider the following linearization of the differential inclusion in (15):
Jy(t) + F(t,z(t)) — z(t) a.e.

{w At
(0) € Tk, (%(0)).

S

S

Remark 4.5. It is clear that Gr (A(t)) C Gr (d.F(t,Z(t),z(t))). Hence, by (7), for any y(-) solving
(30) we have y(t) € d. F(t,z(t),z(t))(y(t)) a.e.

(30)

Remark 4.6. Let (Z,p, v, i, v) be a normal extremal. Consider y € V(1) () satisfying (30) with y(0) €
Ck,(2(0)), y(t) € Cx(z(t)) for all ¢t € [0,1] and integrable selections y(t) € A(t)y(t), v(t) € F(t,z(t))
such that §(t) = v(t) + v(t) — Z(¢t) a.e. Then we have,

(Ve(z(1)),y(1)) = (=p(1) — ¢(1),y(1))



Therefore if (Vp(Z(1)),y(1)) = 0, then (iv) of Theorem 4.3 yields (p(t) + ¥(t),v(t) — z(t)) = 0 a.e.
This and Corollary 4.4 imply that for almost every t € [0, 1],
(p(H) + (1), w) SO Y we T (@(0), v(t) — & (1)). (31)

Consider the sets

A(t) ={v e F(t,z(t)) | (p(t) + ¢(t),2(t)) = (p(t) +1(t),v)},

and the constrained differential inclusion

y(t) € A(t)y(t) +v(t) — z(t), v(t) € F(t,z(t)) a.e.
y(0) € Ck,(z(0)) (32)
y(t) € Cx(2(t) Ve 0,1,
Therefore we have derived the following alternative: If F(t,Z(t)) # {Z(t)} on a set of positive measure,
then either for every y(-) € V() (z) satisfying (32) with v(-) # Z(-) on a set of positive measure we have

(V(Z(1)),y(1)) > 0, or A(t) # {Z(t)} on a set of positive measure. In this later case, such normal
extremals can then be considered as singular.

Using the second-order variational equation from Section 3, we find the following necessary optimality
conditions for problem (26):

Theorem 4.7. Assume (A), (IPC) and let T be a strong local minimizer of problem (26). Then,

(Vo) y(1) 20 VyeV(). (33)
Moreover, for all y € VI (Z) such that (Vo (z(1)),y(1)) = 0, we have
1

~¢"(@)y(L)y(1) =0 Ywe VI(z,y). (34)

(Ve(a(1), w(D)) + 5

Proof. To show (33), let y € V()(Z) and fix a sequence h; — 0+. Since y(0) € T}’(o (z(0)), there exists a
sequence y? — y(0) such that (0) + h;y? € Ky for all i. Thus, by [13, Thm. 4.3], we can find a sequence
(yi)ien converging uniformly to y, such that Z + h;y; € Sk (z(0) + hy?) for all i. Since Z is a strong
local minimizer, for all large 7,

0 < (1) + hiyi(1)) — p(2(1)) = hi (Ve (2(1)), y(1)) + o(hs),

where o(h;)/h; — 0+ when ¢ — oo. Dividing by h; and passing to the limit, we find (33).

Next, let y € V()(z) be such that (Vip(z(1)),y(1)) = 0, w € V@) (z,y) and h; — 04. By Theorem 3.3
there exists a sequence w; — w uniformly, when ¢ — oo such that & + h;y + h?w,; € Sk (Kp) for all i.
Since Z is a strong local minimizer, it follows that for all i € N large enough,

_ _ _ h
0 < @(@(1) + hiy(1) + hiwi(1)) = (3(1)) = hi (Vep(2(1)), w(1)) + " (@(1)y(1)y (1) + o(h7),
where o(h?)/h? — 0, when i — oo. Dividing by h? and passing to the limit, we get (34). O

Consider the following “second-order linearization” of (15):

w(t) € A(t)w(t) + E(y;t) for ae. t €[0,1]
w(0) € Cr, (7(0)) (35)
w(t) € Ck(z(t)) for all t € 0,1].
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Theorem 4.8 (Second Order Maximum Principle). Let Z be a strong local minimizer of Problem (26)
and (A), AIPC), (A) hold true with a bounded a1 (-). Assume that y € V)(Z) is such that V}Q) (Z,y) #0
and (Vp(z(1)),y(1)) = 0. Then for every solution w of (35) we have (Vp(z(1)),w(1)) > 0.
Furthermore, if int C,(Z(0)) Nint Cx (Z(0)) # O, then there exist X € {0,1}, v € NBV([0,1];R"™) and
p € WHL([0,1];R™) satisfying all the conclusions of Theorem 4.8 such that in addition

e () + (1)) = (1) + 9(0),5(0) ae in 0,1]

Finally, if the constrained differential inclusion

2(t) € A(t)z(t) + E(y;t)  a.e.
z(t) € int C(Z(t)) Vte|0,]1] (36)
z(0) € int Ck,(z(0))

has a solution, then the above holds true with A = 1.

Proof. Let w € Vf) (z,y) and w be a solution of (35). Since A(t) is a closed convex process and &(y;t)
is a closed convex cone for a.e. t € [0, 1], it follows from Lemmas 2.4, 2.5 and Propositions 2.11, 4.1

that w +w € V§2)(i‘, y). Therefore, by Theorem 4.7,

1//

(Vo(z(1)), w(1)) +{Ve(z(1)), w(1)) + 5¢"(2(1)y(1)y(1) = 0. (37)

The first conclusion follows from the fact that the set of solutions to (35) is a cone and the last two
terms of the above inequality do not depend on w. Therefore w = 0 is an optimal solution of the
problem

Minimize (Vp(Z(1)),w(1)),

over solutions w of (35). For all ¢ € [0, 1] consider the closed convex process A;(t) : R™ ~» R™ defined by
Ai(t)e = Alt)z + E(y;t) Vo eR™

The same arguments as in [6, pp. 687, 693-697] applied to the closed convex process A;(t) instead of
B(t,-) introduced in [6, p. 693] and (24) lead to the desired result. O

5 Second-order optimality conditions: control systems
We investigate here the following constrained control system:

B(t) = f(t,2(t),ult)), u(t)€U®E) forae. te|0,1],
2(0) € Ky (38)
() e K Vtelo1],

where f:[0,1] x R” x R™ — R", Ky, K C R™ are nonempty closed sets and U : [0,1] ~ R™ is
a set-valued map. Throughout this section (Z,u) denotes a trajectory control pair of the control

system (38). In order to simplify the notations, we will abbreviate (¢, z(t),u(t)) by [t], so for instance
flt] = f(t,z(t),u(t)). We assume that

(H1) (a) Vo € R", Vu € R™, f(-,x,u) is measurable and for almost all ¢t € [0, 1], f(¢,-,) is continuous,
and f(t,z,U(t)) is closed for all ¢, x. Moreover, (t,z) ~ f(t,z,U(t)) is locally bounded on
[0,1] x OK;
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(b) V R > 0, there exists kg € L*([0,1];R,) such that for a.e. t € [0,1], f(¢,,u) is kr(t)-Lipschitz
on RB for all u € U(t);

(c) There exists a; € L'([0,1];R,) such that for a.e. t € [0,1] and all z € R",

sup [f(t, 2z, u)| < ai(t)(1 + |2|);
uelU(t)

(d) The set-valued map U : [0, 1] ~ R™ is measurable with closed, nonempty images.
Given a trajectory control pair (Z,u), in some results below we assume that
fx(t,-, ) exists and is continuous on a neighborhood of (z(t),u(t)) for almost all ¢t € [0,1].  (39)

One readily checks that (H1) implies that the set-valued map (¢,x) ~ f(t,z,U(t)) satisfies (A). Thus
(38) is a special case of (15). The set-valued map zg ~ Sk(z¢), defined in (16), is in this section
understood with respect to F(t,z) := f(t,z,U(t)). As before, consider the set-valued map

(t,z) ~ F(t,x) :=co {f(t,x,u) |uecU(t)}.

Let us now fix a solution y of (23) and introduce the sets Fe(y;t) C R™ defined for all ¢ € [0, 1] such
that g(t) does exist by,

Foly;t) ={v e R" |Vh >0, Jup € U(t), v, € R, (up,vp) — (a(t),v) when h — 0+
such that f(t, Z(t) + hy(t),upn) = f[t] + hy(t) + h2vs},

and consider the following second-order approximation of the control system from (38):

{w(t) € fo[tlw(t) + Foly;t) + E(y;t)  for ae. t €0, 1] (40)

b(2) /—
w(0) € Ty, (2(0), y/(0)).
This definition is motivated by the following observation:

Proposition 5.1. Let (Z,a) be a trajectory control pair of the control system (38) and y be a solution
of (23). If (39) holds true, then for almost all t € [0,1] and all w € R",

faltlw + Folyst) + E(y; t) C diF[t](w).
Proof. By Proposition 2.11 it is enough to show that for a.e. t € [0,1] and for all w € R™ we have
folthw + Fo(y;t) € diF[t](w).
Fix t € [0,1] such that Z(t) = f(¢,z(t),u(t)) and §(t) € d. F(t,z(t),z(t))(y(t)). Let w € R™, v € Fe(y;t)
and h; — 04. By the very definition of Fo(y;t), there exist u; v u(t) and v; — v such that,
F(2() + hiy(t), wi) = f[t] + hig(t) + hiv; Vi€ N.
Moreover, using the continuity of f,(¢,-,-) on a neighborhood of (Z(t), u(t)), for all sufficiently large 1,
Ft,3(2) + hay(t) + h2w) 3 F(1,5(8) + hay(t) + h2w, ug)

= f(t,2(t) + hiy(t), u;) + /01 fo(t, 2() + hiy(t) + Ohiw, u;) b wdo

1
= [t 2(t) + hiy(t), ui) + fo[t]hiw + /0 (fe(t, Z(t) + hay(t) + Ohiw, u;) — fu[t]) hiwdd
= ft] + hig(t) + b (vi + foltlw) + o(h3),

where o(h?)/h? — 0 when i — oo, completing the proof. O
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Consider the following classical linearization of control system (38):

{y(t) = fltly(®) ;Lv( )—3(t), o(t) € F(t,z(t))  for ae. t€0,1] )

y(0) € Tf, (2(0)

Remark 5.2. It is not difficult to check that for a.e. t € [0, 1], f.[t]y(t

) € doF(t, 2(t), 2(t)) (y(t)). Thus
by (7), any solution y € W1([0,1]; R") of (41) satisfies 4(t) € d. F(t, z(t), 2(t

t
N(y(t)) a.e

Proposition 5.3. Assume (H1) and that for some ¢ > 0, ag € L*([0,1];Ry) and for a.e. t € [0,1],
fz(t, -, u(t)) is Lipschitz on B(Z(t),e) with Lipschitz constant ag(t). Then for any solution y of (41),
there exists hg > 0 such that for R = ||Z|| + ||yl and for every h € [0, ho] the following inequality
holds true:

dist p(; z(0)+hy(e) (Z(8) + hy(t) < (2kr(t)R + ag(t) R*)R®  a.e.
Moreover, if for all t € [0,1], y(t) € Ck (Z(t)) and int Cx (Z(t)) # 0, then y € V(7).
Proof. There exists 0 < hy < 1 such that for a.e. ¢t € [0, 1] and for all h € [0, hg],
2(t) + hfa[tly(t) € F(&2(t) + hy(t), a(t)) + ao()R*|y(H)[*B C F(t,2(t) + hy(1)) + ao(t)R*R*B  (42)
and
z(t)+v(t)—z(t) € F(t,2(t)) C F(t,Z(t)+hy(t))+hkr(t)|y(t)|B C F(t,Z(t)+hy(t))+hkr(t)RB. (43)

Multiplying (42) by 1 — h and (43) by h, adding them and using the convexity of F(t, z(t) + hy(t)), we
obtain

B(1) + RLLY(0) + h(o(t) — #(1)) € K210 + F(t, 2(8) + hy(t)) + ao(O)h2R2B + kn(t)h* RE,
and the first statement of our proposition follows. Lemma 2.6 completes the proof. O

Corollary 5.4. Under all the assumptions of Proposition 5.3, suppose that K is sleek and that
int % (2(t)) # 0 for every t € [0,1]. Then every solution y of

y(t) = fotly(t) +v(t) — z(t), wv(t) € F(t,z(t)) for a.e. t € [0,1]
y(t) € T(z(t) Vte0,1] (44)

satisfies y € VI (z).
For every y € V(l)(i") define the following subset of the set of admissible second-order variations:
V(Z)( y) = {w e V@ (z,y) | w is solution of (40)} .
Let us consider the following Mayer optimal control problem:
Minimize {p(z(1)) | z(-) € Sk(x0), xo € Ko}, (45)

where ¢: R” — R is a given twice differentiable function. Next, we recall the celebrated maximum
principle, see for instance [26, Thm. 9.5.1]:
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Theorem 5.5 (Maximum Principle). Assume (H1) and let (T,u) be a strong local minimizer of
problem (45) such that int Cg(Z(t)) # 0 for every t € [0,1]. If (39) holds true, then there exist
p € WH([0,1];R™), X € {0,1}, a non-negative Borel measure p on [0,1] and a Borel measurable
v:[0,1] — R™ satisfying,

v(t) € Nk(Z(t))N' B  p-a.e., (46)
such that for ¢ : [0,1] — R™ defined by (t) = f[o 1 v(s)du(s) if t € ]0,1] and ¥(0) = 0 we have
(p7 w? A) # 07

(1) —p(t) = folt, (1), u(®)"(p(t) + (1))  a.e.
(ii) p(0) € Nk, (2(0))
(iit) —p(1) = AV (Z(1)) + (1)

(’L"U) <p(t) + ?b(t% f(tv @<t)7 ﬂ(ﬂ)) = MaXycy(t) <p(t) —+ 1/1(15)7 f(t7 j(t% 'LL)> a.e.

Remark 5.6. Note that in [26, Thm. 9.5.1] integrals are taken over [0, ¢[ in the definition of 1. However,
since 9 is of bounded total variation, it has only a countable number of jumps, thus (i) and (iv) remain
both valid a.e. Moreover, (46) follows from [26, Thm. 9.5.1] since K = {{ € R™ | distx(§) < 0} and by
[26, Prop. 4.7.6, Thm. 4.8.5] we always have ddistx(§) C Ni(&) for all £ € K. Here 0 denotes the
Clarke subdifferential.

A tuple (z,u,p,, u,v,\) such that (z,u) is a trajectory control pair of (38) and (p, ¥, pu, v, A) is
as in the maximum principle, is called an extremal. An extremal is normal if A = 1. There are
several results on normality of the maximum principle for optimal control problems, see for instance
[2, 10, 11, 12, 13, 14, 15, 23] and the references therein. We provide next second-order necessary
optimality conditions for problem (45):

Theorem 5.7. Assume (H1) and (IPC) and let (z,u) be a strong local minimizer. Then
(Vo@(1),y(1) 20 Vye V(@)
If the mazimum principle of Theorem 5.5 holds true with A =1 and some (p,v¥, u,v) and y € V(l)(i“) is
such that (Vo(Z(1)),y(1)) = 0, then for every w € Vg) (Z,y),
L,
3¢ GO ~ (pO.w )~ [
where 0(t) :=w(t) — fi[tlw(t) € Fo(y;t) + E(y;t) a.e.

Proof. Theorem 4.7 implies the first statement. Let y € V()(Z) be such that (Vp(z(1)),y(1)) = 0.
Then, by Theorem 4.7, for all w € V) (Z,y) we have

1
(1), w(t)) du(t) — / (1) + (1), D(t)) dt > 0,

(Ve(z(1)),w(1)) + 5¢"(2(1))y(L)y(1) = 0. (47)
Ifwe V(CQ) (Z,y), then w(t) = f[tjw(t) + 9(¢) for some 0(t) € Fo(y;t) + E(y;t) and
(Ve(z(1)), w(1)) = (=p(1) — (1), w(1))
1
= / ((=p(t) = (), w(t)) + (=p(t), w(t)) )dt — / (w(t), w(t)) du(t) — (p(0), w(0))
0 [0,1]
1
—— [+ v o@ydt = [ p0.w) dut) - 60),0(0).
0 [0,1]

This and (47) complete the proof. O
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Remark 5.8. Let (Z,,p, 1, i1, v) be a normal extremal, y € V1) (z) satisfy (41), y(t) € Cx(z(t)) for
all t € [0,1] and y(0) € Ck,(%(0)). Then y(t) = f.[t]y(t) + v(t) — z(t) for some integrable selection
v(t) € F(t,z(t)) a.e. By (iv) of Theorem 5.5 we have that for a.e. ¢ € [0, 1],

(p(t) +¥(t), f(t,2(),u) — fIt)) <O VueU(Q), (48)

which implies that p(t) + ¢ (t) € L£(t)~ for almost every ¢. This in turn yields,
1
0< [ = ot + vie) o) sl at

_ /O (= @), y@)) — (p(t) +¥(t),y(t)) )dt (49)

1
= /O (= B),y(®) — (), 4(1)) )dt + (w(t),y() du(t) — (¥(1),y(1))
< (=p(1) = 9(1),y(1)) + (p(0),y(0)) < (Ve(2(1)),y(1)) -

If (Vo(z(1)),y(1)) = 0, then it follows from (49) and (iv) of Theorem 5.5 that (p(t) + ¢ (t),v(t) — f[t]) =
0 a.e. In the same way as in Remark 4.6 we deduce that in this case for almost every ¢ € [0, 1],

(p(t) + (1), w) <O Y we TG0 E(H), v(t) — fIH]).

Consider the sets

U@t) ={ueU(t) | (p(t) + (1), f(t,2(t),u)) = (p(t) + (1), f(t, 2(t), u(t)))},
and the constrained control system
y(t) = faltly(t) + f(£,2(t), u(t)) — f[t],  u(t) €U(t) ae.

y(0) € Ck,(2(0)) (50)
y(t) € Cr(z(t)) Vtelo1].

) € V() satisfying (50) with f(-,Z(-),u(-)) # f[-] on a
set of positive measure we have (Vo(z(1)),y(1)) > 0, or f(¢,Z(t),U(t)) # {f(t, Z(t),u(t))} on a set of
positive measure. Consequently, also U(t) # {u(t)} on a set of positive measure. We can consider then

such normal extremals as singular.

Example 5.9. Let f(t,-,-) be twice differentiable for all ¢ € [0,1] and f'(¢,-,-), f”(t,-,-) denote the
derivative, respectively the Hessian of the map (z,u) — f(t,z,u). Assume that for some ¢ > 0, a3 €
L(]0,1];R™) and for a.e. t € [0, 1], the mappings f'(t,-,-), f"(t, -, -) are Lipschitz on B(Z(t),e)x B(u(t), )
with the Lipschitz constant a3(t). Let u € L*°([0, 1]; R™) be such that u(t) € Tg(t)(ﬁ(t)) a.e. and for some
¢, ho > 0, disty ) (z(t) +hu(t)) < ch? for every h € [0, ho] and a.e. t € [0,1]. Then, by [18, Prop. 4.1], for
all h > 0, there exists up € L>([0,1]; R™) such that up(-) = u(-) a.e. when h — 0+, |lup || < 2|ull
and u(t) + hup(t) € U(t) a.e. Using this fact, it is not difficult to check that f,[tju(t) € L(t) a.e.
Consider a solution y € W11([0, 1];R?) of

y(t) = foltly(t) + fultlu(t) for a.e. t € [0,1]

y(0) € T}, (2(0)) (51)
y(t) € Te(z),
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and assume that there exists v € L*°([0, 1];R™) such that o(t) € Tb((Z))( (t),u(t)) a.e. Then [18

Prop. 4.2] states that for every h > 0 there exists v, € L*>°([0, 1]; R™) satisfying vy (-) — 0(-) a.e. when
h — 0+, ||onll, < 29|l + ¢ and 4(t) + hu(t) + h?0,(t) € U(t) a.e. It is not difficult to verify then
that y € V(7).

By the Taylor formula we find that

Fulf10(0) + 3 Faaly Oy ) + Feuly(ODul) + 5 fual s O)ut) € Folyit) ae.

Hence the second-order approximation obtained in [18] is a special case of the second-order approximation
(40) introduced in this section. Consequently, in the case of strong local minimizers, the second-order
necessary optimality conditions of Theorem 5.7 generalize those of [18, Thm. 3.5].

Next we deduce from the above results a pointwise second-order necessary condition for optimality.
Consider the following “second-order linearization” of (38):

w(t) € fo[tlw(t) + E(y;t) for ae. t € [0,1]
w(0) € Cr, (2(0)) (52)
w(t) € Ck(z(t)) for all te0,1].

Theorem 5.10 (Second-Order Maximum Principle). Let (Z,a) be a strong local minimizer of prob-
lem (45) and (H1), (IPC), (39) hold true. If y € VW(Z) is such that (Vp(Z(1)),y(1)) = 0 and

V(C)(x y) # 0, then for every solution w of (52) we have (Vp(z(1)),w(1)) > 0.
Furthermore, there exist A € {0,1}, 1 € NBV([0,1];R") and p € W'1(]0,1];R™) satisfying all the
conclusions of Theorem 5.5 such that in addition

e () £(0), ) = () + 00, 5(0) ae.in [0,1] (53)

Finally, if the following linear system under state constraint has a solution:

0))) (54)
7(t)) for all t€10,1],

then the above holds true with A = 1.

Proof. Let w € V( )( y) and w be a solution of (52). Then it follows from Lemmas 2.4, 2.5 and

Proposition 5.1 that w + w € Vg) (Z,y). Therefore, by Theorem 4.7 we have (37). In the same way
as in the proof of Theorem 4.8 we deduce that (Vp(z(1)),w(1)) > 0 for every solution w of (52). To
complete the proof it is enough to apply the same arguments as in [25, pp. 358-361] with V() defined
in [25, pp. 356] replaced by E(y;t). O

Corollary 5.11. Let (Z,u) be a strong local minimizer of Problem (45) and (H1), (IPC), (39) hold

true. Let a solution y of (41) satisfy y € VI(z), (Vo (Z(1)),y(1)) =0, Vg)(a_c,y) # 0 and consider p,
as in the conclusions of Theorem 5.10. Then for a.e. t € [0,1],

(p(t) + ¥(t), fltly(t)) =
max{(p(t) + (), Yy cifa(t, 2(t), u)y()) [ > 0,30 ¢ = Lou; € U(E), flt] = Yy eif (£, 2(t),ui) }.
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Proof. Let v(t) € F(t,Z(t)) be such that g(t) = f.[tly(t) + v(t) — Z(t) a.e. Fix t € [0,1] such that (53)
is satisfied. Consider an integer k > 0, u; € U(t) and ¢; > 0, i = 1, ...,k such that Zle ¢; = 1 and

Ft,2(t),a(t)) = S8 eif (t, #(t), u;). Then

k
D cifalt, B(t), wi)y(t) € deF(t,Z(t), 2(£)) (y(t)
i=1
and therefore .
> cifalt, B (1), w)y(t) + v(t) — E(t) € dF(t, Z(t), 2(£)) (y(t)).
i=1

Consequently, for a.e. t € [0, 1],

k
<p(t) +(t), Y eifult, 2 (D), ui)y(t)> < (p(t) + (1), fo[ty(1))-

i=1

O]
Remark 5.12. The above corollary can be stated in a much more general way. Namely let p, ¥ be as in
the conclusions of Theorem 5.10 and ¢ be such that (53) is satisfied. Consider any mappings ¢;: R™ — R,
i =1,...,k that are continuously differentiable on a neighborhood of Z(t) and such that Zle ci(z) =1
for every z sufficiently close to z(t). Then for all u; € U(t) satisfying f[t] = Zle c(z() f(t,z(t), u;)
the following inequality holds true:

k

(p(t) + (@), f2[tly(t)) > <p(t) T (1), ) ci(@(t)) falt, 2(2), ui)y(t) + Z(Cﬁ(ﬁ(t))y(t))f(t,m(t%uz')> :

i=1 i=1
6 Optimality conditions in the presence of endpoint constraints

In this section we impose an additional endpoint constraint:
z(1) € K, (55)

where K1 C R™ is nonempty and closed. Consider again the differential inclusion (15). As before,
F(t,x) = co F(t,z) for all (t,x) € [0,1] x R™.

Theorem 6.1. Assume (A), (IPC) and let € Sk (z°) for some 2° € Ky satisfy (1) € K;. Suppose
that y € VI (z) and w € V@ (Z,y) are such that w(l) € D% (z(1),y(1)). Consider any sequences
h; — 0+, w? — w(0) with (0) + h;y(0) + h2w) € Ko. Then there exist x; € Sk (Z(0) + h;yy(0) + h2wY)
satisfying z;(1) € K1 and such that h—IQ(:cZ — & — hyy) converge uniformly to w when i — oo.

Proof. Let x; be as in Theorem 3.3. It is enough to observe that since w(1) € D% ((1),y(1)) and
h%(:zz(l) — (1) — hyy(1)) converge to w(1l) for i — oo, we have z;(1) € Ky, for i sufficiently large. [

For any y € V(l)(i') define the following subset of second-order admissible variations:

VP (@9, K1) = {w e VP (@) | w(1) € D, (1), 5(1) }
Consider now the Mayer problem

Minimize {p(z(1)) | z(-) € Sk(x0), zo € Ko, (1) € K1}, (56)
where ¢: R" — R is a given twice differentiable function. Let us start by recalling the first-order

necessary optimality conditions from [6, Corollary 3.8] in this more general case.
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Theorem 6.2. Let T be a strong local minimizer of Problem (56) and for allt € [0, 1], int C (Z(t)) # 0.
Assume (A) and that (A) holds true with a bounded a1 (-). If int Ck,(Z(0)) Nint Cx(Z(0)) # O and
int Cr, (Z(1)) # 0, then there exist X, v, p as in Theorem 4.3 with (iii) replaced by

p(1) € =AVp(z(1)) — ¢ (1) — Nk, (2(1)).

Moreover, if Ck, (Z(1)) Nint Ck (Z(1)) # 0, then A+ sup,ejo 1 [P(t) +¥(t)| # 0. Finally, if there exists a
solution y of (27) satisfying y(1) € int Ck, (z(1)), then the above holds true with A = 1.

The very same proof as the one of Corollary 4.4 implies the following result.

Corollary 6.3. Under all the assumptions of Theorem 6.2 consider any \,p,¥ as in its conclusions.
Then for almost every t € [0,1] and all v € R™ satisfying (p(t) + ¥ (t),v) = 0 we have

b(2) N
B(t) + oD w) <0 YweTD (it),0).

Remark 6.4. Let (Z,p,v, 1, v) be a normal extremal. Consider y € V() (Z) satisfying (30) with

y(0) € Ck,(2(0)), y(1) € Ck, (Z(1)), y(t) € Cr(z(t)) for all t € [0,1]. Then conclusions similar to those

of Remark 4.6 hold true.

Using Theorem 6.1 and the same proof strategy as for Theorem 4.7 we find the following necessary
optimality conditions for problem (56):

Theorem 6.5. Assume (A), (IPC) and let T be a strong local minimizer of problem (56). Then,
(Ve(@(1),y(1) 20 Vye V() satisfying y(1) € D, (2(1)). (57)
Moreover, for ally € VI (z) such that (Vo (z(1)),y(1)) = 0, we have

(Ve(z(1)), w(l)) + %sﬂ”(f(l))y(l)y(l) >0 Vwe VP (z,y) satistying w(1) € D, (2(1),y(1)). (58)

As in Section 4, we can prove the following second-order maximum principle.

Theorem 6.6. Let T be a strong local minimizer of problem (56), (A), (IPC), (A) hold with a bounded
a1(-) and int C, (2(1)) # 0. Let y € VO (Z) be such that (Vp(2(1)),y(1)) = 0 and V) (z,y, K1) # 0.
Then for every solution w of (35) such that w(1) € int Ck, (Z(1)), we have (Vo(z(1)),w(1)) > 0.
Furthermore, if int Ck,(z(0)) Nint Cx(z(0)) # 0, then there exist A, 1, p as in the conclusions of
Theorem 6.2 such that in addition
max p(t) +Y(t),vy = (p(t) +(t),y(t)) a.e. in [0, 1].

B E) 4 6(0,0) = (0(0) + 0(0) 3(0) ae. in 0,1
Finally, if the constrained differential inclusion (36) has a solution z satisfying z(1) € int Ck, (z(1)),
then the above holds true with A = 1.

Proof. Let w € V1(2) (Z,y, K1) and w be a solution of (35) such that w(1) € int Ck, (Z(1)). By Lemma
2.8, w(l)+w(l) € D%(I (z(1),y(1)). Arguments similar to those of the proof of Theorem 4.8 imply the
result. O

Consider the constrained control system (38) under an additional endpoint constraint (55) and define
the set-valued maps F, F as in Section 5. For a solution y of (23) let the sets Fo(y;t) C R” be as in
Section 5. For every y € V(l)(:i‘) we introduce the following subset of the set of admissible second-order
variations:

2),_ 2),_ _
V& @y, K1) = {w e VP (@) | w(1) € Dk, (@(1), y(1) } -
We investigate next the Mayer optimal control problem (56) where xg ~ Sk (g) is understood with
respect to the control system (38).
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Theorem 6.7 ([26]). Let (Z,u) be a strong local minimizer of problem (56) such that int Ck (Z(t)) # 0
for every t € [0,1]. If (H1) and (39) hold true, then there exist X, 1, p, u, v as in Theorem 5.5, with
(i) replaced by —p(1) € AVp(z(1)) + (1) + Ng, (z(1)).

The second-order necessary optimality conditions for problem (56) are similar to those derived in Section
5.

Theorem 6.8. Let (T,u) be a strong local minimizer of problem (56) and (H1), (IPC) be satisfied.
Then,
(Ve(@(1),y(1)) >0 VyeVW(z) satistying y(1) € D, (2(1)).

Moreover, if the maximum principle of Theorem 6.7 holds true with A = 1 and some (p, ¥, p,v) and

y € V(z) is such that (Vp(Z(1)),y(1)) = 0, then for every w € Vg) (z,y, K1),

1
59" @Wy(1) = (0),w(0)) ~ (1 wV) — [l wO)du(t) ~ [ ol + 00,50 dt 20,
[0,1] 0
where 7 = ~p(1) ~ Vip(a(1)) ~ (1) € Nic, (2(1) and 9(t) := b(t) ~ Flthu(t) € Foly:0) + Eit) ac.

Theorem 6.9. Let (Z,u) be a strong local minimizer of problem (56) and (H1), (IPC), (39) hold true.
Ify € V(z) is such that (V(Z(1),y(1)) = 0 and V(C2) (Z,y, K1) # 0, then for every solution w of (52)
satisfying w(1) € int Ck, (2(1)), we have (Vp(z(1)),w(1)) > 0.

Furthermore, there exist A, 1, p as in Theorem 6.7 such that in addition

e ()4 0(0),) = (1) + 0(0,5(0)  ae.in 0,1] (59)

Finally, if (54) has a solution z with z(1) € int Ck, (Z(1)), then the above holds true with A = 1.

Corollary 6.10. Let (z,u) be a strong local minimizer of problem (56) and (H1), (IPC), (39) hold true.
If y is a solution of (41) such that y € VIV (z), (Vp(z(1)),y(1)) = 0, Vg)(i,y,Kl) £ (0 and A, p, ¢
are as in the conclusions of Theorem 6.9. Then for a.e. t € [0,1],

(p(t) + (1), f[tly(1)) =
max{ (p(t) + (), Yoy cafult, 2(0), ui)y(t) [ e > 0,350 i = Lo € UL, flt] = iy eif (6, 2(1), ui) ).
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