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ON THE LACK OF COMPACTNESS ON STRATIFIED LIE GROUPS
CHIEH-LEI WONG

ABSTRACT. InRY, the characterization of the lack of compactness of the continuous Sobolev injection H® < LP,

1 1 d .
with s +-—=—-and 0<s< 3 can be rephrased as : a bounded nonzero sequence f, € H® admits a
p

d 2
decomposition as a sum of pairwise orthogonal h-oscillatory components - known as profiles - and a remainder

term which is going strongly to 0 in L”. The aim of this paper is to generalize this description due to Patrick
Gérard [21] to stratified Lie groups. We shall obtain the collection of profiles from a wavelet decomposition
by embracing the similar conceptual approach as in Jaffard [24] or Bahouri, Cohen and Koch [2].

1. INTRODUCTION

1.1. Lack of compactness.

Interest in the study of the lack of compactness in the Sobolev embedding H® < LP originates from the
works of Pierre-Louis Lions [30], [31], Luc Tartar [36] and Patrick Gérard [20]. Earlier decompositions of
bounded sequences into a sum of profiles can be found in papers by Haim Brézis and Jean-Michel Coron [9]
and Michael Struwe [34]. In a paper by Patrick Gérard [21], the defect of compactness of the Sobolev
embedding H$ < LP is described in terms of a sum of rescaled and translated orthogonal profiles, up to a
small term in LP. This was generalized to other Sobolev spaces by Stéphane Jaffard [24], to Besov spaces by
Gabriel Koch [27], and finally to general critical embeddings X < Y including a wide range of functional

o

spaces (Lebesgue LP, Sobolev Hs , Besov B, Triebel-Lizorkin }%;g only to name a few) by Hajer Bahouri,
Albert Cohen and Gabriel Koch [2]. The interested reader can also refer to Kyril Tintarev and Karl-Heinz

Fieseler [37] for an abstract, functional analytic presentation of the concept in various settings.

These profile decomposition techniques have been successfully used for studying nonlinear PDEs, namely :

e the description of bounded energy sequences of solutions of the defocusing semi-linear quintic wave
equation, up to remainder terms negligible in energy norm by Hajer Bahouri and Patrick Gérard [5],

e the characterization of the defect of compactness for Strichartz estimates for the Schrodinger equation
by Sahbi Keraani [26],

e the understanding of features of solutions of nonlinear wave equations with exponential growth by
Hajer Bahouri, Mohamed Majdoub and Nader Masmoudi [7],

e the sharp estimates of the lifespan of the focusing critical semi-linear wave equation by means of the
energy size of the Cauchy data by Carlos E. Kenig and Frank Merle [25],

e the study of bilinear Strichartz estimates for the wave equation by Terence Tao [35].

For more applications, refer for instance to Isabelle Gallagher and Patrick Gérard [18],

Isabelle Gallagher [17], Camille Laurent [28], Hajer Bahouri and Isabelle Gallagher [4], Hajer Bahouri,
Jean-Yves Chemin and Isabelle Gallagher [1], and multiple references therein.

Apart Jamel Benameur [8] who solved the case of the Heisenberg group (2008), publications were
focused on the Euclidean case. This paper provides a positive answer to the natural question of extending
the description of the lack of compactness in Sobolev embeddings to stratified Lie groups. Though we will
further see a more precise definition, here are some examples of such Lie groups :

e Euclidean cases : Abelian fields such as R? or C?%, (non Abelian) upper triangular groups,
e non-flat cases : Heisenberg groups H¢, Carnot groups, Lie groups of polynomial growth.

We shall also assume that our stratified Lie groups G have a Hausdorff geometrical realization. Any of the
above examples are likewise.

Date: January 9, 2014.
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1.2. Stratified Lie groups.

Definition 1.1 (FS [13]). A Lie group (G, ") is called stratified if it is connected, simply connected and its
Lie algebra g decomposes as a direct sum g =V, & ... DV, with :

{ Vi, Vel =Vikr if 1<k <m
[V1,Vin] = {0}

Thus g is a m-step, nilpotent and finitely generated, as a Lie algebra, by the vector subspace V1. So as a
manifold, G possesses a sub-Riemannian structure. The exponential map is a diffeomorphism from g — G.
When G is identified with g via exp, the group law on G is a polynomial map provided by the Campbell-
Baker-Hausdorff formula. As a result, the Lie correspondence endows GG with a richer manifold structure,
and subsequently all the classic notions of differentiable functions, Haar measure, functional spaces, and so
on. The left-invariant Haar measure pug on G is induced by the Lebesgue measure on its Lie algebra g, and
we then define the Lebesgue spaces on G as :

1
LP(GQ) = {Borel functions f ‘ </ |f|pd,u(;> T < +oo} ,
G

with the standard modification when p = +o00. In particular, if left translations are defined by 7/ (x) = 2’ -z,

the property :
vf e LNG), Yy € G, /G Fly - 2)dp () = /G f(2)da (11)

results from the left-invariance of ug. As a homogeneous group, there is a natural action of dilations
(0a)acr, on elements of G, given by :

VaeRY, do(z) = a®uw

_ 2 2 m m
= (a$1,1,---,04$1,dimvpoé L21,---, X T2dimVay -+ ¥ Tml,y-.-, & iﬂm,dimvm)-

induced by the
canonical action on Vj

In particular, it is immediate to see that :
Si(x) = lgox=u,
and (5a(:p))_1 = (ao0z) t=aczt.
This family of nonisotropic dilations is a subgroup of Aut(G). Given a dilation J,, a linear differential

operator X is said homogeneous of degree /£ if for any function f on G, X (f 0ds) = a*(Xf) 0 64.

Since we shall be dealing with a homogeneous group G endowed with a natural family of dilations,
we rather define a homogeneous norm | - |g : G — [0, +00] which is a € function on G\{0} such that :

Vo € G, ‘x_l‘(; = \x]G
Va >0, la©® z|lg = a|z|a
lzjg =0iff 2 =0

m

Let us denote by Q = Zk’dimR Vi, the homogeneous dimension of G, and introduce the L!'-normalized
k=1

dilation 5_t1 f of a function f by :

Vf, Vo € G, Vt>0, 5 f(z) =t%f(tow). (1.2)
Note that, by definition, @ preserves the norm L', that is ||§f||L1(G) = fllzr -

Remark 1.2. Depending on the context i.e. the functional spaces we are working with, we might use different
normalizations for a given function. The superscript in 67 is helpful to remind which normalization is chosen.

Elements of g can be identified with differential operators of length 1 of G which are invariant under left
translations. Note that a vector field X : G — T'G is said to be left-invariant when the following diagram



commutes for all h € G :

TG —— TG

dTh

where 75, is the left translation on G defined by 7,(x) = h - 2. Then it follows that for all h in G,
X o7y = drp, o X. This infinitesimal characterization is equivalent to say that for any smooth function f,
one has X(fom,) = (Xf)om,.

Let n € N. Let I and k be multi-indexes in N™. For a differential operator X! = X,giX,g;X,gZ
where the Xj,’s are taken in g, we define two distinctive notions :

e its isotropic length (or order) : |I| =11 + Io + ... + I,
n

e its homogeneous degree : deg X! = ZI,- deg Xj, where deg X, = j if X3, € V}.
i=1

Under the identification g ~ G, polynomials on G are polynomials on g. Let us denote by Py the vector
space of homogeneous polynomials of degree k, and set P = liﬂpk. One can also define the Schwartz space
on G by S(G) = S(g). Let §'(G) be the space of tempered distributions on G and S’(G)/P the space
of tempered distributions modulo polynomials on G. Duality between the two spaces is achieved by the

sesquilinear product (-,-) : §'(G) x S(G) — C defined by (f,g) = / fg duc.
G

It is common to use the spectral calculus of a suitable sub-Laplacian :
Ag= > X7, (1.3)
X;ey

induced by the aforementioned sub-Riemannian structure of G in the intent to define a Littlewood-Paley de-
composition for functions and tempered distributions on G. Restricted to €°°(G), Ag is a linear differential
operator, homogeneous of degree 2 and formally self-adjoint :

\v/fmg € %COO(G)v <AGf7g> = <f7 AG9> .

Its closure has a domain 2 = {u € L*(G) | Agu e LZ(G)} where Agu is taken in the sense of distributions.

It follows that its closure is also self-adjoint and it is actually the unique self-adjoint extension of Ajge ().
We shall continue to denote this extension by Agq.
Moreover, the homogeneous Sobolev spaces H*(G) are defined as :

(0) = {f eS(G)/P | (-2a)ir e L2<G>} | (1.4)

1.3. Characterization of the lack of compactness of the Sobolev injection H*(G) — LP(G).
Set % + ]1) = % where 0 < s < % - In the framework of the Sobolev injection (see e.g. BFG [3], or BGX [6]
for the specific case of the Heisenberg group HY) :
H(G) — LP(G) , (1.5)
both spaces are homogeneous spaces with the same scaling properties since :
W1 0 1l ey = 1o -
and 17 £ o dnlisie) = I v -
For any function u € H*(G), if we define the operators :
Tl = UO Ty—1 ,

Q
and (5zu =hruoldy,
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both LP and H® norms are preserved under translations u —— 7,u and dilations u 6Z71u. If uis a

nonzero element of H*(G), for any sequence of points (fn)nen going to infinity in G (i.e |kn|a = +00)
n o0

and any sequence of positive real numbers (h;,),en converging to 0 or 400, the two sequences (Tnnu> .
— /ne

and (52,1u> N converge weakly to 0 in H *(@), henceforth they are not relatively compact in LP(G). In
_n ne
this paper, we shall prove that these invariances under 7, and 52,1 are single responsible for the lack of

compactness of the continuous Sobolev injection H5(G) < LP(G).

Before stating the main result, let us introduce the notions of scales and concentration cores.

Definition 1.3. We call a scale any sequence (hyp)nen of positive real numbers, and a concentration core
any sequence (Kn)nen of points in G. Pairs (hy, k¢) and (hy, ker) are said orthogonal if :

h
(hem) L (he ) < log bnl 5 teo for the scales, (1.6)
) ’ hél7n n—-+oo
1
r <(hg n) = (hey) and — |k, - kenle — +oo> for the concentration cores. (1.7)
) ) hf7n ,n ) n——+o00
o 1 1
Theorem 1.4. Consider the continuous embedding H*(G) — LP(G) with %—I— =5 Let (un)n>0 be a
p

sequence of bounded functions in ﬁs(G). Then, up to the possible extraction of a subsequence, there exist
a family of functions (¢%)eso - the so-called profiles - as well as sequences of scales (hy,) and concentration
cores (ky,) such that :

’ —+00 N—+00

L
Zh;;;&( ® (/ihll . x)> +ry,p(x) with Llim lim ”Tn,LHLP(G) =0. (1.8)
—1 /n

superposition of
he n-oscillatory components

The profile decomposition (1.8) is asymptotically orthogonal (or almost orthogonal) in the sense that :
L
2 _ 2012 2
L S o (L9)

This profile decomposition recovers various versions of the concentration-compactness principle, as the ones
n [21] or [30], [31].

Remark 1.5. The profile decomposition (1.8) is stable in the sense that :
H (H&Hﬁzs(c))

where C is a constant that depends only on H(G).

CsupHunHHS

>0 52(2) n>0

Remark 1.6. For some sequences (un)n>0, it may happen that the decomposition (1.8) contains only a
finite number of profiles. In particular, the sequence (uy)nso is compact in LP(G) iff V¢ > 1, ¢* = 0.

1.4. Layout of this paper.

We shall prove Theorem 1.4 by transposing to stratified Lie groups the method developed in [2] which is
mainly based on wavelet decompositions. The authors considered critical Sobolev embeddings X < Y for
generic functional spaces X and Y with same scaling properties and endowed with unconditional wavelet
basis. They also emphasized on two key properties : the first one is tied to nonlinear approximation, and
the other one is similar to Fatou’s lemma.

To achieve our goal, we firstly exhibit a wavelet basis by using the spectral calculus of the sub-Laplacian.
The mother wavelet ¢ will feature some nice properties (in S(G), with infinite vanishing moments in the
space variable, and compactly supported in its conjugate variable). Translated and dilated copies of ¥
provide an unconditional wavelet basis for both homogeneous Besov spaces §;7Q(G) with 1 < p,q < 400,
and LP(G) with 1 < p < 400. Consequently, the rest of this paper is divided into three parts :
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e Section 2 deals with Littlewood-Paley (abbreviated as LP for short) -admissible functions ¢ in order
to characterize the homogeneous Besov spaces §;7q(G),

e in Section 3, we will clarify the unconditional convergence of the wavelet expansion in both LP(G)
and é;7q(G) via discrete sampling techniques and Banach frames,

e in Section 4, we will perform the algorithm for the profiles’ extraction on G, and eventually prove
Theorem 1.4.

Note that in Sections 2 and 3, we shall make straightforward use of several results from FS [13] and FM [14].
We intentionally omit some technical proofs which can be easily found in these references.

Acknowledgements. The author would like to thank Clotilde Fermanian-Kammerer and Hajer Bahouri
for numerous fruitful discussions.

2. LP-ADMISSIBLE FUNCTIONS AND BESOV SPACES

The purpose of this section is to define the homogeneous Besov spaces l%;,q(G) via a Littlewood-Paley
decomposition. In the Fuclidean framework, a LP-admissible function v is constructed by defining a
dyadic partition of unity in the Fourier side, and then apply inverse Fourier .#~!. The standard method
of transposing this construction to stratified Lie groups is to replace the Fourier transform by the spectral
decomposition of the sub-Laplacian Ag (see further Lemma 2.6), and it is essentially based on convolution.
Then this construction proves to be independent of the choice of the basis of the stratum Vj. The
proper framework for such Littlewood-Paley decompositions is actually the previously introduced space of
tempered distributions modulo polynomials §'(G)/P. The convergence of these decompositions is obtained
via duality with the subspace V(G) C S(G) of functions with an infinite number of vanishing moments.

Let us recall that the noncommutative convolution product of two functions f and g on G is defined by :

e /fw v Yg()duc(y /f U 2)dpe(y)
and if X is a left-invariant vector field on G, then :
X(f + g)(@) = f + Xg(a / F@)(Xg) (™ 2)dcy) -

In what follows, for a function f on G, we define f(z) = f(z~') and set :

VreG, f(z)=fla 1)< f*=f. (2.1)
Then one can easily verify that for f in L?(G) N L'(G), the adjoint of the convolution operator g — g * f
isg—gx* f*
2.1. The subspace V(G) of functions with an infinite number of vanishing moments.
Definition 2.1. Let n € N, a function f : G — C is said of polynomial decay of order n if there exists a

constant ¢ > 0 such that : .

(1 +]zle)"

Definition 2.2. Let r € N, a function f has vanishing moments of order r if :

Vp € Pr_q, /Gf(a:)p(w)dw =0.

Ve e G, |f(x)] <

Under the identification of G' with g, the inverse map 2 — 2! is identified with the additive inverse map
x — —x on g. It follows that Vp € P._1, p € P,._1, where p is defined as above. If f has vanishing

moments of order r then :
Wpe Py, / F2)p(x)de = / F)p(x)dz =0,
G G

which shows that f has also vanishing moments of order . This property of having vanishing moments is
central in the wavelet analysis due to the following principle : in a convolution product such as g * &} f,
vanishing moments of one factor coupled with smoothness and regularity of the other factor lead to a rapidly
decay at infinity of g * 6} f. Thereafter, we will apply this property to functions f and g in the Schwartz
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class which do not necessarily have an infinite number of vanishing moments. The next lemma formalizes a
more general version of this principle.

Lemma 2.3 (FM [14] - Lemma 3.2). Let k,n € N.
(i) Let f € €*(G) such that VI, deg XT < k, X'f is of polynomial decay of order n.
Let g have vanishing moments of order k and polynomial decay of order n + k + Q + 1, where @ is
the homogeneous dimension of G. Then there exists a constant ¢1 (depending only on the decay of
X1f and g) such that :

Q

s, k+Q(1-1) .

Vp > Vo<t<l, Hg*é_%fHLp(G)éclt

(ii) Assume now that g € €%(G) with VI, deg X' < k, X'g is of polynomial decay of order n.
Let f have vanishing moments of order k and polynomial decay of order n +k + Q + 1.
Then there exists a constant co (depending only on the decay of f and X'§) such that :

C
Vp > % V1<t < o0, g% flliea < t—i :

From now, we shall denote by V(G) the subspace in the Schwartz class S(G) of functions with an infinite
number of vanishing moments. We sum up below some useful topological properties of S(G) :

Properties (FS [13] - §1 D. The Schwartz class).
e S(G) is a Fréchet space whose topology is conveniently defined by any norm of the family of norms :

€N, |[flln = sup (1 + |a|g) @ X ()]
(i<
Convolution is continuous from S(G) x S(GQ) to S(G). More precisely, for every n € N, there exists
cn, > 0 such that :
Vo, €S, [l *Ylln < cnll@llnlltlnsr -
e V(G) is a closed subspace (in particular, it is complete) of S(G), with S(G) x V(G) C V(G).
IfV'(G) denotes the topological dual of V(G), then V'(G) can be canonically identified with S'(G)/P.
e For all Y € S(GQ), the map S'(G)/P — S'(G)/P defined by u — u 1) is a well-defined operator
and it is continuous on S'(G)/P. If ¢ € V(G), the associated convolution operator is a well-defined
and continuous operator from S'(G)/P into S'(G).

2.2. The Calderén’s reproducing formula.
From here, we shall use the classic notation f = .% f for the Fourier transform on R. Suppose that Ag has a

—+00
spectral resolution Ag = / Ad Py, where dP) is the spectral projection measure i.e. a measure with values
0

+oo

in the spectrum of Ag. For any bounded Borel function f on Ry, the operator f(Ag) = F(N)dPy
0
which should be understood as :

~ +OO A~
Y, € L3(G), (f(Ag)d,n) = /0 FNPy(6,m)

(where dP\(¢,n) is the unique Borel measure associated to the pair (¢, 77)) is a bounded integral operator
in .#% with a convolution distribution-kernel Ky in L?(G) satisfying Vn € S(G), F(AG)) =1+ K;. In the
following, we shall denote this kernel Ky in some abusive way by f, that is :

Vn e S(G), f(Ag)n=mnx*f. (2.2)
An important property due to Andrzej Hulanicki [23] is that, for smooth and rapidly decaying functions
f € S(R;), the kernel associated to f(Ag) is a function in the Schwartz class, namely f € S(G).

At this stage, we have all the ingredients for a Littlewood-Paley type decomposition :
F=fxl iy, (2.3)
JEL
where Vj € Z, ¢; = (%Jw is a dilated of ¥ € §(G) (with the usual convention ¢y = ).



Definition 2.4. A function ¢ € S(G) is said LP-admissible if :
YgEV(G), g= lim > gxu; iy

lil<n
holds, with convergence in S(G). Duality induces the convergence of the decomposition on S'(G)/P :
/ : *
Vu € S'(G)/P, u:nll)r}rloo; w P x ;.
jlsn

Before stating Lemma 2.6 which is the cornerstone for the construction of LP-admissible functions, we need
the next useful preliminary result.

Lemma 2.5 (FS [13] - Proposition 1.49). Let ¥ € S(G) and define 9y = 6}0, then :
Vi € S(G), ¢ *19% — ¢ in S(G)
and Vf € S'(Q), f*91 — cof inS'(G),

as t — 0, where ¢y = / Hax)dx
G

. <9<
Lemma 2.6. Let ¢ be a function in €°°(R) with support in [0,4] such that 1o

o

Set 1&(5) = &(2—25) - Q@({) Thus ¥ € ¢>°(R4) with support in the interval ] and we get a dyadic

partition of unity with ¥ : Z |1,Z3(2_2j§)|2 =1 ae.

JEZ
Let Ag be the sub-Laplacian. Let ¢ be the convolution distribution-kernel as defined in (2.2) which is
associated to the bounded left-invariant operator ¥(Ag), then ¢ is LP-admissible and belongs to V(G).

N

o

Proof. The spectral theorem applied to the dyadic partition of unity with 12) gives :

S [i4a0)| o|ieac| -1,

JEZL

Let g € V(G). First observe that due to the quadratic homogeneity of A¢, the convolution kernel associated
to ¥(27% A¢) coincides with ;. The decomposition :

=3 [u?(z—?JAG)T o [bea0]o= Lo v; v (2.4)

JEL JEZL
holds in norm L?. Note that, since 1[1 is a real-valued function, one has actually ¢* = 1.
For any integer m € N, one has :

D gl R = gk G — g* 0y,

li[<m
where ¢ € S(@) is the convolution kernel of ¢(Ag). Since ¢ is in the Schwartz class, it follows by Lemma 2.5
that g * 0gmi1¢ 7 Cod in S(G) for some constant c4. Hence Z g* Y5 * . C6d in §(G), and

lj|<m

the identity (2.4) in L*(G) gives ¢ = 1. [ |
The Calderén’s decomposition g = Z g * s * 1b; converges strongly and unconditionally in norm L? because
JEL
of the unconditional convergence of the sum Z D272 (27H¢).
JEL
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Properties.

e € S(G) ! and has an infinite number of vanishing moments %, hence 1 € V(G).
o Any function LP-admissible built according to Lemma 2.6 satisfies the relation :

\YRASWA ‘j—€’>1:>1/};*1/1320, (2.5)
resulting from :
[@(2—%&;)} o [1/3(2—2%@)} =0.
2.3. Homogeneous Besov spaces.

Definition 2.7. Let ¢ € V(G) be LP-admissible. Let 1 < p,q < 400 and s € R. The homogeneous Besov
space associated to 1 is defined by :

By (G) = {U € 8'(G)/P ‘ {27°lux Y5l o(ey } jez € ”(Z)} : (2.6)

with the associated norm :
(2.7)

Il = {210 451060} sz gy -

The definition of homogeneous Besov spaces requires taking LP norms of elements of S’(G)/P. We use the
canonical embedding LP(G) — S'(G). For p < +oo, by using that PN LP(G) = {0}, one has the embedding
LP(G) = S'(G)/P. Given u € 8'(G)/P, we define :

e |lullzr@) = llu+ qllr(@) when u+ g € LP(G), for a suitable ¢ € P ; note that the decomposition

u + ¢ is unique since P N LP(G) = {0},

e ||ullrr(q) = +oc otherwise.
By contrast, the norm || - |[ze(z) can only be defined on &'(G) by assigning the value +oo to any
u € §'(G)\L>*(G). Note that the Hausdorff-Young’s inequality |lu * f| 1) < llullze@)llfllz1 () remains
valid respectively :

forp <400 : VfeS(Q), VueS(Q)/P,
and for p=+oo0 : Vf € S(Q), YueS(G).

For p < 400, if u+ g € LP(G) then (u+q) x ¢ =ux + g+ € LP(QG).

The combination of Lemma 2.6 and Definition 2.7 shows that we shall recover the usual notion of
homogeneous Besov spaces built via the spectral calculus of sub-Laplacians. The definition turns out to be
independent of the choice of .

Theorem 2.8 (FM [14] - Theorem 3.11). Let 91,12 € V(G) be LP-admissible. Let 1 < p,q < +00 and
s € R. Then By (G) = Byt (G) with equivalence of norms.

We will accordingly omit the 1 superscript and simply write l%;,q(G) for any choice of LP-admissible ¢ € V(G).

Properties.

. l%;,q(G) is a Banach space.
e For1<p,q<+oo and s € R, one has the following continuous embeddings :

V(G) = B (G) = S'(G)/P .
and  V(G) = (B5,(G)) = B;3(G) .
For p,q < +00, V(G) is dense in §;7q(G).
e The space S(G) * Z Vi x; is dense in V(G), as well as in l%;,q(G) if p,qg < +oo. And in this
l7]<n
space, the decomposition g = Zg * ¢; x1p; has a finite number of nonzero terms.
JEZ

1Andrzej Hulanicki : A functional calculus for Rockland operators on nilpotent Lie groups (1984)
2Da,ryl Geller, Azita Mayeli : Continuous wavelets and frames on stratified Lie groups (2006)



We now extend this Littlewood-Paley decomposition to other functional spaces.

Proposition 2.9 (FM [14] - Proposition 3.14). Let 1 < p,q < +o0 and ¢ € V(G) be LP-admissible. Then
for all g in By (G) :

o= 3 v
lil<n

holds in é;7q(G).
Proof. Consider the operators ¥, : é;q(G) — é;7q(G) defined by :
Sng= Y g s

|7]<n
This family of operators (3, )nen is bounded in norm. The X,,’s converge strongly to the identity operator

on a dense subspace of §;7q(G). But by boundedness of the family, this implies the strong convergence
everywhere. ]

Proposition 2.10 (FM [14] - Proposition 3.15). Let 1 < p < 400 and ¢ € V(G) be LP-admissible. Then
for all g in LP(G) :
=, 50
Jlsn

holds in LP(G).

Proof. Since ¥,g = g * (%nﬂ b — g% 5%%(25, Young’s inequality implies that this sequence of operators is norm

bounded. It is sufficient to show the convergence of the decomposition on the dense subspace S(G). We
saw previously in Lemma 2.5 that g % (%n Yo —+> csg. Moreover, for n € N, one has :
<4 n—+oo

1 1 1 1
g% 6y nd(x) = W—Q/Gg(y)qﬁ(;n o' ~x)>dy = W—Q&Q*qﬁ(z—n@x) ;

and so :

pd P 1 51
r)| = muﬁg * @l ey -

1 1
1 _ 1
g * 0y—ndllLr(c) = 50 </G Ogn g * ¢<2n @$> -
2 p

1
Again, 81 s i i . 1
gain, 95,9 * @ o cq¢, and in particular : 2nQ(1_%) 0329 * 9l Lr () oy 0.

Hence X9 —+> csg and the case p = 2 determines that c4 = 1. |
n—-+0oo

3. CHARACTERIZATION OF BESOV SPACES BY THE DISCRETE WAVELETS

We show in this section that the characterization of l%;,q(G) by a Littlewood-Paley theory can be discretized
by sampling the convolution products f * 1} over a discrete set I' C G. This is equivalent to the study of

the analysis operator Ay : S'(G)/P > f — Ayf = {(f, ;) }jez associated to a discrete wavelet system
~yel
{¢177}j€Z defined by :
~yel

Vo € G, q(x) = 7 03h(x) = 2% (-2 o), (3.1)
where ¢ € V(G) is chosen as in Lemma 2.6 and ¢* = 1. The main goal of this section is the proof of the
equivalence between Besov norms and some associated discrete norm in Theorem 3.6.

We cannot mention wavelets without some history. The development of wavelets started with Alfred Haar
in 1909. Notable contributions can be attributed to George Zweig’s discovery of the continuous wavelet
transform (1975), Pierre Goupillaud, Alex Grossmann and Jean Morlet’s formulation of the CWT (1982),
Jan-Olov Stromberg’s work on discrete wavelets (1983), Ingrid Daubechies’ orthogonal wavelets with
compact support (1988), Yves Meyer and Stéphane Mallat’s MRA framework (1989), and many more since.
In 1986, Yves Meyer built a wavelet basis that suits for the simultaneous characterization of any Sobolev
space HS. Wavelet bases thus provide an elegant and unifying response to the problem of exhibiting
unconditional bases for a wide range of classic functional spaces. Some useful references are [32] and [33].
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The very first wavelet bases on stratified Lie groups were obtained in 1989 by Pierre-Gilles Lemarié [29]
from a spline interpolation theory. Already the sub-Laplacian Ag played a major role. Later in 2006 came
out continuous and discrete wavelet systems by Daryl Geller and Azita Mayeli [19] using the spectral theory
of the sub-Laplacian. So it is rather natural to expect its involvement in a characterization of homogeneous
Besov spaces. It was achieved in 2012 by Hartmut Fiihr and Azita Mayeli [14].

In order to discretize norms over elementary tiles of G and perform a multi resolution analysis (MRA), we
shall introduce the notion of regular sampling sets.

3.1. Regular sampling sets.

Definition 3.1. Let G be a Lie group. A subset ' C G is called a reqular sampling set if there is a relatively

compact Borel neighborhood YW C G of the identity element of G satisfying U YW =G (up to a set of
el

measure zero), and for all a,y € T, o # vy, pg(aW NAW) = 0. Such a set W is called a T-tile.

Definition 3.2. For U C G, a regular sampling set ' is said U-dense if there exists a I'-tile W C U.

For instance, lattices in R¢ are a special class of regular sampling sets which are also cocompact discrete
subgroups. However, some Lie groups fail to admit lattices, whereas by contrast there are always sufficiently
dense regular sampling sets as indicated in the following lemma.

Lemma 3.3. Given a stratified Lie group G with a Hausdorff geometrical realization, for any neighborhood
U of the identity, there exists a U-dense reqular sampling set.

Proof. There exists I' C GG and a relatively compact set VW with non-empty interior, such that U YW covers
yerl

G (possibly up to a set of measure zero). Then V = Wz 1'is a I-tile for some point zy within W. Finally,

by choosing 8 > 0 small enough, we ensure that SV C U and then BV is a pI'-tile. [ |

Definition 3.4. Let I' C G. An automorphism o € Aut(G) is said I'-acceptable if it leaves T' globally
invariant, that is oI' CT'.

We shall of course choose I' such that the dyadic dilations {d,;};ez and for any v € I, the translations
7, are acceptable automorphisms. This definition ensures the compatibility between the group law, the
nonisotropic dilations, the sampling set and the iterated wavelet system.

3.2. Discretization of Besov norms.

Definition 3.5. Fix a discrete set I' C G. For any family {cjm,}jez of complex numbers, we define :
el

b (Z » (2j(5‘5)|ch|)p)‘q’>; | .

JEZ “~el

{Cj'y}jGZ
yeTl’

We introduce the space of coefficients lo)f,,q(F) defined as :

which will be sometimes denoted by lo);q when there is no possible misunderstanding on I.

{cjvtiez| < +OO}, (3.3)
verlles,

by o(T) = { {civ}ien
yerl

The next theorem shows that Besov norms can be expressed in terms of discrete coefficients. The constants
appearing in the norm equivalence depend on the functional spaces, but it does not matter if we use the
same sampling set I' simultaneously for all spaces.

Theorem 3.6 (FM [14] - Theorem 5.4). There exists a neighborhood U of the identity such that, for any
U-dense reqular sampling set I', one has :

Vu € §'(G)/P, V1 < p,q < +oo, u € é;,q(G) = {(u, 2‘jQ1/Jm>}j€% € 13;7q(F) ,
e
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where 1}  is defined as in (3.1). In addition, in é;,q(G) we have the norm equivalence :

lull g5 ) ~ <Z (Z <2j(8—%) |(u,2‘jQ¢j,w>|)p> Z) E ; (3.4)

JEZ el

with some constants depending only on p,q,s and the reqular sampling set I'.

The accuracy of the estimate improves as the tightness of the sampling set increases.

3.3. Banach wavelet frames for Besov spaces.

In Hilbert spaces, a norm equivalence such as (3.4) is sufficient to conclude that the wavelet basis is a frame,
allowing the reconstruction of u from the discrete coefficients data. For Banach spaces, we need an extended
definition of frames ?, in order to show the invertibility of the associated frame operator.

After stating technical lemmas, we will prove that any linear wavelet combination converges unconditionally
in any LP(G) in Theorem 3.9, and also in §;7Q(G) in Theorem 3.11 whenever its coefficients lie in lo);q. Then

for a suitable choice of sufficiently dense regular sampling sets I', the wavelet system {2_9@%—,7} jez 1s a
vel
Banach frame for LP(G) and B, (G).

Definition 3.7. A basis (fy,) is an unconditional basis in a Banach space if any convergent series Z an fn

n

converges unconditionally, that is to say the series Z%(n) Jo(n) converges to the same limit for any

n
permutation o of the indezes.

Recall that the sampled convolution products can be interpreted as scalar products too, that is to assert :
Fr3277 @) = (fit54)

. . 1 1
where 1, (z) = 279 (y~1- 27 © 2) denotes the wavelet of resolution 7 and at position > ©® 7. The wavelet

system is now used for synthesis.

3.3.1. Unconditionality in LP(G) with 1 < p < 400.
To check the unconditionality of wavelet decompositions in both Lebesgue and homogeneous Besov spaces,
we need the next preliminary estimate.

Lemma 3.8. Letn,j € Z withn < jandn > Q + 1. Let I' C G be a dense reqular sampling set, in the
sense of Definition 3.1. Then :
2—IQ

—nQ
vz € G, ; (1—1—277|2—j @7—1.x|g)n sez ’

where the constant ¢ depends only on n and I.

Proof. By assumption, there exists a relatively compact open W such that ug(yWN~'W) = 0 when ~ # +/
in I'. Then, in view of the left-invariance of the Haar measure pug in (1.1), we have :

2—IQ

> _ <Y € ! Sdy .
g rRT ey ale)” g WV eeaw) (1421277 0971 - 2le)

For any y € 277 ® (yW), the triangle inequality gives :
1+2My " zle < 1427 (v "2 @qle+ 27 097! - 2lg)
< 1427 (277 diamW) + 277 07 - 2]g)
< 121277 097 ale)

3Karlheinz Gréchenig [22]



12

by using the fact that n < j. As a result :

ZL L dy < (l)nZL L dy
W[ Ja-iopmw) 1+27277 0y 2|e)" "~ \¢ IWI Ja-iommw) (1427~ - zl)”

~er yel
1\" 1 1
RPSTES .
") WlJa (1+lyle)"
since the yWW’s are pairwise disjoint. For n > @ + 1, the latter integral is finite. Hence the lemma. |

Theorem 3.9. Let 1 < p < +o00. Letn,j € Z be fized with n < j. Suppose that I' C G is a regular sampling
set. For all v € ', we consider functions f;. on G satisfying the following decay condition :

. C1
V:L'GGv VU,]GZa V’VGF, |f, (gj)|< ) ’
I (1 227 &L $|G)Q+1
with some constant ¢; > 0. We define f; = chﬁ,fjﬁ with {cjy}, € P(I'). Then the series converges

yel’
unconditionally in LP(G) with :

__Q
1l < ca 26-7192 (Dcﬂw), (3.5)

yell

for some constant cy independent of j,n,~y and the sequence of coefficients {cj}~.

Proof. There exists a I'-tile W such that G = U 279 ® (W) . Then :

acl’
P
HfjHﬁpG = Z ch“/fjm/(in) dx
(@ -
ael O@W) I er
) P
< / 0] i
T2 om0 a0

On each integration domain 277 ® (aW), the triangle inequality yields the estimate :
142727 0 (v a)le < (1427277 0y - alg) |
Then the integrand can be majorized by the constant :

Z

c
Z |cj] Q+1

e (1+21277 0 (v 1 a)|g)

Hence :
1 p
”fJ”LpG < (ad) ‘W‘Z2 jQ(Z‘Cﬂ’ )
i _ Q+1
“ o & TR n o))
_ P
= (ad)PW| Z 2_jQ<Z ’ij‘aa*Y) )
acl’ vel

1

with aq, = - Lemma 3.8 now ensures that the Schur lemma’s conditions are

(1427277 0 (v~ - a)|g) ™

fulfilled for the coefficients {aq~} with max <sup Z |aq ], sup Z \am\> < 2U7MQ  Therefore, there exists
* ~er 7 qer
a constant ¢y such that :

1

. P\ P o . 5
il <25 ard Wb (Z (Z ’ij’aow> ) < 2—’520—@%(2 w) '

acl’ Y~el yerl’
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3.3.2. Unconditionality in é;,q(G) with 1 < p,q < +o0.

Lemma 3.10. With the above notations, there exists a constant ¢ > 0 such that Vj, ¢ € Z, ¥y € ', Yz € G,
the following estimate holds :

e fle-jl<1
|9+ 7 ()] < (1+21]27 oyt xlg)QH (3.6)
0 otherwise

Proof. Let us compute :

i+ UE(z) = /G P12 @ )2 9P (2 @ (a1 ) dy

N /G 294 (y)he—i (v~ -2 @)=t - y))dy

= P9y )Y o).

By (2.5), this convolution product vanishes when [j — ¢| > 1.

In the other case i.e. £ —j € {—1,0,+1}, the convolution products 1 * 1,_; are functions in the Schwartz
c 2i€Q

class and henceforth, [, * ] (x)| < by Lemma 2.3. [ |

(1 + 2j|2—j @,7—1 . 33|G)Q+1

The next result is crucial for the upcoming Section 4.

Theorem 3.11. Let 1 < p,q < +o0o. If T is the same regular sampling set as in Theorem 3.9, then for any

sequence of coefficients {Cj-y}jeZ € bls,,q(F), the sum f = Z 2_chj71/Jjﬁ converges unconditionally in Besov
el Jry

norm with :

1£ls (@) < e (Z <Z (2]-(5_%) ’%\)p>’q’> g } (3.7)
JEZ *~el

for some constant ¢ independent of {cﬂ}je%.
ve

Proof. 1t is sufficient to prove the norm estimate for finite sequences of coefficients {ijy}jeZ- The full
yerl’
statement follows from the completeness of B, ,(G) and the property that the Kronecker symbols ¢ form an

LP(G) }eez

unconditional basis of lo);q (this is why p, ¢ < +oc is required). By definition :
. »
H? S0 2%
7y
/41

Z Z 2_chjv7/’jﬁ*1/’; }
LP(G) ) ez

vel j=0—-1
Lr(@) }ZEZ

by using (2.5). For instance, let us consider the middle term when j = ¢. Applying successively (3.6) and
Theorem 3.9 where j —n = 0, we obtain that :

ls *
Il = (200 = Uil bea

— { 2&9

+1
< {263 Z

j=t—1

0a(2)

0 (2)

Z 2_jQCj71/’jﬁ * 1y

yel

0a(2)

1
2@8 < 24(5_22)62<Z|Cz’y|p>p ‘

LP(G) vyel’

Z 27 epypyy * Uy

yell

LP(G) }ZGZ

Therefore, we get :

L

1

<o (S(SECD))) =

(€7 N ver

Z 27 e+ p

yel’

{Cj“/}jGZ
vyel’

s
bP,q

0a(2)
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Of course, by applying similar calculations when j = £+ 1, we will find that || f|| 5. @ S¢ {civ}jez
p,q 7

velllog ,

Generally, for sufficiently dense regular sampling sets I', the invertibility of the synthesis operator
Syr: fr—Syrf= Z 2_jQ( f,10j~)0j~ ensures that the discrete wavelet basis obtained by dilations by
I
powers of 2 and translations provide an universal Banach frame simultaneously for all Besov spaces B, ,(G)
with s € R and 1 < p,q < +00. In other words, the wavelet basis induces the unconditional convergence of
the decomposition f = Z 2_]ch7wjﬁ in B ,(G) whenever f € Bj (G) with coefficients {c¢;y }jez € b5 ,(T)
j ~ 'YEF
{cjv}iez
verllps

o 115, )~

4. CONSTRUCTION OF THE PROFILES ON STRATIFIED LIE GROUPS

At this stage, we have enough tools to prove Theorem 1.4 by adapting the method in [2]. To sum up, we
have constructed LP-admissible wavelets ¢y € V(G), and then confirmed the existence of unconditional

bases (spanned as an iterated functions system by 1) for both LP(G) and l%;,q(G) in Theorems 3.9 and 3.11.

Let I' C G be a regular sampling set such that {7,},er and {0y };ez are I'-acceptable automorphisms.
We introduce a new index A = (j,7) for the wavelet basis, where the component j = j) is a scale index
(actually the dyadic exponent) while the other component v = ) is a space index. For any element f of
H*(G) = é§72(G), its wavelet decomposition can be written as :

F=Y_ daa,

AEZXT

where 1) is now LP-normalized according to :

VAEZXT, f(x) =27 p(r7 2P 0 2) =7, 8%, w(x) (4.1)

T2ix
By Theorem 2.8, the homogeneous Besov spaces are independent of the choice of ¥ € V(G). By picking ¥

1
with support in the interval {5, 1] , the 1)’s shall form an orthonormal basis. From (4.1), one has readily :

l1Vallr @) = IYllr (@)

4.2
{HMH() 1l gy (4.2)
aswell as  [1£ll =) = I} lezganry - (4.3)

The unconditionality of this basis implies the existence of a constant D such that for any finite subset
E C Z x T, any coefficients (c\)recr and (dy)aecp satisfying VA, |ex| < |dy], one has :

> e D\ daa (4.4)
\EE HS(G A\eE H%(G)

For M > 0, let us now consider the nonlinear projector Qs defined by :
Ve HYG), Qu(f) = Y. dia, (4.5)

XeEn(f)

where FEjy/(f) is the subset of Z x T' of cardinality M corresponding to the M largest values of |dy|. Note
that such a set always exists, but the nonlinear projection (4.5) may not be unique when some |dy| are equal.
In which case, any realization of such set suits for Ep/(f). Additionally, it has been proven in RDV [11] or
DVJP [12] that :

lim sup  |If = Qum(f)llzre) =0, (4.6)

M=400 ) £l o ) <1
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1 1
with — + = = = - Let us underline that the uniform convergence (4.6) of Qu(f) to f in LP(G) is tied

Q p 2

to the nonlinear nature of the operator @Qp;. The nonlinear projection Qps(f), sometimes called the best
M-term approximation of f, has been extensively studied - refer for instance to RDV [11] and the numerous
references therein.

The proof of Theorem 1.4 is based on a diagonal subsequence, and it is structured in three main
steps. We work of course under the theorem’s assumptions and consider a sequence of bounded functions
(Un)n>0 C H*(G). Then let us define :

K = sup ||un||1515(G) < 400 .
n>0

4.1. Reordering of the wavelet decomposition.

From the wavelet decomposition u,, = Z d)n1y, the summands are reordered by decreasing moduli

AEZXT
|d)\,n|)\EZ><F such that :

Un = Z dm,nw)\(m,n) :
m>0
Using the nonlinear projector defined by (4.5), one gets :

M
Up = Z dm,nw)\(m,n) + (un - QM(un)) ’

m=1
with, in light of (4.6) :

i sup [un — Qs (un)lLra) =0 - (4.7)

Since wavelets are normalized in H*(G), we know that : sup |dy,.,| < DK, where D is the constant of (4.4).
m>0,n

Up to a possible diagonal extraction in n of a subsequence, we can assume that, for m > 0, the sequence
(dpm,n)n>0 converges to a finite limit depending only on m :

dm = lim dp .
n——+o0o
We can then write :
M M
m=1 m:l

4.2. Extraction of the approximate profiles.
The exact profiles ¢ involved in (1.8) are inferred as limits in H*(G) of some approximate profiles ¢*
obtained by the following procedure :

(1) Initialize ¢p* = dy9, A1 (n) = A(1,n) and @1 (n) = n.

(2) At step i — 1, assume that we have obtained (i — 1) functions (¢, ¢2*=1, ... ¢*(=1i=1) scale-
space indexes (A1(n), A2(n), ..., A,-1)(n)), as well as an increasing sequence of positive integers
i—1(n) such that :

i—1 v(i—1)

li—1
> dm¥rimpi s Z Pxelpioa(n)
m=1

(3) Add the i-th term d;py( o, ,(n)) either to build a new function, either to modify slightly one of the
previous functions according to the next dichotomy :
e Case 1 : Assume that we can extract ¢;(n) from ;_;(n) such that for any ¢ € [1,v(i — 1)], at
least one of the two conditions below is satisfied :

im_[H(or(m) = 5G] = +00
QJ(A(i,cpi(n)))
or  lim | S ©(Ne(@i(n) T (A i(n))) | = oo

n——+o0o 230‘2(%( n))) G
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In that case, with v(i) = l/(z' — 1)+ 1, we add a new function ¢*() such that :

¢ = ditp, V(Z( ) )\(’L,TL),

and we keep every previous approximate profiles, by setting : V¢ € [1,v(i — 1)], pbt = gbi—1,
e Case 2 : Suppose that for some subsequence ¢;(n) of p;—1(n) and some ¢ € [1,v(i—1)], none of

the two above conditions is satisfied. Then one can check that j(As(i(n))) — j(A(7,¢i(n))) and
23 (A(ipi(n)))
SO O v Ae(@i(n)) ™t -y (A7, ¢i(n)))| only take a finite number of values as n varies.

G
Therefore, up to an additional subsequence extraction, we can infer the existence of finite values
J € Z and 4 € G such that Vn > 0 :

JAE @i(n))) = j(Aelpi(n)) =7,
21 (A(ixpi(n))) . . R
20 m) Y(Aelpi(n))) ™ - v (A pi(n))) =7 .
Set v(i) = v(i — 1). The function ¢**~! is now replaced by :
obi(x) = " (2) + 25 dp (7P 0 )
whereas the other profiles remain unchanged i.e. for all [1,v(i — 1)] 3 £/ # ¢, ¢** = ¢+~ 1.
This algorithm shows that, for any M > 0, there exists v(M) < M such that :

and

v(M)

M
Z::ldmw)\(mn Z (b)\z(” .

More explicitly, for every ¢ € [1,v(M)], we have :
oM
¢Al(n) - Z dmwA(m,n) )

meE(¢,M)
v(M)
where the sets F(¢, M) form a disjoint partition of [1, M] = |_| E(,M).
=1

It is clear that E(¢, M) C E(¢,M + 1), and the number of approximate profiles v(M) increases by at most
one unit when going from M to M + 1.

4.3. End of the proof.
To finish the proof of Theorem 1.4, we need to construct the exact profiles ¢, and to control the error
terms in (4.8).

By a diagonal extraction on n encoded in the function ¢;, the exact profiles ¢’ are obtained as lim-
its in H°(G) of the approximate profiles ¢*™ as M — +o0, the same way as in [2] by means of the
invariance by scaling (4.2) and the unconditionality of the wavelet basis.

Let us now estimate the error terms.
For a given 0 < L < M, according to Subsections 4.1 and 4.2, we can rewrite u,, as :

Up = Z B (m) + ol s (4.9)
where the remainder r,, ;, can be split into :
L v(M)
rar =2 (@50 — Shim) + Z Y = d) ooy + DY dmarimn + (n — Qur(un)) -
=1 (=1 meE(l M) (=L+1meE(¢,M)
r1(n,L,M) ro(n,L,M)

Observe that each of these summands depends on the chosen value of M, but their total sum 7, 1 is
actually independent of M.
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Under the norm invariance by scaling (4.2) of the LP-normalized {1, } basis, we infer that

L L L
£,M ¢ oM oM 0
>~ (45l — S H T — H = 11" = ¢ o) -
=1 He(G)  p=1 =1
Since for all £ > 1, oM — ¢fin ]fIs(G), one deduces that for any fixed L > 0 :

M—+oc0

— 0.

L
T 2 6k i)

Now combining (4.4) and the norm invariance (4.2), for all M and L < v(M) fixed, one has :

Z Z = ) PA(m,n) HZ mon = Am)Vx(mn)

(=1 meE(¢,M) e

< D Z | — dm| 9]l g ) -
m=1
Consequently :
L
VL, M >0, — dm)hx o
;E: %;: nln (m,n) EF(G)n—+Hx
So we get :

VI’>'07nlgﬁm‘hj(n7L7A4”“§% Ai::ZOO

which in view of (1.5) ensures that the same holds for |71(n, L, M)| 1)

Moreover, the term r4(n, L, M) can be viewed as the partial sum Z dimn®r(mn)- SO
(>L+1

[r2(n, L, M) || pp(cy < D Z dmnVx(m,n)

(>2L+1

)

Lr(G)

and by (4.7), its convergence to 0 when L — 400 is assured. Since M > L, one obtains :

lim sup [[ra(n, L, M)| rpa) =0 .
L—+00 >0

Lastly, the property :

L
75(G) Z ”¢ZH2°3(G) + ”Tn,LH?ZIS(G) +o(1) asn — 40,

ith i 1 =0,
wi L_l)zr_loon_lgl ||7”nLHLP(G

follows as a corollary of the wavelets’ mutual orthogonality and their well-defined L?-normalization in (1.8).
That eventually concludes Theorem 1.4’s proof.

Remark 4.1. As a final observation, note that due to multiple extractions of subsequences - and the use of
the underlying axziom of choice (AC), it turns out that the profile decomposition may yet not be unique.
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