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THE K (w,1)-PROPERTY FOR MARKED CURVES OVER FINITE
FIELDS

PHILIPPE LEBACQUE AND ALEXANDER SCHMIDT

ABsTrACT. We investigate the K (m,1)-property for p of smooth, marked curves
(X,T) defined over finite fields of characteristic p. We prove that (X,T) has the
K (7, 1)-property if X is affine and give positive and negative examples in the proper
case. We also consider the unmarked proper case over a finite field of characteristic
different to p.

1. INTRODUCTION

In [Schl],[Sch2],[Sch3], the second author investigated the K (m,1)-property for p of
arithmetic curves whose function field is of characteristic different to p. As a result,
the Galois group of the maximal unramified outside S and T-split pro-p-extension of
a global field of characteristic different to p is often of cohomological dimension less or
equal to two. In this paper we consider the case of a smooth curve over a finite field
of characteristic p. We prove that (X,T) has the K(m,1)-property if X is affine and
give positive and negative examples in the proper case. We also consider the unmarked
proper case over a finite field of characteristic different to p, which was left out in the
earlier papers.

1.1. The marked étale site and the K(m, 1)-property. Let X be a one-dimensional
noetherian regular scheme defined over Fy (with ¢ = pf) and let T be a finite set of closed
points. In [Sch3], the second author defined the marked site (X,T") of X at T considering
finite étale morphisms ¥ — X inducing isomorphisms &(y) =~ k(x) on the residue fields
for any closed point y € Y mapping to z € T. Let M be a p-torsion sheaf. The resulting
cohomology groups are denoted by H'(X,T, M) and they satisfy the usual properties
we expect from étale cohomology groups. He also proved (see [Sch3] for more details)
that these finite marked étale morphisms fit into a Galois theory and (after choosing a
base geometric point Z ¢ T') we denote by 71 (X, T) the profinite group classifying étale

—_—

coverings of X in which the points of T split completely. We denote by (X,T)(p) the

—_—

universal pro-p-covering of (X, T). The projection (X,T)(p) — X is Galois with Galois
group the maximal pro-p-quotient 71 (X, T)(p) of m (X, T).

Let M be a discrete p-torsion 71 (X, T)(p)-module. Consider the Hochschild-Serre
spectral sequence:

—_—

Ey = H'(m(X,T)(p), H (X, T)(p), T, M)) = H"™" (X, T, M).
The edge morphisms provide homomorphisms
d)i,l\/f : Hi(Trl(Xa T)(p)aM) - HZ(Xa TvM)

We say that (X,T') has the K(m,1)-property for p if ¢; p is an isomorphism for all
M and all i = 0. The following Lemma 1.1 implies in particular, that (X,T) has the
K (m,1)-property for p if ¢; 7, is an isomorphism for i > 2.
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Lemma 1.1. (¢f. [Sch3] Lemma 2.2) ¢; p is an isomorphism for i = 0,1 and is a
monomorphism for i = 2. Moreover, ¢; pr s an isomorphism for all 1 = 0 if and only if

lim H'(Y,T',M) =0 for all i > 1,
(v, 1)

where the direct limit is taken over all finite intermediate coverings (Y,T") of (ﬁ) (p) —
(X, 7).

1.2. Notation. Unless otherwise stated, we use the following notation:

- p denotes a prime number.

- Fis a finite field, F an algebraic closure of F, F its maximal pro-p-extension inside
F and Gy the Galois group of I_F/F

- X is a smooth projective absolutely irreducible curve defined over F.

- k =TF(X) the function field of X.

- gx the genus of X.

- X=XXFF,X=XXFI’§.

- S, T are two disjoint sets (possibly empty) of closed points of X.

- if z is a closed point of a X, X, denotes the henselization of X at x and T,, = {z}
if x € T and & otherwise.

- k:g denotes the maximal pro-p-extension of k£ which is unramified outside S and
in which all places of T split completely. If empty, we omit S (or T') from the
notation.

- G§(k) = Gal(k§ /k) = m(X = S, T)(p). _

- H"(X — S,T) denotes the i-th étale cohomology group H., (X — S,T,F,) of the
marked curve (X — S,T).

- for a pro-p-group G we set H(G) = H'(G,F)).

- for an abelian group A and an integer m we write A[m] = ker(A 5 A)

1.3. New results. Let X be a smooth projective absolutely irreducible curve defined
over the finite field F and let k = F(X) be the function field of X. Let S and T be finite
disjoint sets of closed points of X. In this paper, we prove the following result:
Theorem 1.2. Assume that p = char(F).
(i) If S # &, then (X — S,T) has the K(m,1)-property for p and cd GL(k) = 1.
(ii) If T = &, then (X — S) has the K(m,1)-property for p and cd Gg(k) < 2.

In the remaining cases, we have the following results.

Theorem 1.3. Assume that p = char(F), S = & and T # .
(i) If Pic(X)[p] =0, then (X, T) has the K (m,1)-property for p if and only if T = {x}
consists of a single point with pt degx. In this case (X, T)(p) = 1.
(i) If Pic(X)[p] # 0 and

deg(x)
2, FFe =] 9~ b
= (#[F)deg()/2 — 1

then m (X, T)(p) is finite and (X, T) has not the K (m, 1)-property for p.

Finally, we consider the unmarked proper case over a finite field of characteristic
different to p, which was left out in the earlier papers.

Theorem 1.4. Assume that p # char(F). Then X has the K(m,1)-property for p if and
only if uy(F) =0 or Pic(X)[p] # 0.
In the remaining case p, < F and Pic(X)[p] = 0 we have
i (X)(p) = 7f' (F)(p) = Z,.
In particular, H (7§ (X)(p)) is always finite and vanishes for i > 3.
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2. COMPUTATION OF ETALE COHOMOLOGY GROUPS

Proposition 2.1 (Local computation). Let K be a nonarchimedean local (or henselian)
field of characteristic p. LetY = Spec Ok, y € Y the closed point and let T be & or {y}.
Then the local cohomology groups H? o (Y, T) vanish for i # 2 and

H2(YT) H/lnr( )ifT=®
v HY(K) if T = {y},

where H/lm = HY(K)/H} (K).

Proof: We use the excision sequence:
o HIY,T) — HI(Y,T) = HA(Y — {y}) — HIFY(Y,T) —

Since Y is henselian, H(Y) =~ H'(y) = H{,(K), hence H/(Y) = 0 for i > 2. Since
Y is normal, H'(Y,T) — H'(Y — {y}) is injective, hence H,(Y,T) = 0. Furthermore,
HY (Y — {y}) = H(K) and this group vanishes for i > 2 since cd, K = 1 (see [NSW],
Cor. 6.1.3). Tt follows that H}(Y,T) = H'(Y,T) for i > 3.

For T'= (& we obtain H,(Y) = 0 for i > 3 and the short exact sequence

0— H'(Y) - H'(Y = {y}) > Hy(Y) - 0

implies the result for H}(Y).

If T = {y}, the identity of (Y, T) is cofinal among the covering families of (Y, T'), hence
H'(Y,{y}) = 0 for i > 1. We obtain HZ(Y,{y}) = H'(K) and H}(Y, {y}) = 0 for i > 3.
O

Proposition 2.2. (Global computation) Let X be a smooth projective and geometrically
irreducible curve over F, k = F(X) and S and T finite, disjoint sets of closed points
of X.

Then H(X — S, T) =0 fori>3 and H*(X —S,T) =0 if S # &. We have an ezxact
sequence
0—->HY(X-5T)—H (X — @ H,, (k) > H*(X - S,T) > H*(X — S) — 0.

zeT

Proof: In the case T = ¢ we have H (X — S) = 0 for i > 3 and H?(X — S) = 0 if
S # & by [SGA4.3| exp. 10, Thm. 5.1 and Cor. 5.2. Moreover, the sequence is exact for

trivial reasons.

Now assume T' # . Consider the excision sequence for (X —S,T) and (X —(SuT)):

o> PHUX -8).,Ty) > H(X —S5,T) > H(X - (SuT)) —
xzeT
Proposition 2.1 shows that H(X — S,T) ~ H/(X — (SuT)) = 0 for i > 3 and the
exactness of the sequence
0> HY(X-8T)—>H(X-(SuT)—> @PH" (ks) > H* (X -5, T) > 0. (%)
xzeT

Comparing this with the excision sequence for (X —5) and (X — (SuT))

0—H(X-8)—>H(X—-(SuT)) > @ H),,(kz) > H*(X = 5) =0,
zeT
we obtain the exact sequence of the proposition.
If S # &, the Strong Approximation Theorem implies that
H' (X - (SuT))— @ H'(k
xzeT
is surjective (see [NSW| Thm. 9.2.5). Using (*) this shows that H%(X —S,T) = 0 in this
case. ]
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Corollary 2.3. If GL(k) is finite and nontrivial, then (X — S,T) does not have the
K (m,1)-property for p.

Proof. In this case we have cd G% (k) = oo but HY(X — S, T) =0 for i > 3. O

Corollary 2.4. We have the Euler-Poincaré characteristic formula

2
(1) dimg, H' (X, T) = #T.
i=0

Proof. If S = (¥, all groups in the exact sequence of Proposition 2.2 are finite and we

obtain
2

2
N (~1) dimg, H'(X,T) = #T + > (~1)" dimg, H'(X).
i=0 i=0
Recall that H'(X) = Hom(Pic(X)[p],F,) (every connected étale covering of X comes
by base change from an isogeny of the Jacobian of X). Hence

H*(X)=H'(F,H'(X)) = H'(F, Hom(Pic(X)[p], F;)) = Hom(Pic(X)[p], Fp)c.-
Furthermore, we have an exact sequence

0 — HY(F) - H'(X) — Hom(Pic(X)[p],F,)¢" — 0.
Thus Lemma 2.5 below shows Y7 (—1)? dimg, H'(X) = 1 — dimg, H'(F) = 0. 0

Lemma 2.5. We have Pic(X)[p]%* = Pic(X)[p] and
dimg, Pic(X)[p]c, = dimg, Pic(X)[p].
Proof. The first equality follows from the Leray spectral sequence
EY = HY(F,H (X,G,,) = H*(X,G,,)
and the vanishing of the Brauer group of a finite field:
H*(F, H*(X,G,,)) = H*(F,F*) = 0.

The equality of dimensions follows from the exact sequence of finite-dimensional F),-vector
spaces

0 — Pic(X)[p]* — Pic(X)[p] "= Pic(X)[p] — Pic(X)[p]e, — 0.

3. PROOF OF THEOREM 1.2

Assume S # 5. From the computations in the last section, we know that H*(X —
S,T) = 0 for i > 2. By Lemma 1.1, (X — S,T) has the K(m, 1)-property for p and
cd GL(k) < 1. But GL(k) is nontrivial, which follows from the exact sequence

0> HY(X-8T)—>H(X-S)—>@H,, (k) >0
xzeT

together with the fact that @, H}, (k;) has finite F)-dimension whereas H*(X — 5)
is infinite dimensional.

Now assume that S = & ar~1d T = . Let F be the maximal p-extension of F in F.
Then H?*(X;) = H?(Xg)® " = 0. Hence X; is a K (m, 1) for p and the Hochschild-
Serre spectral sequence for X3/X shows the same for X. This finishes the proof of
Theorem 1.2.
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4. PROOF OF THEOREM 1.3
Proposition 4.1. Assume that Pic(X)[p] = 0 and T # & and let p" be the mazimal
p-power dividing ged(degx, x € T). Then
GT (k) = (X, T)(p) = Gal(F'/F),
where F' is the unique extension of F of degree p".

Proof. Let F be the maximal p-extension of F in F. Using Lemma, 2.5, we have
H*(X) = H'(F, H(X)) = Hom(Pic(X)[p], F,)) = 0

and Corollary 2.4 shows that H'(X) is 1-dimensional. Hence 71(X)(p) is free of rank 1
and therefore the surjection
™1 (X)(p) — Gal(F/F)

is an isomorphism (cf. [NSW], Prop. 1.6.15). The maximal subextension F//F of F/F
such that all points in T split completely in the base change X ®p F’ — X is exactly the
unique extension of degree p" of F. ([

Corollary 4.2. Assume that Pic(X)[p] = 0 and T # &. Then (X,T) is a K(m,1)
for p if and only if T = {x} consists of a single point with p { degx. In this case the
fundamental group 7 (X, T)(p) is trivial.

Proof. By the Proposition 4.1, w1 (X, T)(p) is finite cyclic. If p | ged(degx, x € T), then
m1(X,T)(p) is nontrivial and (X, T) is not a K(m, 1) by Corollary 2.3.

Assume p t ged(degx | 2 € T'). Then m1(X,T)(p) is the trivial group, H*(X,T) = 0
and (X,T) is a K(m,1) if and only if H?(X,T) = 0. By Corollary 2.4 this is equivalent
to 47 = 1. 0

Lemma 4.3. Assume that 71(X,T)(p) is finite and Pic(X)[p] # 0. Then (X,T) is not
a K(m, 1) for p.

Proof. By Corollary 2.3, (X,T) is not a K(m,1) if m1(X,T)(p) is nontrivial. Assume
that 7 (X, T)(p) = 1. Then (X,T) is a K(m,1) if and only if H*(X,T) = 0. But by
Proposition 2.2, H?(X) =~ Hom(Pic(X)[p],F,) # 0 is a quotient of H*(X,T). O

The following theorem is due to Thara, see [Tha], Thm. 1 (FF).
Theorem 4.4. Assume that T # @ and let q = #F. If

deg(x)
Z ez 1 > max(gx — 1,0),
T

then 71 (X, T) is finite. In particular, 71(X,T)(p) is finite.

Summing up, we obtain Theorem 1.3.

5. PROOF OF THEOREM 1.4
Let F be the maximal p-extension of F in F and X=X X F. Then
X isa K(m1) for pe— X is a K(m,1) for p
and we have o
Hiy(X) = Hit(X)G(F/F)
for all i. Hence H:,(X) vanishes for i > 3 and H2,(X) = MP(IF‘)* = pp(F)*. Hence X
has the K (m, 1)-property for p if p,(F) = 0. In the following we assume that F contains

all p-th roots of unity. For every tower of finite connected étale p-coverings Z — Y — X
the natural map

Z/pL = HA(Y , pp) — H%(Z, 1) = Z/pL
5



is multiplication by the degree [Z : }N/] Hence, by Lemma 1.1,
X is a K(m,1) for p < #(7{*(X)(p)) = .

Note that N N
@ = HUR
~ (Hlt(X)G(IF/JF))*
~ Plc(X)[p]G(F/ﬁ)
and by Lemma 2.5
Pic(X)[p]G(F/ﬁ) = 0 < Pic(X)[p] = 0.

Furthermore, since G(INF/IF) is a pro-p-group:
Pic(X)[p] = 0 <= Pic(X)[p] = Pic(X)[p]°®® =0,

and therefore, Pic(X)[p] # 0 «— 7% (X)/p # 0. Hence it suffices to show the equiva-
lences

# (i (X)(p) = 0 = #(71*(X)(p)) = 0 = #n{"(X)/p # 0.
Elementary theory of pro-p-groups shows that it remains to show the implication

" (X)/p # 0 = # (" (X)(p)) = .
Setting T := T),(X) = 7¢*(X)(p), we can write this implication in the form
(Tg(ﬁ‘/ﬁ?))/p #0= #(Tg(ﬁ‘/ﬁ?)) = 0.

The group G (F/IF’) is pro-cyclic of supernatural order prime to p. Furthermore, T =~ Zig
and the kernel of the reduction map Glgy(Z,) — Glgy(F,) is a pro-p-group. Hence the
action of G(I_F/INF) on T factors through a finite cyclic group of order prime to p. We
conclude that Theorem 1.4 follows from Lemma 5.1 below. O

The following Lemma 5.1 and its application in the proof of Theorem 1.4 were proposed
to us by J. Stix.

Lemma 5.1. Let G = {(g) be a finite cyclic group of order n. Let p be a prime number
with pfn and let T be a finitely generated free Z,-module with a G-action. Then

#Tc =0 < (T/p)a # 0.

Proof. Since (T/p)c = Te/p, the implication = follows from Nakayama’s Lemma.

We consider V' = T ®z, Q, as a Qp[X]-module with the action X - v = g(v). Then
X" acts identically and the main theorem on finitely generated modules over principal
ideal domains implies that

V= Q[X]/(f{) @ @Qu[X]/(fEr),

where f; € Z,[X] are irreducible monic polynomials dividing X™ — 1. Put
T =Zp[X]/(fi) @ - © L[ X]/(fi) =V

and let f; € F,[X] be the reductions of the f;. As divisors of X" —1, the f; are separable
and Hensel’s Lemma shows that they are irreducible.

T¢, is infinite if and only if one of the f; is equal to X — 1, which is equivalent to
one of the f; being equal to X — 1. This again is equivalent to the fact that Z/pZ (with
trivial action) occurs as a Jordan-Hélder quotient of T7/p. By [CR] (16.16) T'/p and T”/p
(being reductions of lattices in the same Q,[G]-module V') have the same Jordan-Holder
quotients. Therefore we obtain the following chain of implications:

(T/p)a #0 = Z/pZis a J-H quotient of T'/p
= Z/pZis a J-H quotient of T"/p
= #T} = .
6



Finally, since G is cyclic, we have the exact sequence
0T > (T+T) > (T+T)T)° >Tg - (T+T)a — (T +T'/T)g — 0.

As (T +T'/T) is finite, T and (T + T”)g have the same Z,-rank. The same argument
shows that T¢, and (T + T")¢ have the same Z,-rank. Since T, is infinite, T is infinite.

This finishes the proof. (I
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